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We demonstrate that even under positive-partial-transpose-preserving operations in an asymptotic setting
Greenberger-Horne-Zeilinger �GHZ� and W states are not reversibly interconvertible. We investigate the struc-
ture of minimal reversible entanglement generating set �MREGS� for tripartite states under positive-partial-
transpose- �PPT-� preserving operations. We demonstrate that the set consisting of W and Einstein-Podolsky-
Rosen �EPR� states alone cannot be an MREGS. In this context we prove the surprising result that the relative
entropy of entanglement can be strictly subadditive for certain pure tripartite states which is crucial to keep
open the possibility that the set of GHZ state and EPR states together constitute an MREGS under PPT-
preserving operations.
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INTRODUCTION

Constraints and resources are intimately related in phys-
ics. If we impose a constraint on a physical setting, then
certain tasks become impossible. A resource must be made
available to overcome the restrictions imposed by the con-
straints. Such a resource may be manipulated and trans-
formed under the constrained set of operations but it emerges
as a fundamental law that the resource cannot be created
employing only the constrained set of operations.

An example, motivated by communication scenarios, is to
impose the constraint of local quantum operations and clas-
sical communication �LOCC� in quantum mechanics. The
resources that are implied by this constraint are nonseparable
states and in particular pure entangled states such as singlet
states, neither of which can be created by LOCC alone
when starting from product states. This setting gives rise
to a theory of entanglement as a resource under LOCC
operations.

Any theory of entanglement as a resource will generally
aim to provide mathematical structures to treat three ques-
tions: namely, �1� the characterization of entanglement, �2�
the manipulation of entanglement, and �3� the quantification
of the entanglement resource under the given constraint
�1–6�. Of particular interest concerning the characterization
of entanglement is the question of how many inequivalent
types of entanglement there are within such a theory. For the
theory of entanglement under LOCC operations we find that
in the limit of infinitely many identically prepared copies of
bipartite pure states, reversible-state transformations can be
achieved �7�. As entanglement cannot be created under
LOCC it must remain constant and it is therefore reasonable
to say that the entanglement in different pure bipartite states
is equivalent; i.e., there is only one kind of pure bipartite
entanglement. The situation is much less transparent in the
multiparticle setting. It has been proven in the tripartite set-
ting that, for example, Greenberger-Horne-Zeilinger �GHZ�
states

�GHZ� =
�000� + �111�

�2
�1�

and Einstein-Podolsky-Rosen �EPR� states

�EPR� =
�01� − �10�

�2
�2�

cannot be reversibly interconverted even in the asymptotic
limit �8�. The question whether all other tripartite pure
states can be created reversibly from GHZ and EPR states
has also been considered and answered negatively �9,10�.
The existence and structure of the smallest set of pure tripar-
tite states that allows for the reversible generation of all other
tripartite pure states, a so-called minimal reversible entangle-
ment generating set �MREGS� �11�, is still undecided and
it is possible that such a set must contain infinitely many
elements.

A different setting for an entanglement theory is moti-
vated by the concept of partial time reversal or partial trans-
position. For two qubits, density matrices that remain
positive under partial transposition �denoted as positive
partial transpose �PPT� states� are exactly the separable
states. For higher dimensions this is not the case as there
are PPT states that are inseparable �12�. The positivity under
partial transposition motivates the definition of the set
of positive-partial-transpose-preserving operations �PPT op-
erations� which are defined as those operations that map all
PPT states to PPT states �13�. In this setting, the implied
resource is all those states that are not positive under partial
transposition.

The theory of entanglement under PPT operations still
possesses the property that in an asymptotic setting pure-
state transformations are reversible and that consequently
there is only one type of pure-state entanglement. The addi-
tional power afforded by PPT operations as compared to
LOCC operations becomes apparent both in the mixed-state
and multiparty setting. In the mixed-state setting examples
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for reversible-state transformations have been discovered
�14� and the possibility remains open that in this setting all
entanglement reduces to only one type, in stark contrast to
the LOCC setting where reversible mixed-entanglement
transformations are known only in trivial cases �15,16�. In
the nonasymptotic setting for the pure state it has been
shown that both under PPT operations �14� and under LOCC
operations supported by PPT-bound entanglement �17� state
transformations become possible that are impossible under
LOCC. Indeed, it has been shown in �18� that on the single-
copy level we can use trace-preserving completely positive
PPT operations to transform, for example, a GHZ state into a
W state,

�W� =
�001� + �010� + �100�

�3
, �3�

with a maximal success probability of

p =
1

4
�− 2 + �18 − 6�3�1/3 + �18 + 6�3�1/3� � 0.75 . . . .

This is remarkable in particular because under LOCC this
transformation has a strictly zero success probability �19�.
The surprisingly large success probability and the proven
existence of some asymptotically reversible-state transforma-
tions under PPT operations in the bipartite setting suggests
that a theory of entanglement under PPT operations
might have a simpler structure than that under the LOCC
constraint. Motivated by this we will consider the MREGS
problem under the more general setting of PPT-preserving
operations. We will show that GHZ and W states remain
asymptotically inequivalent even under PPT operations.
We then explore possible PPT MREGS and find that
the set consisting of the GHZ and EPR states is a very
promising example for an MREGS under PPT-preserving
operations.

ASYMPTOTIC IRREVERSIBILITY BETWEEN GHZ AND
W STATE

To demonstrate the asymptotic irreversibility between
GHZ and W states under PPT operations we will prove that
there is one entanglement measure under which GHZ is
strictly more entangled than the W state and another en-
tanglement measure where this relation is reversed. Such an
example then provides a contradiction to the invariance of
entanglement measures under reversible-state transforma-
tions. As we are considering an asymptotic setting, there are
two constraints to be observed in the choice of entanglement
measures. First, we have to employ the appropriate
asymptotic versions E� of entanglement measures E which
are defined as

E���ABC� = lim
n→�

E��ABC
�n �

n
. �4�

Furthermore, we require that these asymptotic measures be
continuous, as we must include in our considerations situa-
tions where the final state is reached asymptotically as a limit

of progressively more similar states �14�. These requirements
limit the choice of available entanglement measures quite
severely.

The first two measures are based on the relative entropy
of entanglement �20,21� with respect to an appropriately de-
fined set of states T, which is given by

E��� = inf
��T

S��	�� , �5�

where S�� 	��=Tr
� log2 �−� log2 ��.
First, we consider the asymptotic two-party relative en-

tropy of entanglement EA:BC��� across all the possible bipar-
tite splits of the three parties. For pure states this measure
can actually be computed analytically and equals the entropy
of entanglement �7�—i.e., the entropy of the reduced density
operator of one party. This measure is asymptotically con-
tinuous �22�. We then find

EA:BC��W� = log2 3 −
2

3
� 1 = EA:BC��GHZ� , �6�

where �W= �W��W� and �GHZ= �GHZ��GHZ�.
Second, we consider the tripartite relative entropy of en-

tanglement with respect to states that are PPT for every bi-
partite split �24�:

EABC��ABC� = inf
�ABC�tri−ppt

S��ABC	�ABC� . �7�

Generally, the asymptotic relative entropy of entanglement is
very difficult to compute except in situations with high sym-
metries �23�, but useful lower bounds exist. Indeed, theorem
1 in �24� states that

EABC
� ��ABC� � max

i=�AB�,�AC�,�BC�

Ei

���i� + S��i�� , �8�

where �AB=TrC �ABC and Ei is the relative entropy of en-
tanglement for bipartite states. We then find

EABC
� ��GHZ� = 1. �9�

The final step of the proof consists in the verification of
EABC

� ��W��1. It is known �22,27� that EABC��W�=log2 9/4
but this is not sufficient as EABC can be strictly subadditive
for arbitrary pure tripartite states as we demonstrate in �23�.1

Indeed.
Lemma. The relative entropy of entanglement EABC for the

pure state �10� is strictly subadditive.
Proof. For the spin-0 state for a tripartite state of three-

level systems,

1After completion of this work we found that TrA�W satisfies
Rains’ additivity condition �29�, and therefore the relative entropy
of entanglement is weakly additive for TrA�W. Using this and �8� it
is found that EABC

� ��W�=EABC��W�=log2 9/4 and hence the tripar-
tite relative entropy of entanglement is weakly additive for the W
state.
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�A� =
1
�6


i=1

3

�ijk�i��j��k� , �10�

where �ijk is the totally antisymmetric tensor, we find
EABC��A��A��=log2 6, both with respect to LOCC states and
with respect to PPT states. To demonstrate strict subadditiv-
ity of the tripartite relative entropy of entanglement we now
consider the relative entropy of entanglement for two copies
of �A��2 given in Eq. �10�. To this end we will provide a
guess for a closest PPT state. We define the product state
�m�= �mA��mB��mC� with �mA�= �mB�= �mC�= ��00�+ �11�
+ �22�� /�3. Now we employ the invariance of �A��A� under
the application of U � U � U—i.e., twirling. Twirling the
state �m��m� leaves its overlap with ��A��A���2 invariant so
that we then find that the resulting state � is of the form
�=F��A��A���2+�� where F=1/27 and �� is orthogonal on
��A��A���2. This state is certainly separable and therefore
PPT. As a consequence we find

EABC„��A��A���2
… 	 S„��A��A���2	�… = − tr��A��A���2 log2 �

= log2 27 � 2 log2 6 = 2EABC��A��A�� .

This completes the proof of the lemma.
Straightforward additive lower bounds on the bipartite

relative entropy of entanglement �25� such as

EAB��AB� � max
S��A�,S��B�� − S��AB�

are not sufficient either to prove EABC
� ��W��1. We can,

however, employ the distillable entanglement to lower bound
the bipartite relative entropy of entanglement for the
state TrA �W. In Sec. III B 2 of �26� a specific distillation
employing two-way communication has been presented
which, for the state TrA �W, yields an asymptotic gain of
D�TrA �W�=1/9 of an EPR pair per copy. While the effi-
ciency of this procedure can be increased �27� it is sufficient
for our present purpose as it provides a lower bound on the
asymptotic relative entropy of entanglement. With Eqs. �8�
and �9� we then find

EABC
� ��W� �

1

9
−

1

3
log2

1

3
−

2

3
log2

2

3
� 1 = EABC

� ��GHZ� .

�11�

As a consequence, Eqs. �6� and �11� and the continuity of the
measures that we have employed demonstrate that it is im-
possible to satisfy both

EABC
� ��GHZ

�nGHZ� = EABC
� ��W

�nW� ,

EA:BC
� ��GHZ

�nGHZ� = EA:BC
� ��W

�nW�

for any choice of nW and nGHZ. Consequently, the asymptotic
reversible transformation between GHZ and W states is im-
possible even under PPT operations.

EXPLORATION OF PPT MREGS

The result proven above implies that neither the set

GHZ� nor 
W� forms a PPT MREGS. In the following we

will explore whether the addition of a set of EPR states

EPRAB ,EPRAC ,EPRBC� can suffice to create an PPT
MREGS.

Let us begin by considering the set

W ,EPRAB ,EPRAC ,EPRBC� and explore whether it is pos-
sible to obtain a GHZ state reversibly from this set. Let us
denote

�WEPR = �W
�nW � EPRAB

�nAB � EPRAC
�nAC � EPRBC

�nBC,

with positive nW ,nAB ,nAC ,nBC. Reversibility then requires
that

EABC��WEPR� = EABC��GHZ
�nGHZ� , �12�

EA:BC��WEPR� = EA:BC��GHZ
�nGHZ� , �13�

EB:AC��WEPR� = EB:AC��GHZ
�nGHZ� , �14�

EC:AB��WEPR� = EC:AB��GHZ
�nGHZ� �15�

be satisfied. As a consequence of the permutation symmetry
of the W and GHZ states we find that nAB=nAC=nBC=n and
in the asymptotic limit Eqs. �13�–�15� all lead to

nWH�1

3
� + 2n = nGHZ. �16�

Due to the lack of general additivity of EABC, we need to
employ in Eq. �12� the bound of Eq. �8� as well as the addi-
tivity of E2

��� � ��=E2
����+E2

���� for a pure as well as sepa-
rable � �13�. Then we find

nW�E2
��TrAW� + H�1

3
�� + 3n 	 nGHZ. �17�

Employing again that E2
��TrA W��

1
9 we find that Eqs. �16�

and �17� can only be satisfied when n�0 which is a contra-
diction.

The above result suggests that a more promising choice
for the PPT MREGS is 
GHZ,EPRAB ,EPRAC ,EPRBC�. Let
us now consider whether it is possible to obtain the W-state
reversibly from this set. Let us denote

�G = �GHZ
�nGHZ � EPRAB

�nAB � EPRAC
�nAC � EPRBC

�nBC,

with positive nAB, nAC, nBC, and nGHZ. Reversibility then
implies

EABC��G� = EABC��W
�nW� , �18�

EA:BC��G� = EA:BC��W
�nW� , �19�

EB:AC��G� = EB:AC��W
�nW� , �20�

EC:AB��G� = EC:AB��W
�nW� . �21�

Again, Eqs. �19�–�21� imply nAB=nAC=nBC=n. Due to the
additivity of EABC for the state �G, we find in the asymptotic
limit the equations

nGHZ + 3n = nWEABC
� ��W� ,

MULTIPARTICLE ENTANGLEMENT UNDER ASYMPTOTIC… PHYSICAL REVIEW A 72, 042325 �2005�

042325-3



nGHZ + 2n = nWH�1

3
� .

These two equations are solved by

n

nW
= EABC

� ��W� − H�1

3
� � 0,

nGHZ

nW
= 3H�1

3
� − 2EABC

� ��W� � 0.

We are therefore unable to rule out that a W state
can be generated asymptotically reversibly from

GHZ,EPRAB ,EPRAC ,EPRBC�. In general, using a set of
constraints analogous to Eqs. �18�–�21�, it is found that nec-
essary constraints so that a tripartite state �
� can be gener-
ated reversibly from the set are

max
EA:BC�
�,EB:AC�
�,EC:AB�
�� 	 EABC
� �
� �22�

and

EABC
� �
� 	

EA:BC�
� + EB:AC�
� + EC:AB�
�
2

. �23�

The former constraint, Eq. �22�, is satisfied for an arbitrary
�
� because of the lower bound for EABC

� �
� of Eq. �8�. For
the W state, the latter constraint of Eq. �23� can be satisfied
even if the relative entropy of entanglement is additive
because

EABC
� ��W� 	 EABC��W� �

3

2
H�1

3
� . �24�

For some tripartite pure states, however, the subadditivity of
the relative entropy of entanglement plays a crucial role for
the satisfaction of Eq. �23� as shown below.

The spin-0 state given by Eq. �10� exhibits strict subaddi-
tivity of the relative entropy of entanglement as had been
shown in the lemma. From �24� we find a lower bound of
log2 5 on the asymptotic relative entropy of entanglement
with respect to PPT states. The constraint, Eq. �23�, requires
that EABC

� �A�	
1
2 log 27�1.02 log 5. While we do not know

the asymptotic relative entropy of entanglement EABC
� �A� pre-

cisely we can bound it from above by providing an upper

bound on E�A�2� which in turn yields an upper bound on
EABC

� �A�. We find that E�A�2�	 log 27 which again shows
that we cannot rule out that 
GHZ,EPRAB ,EPRAC ,EPRBC� is
an PPT MREGS.

CONCLUSION

In the single-copy setting for tripartite entanglement it can
be shown that a single copy of a GHZ state can be converted
to a W state with a success probability of more than 75%
employing trace-preserving PPT operations. Motivated by
this we have investigated the manipulation of tripartite states
with PPT-preserving operations in the asymptotic setting.
The large success probability for the GHZ to W transforma-
tion in the single-copy setting could have pointed to a pos-
sible asymptotic reversibility of these states or, at least, a
simpler structure of MREGS under PPT-preserving opera-
tions. Despite this large success probability, however, we
have been able to demonstrate that even in an asymptotic
setting GHZ and W states do not become reversibly intercon-
vertible. We furthermore explored the minimal size of a
MREGS under PPT-preserving operations. We have been
able to prove that the set consisting of W and EPR states
alone cannot form an MREGS. The set of GHZ state and
EPR states, however, constitutes a promising candidate for
an MREGS under PPT-preserving operations. This result
suggest that by comparison to the situation under LOCC op-
erations the structure of MREGS under PPT-preserving
transformations might be simplified.
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