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Multiparticle generalization of entanglement swapping
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We generalize the procedure of entanglement swapping to obtain a scheme for manipulating entanglement in
multiparticle systems. We describe how this scheme allows one to establish multiparticle entanglement be-
tween particles belonging to distant users in a communication network through a prior distribution of singlets
followed by only local measurements. We show that this scheme can be regarded as a method of generating
entangled states of many particles and compare it with existing schemes using simple quantum computational
networks. We highlight the practical advantages of using a series of entanglement swappings during the
distribution of entangled particles between two parties. Applications of multiparticle entangled states in cryp-
tographic conferencing and in reading messages from more than one source through a single measurement are
also described.S1050-294{®8)01901-5

PACS numbds): 03.67—a

I. INTRODUCTION originating from independent sources, they showed that

Th ¢ tiall ted ent Ith ough entanglement swapping one can entangle particles
ere aré numerous uses of spatially separated entanglgel,; 4, not even share any common past. Their aim was to

pairs of particles such as cryptography based on Bell's theor'ealize “event ready detectors” for Bell experiments. In Sec.
rem[1], teleportatior{2], superdense codirig], cheating bit  \/ \ye point out two ways in which their original entangle-
commitment[4], broadcasting of entanglemef§], and, of  nent swapping scheme can come to a practical advantage
course, simply testing Bell's inequaliti¢,7]. It is natural to  \yhjle distributing entangled particles between two parties.
expect that three or more spatially separated particles in ajj/e also point out that our form of multiparticle entangle-
entangled state{such as a Greenberger-Horne-Zeilingerment manipulation differs from the method proposed re-
(GHZ) state[8]] will have varied applications as well. A cently by Zeilingeret al.[18] for the generation of multipar-
well-known application is in testing nonlocality from differ- ticle entangled states in the application of a few quantum
ent directions[8—10. More recently, applications such as gates and yet can be used for the same purpose. We begin by
reducing communication complexifit1] and quantum tele- briefly recapitulating the original entanglement swapping
computation[12] have been suggested. An idea of cryptog-scheme of Zukowskét al. [16] in Sec. Il

raphy with GHZ state$13] has also been suggested earlier.

This essentially means that multiparticle entangled states || tHE ENTANGLEMENT SWAPPING SCHEME

present possibilities of implementing networked crypto- OF ZUKOWSKI et al.

graphic conferencing14,15 in an alternative way and we

shall elaborate briefly on this aspect in Sec. VI of this article. In terms of a binary variable; € {0,1} and its comple-

In addition, we shall showby generalizing superdense cod- mentu; (defined as *u;), one can write down any Bell
ing [3] to the multiparticle cagehat the use of multiparticle state(not normalized of two particlesi andj as

entangled states can allow one to read messages from more

than one source through a single measurement. In short, dis- [W(i,j))=|u; ,Uj>i|Ui° ,ujc ) )
tributed entangled particles in a multiparticle entangled state

may be extremely useful for certain forms of quantum COM-1 the above it is understood that;) and|u®) are two or-

munication. Hence it will become necessary to distribute enfhogonal states of a two state system. Consider the initial

fcangledN—tupIets between nodes of.commumcatlon network.sState of four particles 1, 2, 3, and 4 to be
if any set of users of the network wish to harness the benefits
of these forms of quantum communication. The prime focus
of this paper is to present a method of manipulating en-

tanglement in multiparticle systems that can accomplish this

|W(1,2),®|¥(3,4)),=]|u;,uy,Uz,Ug)+|UF,U3,U3,Uz)

task by just a local measurement if each of the users share +|ug,uy,ug,ug)
singlets with a central node prior to that. In a sense, it allows ¢ e e e
one to construct a Biham-Huttner-MdBHM) -like tele- +|uf,uz,u3,ug). 2

phone exchanggl5], with the added capability of setting up

multiparticle entanglement between particles belonging tdrhat is, particles 1 and 2 are mutually entang(eda Bell

different users of the network. statg and particles 3 and 4 are mutually entanglal$o in a
Our scheme is actually obtained by generalizing an earlieBell statg. When we conduct a measurement of the Bell

scheme of Zukowskiet al. [16] known as entanglement operator(defined in[7]) on particles 2 and 8which projects

swappingto the multiparticle case. Building on an earlier particles 2 and 3 to a Bell statethe joint state of the four

proposal by Yurke and Stoldil7] of entangling particles particles becomes one of the following four:
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2 3 2 3 particles, doing local measurements by selecting any number
of particles from the different cat states and also ending up

with cat states involving any number of particles. To see that

consider an initial state in which there a¥edifferent sets of

- entangled particles in cat states. Let each of these sets be
labeled bym (wherem=1,2, ... N), theith particle of the
" . :—Z mth set be labeled bi(m), and the total number of particles
in the mth set ben,,. Then the initial state can be repre-
sented by

FIG. 1. The swapping of entanglement between pairs of par
ticles due to a Bell state measurement on two of them is shown. The
bold lines connect particles in Bell states and the dashed lines con-

nect particles on which the Bell state measurement is made. |T>:rn1;[1 |q;>m, ®

N

|®1)=(Juy,uz)+|u5,us))®(Jug,us)+[uf,ug)), (38  in which each of the cat stat¢®’),, is given by

|®5)=(Juz,uz)—[u$,ug)) @ (|ug,ug) —[ug,ug)), i i
2 2,U3 2:43 1Ha 1 (3b) |‘l’>m:i1:[l |ui(m)>ii1:[l |uic(m)>’ ©

®5)=(|uy,ug)+|us,uz)) @ (Jug,ug) +|ug,uy)),
[©)=(uz.U3)+|u2,Ug) @ (Jug. U+ ua)) (3c  Where the symbolsy;, stand for binary variables {0,1}

with uic(m)= 1—Uj(m) .- Now imagine that the firgt, particles
|®4)=(|uz,u3) —[u3,uz)) @ (Jug,uz) —|ui,ug)). from all the entangled sets are brought together, a total
(3d) of p:Emzlpm particles and a joint measurement is per-
) ) formed on all of them. Note that the set of all cat statep of
_To derive the above, only the orthogonality jof) and  particles forms a complete orthonormal basis. Let the nature
|uf’) is required. In other words, no matter what the outcomeyf the measurement on the selected particles be such that it

is, the particles 1 and 4 are now in one of the Bell statesprojects them to this basis. Such a basis will be composed of
Whereas prior to the measurement the Bell pairs w&rB states of the type

and(3,4), after the measurement the Bell pairs &¢3) and

(1,4). It can easily be shown that the same fact would hold N pm N pm

true even if(1,2) and(3,4) started in some other Bell states 1@ (p)y=TT IT luim)= TT IT [ufm)- 7
than those in Eq(2). A pictorial way of representing the m=1i=1 m=11i=1

above process is given in Fig. 1. It is clear that the most ) )

interesting aspect of this scheme is that particles 1 and 4 th&Y Simply operating with ¥ (p))(¥(p)| on|¥) of Eq. (5),
do not share any common past are entangled after the swajy€ find that the rest of the particlése., those not being

ping. measureflare projected to states of the type
N N Nm
Il. A MULTIPARTICLE GENERALIZATION _ '
OF ENTANGLEMENT SWAPPING "P< mzzl fm p) > _,Tl;ll i:,l.;lﬂ |Uicm)
The method of entanglement manipulation described in N Nm
the preceding section can readily be generalized to cases + H _ H |ui°(m)>, (8)
where a greater number of particles are involved. An explicit m=11i=py+1

scheme that generalizes entanglement swapping to the case .
of generating a three-particle GHZ state from three Bell pairgvhich represents a cat state of the rest of the particles. In a
has already been presented by Zukowekal. [19]. But it ~ Schematic way the above process can be represented as
should be interesting to demonstrate that their entanglement

>, 9

swapping scheme may actually be significantly generalized. N

But before that we need to introduce some terminology. In rgl [E(nm))—|E(p))®
where|E(n)) denotes am-particle cat state. As a specific
example, in Fig. 2 we have shown the conversion of a col-

this paper we shall need to deal extensively wWiltparticle
N N ! -
_ U+ ucy, 4 lection of two Bell states and a three-particle GHZ state to a
)=11 lu)=11 |uP) @)

E

N
2 Nn—P
m=1

states of the type
three-particle GHZ state and a four-particle GHZ state due to
a projection of three of these particles to a three-particle
whereu; stands for a binary variable {0,1} andu’=1—u;. GHZ state.
For N=2 they reduce to the Bell states and fo+=3 and 4 As must be evident from Fig. 2, there is a general pencil
they represent the GHZ states. For a genbrale shall be and paper rule for finding out the result when our method of
calling them cat states. We shall show that the entanglememintanglement manipulation is applied to a certain collection
swapping scheme of Zukowskt al. can be generalized to of cat states of particles. One just has to connect the particles
the case of starting with cat states involving any number obeing measured to frame a polygon and those not being mea-
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change to obtain a smaller number of pure shared Bell pairs.
These can then be used as the starting point for the genera-
tion of any types of multiparticle cat states of the particles

6v7 6 7 of partially decohered Bell pairs shared with the central ex-
5

n
i
," “\ possessed by the users. The problems of decoherence during
[ propagation of the particles can thus be avoided in principle.
24 - 43 Also, the necessity of having to purif\i-particle cat states
1/ \.4 1 4 can be totally evaded. Purification of singlets followed by

our scheme will generatd-particle cats in their purest form.

FIG. 2. The conversion of two Bell states and a three-particle  (b) Second, our method allows a certain degree of free-
GHZ state to a three-particle GHZ state and a four-particle GHZdom to entangle particles belonging to any set of users only
state due to a GHZ state projection on three parti¢te® taken if the necessity arises. It may not be known in advance ex-
from each of the initially entangled sgtis shown. The bold lines actly which set of users will need to share ldrparticle cat
connect mutually entangled particles and the dashed lines connegtate. To arrange for all possibilities in anpriori fashion
particles on which the GHZ state projection is made. would require selecting all possible combinations of users

and distributing particles in multiparticle entangled states
sured to frame a complementary polygon. These two polyamong them. That is very uneconomical. On the other hand,
gons represent the two multiparticle cat states obtained aftgjenerating entangleN-tuplets at the time of need and sup-
the manipulation. plying them to the users who wish to communicate is defi-
nitely time consuming.

It is pertinent to compare our scheme with the BHM cryp-
tographic network with exchangg5]. There are two main
differences.

(a) First, Biham, Huttner, and Mor used a time-reversed

We now describe how our method of multiparticle en- EPR scheme for setting up the connections and had quantum
tanglement manipulation can be used to set up entanglementemories to protect their states. They had, of course, com-
between particles belonging t¢ users in a communication pared their scheme with one that uses the original entangle-
network. To begin with, each user of the network needs tanent swapping of two Bell pairs to establish connections.
share entangled pairs of particlém a Bell stat¢ with a  We use a multiparticle generalization of entanglement swap-
central exchange. Consider Fig./8; B, C, andD are users ping for our connections and are thereby unable to take ad-
who share the Bell pairél,2), (3,4, (5,6), and(7,9), respec- vantage of any type of quantum memories.
tively, with a central exchang®. Now suppose tha, B, (b) Second, their prime focus was to connect any pair of
andC wish to share a GHZ triplet. Then a measurement thatisers of arN-user network on request, while our main focus
projects particles 2, 3, and 5 to GHZ states will have to bds to establish multiparticle entangled states of the particles
performed aD. Immediately, particles 1, 4, and 6 belonging possessed by the users.
to A, B, andC, respectively, will be reduced to a GHZ state.

In a similar manner one can entangle particles belonging to V. PRACTICAL USES OF STANDARD
anyN users of the network and create Mparticle cat state. ENTANGLEMENT SWAPPING

The main advantages of using this technique for establish-
ing entanglement over the simple generationNofarticle
entangled states at a source and their subsequent distribution We now explain how standard entanglement swapping
are as follows. helps to save a significant amount of time when one wants to

(a) First, each user can at first purifg0] a large number supply two distant users with a pair of atoms or electr@rs

any particle possessing mags a Bell state from some cen-
D s tral source. The trick is to place several Bell state producing
7 o and Bell state measuring substations in the route between
them. Consider Fig.(4): A andB are two users separated by
a distancd.; O, which is situated midway betweehandB,
is a source of Bell pairs. The time needed for the particles to
o reachA andB is at least,=L/2v, wherev <c (the speed of
2 3 light) is the speed of the particles. Now consider Figp)4in
which two Bell pair producing station€ andD are intro-
duced halfway betweeAO andBO, respectively, an® is
now just a Bell state measuring station. t&4t0, bothC and
D send off Bell pairg1,2) and(3,4), respectively. Particles 2
and 3 arrive a0, 1 reachesA, and 4 reache8. They all

FIG. 3. Configuration used for the distribution of entanglement Ve at their destinations exactly &t L/4v. At this instant
Initially usersA, B, C, and D share Bell pairs with the central @ Bell state measurement is performed on particles 2 and 3 at
exchangeO. Subsequently, a local measuremen®ais sufficient ~ O. This measurement immediately reduces the particles 1
to entangle particles belonging to any subset of users chosen fromnd 4 reachingh andB, respectively, to a Bell state. If the
A, B, C, andD. time of measurement is denoted tyy, then the time needed

IV. ESTABLISHING MULTIPARTICLE ENTANGLEMENT
BETWEEN PARTICLES LOCATED AT DIFFERENT
NODES OF A COMMUNICATION NETWORK

A. Speeding up the distribution of entanglement

Al 1B
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(a) of amplitude errors due to propagation of the partickesnd
B may finally share a Bell state. Of course, in the case of the
-— — other two outcomes of the state of particles 2 and 3, particles

1 and 4 go to states even less entangled than that gfLlBy.
That is why we can consider entanglement swapping suitable
A 0] B for correction of amplitude errors only probabilistically. The
probability of success in this case (f/2) is lower than
the probability of failurd (14 cos26)/2]. However, from the
(b) outcome of the Bell state measurement, one knows when the
correction has been successful. This may be regarded as a
kind of purification in series in contrast to the standard puri-
° ® ° ° ° fications[20] that occur in parallel.
It should be noted that earlier there were suggestiahk
of placing several stations in series in the path between two
distant users, purifying singlets shared by adjacent stations

entangled pair of particle@hat possess mgsbetween two distant and_ then using f[eleportatlon from one station to the next to
usersA andB is illustrated. Extra Bell state generating substationscllem/e pur'f'edls'ng_lets She}red by the two users. The sugges-
C andD are inserted betwesh andB and a Bell state projection is tion here is quite different in the sense that the methodology

performed a0 to speed up the distribution of a Bell pair between Of €ntanglement swapping itself is being used for supplying a
A andB. pair of distant users with a pure Bell pair and no separate

purification procedure is invoked.

to supply a Bell pair toA andB with the two extra substa-

tionsC andD on the path ig,=L/4v +1,,. Itis evidentthat VI. COMMUNICATION SCHEMES USING DISTRIBUTED

t, is less thant, if t,,<L/4v. Of course, to this time one MULTIPARTICLE ENTANGLEMENT

e e e Heed 1 0 lascal ComMAISRo" So far e have descrve how paricles bekngingt sev
the particular Bell state to which particles 1 and 4 are pro—eral users in a network can be put in a mullt|pa.rt|cle en-
. . ; tangled state. We now describe how such a situation can be
jected. So for photons in Bell states, this procedure cannofl

: : . seful. The uses that readily come to mind are tests of non-
really save any time. However, for particles possessing mas?ooality for many-particle entangled stat&-10]. Reducing

this is definitely a way to reduce the time needed to supply Bhe communication complexity of certain functioisl] may
distant users with a Bell pair. In this way one can reduce th%lso be a field of application of multiparticle entangled

time needgd to gupply two distant users WiFh a Bell pgir EVeNLiates. We describe here two possible applications in com-
further by including more and more Bell pairs producing andmunications

measuring substations on the way.

®
L ]
®

FIG. 4. A method of increasing the speed of distributing an

A. Cryptographic conferencin
B. Correction of amplitude errors fyplograp 9

developed due to propagation Consider the following situation. A certain group of users

We would like to show that entanglement swapping ca may need to have a secret meeting. Let the meeting be sub-

: o . ect to the following two conditions.
be ul_se((JIj, with sorrr:e prqbﬁb(ljllty tlhat we qugntlfl)l/, to corrlecd (i) Al members of the group must be able to decrypt the
amplitude errors that might develop in maximally entangle ;
states during propagation. Assume that in Fign) Athe Bell encrypted public messages broadcasted by any member of

. X . . the group.
Eeelgts)rr?emllgseg ;L?;rri;l:gig tssc%lfjltrﬁee}{r;ppelltude errors and (i) Nobody outside the group must be able to decrypt the

encrypted public messages broadcasted by members of this

| W) = cos|01) + sind| 10). (100  group. _ _
Such requirements may arise when the members of a

Thus the combined state of the two entangled pairs, wheRommittee are to take some decisioq that has to have the
particles 2 and 3 readd, is given by consent of everybody within the committee, but must be kept
secret from the rest of the world. One can regard this as a

|b)=co£6]|0101) + sind cosd(|1001) +|0110) special case of networkedtryptographic conferencing
[14,15. To establish the secret key for this type of meeting,
+sirf6|1010. (1)  the committee can employ either of two possible options.

The first one is to use simple two-user cryptographic key

If a Bell state measurement is now performed on particleslistributions[1,22] to set up random keys shared by each
2 and 3 that reacl®, then the probability of them being pair of users. Whenever a certain user intends to broadcast a
projected onto the Bell statg®0)+|11) or |[00)—|11) is  secret message for the group, that user has to encrypt it using
sinf26/2, while the probability of them being projected onto a separate key for each of the other users of the group. How-
any of the other two Bell states is {Icos26)/2. In the first  ever, for the type of conferencing considered here, this is not
case (i.e., when 2 and 3 get projected t600)+|11) or  a good option because of two reasons. First, the broadcaster
|00)—|11)), the distant particles 1 and 4 are projected ontchas to encrypt the same message several times using differ-
the Bell state$00) +|11) or |00)—|11). In this way, in spite  ent keys. Second, the broadcaster will have the freedom to
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send different messages to different members of the group _D
and thereby mislead a subset of the group. A better option is < e
that the users within the group share particles in multiparticle (
maximally entangled states. To generate the random key, all
users conduct measurements in two nonorthogonal bases on
the particles belonging to them. The results of those mea-
surements in which the bases chosen by all the users coin-
cide are used to establish the secret key known to all the
users within the group. This can then be used to frame en-
crypted messages that can be decrypted by a user if and only FIG. 5. The general circuit to generate ldrparticle maximally
if the user is a member of the group. If the users are surentangled state from disentangled inputs is shown. One can gener-
about the fact that they are sharing a perfideparticle cat  ate any desired state chosen from the basis of maximally entangled
state, they can even use a single basis to perform their meé&tates ofN particles by inputting an appropriate combination of
surements and thereby reduce the wastage of bits due to t§80S and ones at the input port on the left-hand side. When we
noncoincidence of all their bases. It is known that the three!NPut any specificN-particle maximally entangled state from the
particle GHZ states are eigenstates of certain operators of ttht-hand side, by measuring the_ bits obtained on the Ieft-_hand
form 5,58, [8] and by measuring the eigenvalues of thesel5|de, one can conclude whlch maximally gntangled stat_e was input.
. . n other words, when run in the reverse direction, the circuit repre-
operators one can verify whether the state is m.taCt OF COMeents a measuring device frparticle maximally entangled states.
rupted by some eavesdropper. HOV\_/ever, measuring _these_ OPRe box in the figure stands for a Hadamard transformation.
erators should not change the particular GHZ state in which

the particles are because this state is an eigenstate of tré‘(aessed by him or her, which identifies the particular maxi-
operator being measured. Sim, principle, while doing a y ’ P

e party crypography wih a e parice Gz state,onffi2Y AN siate i which hese partos e Siee each
can essentially use the same set of particles for verifying th y 9 P

fidelity of the GHZ state and the susequent establishment O(fomblna'uon of unitary transformations performed by the
a secret key. It should be mentioned here that the idea o§enders, he or she can learn about the messages sent by each

using GHZ states for cryptography is not entirely new, buL?_Lthe ser_ldelrs from the outcome Of];.h.'s or her mealls%rement.
has been presented earljag]. us a single measurement is sufficient to reveal the mes-
sages sent by more than one user.

Now let us compare the efficiency of the above scheme
with the case when user 1 performs a superdense coded com-
Sharing particles in a multiparticle entangled state maymunication[3] with each of theN senders separately. For
also help a user read messages from more than one ugiiat we have to refer to the quantum circuits needed to per-
through a single measurement. This is a kind of generalizaform measurements of multiparticle maximally entangled
tion of the well-known superdense coding schd@ Sup-  states. The circuit shown in Fig. 5 does exactly this when run

poseN+1 users are sharing amN@ 1)-particle maximally in the reverse directiofi.e., inputs from the right and output
entangled state, possessing one particle each. Also suppdsem the lef). The vertical lines are controlled ndt&3] and
that one of them, say user 1, intends to receive messag#ise box is a unitary transformation equivalent to a rotation on
from the N other users, whom we shall refer to as sendersthe Bloch sphere known as the Hadamard transformation
This can be done in the following way. T senders will  [23] (for optical implementations of elementary gates see,
have to mutually decide priori to perform only certain e.g.,[24]). Thus, if user 1 was using our scheme then he or
unitary operations on the particles given to them. One of theshe would need to measure aN- 1)-particle maximally
senders will have any of four possible unitary operations aentangled state and therefore requitecontrolled nots and
his or her disposal, while each of the others will have any ofone Hadamard transformation gate. User 1 le&trsl bits

two possible unitary operations at their disposal. They willof information from this measurement. Thus, if a Hadamard
be encoding bits onto the particles possessed by theinansformation takes timg, and a controlled not takes time
through these unitary operations. In that way, one of the., then the rate of information gain is
senders will be encoding two bits on his or her particle,

while each of the others will be encoding one bit each. Now . N+1

the unitary transformations must be so chosen that for each 1t + Nt
possible combination of unitary transformations performed

by the senders, the state of the+1 particles goes 10 @ pjtg per unit time. On the other hand, if user 1 was separately
different member of the set of maximally entangled states Oﬁoing superdense coded communication with each ohthe
N+1 particles. This is certainly possible becauselz\HNPe senders, he or she would need to MdBell state measure-
senders are allowed to performx@X2Xx.--X2=2"""  mnenis that require one controlled not and one Hadamard
different combinations of unitary operations on the initial {ansformation each. He or she gain Bits of information

(N+1)-particle maximally entangled state and there are exrom this. Thus the rate of information gain in this case is
actly 2N*1 states in the set of maximally entangled states of

N+1 particles. After performing their unitary operations, ON
each of theN senders send their particles to user 1. User 1 T
then performs a measurement on tNe-1 particles pos- N(tp+1tc)

\V

D
J/

A
L/

an

B. A multiparticle generalization of superdense coding

(12

(13
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FIG. 7. Implementation of Zeilinger's scheme using quantum
FIG. 6. Building of a five-particle entangled state from a four- gates. The production of a GHZ state with the use of a controlled
particle entangled state using a GHZ state and a Bell state measur@ot and a measurement is shown.
ment.

. We describe how the Zeilinger group’s scheme works in the
If one assumes that quantum gates have the same time scal§irit of the former sections, i.e., using projections onto the
of operation(that is,t,=tc), thenr, is exactly equal ta;.  Bell states. We then use simple quantum computational net-
However, if one defines efficiency as rate divided by theworks, consisting of controlled not and not operati¢as],
number of particles use@onsidering particles and channels to present measurements in the Bell and generalized Bell
required to propagate them to be important resolydeen  pasis. This quantum computational approach, as we will see
our method is definitely more efficient because it requiresshortly, immediately reveals a basic similarity between the
only N+1 particles as opposed to superdense coded commiyo schemes of generating multiparticle entangled states and

nication with each sender, which requirel particles. shows precisely how they differ.
Assume that we start with two entangled pairs (1,2) and
VIl. ENTANGLED STATES OF A HIGHER NUMBER (3.4) of two-level systems in a state
OF PARTICLES FROM ENTANGLED STATES
OF A LOWER NUMBER OF PARTICLES [P (1,2)®|¥(3,4)=(]0,0+]1,1))®(|0,00+|1,1))

Entangled states involving a higher number of particles =10,0,0,0+/0,0,1,2+|1,1,0,0
can be generated from entangled states involving a lower
number of particles by employing our scheme. The basic +(1,1,1,3. (14

ingredients that we need are GHthree-particle maximally . L
entangled states and a Bell state measuring device. Let uéo‘s_ beforg, we 9m|t the nprma}!|zathn. The fact that we use
describe how to proceed from awparticle maximally en- thiS particular “computational” basis (0,1) does not limit
tangled state to anN+1)-particle maximally entangled thel generallty qf our method, but is more convenient in de-
state. One has to take one particle from khearticle maxi- scribing the action of quantum gates. Syppose now that we
mally entangled state and another particle from a GHZ statgﬁ(ECt a.controllt.ad hot gate bgtween qublt@ntrpb a.nd. 3

and perform a Bell state measurement on these two particle§279€}, i.-€., qubit 3 changes its value only if qubit 2 is in the
The result will be to put these two particles in a Bell stateStaté|1). The above state then becomes

and the remainingN+ 1 particles in a maximally entangled 0,0,0,0+(0,0,1,3+]1,1,1,0+/1,1,0,3 (15)
state. Symbolically, the way of proceeding from an Y T e B

N-particle maximally entangled state to aN 1)-particle  Now we measure the value of the third qubit. We have two
maximally entangled state is given by possibilities depending on whether the outcome of this mea-

surement is 0 or 1:
BSM

[E(N))®[E(3)) — [E(N+1))®|E(2)), 10,0,0+|1,1,1) (outcome 0, (16)

where BSM denotes Bell state measurement. An example of
proceeding from a four-particle maximally entangled state to

a flve—partlcle mqmmglly entangled state by the above Progy, by the action of a single controlled not gate and a mea-
cedure is shown in Fig. 6.

As far as the question of generating the GHZ state, whic surement, we can create a GHZ state out of two pairs initially

: L : . n a Bell state. A network for this operation is given in
is a basic ingredient, is concerned, one can perhaps use t 9. 7

mettﬁgdnséli?gf;éggnby AZItee"rlrr:g:i)\r/cgll)./[lc?%ewzng geii?g?ebegH Now this directly generalizes to more entangled particles.
states using our method by starting from three Bell pairs a%uppose that we have a groupNfentangled particles and

erforming a GHZ state measurement taking one particle entangled particles, each one in a maximally entangled
P 9 9 P State. It is then enough to perform a controlled not operation

from each pair. An explicit scheme to produce three'partlcI‘?bg'[ween a particle from the first and a particle from the sec-

GHZ states from three entangled pairs have been suggeste .
by Zukowskiet al. [19] earlier. ond group and then a measurement of the target particle. The

end product will clearly be a maximally entangled state of
N-+M—1 particles and a single particle disentangled from
the rest. This completes our description of the scheme of
Zeilingeret al.

We would now like to compare our method of generating Let us now compare this to our scheme of generating
multiparticle entangled states to that of Zeilingral. [18]. multiparticle entanglement. The basic ingredient in our pro-

[0,0,)+]1,1,00 (outcome 1. 17

VIIl. COMPARISON WITH THE METHOD
OF ZEILINGER et al.
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tocol is a projection onto a maximally entangled stateNof practical implementations of our scheme and similar
particles. The network for a measurement in this basis is anchemes may be approached is uncertain at present. There is,
inverse of the network that generates a maximally entangleowever, a number of possible practical implementations in-
state from a disentangled input in the computational basis. Kolving entangled photori48,24], entangled ions in a linear

is simply the circuit of Fig. 5 run in the reverse direction. In trap[25], and entangled nuclear spins in NMRg]. In gen-
order to generate anN(+ 1)-particle maximally entangled eral, any medium that proves to be useful for quantum com-
state, we have to do a Bell state measurement selecting opaitation will immediately support implementation of multi-
particle from the GHZ state and another particle from anparticle entanglement manipulations. This may also enable
N-particle maximally entangled state. A Bell state measureus to study the problem of quantifying the amount of en-
ment will require a controlled not gate and a Hadamardanglement in a given multiparticle entangled s{@@é]. For
transformation gate, as is evident from Fig. 5, specializing teexample, we showed how to create Mparticle entangled

the case of two inputs. Meanwhile, to generate arstate given arM-particle entangled state. By studying the
(N+1)-particle maximally entangled state using Zeilingercreation and destruction of entanglement in these measure-
group’s scheme one may be required to start with arments we can perhaps relate amounts of entanglement
N-particle maximally entangled state and a Bell state angresent in states involving different number of particles. In
will have to perform a controlled not choosing one particlethis paper we have dealt solely with pure states. It should be
from each set followed by a measurement on one of thénteresting to generalize our scheme to arbitrary density ma-
particles. Hence, as far as comparing our scheme witltrices.

Zeilinger group’s scheme is concerned, in the case of gener- A different feature of entanglement swapping is that it
ating an (N+ 1)-particle maximally entangled state from an allows superluminal establishment of entanglement between
N-particle maximally entangled state, our scheme has jugwo distant particles. This contrasts with standard schemes of
one extra Hadamard transformation. However, our methogetting up entanglement that rely on generating entangled
necessarily requires a GHZ state for proceeding fronNan particles at a point and supplying them to distant users and as
to an (N+ 1)-particle maximally entangled state, while for such can take place at most at the speed light takes to travel
the scheme of Zeilingeet al,, Bell states are sufficient. In from the source of the particles to either of the users. An-
that sense the latter method is simpler. However, as far agther feature of entanglement swapping is that the particles
setting up entanglement between particles belonging to dighat are entangled finally can come from totally independent
tant users is concerned, our method is necessary. For ejitial sets of entangled particles, which means they must
ample, if the operator & in Fig. 3 performed the manipu- have had different values of local hidden variab{#sone
lation described by the Zeilinger group manipulation onsupposed that they exjstit should then be interesting to
particles 2 and 3, then 1, 2, and 4 will go into a GHZ stateinvestigate whether these can lead to any type of violation of
and essentially the subsystem of particles 1 and 4 will be ihocal hidden variable models stronger than or different from
a disentangled state. This method will thus not be applicabléhat given by Bell's inequality.

to setting up entanglement between particles belonging to
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