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Summary. — The aim is to derive a fluid model, of hydrodynamic/diffusion type,
describing the interaction of a glow discharge with an ion beam at atmospheric
pressure.

PACS 52.40.Mj — Particle beam interactions in plasmas.

PACS 41.75. Ak — Positive-ion beams.

PACS 52.20.Hv — Atomic, molecular, ion, and heavy-particle collisions.
PACS 52.80.-s — Electric discharges.

1. — Introduction

We intend to continue the study of macroscopic models for partially ionized plasmas
at atmospherique pressure, that we started in [1] and completed in [2,3], covering a wide
range of discharges, such as thermal arc discharges, glow discharges, etc. We refer to
the above references for a precise description of the physical context. The aim here is to
modelize the interaction of an ion beam with a glow discharge.

2. — The scaled kinetic system

2'1. The kinetic collisional model. — The plasma we consider is a mixture made of
electrons (e), ions () and neutrals (n), which interact all together through elastic and
inelastic collisions. Denoting by f, (o = e, 4, n) the distribution function of the « species,
the kinetic collisional system modelling this mixture is given by [1]

(1) 8tfa+va vzfa‘i’% 'vvafa = (atfoz)ca

(o3

where m,, is the mass of the «a species and F,, the force term; moreover, we have

(&tfa)c = Qaa(faafoc) + Qaﬁ(focafﬁ) + Qa'y(fa7f’y) + Qa,ir(faaf,@’vf'y)a
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where o, 3,7 = e,i,n with o # 3 # v # «. The three first terms represent the elastic
collisions of a particle of the o species with the particles of the three species; the operators
are classical Landau-Fokker-Planck operators if the two species involved in the collisional

process are both charged particles and is of Boltzmann type otherwise [4]. The ionization-
recombination operators are of the following form (see [1] for details):

(20,) Qe,ir(fev fi7 fn)(ve) = /Rl2 0T5U§g (fe/fe*fi - fOfefn) dve/dvzdvidvn
+2 / 0780181 (Fofur f — fofor i) dve/dvdvidon,
RIQ
(2b) Qi,ir(fea fia fn)(vz) = /]1212 o by 55 (}—O fe fn - fe/ fe* fz) dve dve/ dvg d’Un,
(2¢) Quar(fos fir f) (o) = /IR 070085 (fur for fi = Fo fo ) v due! dufd

In particular, F is a positive constant, which represents the efficiency of the dissociation
with respect to the recombination and the notations d¢ and 4, hold for the energy and
momentum conservation during this inelastic collisional process, i.e.

de = 5<me|ve|2 + mn|vn|2 - [me(|ve/|2 + |v;|2) + mi|vi|2 + ZA]),
5y = (5<meve + Mpvn — [me(ve’ +07F) + mivi}),

where 0 denotes the Dirac measure, and A the ionization energy.

2'2. The diffusion scaling. — Let us first describe the physical scalings. We first have
a small parameter € representing the mass ratio defined by

m m
e=,/—=,/——< L
mp mi+me

We suppose that the temperature of the three species are of the same order of magnitude
Tp, and define the characteristic velocities (v, )o as the respective thermal velocities, i.e.

kpTy .
(Va)o = — for a=e¢e,i,n,
«

kp being the Boltzmann constant. Consequently, these velocities only depend on the
masses, and more precisely we have: (v,)o = V1 — &2 (v;)0 = € (ve)g. We denote by 4,
and ¢; the two small paremeters defined by

For a glow discharge, we typically have §, = §; = 2. Here, in order to modelize the

interaction of an ion beam with a glow discharge, we set: §. = ¢ and §; = . We
choose g = tg (ve)o as reference length, the reference time tg being the smallest time
scale defined by: tg = Ten, = 0;Tee = 0;Tir (Tap denoting the characteristic collision time
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of a particle of the « species againts the 3 one and 7;,. the characteristic time of inelastic
collisions). Last, we choose a force field unit Fy such that Fozo = kgTp. At the electronic
diffusion scale (¢t — €2t,x — ex), the dimensionless kinetic system then writes

Ba)  Ofet (ve Vet BV ) e = 5 Q2o ) + Qe 1)

+§ [ z,ir(feafiafn) + Qee(feafe)],

s\/ﬁ[ in(fis fn) + Qui(fis fi)]
+Q§,i7‘(f€7fiaf7l)+Q§e(fiafe)7

1 1 |
(30) (at +Un . Vm +Fn . Vv")fn - ann(fnafn) + ﬁ nz(fnafl)
JFE[ fm,ir(feﬂfi’fn)Jerze(fmfe)]a

1

(Ui'vz +Fi~Vvi)fi =

where all the collision operators, except the intra species one, depend on .

3. — The coupled fluid model for the mixture

We use a classical Hilbert method by expanding each distribution function f¢ in
terms of € (f, = f0 +ef! +...), but also each collision operator (see Lemma A.1) and
identifying terms of equal power in each side of the equations in the above kinetic system.

3'1. The equilibrium states. — We start with the identification of the lowest-order
terms, in order to derive the three equilibrium states. We find in fact

(40‘) gn( Eaf2)+Q87( Bafvo):()a
(4b) o (F25 1) + Qu(f, 1) = 0,
(40) an( Safg) =0.

We get from (4¢) that fO = p, M, 7 is a classical Maxwellian of density p,,, while we
easily deduce from (4b) that f? = p;M, r is also a Maxwellian that shares with fJ
the same mean velocity u and mean temperature T. Last, we get from (4a) and the
properties of the operator L. defined by L. = Q% (-, f0) + Q% (-, f?) (see Lemma A.1)
that f0 is an isotropic function (that will be precised in the next section).

3'2. The electronic order-one correction. — We go on with the identification of the
next terms, in order to compute the order-one corrections. Concerning the electrons, we
get

(5a) Lofl =S}, with
(5b) S;:(Ue'vz+Fe'vvc)f£_ in( gvfg)_ lz( £7in)
_Qee( £7feo)_ g,ir( eO7 zova(z))

The solvability condition for this equation writes (see Lemma A.1): for all W > 0 (W
represents the energy |v]?/2), the integral of S! on the sphere of radius W is zero,
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i.e. fSw SLAN(v) = 0. As the first four terms in S} are odd [4], this reduces to

for al W > 0, [ [Quelf2.12) + QL (12 2. S AN () =0,
w
Integrating against the isotropic function H. = log(p;f°/(pnFo)), We get

| Qu s vt [ Q272490 Hedu. =0,
R3 IR3

But as each one of these two integrals is non-positive (this is classical for the first one [5];
we refer to Lemma A.2 for the second one), this means that they are both zero. We
deduce that f0 is a centered Maxwellian f0 = p.Mo 1., with p. given by the following
Saha law:

_Fop 3/2 A
(6) Pe = 7[% (2nT,) exp{ TJ'

Moreover, it is possible to compute explicitly the order-one correction f1; this is due
to the fact that the operator L. is of Lorentz type, like in [6]. We have the following
expression, which is a generalization of Lemma 7.1 of [2]: f! = flo + fl¢ where f1°
is an arbitrary isotropic function while f1° = fo, - ¢!, with ¢! given by (a,, and o;
are both isotropic functions entirely given in terms of the Boltzman and Fokker-Planck
kernels in QY,, and QY,)

M o) =7 - 2[an(|ve|)pn1+ aive)pi] [V(;) B % ! |U§| Vm(_Tle)] '

3'3. The fluid system. — Let us go on with the Hilbert method, looking for the order-
one correction fl. This one satisfies the equation: 2Q,.(f!, f°) = (0; + vn - Vo +
F,, -V, ) f2. The solvability condition for this equation gives a classical Euler system for
(pn,u, T) which does not depend on the other species (see system (14) below). Concerning
the ions, we find that f! satisfies the equation: L;(f!) = S}, where L; is the linear

operator defined by L; = Q9. (-, f2) + 2Qui (-, f°) and S} is given by

in i

Sil = (8t+vi-VI+F¢~Vvi)in— ?n( zoafrll)

We have in fact Qi (-, f¢) = 0 because f? is isotropic and QY ;,.(f2, f7, ) = 0, on account
of the Saha law. It is easy to check that the kernel of the operator L; is the straight line
generated by f?, so that the solvability conditions reduce to one equation on the ionic
density p;, with no source term, because the operator Q% conserves mass (see eq. (15)
below). We finally go on, looking for the order-two correction f2. We find the following

equation: L.f2 = 52, with
S = 0nfe+lve Vot Fe Vo lfe =Qen(fer f2) = Qen(fes F) = Qen (£, f2) = QEn(f2 £2)
_Q(e)i< el’fil)_ il( ;afio)_ tlaz( eo7fi1)_ gz( gafio)_QQGE( el7fg)_5c},ir7

where Selﬂ-r is the order-one term in the asymptotic expansion of Q; ;- (f<, ff, f5) in terms

of e. The solvability condition for this equation writes: YW > 0, [ S S2(v)dN(v) = 0.



INTERACTION OF A GLOW DISCHARGE WITH AN ION BEAM 139

Lo £, QL (fhe, £9) and Qe (f10, £§) are odd functions of v (and Q2 (f1¢,-) =
O (f1e,-) = 0), it remains:

(8) YW >0, S2(v)dN(v) =0, with
Sw

= 0ufe + (e Vo = BV ) o = QL% f2) = Qen(£2 %, £1) = Qen(f2, 1)
_an( £7f19,) - 0‘(f1707fi1) - éi(feLoa fzo) - Qiz( g’fil) - ei( evfzo)
_QQCE(fel7e’f(‘(3)) S; e

Remarking that f1:¢ only appears in 2Q..(f2¢, f0) = %Q%(fg) (f1e), we deduce that
condition (8) entirely determines f1¢(W), for any W. Now, multiplying (8) by 1, W,
and integrating with respect to W, we get in particular

5 5 |ve|?
9) S5 (ve) dve = 0, S5 (ve)
R3 RS 2

dv, = 0.

From the definition of QY, (see Lemma A.1) and the properties of ¢® (self-adjointness,
kernel made of isotropic functions, see [4]), we have, for any f and g (and setting Cy =

(f]R3 g(v)dv)):

/ Qe <2|e|2>d”6209 s T ) (qugﬁ)) d”e:@'

In the same way, as QL (f2, 1) = 4B (V f2) [ s vnfrdvn, we also have

e

1 0
/;R?» Qén( g?frlb) (§|’Ue|2> dve = (0> .

These two properties are also valid for QY and QL,(f?, f1). From [7], we get

[ QR A+ @22 12+ QA1)+ QUL () v = ().
s 2|’Ue‘ Ue

where we have set (), and \; are two coefficients which can be explicitly computed in
terms of the Boltzmann and Fokker-Planck kernels in QY and QY;, see [3,4,7]):

et

T-T.,
(10) Ue =2u - [Vo(peTe) — peFe] + 3pe(Anpn + AiPi)T .

As the linearized Fokker-Planck operator classicaly conserves mass and energy, we have

/ Qee(f2°, f°)< 1| e|2> dv, = (8)

Now, setting Re = [ps S, dve, we get: [(ps S1 ve?/2dve = —AR, (see Lemma A.2).
Last, concerning the transport terms, we refer to the computations already done
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in [7,8,1,6,2,3]. We then derive from (9) the following energy-transport model:

(11&) 8tpe+diV(Pe(U+UJ)) = R,
(11b) 6t(%peTe) +div [%peUTe + PeUJ} - pe(u + UJ) : Fe = Se

with S, = U, — AR, and

(12) (“J> =D vi(f) -

vy Vs <_Tie) ’

the entries Dy; of the diffusion matrix D being given by

(13) Du=D ! / L A
k= Dy, = 0.7, (v) dv.
6 x 2MH=2 Jips pran([v]) + pic(|v])

Note that R, in fact depends on the isotropic part f1:¢ that appears in S’elﬂ-r. But,
thanks to the expression of Se, it is possible to eliminate R, between the two equations
n (11); from a physical point of view, this corresponds to the fact that the energy which
is conserved by the ionization is [v|?/2 + A. We then get the following fluid model for

the mixture:

Theorem: The equilibrium states for the heavy species f2 = pp M, 1 and f0 = p; M, are
characterized by the same mean velocity u and temperature T'; the electronic distribution
function [0 = p.Moy T, is a centered Mazwellian, whose density p. is given in terms of
the two other densities p, and p;, and the electronic temperature T, by the Saha law (6).
The neutral particles satisfy the standard Euler system (setting W,, = %pn\u|2 + %pnT):

(14a) O¢pn + div(pnu) =0,
(140) O (pnu) +div [pn (u @ u)] + Vi (pnT) — pnf = 0,
(14c) W, -+ div|u (Wo + puT) | = pate- F =0,

which is totally independent of the other species. The fluid model for ions reduces to a
mass conservation equation:

(15) Opi + div(p;u) = 0.

The electronic macroscopic quantities (pe,Te) satisfy the following diffusion equation:

3 . . .
(16) at(ipeTe + Ape) + le(JTc + Ajpc) — Jpe - Fe = Ue7

where we have set, for simplicity: j,, = pe(u +uy), jr, = %peuTe + pevy, with uy and
vy defined by (12), (13) and U, by (10).
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4. — Conclusion and comments

Equation (15) corresponds to the charge conservation, while eq. (16) represents the
balance sheet of the electronic energy. The coupling between the three species appears
through the Saha law and the transport coefficients in eq. (16).

The model we have here derived looks like the fluid model obtained in [3]. We first
mention however that the derivation from the kinetic system is far different here, essen-
tially on account of the orderings of the inelastic collisions. Secondly, the model we have
obtained differs by the expression of the transport coefficients which are here simpler and
can be explicitly computed; this is due to the fact that the operator L. is here a Lorentz-
type operator, like in [6]. In [3], the diffusion coefficients are more complex, because they
depend on the ionization, which is stronger than in the case under consideration here.

Moreover, let us note that the model we have here obtained directly from the kinetic
system can also be recovered from a glow plasma model, of SHE type, in which the Saha
law appears as a source term in the equation on the ionic density (see Proposition 4
of [2]), by multiplying this relaxation term by a factor 1/¢ and looking for the limit
e —0.

Let us finally mention that the derivation we have here obtained is purely formal.
From a mathematical point of view, one main difficulty comes from the strong coupling
between the neutrals and the other species and the fact that the Euler system for the
neutrals can develop solutions with shocks.

APPENDIX A.

In the two Lemmas below, we only recall, for simplicity, the first-order terms of the
asymptotic expansion of the collisional operators in terms of £ and their main properties.
For the other terms, we refer to previous references.

Lemma A.1[4,6,9]: 1) Let o, B =i, n, a # B; then Qg 5(fa f3) = Qgﬁ(fa,fg) +0(e?),
with

Qgﬁ(fmfﬁ)(voz) :/ BE (Ua —UE,Q) (fo/fﬁ’* - fafﬁ*)dvé dQ.
1IR3 x S2

11) Let «, ﬂ =€ n, « 7é ﬂ; then Qaﬁ(.fowfﬁ) = Qgﬁ(favfﬂ) + 0(5); with

0 (fer F) (00) = GB(f) (ve) / fo(vn)dvn,
R3

Ve - )2
ne(fns fe)(vn) = =2V, fulvn) - / B (v, ) L)

Ve fe(ve) dve dQ2.
IR3xS2 |U€

Moreover, qf(fe)(ve) = fsz BB(ve,Q)[fe(ve — 2(0e, Q)Q) — fe(ve)]dS2.
iii) Q;(fe, fi) = Qi fe, fi) + O(e), Qi(fis fo) = Qe(fi, fe) + O(e), with

(e)i(feafi)(”e) = Qe}-(fe)(ve) /ﬂ?3 fi(vi)dw;, qf(fe) =V, - [B]:vaefe],
3 B}_(

O (fir fe) (i) = =2V, fi(vy) - / Ve)

re |vel?

Ve fe(ve) dwe.
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iv) For any fn, fi, the kernel of the operators L. = Q2 (-, fu) + Q%.(-, f;) is made of
isotropic functions. Introducing the energy variable W (v) = |v|?/2, the sphere Sy =

{v e R} W(v) =W}, and dN(v) = diVL(v (dSw is the Euclidean surface element on

Sw ), we get from the co-area formula that the equation L.f = g has a solution if and
only if the right-hand side satisfies the following orthogonality relation:

YW >0, /s g(v)dN(v) = 0.

Lemma A2 [1-3]: 1) We set: p, = sz3 fa(va)dvy, a € {e,i,n}; then Quir = gﬂ'r +
R i+ O(e?), where QY ;. is given by (2), but with 6, dg replaced by their limit when e

a,ir

goes to zero, i.e. by 89 = §(v; —vy,), 62 = 6(|ve|* — [|ve’|? + |[vF|? + 2A]). Moreover

m(fe,fz,fn)< ) = = Qi (for fir £ ) (0) = A1(f2) fulv) = A(f) w), with
fe) = fle 0702 Fo fe(ve) dvedv,/dvt,  A(fe) = LRQ 0”62 fe(ve') fe(v}) dvedu.'dvy.

ii) The operator Qg’ir(f67 fiy [n) satisfies

[ @ (fenn ) (30 ) doe = lonst0) = mati ().

iii) Moreover, let H(f.) = log(Fy ' p* pi fe), and let o be positive, then

| Qe )@t (1) 0o = =pi [ o672 g (we) = o))
X [log(]—'op—jfe(ve)> - log(fe(ve’) fe(vg)ﬂ dvedv,'dv} <0.

If f. is isotropic and ng(fe,fi,fn) = 0, then: f.
}—0”" (27T, )?/? exp|— ] moreover, [ps S&. (A + |v[?/2)dv. = 0.

peMor,, with p. =

ezr
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