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MATHEMATICAL REPRESENTATION OF THE EFFECT 

OF SIMULTANEOUSLY OPERATING GROWTH FACTORS 

W. C. Visser ' and P . Kowalik ; 

I m p o r t a n c e of c o m p l e t e p l a n t r e s p o n s e m o d e l s 

A mathematical representation of the effect of growth factors 
on plant yield or growth rate is of importance for several reasons. 
Such a model could be used to calculate what human intervention in 
soil fertility or moisture conditions would have the largest desirable 
effect. Or the determination of a number of soil properties or hydro-
logic constants could be aimed at. If these soil properties were de­
termined in the laboratory and - for instance in pot t r ials - the plant 
parameters were also assessed, then a simple calculation could 
show, what the yield increase would be as a result of improvement 
of one or more productivity factors. 

A computer model of plant response could also be used to de­
termine constants as it would be possible to assess parameters for 
the physical properties of soils, of plants or of plant associations. 
The mathematical model in this way could become a substitute for 
the laboratory. Such an indirect, mathematical determination of 
parameters would be less costly than the direct determination in 
the laboratory or glasshouse. This is particularly to be expected if 
the number of constants becomes somewhat larger . 

Determinations by means of calculation present still another 
advantage. A formula nearly always is an approximation. The para­
meters with which an acceptable result with such a formula is ob­
tained, will differ from the values obtained in the laboratory. If ad­
justment techniques are used, the general result of the model would 
be as near to the observed value as observational e r ro r s allow. An 
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e r r o r in a model can be made good by a compensat ing e r r o r in the 

calculated cons tan ts . In such c a s e s the p a r ame t e r s a r e in e r r o r , 

but the r e su l t a s yields and growth r a t e s , ca lculated with the p a r a ­

m e t e r s i n se r t ed in the model which was used for a s s e s s ing the p a r a ­

m e t e r s , would be influenced only in a minor way by the shor tcomings 

of the model . One e r r o r would be compensated by another . 

A descr ip t ion of the exist ing soil fer t i l i ty s i tuation by means of 

the r e su l t of the model could be condensed to a soil fer t i l i ty c l a s s i f i ­

cat ion and could be u sed to advise f a rme r s on the need for f e r t i l i ze r 

application o r hydrologie improvement . The above mentioned a spec t s 

a r e al l of mainly p rac t i ca l impor tance . 

The scientific impor tance of the complete plant r e sponse model 

a lso should be s t r e s s ed , however . Up to now r e s e a r c h i s c a r r i e d out 

according the pr inciple of changing one factor and keeping all o the r s 

constant . In fact the o ther f ac tors genera l ly a r e neglected. 

A model will enable one to i n se r t the o ther fac tors into the 

ma themat ica l e laborat ion ini t ial ly in an approximate way. What i s 

known about the r eac t ion of a c rop to a growth factor , even if it i s 

of a r e s t r i c t ed accuracy , will soon allow to i n c r ea se the a ccuracy 

mo r e than would be a t tained by omitting such f ac to r s . It i s p robable 

that the r e s e a r c h philosophy of the c e t e r i s par ibus pr inciple be t te r 

should be r e jec ted because i t los t i t s necess i ty . A computer i s able 

to account for many fac tors at the same t ime , so s implification by 

omitt ing f ac tors i s not needed any m o r e . The r e s e a r c h philosophy 

should shift mo r e and mo r e to the panta r e i p r inciple in which eve ry 

factor may va ry and is acting according to i t s level of in tensi ty. 

When using the panta r e i p r inciple one gets an impress ion of 

the magnitude of the effect of each soil p roper ty . This will s t imulate 

to study f i rs t the quantitatively mos t impor tant f ac to rs . 

T h e c o n c e p t u a l b a s i s o f t h e m o d e l h e r e p r e s e n t e d 

It i s often not easy to unders tand, what may be the r eason that 

a yield i s h igher or lower than was expected. In plant r e sponse , 

however , t h e r e i s a c e r t a in sys tem which, when used co r r ec t ly , 

makes unders tanding e a s i e r . 



Crop yield is the result of a large number of simultaneously-
operating growth factors. The effect of various factors has a part 
in common because all these effects a re based on the same principle 
of nutrient uptake. This principle will be called the general relation. 
Partly the effects will differ because they are related to a special 
cause for each factor. This will be called the special relation. By 
reflecting on the how and why of the magnitude of the yield, the d is­
tinction between the general and special reactions can be helpful in 
arriving at a correct understanding. 

So one rather often observes that it is expected that expressing 
the yield as a percentage of some maximum yield will simplify the 
representation of productivity relations. The mathematical r ep re ­
sentation of the yield, divided by some maximum yield is only 
acceptable, however, if the growth relation contains functions of a 
procentual yield q/qo« This is only the case with the exponential 
yield equation and the Cobb Douglas relation, as used by HOMES 
(1966). But these formulae a re nog generally valid. For the 
MITSCHERLICH equation (1925) one better could use the procentual 
relation of the yield deficit (Q-q)/(Q-q ). The Blackman principle 
(BLACKMAN, 1905) gives the largest simplification if the yield-
growth factor curves are shifted in such a way that the oblique 
asymptotes coincide. Here no procentual relation is valid but an 
additive relation. 

The simplification of the graphical representation of the yield 
data gives the best resul ts , when the simplification in a well con­
sidered way follows closely the mathematical representation. 

The problem of mathematical representation of simultaneously 
operating growth factors should be based on carefully determined 
physically acceptable functions for the special relation for all se­
parate growth factors involved, as well as on a generally valid plant 
physiological function for the general relation. 

The general and special growth functions 

The general relation for the growth function can best be based 
on the diffusion equation. This general relation is represented by 
(VISSER, 1969): 
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The specia l equation for each growth factor s epa ra te ly can be 

r ep re sen t ed in i t s s imples t shape by: 

q = a(x-x ) q = actual yield 
qxf qy = t heore t ica l y ield for x , y 

= b / ) Q = max imum yield 
^y w Jo' a, b = growth p a r a m e t e r s 

F = flexibility constant (2) 

Inser t ing formula (2) in formula (1) l eads to : 

(1 - § ) ( 1 - ^ - ) ( 1 - ^ _ ) . . . = F (3) 
MX ^ y 

The max imum yield Q i s the l a r g e s t productivity to which the 

plant on biological grounds is able to yield or the one that i s due to 

the l imit ing activity of an unknown growth factor . The flexibility 

factor F e xp r e s s e s within what r ange of r a t io s of absorbed nu t r i en t s 

unhampered growth is poss ib le . 

If the r a t io between the nu t r ien ts was s t r i c t ly fixed and for n p a r t s 

of n i t rogen the plant absolutely would need p p a r t s of po tass ium and 

f p a r t s of phosphate, then the flexibility factor F would be z e ro . A 

healthy growth is poss ib le , however , when these r a t ios vary within 

ce r t a in l im i t s . This flexibility i s r ep re sen t ed by a smal l value for F . 

By using adjustment techniques a smal l positive value is found. 

This flexibility i s g raphical ly indicated by the ve r t i ca l d is tance 

between the yield curve q and the in tersec t ion point I for the two 

asymptotes of the type q = a (x-x ) mentioned above. This i s r e ­

p resen ted in fig. 1. 

If a l a r g e r number of growth fac tors than two is involved, the 

ve r t i ca l d is tance in fig. 1 is no longer equal to the square root of 

F / u , but to a h igher root cor responding to the number of fac tors of 

which the a symptotes i n t e r sec t . 



yield q 

Growth factor x 

Fig. 1. The yield curve q i s de te rmined by two a sympto tes . One for 

the max imum yield q = Q and one for the growth factor d e ­

pendent asymptote q = a(x-x ). The flexibility p a r ame t e r F 

depends on the ve r t i ca l d is tance between the yield curve q 

and the point of i n te r sec t ion of the a sympto tes I 



Equations for special types of response 

The special equations given in formula (2) a r e the l eas t c om­

plex l inear c a s e s . In growth equation (3), however , a lso non- l inear 

r e la t ions can be i n se r t ed . These equations of a mo r e complex na tu re 

a r e descr ibed e l s ewhere (VISSER, 1968; 1969). 

Different types of models have been cons t ruc ted , for ins tance 

the cooperat ion to a combined effect of the pa r t i a l effects of different 

in tens i t ies of the same factor in success ive l a ye r s of the soil profi le . 

Other somewhat complicated re la t ions s ome t imes r e su l t from an ta ­

gonistic connections between f ac to r s . It a lso will be of impor tance 

to use models which account for s torage of nu t r ien ts in the plant, 

which s torage i s depleted if the stock of nu t r ien ts in the soil b e ­

comes insufficient. 

As not a l l r e la t ions have been desc r ibed in models an i nves t i ­

gation in the shape of the type of special r e la t ions which occur in 

n a tu re i s needed to c lose the exist ing gap in the knowledge on soil 

fer t i l i ty and plant production. It i s not to be expected that a c om­

prehens ive opera t ional model in the form of a ma themat i ca l r e p r e ­

sentation of plant r e sponse to be u sed in p rac t i ca l application, i s 

a l r eady poss ib le . 

A type of model with cons iderable impor tance is the model that 

contains the t ime - yield re la t ion together with o ther eventually 

l imit ing f ac tors . Fo r each factor it s omet imes may be n e c e s s a ry 

to account for var ia t ions in i t s level of in tensi ty during the growth 

per iod. Intervention in the fer t i l i ty level of a field not only r equ i r e s 

a decision about the magnitude of the intervention but a lso about the 

moment of the yea r at which the change in in tensi ty of the growth 

factor should be c a r r i ed out. 

T h e e q u a t i o n f o r t h e r e s p o n s e t o t i m e 

The fac tors which va ry with t ime will often differ in an i r r e gu l a r 

way, l ike ra infal l or evaporat ion. Such influences cannot be desc r ibed 

by an exact in tegra l over t ime , but have to be in tegra ted numer ica l ly . 

To make this possible the equation should not be evolved for yield q 

but for growth r a t e dq/dt . This der ivat ive shall be indicated by q . 



The formula for the growth r a t e i s given by the equation: 

. . . = F (4) 

The index nLT indicates that the non- l imit ing (nL) special equation, 

e xp re s sed a s growth r a t e , holds for the factor t ime exp re s sed a s 

t empe r a t u r e sum T. The indexes y, z , u , . . . indicate o ther f ac tors 

a s ae ra t ion and evaporat ion. F u r t h e r qT i ndicates the actual growth 

r a t e under influence of l imiting (L.) o r non- l imit ing (nL) additional 

f a c to r s . 
• 

The magnitude of q . „ can be calculated with a formula of which 

the solution is d i scussed e l sewhere (VISSER, 1974). The solution for 
«VLT 1 S : 

iiLT ' 
: c 

b 
T-T o 

a 

q - i o 

+ 

+ 

i 
T - T e 

1 
Q-q 

a, b , c = constants 
q 0 , Q = d ry ma t t e r yield / - \ 

a t beginning, end * ' 
TQ , T e = t empe r a t u r e sum 

at beginning, end 
q, T = va r iab le d ry ma t t e r 

yield, t empe ra tu r e 
sum 

q T -T. = t heore t ica l non-
l imi ted daily yield 
i n c r ea se for t ime -
t empe r a t u r e factor 

T h e e x p r e s s i o n of q _ b y f u n c t i o n s of T a n d Q 

_ • 

The value of q T „, i s e xp re s sed as a function of the t ime var ian t 

Q and has to be defined a s a function of a constant value o r of a value 

a l r eady known from the calculat ion r e su l t s for a previous day in the 

day- to-day numer i ca l solution. The solution was r econnoi tered f i rs t 

by solving the Q T T f rom an equation s imi la r to (5) in which a a ndb 

were taken a s unity to simplify the e laborat ion. 

The equation with which was s t a r t ed , i s : 



This can be wr i t ten a s : 

( T e - T o ) ( q - q o ) ( Q - g ) 

( Q - q J ( T - T )(T -T) 
$ = c 6 ° ° , (7) 

Integrating formula (6) and solving for q, y ie lds : 

q + PQ / T - T \ c 

q = ° 1 + p with P = d ( - ^ r ) (8) 

With formula (8) the t e r m s (q-q ) and (Q-q) can be exp res sed and 

i nse r ted in formula (7): 

(T -T ) 
-& • ^ 4 e ° (Q-%) (9) 
d T (1+P)2 ( T - T 0 ) ( T e - T ) 

This was condensed to: 

- i l = D ( Q - q o ) (10) 

In equation (10) D is a function of T alone. This solution for a s im ­

plified equation now can be used to d i rec t the solution from a more 

complicated one. 

S o l u t i o n of <5 _ f o r t h e m o r e c o m p l i c a t e d e q u a t i o n 

The technique that led to formula (10) for a = b = 1 can be 

applied to formula (5) with values for a and b differing f rom unity. 

This is done by wri t ing for formula (5): 

b + 4 

T-T T - T 
q n L T = D ( Q - % ) = « a | ï g = t ime dependent <14) 

q-q Q-q p a r ame t e r 

In this equation two values a r e unknown, the values of D and Q, both 

functions of T. These D and Q a r e solved in the next chapter . 



I n f l u e n c e o f t i m e o n t h e m a x i m u m y i e l d Q. 

The i n f luence of a g r ow th f a c t o r on t he p l an t y i e l d i s a c u m u l a ­

t i v e o ne . The y i e ld a t s u c c e s s i v e d ay s c a n be d e s c r i b e d by: 

q T + i = q T + q T + 1 ( 12a) 

T+n 
q T + n = q T + . | ^ % <12b> 

The y i e l d a t s o m e m o m e n t i of t he g r ow th p e r i o d fo l lows f r o m t h e 

m a x i m u m y i e l d Q a t t he t i m e - t e m p e r a t u r e s u m T of wh ich i s 

s u b t r a c t e d t h e d i f f e r ence b e t w e e n t he u n h a m p e r e d y i e l d q T . m i n u s 

t h e l i m i t e d y i e l d q , . on t he s a m e day 

Q. = Q - (q . . - q T . ) (13a) 
x m a x v ^nLi ^ L r v ' 

and for t he p r e v i o u s d ay 

Q i - l = Q m a x - < ^ L i - l - « L i - l > <1 3 b> 

s u b t r a c t i o n p r o d u c e s : 

Q i - Q i - 1 = ^ L i • q L i - l > - ( q n L i - % L i - l > 

Q i - Q i - 1 = q L i - %IA <13> 

I n s e r t i n g e qua t i on (11) in (13) l e a d s t o : 

Q. - Q. . = q \ • - D. (Q. - q) l l - l ^Li l v l ^ o ' 

Q = _ Ü ° _ i IzL (14) 
i 1 + D. K *' 

l 

A b a s i c a s s u m p t i o n h a s to be m a d e to ob t a i n a s o lu t ion f o r t he 

r e s p o n s e of a p lan t to t i m e in r e l a t i o n w i th t he a c t u a l y i e ld Q. wh i ch 

t h e p l an t i s a b l e to p r o d u c e . T h i s a s s u m p t i o n i s , t h a t t h e d e c r e a s e 

in y i e l d due to the l im i t i n g e f fect of s o m e f a c t o r w i l l c a u s e a l o w e r ­

ing in u l t i m a t e y i e l d by t he s a m e y i e l d d i f f e r ence t h a t o c c u r s on t h e 

day w i th a d e f i c i ency of t h a t f a c t o r . 
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Fig . 2. The formula for the S-shaped course of the yield curve d e ­

pends according formula (5) on the magnitude of the difference 

Q-q. A l imiting factor reducing q i n c r e a s e s the value of Q-q 

and will cause the l a s t pa r t of the curve for the yield qT to 

become l e s s s teep . This means that Q for that day is r e -
r max } 

duced to Q.. The reduct ion of Q to Q. i s equal to the dif-
l max l ^ 

ference in the non- l imi ted yield q . and the yield qT . under 

influence of l imit ing fac tors 



In fig. 2 th is i s g raphical ly r ep re sen t ed . The difference between 

Q and Q. i s equal to the difference of q . . and qT . , both equal to 
max l ^ nnLi ^Li n 

A.Q.. The magnitude of Q and T i s d ec r ea sed to Q - Z A q . 
n i * max e max n i 

a s r ep resen ted in formulae (13a) and (14). 
It might be subject for d i scuss ion whether a d ec r ea se of Q 

° J max 

to Q. will influence any future q according the same Q - Z A q value 

over the full length T -T . of the t ime - t empe ra tu re sum. It might 

be supposed that a lower number of c e l l s , taking pa r t in the cel l 

division might be compensated for in the further growth period by 

an i nc reased growth r a t e . The ini t ial d e c r ea se in yield might in that 

way loose i ts impor tance if t ime p r o g r e s s e s . 

If one defines the yield q^. _ , however , as a yield not affected 

de t r imenta l ly by any growth factor save the t ime factor , then this 

yield is the highest possible one which the plant i s able to p roduce. 

Then no higher growth r a t e q than 6 T _ i s possible and i t i s to be 

accepted that the yield Q will be A q units lower than Q 
r ' e ^ e max 

As will be d i scussed l a t e r , however , t he re is s t i l l a possibi l i ty 

that the t ime effect on yield does not only depend on an effect on the 

value of Q, but a lso on the value of q . The yield function in which, 

due to l imiting f ac to r s , instead of Q.-q has to be i n se r t ed 

(Q.- ^ . q ) - q , can be supplemented by an effect on q shaping the 

(q-q ) value to q-(çL. + -A?^ an<* c h a n g i n g formula (5) to: 
A^q = Q „ -Q . , see fig. 2 l n max l ° 

T -T T -T 
• _ o e ^ 9 q = y e ' u n d e ß n e d d e -
"Lt ~ a , 1 c r e a s e in production 

q-(q +A2q) (Q-A.q) -q capaci ty of p resen t 
ce l l s (q-q ) due to 
s eve re damage 

D e t e r m i n a t i o n o f t h e t i m e d e p e n d e n t f u n c t i o n D 

In equation (11) the formula for the non- l imi ted growth r a t e q T 

i s given. What i s a imed at with this formula is to calculate daily 

values of the l imi ted growth r a te qT . This can be c a r r i ed out if D. 
i-> i 

is exp res sed with t ime independent constants or magnitudes which 

were a l ready solved for the previous day. 



In formula (11) for D. the following express ion was already-

available : 

Di • Ä (11) 

1 ^O 

Inser t ing formula (13a) in (11) y ie lds : 

D . = ÜEM (15) 
1 Q - q T . + q T . - q 

max TiLi ^Li ^o 
By replacing q . . by q . . _ ,+q . . the formula becomes : 

D. = - ^ i — (16a) 

<Qmax - q nL i + q L i - l " q o ) " q L i 

Simplifying formula (16a) by condensing to 

Q - q T . + qT . . - q = Li (16b) 
max ^nLi ^Li -1 ^o v ' 

g ives the r e su l t 

D = ^ ( 1 ? ) 
Li - q L . 

Fo rmu la (14) for Q. and (17) for D. together with formula (4) for 

qT . contain not only the s t i l l unknown p a r ame t e r s Q. and D. but a l so 

qT ., the value which i s finally to be de te rmined for the yield under 

influence of a l l f ac to r s . 

The magni tudes Q and q a r e given cons tants . Q. . i s c a l -
s max ^o ° l - l 

culated in the day- for -day e laborat ion for the p revious day and is a lso 

known. The non-l imit ing values q . . . and q . . a r e calculated with 

formula (11) and numer ica l ly in tegra ted . The magnitudes Q. and D. 

a r e e l iminated f rom formula (4) and qT . can be solved. 

S o l u t i o n of t h e g r o w t h r a t e a s i n f l u e n c e d b y t h e 

l i m i t i n g f a c t o r s 

Each t e r m of formula (4) contains the unknown growth r a t e q .. 
Li 

Only the f i r s t t e r m contains q . . in the numera to r a s well a s the 

10 



denominator and by writing the model as polynomial the n growth 

factors are combined to a (n+l)-degree function of the unknown qT .. lLi* 
First Q. is eliminated: 

l 

%Li = D i <Qi - %) C11» f i r 8 t Par t) 
D i 

= I T D - (*IA + Diqo + Q i - i - % - %Di> <18a> 

= TT5T ^Li + Q i - i " %) <18b> 
i 

D. 
(k. + qL.) (18c) 

In formula (18b) the term (Q. . - q ) is condensed to 

k. =Q._4 - qo (18d) 

The first formula is part of equation (11). Formula (18a) is the re­

sult of inserting formula (14) in (11). Here D.q cancels out and 

leads to formula (18b). If (Q. . -q ) is combined to k., formula (18c) 

is obtained. This result is inserted in the first term of equation (4). 

(1 -
q L i ) = 1 -

%1A 

q L i 
D. 

1 Mr 1 A \ 1 + D. ( k i ' q L i J 

D i k i - q L i 

" Di(ki + qLi) 

k. - q_ ./D. 

k.+q_ . 
l n L i 

» 

Insert formula (17) and multiply with (k. +qT .) at both sides of 

equation (4), see formula (20). 

k..^L . k . . ü i ü i i L _ 
i D . l l ^ L i 

2 
(19) 

^ L i 

k i ^L i • L i ^Li - ^Li 

11 



By inser t ing formula (19) in formula (4) an equation express ing 

q, . = X a s a polynomium of the unknown qT . i s obtained containing 

fur ther only known magni tudes and values dependent on t ime . 

[̂ nLi ki - L i X - x2][<V - X)^zi - X) ' • ' ] = 

= [%LiV4zi"- X (ki + X > F ] (20) 
It mus t be noted that a s many additional fac tors as a r e of 

quantitative impor tance can be i n se r t ed in equation (20). Only two 

such factors were mentioned h e re but the equation for yield or growth 

r a t e theore t ica l ly is only valid if a l l existing growth factors a r e 

p resen t in i t . The minimizat ion on which the equation is based a c ­

counts for the minimizat ion of the difference between qT and q T 

^L TILI 

for al l additional f ac to r s . 

E v a l u a t i o n of t h e g r o w t h r a t e i f a d d i t i o n a l f a c t o r s 

a r e p r e s e n t 

The solution of X from equation (20) can be obtained in two dif­

ferent ways . 

1. Solution with increas ingly improved approximat ions 

A f i rs t method i s to calculate formula (20) with a few well chosen 

approximat ions for X, and see at what value of X the difference b e ­

tween the two products of the t e r m s changes from posi t ive to negat ive. 

The equation is wr i t ten in the following way to get a f i r s t c rude 

approximat ion of X: 

x U 2 i - X J . . . . - ^ L i ^ q ^ . . . x ( k .+X)F = 0 (21) 

The es t imate of X will not exceed the value of the constant with 

the lowest value y Li + 4k. a - . - Li o r q . o r q . . 

12 



The value of X will ne i ther be much lower than the value of that 

constant. Of the (n+ 2) roots of the equation with n the number of 

additional f ac to r s , the lowest value i s valid. A l i near interpolat ion 

soon produces a sufficiently accura te approximation of the actual 

growth r a te 4T •• 

2. Solution with a polynomial 

A second method to de te rmine the value of growth r a t e qT . i s 

to follow the well known technique of solving polynomials . 

The equation can general ly be r ep re sen ted by: 

E + GX + HX2 + MX3 + NX4 + RX5 + SX6 = 0 (22) 

Fu r t he r all p a r ame t e r s E to S from equation (22) a r e of an identical 

construct ion 

P j i = Pjl k i %1± + Pj2 L i + Pj3 ( " ) 

Here j indicates the number of additional factors which is accounted 

for. F o r j = 1 only one additional factor i s taken up. The formula i s 

cons t ructed for 4 additional factors or j = 4. The p a r ame t e r s p . a r e 

built up with a r e s t r i c t ed number of combinations of q , q . . . . 

Thes e combinations will be indicated with c* , fi> , . . . . The value of 

q will be r ep re sen t ed by y, q by z . . . . to abbreviate the d e s c r i p ­

tion. 

If the symbols y, z, . . . a r e placed next to each o ther as (y, z . . ) 

then the n values should be mult ipl ied. If the values a r e placed above 

each o ther , as / \ they should be added. For <* and /3 a full d e s c r i p ­

tion as well as the abbreviated r epresenta t ion a r e given. The index 

of a, and fl indicates the number of additional f ac tors . 
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* i = 

«3=yzu = ( i y q z q j 

<*4=yzuw = ( ^ 4 ^ ) 

y "z ni ^w) 

h-h-
& 

(5. 

(24) 

A few combinations are identical. So is e*. = ji . , p_ = tf?, p_ = u , . 

In four different ways a simplification and shortening of the pre­

sentation of the polynomial was persued. This purpose is served by 

the p.. representation of formula (23) and the writing of y for q . 

• • 
z for q . further by the combination of the derivatives q , q ^z ' y\ nz 
according formula (24) and the shortened indication X for q. .. 

This renders the following result: 

<elMnLi + e 2 L i + e3> + ( Si MnLi + g2
 L i + 83 )

 X + 

+ ^ lMnLi + h 2 L i + V X 2 + ( m l k i%Li + m 2 L i + m3> X 3 + 

+ (nlki%Li + n 2 L i + n3) X
4 + ( rd k . q^ . + r2 Li + r 3 ) X

5 + 

+ ( s lk i%Li + 8 2 L i + 83> x 6 = ° <25> 

Equation (25) is given for maximally four additional growth 

factors. The parameters e to s in equation (25) still have to be ex­

pressed as functions of oc to o . This relation is given in formula (26) 

for 1 to 4 additional factors, indicated by the first index 1 to 4. The 

second index 1 to 3 indicates the position of the parameter in the ex­

pression for E to S in equation (23). 
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e i i=+<V1" 
e 21 = - * 2 ( 1 -
e31 = + < X 3 ( 1 ' 
e 4 1 = - c i 4 ( l . 

h l l = + 0 

h 2 1 = - l 

h 3 1 = + < $ 3 
h 4 1 = " 6 4 

n 4 1 = + 0 

n 2 1 = - 0 

n 3 1 = + 0 

n 4 1 = - 1 

S l l = + ° 
s 2 1 = - 0 
s 3 1 = + 0 

s41 = - o 

-F) 

-F) 

-F) 

-F) 

e 1 2 = + 0 

e 2 2 = - ° 
e 3 2 = + 0 

e 4 2 = " 0 

h 1 2 = + l 

h 2 2 = " < r 2 
h 3 2 = + ' 3 

h42= _ < ) r4 

n 1 2 = + 0 

n 22 = - ° 
n 3 2 = + l 

n 42 = -/*4 

S 1 2 = + ° 
S 2 2 = - ° 
S 3 2 = + 0 

S 4 2 = - ° 

e 1 3 = + ° 
e 23 = - ° 
e 3 3 = + 0 

e 43 = - ° 

h13 = _<Xl 
h 2 3 = + r t 2 
h33 = "W3 
h 4 3 = + *4 

n 1 3 = - 0 

n 2 3 = + l 

n 3 3 = - J 3 
n 4 3 = + < $ 4 

s13 = -o 
S 2 3 = + ° 
s33 = -o 
S43 = + 1 

« 1 1 3 " 1 

«21 = + h 

«31 = - h 

« 4 1 = + y 4 

m l l = - ° 
m 2 1 = + 0 

m 3 1 = - l 

m 4 1 = + ^4 

r l l = - ° 
r 2 1 = + 0 

r 3 1 = - 0 

r 4 1 = + 0 

« 1 2 s - * 1 

g22= + *2 
g 3 2 = ' Ä 3 

g 4 2 = + o t 4 

m 1 2 = - 0 

m 2 2 = + l 

m 3 2 = - &3 

m 4 2 = + 6 4 

r 1 2 = - 0 

r 2 2 = + ° 
r 32 = - ° 
r 4 2 = + 1 

«13 " - " V W 
ß 2 3 = + < X 2 ^ L i F 

«33 = - ° S*nL i F 

«42a + «VW 

m 1 3 = + 1 

m 2 3 = - ^2 
m 3 3 = + h 
m 4 3 = - h 

r 1 3 = + 0 

r 2 3 = - 0 

r 3 3 = + 1 

r 4 3 = - ^4 

F i r s t index = number of additional 
factors 

Second index = position in equation 
(23) 

(26) 

A number of the q , q . . . combinations a r e for four additional 

factors equal to z e ro , in case of mo re than four of these factors they 

would have obtained a specific value, however. Therefore a lso when 

the value is z e ro , h e r e the sign of the p a r ame t e r is given in the values 

in the survey of (26). If mo r e than four additional factors a r e p r e sen t , 

new combinations in survey (24) will have to be worked out, for in ­

stance those with five or mo re co lumns. 

The calculation of q_ . s t a r t s with the determinat ion of 6 . , q . . . . 
^Li ^yi n z i 

The next s tep is to calculate the combinations ot to o from formula 
(24). Then with formula (26) the values of e . . to S . , a r e a s s e s s ed and 
the t e rms P . . a r e calculated according formula (23). If the values P . . 

ji . X J 

a r e known then according formula (25) the value of X = qT . i s d e t e r -

mined. This value of X only holds for the day i . The calculation is to 

be r epea ted for a l l consecutive days with which the investigation 

dea l s . 
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E x a m p l e s of c a l c u l a t i o n 

By using formula (22) or by obtaining the solution of qT . with 

formula (21) the r e su l t for X = q . . i s calculated for success ive values 

of T. The r e su l t i s graphical ly r ep re sen ted in fig. 3 . The sum of the 

values for consecutive days of qT p rovides the value of qT . 

The graph is made for g r a s s l and and it i s a s sumed that the con­

stant additional growth factor y does not allow a growth r a t e of mo re 
-1 -1 than 100 kg ha day . The per iod over which the l imit ing influence 

keeps the growth r a te down l a s t s f rom the 110th t i l l the 260th day of 

the year or 150 days. 

The two per iods at the beginning and end during which the l imi t ­

ing factor exe r t s no influence, together l as t 90 days . The 150 days 
-1 -1 

with a growth r a te somewhat l e s s than 100 kg ha day causes a d e ­
c r e a s e in the u l t imate yield of n ea r ly 27500 - 90 x 100/2 + 150 x 100 
o r 8000 kg. F r o m careful calculat ions of the growth r a te it appears 
that actually the yield d ec r ea se with 7530 kg is somewhat l e s s . The 
difference r e su l t s f rom the assumpt ion in the f i r s t calculation of the 
yield d ec r ea se that the curve for plant r e sponse is approximated by 
a curve with a t rapezoidal shape. 

Influence of the height of the limiting level 

The calculation of the growth r a te in fig. 3 was c a r r i ed out for 

different l imit ing l eve l s . Fo r this l imit ing level for q , values were 
- 1 - 1 y 

taken of 60 to 500 kg ha day . The non-l imit ing level for q_T _,, the 
highest level of q , of the invest igat ion, was found to be about 

M . IIXJ m a x 

165 kg ha day 

A point in fig. 4 which r equ i r e s some attention is the genera l 

concept of what is considered being a l imit ing factor . This p roves 

to be, that if an additional factor only allows a yield level q , lower 

than the productivity qT of all o ther operat ing fac tors combined, the 

additional factor i s l imit ing. Has the additional factor such a l imit ing 

level that the yield q due to this factor alone s u rpa s se s the max imum 

yield q , of the other operat ing f ac tors , then the additional factor is 

cons idered to exer t no influence on the yield. 

16 



q tkg day"1 hef1 

180 

160 

140 

120 -

100 

8 0 -

6 0 -

40 

2 0 -

-

-

/ % L 

Â ^^""^-S* 

\ qL<100 

yS ^s^<i\X=1.398 

1 1 1 1 1 

( q n L l - a o o o ^ a ) 1 - 1 ^ ^3/11-100 y .3M 
V27,53-qn L j . ) ^ 3 4 0 - t i / 

\ \ O max. Q m a n 

~P^~~\ = - O L -

/ 9 n L ^ / ^ 

^^- ^v 
1 1 N . 

U-100 • 3 4 0 - t i X 
1.121 1 \ 

q n L i -0 .000128 ' 2753-qnLi 

-*• t days 
I I I I I I I 

q t ton ha 

t 

- 3 0 

- 2 0 

- 1 0 

100 120 140 160 180 200 220 240 260 280 300 320 340 

Fig. 3 . As long as the growth r a t e of the plant i s lower than the growth 

r a t e to which a deficient growth factor would l imit a plant, this 

r a t e i s de te rmined by the age of the plant. Only when the t ime 

dependent growth r a te q _ . i s l a r g e r than the factor dependent 

growth r a te qT . the velocity of the growth i s r educed by the 
J_jl 

introduction of such a fac tor . The sum of the growth r a t e s 

d e t e rmines the yield q _ . o r qT . . The d . and qT can be 

ca lcula ted with the formulae pointing at the a c c e s so ry l ine 
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Fig. 4. By changing the limiting level of the additional growth factor 

to constant levels of the growth rate, differing from 60 kg 
-1 -1 -1 -1 

day ha to 500 kg day ha , the limiting influence can be 

shown. In the curve given at the right hand side for the level 

q of the limiting factor versus the maximally limited growth 

rate for the time factor qT the decrease in growth rate 
^L max 6 

for s t r o n g l im i t i n g e f f ec t s i s n e a r l y e qua l t o t he d i f f e r ence 

b e tween q , and q . F o r l i m i t i n g l e v e l s wh i ch a r e h i g h e r t h an <*nL m a x 
s t i l l a d e c r e a s e i n g r ow th r a t e e qua l to t he 

d i f f e r ence b e tween q_ T - qT is found 
TIL max ^L. max 



In fig. 4 , however , it i s obvious that the high levels of growth 
-1 -1 

r a t e q of 200 to 500 kg ha day s t i l l exer t a lowering effect on 

the growth r a te q . due to the combined o ther f ac to rs . This forcibly 

l eads to the conclusion that every growth factor , i r r e spec t ive of i t s 

l imiting level e xe r c i s e s a l imit ing influence, be it that this influence 

is r a the r smal l if the growth level for the additional factor q i s 

h igher than the level of the growth r a t e q_ of the combination of 

o ther f ac to r s . This effect i s indicated at the r ight hand side of fig. 4 . 

In this i n se r t ed graph the level of the additional factor 6 i s plotted 

against the max imum growth r a t e q , for the combined effect of 
J_< max 

the growth f ac tors . 

It is often considered that if the fert i l i ty level for a factor i s 

high and it will allow to produce a high yield, the effect of such a 

factor can be neglected. The formula s t a t e s , however, that this 

assumpt ion i s not in accordance with a diffusion based growth equation. 

The exper iments in which a number of factors i s consciously brought 

to a high level to minimize the i r influence i s for p r ac t i ca l purposes 

not so very wrong. Depending on the a ccuracy of the exper imenta l 

r e su l t s the neglect of these fac tors can be allowed. The p rocedure 

of neglecting non- l imited factors l acks , however, up to now a well 

defined theore t ica l foundation. 

The equations which were used in fig. 3 and 4 a r e indicated in 

fig. 3 nea r the r e la ted curves for q and q. These formulae can be 

u sed to de te rmine the p a r ame t e r values by applying a curve fitting 

technique. In this c a se , however, the observat ions of q and t , in 

a number equal to the number of unknowns, were used to calculate 

not an adjustment but a solution for the p a r ame t e r va lues . 

T h e t e m p e r a t u r e f a c t o r 

The t empe ra tu r e factor is accounted for in fig. 5. The solution 

of q T and q T is in fig. 5 indicated near the r e la ted cu rves . It is 

obvious that growth i s r a the r c losely r e la ted to t empe r a t u r e , p r o ­

bably because so many growth factors a r e dependent on diffusion 

constants which depend in the i r t u rn on t empe r a t u r e . However, the 

shape of the der ivat ive for the growth r a t e indicates c l ea r ly that the 

curve for q i s not a s t ra ight l ine but s t a r t s and ends with a gradient q 

approaching z e ro . 
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Tempera tu re alone cannot explain the r a te of growth of a plant. 
-1 -1 

The maximum growth r a te appea r s to be 8, 5 kg ha (degree days) 
-1 -1 This c ompare s with a growth r a t e in fig. 3 of 166 kg ha day . In 

fig. 5 along the horizontal axis the number of days and the t empe r a ­

tu re sum a r e both indicated so the growth r a te according both va r i a t i e s 

can be r ead . 

The r a the r c lose re lat ion between t empe ra tu r e and the mo i s tu re 

flow cha r ac t e r i s t i c s has as a consequence that it i s not ce r ta in whether 

the e laborat ion of accounting for t empe ra tu r e in i tself c o r r e c t s the 

t ime factor. Many other growth factors probably a r e adjested as well 

and at the s ame t ime as for t empe r a t u r e . The values of the c o r r e c ­

tions on the t ime va r ia te therefore a r e probably more of a s ta t i s t ica l 

na ture than that they r ep re sen t a physical re la t ion. Investigations 

a iming at splitting the t empe ra tu r e effect into an effect on the t ime 

factor and an effect on mo i s tu re flow a r e therefore advisable . 

I n f l u e n c e of a n i r r e v e r s i b l e d a m a g e t o g r o w t h by 

l i m i t i n g f a c t o r s 

In an e a r l i e r paper (VISSER, 1969) an i r r eve r s i b l e effect was 

shown of the deficiency with r e spec t to soil mo i s tu r e as growth factor . 

The desiccat ion damaged the productivity of a c rop over a far longer 

t ime than the per iod of actual deficiency las ted. A plant can be 

damaged to an extent which only allows a slow r epa i r or none at a l l . 

In fig. 6 this effect i s demons t ra ted by means of r e su l t s of a spr inkled 

and a non-spr inkled field during a 10-day dry per iod. The s t rongly 

reduced evaporat ion caused a d e c r e a s e in growth r a te which in the 

following per iod was not made up any mo r e . 

A t empora ry slight deficiency of an intensity as occurs f requent­

ly as r esu l t of a d isbalance of evaporat ion and cap i l la ry r i s e will , 

dependent on the soil mo i s tu re s t o r e , cause a r educed growth ra te 

only during the short dry spel l . If the intensity of the mo i s tu re de ­

ficiency i n c r e a s e s , the d ec reased growth ra te will only slowly r e ­

cover . This gives a lag of yield development that l a s t s longer than 

the per iod of t empora ry deficiency. In the most s evere case growth 

will stay at the reduced r a te t i l l the end of the growth per iod. 
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Fig. 5. The temperature influence T alone is insufficient to explain 
the S-shaped yield curve q as is proved by the curved shape 
of the growth rate curve. The values of a and b , however, 
for this grassland example are rather near unity. The tempe­
rature has the most outspoken influence on q in the denomi­
nator, as was to be expected because the temperature sum 
resembles rather closely a yield deficit Q-q in the growth 
rate equation 
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Fig. 6. A d ry spell f rom June 10 to 20 dec reased the growth r a te 

- cu rves A and B - as well a s the evaporat ion - cu rves C 

and D. The ra inshower i nc reased the evaporation on the 

spr inkled field - curve C - as well as on the non-spr inkled 

field - curve D . Although the evaporat ion of the non-spr ink led 

field - curve D - a scended back to i t s o r ig inal height, the 

growth r a t e , because of an i r reparable damage to the growth 

capaci ty of the c rop did not r e ach i ts o r ig inal level again 

- see curve B. The ce l l s p resen t at the beginning of the d ry 

spell a r e apparent ly damaged in such a way that the capaci ty 

to grow l a rge ly has been los t . This influence probably affects 

the value of q-q and may make q' = q + A 2 ^ a function of 

t ime - see equation (27) 



No functional re la t ion descr ib ing the speed of r epa i r of the 

damaged production capacity of the plant is at this moment avai lable 

to improve the growth equation. In fig. 3 , however, it i s s t r iking 

that 110 deficient days reduce the yield with only 18%. Exper ience 

shows that such a re la t ively smal l damage may a l ready be expected 

of a s ho r t e r sequence of deficient days . 

The damage due to deficiency is in the previous pages con­

s idered to be suffered by the ce l ls Q-q st i l l to appear and not by 

the a l ready p resen t ce l ls q-q . If, however, the reduction in growth 

i s not only due to the future ce l ls failing to appear , but a lso to damage 

of the p resen t ce l ls reducing the i r cel l division act ivity, then the r e ­

duction is a function of (Q -A ,q ) - q as well as of q - (A ? q + q ). 

The equation for the cel l division under influence of adve r se 

fac tors then becomes : 

dC 
dq 

.V<*o+*2«i> ( Q - A ^ - q i 
(27) 

The value of A^q=Q. ^-Q- could be calculated. All data n e c e s s a ry 

for this purpose a r e avai lable. Fo r the A_q in the q-q t e r m no 

re la t ion can be put forward, however , and only a s t a t i s t ica l re la t ion 

might be devised. The A 2 q as well as the A^q a r e in tegrated in the 

course of such a calculation. Fu r t he r it i s known that the deficiency 

in one factor has a far mo re adverse effect than the deficiency in 

another factor. 

This re la t ion will be of a kind in which for smal l values of A^q 

the value of A2q will be near ly z e ro . Fo r l a rge values of A ,q , how­

ever , the value of A_q will approach a value of such a magnitude 

that it will cause the value of q - (A . q + q ) to become negative within 

the duration of plant l ife, the value of q to become imaginary and 

the plant to d ie . 

As r ega rd s the effect of t ime the p roblem of adverse influences 

has only been touched as in this r e spec t insufficient r e s e a r c h has 

been done. As long as a deficiency is not too s eve re , however, this 

p a r t of the productivity model probably can be neglected o r e x t r eme ­

ly simplified. 
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Summary 

The aim of a model for yield or for growth rate is to predict 

what the effect is of human intervention in the total result of the 

complex of productivity factors. 

This complex of interacting factors was described by a general 

equation, defining the process according which the plant takes up and 

integrates the material supplied, as governed by growth factors which 

serve the plant as nutrient or growth promoting influences. This gene­

ral function given in formula (4) is based on the law of diffusion. Next 

to the general function special functions for each growth factor exist, 

of which the simplest shape is a linear relation. Such a special 

formula was developed for the factor time, which is weighted with 

temperature. This time function is described in formula (5). In the 

general function a number of special functions has to be inserted, to 

describe the plant environment in as much detail as the investigation 

requires. Fundamentally it would be necessary to insert all growth 

factors in the growth model. They can find their already indicated 

place in the formula but with more than a few factors the use of a 

detailed description of the environment becomes too laborious to 

solve. 

The formula for the combined growth factors, time included, 

is presented in formula (20). This formula can be given the shape 

of formula (22) which allows the calculation of the yield X = qT when 

the growth functions according the time influence and the other ad­

ditional factors are given. 

An example of the interrelation of the time factor with some 

additional factor according formula (20) or (21) is given in fig. 3. 

Without an additional factor the value of Q = Q in formula (5) 
max x ' 

remains constant. When, however, a limiting factor reduces the 

yield, then also the Q-value decreases to Q = Q . The bell shaped 

curve, indicated with q , represents the growth rate according 

the special equation. The influence of the limiting factor on the 

growth rate is indicated by the curve described as qT . By inte­

gration of the daily growth rates the yield curve for the non-limited 

special equation is indicated with qLT and the ultimate yield Q T = 
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Q . F o r the l imited yield, calculated with the combined factors 
max ' 

the curve is indicated with q . and QT . This r e p r e s en t s the actual 

yield. 

In fig. 4 the curves for the l imited growth r a te a r e given for 

different constant in tensi t ies of the non- l imited r epresen ta t ion of 

the growth ra te for the additional growth factor . This graph shows 

that a lso for high values of (5 s t i l l a smal l l imitat ion in growth r a t e 

i s p resen t . 

In fig. 5 an exper iment i s given of the calculation c a r r i ed out 

for the t empe ra tu r e co r r ec t ed t ime influence. It is shown that the 

t empe ra tu r e influence r e s emb le s to some extent the influence of the 

d ry ma t t e r Q-q s t i l l to be produced. But the t empera tu re effect i s 

not compensating the growth deficit en t i re ly . 

Considerat ion is given to the possible necess i ty not only to c o r ­

r ec t the value of Q to Q by subtract ing a magnitude A^q = 

Q - Cv but a lso to apply an identical co r rec t ion to the lowest 
max t cc ' 

yield q according q + A ? q = q . The calculation is c a r r i ed out 

with q-q ins tead of q-q . 

In fig. 6 i s shown that a s evere l imiting influence will d ec r ea se 

the capacity of the a l ready existing cel ls q-q to r e sume dry ma t t e r 

production. The p rocess of the react ion of the plant on adverse con­

ditions is not yet sufficiently c l ea r to be fully r ep re sen t ed in a model 

of plant growth. Equation (20), however , s eems to be a r e l iable 

formula to calculate the actual plant production and the yield p a r a ­

me t e r s or to p redic t a future yield o r the effect of an intervention 

in the growth p roces s by na ture or by man. 
R e f e r e n c e s 

BLACKMAN, F . F . 1905. Optima and l imiting f ac tors . Annals of 

Botany 19, pp. 281-285 

HOMES, M. V. 1961. L 'a l imentat ion minéra le équi l ibrée des 

végétaux. Vol. I, pp. 1-298 

and G. H. J . VAN SCHOOR. 1966. Idem, Vol. II, pp. 1-300 

Universa Wetteren Belgique 

MITSCHERLICH, E. A. 1925. Die Best immung des Düngerbedürfnis ses 

des Bodens. P . P a r ey Berl in, pp. 30-31 

21 



UVEN, M . J . VAN. 1932. Die theore t i schen Beziehungen zwischen 

E rn t e e r t r ag und Düngung und deren exper imente l len Prüfung. 

Ze i t sch r . Pflanz Düngung 27A, pp. 162-193 

VISSER, W.C. 1968. Anwendung der p a r ame t r i s che Biologie auf 

p rakt ische P rob l eme . Studia Biophysika Ber l in , B 11 , pp. 

261-277 

1969. Mathematical models in soil productivity-

studies exemplified by the r e sponse to n i t rogen. P lant and 

Soil 30 n r . 2, pp. 161-182 

1969. Rules of t r ans fe r of water management ex-

i * 

per ience with special r e fe rence to the a s s e s smen t of drainage 

design cons tants . Ve r s l . Med. Hydrol . Comm. TNO 15, 1969 

pp. 90-149 

1974. A mathemat ica l r ep resen ta t ion of the r esponse 

of the plant to t ime . P roceedings of Symp. Hannover, Sept. 1974 

.*" 

22 


