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ABSTRACT

Van der Zee, S.E.A.T.M,, 1988, Transport of reactive contaminants in heterogene-
ous s0il systems. Doctoral thesis, Agricultural University, Wageningen, The Ne-
therlands 283 pages, four appendices.

Transport of reactive contaminants was studied in soil systems that exhibit
pranounced variability with respect to the flow and sorption parameters and the
solute feed function at the inlet boundary. Emphasis was given to the sorption
and transport of orthophosphate (P) in soil. An approximate P sorption kinetics
maodsl was derived, that is based on a mechanistic description of reaction pro-
cesses at the microscopic scale. The approximate model, that involves a reversi-
ble adsorption according to Langmuir kinetics, and an irreversible diffusion-
precipitation reaction, as a function of a concentration scaled time variable, des-
cribed experimental sorption and desorption data well. Validation by predicting
P-transport using independently assessed sorption parameter valugs, showed a
reasonable agreement between experimental and numerical results. With the
distributions of sorption model parameters and soil variables found for a field
and a watershed, transport was simulated for homogeneous and heterogeneous
soil systems at conditions resembling those of the field. It appeared that only a
smaller part of sorbed P is subject to desorption, and that transport in many ca-
ses conforms to shock front displacement. Transport at field conditions, further-
more, appeared to be largely controlled by P-sorption and to a lesser extent by
flow.

Assuming soil in the field may be described as a number of parallel, non-
interacting columns, and assuming piston type displacement, P-transport was
described if the sorption capacity and P-Input differ for each column, using sto-
chastic theory, The main trends for P-displacement in such a heterogeneous
field were in agreement with experimental data, and showed large differences
with the solutions of the convection-dispersion equation for average parameter
values. An analytical solution for a more specific case supported these findings,
for heavy metal transport, and showed faster breakthrough in the small concen-
tration range than expected using average parameter values. The effect of trans-
versal interaction between two layers with different properties showed that the
loss of solute from the layer with the largest transport velocity may be signifi-
cant, when at the sharp interface, In the direction of flow, soil properties vary
much,

Additional Index Words: distribution, unreacted shrinking core, scaling, reversi-
bitity, Monte Carlo simulations, groundwater, surface water eutrophication, cop-
per, cadmium, phosphate.
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Stellingen: QTAR'NGGEESU%

1.

10.

Bij vertikaal transport in de bodem van reaktieve verbindingen, wordt
het moment waarop doorbraak begint bij een horizontaal referentievlak,
in sterkere mate bepaald door ge variabiliteit in het horizontale vlak
van bodemeigenschappen en van transportrandvoorwaarden, dan door
hydrodynamische microdispersie.

dit proefschrift.

De veronderstelling van perfecte transversale menging in de zandlaag
bij de beschrijving van transport evenwijdig aan de gelaagdheid voor
de proefopzet wvan Starr et al., leidt slechts tot accurate resultaten
bij geringe dikte van de zandlaag.

Starr, R.C., R.W. Gillham, and E.A. Sudicky, Experimental
investigation of solute transport 1n stratified porous media,
2. The reactive case, Water Resour, Res, 21(7), 1043-1050, 1985,
dit proefschrift,

Het "Transfer Function Model"™ wvan Jury, leldt alleen tot verbeterde
inzichten en +voorspellingen, indien de functies wvan dit wmodel
mechanistisch ingevuld worden.

Jury, W.A., Simulation of solute transport usin% a transfer
function model, Water Resour. Res., 18(2) 363-368, 1982.

Dat blj de binding van fosfaat aan geoethiet naast adsorptie een tweede
proces van vastlegging optreedt, is in de argumentatie van Barrow et
al. een veronderstelling en niet een conclusie, zoals zij suggereren.

Barrow, N.J., L. Madrid, and A.M. Posner, A partial model for the
rate of adsorption and desorption of phosphate by pgoethite, J.
Soil Sci., 32, 399-407, 1981.

Het modelleren wvan fosfaattransport waarbij chemisch evenwicht wordc
verondersteld, leidt tot irreéle resultaten.

Het gebruik wvan niet-probabilistische modellen suggereert een
overschatting van het inzicht.

Het volgens de BET-methode vastgestelde specifiek oppervlak, =zegt
alleen dan iets over het adsorptie-oppervlak als de adsorberende stof
gelijke dimensies heeft als het stikstofmolecuul of indien het
oppervlak niet poreus is.

Het landelijk meetnet bodemkwaliteit is ongeschikt voor het op korte
termijn vaststellen van veranderingen in de totaalgehaltes wvan
elementen in de bodem.

Ondat de huidige gemiddelde diffuse belasting van landbouwgronden met
cadmium en lood groter is dan de aanvaardbare afvoer in gewassen en
grondwatervoeding, moet de belasting met deze elementen gereduceerd
worden.

Ferdinandus, Gon, Beperking wvan de aanvoer is de enige echte
oplossing, Problemen met zware metalen in de landbouw, doktaraal
verslag, Bodemkunde en Plantevoeding, Landbouwuniversiteit
Wageningen, 1987.

Indien de functies die het seml-variogram en een aanwezige trend
beschrijven niet a priori bekend zijn, leidt dit tot de introduktie
van subjektiviteit bij het toepassen van "universal kriging".

Royle, A.G., F.L. Clausen, and P, Frederiksen, Practical universal
kriging and automatic contouring, Geo-Processing, 1, 377-394,
1981.
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Milieu-confrontatie werkt milieu-bewustzijn beter In de hand dan
milieu-educatie.

Ook voor de lendbouwuniversiteit is het van belang om milieutechnisch
onderzoek althans gedeeltelijk te combineren met onderzoek naar de
maatschappelijke aspekten van de milieuproblematiek.

Het met terugwerkende kracht in werking laten treden van de
Harmonisatie Wet ("zesjarenmaatregel™), 1Is een schendini van het
opgewekt vertrouwen en getulgt daardoor niet van behoorlijk bestuur.

Problemen zijn er niet om te worden opgelost; zi1j zijn slechts de
polen waartussen de voor het leven noodzakelijke spanning wordt
opgewekt,

Hermann Hesse, Een polfje op de stroom, uitspraken en aforismen
uit boeken en brieven, derde druk, De Arbeiderspers, Amsterdam,
1977.

Het 1s 1logischer om te spreken van een verhoging dan wvan een
verdieping van een gebouw.

Er lopen kletsnatte clowns in de optocht
maar de mensen langs de kant

dragen veel betere maskers

tegen weer en wind bestand

Herman van Veen, En noolit weerom, 1974

Stellingen bij het proefschrift van

$.E.A.T.M. van der Zee

Transport of reactive contaminants in heterogeneous soil systems
Wageningen, 29 april 1988
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1. GENERAL INTRODUCTION

1.1 Contamination of agricultural solls

One of the incentives for soil research is to obtaln understanding
that may be usefull for {wproving agricultural production, both
quantitatively and qualitatively. Because productivity of soil as well
as e.g. ground water dquality may be affected adversely by soil
contamination, understanding of the effects of soll contamination has
become another major motive for soll research. The nature of the
contaminants, the pathways by which they enter and leave the soil
system, and the soil functions that are primarily in hazard, may be
very diverse. To focus the discussion I therefore consider only a
factor many soils have in common: diffuse sources contamination. This
type of contamination may be characterized by a source that 1s not
well defined with respect to ita place, and that has therefore no well
def ined trends, at the scale of {interest.

In The Netherlands several diffuse source contaminations affect
most soils in agricultural use, though with a varying inteasity.
Examplegs are the atmospheric deposition of e.g. HO ., NHy, and 50y,
that may result in ephanced soil acidification [Van Grinsven et al.,
1986, Ulrich and Matzner, 1983], the atmospheric deposition of heavy
metals [Thornton, 1986, Van De Meent et al., 1984, Ferdinandus, 1987],
and the d1sposal of animal manure containing large amounts of
phosphorus, nitrogen, potassium, and heavy metals [Lexmond et al.,
1982, Henkens, 1983, Ferdinandus, 1987). The high deposition rates of
such compounds may lead to a number of problems, such as crop-yleld
reduction, too high contents of certain elements 1in consumable
products, that cause a hazard to human or animal health, and a
deterioraticn of the quality of ground and surface water [Lexmond,
1980, MacNicol and Becket, 1985, Denneman et al., 1985, Hirst et al.,
1961, Ma, 1983, Van Riemsdijk et al., 1987, Van Der Zee et al., 1987].
Because the environmental problem, caused by high application rates of
phosphorus present in animal manure, is given emphasis f{n this. thesis,
this aspect 18 considered next in a little more detail.




1.2 Excessive manure disposal in intensive animal husbandry

Since 1950 agricultural practice in The Netherlands has changed as
a result of economical, socilological, and technlcal developments.
Because of the fncreasing demand for dairy products and meat, and the
anecessity of Improved labour productivity as labour costs rose, the
agricultural preduction process needed ta be 1intensified. Improved
animal dfsease control and manure storage facilities, and economical
uge of food concentrates enabled high livestock densities, that could
become independent of the agricultural land ares at disposition of the
farmer [Van Daalen, 1985, Wadman et al., 1987). The intensive animal
husbandry 1is characterized by a large net 1mport of e.g. nutrieat
elements, and the production of large quantitlies of animal manure that
contain the main fraction of the 1imported nutrient elements. Despite
animal manure transport to other locations, most of 1t 18 disposed of
in the production area. Thus quantities of elements far exceeding the
crop's requirements are applied to soils in agricultural use. Because
malze responds favourably to excessive disposal rates of animal
manure, fields receiving large amounts of manure are often cropped
with matze [Wadman et al., 1987]. The amounts not used by the crops
may accumulate 1n the soil, or, if the accumulation rate is smaller
than the difference 1ia the rates of appllication and of uptake, leave
the' 801l compartment.

One of the pathways with which compounds applied {n manure may
leave the soil system, is by leaching in the percolating soil water to:
ground water. Problems may arise {if water quality becomes less than
acceptable 1n view of qualfty etandards set by the government for
groundwater recharge [VI'CB, 1986, VROM, 1986] and for drinking water.
For 1{iunstance, excessive wmanure disposal caused nitrate concentrations
higher than the acceptable value of 50 mg NOS 1-1 in groundwater 1in
gsome Dutch reglons [Appelo et al., 1982, Bleuten and Cerutti, 1984,
Steenvoorden et al., 1986].

Another compound that may lead to enviroomental problems {1s
phosphate. Because in many situations in areas with intensive animal
husbandry the application rates exceed the phosphorus crop uptake
rates, accumulation and leaching of phosphorus may occur [Lexmond et
al., 1982, 1985, Van Riemsdijk et al., 1985a, b, Breeuwsma and




Schouwmans, 1986]. Phosphorus may reach the surface water both by
transport through ground water and by surface runoff. When in surface
water phosphate concentrations ocecur that exceed 0.15 g P w3 (or
0.005 mol m_3) [IMP 1985-1989], excessive algae growth may oceur in
Dutch surface water. This eutrophic state of the surface water 1s
undesirable because of induced fish wmortality due to low oxygen
concentrations in the water, the adverse effects on the possibilities
for recreation 1In this water, ans problems with preparation of
drinking water.

Besides the agricultural contribution to the P-load of Dutch
surface water other contributions are e.g. P imported by the large
tivers entering The Netherlands, and P originating from domestic or
waste water dfischarge [Beek, 1979]. To protect surface water quality
and to 1mprove the current situation government regulations are in
preparation or already issued, to decrease the discharge of phosphorus
in surface water. Among others because 1t 18 unacceptable that the
agricultural contribution would {acrease where other contributions
ghould decrease, as well as to ascertain effectivity of regulations,
also regulations to limit the agricultural contribution are well under
way now. In the context of the Soil Protection Act, a General
Governmental Measure (A.M.v.B) was issued on the use of animal manure,
which became effective on April 1, 1987 [VTCB, 1986]. In several
phases the annual exceas of manure disposed (excess with respect to P~
uptake by crops) 1s constralned to decreasing limits, and in the last
phase, starting in the year 2000, excessive disposal is prohibtted. Ta
avoid environmental problems for the {intermediate perlod, due to
deterloration caused by a limited number of fields with large P-
emlissions (currently or 1in near future) to groundwater, an exception
clause to these regulations was made for so called P-saturated solils.
Becaugse part of the work in this thesis emanated from a projeect for
the mintstry VROM (Ministery of Housing, Physical Planning and
Environment),that concerned P-saturated solls [Van Der Zee et al.
1988] some backgrounds are given of this regulatfion and the problems

addressed {n the context of this project.




1.3 Phosphate saturated soils

Annual uptake rates of phosphate by crops are of the order of
magnitude of 70 kg P05 ha -1 y"l or 972 mol P ha~l y-l. This number
may be compared to applicatlons of 270 to 500 kg P,0g ha_ly"1 occuring
at average in the communities of 5t. Oedenrode and Son and Breugel,
respectively. At the community-scale of observation extreme situations
are averaged out that may occur at the field scale. Thus one field is
known :fo have recelved a quantity of manure equivalent to
approximately 5000 kg ons ha_l in half a year. Such extreme manure
dispos'afl rates may lead to unwanted environmental consequences very
fast (apart from organo-leptic shock). An exception clause for P-
saturated soils in the A.M.v.B. on the use of animal manure, aims at
preventing adverse effects caused by disposal of large quantities of
manure. Thus, no wmanure disposal 1is allowed on phosphate saturated
soils, f.e., the total amount of phosphate applied to such soils
should not exceed phosphorus uptake by crops.

In the advice given by the VTCB [1986] no deftinitfon was
formulated of a phosphate saturated soll. The ministry VROM contracted
the Department of Soil Science and Plant Nutritilon (Apricultural
University, Wageningen) to provide an appropriate definition and to
glve a description how such soils should be experimentally
indentified. This is done in the Protocol Phosphate Saturated Soils
[Van Der Zee et al., 1988]. At the same time the Soil Survey Institute
[Stiboka] was asked to identify those regions suspected of harbouring
many {having a high density of) phosphate saturated soils. Several
problems obstructed the solution of the questions asked. Whereas a
start had been made to describe phosphate transport in fields, as well
as with quantifying desorption, the combination was not yet attempted.
Moreover 1t became necessary to describe these processeg such that not
only the intellectual problem was solved, but that also the assessment
of P-gaturated solls was based on an environmentally justified
criterlon, was accurate, can be duplicated, and 1s simply and in a
routine fashion executable, for different Dutch soils.

In view of these (partly self-posed) constraints, simplifications
were inevitable. A number of these simplifications that underlay much

of this thesls, but were not subject of investigation, are given in




this section. First of all, ounly the behaviour and transport of the
ortho-phosphate 1on 1s considered as most phosphorus in animal manure
is 1in this form, either 1in solution or as solid phosphates that are
well soluble at aeld pH-values (pH<6) [Fordham and Schwertmann, 1977,
Gerritse, 1976, Gerritse and Eksteen, 1978]. Displacement of organic
phosphorus compounds (a minor fraction in animal manure, and subject
to transformatfon to ortho-phosphate) supposeﬂly does not constitute a
major hazard with respect to eutrophication problems [Gerrftse, 1976,
Lexmond et al., 1982]. Por the concentration range occurring 1n solls
receiving large amounts of manure, several suggestions were made.
While Lexmond et al., [1982] assume concentrations up to a maximum of
5 ml P m_3, De Haan and Van Riemsdijk [1986] observed that im an
almost P-saturated topsoil-liquid pigs manure mixture {in the field,
the P-concentration was buffered at the value of 3 mwol P _3-

For these reasons, only the reaction and displacement of ortho-
phosphate (henceforth demoted by P, for brevity) was considered, with
the concentration range bounded by 3 mol tu_3 at the maximum. Tt may be
noteworthy that transport 1in groundwater is not considered in the
protocol. As was shown by Van Der Zee et al., [1987] residence times
for P in groundwater are hard to quantify for Dutch conditions in
general, due to the diverse geohydrological conditions and uncertainty
in P-sorption in groundwater systems. Hence, the ground water system

is a safety margin (of unknown magnitude}.

1.4 Transport of reactive contaminants

The central problem consfdered 1in this thesls, 1s the transport of
phosphate through soil to groundwater.
Whereas emphasis was given to phosphate transport 1in this thesis, the
main point holds also for other contaminants that react with soil. For
the cases studied, where the contaminant 1s sorbed with & high
affinity, and the distribution ratlo (equal to the amount sorbed
relative to the amount dissolved) 1z large, the simplifications made
are usually more appropriate though, than in case of weak, almost
lipear gorption. The main probleme encountered 1in developing an
appropriate description of transport under field conditions, may be

summarized by two terms: reactivity and heterogenelity.




The reactivity problem is discussed malnly for phosphate. Due to
the high P-sorption rates 1in soils containing little P initially,
traasport is often so slow, that evaluation of transport under field
conditions (and the sorptlion rate at large reactlon times) {is
difficult. Therefore another approach 18 necessary to quantify P
transport 1n the £fileld. The approach followed consisted of 1.
developing a sorption model that may be evaluated with short term
laboratory experiments, 2. validation of this model with independent
transport experiments at high flow velocities in small soil columms,
3. extension of the model such that 1t 1is consistent to long term
sorption experiments, 4. numerfical simulation of the main trends of
transport in hypothetical soil columns at field conditions {e.g. small
flow velocity, layering etc.). This approach was also followed by Van
Riemsdijk [1979] and Beek [1979], and fn thils thesis many of thelr
results, and extensions by Lexmond et al. [1982] and Van Riemsdijk et
al. [1984], are used. However, when transport can be simulated with a
validated sorption model, for soil columns as these may occur 1n the
field, the transport problem in the fleld is not yet resolved. This 1is
due to the heterogeneity of soil systems and of boundary condit{ons in
the fileld. This heterogeneity accounts for different vertical
transport velocities of the contaminant at di{fferent places in the
fleld. Different (water) flow velocities were shown to occur at
different places 1in the field by Biggar and Nielsen [1976] a‘,nd Niel sen
et al. [1973]. The large effects this may have on solute transport was
shown by Bresler and Dagan [1979], Dagan and Bresler ([1979], and Jury
[1982]. More recent {implications of spatial variability for non-
reacting solutes were provided by Jury et al. [1986], White et al.
[1986], and Van Ommen et al. [1988a, 1988b]. For reactive solute,
spatial wvariability of flow velocities as well as sorption parameters
may have an equally profound effect on field averaged displacement.
However, due to the slow tranaport veloclties in the field these
effects are hard to quantify for reacting solutes. Beek [1979]
observed that with realistic parameters for flow and dispersion
coeff icients L;nder field conditions and with validated sorption
parameters, no good description of the observed field averaged P-front
could be obtalned. A possible reason for this lack of agreement was

among others the spatial wvarlability of P-sorption. The approach to



quantify the effect of spatlal wvariability on tramsport 1is discussed
in this thesis. The basle idea was presented by De Haan et al. [1986]
and Van Der Zee et al. [1987]. Further 1illustrations were given
recently by De Haan et al. [1987] and Van Der Zee et al. [1988].

The articles underlying the different chapters of this thesis are
not given in a chronological sequence, but have been presented such
that 1t allows more systematic reading. First a phosphate sorption
model is described and validated, and parameter assessment for the
field studies is discussed. This 1is followed by the chapters dealing
with transport in spatially varilable fields.

Thus in Chapter 2 a new desorption technique for soll-phosphate 1s
described, that 18 used in several later chapters. In Chapter 3 an
approximate P sorption kinetics model is developed, that is based on a
mechanistic description of reaction processes occurring at the
microscopic scale. Part of this model, concerning the diffusion—
precipitation process, leads to a promising scaling technique. This
technique, 1its 1limitations, and some i1llustrative examples are
considered in Chapter 4.

Parameters assessment for the P-gorptleon kinetics model s
described in Chapter 5. In this chapter also the wvalidation of the
model {s done by numerically predicting breakthrough of P for small
columns and comparison of these results with independent experimental
data.

A pimplified version of the sorption kinetics model 1s given in
Chapter 6. With this model, sorption is described for large numbers of
gamples, and large sorption times. For application in a routine
fashion, it {s shown how the over all sorption rate constant may be
assessed from short term sorption experiments, and how differences 1in
s0il reactivity may be accounted for simply. Illustrative examples
show how the over all pseudo sorption maximum 1is velated to soil
properties, and that these variables are spatial variates.

When ft {8 of interest to comsider P-desorption for large numbers
of soil samples, as for spatially varlable soil systems, a routine
fashion is required to evaluate which part of overall sorption is
reversibly sorbed, and with what affinity. This problem 1z considered
in Chapter 7. Special attention 1s given to the spatial wvariability of

parameters and variables, and some consequences for criteria of P-



saturated sdpils in the context of the Protocol Phosphate Saturated
Soils (Appendix D).

To describe transport in spatially variable fields, use is made of
stochastlc theory. In Chapter 8 a first approach, based on normally
dilstributed P~input and pseudo sorption maximum for P is given.
Results were obtainmed with Monte Carle simulations. An analytical
solution for a similar problem concerning heavy metal transport 1s
given in Chapter 9, assuming lognormal distributions of the input, the
flow veloecity, and the retardation factor. When, e.g. in the context
aof the Protocol Phosphate Saturated Soilla, disposal of animal manure
and phosphate 1s stopped, phosphate will be redistributed in the s0il
profile. This situation is studied in Chapter 10 for columns as well
as for the field studied also in Chapter 8, that exhibits pronounced
spatial variability. In this first approach considering P-
redistribution 1in a spatially wvariable field, only the reversible P-
adsorption was taken into account.

In Chapter 1l transport 1is described for a different heterogeneous
flow domain than tn Chapters 8-10. The flow domain consists of two
layers with different porosities, £flow welocities and retardation
factors, that are separated by a sharp {interface parallel to the
direction of flow. In view of the small P-concentrations allowed to
pass the phreatic ground water level, the assumption of linear
sorption may be acceptable in groundwater. The problem studied in
Chapter 11 then may serve as an analogon for P transport in
groundwater, even though thils paper was originally focussed on more
general aspectse of contaminant transport.

In Chapter 12 the main conclusion iz given. Inevitably, with the
limited time at my disposition, some important topics had to be given
a lower priority. For a better balance some toplcs, mot taken into
accouat in the main text, were added in the appendices. These often
preliminary results as well as sgome background information were
supplied mainly to Justify assumptions made in the maln text,or for
eagy reference. Most of the work presented in this thesis was, or will
be, published 1in refereed 4international Jjourmals. Details on

references are provided after the contents-section.
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2. A NEW TECHNIQUE FOR ASSESSMENT OF
REVERSIBLY ADSORBED PHOSPHATE

Abstract

A new desorption technique for soil-phosphate is described, in
which 1iron oxide coated fllterpaper 1s used as an "infinite” sink for
P. This technique is applied to study desorption kinetics for nine
sandy soils. The desorption can be explained with a simple Langmuir
kinetice model. The mean value of the desorption rate constants found

is ky = 0.2 + 0.08 hours L.

The estimated errors that are due to re-—
equilibration during the experiments are less than experimental error.
The amounts of P desorbed with the new technique, Py, are compared tu
the amounts that desorb if a conventional dilution technique, Py, 1s
used. The new technique desorbs more P than the conventional method
(P1>Pw)' By comparing Pi with oxalate~extractahle P (Pox) it is
evident that reversibly adsorbed P rarely exceeds one third of P_,.
Differences between the soils can be explained in terms of the oxalate

extractable amounts of Fe and Al.

2.1 Introduction

The reaction of phosphate (denoted P) with soil minerals has been
studied from the scope of soil fertility, theoretical ‘soil chemistry
and environmental concerns. In non—calcareous soils P reacts mainly
with clay minerals and with the oxides of aluminum (Al) and iron (Fe).
It has been established, that the over-all reaction often does not
reach equilibrium at practical laboratory time scales and that it is
only partially reversible [Barrow, 1979; Beek, 1979; Van Riemsdijk and
De Haan, 1980; Enfield et al., 1981]J. The reversibility of the
reaction and the desorption kinetics are of major concern for
fertilizer application efficlency and wobility of soil-P. For the
reaction, several processes have been proposed that may occur
simultaneously.

It has been established that the surfaces of (hydr)oxides of Al
and Fe have a high affinity for P. The adsorption reaction onto the
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surface of these hydroxides has fast kinetics (for a review see Beek
and Van Riemsdijk, 1982). The effects of the solution concentration of
P and the pH on the adsorption reaction are important. Besides rapid
adsorption a long term reaction with slower kinetics may occur. This
reaction was described by MNovak and Petschauer [1975], Enfield et al.
[1981), Barrow [1983] and Van Riemsdijk et al. [1984a] as a diffusion
controlled process. The various descriptions of the slower reaction
are conceptually different but all assumed a reaction of P with the
bulk of the reactive solid phase, occurring concurrently with the
rapld adsorption. The slow reaction was considered responsible for P-
fixation, f.e., sorption—desorption hysteresis reported in literature
[Kuo and Lotse, 1974; McLaughlin et al., 1977; Beek, 1979]. It is
assumed here, that P-fixation 1is caused by a2 conversion of metal
oxides into a metal-phosphate phase [Van Riemsdijk et al., 1984a],
having slow dissolution kinetiecs. In that case mobilization of solid
phase P is dominated by desorption of P, which was adsorbed onto the
surface of the reactive solid phase. However, the experimental study
of desorption may then still be complicated by the slow sorption
process. Apparent readsorption as observed by Muns and Fox [1976] and
Barrow [1979] was attributed to the progress of the slow reaction,
because the concentration of P was not negligible during their
desorption experiments. Even i1f a significant bulk reaction does not
occur, re-equilibration prohibits the estimation of the amount of
reversibly sorbed P if only one solid-solution ratio is used.

To overcome this problem, a series of measurements may be
performed as a basis for extrapolation to “infinite” large dilution
[Barrow, 1979]. Another feasible approach 1s to measure desorption as
a function of time and to fit the observations to model equations
[Barrow et al., 1981; Sharpley, 1983]. At large dilutions, or at low
inftial P contents of the soil, analytical inaccuracy may cause poor
reproducibility of the results. Therefore a modification using anion
resins was developed by Amer et al. [19535] to avoid these problems.
The resin served as a competitor with soil for dissolved I;, thus
maintaining a low P concentration in solution. The amounts of desorbed
P found using resins correlated well with plant P uptake [Cook and
Hislop, 1963; Walmsley and Cornforth, 1973; Elrashidi et al., 1975].

However, separation of the resin from the soil may cause substantial
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problems and competition of other anions for the resin may be
pronounced as the resins are not very specific for P. Sibbesen [1978)
concluded that the rate of P desorption from soil controlled the rate
of transfer of P from soil to resin. However, Vaidyanathan and
Talibudeen [1970] suggested, that diffusion of P into the resin may be
rate limiting, which would complicate the assessment of the desorption
kinetics parameters. Barrow and Shaw [1977b] concluded that no
experimental conditions can be created to assure that the resin acts
as an "ionfinite sink™ for P by keeping the solution P concentration
insignificant.

In thie study the desorption kinetics of P are studied using a new
experimental technique. In contrast to most anlon resins the sink
employed shows a preference for P over other anlons common in soil and
may be retrieved easily from soill suspensions. The errors involved due
to build-up of a small concentration of P during the desorption
exper iments are discussed. The new technique is used in a routine
procedure to assess the reversibly sorbed P in 24 sandy and clayey
soils. The relations between reversibly sorbed P and some soil

parameters are discussed.

22 Theory

The assessment of the amount of reversibly sorbed P, Q,, is done
by perturbing the equilibrium 1o a soil solution. Upon dilution with
electrolyte or addition of a sink, P will desorb until a new
equilibrium 1s reached. To describe the equilibriom of P with soils or
oxldes, several multicomponent, electrostatic models were proposed
(Barrow et al., 198l; Sigg and Stumm, 1981; Goldberg and Sposito,
1984]) which 1incorporate the effects of pH and P concentration. Omly
the model by Barrow et al. [1981] has been extended to describe the
kinetics of adsorption and desorption. For the rate of desorption they

used:

aq _ _
Tl L (1)

where Q 1is the adsorbed amount of P, ky 1s the desorption rate

constant, t is the time.
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Equation (l) is used here to assess the amount of P adsorbed and the
value of k, for the soils. This procedure is justified if an “infinite
sink™ 18 present that keeps the P concentration in solution, ¢,
negligibly low.

To understand the errors involved if ¢ ig small but not negligible,

equation (1) is extended to the combined kimetics equation:
49 - Q) -
" 5 (@ -0 k,Q (2)

where k; = adsorption rate constant

Qp = adsorption maximum

d
At  equilibrium (ﬁ: 0) equation (2) reduces to the Langmuir
equation:
K
Q, c

=1Fxe 3

where K-ka/kd. For the soils considered here the adsorption data at
"constant pH could be described very well [Van der Zee et al., 1986;
Van der Zee and Van Riemsdijk, 1986]. We do not intend to describe
desorption over a wide ramge of pH, and thus equation (2) is preferred
over more general electrostatic models.

If desorption occurs in the presence of an "infianite sink™, which
has a sufficiently high capacity and affinity to ensure a negligible
concentration, ¢, and complete desorption at infinite time, the

following conditions may be formulated:

t =90, Q = Qy, e = ¢q (43
t >0, Q = Q(¢t), c =0 (3)

Then equation (1) can be integrated to yield
Q(t) = Qg exp (- kjt) (6)
The values of Qo and kd obtained from desorption experiments using an

"infinite sink™ may be combined with other sorption parameters,
determined from =sorption data, for a complete description of
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sorption/desorption behaviour. This description may be used to
describe P displacement in columns [Van der Zee and Van Riemsdi jk,
1986]). In the case of animal manure disposal that conmcerns quantities
far exceeding the crop's demands for P, near saturation of the goil
with P becomes feasible. The total inorganic P content of P saturated
soils (5 total sorption maximum, Fm) is the sum of the adsorption
maximum (Q;) and the maximal sorption due to the slow reaction (Sm).
It was shown by Beek [1979], Beek et al. [1980] and recently by Van
der Zee and Van Riemsdijk [1987] that Fp (mmol-kg_l) may be related to
the oxalate extractable fractions of Fe and Al (mml-kg_l) by

o= a (Fe+ Al) (7)

If soil is not P saturated the total sorption, F, is smaller than Fn
and a ratio smaller than @, is found, i.e., o = F/(Fe + Al)ox. The
oxalate extractable part of Fe and Al represents mainly the Fe and Al
present in the soil as reactive, amorphous (hydr)oxides [Beek, 1979].
That {inorganic P is predominantly associated with this fraction was
shown for a large number of different soils by Lexmond et al. [1982],
who found that oxalate extractable P, P ;, equals 0.92 F {Chapter 6).
Henceforth we approximate F by Pox‘ This knowledge and relation (7)
are used by Van der Zee and Van Riemsdijk [1986] to model the vertical
P displacement in a field that is heterogeneous with respect to the Fe
and the Al contents. For solls that wvary in the countent of reactive
material the adsorption maximum will also vary. In analogy with eq.

{7) the adsorption meximum is expressed as a function of (Fe + Al)gx!
- Fe + Al
Q = B (Fe + AL} _ (8)

As generally Qp < Qm,also the proporticnality parameter

ﬂ(:-qol(Fe+A1)ox) will be less then or equal to B,. Note that the ratio
B/a, approximately equal to Qu/P,.,
adsorbed reversibly with respect to the total (inorganic) P content.

represents the fraction of P
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2.3 Materials and methods

Subsamples of the air dried and sieved solls were extracted with
acid ammonium—oxalate according to Schwertmann [1964]. Fe, Al and P
were measured In the extract. The pH was measured in the supernatant
after shaking 20 g air-dried soil overnight in 0.05 L 0.01 M CaCl,.
Organic carbon was oxidized with dichromate according to [Mebius,
1960]. The green color due to et formed was quantitated at
wavelength of 585 nm [Metson, 196CG]. To relate the color intensity to
organic carbon content (COONa), was used as a reference. The amount of
desorbed P was measured with the procedure of Sissingh [1971] and is
denoted by P_. Thie quanticy gives water desorbable P on the basis of
a volume of soil instead of soil mass. Foutinely the P,~value is given
in mg P,05 per liter soil.

The "infinite sink"™ consists of {iron-oxide Impregnated filter
paper (Schleicher & Schuell, 602 h, ¢ 150 mm), cut into 2 x 10 cm
strips, prepared by saturation in 0.4 M FeCly solution and subsequent
gentle pulling through a 2.7 M NH;0H solution. The impregnated paper
was dried after washing with distilled water. Such a filter paper
strip contains approximately 120 umol Fe and has a BET-specific
surface area of 1.5 m2 (paper and oxide) as determined by Ny—gas
adsorption (Carlo Erba Strumentazione Sorptomatic 1800). Desorption
experiments were carried out 1in 100 ml screw-capped glass jars {Schott
Duran) equipped with a perspex paper holder.

To determine desorbable P, 1 g of soil was suspended 1in 40 cm3 of
electrolyte solution {always 5 x 1074 M KCl and 5 x 10705 M CaCl,).
Each jar equipped with the chosen number of strips was rotated end-
over—~end at 30 rpm for the designated period of time(up to 66 hours).
Af terwards the strips were removed, washed in demineralized water and
ailr dried (room temperature). Both Fe and P associated with the filter
paper were extracted in 0.04 L of 0.2 M HpSO, during 4 h of end-over-
end shaking at 30 rpm in polyethylene bottles This caused a complete
dissolution of the Iron oxide associated with the paper. The same
procedure was used to determine adsorption of P from a standard
solution onto the filter paper. However, In that case concentrations
in solution were alsc measured. All measurements of P were wmade
colorimetrically [Murphy and Riley, 1962].
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2.4 Results

The adsorption of P from a standard solution onto the Fe oxide coated
paper as a function of contact time 1s given in Fig. la. For the
conditions imposed, a maximum 1s reached after approximately 15 h. The
adsorption isotherm for the contact time of 20 h, presented in Fig. 1
indicates that the sorption is indeed of the high affinity type, as
one strip of paper 1is able to adsorb about 18 pumol of P under these
conditions without leaving measurable amunts in solution. The effect
of the amount of sfnk used is shown in Pig. 2 for two contact times
for the soils denoted as LOT 1 (moderate content of native P) and as
BAEX 1 (extremely high content of native P). If more than three strips
of paper are used for each g of s0il the desorbed amount becomes
nearly independent of the amount of sink employed. This suggests that
the concentration build-up is insignificant in that case.
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Figure l:Adsorption of phosphate onto ome strip (2 x 10 em) of iron
oxide paper. Q as a function of ¢ for contact time of 20 h.
Inset figure la: Q as a function of time.
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Thus the desorptlon rate controls the transfer of P from soil to
gink, and the desorption kinetics may be studied by applying equation
(6), provided 4 paper strips/g soil are used. This type of study was
carried out for nine sandy soils. Although at long desorptfon times, Q
will become low enough to facilitate equilibration, see equation (2),
all desorption times (up to 66 h) were used for estimating the model
parameters using non-linear optimization techniques. The resulting
parameter values are compiled in Table 1. The data exhibit a large
variation in Qp found for different soils by fitting eq. (6). The
resulting value of kd is 0.2 + 0.08 h_l-

00021
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Figure 2: The amount desorbed, Py, as a function of the number of iron
oxide coated paper strips per gram soil, n, for two soils.
+ : LOT 1 and o : BAEX 1. Desorption time as indicated im
figure. Inset figure 2a: calculated concentration c¢ as a

function of time t. Numbers indicate the number of paper

strips used, n.
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Taking for ky the mean value plus one standard deviation (0.28 h_l) or
minus one standard deviation (0.12 h_l) the amount of desorbed P after
20 h desorption time equals (eq. 6) 99.7Z and 89% of Qp, respectively.
Therefore a desorption time of 20 h is reasonable to asseg the amount
of reversibly adsorbed P.

Table 2 1ists the ampunts of P desorbed when the iron oxide coated
paper 1s applied in standard fashion (Pgl), P§4), using 1 and 4
strips, respectively and a desorption time of 20 h). The results of a
dilution method (P_), the oxalate extractable amounts of P, Fe and Al,
as well as the organic carbon content and pH are also listed in Table
2. Fig. 3 shows that Pil) and P£4) are correlated well with P, and
Fig. 4 shows that P£4) is weakly correlated with P ..

Table 1: Values of the amount of phosphate 1initially adsorbed
reversibly, Qg and the desorption rate constant, kﬂ’ for 9

Dutch soils, as obtained by curve—fitting of equation (6).

S011 Qq wmol kgt kg 7!
SIM R 0.63 0.216
185 5 3.16 0.079
BAR 6 4.48 0.137
HAR 4 4.47 0.194
MIL 1 4.56 0.218
BAEX 3 6.03 0.246
MER 1 6.97 0.185
HAR 6 8.78 0.214
BAEX 1 12.51 0.353

2.5 Discussion

The desorption kinetics have been studied for nine closely related,
non~-calcareous, sandy soils. As the differences in the reactive solid
phase surfaces for these soils are expected to be minor, and as ky for
a glven adsorbate (P) 1is a constant characterizing the reactive

surface , a narrow range in ky valueg may be expected. The average kd-
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value (0.2 h"l) corresponds well with the wvalue calculated by Barrow
et al. [1981] for the goethite surface : 0.15 h™l.
The values of kd are obtained by means of equation (6). However, as
re-equilibration 1s bound to occur, the estimates of Q, and kd are
biased. Since the concentrations of P in solution after long
equilibration times are generally too small toe be measured (less than
5x10'£' wol m'a), the errors in QO and kd must be evaluated indirectly.
Asgsuming equilibrium at long equilibration times and a £inal
concentration of c¢ = 5:{10-4 mol m-3 the error in Qp is obtained from
the Langmuir isotherm, by inserting ege Using values of K and Qp of
the order as reported for similar solls by Van der Zee and Van
Riemsdijk [1986], (K ~ 10-50 m> ! and Q; = 10 mmot kg"l), ylelds

an error in Q of less than 2.53% of Qm This is within experimental

mol”

error.
For an estimation of the error im ky resulting from the build-up
in P concentration, equatifon (2) 1s iategrated for the artificfal

condition of a small and constant c=cg. This ylelds:

K Qm cf
Q(t) = W { 1 - exp[—(kacf+ kd)t]} + QO exp[—(kacf+ kd)t] ¢
Setting Qf = Kchf/(l + Keg), eq. (9) is rewritten:

Qo) - q,
QU = %

= exp[-(kacf+ kd)t] (am

By the analogy of equation (10) with equation (6) it 1is apparent that
the error in kg may be approximated by the term kacf. For a value of
k,~10 to 50 m w1 L [Van der Zee and Van Riemsdijk, 1986] the
error in ky will be approximately 0.005 n~l, which 1s within
experimental error.

Thus at firet glance the errors in Qg and k,, resulting from a
finite solution concentration of P, are insignificant. BHowever, the
concentration of P 1s not constant. Notably 1in the beginning when the
desorption rate of soil P is highest, the solution concentration of P
may be larger than at later times and at equilibrium. To calculate the
P solution concentration over time, the desorption process 1s
gimulated for the BAEX 1 sgoil in the presence of one and four

paperstrips per gram soil. Equation (2} is solved numerically for the
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Table 2. Selected properties of 24 Dutch soils.

So01il no. C pH P Fe Al
gt ww1’fe! mmol ¥l omol Rl
AST 1 1 1.2 6.0 la.1 1.1 25.2
AST 3 2 2.3 5.8 24.0 71.7 34.5
BAEX 1 3 L7 5.4 35.7 35.5 22.3
BAEX 3 4 1.2 4.8 16.6 20.9 15.2
BAR L 5 1.9 5.0 27.9 95.5 28.7
BAR 6 6 2.1 5.5 17.6 3%.5 63.3
EIB & 2 2.5 5.4 15.1 35.7 41.9
EIB 5 8 2.5 5.5 17.4 13.0 38.6
GEN 2 g 2.5 5.8 16.2 120.4 57.4
GEN 3 10 1.3 5.3 40.0 £5.3 41.4
HAR 4 11 1.9 5.3 18.3 14.5 50.4
HAR 5 12 2.1 5.5 18.0 14.2 49,9
HAR & 13 2.2 5.4 23.8 13.8 44,7
LoT 1 14 2.0 5.1 15.2 9.8 64,3
MER 1 15 2.0 5.2 23.8 25.0 25.5
MER 4 i6 4.0 5.9 24.5 45.5 33.3
MER 5 17 11.3 5.3 31.5 295.8 37.4
MER & 18 0.1 5.4 i%.0 171.4 27.9
MIL 1 19 1.9 5.6 13.8 17.2 19.5
MIL 2 3p 2.3 5.6 24.3 19.1 20.9
SIM R 21 2.5 5.3 5.3 53.7 36.0
VRE 1 93 4.2 5.3 11.0 7.6 76.4
VRE 2 73 3.4 5.4 10.6 7.1 75.0
¥88 5 24 3.2 5.5 10.3 27.4 35.9
11 j P 1) E‘it') B material
mg Pp05 L1 mmol kg™l  mml kg™l
1 0.54% 218 3.80 8.66 0,308 [
2 0.226 36 5.10 3.36 0.032 s
3 0.618 300 1.12 11.48 0.199 s
4 0.460 140 2.65 5.19 0.144 5
5 0.224 54 1.35 2.79 0.022 s
[ 0.171 50 1.36 4,53 0.044 [
7 0.195 42 0.92 2.66 0.034 E
8 0.337 145 2.84 5.88 0.114 8
g 0.09L 53 1.68 3.31 0.019 cl
10 0.441 178 1.48 8.52 0,094 sl
11 0.282 65 1.85 4.42 0.068 s
12 0.201 85 2.40 3.39 0.033 3
13 0.407 173 3.66 7.24 0.124 8
14 ¢.205 42 1.67 4.46 0.060 8
15 C.471 134 3.13 5.39% Q.107 8
16 0.311 67 1.91 5.26 0.067 8
17 0.0%5 19 1.02 2.74 0.008 ps
18 0,095 13 0.51 1.49 0.007 s
19 0.375 a3 2.16 4.46 0.121 -
20 0.608 217 4.15 9.24 0.231 5
21 0.059 13 0.31 0.73 0.008 si
22 ¢.131 54 1.94 3.45 0.041 s
23 G.129 49 1.54 3.27 0.040 8
24 0.163 36 0.80 2.33 0.037 H
Corg: organic carbon
[-H sandy soil; cl: clay loam, sl: saady loam;

ps: peaty sand; si: silt loam (5011 Survey Staff, 1960).
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soil and for the sink, respectively, taking inte account the correct
mass balances with the solution. The parameters used in this
simulation were estimated from Fig. 1 for the sink, and taken from
Table 2 for the soil. The adsorption rate constant for the soil was
set at 25 m> mol~l.h”}. The 1inset of Fig. 2 shows the result of the
simulation. A fast initial 1increase in ¢ 13 followed by a slow
decrease for t > 0.5 h, and for times larger then 0.5 h 1is
approximately constant. Moreover, if four paperstrips per g of soil
are employed, c¢ remains below the detection limit even for the seoil
with the high content of desorbable P. In conjunction with the results
of Fig. 2 (given in the previous section) the result of this
calculation supports the validity of the assumption that the siak (4
strips per g soil) causes a virtually complete desorption of adsorbed
P and that the desorption rate of soill P is rate controlling. The sink
may thus be called an "infinite sink”.

The prominent effect of the sink may be illustrated by comparing
the amounts desorbed with this sink (Pi) with the amounts desorbed
using a conventional dilution techanique. For the conventional method
the procedure of Sissingh [1971], used widely in the Netherlands for
fertilization recommendations, is used and the amounts desorbed are
denoted by Pw' For 24 soils and 20 h desorption time the measured
values of Py (using one and four paperstrips) are given as a funection
of P in Pig. 3. The correlation is good with
p(Piyl), Pw) = 0,976 and p(Pi(A), Pw) = 0.957 (both 1% significance)
as expected when two sgimilar techniques are compared. Assuming a bulk
density of 1250 kg w3 the unit of ?, (expressed in mg P,0g L_l) nay
be converted into mmol kg_l by multiplication with 1.125 x 1072, Doing
so0 we find that PI(A) > Pi(l) > P,. This may be of interest to soil
fertility studies as apparently Py may still be successfully
correlated to P uptake by plants when P, fails due to analytical
inaccuracy for soils low in P [Sissingh, personal communication]. The
new technigue 1is not equivalent to an “infinite dilution”™ techanique.
In the latter case the concentration will rise for all times. This was
shown not to be the case for the new technique. However, near
equilibrium the partitioning of P between soil, solution and sink for
the new methed is similar to that between soil and solution for a

diloution technique. Hence, the sink added may at equilibrium be
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Figure 3: Amounts desorbed Pi(l) (o) and Pi(l') (¢) as a function of
Py- Desorption time for P, of 20 hours.

expressed In terms of a dilution rario R (weight seil per wvolume
electrolyte)}. This may be done numeric.ally (iterative procedures) or
analytically {(Appendix 1). If the final concentration of P is 5 x 10-4
mol m_3 and the parameter values given earlier [Van der Zee and Van
Riemedi jk, 1986] are used, the calculated value of R (which is the
solid:solution ratio in kg.m_3) is found to be approximately 0.1 kg

m_3- Thus use of four paper strips corresponds approximately to 0.1 g
of s0ill in one L electrolyte, whereas the method of Sissingh [1971]
1- The effect of the desorbable P

present initially, (Qdes=Q0-'Qf) on the amount desorbed fs shown for

corresponds approximately to 30 g L~

some values of R 1in Fig. 5. The computed values of Qjeg indicate that

desorption for R = 0.1 kg m-3 is practically complete whereas it is

incomplete for R values of 100, 10, and 1 kg m -
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Figure 4: Amount desorbded, Pi(l‘) as a function of Pox' Sandy soils

4)
(0) and other soils (s) and the line Py = P,./3
Desorption time is 20 h.

The relation between P1 (R = 0.1 kg o3 for Pi(!')) and P, (with R
# 30 kg m_3) shown in Fig. 3 1s curvilinear. Such curvilinear
relationships are often encountered if fractionation techniques are
compared and may be attributed to the effect of the non-linear
isotherm. Calculating the amounts desorbed, Qaes? with the expressions’
in the appendix (for the same parameter values as used to construct
Fig. 53) for dilution ratios R = 0.1, 1, and 10 kg m_3 we can construct
a figure similar to Fig. 3. Thus on the vertical axis we give the
amount desorbed for the three values of R and on the horizontal axis
Qqes for R =10 kg o 3. By varying Qg 1in the range of 0 to 10 mmol
kg-l the three lines of Fig. 6 result. Indeed the curvilinear trend is
found except for the lowest (1:1) line. The scatter fn Fig. 3 may
result among others from differences in {  and K between soils and
analytical error, apart from the applicability of the simplified

model.
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Desorbed amount as a function of desorbable P initially

present. R = 100 (a); 10 (b); 1 {c}; and 0.0l (d),

respectively. (Q, = 10 mmol kg™l and K = 50 2 mmol”

0
Qq (mmol/kg)
Figure 3:
10r d
—— C
m -
-
S
©
E -
E
~ b
—_n | 1:1
3
vo, i
00 2 4 6
0(10) (mmol/kg)

des

1)'

Figure 6:

Desorbed amount for three R
values as a function of
desorbed amount for R = 10 kg
m_3. b: R=10; ¢: R= 1 and d:
R = 0.1. The parameter values

and range in Qq as in figure 5.
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The quantities P; and P provide an indication of reversibly
adsorbed P (Q) whereas Pox 18 approximately equal to total inorganic
P, F. Since in the field adsorption and desorption stages alternate
the temporal variations of Q will be larger than of F. The poor
correlation (p = 0.58, significance 1%) between Pi(é) and P . may be
in part attributed to the differences in sensitivity of Q and F to
desarption. Where clearly F 1s larger than Q, the data in Fig. 4 also
show that F 1s wmuch larger than the reversibly adsorbed P at the
moment of sampling (Qo)- Regression analysls of QO and ¥ ylelds
information for the situation at the moment of sampling but this is
not of prime interest. Instead we are interested In the relation
between Qm and F . Tt is possible to get an impression of this
relation as four solls are practically P-saturated, i.e., AST 1, MIL
2, BAEX 1 and BAEX 3 [Lexmond et al., 1982]. For these soils (Q=Qﬁ,
F=Fm) the relationship 1s approximately Qm - Fm/3. The line giving Q =
F/3 1s shown Fig. 4. Since @, = 0.6 it follows from the above and eqs.
(7) and (8) that B ~ 0.2.

2.6 Conclusions

1. Iron oxide coated filter pater may be used to approximate an
"infinite” sink for P.

2. Using the new techmique the desorption rate constant, ky, may be
assessed. The value obtained for nine sandy soils (0.2 + 0.08 h-l)
is very close to the value of the k,; reported by Barrow [1981] for
goethite.

3. With the new technique also P adsorbed, Q5, may be assessed.

4. The errors expected in kd and Qg estimated with the new technique
are dominated by experimental error and not by the fact that the
gink 1s only an approximation of an Infinite sink.

5. P desorbable in 20 hrs is found to be much lower than total
inorganic P.

6. The adsorption maximum, @, is approximately one third of maximum
Inorganic P content or one fifth of oxalate extractable (Fe + Al).

7. 1Iron oxide coated filter paper may be used on a routine basis to
compare P contents of different soils and is an alternative to

conventional dilution methods at low native P contents. For
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comparative purposes the sink fs useful for different solls (sandy
and clayey soils and peaty sands with very different contents of
(Fe + Al),,)-
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2.7 Appendix 1: Mathematical description of dilution experiments

An equation for the coanservation of mass linke the solid-liquid

interphase to the liquid phase. If the solid-liquid ratic (weight
*

soil/volume water) is denoted by R then (R = 0.001 R, because c is

expressed on a molar and Q on a mmolar — basis)

de _ _ _*dQ
FT T (1.1)
ar
*
- e(t) = R [Q(t) - Ql (1.2)

Introductfon of (1.2) into equation (2) and integration vields:

¢
1
e= ¢y {_E; exp [- ka(cl— cz)t]}

c(t) = = (1.3)

1- {—ci- exp [~ k_(c - e,)t]]

where ¢) and ¢, in equation (1.3) are given by (j = 1,2):

2 2 . *
c:I =k {(c3- 1/K) + (-1)j [c3 + (1/K) + 2(c3+ 2QmR )/K]a} (1.4)
*
and cy = (Qo - Qm) R.
An expression in terma of Q(t) 13 equally feasible, although Q(t)
follows also from combination of (1.2) and (l.3). At equilibrium,

i.e., t » =« , the desorbed amount is thus given by
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(R)

% *
dEB - cz (R !QO)/R (1°5)

If Qp and K are kept fixed then c, = cz(R?,Qo) depends only on Q5 and

R. Figs. 5 and 6 are constructed using equation (1.5) for several

values of R, and values of Qg from 0 to 0.99 x Q.
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Notation

concentration (mol-m_3)

concentration at t = 0 (mol-m-3)

final concentration at t * = (mol.m'3)

total sorbed amount (mmol.kgﬂl)

total sorption maximum (mmol.kg"l)

adsorption rate constant (ma.mnl-l.kg_l)

desorption rate constant (h'l)

adsorption constant (mg.mol_l)

amount desorbed with the iron oxide paper (mmol.kg_l)
oxalate extractable P (mmol-kg_l)

water desorbable P (mg Py0g o L'l)

reversibly adsorbed amount (mmol.kg_l)

desorbed amount (umsl.kg_l)

adsorbed amount at ¢ = c¢ (mmol-kg_l)

adsorption maximum (mmol.kg_l)

adsorbed amount at t = 0, ¢ = ¢g (mmol.kg-l)
solid:solution ratio (kg.m—S)

time (h}-

saturation factor and maximal saturation factor for total
sorption

saturation factor and maximal saturation factor for reversible

adsorption
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3. MODEL FOR THE REACTION KINETICS OF
PHOSPHATE WITH OXIDES AND SOIL

Abstract

The reaction of P with oxides and with soil is assumed to consist
of two simultaneously occurring processes: adsorption onto the
reactive surfaces and diffusion 1nto the solid bulk phase where
precipitation occurs. The relatively fast adsorption reaction 1s
described with the Langmuir kinetics equation. The
diffusion/precipitation process 1is described with the Unreacted
Shrinking Core (USC) model. For a sgpherical geometry (single size) the
pseudo—gteady state approximations are given that relate the
fractional conversion of the reactive solid phase to the reaction time
and the time required for the complete conversion. These solutioas are
given for three limiting cases, i.e., where the rate of mass transfer
through a stagnant fluid £1lm, the diffusfon rate through the
converted zone, and the reaction rate at the sharp iamterface between
the c¢onverted and the non-converted =zones, respectively, are
controlling the overall reaction rate. The conversion may be given as
a function of the product of bulk solution concentration and reaction
time. Using probability theory the mean conversion of an ensemble of
particles with different sizes 1is related to the product of bulk
solution concentration and time. An analytical solution is given for
an exponential size probability density function if the interface
reaction rate 1s controlling the overall reaction rate. With this
solution the pronounced non-linear conversion and sorption behaviour
cauged by the size distribution 1s illustrated. Since the sofl system
is usually very complex and heterogeneOué the analytical solutions
obtained are of very 1limited practical wuse. A simplified
diffusion/precipitation model is derived from the analytical solutions
that relates sorption, S, to the exposure integral, I. This functional

ralation S(I) has to be assessed experimentally for soil.
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3.1 Introduction

The reaction of P with soil and soil minerals has been given much
attention in so0ll sclence and in aquatic chemistry literature. In non-
calcareous solls the reaction 1is predominantly with solid phase
constituents of Al and Fe [Beek, 1979]. This reaction was found to
approach equilibrium very slowly, with a reaction rate that becomes
relatively small for large reaction times, t [Beek and Van Riemsdi jk,
1982; Barrow and Shaw, 1975a; Van Riemsdijk and De Haan, 1981]. It was
observed frequently that the reactlon is only partially reversible and
that the reversibility decreases if the reaction time increases
[Barrow and Shaw, 1975b; Beek, 1979]. The amount desorbed also depends
on the soil weight: solution wolume ratio [Van Der Zee et al., 1987a]
and initial desorption may be followed by renewed retention after some
time [Munns and Fox, 1976]. Van Riemsdijk and Lyklema [1981l] showed
that for gilbbsite the reaction may continue in excess of monolayer P~
coverage. In recent studies concerning soils that recelved large
amounts of animal manure slurries, large ratios o = 0.5 - 0.6 (o =
Pox/(Fe-i-Al)ox) of the oxalate extractable fractions were found [Van
Det Zee and Van Riemsdfjk, 1987a, Van Der Zee et al., 1987]. Such
findings suggest that besides an adsorption reaction of P with the
surface of reactive solld phases, other reaction processes also occur.
Often it was found that a single mathematical expression could not
describe the kinetics of the reéaction for a large range of t or
concentration c¢. The reaction of P with soil and soil minerals was
described by more than one equation by Mansell et al. [1977 a,b], Beek
[1979], Van Riemsdiik [1979]. Enfield et al. [198la,b] considered a
fast adsorption onto the surface of reactive minerals as well as a
slower precipitation reaction with Fe, Al, and Ca. Barrow [1983]
developed an involved model where adsorption is the precursor reaction
of a solld state diffusion of P into the bulk of reactive minerals.
The adsorption was described bdy a simplified version of the model
developed earlier by Bowden [1973] and Bowden et al, [1980]. The
adsorption equation used (Table 1) was a Langmuir equation adapted to
take the surface charge of the solid phase into account. The slower
diffusion process was the result of the gradient in Q caused by the
adsorption and it was modelled by means of the parabolie diffusion
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Jaw. By assuming linear superposition of solutions of the amounts
diffused the changes in Q 1in the course of time were taken inte
account (eq. 1.3). Based on findings by Bowden et al.[1980] the almost
linear dependency of the surface potential on the amount adsorbed was
taken 1into consideration. A similar relation was assumed for the
penetrated amount and surface potential (egq. 1.4). Since adsorbing
surfaces of minerals such as oxides may be heterogeneous, the
equations were solved for a normally distributed surface potential
(eqs 1l.1). This was done after discretizing this frequency
distribution.

Table 1: Equations for the model of Barrow [1983]

probability density function for initial potential (no P=-sorption),

‘{’0:
T W _my
1 042
fy (1) = 5z exp [~(——F——5—)"] (1.1)
0 ‘1‘0 ‘1’0
adsorption equation
FY
(Q, /A ) of Re exp [~ ——]
Q/As - Qmax 3p —7 RT (1.2
P 1 + ay Ke exp [- R'I.‘_]
diffused amount:
Q ~ ey - Qe ) -
$/8g, = 7= | [y] /B ee/e®y + 3 (—p— /B (et id)
sp i sp i
(1.3)
correction for potential:
- 3 - g (L) - S(t).
Yy = Tt = m B Ty 2 g Ty -4

The model of Barrow [1983] was used for oxides by Bolan end Barrow
[1984]. With the model summarized in Table 1 a good fit was obtained
of P-sorption data for oxide and s0il for a wide range of
concentrations and time and many experimentally observed effects were

reproduced well for a variety of conditions. However, the model is
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quite complicated with as many as 8 fitting parameters. Barrow [1983)
remarked that the solutions of fitting procedures were non-unique,
i.e. several combinations of parameter wvalues ylelded approximately
the same fitting accuracy. This limits the confidence in the physical
relevance of the parameter values found and in the accuracy of
extrapolation to other conditions or reaction times.

It was observed recently in soil treated with large amunts of P
from animal manure slurries that due to reaction of P with Fe and Al
cxides a high degree of conversion of the wmetal oxides into metal
phosphate may occur {assuming 1l:1 stoichiometry) [Van Der Zee et al.,
1987a; Van Der Zee and Van Riemsdijk, 1986; 1987]. It is worthwhile to
remark that high conversions are not predicted by Barrow's model since
the diffusion procegs 1s modelled for the semi-infinite diffusion
domain. Thus, even for high ¢ and large t the decreasing potential
will lead to small values of Q or the fractional surface saturation 6
[Barrow, 1983], and to a small concentration in the solid phase
(conversion). This artefact may be solved by assuming mp to be
nonlinear at large values of S in which case another fitting parameter
is required. Although Barrow did not report the subdivigion of total
sorption, F, into adsorption, @, and diffusion, S, the conversion of
the reactive phase was probably predicted to be low due to the rapidly
decreasing solution concentration [Barrow, 1983; Bolan and Barrow,
1984].

It may be moted from eq. 1.3 that 1f the surface coverazge is high
{by keeping the concentration high and fixed) the diffused amount
increages excessively. This is caused by the large values of the
thermodynamic factor £ (= 1/(1~8)) which become infinitely large for
8 » 1, When the model was fitted, a small surface coverage, 9 was
generally found [Barrow, 1983]. Tn our opinion the model proposed by
Barrow 1s sophisticated but should not be applied to soils. To
attribute all heterogeneity to the distribution of WO in a system
containing many minerals, many of which may be non-pure mixtures of
‘" geveral elements (Al, Fe, 81, etec.), with many different geometries,
particle sizes, and which mutually interact seems questionable. Since
the model of Barrow has no sound theoretical foundation, the parameter
values obtained with this model will have a limited physical

relevance.
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In this contribution P-sorption is described mathematically for an
ensemble of spherical oxlde particles with a distributed particle size
in order to show the effect of this size distribution. Then, using
relationships resulting from this analysis we give a simplified
porption kinetiecs model for P-sorption to soil which is of use even if
the nature, geometries, and dimensions of the reactive phase minerals

are unknown.

3.2 Theory

3.2.1 The surface reacton

The removal of P from a solution 1n contact with soil or oxides
(of Al, Fe) is initially fast and decreases rapidly with increasing
contact time. The fast reaction 1s generally assumed to be an
adsorption process [Van Riemsdijk, 1979; Enfield et al., 1981 a,b;
Barrow et al., 1981; Barrow, 1983; Van der Zee and Van Riemsdijk,
1986]. The adsorption was described with sophisticated models by
Bowden [1973], Sigg and Stumm [1981], and Goldberg and Sposito [1984].
Here we Intend to describe only the effects of concentration and time
for which such sophistication is not necessary.

The adsorption process 1s assumed to be reversible with the net

rate given by {(for symbols see the Notation)
4 | - Q) - 1
ac - Kge (Qp - @ - k40 (1)
At equilibrium the rates of the forward and of the backward reactions
d
are equal (d_% = 0 ), ylalding the Langmuir equation
K Qm c

=" TFre (2

In order to determine the desorption rate constant (kd) we cause
desorption in the presence of a high affinity - high capacity sink for
P as described by Van Der Zee et al. [1987]). Due to the presence of
the sink the adsorption part in eq. (1) is negligible compared to the

desorption part and eq. (1) becomes
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4 .
dt de (3
The amount desorbed (Q*) follows from the amount 1nitially adsorbed
(Q4,) and Q(t):

*

Q = - o) | )
Integration of (3) and combination with (4) yields

*

Q () = q {1 - exp (-kyn)} (5

By performing desorption for different desorption times and fitting
the data to eq (5) Q; and k; can be agsessed.

322 Thediffusion/precipitation reaction

The long term removal of solution-P caused by the reaction with
sofl or oxides was described by Van Riemsdijk et al. [1984] as a
diffusion of P into the solid phase and the conversion of this phase
into a phosphate precipitate. The backward reaction is controlled by
dissolution kinetics or some sort of diffusion process. Due to the low
golubility and slow dissolution this process (henceforth referred to
as sorption, S) is assumed to be irreversible om a practical timescale
for experiments. The sorption, S, is described with the Unreacted
Shrinking Core model (USC) known from the chemical engineering
literature {[Wen, 1968]). The mathematical equations of the USC-model
will be given for a single spherical particle of metal oxide. Using
probability theory this description 1s extended to an ensemble of
spherical particles that is characterized by a probability density
function (frequency function) of particle radii. This mathematical
analysis 1s used to i1llustrate the effect of size heterogeneity on
overall sorption as well as to glve the foundation for the scaling of
reaction time. This leads to an unique relation that gives sorption as
a function of an exposure variable proposed by Van Riemsdiik et al.
[1984], and Van Der Zee et al. [1988],
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3.2.2.1 Unreacted shrinking core model for single particle size

When soil or oxides are brought into contact with a solution
containing P, a concentration gradient 1s created, that will give rise
to a diffusive flux towards the interior of the solid phase. This
gradient may be interpreted twofold, f.e. as a gradieant of P in the
solid state due to adsorption [Barrow, 1983], or as a gradient in the
micro pores of the solid. Since solid state diffusion processes
generally are extremely slow, we assume that the transport of P occurs
through the micropores of the solid. Upon the contact of P with the
metal In the oxlde structure it is assumed that a reaction occurs by
" which the metal oxide 1s converted into a metal phosphate. Thus a
product 1layer (Me-phosphate) develops which will gradually become
thicker at the expense of the Me—oxide in the particle interior. Thie
process may be modelled by means of the Unreacted Shrinking Core model
[Wen, 1968].

The Unreacted Shrinking Core model describes a heterogensous
surface reaction in which either the pores of the unreacted solid are
practically impervious to the reactant (P) or the reaction rate is so
much larger than the diffusion rate that the reaction zone that
separates the reglon of product (Me-phosphate) from the reglon with
unreacted solid (Me—oxide) 1s very thin. If the reactant has access to
the whole partiecle (including the unconverted part), then one speaks
of a homogeneous surface reaction. Most natural situaticns are
intermediate relative to these two limiting cases. We will assume that
the unreacted coré of Me-oxide 1s 1Inaccessible to P and discuss the
constraints this imposes later in this study.

For a single (spherical) partiele, or single particle size, the
mass balance equations wmay be given assuming that the overall
converslon due to the slow process 1s the result of:

1. The rate of mass transfer of P through a fluid film surrounding a
particle.

2. The rate of P diffusion through the Me-phosphate product layer.
The reaction rate at the interface of the product layer and the
unreacted soclid core of Me-oxide.

In this contribution the rate of transport of reaction product out of

the sphere 1s not taken into account. Due to these three resistances
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the P-concentration decreases In the direction perpendicular to the
particle surface going from the bulk solution towards the core
interfor, as shown in Figure l. The transport equation for this system
is given for spherical geometry by

- 9 -
e cpley il
£ 3¢ IJs[al:2 + T o) Ry >t > R, (6)

The transport equation must be solved for the conditions:

1)521e—"|RO =k.f(c—€s) r = R, (M

(i.e. diffusive flux rate at r = Ry is given by masa transfer)

dc _ -
Ds - N = kg C0 c, r Rc (3)
[

(i.e. diffusion flux rate at core surface equals the reaction rate)

ﬁ; E’Rc
D, " = m G50 %
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(i.e. displacement interface is proportional to diffusfon flux rate at
interface). In eq¢. (8) we have assumed that the reactlon 1s first
order with respect to the solute. A higher order would complicate the
mathematical analyeis considerably and we have no evidence that a
higher order would be more appropriate.

The process described by eqs. (6)-(9) is frequently encountered in
chemfical engineering, mining, and applied mathematics literature [Lu,
1966; Wen, 1968; Ockendon and Hodgkins, 1975; Wilson et al, 1978;
Davis and Hi111l, 1982]. Examples where a porous product or leached
layer develops are the reduction of irom ore in blast furnaces [Evans
and Koo 1979], the leaching of primary sulfide ores (pyrite: FeSy;
chalcopyrite: CuFeSjy) [Braun et al, 1974; Bartlett, 1974; Brent Hiskey
and Wadsworth, 1974] and o1l shale gasification ([Wen, 1968]. The
opposite situation where a non-porous protective oxide coating 1s
formed is the oxidation of elemental aluminum.

Mathematically the USC model is & moving boundary or 5tefan
problem. The difficulty in solving such moving boundary problems 1is
usually to find a sultable transformation of variables. Approximate
analytical solutioms for the time of complete conversion where the
concentration ¢ (in the bulk of fhe solution)} 1is much less than the
density of the solid, Cy, were obtained by Stewartson and Waechter
[1976], Soward [1980] and Davis and Hill [1982]. The solution of the
USC model 1is much simplified if the time derivative in eq (6) is set
equal to zero, 1in which case the pseudo-steady state solution can be
found.

The validity of the assumption of pseudo-steady state was
discussed by Bischoff [1963], Bowen [1965], Bischoff [1965], Davis and
Hi1ll [1982] and Hill [1984]. The pseudo steady state solution appears
applicable {f c/CO is of the order of 10_3 according to Bilaschoff
[1963] whereas Davis and Hill [1982] noted, that when this ratio is
10_2, a good agreement between the pseudo steady state solution and
their other approximations is found. Physically, the pseudo—-steady
state assumption represents a slowly moving interface with a rapid
establishment of the equilibrium concentration distribution. Then the
amount of solute required to advance the interface a small distance,
18 controlled by the amount necessary to convert the unreacted solid
in this shell.
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Figure 2:

Illustration of the Pseudo
Steady State assumption where
solute storage 1In the pore
volume (hatched) 1is neglected
with respect to total diffusion

ia At = t,-t; through the

particle surface (arbitrary

units).

The storage of dissolved solute in the product layer pores 1is
negligible. In Fig. 2 this condition is illustrated. The pseudo-steady
state approximation 1s valid If the storage in the pores indicated by
the hatched area 1s small with respect to the amount diffused between
t aad t,. It is to be expected that this is the case for P reacting
with Me-oxides and therefore we will give the solutions for the case
of pseudo—steady state [Wen, 1968; Braun et al, 1974].

Of prime iInterest for the present discussion 1s the rate of
reaction as a function of time. It is therefore convenient to give the

time needed to reduce the radius of the unreacted core from Ry to Rc:

mR_C R
e = =22 (20t 52 10 r/rp? ]+
8
R R
1 [ 0 2
+ o (1 EE) + 55 [1- (R,/Ry) 1} (10)
s O 8

By insertion of R, = 0 for the time of completed reaction of the
sphere, t = T, into eq. {10) we find
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m ROCO
‘T =

[;_k"";g_"'m_f:_c']
£ s g 0

an

where we recognize the three rate coefficients of mass transfer,
interface reaction rate and product layer diffusion in the right hand
slde of eq. (11). Now, it 1s convenient to express the reaction time
in terms of the degree of conversion, X. The conversion 1s the
fraction (volumetric or by mass, assuming Gy constant in the cofe) of

the sphere that has reacted:

3, 3
X=1-R"/ R (12)

Three limiting cases are of particular interest. The conversion - time
relation for a single sphere are given if one of the resistences in
eqs. (10) and (11) is controlling the overall reaction rate. It may be
noted that mixed controll was studied by Lu [1963] and Spitzer et al.
[1966], and Van Der Zee et al. [1988].

Limiting case I: Fluid film mags transfer is rate controlling.
Then we find (kg << k ;3 D) that

t/'l:I =X (13)
and
mR . C
00
“1 T < (14)

Limiting case II: Diffusion through Me-phosphate product layer is rate

controlling.
Then (Dg << kf; ks) eqs. (l0) and (12) lead to

2/3
/Ty = 1-3 (1-0) /3, 2(1-X) (15)
where o Rg Co
“11"%D < (16)

0
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Limiting case I1II: Reaction rate at the interface is rate controlling
leading to (ks << ke Ds)

/3
t/tHI 1 - (1-%) (17)
with
R
0
i T ¥ (18)

3.2.2.2 Correspondence to other models

The expressions given above were found for the case of a core that
ig not penetrable for the solute (P). However, it may be possible for
some or all reactive oxides that such pemetration occurs. In that
case, 1Instead of a heterogeneous surface reaction, we have a
homogeneous surface reaction that occurs in the whole wvolume of the
sphere, though not necessarily at the same rate everywhere. In
reality, wmost conversion problems should probably be considered
intermediate to the simplified homogeneous and heterogeneous cases. It
may be shown [Wen, 1968} that the homogeneous model (D, constant
in r€< O,Ro >) and the heterogeneous model correspond limiting case
II in which case a distinction 1s d1fficult between the two models.
When the reaction at the interface is rate limiting (while k¢ large)
the solution of the homogeneous model 1s mathematically different from
the solution given by eqs. (17) and (18). However, even in this case
the differences 1in the conversion—time relationships are not very
large and the distinction between the homogenecus and heterogeneous
models on an experimental basis is difficult [Wem, 1968].

If the order of the reaction, the order of magnitude of the rate

constants (k.f, k Ds) and the variation of the rate constants with

8’
e.g. temperature, concentration, porosity (differing for product layer
and core) or other variables are unknown, we should be very reluctant
to ascribe physical relevance to parameter values obtained by fitting
one of the models to experimental results. Deviations from model
agsumptions (e.g. influence of counter diffusion of reaction products,

non-gpherical geometry, electrogtatic effects, particle size
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distributions) will even further complicate the problems of parameter
agsegsment. This 1s also the case for other complex models (e.g.
Barrow, 1983) and the unlqueness, physical relevance and extrapolation
poasibilities of parameter sets obtained by fitting are also
questionable.

We finish this section with some remarks on. the observations by
Van Riemsdijk [1979] who found that the reactive edges of gibbsite
became rough after reaction with P. Moreover the total surface area
increased during the reaction, which proceeded far enough to exceed
monolayer coverage. These findings suggest that Al-phosphate may have
a larger sgpecific wvolume than the original Al-oxide. Thus it 1isg
pogsible that the porosity (as well as DS) in the product layer is in
fact larger than for the original oxide. This supports the use of the
USC model provided 55 in the oxide core is sufficiently less than Dy
in the product layer. Another case 1s where the reaction product
ablates, caused for example by wmechanical abrasion i1in batch
experiments. Assuming that kg is proportional to R‘:l found in case
where no product layer develops (the second resistance associated with
D, 1is neglected), we have if fluid film mass transfer is rate
controlling that

' 2
t/‘l:I = 1 = (1-X) /3 (1M
where
2
' m c
w % % (20)
2D .c
mol

and Dm1 is the molecular diffusion coefficient in a free solution
[Wen, 1968]. If the rate 1s c¢ontrolled by the reaction rate at the

interface which seeme more realistic for the reaction of P with
oxides, eqs. (17) and (18) still hold.
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3.2.2.3 Unreacted shrinking core model for particle size distribution

In this section we consider the mean conversion of an ensemble of
particles with different radii, using probability density functions to
describe the fractions of particles within a specified range of the
radius. First the time—conversion relationships found are 1inverted.
For the ensemble the mean conversion as a function of reaction time
may be calculated using probability theory. This leads to some general
observations discussed iIn the next section. The procedure as praposed
here was used by Braun et al. [1974] to describe the conversion of
gsulf ide ores. The particle size distribution was taken 1into
consideration by numerical integration of the amount reacted for the
discretized distribution function. Bartlett [1973], with a similar
approach numerically evaluated a lognormal size distribution and
showed the effect of the mean size on the conversion-time behaviour.

The time-conversion relationships of the previous section may be
written as

t/t =1 - g(1-X) (21)

and inverted this yields

X=1- g_l(l-t/'l:) (22)

For an ensemble of particles that has a radius probability density

function (PDF) given by f the wmean coaversion, i, may he calculated
with the first moment [Papoulis, 1965]:

-t

£= X(Ry) fROdRO (23)

The first moment is equivalent to the expectation value.
It is easy to see that If mass tranmsfer Is rate controlling this leads
to

©

X=1- S (l-t/v) f

- %o

dRo (24)
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and if the reaction rate 1is rate-controlling, to

a0

X=1- S (1—:!1)3 _fROdRO (25)

—

Furthermore, as fRO is a PDF we have
s f_dr, =1 (26)

The case where diffusion through the product layer 1s rate coantrolling
may be worked out similarly, but the inversion (22) {s difficult to
obtain. Approximating (15) by an expression that is simple to invert,
a gimilar result to (25) and (26) could be obtained. Such an approach
is omitted here as it does not affect the main line of thought.

In eqs. (24) and (25) the time of complete conversion, T, depends
an the {initial radius, Ry. Therefore it is convenient to relate
particles of different sizes by transformation to dimensionless
quantities. Here we have chosen to express all radii and conversion-
times In terms of the radius (RB) and conversion-time (Tg) of the

smallest particle. Then
T = t/tB (27
R = RU/RS (28)

It can be shown that the radii and conversion times of two particles,

each with the same conversion, X, are given by

T R v
La 2 (29)
2 0,2

where v = 1.5 = 2 1f fluid filw mass tranafer is rate controlling; v =
2 for diffusion through the produect layer rate controlling; and v = |
if the reaction rate at the interface 1s rate controlling [Wen, 1968].
With (27) - (29) the term t/t in {24) and {(25) is expressed in terms
of v, and R . Thus
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v () (30)
]
leads to
v
e/v = (t/7) (R/Ry) (31a)
ar
t/t=TR" (31b)

Equation (23) may now be solved if an appropriate PDF is chosen. For
illustrative purposes we do so for v = 1 and for the Exponential PDF.
The Exponential PDF with a smallest size equal to R, is defined as

f_ =5 exp [s(Rs—RO)] RD> Rs (32a)

Bo

fF_ =0 R <R (32b)

RD 0 8
The expectation value (mean radius) is given by the first moment
o

EXP {_RU} =

-—

RU J'RO dRo (33)

where the bar denotes the randem nature of the variable. Integration
yilelds for the Exponential PDF

exp (R} ~ R+ 1/e (34)

Similarly the variance equals the second central moment [Skopp, 1984]:

AR {Ry} = s (R, - Exe {R,}1° 1, 4R, (35)
- 0
which ylelds after integration for the Exponential PDF

var {R)} = a2 (36)

If one wishes to have an indication of the relative (with respect to

the mean) degree of variation the coefficient of variation, CV, is
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usually given:

cv {30} = [VAR {50}]”/ EXP {30} 37
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Figure 3: Illustration of the Exponential PDF.

Hence for the Exponential PDF (Rs>0)

cv {Ry} = [sR + iyt (38)

As CV {_1_10} increagses, the ensemble heterogeneity with respect to
particle size also Iincreases. The shape of the exponential PDF is
given for reference in Fig. 3.

Combination of eqs. (23), (24) or (25), (27), (28), (31) and (32)
leads to the integral

X=1-J (-1’ ) 6 exp [sR (1-B)] R_dR 39)

where v and q depend on the rate controlling step and q follows from
the function g (eq. 21). Equation (39) may be integrated if the
integration boundarfes are known. The upper boundary for the
Exponential PDF is *l-m as the prodabllity to find particles with a
radius exceeding any positive value 18 finite (though small as this
value becomes large). The lower boundary poses a problem. As soon as

the reaction time is larger than ©_ the particles with the smallest

8



- 52 -

radii will have reacted completely. It can be seen from eqs. (13),
(15) and (17) that if t > 7 the conversion of particles for which the
complete coanverslon time is exceeded would become larger than unity.
As X is a fraction this 1is unrealistic. In eq. (39) this artefact
would lead to a negative contribution to X of those particles already
converted. This artefact 1s avoided by 1ntegrating only over the range
of Ry for which complete conversion is not yet established- Thus we

find two integrals, i.e.,

T<1 X=1- f (1-TR?)% 5 exp [sR_(1-R)] R_dR (40a)

T>1 X=1-f (Q-TR )% s exp [sR_(1-R)] R _dR (50b)
T

The solution of eq. (40) if the reaction rate at the interface 1s rate
controlling 1s (v = 1; q = 3):

T&1l X =-312sR + T sR /2 - T(sR)2/2 +
8 8 8
+E (SR ) exp (sR) {31::;11S + 3(TsRs)2 + (TsRs)3/2} (41a)
T>1 X = l-exp [sR, (1-T)] [1+5 (TaRs)/Z + % (TERS)Z} +

+

¥ (TaR) exp (sR) {3T8R8+ 3(T5R5)2 + (TsRs)al2} (411b)

In eq- (41) E{(y) 1s the exponential integral [Abramowitz and Stegun,
1964, p. 228]:

E ) = S ulexp (-u) du u€ <0, => (42)

¥
This integral E(y) diverges for y + 0, hence l!.s must be larger than
zero. In Fig. (4) the effect of s on X(T) and in Fig (5) the effect
of R, on X(T) is shown. When s decreases anmd Rs is constant, or if R,
decreases and s is constant the coefficient .of wvariation increases.

Hence, for the Exponential PDF the dimensionless time, T, required to
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obtain an almost complete coaverslon of the ensemble increases as a
larger heterogeneity with respect to particle sizes 1is considered.
This finding is 1in agreement to what is expected intuitively. MNote
that the horizontal axes (T) for Figs. (4) and (5) are the same. The
real time axes (t) belonging to the three curves in Fig. (4) are also
the same. This 1s not the case for the three curves in Fig., (5) as t =
T %; and T, depends on R ! Figures (4) and (5} illustrate the effect
of a size distribution instead of one fixed, mean size, as for T = 1
the particles with size R; are completely converted. Hence, if this
were the only size present X would have been urity. That this is not
the case is due to the range of the radius, By, For comparison with
Chapters 4 and 5 also the curves as a function of 1n(T), instead of T,
are shown in Figure 6.

Figure 4: Mean conversion as a function of dimensionless time: effect

of s.
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Figure 5: Mean converslon as a function of dimensionless time:

of Rg-

45

Figure 6: Mean conversion as a function of 1n(T).

effect
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3.2.2.4 The diffusion/precipitation model for pure oxides and soils

In the previcus sections we derived expressions that relate the
conversion of a single spherical {(oxide) particle and the mean
conversion for an ensemble of such particles with differing radii, to
the reaction time. The applicability of this model to pure oxides is
limited by e.g.

(€8] the number of model parameters and constants
(i11) deviations from spherical geometry
(i1i) uncertainty with respect to the variables occuring in the PDF of
Ry, as well as the shape (exponential, rectangular, ...} of this
PDF.
In one of the earlier sections it was already mentioned that it may be
difficult to distinguish experimentally between quite different
diffusion - precipitation models (homogeneous, heterogeneous) for the
relatively simple system of a single particle size, especially 1If
resistances are of comparable order. Thus, the USC-model 1tself wmay
not be applicable and instead an intermediate of the homogenecus and
heterogeneous surface models should be considered. Even in the case of
a pure homo-disperse oxide sol one may therefore expect that due to
the scatter of experimental data uncertainty persists concerning 1)
the most accurate mathematical formulation, 2) the uniqueness and
physico—-chemical relevance of the parameter wvalues found by fitting
models such as discussed here. This uncertainty 1s enhanced by the
non-ideal geometry one may expect with respect to the particle shape,
as generally a geometry factor correcting for non-ideal behaviour may
be necessary. Related to this 1s the geometric instability due to
surface imperfectiona which may be either smoothed out or amplified in
the course of the conversion [Braun et al., 1974]. The nature of the
PDF of Ry will also introduce new parameters that will obscure the
under standing of the system if the PDF is not characterized accurately
and independently from the conversion (sorption) studies.

The above indicates the high demands posed with respect to
knowledge of a pure oxide sol and the nature of the reaction of P with
the oxide prior to the fitting of models to experimental data. It also

shows the limitations of deterministic modelling for such systems.
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For solls such determipistic modelling, that is already difficult
for well defined oxide systems, must be discarded completely. While
this 1is partly due to the unknown wvariation in particle shapes and
geometries, it 1s also caused by the occurrence of several reactive
golid phases (several ozxides of non-pure nature, clay mineral edges
etc.), Iinteractions among soil colloids, and other complications.
Therefore 1t 1Is necessary to simplify the diffusion precipitation
model to the extent that knowledge of the soil system becomes
compatible with the input of the reduced model.

The sgimplification 1s done in the following way. First, observe
that the time required for complete conversgion, T, 1s inversely
proportional to the concentration in the bulk of the solution, ¢ (eqs.
14, 16, 18, 20). This holds for spherical as well as for other
geometries (see e.pg. Davis and Hill, 1982, Van Der Zee et al., 19388).
Furthermore, 1t was found that the mean conversion for an ensemble of
particles, X, is a function of dimensionless time for spherical
particles (eq.4l). This 1s also the case for other geometries {Chapter

4). Hence, we may write

X =G (c t) (43)

where G represents a function of T (~ ¢ t). Thus the mean conversion
is given by & unique function of the product of concentration and
time, for a certain secil or ensemble of particles. However, as the
function G 18 a combination of many relations which are wvalid for
specific geometries and size distributions, the form of G it is not
known a priori. If the USC-model applies for all spil minerals the
same couversion occurs for a long reaction time at low ¢ or short
reaction time at high c. This result was also found by Van Riemsd{ jk
et al. [1984a] and is in fact a basis to scale reaction time. Such
scaling is of great importance as it i8 clearly undesirable to be
forced to do very long term sorption experiments in order to find the
constants in the coaversion (1.e, sorption)-time relationships [Van
Der Zee and Van Riemsdijk, 1988}.

It was assumed that ¢ 1s constant in the analyses given so far.

Now we agsume that the solutions for ¢ changing over the course of the
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reaction (batch experiments} are additive. This 18 a tolerable
approximation 1if the pseudo steady state assumption is acceptable.
Then it can be shown that product ct must be replaced an exposure
integral, I, which 1s a concentration - welghted dimensionless of
reaction time
-1 t
I=¢{(_t) S edt (44)
rr
0

where ¢, and t. are equal to unity in the units employed. A particular
value of the dimensionless quantity I may be obtained by wmany
different concentration-time combinations. Two special cases are given

of eq. (44). In the first case a concentration, c exists below

e’
which, under the prevailing conditions, no reaction occurs as the
solubility product of the Me-phosphate 1s not exceeded. Then eq. (44)
beconmes

t
I = (crtr)-l oI (c-e,) dt (44a)

In the second case the concentration 1is kept constant and if Ca Kec
[Van Riemsdijk, 1979; Van Riemsdijk et al., 1984a; Van Der Zee and Van
Riemsdi jk, 1986] then eq. (44) becomes simply

1= (44b)
With egs. “(45) and (44) a unique relationship between ¥ and I is
given. Since the amount S that has diffused into the solid phase

equals
S = mw COXI ps (43)

the nature of the function S$(I) may be established experimentally. The
nature of the wmathematical function for $S(I) 1s unknown but any
relationship that fits the data can be chosen. Thus a polynomial of I
such as (N smaller than the number of measurement points)

N

5= % a (nyl/i (46a)
1=0
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may be considered as well as a polynomial as used by Van Der Zee and
Van Riemsdijk [1986]:

N

s= I a (la (D} (46b)

i=0
As the polynomial in eq. (46) must be assessed experimentally its use
implies long term sorption experiments Iif high concentrations are of
interest. If, however, relatively low or Intermediate concentrations,
for which the same reaction product is formed (m is a fixed constant),
are studied then the reaction times may be scaled down by measuring at
high wvalues of c. A third alternative for equation (46) is given in
Appendix B.

3.3 Conclusion

In this paper a physico—chemical description of the reaction of
phosphate with soil and the corresponding mathematical formulation of
this process were addregssed. Due to agreement in the literature about
the description of the adsorption process [Van Riemsdijk, 1979; Barrow
et al., 1981; Enfield et al., 198la,b; Barrow, 1983; Van Der Zee and
Van Rlemsdijk, 1986} emphasis was given to the long term sorption
reaction. This relatively slow process exhibits quite different
kinetiecs than the adsorption reaction and 1s aasumed to involve the
bulk of the reactive solid phase.

The bulk process was described with the Unreacted Shrinking Core
(USC) model known from chemical engineering literature. In this model
the reactant (P} diffuses into the solid phase where a reaction
(precipitation) occurs. Conditions are such that the unreacted solid
phase {is wvirtually inaccessible to the reactant and therefore two
solid phases are found: the unreacted solid phase (in this case
consisting of metal oxides) and the reaction product (consisting of
metal phosphate). The mathematical equations describing the USC~model
may be solved easily if the assumption of steady state is made. The
pseudoe steady state solutions 1in terms of conversion~time relations
are given for spherical geometry and for three limiting cases. These

cases refer to the resistances against the transport of P to the sharp
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interface where the reaction occurs and the rate of reaction at thie
interface. Using stochastic theory the sclutions may be used to
describe the relationship between the mean conversion of an ensemble
of particles with different radii and the time. For simple cases this
may be done analytically, as 1s illustrated for an Exponential PDF
with the reacti{on rate at the interface controlling the rate. With
this analysis for a very idealized system it was possible to show the
very pronounced effect of particle size heterogeneity on the relation
between mean conversion and time.

However, in many cases non-ideal behaviour of the system as well
as experimental 1naccuracy prohibit the distinction between the
different conversion-time relationships as well as the assessment of
whether the USC-model (or similarly involved models) is applicable at
all, The theory presented, though, resulted 1in the Iimportant
conclusion that the mean conversion, which is related to the amount of
P precipitated, is a unique function of the product of concentration
in the bulk of the solution and the reaction time. This fact was
subsequently used to give a relationship between sorption, (S5} due to
the diffusion/precipitation process and an exposure integral (I), for
the cases that the concentration varfes 1in time. Since the
relationship S(I) is not kmown a_priori it should be evaluated
experimentally. The elegance 138 in the nature of the exposure
integral, I, which may be used to scale the reaction time. Thus, by
determination of 5(I) at a large concentration and a short time, the
long term sorption behaviour at low concentration may also be found,

since one function applies to a range of different concentrations.

3.4 Notation

ep specific surface area, [mz.kgnl]
G concentration of the oxide, [mol-m-3]_
Ccv coefficient of variation
Dmol coefficient of molecular diffusion, [mz.h_l]
D, coefficient of diffusion In product (Me-phosphate) layer, [mz.h'l]
D coefficient of d1ffusion 1n oxide [m2.h™ 1]
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exponential integral

expectation value

1. Faraday (Table 1)

2. Total amount sorbed/reacted [mmol.kg"l]
functional relationship

exposure integral

Langmuir constant, [m3-mol_1]

polynomial order

amount adsorbed, [mmol.kg™l]

adsorption maximum, [mmol.kg_l]

amount desorbed, [mmol—kg_ll
1. gas constant {(Table I)

2, dimensionless radius oxide particle

radius of the unreacted core, [m]

initial radius of the smallest oxide particle, [m]
initial radius of the oxide particle, [m]

amount precipitated, [nmsl-kg_ll or diffused (eqn. I.3)}
dimensionless time

variance

conversion

mean conversion of an ensemble of particles

constants

concentration [mol.m >

]
concentration [mnl-m—a] at unreacted core surface, at particle
surface, and in the bulk of the sulution, respectively
reference concentration [mol.m-a]
concentration in particle [mol.m_3]

equilibrium concentration, solubility, [mol-m'3]
thermodynamic factor

probability density functfon of Ry and of ¥,, resp.
functional relationship

reaction rate constant at interface, [m* . mol™! . h_1]
1
1

adsorption rate constant, [m3 . mo17l . h'1]

mass transfer coefficient, [m-h_

desorption rate constant, [h~ 1]
stochiometric coefficient

average value of Y¥,, [V]
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my, my parameters
q parameter
T radial distance from centre of sphere, [m]
8 constant, [m-l]
SYO standard deviation of Wo, [V]
t time [h]
v parameter
W conversion factor ml + mmol, w = 1000
¥y lower fintegratlon boundary in Exponential 1intergral
z valency (Table I)
¥ electrostatic potential in the plane of adsorption, [V]
o 1. ratio of oxalate extractable fractions
2. proportion of P present as HPOZ- (Table 1)
Y activity coefficient in solution
£ porosity of the oxide
& relatieve surface coverage by adsorption
P bulk density of oxide [kg.m °]
T time to complete conversion particle [h]
g time to complete counversion smallest particle [h]
w thickness adsorbed layer, [m]
in initial condition (subscript)
(434 oxalate extractable quantity (subseript)
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4. EXTRAPOLATION AND INTERPOLATION BY
TIME-SCALING IN SYSTEMS WITH DIFFUSION
CONTROLLED KINETICS AND FIRST ORDER
REACTION RATES

Abstract

The dinterpolation or extrapolation in time of physico-chemical
processes from experimental data 1s often difficult. A theoretically
derived time scaling procedure using an exposure variable of the
concentration 1integrated in time, with at most one adjustable
parameter was applied succesfully to three systems taken from
metallurgical, agricultural and environmental engineering. This
scaling rule 1s potentially usefull as a research or management tool,

for systems that are too complex for mechanistic modelling.

4.1 Introduction

In chemical, metallurgical, and mining engineering as well as the
earth sciences, kinetic processes are often of considerable
importance. Kinetics play a role e.g. 1n ore processing, fuel
combustion and oill shale or coal gasification, catalyst regeneration,
mineral weathering, and fertilizer nutrient immobilization. Different
rate determining steps may be Involved in such reactions. These steps
can be caused by diffusion, heat tranasfer, or reaction kinetics.
Because the degree of conversion 1s a function of time the dimension
of the system of iInterest must often be optimized to achleve a certain
effectivity. Thus 1n chemical reactor plants, the fluid velocity must
be regulated for optimal results and for optimal fertilization the
moment and method of fertilizer application are under constraints.
Reaction kinetics may depend on a large number of parameters and
variables. Therefore system optimization wusually requires the
evaluation of the effects of important varfables om the reaction
kinetics and performance of the system. Even if such an assessment is
done oanly over a limited range of values of the dominant variables the
effort may be large. To cut down on this effort the system 1s often

described mathematically. The mathematical expressions are used to fit
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the data, and for interpolation and extrapolation to conditions not
evaluated experimentally. Using for this purpose empirical models may
cause large uncertainties. The problem 1is simpler {1f the processes
involved are understood physically. Then the mathematical formulation
may be based on a realistic physico-chemical model. A particularly
usefull approach 1s to use non-dimensional mathematical equations, or
dimensionless numbers such as the Reynolds and Schmidt numbers
[Levenspiel, 1972]. The use of such dimensionless quantities 13 based
on scaling rules and was discussed extensively by Bird et al., [1960].

In this paper we present a tlme-scaling method. The theoretical
background 1is well documented in chemical engineering literature of
golid-fluid and solid-gas interactions for relatively simple systems.
Processes in such systems are dominated by diffusional transfer or
first order reaction kinetics. We show that such time scaling may be
feasible, even if the mechanisms are Iincompletely understood, for
complicated reactions systems. The method is 1llustrated with examples
from different fields of interest.

4.2 Background of scaling

The overall kinetics of conversion of a solid phase may be
controlled by e.g. the diffusion rate of one of the reactants, the
heat transfer rate if heat {1s produced or consumed, and the
concentration. Other factors that may be of 1mportance are e.g. solid
characteristics such as specific surface area, solid phase purity,
etc. In the case of an 1isothermal, non-catalytiec reaction the
conversion rate, (the rate of change of the reacted amount of solid
phase relative to the total amount present tnitially), may be fitted
to mathematical functiona with at least one constant. Often several
empirically fitted rate -equations may seem equally appropriate.
Moreover, equationa with more than one constant may yleld sgimilar
results for different values of the constants. Therefore, 1little
physical relevance can be attributed to apparent rate constants
obtained {n this way. For example the general features of the square
root of time behaviour of unsteady linear diffusion can be described

equally well with an empirical expression for the reaction rate
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[Skopp, 1986]. Experimental errors and the similarities {in the
description of different physico-chemical processes complicate the
discrimination between different mathematical descriptions . However,
such similarfities may be of use If mechanistic understanding of the
overall conversion process 1s small. This 1is 1llustrated by
considering the coanversion of solid phase particles. The conversion
rate is controlled by three resistances, acting in series.

The mechanisms causing these resistances are 1) diffusive mass
Fransfer through a stagnant fluid film surrounding a particle, 2)
intraparticle diffusion through a layer of converted solid, and 3)
first order chemical reaction rate. A model taking these three
mechanisms {nto account 18 the unreacted shrinking core (USC) model
[Levengpiel, 1972, Wen, 1968]. In the USC model the uncoaverted solid
cannot be penetrated by the gaseous or liquid reactant. By reactfon at
the surface of the unconverted solid, a reaction product layer forms
that grows at the expense of the unreacted, and shrinking core. In the
different homogeneous conversion model (HC)}, reactant diffuses 1into
the unreacted soli{d and the reaction coccurs the eantire particle. In
general the USC model is physically most realistic [Levenspiel, 1972,
Wen, 1968]. Because the discrimination of the two models is seldomly
possible on the baals of data [Wen, 1968] and the main point of this
analysis holds for both models, the approach 1is illustrated with the
USC model.

The exact solution of the mathematical equations describing the
USC-model has received much attentfon in applied mathematics
literature. Usually the problem to solve the moving boundary problem
of the USC model 1is to find a suitable transformation of wvarlables
[Ockendon and Hodgkins, 1975, Davis and Hill, 1982]. The mathematics
are consgiderably simpler if we assume that the pseudo-steady state
agsumption 1s applicable. This assumption was challenged [Davis and
Hi11, 1982, Bischoff, 1963] but 1is acceptable for gas—solid reactions
or the reactions between dilute electrolytes and a solid [Wen, 1968].
Barly solutions of the USC model assumed that the overall conversion
rate is controlled by one of the resistances {Yagl and Kunii, 1954].
Later extensions included mixed control [Lu, 1963], a reversible
reaction [Lu and Bitsianes, 1966], and swelling or shrinking of the
particle [Shen and Smith, 1965]. A pseudo steady state solution 1s
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coumonly presented, by considering the fractional counversion (X}, as a
function of dimenaionless time. Dimensionless time 1is obtained by
division of real time with the time (t) required for complete
conversion. The solution for an ensemble of equally sized and shaped
particles, and for mixed rate controll is given by

t= f -:iPi(X) [Bartlett, 1971, Braun et al., 1974, Szekgly and
Propster, 1975], where Py(X) is a function of X and the resistances
are indexed by i ({ = 1,2, or 3).

Table 1: Relationships P (X) between fractional conversion (X) and
dimensionless time l:/t1 , with 1 the rate controlling step.

geometry i=1 Film i=2 Product layer i= 3
diffusion diffusion Reaction
rate
plate P =X p,=x? Py=X
cylinder  Py=X P,=X+(1-X)1n(1-X) Py=1-(1-X)%
Sphere P, =X P,=1-3(1-X)/3+2(1-%x)  Pym1-1-x)1/3

Summing the solutlons when one of the reslstances (1) 1s rate
controlling is allowed because they act in series. In Table 1 the
function Pi(X) is glven for three particle shapes, and different rate
controlling steps (i). Note that for a plate-geometry a 1linear
relation X(t) 1is found for film diffusion (i=1) as well as for
chemical reaction rate (i=3) control. This shows that experimental
data conforming to such a relation way be deseribed by both mechanisms
as well as by linear combinatfon of 1 = 1 and { = 3, even though the
physico-chemical nature of these rate limiting steps is completely
different. The time for complete conversion (1:1) in Table 1 1is
invariably inversely proportiomal to the concentration ¢ in the bulk
of the gas or liquid phase. Therefore the conversion-time relation can
be expressed as an explicit function of ct, i.e. ct= F(X) where F(X)
is a function of X. This 1is the basis of our scaling rule. By
inversion we find that X-F-l(ct). In words this may be formulated as:
'there is a unique (rhough not necessarily knowan) functional

relationship between the fractional conversion of an ensemble of
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particles with the same size and shape and the product of
concentration and time'. Moreover, because *y is inversely
proportional to ¢ for all situations referred to in Table 1, such a
uniqﬁe relationship 18 found also for an ensemble with differently
shaped but equal sized particles. That a unique relationship between X
and ct can also be expected for ensembles with particle size
distributions was shown numerically [Bartlett, 1971, Braun et al.,
1974, Szekely and Propster, 1975] and analytically (Chapter 3). Sofar
the analysis 1leading to the concentration-scaled conversion time
expression was based on the assumption of a constant bulk
concentration in the gas or liquid phase. Mowever, if this bulk
concentration varies slowly in time and if the pseudo steady state
approximation is walid, scaling of time 1is still possible. In that
case an integral of ¢ over t should be used Instead of the variable
ct. This integral, that resembles the exposure variable I commonly
used in toxicology [Brunekreeff, 1985], may be defined as

I=Yf(c~ce)dt , Where Y is a parameter that may be taken equal to unity
and that is used to make I non-dimensional. Instead of concentration
we use the concentratfon difference (c—c,), because in many cases it
is realistic to indentify a lower (no-effect) level of ¢, {c=c,),
below which a reaction does not occur. Such a lower bound might be
governed by e.g. solubility of the reaction product. For first order
chemical reaction rate control the scaling holds also for fast
variations in time of c.

With the extended USC model presented so far the process of
conversion is described well for an ensemble of well-defined particle
shapes and sizes, if a large number of model constants such as
reaction stoichiometry, diffusion coefficients and chemical rate
constants are known. If, however, these constants are not well-known
or Iif solid phase impurity, solid phase mixtures, etc. complicate the
aystem, then the USC model as such fs of limited use. In that case
deterministic modelling becomes practically impossible due to the
large number of parameters, that may differ for different sclid phase
constituents, and that are hard to assess experimentally.
Unfortunately many natural systems studied in e.g. the earth and

environmental sciences are usually very complex. Tn such systems where
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Figure 1: Fractional conversion of chalcopyrite (CuFeSz) as a
function of time (la: after ref. (18)), and as a function of
exposure I=ct (1b). Concentratiom (c) of H2504 as indicated
in Figure la.

mechanistic kinetic models are not applicable, the time scaling method
using the exposure iIntegral may still yield good results because the
unique relation between X and I is still wvalid. So, even for systems

that are incompletely understood, interpolatfon in the exposure domain
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covered experimentally is still possible. An important conmsequence of
the use of the exposure variable is that a long reaction at a small
concentration 18 equivalent to a short reaction at a large
concentration, if I is the same for both cases. Thus extrapolation to
long reaction times (and small concentrations) may be done by

assessing X(I) for short duration experiments at high concentrations.

4.3 Applications of time scaling

In this section we show three applications of the scaling method
which differ in the degree in which the reaction mechanisms are known
in detail. The first example 18 the galvanic conversion of
chaleopyrite (CuFeS,) by metallic copper. This metallurgical process,
was described by the USC model [Bartlett, 1971, 1973]. The over-all
reaction is given by

CoFe Sy + Cu® + 25" = cuy 5+ Pe¥ 41y 8 (1)
The over all reaction rate depends on the rate of proton diffusion to
the unconverted chalcopyrite surface and the proton consumption rate
at this surface. For relatively narrow ranges of the particle sizes of
chalcopyrite and metallic <copper the conversion was studied
experimentally (at 90.) [Hiskey and Wadsworth, 1974). The protons were
supplied by adding HpS0, at differeat concentrations. In Figure 1la
some results are given for different, constant concentrations. In
accordance with our scaling method a single line (Fig. 1b) is-found
when the fractional conversion iIs given as a function of ct.

The next example is the reaction of orthophosphate with soil,
‘which 1s of interest from the scope of P fertilizer efficiency and for
environmental reasons. Due to the reaction in soils containing little
phosphorus, fertilizer-P becomes less available as the time after the
moment of fertilizer application increases [Rahman, 1982, Van der Zee
and Van Riemsdijk, 1988). Hence the application effectivity decreases
also. In s8o0il receiving large quantities of P, leaching of P may
eventually cause surface water eutrophication [Beek, 1979, Enfield et
al., 1981]. In non-calcareous sofl, phosphate reacts predominantly
with iron and aluminum oxides [Beek, 1979].
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The overall reaction that consists of adsorption in combimation to a
diffusion type process [Barrow, 1983, Van Riemsdijk et al., 1984] can
be described as a function of exposure (I) and measured according to
Van Riemsdijk and Van der Linden [1984]. In Figure 2a the amount of
phosphate reacted as a function of 1In(t) is shown for four different
constant concentrations. The logarithmic time scale was takem for
convenience to compress the horizontal axis as measurement time varied
from 1 minute to 40 hours. A total of ten different concentrations
were conslidered experimentally but ounly four are shown in Figure 2a.
In Filgure 2b we show the scaled data for all tea concentrations. Also
shown is a best fitting third order polynomial of 1n(I}. Considering
the complexity of phosphate—-soil interaction the scaling result can be

considered excellent.

concentration (mmol/l)

[n{t)

Figure 3: Phosphate concentration in solution (c) as a function of

time (t). Experimental points and curve as calculated with
the empirical polynowmial of Figure 2.

In the same way we could describe the reaction of phosphate with soil
for times of approximately ome year {Van der 7Zee and Van Riemsdi jk,
1988], so that the results could be used to dimension waste disposal
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gites. The use of this approach to evaluate laboratory experiments is
illustrated in Figure 3. Using the same experimental set up [Van
Riemsdijk and Van der Linden, 1984] a phosphate containing solution
was percolated through a column containing the same soil as used in
Figure 2. The concentration was not kept constant and therefore
decreases by the reaction. The change in concentration as a function
of time was predicted using the polynomial function of Figure 2b, and
proven to be in excellent apreement with the measured concentrations.
These results illustrate the applicability of the scaling procedure at
variable concentrations.

A third example {8 taken from in the field of soil acidification.
Atmogpheric deposition of Sox, NO. and NHy on the soil causes soil
geldif ication which affects the ecological functioning of the soil.
Infiltration of atmospheric polutants causes a complex chain of
exchange and mineral weathering reactions in the soil. On the long-
term mineral weathering controls the soil pH and nutrient status of
unfertilized soils. Mineral weathering is still a poorly understoed
process [Helgeson et al., 1984]. Most research concerning mineral
weathering dealt with pure winerals such as feldspar [Helgeson et al.,
1984, Chou and Wollast, 1984). Mainly two mechanisms of weathering
have been propesed. The first type conforms te the USC model, either
with a product layer that continually fimcreases in thickness [Wollast,
1967, Helgeson, 1971, 1972] or with a constant thickness caused by
dissolution of the product layer at the particle surface [Correns,
1963, Paces, 1973]. In an alternative description feldspar dissolution
is assumed to be controlled by a surface reaction and incongruent
diesolution 1is attributed to precipitation of aluminum hydroxides or
aluminium silicates [Busenberg, 1978, Hldren and Adams, 1982,
Helgeson ot al., 1984]. In wodels of the second type, the commonly
observed parabolic type kinetics are attributed to e.g. exchange
reactions, etch pitch formation, mineral impurity, or particle size
heterogeneity. Little consensus exists on the microscopic mechanisms
that cause the overall kinetice of feldspar weathering, 80 a
mechanistic description of the rate of proton consumption in the more
complex soil system is still remote. Nevertheless, a description of
the proton consumption rate is desirable to estimate long term effects
of atmospheric pollutant deposition. Currently, predictions of such
long term effect are usually based on the extrapolation of empirical
rate equations [Cosby, 1986].
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To investigate whether the time scaling proposed here may yield an
additional instrument for predictions of so0il acidification soil
columns were leached with solutions with a particular coanstant, low pH
at relatively high flow rates, varied to maintain a constant pH in the
soil columns [Van Griansven, in preparation]. This was done for sandy
subsoil samples (70-80 cm depth) [Van Crinsven et al., 1987}. In this
soil proton consumption is predominantly caused by the reaction with
varilous silfcates and aluminum (hydr)oxides present, resulting in the
releagse of aluminum, calefum and silicium and small amounts of
potassium, magnesium, and sodium. When the reaction rates had slowed
down consliderably after a number of days the experiments were
contipued in bateh for a period of 90 days. The reaction vessels were
not shaken and the pH was kept conatant by regularly replacing the
supernatant sclution (every one to
three weeks). In the bateh experiments Al amd Si were the main
compounds that were released. The column and batch experiments were
done at constant pH wvalues of 3, 3.5 and 3.9. The widely divergent
curves showing the amount of a compound released as a function of time
for the different solution pH-values, scale very well for the main
compounds in both the batch experiments (Figure 4) and the column
experiments (not shown).The reproducibility appears to be to good as
18 seen from the duplicated experimental data ian Figure 4., With these
results the quesation to which mechanism or comhination of mechanisms
causes the observed weathering rates i1is not answered. In fact,
regardless of the mechanisms of the feldspar weathering discussed in
the 1literature the experimental results may be scaled with the
exposure varlable, I, provided the reaction rate 1is assumed to be
first order with respect to the proton concentration, and rate
controlling.

For the assessment of long-term effects of soil acidification, the
scaling procedure may yield more reliable results than purely
empirical descriptions [Cosby, 1986].
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4.4 Conclusions

In this paper we discussed the scaling of time in the case of
reactlons whose rates are controlled by reactant diffusion, a first
order chemical reaction or a combination of these processeg. The
scaling procedure proposed that has at most one adjustable parameter
(ce) is derived from the unreacted shrinking core (USC) model. A‘
unique relation 1s found between the amount of reactant or solid phase
that has reacted and an exposure variable, which 1is a function of
concentration and time. Moreover, the scaling rule is also valid for
other diffusion controlled processes e.g., when abrasion of the
product layer occurs, in case of irregular solid phase geometry, when
various particle sizes occur or when the composition of the solid
phase and the reaction stoichiometry vary as in soil. These and other
complications do unot affect the possibility to apply our scaling
procedure. The scaling procedure may be useful in a gemi-empirical
basis for interpolation and extrapolation Iin time for complex real
world reaction systems that are not (yet) amenable to a mechanistic
description. Once the relationship between conversion and exposure has
been established experimentally the conversion as a function of time
and concentration may be caleulated. Hence, the scaling rule may be a
ugeful tool for the simulation of certain real world problems, either

in scientific research or for management purposes.
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5. PHOSPHATE SORPTION KINETICS AND
TRANSPORT IN SMALL COLUMNS

Abstract

The reaction of ortho-phosphate (P) with sandy soll is described
by two processes: a fast and reversible adsorption according to
Langmuir kinetics, combined with a non-equilibrium, irreversible,
precipitation like process. The precipitation reaction involves the
bulk of oxides and 1s described with a model derived from the
unreacted shrinking core wmodel. Model parameters are assessed by
performing sorption and desorption experiments. With the parameter
values obtained, the transport of P in packed columns is simulated.
Good agreement between measured and calculated breakthrough curves is
found for the transport of high feed concentration of P and for the
leaching of a column presaturated with P. Transport experiments appear
to produce additional information that is necessary for the assessment

of model parameters.

51 Introduction

The reaction of P with soil and its kinetics have been studied
intensively [Beek and Van Riemsdijk 1982]. In the non-calcareous,
sandy soils the reaction of P is predominantly with oxides of Al and
Fe, [Beek, 1979]). Generally the rate of this non-equilibrium process
depends amongst others on the P-concentration in solution [Barrow,
1983; 1981; Beek and Van Riemsdijk, 1983]. Measurements indicated that
only part of the sorbed P will desorb within a practical time-scale
[Barrow, 1983; Beek, 1979]. TFor Gibbsite it has been shown that
sorption in excess of monolayer coverage may occur [Van Rliemsdijk and
Lyklema, 1980].

The reaction of P with s0il was described mathematically with a
variety of expressions dincluding the Langmuir and the Freundlich
isotherms and rate equations [Sibbesen, 198l; Enfield et al., 1976;
Enfield and Shaw, 1975; Shah et al., 1975). The complexity of the

sorption phenomena is indicated by the use of several equations by



e.g. Barrow [1983], Enfield et al., [1981], Beek [1979] and Mansell et
al., [1977 a,b]. RERecently the diffusion of P into oxides has been
proposed by both Van Riemsdijk et al., [1984a] and Barrow [1983].

Their models, however, are conceptually different. Whereas Barrow

considered a diffusion process according to penetration theory, Van
Riemadijk et al., assumed a reaction with the bulk of the oxides with
diffusion towards the reaction zone as rate-limiting. In> the reaction
zone, which was assumed infinitely thin, metaloxide is converted to a
metal-phosphate by a precipitation like reaction. This mdel is known
in the chemical engineering literature as a shrinking core model. The
reaction rate, if the solubility product is exceeded (c > c¢p ), was
described using a composite concentration-time variable {chapter 3).
The model of Van Riemsdijk et al., [1984] has been extended by Van
der Zee and Van Riemsdijk [1986] toe include the observed reversibilicy
of part of the reaction and also to account for the reaction abserved
at concentrations below the equilibrium concentration. In thisz study
the sorption model of Van der Zee and Van Riemadijk [1986]' is briefly
outlined. Next the procedures employed for the estimation of model
parameters are I1llustrated. Since these procedures consist also of
column-leaching experiments the transport of P has been simulated, and

the experimental and numerical results are compared.

52 Mathematical formulation

The removal of P from the soll solution due to its reactiom with
the oxides of Al and Fe is fast initially and slows down considerably
with the progress of the reaction(time). The concept of the diffusion
of P into the oxides and subsequent conversion of the oxide into a
metalphosphate [Van Riemsdijk et al., 1984] yielded good results.
However, their convenlent semi-empirical expression giving the amount
of P sorbed as a function of the concentration-scaled time variable I
is usefull only in the [Ij-domain covered experimenfally. The reaction
of P at concentrations below the equilibrium concentration of P, as
governed by the metalphosphate solubility, as well as the backward
reaction were not included in their mndel. Moreover, the reaction at

higher walues of the concentrations and sorption times, than evaluated
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experimentally involved extrapolation that may be subject to
considerable error.

In order to account for reactions at low concentrations as well as
to 1include the backward reaction, two separate processes of a
different nature and kinetics are distinguished. A fast and completely
reversible adsorption process of P on the surface of oxides and

wetalphosphates already present is described by Langmuir kineticsa:

| -0 -
dt kac(Qm Q) de (1
At equilibrium (‘—(:% = 0) the Langmuir {sotherm is found:
KQ e
m
¢ TFR @

If desorption of soil-P is enticed, in the presence of a high affinity
- high capacity sink for P (Chapter 2) them equation (1) reduces to

FT <
and integration with the condition

I.C t=0 Q= Qin (4)
will yield for the desorbed amount:

% = -

Q Qin Q) {5)

* = - -

Q*(e) = Q{1 - exp(- Kk, 0)} (6)
A slower iumobilization of P assumed irreversible for laboratory time
scales, is described by the diffusion/precipitation process given by
Van Riemsdijk et al. [19B4) and Van der Zee and Van Riemsdijk [1986)
{Chapter 3)

S=f (I) &)

where
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I =xf (cp - ce) dt {(8)

In eg. (8 v 1is used to wnondimensionalize I. The function £(I) is
glven by an exzperimentally evaluated polynomial of the form:

E(D) = ag +a; In(D) + .312{111(1)}2 9y

¢]
In principle other polynomials (e.g. by not taking the natural
logarithm of I) are equally feasible. Since the constants of equation
(9) are found from experiments they are valid irrespective of the
amounts of P adsorbed or precipitated e.g. in a coating in the iajtial
situation However, it is moted that the values of the constants will
depend upon the initial situation, and consequently so will the shape
of £(I). Whereas equation (9} is assumed to be valid for all possible
initial conditions, these conditions will be Intrinsic d1in any
specified shape of £(I) and they must be given. If this is dome, an

arbitrary reference point for equations (7)-{9) may be chosen:
§=25 (10)

It is noted that the values of I and I, depend on the units of ¢ and t
chosen as I and Io have a dimension.

The condition (10) 1s acceptable if 8, is small and ﬂ%é}). is
positive for all relevant 1 > T,. For equation (7)-(9) a condition is

given so that no dissolution takes place:

¢ < P cP =c (lla)

c > Ca cp = ¢ {11b)

The sorpticn model for P may be combined with a transport model to
study column-leaching experiments. For a uniformly packed sand-column
with saturated, steady state carrier flow in one direction, =z, the

transport equation is given by:

2
BF de _ e _ v
(L -8)p 5t + 0 Er oD ——622 J Iz (12)

assuming, that concentration induced density effects may be neglected.
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In equation (12), F is:

F(e) = Qt) + S(t) 1)
The hydrodynamic dispersion coefficient takes into account the effects
of molecular diffusion and of mechanical dispersfon [Bolt, 1982; Bear
1979]:

D= Dmol + Dmech (14)
The coefficient Dy.q 1s the tortuosity corrected molecular diffusion
coefficient 1n a free solution and the mechanical dispersion
coefficient is given by [Bear, 1979; Pfannkuch, 1963]:

v
Dmech =279 (15)

Here £ is called the medium's dispersivity.

The initial and boundary conditions for the transport are:

I.C.: £ <D c=c, 0z <z (16)
t>0 e - e) = z=20 (17a)
[+ dz
B.C.:
B¢
t>0 J (cE- c) = -Dg; z =z (17b)

with no backmixing assumed.

53 Materials and methods

The s0il NKR-1 was classified as a Spodosol (Table 1), The
material used was sampled at the depth of 20-40 cm from a field in
pasture, in a cover sand area. The spil HAR-4 was sampled at the depth
of 0-20 cm from a field that annually received 160 ton/ha of liquid
manure. It is a Spodosol in coversand.

Chemicals used were of pro analyse quality. Background electrolyte

contained 1.5 * 10“3 M CaCl, and 2 potassium concentration of 5 * 10-3
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M by addition of KCl in conjunction to K added as KH2P04. In some
cases the electrolyte differed, however, with negligible effects upon
{de)sorption as compared to experimental error.

The desorption kinetics experiments employ Fe-oxide coated paper with
a high affinity for P as the extractant to ensure Insignificant P-
concentrations In solution (Chapter 2}. Columm-leaching desorption
experiments consist of a pre—adsorption stage (7 days percolation with
5 * _10"3 M KHyPO4) followed by a desorption stage with a solution
without P. Effluent was collected econtinuously using a fraction
collector. Afterwards the residual P adsorbed was desorbed using Fe-
oxlde coated paper. Column-leaching adsorption experiments by
introducing a P~containing solution without prior adsorption followed
the same procedure ({see table 2). Total sorption was measured
according to Van PRiemsdijk and Van der Linden [1984] for

concentrations In the range of 5 * 10-5 - 5 % 1(}“3

M KHyPO,. In all
experiments the concentration of P was measured with the Molybdenum-

Blue method (Murphy and Riley, 1962]. Optimizing procedures were done
| by non-linear curve fitting according to the Simplex method. The sum
of squares (88) of deviations between experimental (Y,;) and model

{Yi) values of the dependent variable was minimized:
v 2
8§ = E (Yi - Ymi) 23
with

g = {ss/(r:-m-l)}15

to indicate the goodness of fit.

(24)

5.4 Parameter assessment and data analysis

If 1in reaction experiments the sorption 1s calculated by
determination of the amount of P removed from the solution, then it 1s
not known what part has adsorbed on the surface (Q) and what part has,
precipitated (S). Thus a way to separate the fractions Q and § of F
(eq. 13) must be found. The backward reaction for the diffusion

precipitation process may be expected to be controlled by the
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solubility of the metal phosphates formed. For such phosphates the
equilibrium concentration (c.) 1s usually small. For many practieal
situations we may thus assume § to be irreversible. Then by desorbing
80il-P in the presence of an infinite siok we may assess Qin and kd'

Next a soil column presaturated by P may be Ieached with feed
solution containing no P. In that case the precipitation rate will
have hbecome negligible, and Q will be practically at its maximum. At
the column outlet the concentration in solution 1s measured and the
corresponding amounts desorbed are calculated as in Appendix 1. This
leads to the values of K and Q. Now we may calculate for any sorption
experiment the adsorbed amount {f c(t) is known, by numerically
integrating eq.(l). This leads to S(t) if calculated adsorption as a
function of time {3 subtracted from measured total sorption, F(t) (eq.
13). By optimization of S as a function of I for different sorption
experiments done at different ¢, we obtain the polynomial constants of
eq.{(9).

5.5 Resulis and discussion

The information compiled 1in table 1 indicates, that the two soils
have rather different contents of P organic matter, Fe and Al. Using
%(Fe+AL) mmol/kg (oxalate extractable) as a rough estimate for the
sorption capacity of such soils for P [Lexmond et al, 1982], then it
is ¢lear that the HAR-4 soil is relatively more saturated with P than
the NKR-1 so0il. This is also clearly reflected in the behaviour of
both soils.

For HAR-4 the desorption kinetics experiment yields values of
ky=0.2 n! and Qqp=4.5 mmol/kg. For 8 soils an average value
of Ed=0.2 + 0.03 h_1 (for desorption times up to 66 h is found). The
results for HAR-4 are illustrated in Figure l. From the scatter of the
observations it may be concluded that In fact quite some uncertainty
concerning the value of ky persists. Because P, is 18.3 mmo1
kg-l

sorbed reversibly.

(Table 1) it appears that merely 257 of the P appears to be
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48 60
t (hours)

*
Figure 1. Desorbed amount (Q ) as a function of time for HAR-4 (o)

and NKR=1 (+)

Table 1: Data of the HAR-4 and the NKR-! soils

Name HAR-42 NkR-1°
Landuse Arable land Grassland
Parent material Coversand Coversand
Classificatioul) Aquod (Spodosol) Aquod (Spodosol)
Depth [m] 0-0.2 0.2-0.4
Horizon Ap B2

Loam [%] 10 25
Median Grain Size [pm] 150 150
Organic Matter [% wgt] 1.9 3
Oxalate extract. P[mmol/kg] 18.3 3.9
Oxalate extract. Fe[mmol/kg] 14.5 4.1
Oxalate extract. Al [mmol/kg} 50.4 91.0

1) pe Bakker [1979], 2) HAR-4: Lezmond et al [1983]°
Dekkers [1983]

B NKR-1:
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The other values of the adsorption parameters way be obtained
considering the P-stat data at low c¢ (supposedly below €g)e For two
concentrations, 4.e. 0,055 and 0.075 mmol/L, respectively, the

adsorption kinetics have been optimized with respect to equation (1).

10
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Figure 2: Adsorbed amount (Q) as a function of time for HAR-4.
Observations and simulated curves for two concentrations and

two values of K

Table 2. Optimizing results for the sorption parameters.

1. Name 2. Q;, 3. Q 4o ky 5. kg 6. K 7. ag 8. ay %. ay 10 e,
HAR-4 4.5 6.8 0.00575 0.125 9.046 0.103 ~0.131  0.075 0.2
NKR-1 0.7 16.3 0.005 0.450 G.011 3.03 1.96 G.63 0.04

For polynomial constants t was in miputes; In the Figures t was converted tc houre

again.

The results are given in Table 2, columns 2-6, and the simulated
adsorption as a function of time {s showa in Figure 2. The
observations are covered well by the optimized curves, although {t
should be kept in mind that only tw concentrations have been
considered. That this is possibly a shallow basis for the estimation
of the adsorption parameters iIs reflected by the simulated
breakthrough of the column leaching experiment: Figure 3. For this
simulation the values of the parameters are taken from Table 2 and
Appendix 2. Although the obaervations are well predicted for the £irst
pere vwolumes the deviations between observation and the simulated

curves become significant after approximately 5 pore volumes.




- 90 -

Nevertheless, recognizing that the constants used for the adsorption-
desorption process have been asgessed independently the results are

consldered acceptable. Another approach 1s given in Appendix 1.

10 T T v

Q

lmmoklkg‘h

(3a)

03 06 09 12 15
¢ (mmol.l™ 1

0 + — -+ 1'**‘1--. - '_w_':;"_';“_:; ML
0O 5 10 15 20 50 60 70 165170
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Figure 3:Breakthrough curve for HAR-4. Measured (e) and simulated
curves for K = 0.046 m3/m1 (line) and K = 0.080 m3/mmnl
(dashed 1line). Inset 3a: Adsorption isotherms with K = 0.046
m3/mm01 (line) and K = 0.080 m3/|mml (dashed line).

In Figure 3a the experimental isotherm data points, found according te
this appendix the 1isotherm obtained by optimizing these data with
respect to equation (2), resulting in K=0.080 and Q,=6.85, and the
isotherm according to Table 2 are shown. This preliminary assessment
of the isotherm is baged upon the assumptions, that (1) 1local
adgorption equilibrium 1s assured in the columm and (2) concentration
gradientz in the column are negligible. The =simulated response of the
breskthrough, using the optimized values KX=0.080 and Qp=6.853,
describes the obhservations excellently, despite the fact, that 1.e.
the concentration gradients in the column are certainly not negligible
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initially (Chapter 10)., In Figure 3a this 1s 1indlcated by the
erroneous position of the points at the right side of the plot. The
results are quite promising with respect to the applicability of
colump—experiments in the assessment of P-adsorption parameters.

Besides the two concentrations mentioned also P-stat experiments
have been performed at concentrations in the ramge 0.2-5.0 mmol /L. If
the amounts adsorbed for these experiments are subtracted from the
total sorption F (equation 13) and the rest (S5) 1is optimized with
respect to equations (7)-(9), then the polynomial constants are found.
This is done for trial values of c,. As the optimizing result (o) is
rather insensitive to cg,, @ narrow range for this parameter may not be
obtained. These estimation of ¢, is approximately 0.1.-0.2 mmol/1,
which is in agreement with values reported by Van Riemsdijk et al.,
[1984]. Setting €,=0.2 mmol/1l implies that the experiments with higher
¢ may not be used in the adsorption parameter assessment discusgsed
earlier (reversible kinetics). The polynomial constants which are
reported in Table 2, complete the description of the sorption kinetice
for HAR-4 (Figure 4).

B K 8
S (b}
~ 4 @ Sal o st
g ol 2
— 3_ -..... --. =
3 REP I -
£ 2r .:'::.'.-:a' JE
wo ol Eme v 2f
5.'. L4 ! o .'!.'!!. )
0 as 110 0
-4 -2 0 2 4 -4
In(t) tn{I)

Figure 4: Total measured sorption, F', as a functfon of 1n{t) (Figure

4a), and measured precipitation,S', as a function of 1n (I).

As can be seen the acaling of time by concentration, by using exposure
(I) as variable leads to a relatively narrow band of the. data points.
For comparison it may be noted that the shape of the scaled curve for

different concentrations 1{s similar to the conversion-{dimensionless)
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time curves given in Chapter 3. It should be noted also that although
the polynomial constants were obtained for time in minutes, the time
in Figure 4 is in hours. Fhrfhermote, what is shown 1s actually mot F
and 5, but the total measured sorption and measured precipitation,
i.e., excluding already sorbed P at the beginning of the experiments.
Using the observations of the P-stat experiments (i.e.: F,c,t) bath
the adsorption and the precipitation may be simulated. In Figure 5 the
subdivision of the weausred F in S en Q, regpectively, 1iIs shown. The
agreement of the observations and the simulated F is considered fairly
good as use has been made for the diffusion-precipitation process of
only one adjfustable parameter: cq+ For the HAR~4 s0il the processes

may be described rather satisfactory for the conditions considered.

(a)

SORPTION (mmolkgh)
[ ] (Y] e~ (8]

(n(t) (n(t)

Figure 5: Total sorption (F'), adsorption (Q') and precipitation (S')
simulated with the data of Table 2, and measured F' at a)
¢ = 0.24 mwl/l and B) ¢ = 0.67 mmol/l (HAR-4). Primes
denote that initial contents were disregarded.

In the analysis of the NKR-1 s0il a different behaviour is
observed with respect to the sorption and desorption processes.

The desorption kineties experiment for the NER-1 (see Figure 1)
reveals the small conteat of initially desorbable P: {.e. Qp=0.7

mmol/kg. This value 18 quite small compared to the estimated total
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sorption capacity, and about a fourth of the total P extractable by
oxalate. The ky-value of 0.45 h™l 1s of the order of magnitude of ky
values mentioned earlier.

Unlike 1in the case of the HAR-4 soil, the other adsorption
parameters may not be esiimated directly from the P-stat sorption
measurements, using the experimental data for low concentrations of P.
The reason that this can not be done, 1s, that the result from a
column experiment for NKR-1 suggests a rather low value of ¢, Which
means, that at low ¢ precipitation may already occur. Thus, the
isotherm has been directly estimated from the concentrations ia the
effluent of a column-leaching experiment, and Q, according to Appendix

1. In Figure 6 the experimental isotherm data points are given.

20
Ten I
— B .
2
E
£ 10
e}

Oo 11 l2 3 Figure 6:
C (mmol l-1) Adsorption  isotherm

for NKR-1 (Table 2).

For these results the parameters are given 1in Table 2. The
estimated adsorption maximum (reversible) is large as would be
expected from the aluminium and iron content of the soil. The isotherm
is considerably less steep then the HAR-4 isotherm. This causes the
increased buffering at higher concentrations during the desorption
phase of the column experiment (Figure 7). The polynomial constants
were found for a value of ¢, = 0.04 mmol.l_l +» These values for the
parameters of the NKR-1 soil are subsequently used for the simulation

of the transport of P in order to get an impression of the
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Figure 7: Breakthrough curves for NKR-1. Observations (*) and
simulated curves with the parameter values of Table 2 and

Appendix 2.
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compatibility of the sorption kinetiecs model with the beﬁaviour of P
in this =s0il. The observations and the simulated breakthrough curve
are shown in Figure 7a. The feed solurion in this experiment contained
0.2 mmol P/1l. It is concluded that the overall sorption kinetics im
this case of transport of P is mot described well by the parameters of
table 2. 1In Figure 7b similar results for a feed solution
concentration of 3 mmol P/l are shown, that are predicted better by
r'simulation of the transportproces. As in Figure 7a, first breakthrough
is predicted a little too laté, and the tailing appears to be somewhat
leas pronounced in the simulated curves as compared to the
observations. Better agreement was found for the experiments of Figure
8. The variation in the flow velocity occurring for the experiment
with cO-O.Z mmo1/1 was taken into account in the simulations (Appendix
2).

The assumption, that the value of ¢, for the NER-1 soil 1s less
then approximately 0.2 mmol/l. It is based upon the shape of the
éxperimental breakthrough curve of P for this soil. In the case that
ey 1is less than or equal to Cgs the solute is only subject to
adsorption according to Langmuir kinetiecs. If adsorption may be
described by the Langmuir isotherm (local equilfbrium) then P will be
displaced according to a travelling wave (steady state front: Appendix
A). The “breakthrough curve” of such a travelling wave 18 quite
different from the curve presented in Figure 7. In the case, that
local adsorption equilibrium is not attaimed the transport processes
will still be very similar to the phenomenon of the travelling wave
and the breakthrough curve will bear much resemblance to the one found
for a travelling wave. Therefore c, 1s estimated to be significantly
less than 0.2 mmol/l.

A case of interest iIs the perturbation of the transport phenomena
discussed above by the sorption according to the diffusion
precipitation process. The deformation of the breakthrough curve will
be similar to effects that occur, if immobile water or a heterogeneous
flow domafin 18 considered (see e.g. De Smedt et al., 198l; Raats,
1981; Bolt, 1982). An analysis that bears some physical resemblance to
the processes discussed here, 1s given by Rasmuson [1981].
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Figure 8: Breakthrough curves for the NKR-1 Soil. Parameter wvalues
given in Table 2 and Appendix 2. ’

To demonstrate the perturbatfon of the breakthrough curve several
values of ¢, were chosen, keeping the polynomial fixed (see Table 2:
NKR-1 soil). If the value of ¢, 1g taken equal to the concentration in
the feed solution, then the solute adsorbs according to Langmuir
kinetice. If 1lower values are taken, the perturbation of the
breakthrough curve will be larger if ¢, is smaller: Figure 3. For
illustrative purposes this perturbation 1is shown with the same
polynomial in all cases. As the polynomial obtained by optimizing the
P-stat experiments depends on the ¢, chosen, also simulations have

been performed where for a given value of the appropriate

Ce
polynomial constants are used. However, due to the relatively small
importance of the precipitation process the effects are negligible.
The effect of the slow process appears to be a decrease in the travel
velocities of the coucentrations exceeding Cq* However, also for
smaller concentrations the travel velocity 1s slightly affected. This
is an 1llustration of the fact that In the case of non-linear,
favourable isotherm the travel velocities of the higher concentratlons
affect the velocity for the lower concentration range.

Finally, as the choice of the order of the polynomial is somewhat
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arbitrary, the order was varied for the NKR-1 soil from I to 3. It was
noted, that the effects were smsll. It should be realized that If the
transport problem 1s sguch, that the value of I exceeds the
experimentally evaluated domain of I, the choice of the polynomial
{order) affects the nature of the extrapolation procedure (Appendix
B). In that case, at least, the cheice of the degree should be made

with care.

10

C/ Co [

09 100 200 300 200 500

V/VO
Figure 9. Breakthrough curves for the 1indicated values of Coo

parameter values as in Figure 7a.

5.6 Conclusions

The results presented for the HAR-4 sofl indicate, that the desorption
of the sorption kinetics of P according to the two processes proposed,
i.e., a reversible adsorption described by Langmuir Kkinetics and a
precipitation of P with diffusion of P into oxides as rate limiting,
is promising for the description of the experimental results. The
prediction of an independent column leaching experiment 1is
satisfactory. Results concernimg another soil (NKR~1) show that it
behaves quite different from the HAR-4 soil: the adsorption isotherm
seems to be significantly less steep for the NKR-1 soil and rthe
precipitation process seems to occur at lower concentrations of P. The

precipitation process 1s less important than in the case of HAR-4. The
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results of the .column experiment of the HAR-4 s0fl considered
indicate, that this technique may present additional information, that
ig wot easily obtained otherwise. Examples are e.g. the parameters K
and Qm for the adsorption process {f the diffusion precipitation
process prohibits the direct assessment from P-stdt_experimenfs. The
value of ¢, that 1s only inaccurately estimated from data obtained
with the P-stat technique may possibly be estimated by studying the
breakthrough curve of P. However, then there must be certainty, that
the breakthrough curve {s not significantly affected by other

processes with similar effects (e.g. immobile water).

5.7 Appendix 1: Isotherm construction

From the breakthrough curve of a column that is P-gaturated (i.e.,
Q =Q, at t = 0) and which is leached with a solution containing no P,
the isotherm may be constructed.
Neglecting concentration gradients— in the column and assuming
adsorption equilibrium, the desorbed amount after n; effluent solution

samples are taken, equals

in = jE= . {Vjcj - Vb(cj_l - cj)} (1-1)
where Q:l is the desorbed amount, on average for the whole column, Vj
is the sample wolume of the Jth sample and cy is the P-con:entration
in this sample, V; is one pore volume of the column. @ 18 thus
calculated for all (n) samples. After the last sample the column soil
material 18 analysed and this ylelds the residual amount of P still
adsorbed (Qp). Thus the total amount of P adsorbed reversibly after
the nth sample equals

QU ™ R (1-2)
The total amount adsorbed at the moment that leaching starts equals

. |
Q (£=0) = Q_+ Qy (1-3)
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and for any sample j the amount still adsorbed and in equilibrium with

€y measured in this samples is

%

Q e = Q= Q3+ O (1-4)

Because for all sample we know both Qj and 4 {3 =0, s0as,n), we
can £it equation (2) to these data to obtain K ('ka/kd) and Qm-

58 Appendix 2: Values used to simulate transport

HAR-4 NKR-1 (Fig.7a) NKR-1 (Fig-7b)
8 0.40 0.65 0.40
B 1780.0 1035.0 1600.0
I 0.080 0.059 0.050
-7 -7 =7
D1 9.10 9.10 9.10
2 0.0005 ¢.0005 0.002
Z 0.04 0.04 0.10
<o 0.2 0.2 3.0
NKR-1 {Fig. 8) WKR-1 (Fig. 8)
8 0.50 0.505
p 1011.0 1087.0
Jv t<44h:0.094;t>440:0.048 0.0556
-7 -7
Dml 9.10 9.10
2 0.002 0.002
zp 0.04 0.04
00 0-2 3.0
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5.9 Notation
Q adsorbed phosphate (reversible)
§ precipitated phasphate (irreversible)
F  sorbed phosphate (sum of Q and 5)
I concentration—time integral
JV carrier specific discharge
D diffusion-dispersin coefficient
N  number of samples
M  number of optimized parameters
K  adsorption constant
V  volume
t time
z distance
¢ concentration of P
a adsorption rate constant
kg4 desorption rate constant
84,89 ,8y,35 polynomial constants
L dispersivity
m  exponent
0  volumetric water content
p  bulk density solid phase
0 standard deviation of fit
subscriptas:
e with ¢t equilibriuvm
E with ¢: effluent
i with ¢: 1initial concentration
0 with c: feed solution ¢ in column experiments
with V: soil column pore volume
in with Q: initially adsorbed
m with Q: adsorption maximum
L with z: column length
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mmol /kg
mmol /kg
mmol /kg
mmol .min/m
3 /m2.h
n/n
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6. MODEL FOR LONG TERM PHOSPHATE REACTION
KINETICS IN SOIL

Abstract

A simplified reaction kinetics model for long term P-sorption in
soils receiving large quantities of P-rich animal manure 1s presented.
Results from s0il analyses for samples taken in 84 fields in nine
different soil types indicate that the oxalate extractable P provides
a good estimation of total P. Sorption experimental data for reaction
periods up to 249 days show that measured sorption is proportional to
In(t). Total sorptfon, F, (at long reaction periods) that includes P
already present (Pox) appears to be proporticnal to the sum, M, of
oxalate extractable Fe and Al. These results are described with a
model where soil reactivity is related linearly to M, and the reaction
kinetices are expressed in terms of a composite concentration time
variable, I. This leads to the relationship F = kM 1n(I) where k is a
characteristic of the so0il. Comparison with results in literature
indicate that the concentration dependence of the reaction is
accurately described by using I instead of time as a variable.
Differences in reactivity (k) for different soil horizons or soil
types are apparent from the different k-values for topsoils and
subsoils. Sorptifon measured during 40 hours (Fr) may be extrapolated
to long term (1-2 years) sorption (F,) for each soil separately
without correction of the value of I for the reaction period in the
field by simply setting Fp = P + 1.8 F.. For a P-concentration of
5 mmol L0 this leads to a value of w = F /M= 0.63 & 0.14 for
topsoils. Extrapelation using the average k-value found for short term

sorption experiments results in the same value of LI

6.1 Introduction

The behaviour of P in soil has received much attention in soil
sclence literature. Because of the often limited P availability for
plants the emphasis has been given to P fertilization requirements for

optimal plant growth. During the past decades, disposal of waste water
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and animal manure slurries have caused P-gsaturation of solils and a
surface water eutrophication hazard after leaching of P [Ryden et al.,
1973; Beek, 1979; Gerritse, 1980; Enfield et al., 1981]. This 1is
caused by the application of P in this kind of waste, that far exceeds
the plant uptake of phosphorus. Many studies have focussed on the
nature and the rate of the reaction of P with soill [Van Riemsdijk and
De Haan, 1981, Beek, 1979]. The reaction has been shown to be non—
equilibrium and only partially reversible with a concentration
dependent reaction rate [Beek and Van Riemsdijk, 1982, further
reference given there]. The over sll reaction may continue for very
long times [Barrow and Shaw, 1975; Munns and Fox, 1976; Van Riemsdi jk
and De Haan, 1981]. The reaction has been described by Van Riemsdi ik
[1979], Enfield et al. [1981], Barrow [1983], Van Riemsdijk et al.
[1984a], and Van Der Zee et al. [l986] with P-adsorption in
combination to P diffusion into the bulk of the solid phase.

One of the main problems caused by disposal of P-rich waste is the
eutrophication that results after leaching of P into surface waters.
Tramsport of P has been studied by Logan and McLean [1973], Mansell et
al [1977a,b], Beek [1979], Enfield et al. [1981], De Willigen et al.
[1982), Raats et al. [1982], Mansell et al. [1985), Van Der Zee et al.
[1986] and Van Der Zee and Van Riemsdfjk [1986a). These studies
indicated that the description of short term laboratory transport
experiments may be done satisfactorily. However, the applicability of
reaction wmwodels and of parameter values found for laboratory
circumstances to transport in the field remains questionable.

An important parameter 18 the constant describing the kinetics of
the reaction of P, e.g., a characteristic reaction time [Beek, 1979,
De Willigen et al., 1982, Raats et al., 1982]. This parameter
controlls the fraction of potential sorption that occurs in the field
at a particular flow velocity and P concentration. The mobilization of
the sorption capaclty over the years in actual field conditions is
hard to assess experimentally. Therefore, there is a need for methods
that can be used to extrapolate short term sorption measurements to
long term sorption occurring In years.

The sacope of this contribution 1s to present a model that can be
used to estimate long term P sorption from short term sorption

measurements performed in a routine fashion in the laboratory. The
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proposed model is based on a mechanistic viewpoint of the sorption
processes Involved and 1s compatible with descriptions given In the
literature. The input data are easily measurable since the model is
intended for use In practical (field) situations such as P leaching
due to high applications of sewage water or animal manure slurries.
The model described 1is relatively simple as both the assessment of
large and diverse data sets and the simulation of field gituations
with deterministic models is considered to be impractical or even
impossible. This 1s due in part to the spatial variability of natural
systems, i.e., a2 field or watershed, with respect to important
variables such as the contents of the dominating reactive solid phase
constituents. In order to deterministically describe such a
heterogeneous system, the spatial distribution of important variables
needs to be known. However, In most cases prime interest concerns the
system—averaged behaviour [Dagan and Bresler, 1979, Elabd et al.,
1986, Van Der Zee and Van Riemsdi jk, 1986b]. This 1is possible with
stochastic models that take soil heterogeneity into account. In such
models the input variables usually are characterized by a distribution
instead of a fixed (average) value. The mndel described in this paper
was used to estimate long term sorption from the distribution of a
soil reactivity variable found by short term sorption measurements for
an ensemble of 84 rather different soils. This work shows that the
estimated sorption for the ensemble of soil agrees well with the
measured sorption and that extrapolation may be done using statistics

of the ensemble instead of extrapolation for each individual soil.

6.2 Theoretical background

Dissolved and solid orthophosphates predominate In animal manure
slurries whereas organic phosphorus compounds constitute a mwminor
fraction of total P ([Gerritge, 1977, 1980]. Since organic compounds
generally will be converted 1into iporganic constituents [Castro and
Rolston, 1977] we consider only orthophosphate {P) assuming that the
soil is in a steady state with respect to organic P content.

The reaction rate of P ig a function of concentration and of time

(amount of reaction product) and 4dis described with different
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mathematical expressions by Mansell et al. [1%77a,b], Van Riemsdijk
and De Haan [1981], Enfield et al. {[1981], Barrow [1983], Van
Riemsdijk et al. [1984] and Van Der Zee and Vanm Riemsdijk, [1986a]. We
assume that the over all reaction (F) is the result of two processes,
i.e., a relatively fast, reversible adsorption (Q) and a practically
irreversible, diffusion/precipitation (S8). Furthermore, it is mnot
unreasonable to expect that for a soil already containing P the
adsorption rate 1is sufficiently high to reach virtual equilibrium
within a short time such as a day [Van Der Zee and Van Riemsdijk,
1986a). Therefore, the reaction rate for longer times will be
approximately equal to the slow sorption rate, i.e., dF/dt = dS/dtc.
For the sorption rate, we use the expression also used by Van
Riemsdi jk and De Haan [1981]:

ds
aw® - a, exp(-azs) (1)

where a; and a, are constants, assuming that the adsorption
rate (g—Q) is small for times longer than a day. Integration for t, =
(alaz)" and 8(t,) = 0, where t, is negligibly small, yields

-1
§ = a, ln[alazt] (2)

Van Rlemsdijk and De Haan [1981] found for short term reaction times
that a, was proportional to c. No clear relationship between a; and c
was found. In an elternative description of the slow sorption process
by Van Riemsdijk et al. [198B4a], it was assumed that P diffusion was
rate limiting with respect to the precipitation like process. For such
cases Van Riemsdijk et al. [1984) showed that then the sorption can be

expressed as a function of a new composite variable I given by
I=](-~ et/ (e ¢t ) (3)

where c, 1s the equilibrium concentration for the metalphosphate under
the prevailing conditions and c, t,. equals one in the units used. Van
Der Zee and Van Rlemsdijk [1986a] used a second degree polynomial of
In(I) to describe sorption {excluding adsorption) measured for a

reaction time of one week. However, thelr data can also be described
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well by a linear function of 1n(I). Setting in eq. (2) a*c = aja, and
measuring S at constant ¢ as done by Van Riemsdijk and Van Der Linden
[1984] and Van Der Zee and Van Riemsdijk [1986a] also leads to such a
linear relationship of S and 1n(I}:

1

- *
§ =a 1ln(a ct) = 1n(I) + constant (4)

2 %2
It may be noted that with the new variable, I, the same sorption may
be obtalned different combinations of ¢ and t. It is most practical to
perform measurements at one concentration which 1s relevant to
concentrations occurring in field situations. Thus for the animal
manure slurry polluted soils of interest here, concentrations in the
order of 1-3 mmol P L-l are realistic [De Haan and Van Riemsdi jk,
1986]. For sewage water disposal, the relevant concentration 1is a
factor ten smaller [Beek, 1979].

If it 1s assumed that the adsorption capacity is almost reached or
that the adsorption Q) may also be described with eq. (4} then we can
replace S by F (=Q+5) in egs. (1), (2) and (4). For soils differing
with respect to P reactivity, the constants a; and a* will differ. The
‘reactivity appears to depend on the content of amorphous oxides of Fe
and Al. Beek [1979] showed that P was predominantly associated to the

oxalate extractable metal content, M (= Fe,,+al ). The oxalate

ox
extractable P, P, ., is approximately equal to (Fe+Al)-associated P
according to Kurmies fractionation method [Kurmies, 1972]. Therefore,
it seems reasonable to assume that the reaction capacity, F, is

proportional to M, i.e., Fp = @M. By defining a saturation factor a =
F/M we may then compare soils with different contents of P and oxalate
extractable Fe and Al. If we choose the units of ¢ and t such that the

constant in eq. (4) may be neglected we find:

=]
]

k 1n(I) (3)

where k = [a,M] 7!, Also we find

LIS
R (6)

where F,. is the amount that 1s sorbed in laboratory experiments in
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addition to P already present, B,,. The factor « is a better variable
to compare different soils with respect to P-saturation than is e.g.
PoxtF,, because if @ is used the results are normalised with respect
to the reactive soil consistuents.

6.3 Materials and methods

S0il was sampled in 84 fields situvated in the Netherlands. Topsoil
(0-0.2 m) and subsoil samples with 0.1 m -depth increments till 1 m
depth were taken 1in fields in agricultural use and in reference
locations (virgin soil or soil not recently in agricultural use). Each
sample was obtained by mixing 15-20 subsamples per field. Air dried
homogenized samples of the layer 0.3-0.4 and 0.4-0.5 m were mixed. Om
the pulverized ( # < 0.05 mm) soil, oxalate extractable P, Fe, and Al
were assessed according to Schwertmamn [1964]. Elementary seoil
composition was determined by X-ray fluorescence analysis.

Prior to initiation of sorption experiments, soil was equilibrated
during one week with a 1.5 mmol L-1 CaCls solution. Short term
sorption (experiment a, 40 hours) was measured according to Van
Riemsdijk and Van der Linden [1984]. long term sorption {experiments
b, ¢, and d) was measured by batch experiments. In the batch
experiments, soil/solution ratios were varied to keep ¢ approximately
constant (10-20% decrease im ¢ in the first 8 days) while at the same
time allowing for a large enough concentration difference in order to
determine the calculated sorption with sufficient accuracy.

After 8 days, the P reacted was replenished. Reaction vessels were
kept in darkness (temperature 298 K) for the designated reaction
periods (experiment b:32d, c: 129d, d: 249 d). At the P concentrations
used in the experiments the bilological conversion of P may be assumed
negligeable [White, 1981]. Evaporated solution was regularly
replenished and the vessels shaken. In all cases the solution
contained 1.5 mmol CaCl, Ll The concentration of P added as KHyPO,

was 5 mml LT 1

for the layer 0-0.2 m and 0.5 mmol L~°" for the layer
0.3-0.5 m. For the experiments involving the subsoil sawples, 4.5 mmol
KCl L_1 was present In the solutlon in order to avold effects of

different K-concentrations compared to the experiment with the topsoil
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samples. Ortho—phosphate was measured according to Murphy and Riley
[1962], and is approximately equal to total dissolved P.

6.4 Results and discussion

The oxalate extractable fractions of P, Fe, and Al with respect to
total contents shown in. Fig. 1 are on average 0.93, 0.37, and 0.11,
respectively. The extraction efficiency for sandy soils 1s higher than

for the non-sandy soils. The oxalate extractable amount, B,

good estimate of total P both for soils heavily polluted with animal

% gives a

manure, and for soils low in P. The total amounts for Fe and Al give
no idea of the amounts that are oxalate extractable. Some statistice
are given in Table 1 for the oxalate extractable amounts. The large
coefflcients of variation (standard deviation/mean) Indicate the large

differences between indfvidual soils.

Table 1: Statistics of some variables assuming normal distribution

topsoil subsoil
variable mean st.dev. mean st.dev.
Feox 42.6 16.3 24.5 23.4
Alox 35.0 42.3 38.1 13.3
M 77.6 41.8 62.6 27.0
Pox 19,0 9.3 7.7 9.8
oy 0.27 G.1l4 0.13 0.14
a(2)* 0.48 G.09 0.27 0.15
a(32)* 0.40 0.15 D0.32 0.16
a{129)* 0.55 0.13 0.38 0.18
al 249)* 0.61 0.13 0.39 0.19

* index is sorption time in days.
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Fig. 1: Oxalate extractable content in topseil samples as a function

of total content for P {a), Fe (b), and Al {c).

Referemce locations (4A), sandy agricultural soils (o) and
non-sandy agricultural soils (x).
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Fig. 2: Measured sorption, F as a function of reaction time
rl
(logarithmic scale with h = hour, d = day, m = month, y =
year)
Figure — Za:topsoil 2b:subsoil
soil exp.(a) exps.(b-d) Pox g Pox T4
AST 9 0 X 12.1 0.145 1.2 0.039
HAR & ™ + 18.3 0.282 1.3 0.019
BAEX 1 o - 35.7 0.618 18.3 0.374

The importance of the amounts Feox and Al . is suggested by eq. (6).
The sorption (in excess of Pox) measured in the laboratory, Fr’ is
shown iIn Fig. 2 for three soils as a function of reaction time
(logarithmie scale). We find that F. 18 & linear functior of I1n(t).
The wvalidity of the hypothesis that the reaction capacity is
proportional to M is evaluated using eg. (6) by summing F, measured
after 249 days reaction time and P,x* We assume that for this reaction
period the soil becomes practically P-saturated. Consequently we may
consider whether F estimated by Pox + F,. is proportional to M. It is
shown in Fig. 3 that this is indeed the case for the topsoils. For the
spaller reaction periods {experiments a — ¢} that are not shown, this
is also the case; but the variance of « is relatively larger due to
the larger effect of the differences 1in initial conditions (;t.e.,
P x)- The relation of eq. (6) also holds for the subsoils. Due to the
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smaller P-concentration, however, the final value of I is smaller; and
the effects of differences in F,, 1s larger. Consequently, the
variance in ¢ is relatively larger than for the topsoils. The & values
found after a reaction time at t = 249 d are o = 0.61 ¢ 0.13 for the
topseils at ¢ = 5 mmol L") and @ = 0.34 + 0.19 for the subsoils at ¢ =
0.5 mmol L7,

We noted that the sorption F. changes linearly with the logarithm of
reaction time for both the topsoils (Fig. 2) and the subsoils. By
adding Pox to Fr the total sorption, F, is found. Since the P
application history differs, the values of a, (= Pox/M) differ also
for the different samples. Hence, the true value of the wvariable I

comprises of a term IO’ related to Pox’ and a term Ir’ related to Fr:
I=~I5t+ I (7)
If we denote OE/C!O by Y and combine eq. (5) with eq. (7) this yields
¥ = 1n(Ip + Ir)/ln(IU) (8)
Af ter rearrangement eq. (8} becomes
(1) -1. -1 =0 (9)
0 0 r

In eq. (9) Ip 1s the only unknown variable which way be assessed by
iterative procedures. By using the values of &« and I, belonging to
each of the experiments &-d and thus four Iy values are found for each
soil. As the data of experiment a were most reproducible, those were
used to assess Ip. Summation of Iy and the Ir-values corresponding to
the experiments a to d result in the values of I (eq. 7). Using the I-
values, k for each soil may be estimated with eq. (5) for each soil
using the data of experiments a to d. For each experiment the
statieticse of k are given in Table 2 for the topsoils and the
subsoils. We find that the mean values of k for the subsoils are
smaller than for the topsoils.
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Table 2: Statistics of k found for the topsoil and for the subsoil
samples at four reaction times. Values of Ig found In eq.
{9) based on short term reaction experiments (experiment a:

t = 40 hours).

Topsoilsa

experiment a b c d
mean 0.045 0.033 0.040 0.043
standard deviation 0.012 0.012 0.010 0.009
Subsoils

experiment a b [ d
mean 0.035 0.032 0.033 0.033
standard deviation 0.021 0.017 0.017 0.016

200

100k
L B . ... . I.. e
L .. [ ] ... .. .
. "’..
* s ] 1 1
% 100 200

M (mmol.kg ")

Figure 3: Total sorption, F, for 249 days reaction time as a function
of the sum M of oxalate extractable Fe and Al for topsoil

samples. Line corresponds to o = 0.61.
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These differences in k-values are not attributed to the different
concentrations used in the sorption experiments for the topsoils and
the subsoils. The concentration dependence of k was assumed negligible
as it was shown for a number of different sofls that sorption for
each soil separately may be effectively described by relations such as
eq. (4) for a much wider range of concentratfons (0.05 - 5 mmol L_l)
[Van. Riemsdijk et al., 1984b, Van der Zee et al., 1986, and Van der
Zee and Van Riemsdijk 1986a). It 1Is also worthwhile to observe that
Van Riemsdijk et al. [1984b], found different parameter values 1n
their polynomial function relating F to I for two lavers (0-0.2 m and
0.3-0.5 m depth) from one profile. Therefore, it is likely that one
unique value of k is not realistic. Instead due to differences between
goils or herizoens in the relative contributions of Fe and Al to M,
organic matter content, redox potential ete. the k-value also differs.

This assumption is supported by the maximal wvalue o_ estimated by Van

m
Der Zee and Van Riemsdijk [1986b] for the topsoll in a single field:
a, = 0.53 + 0.07. If this value found for one year reaction time and

concentration ¢ = 3 mmol L_1 is corrected to the I-value corresponding
to experiment d, we find that it is within a standard deviation of &« =
0.61 + 0.13. The standard deviation for the closely related samples of
Van Der Zee and Van Riemsdijk [1986b] is much smaller than for the
heterogeneous population (peaty, sandy and clayey soils) considered
here. Hence, we may conclude that thelr ensemble constitutes a
subpopulation of the 84 soils and that thelr results agree with the
results obtained here. A closer inspection of the data showed that no
smaller standard deviations result for a or k If different soil types
are distinguished. TFor closely related samples e.g. from the same
field, the variation was smaller than for the whole ensemble of 84
soils. The standard deviations of the k-values of the subsoil samples
{(Table 2) are relatively large. This may be due to the differences iIn
the spil profiles. For some profiles the layer 0.3-0.5 m exhibits
topsoil characteristics (anthropogenic cover), whereas In other cases
the material is from the C-horizon.

As the mean values of k are comparable for experiments a and d,
the mean predicted long term sorption using the data of experiment a
will be pgood. This is seen in Fig. 4 where for the topsecils & for a

reaction time of 249 days at ¢ = 5 mmol L-l is predicted and compared
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with the measured value of «. The same conclusion heolds for the
subsoil samples. It 1s obvicus that two-day sorption experiments with
an automated set-up [Van Riemsdijk and Van Der Linden, 1984] are
preferred over less reproducible, 1long term batch experiments.
Therefore, the applicability of extrapolation of two day sorption
experiments to longer times is of interest. In Fig. 5., the measured
a-values for experiments a—-d are shown for the topsoils as a function
of 1n(I) (eq. 7). Also shown is the curve described by eq. {(5). Except
for experiment b the long term batch experiments are well in agreement
with each other. Noteworthy 1is the negligible part of Iy in I at the
long term (exp. d). A shortcoming of the model {eq. 5) is that o is

unbounded as I * «. This 1s not considered serious

aQc
121

1.0 1

081

0.6

0.4

0.2 4

Fig. 4: Calculated a-value, u«_, for topsoil samples as a function of

c!
measured @ at reactifon time of 249 days (exp. d). Values of

I, and k to calculate cxc found from exp. a and measured «

from eq. (6).
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due to the extremely small sorption rates at high I. However, it

necessitates an operational definition of the sorption maximum, F

Thus consider a time t; and a time t, = nty {where n > 1). Now we

define oy = Fm/M = a{ty) such that it satifies
- <
a(t,) = a(e)) < f aft) (10)

where f 1s a designated fraction e.g. 0.01 or 0.05.
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Fig. 5: Measured a (eq. 6) as a function of 1n(I) for topsoils as
sampled (GO: o) and after laboratory reaction times of 40
hours (A), 32 days (® ), 129 days (e) and 249 days ().
Values of I and k used are based on a found for experiment
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This may be rewritten using eq. (5) as

ct, *» nllf

L (11)

where time is in the units for which eqs. (2)-(5) hold (i.e., minutes)
and assuming that the reaction occurs at ¢ = 1-3 mmol 1t {De Haan and
Van Riemsdijk, 1986). Setting n = 2 which corresponds to doubling the
reaction time and f = 0.05, then ty * 2 years. On a logarithmic scale
this leads to a constant factor of approximately 1.8 to extrapolate o
of a 40 hours sorptlon experiment to «, at 2 yeargs reaction time. It
follows from the negligible contribution of Iy in I at long reaction
times (Fig. 5) that the error by not accounting for I0 is
insignificant if a factor of 1.8 is used (1.e., Fp = P, + 1.8 F.).

An independent test of the simple model 18 to compare total
sorption (;) for a reaction time of 249 days that is calculated using
the k-value found for experiment a with measured total sorption
F=~p,%t Fr of experiment 4. This is done in Fig. 6. We see that
although individual samples may show significant differences the whole
ensemble 1is predicted very fell. This is reflected also by the a-
values corresponding to F (with « = 0.64 + 0.17) and TF (with
a = 0.6l + 0.13) which are mnot significantly different at the 5%
level. In recent developments to model large scale systems generally
the whole ensemble is of interest instead of 1individual samples
[Warrick et al., 1977, Dagan and Bresler, 1979, Elabd et al., 1986,
Van der Zee and Van Riemsdijk, 1986b]. In such cases the processes are
described uvsing stochastic theory, and the system yields a distributed
response 1instead of one definite (single valued) result. It {s
essential that frequency distributions are employed iInstead of
deterministic average values for the input. of such stochastic models.
Thus, both the average and the variance and shape of the distribution
are used and reflected in the model output. The use of distributions
is preferred especially if a large part of the varlances is not due to
experimental {inaccuracy but should be attributed te heterogeneity.
Examples of such heterogeneous variables influencing the system
behaviour are the contents of organic carbon, clay minerals and soil
moigture regime [De Haan et al., 1987].
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Fig. 6: Total sorption after 249 days laboratory reaction time
calculated with average k, F , as a function of measured

sorption, F, using eq. (12b).

For such an approach, sophisticated microscopic descriptione requiring
much input that 1s difficult to assess are of limited use. In the
situation considered here concerning field or regional scale P-
accumulation and displacement caused by extreme animal manure
applications to soil, the number of samples clearly limits the
sophistication of data assessment in the laboratory [Van der Zee and
Van Riemsdijk, 1986b]. The proposed model for long term sorptian that

may be summarized as
F=kMI1ln (I) (12a)

= M = (P + 1.
F =a ® 8F) (12b)
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where F,. 1s sorption after 40 hours, combines greatr simplicity

T

(conceptual and with regard to data assessment) to compatibility with

more complex mechanistic models.

6.5

Conclusions

For the soils studied P,, 1s a good approximation of totai P.

The conclusion by Beek (1979) that P is predominantly associated
to oxalate extractable fractions of Fe and Al is wvalid for the
splls studied.

Reaction capacity (Fm) is8 proportional to the sum (M) of oxalate
extractable Fe and Al. The proportionality factor (@) is both
concentration and time dependent.

Extrapolation of sorption measured in 40 hours to 2 year reaction
time (same concentration) may be done by multiplication with a
factor of 1.8. Adding P x Yields total sorption where a correction
for different 1initial conditions with respect to I 1is not
necessary.

Extrapolation of sorption for an ensemble of s0ils using the
relation F = kM 1lo{I) with the ensemble averaged k-value found
from short term (40 hours) sorption experiments leads to an
accurate estimate of long term {249 days) sorption.

A maximal value op ™ 0.63 + 0.14 is obtained, if the sorption
measurements are extrapolated for the topsoils to reaction time of

L bt )\WMDJ./FHB

2 years at ¢ = 3 mmol L
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6.6 Notation
*
a , ay, 84, sorption rate constants
c concentration
cp concentration unit reference
f acceptable fractional change in o

(245

cid'”}
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F total sorption (Q + §)

Fp. total sorption minus initially sorbed P (Pox)

F total sorptlon estimated with ensemble averaged k and
eq. (l2a)

I concentration time integral

5 maximum of I — domain cavered

I I-value corresponding to o,

I, I-value corresponding to F./M

k reactivity constant

M sum oxalate extractable Fe and Al

n constant

Q reversible adsorption

s irreversible sorption (precipitation)

t time

ty integration constant, time with § = O

ty time unit reference

a fractional P-saturation constant

“ @-value at P-saturation

g Pox/M

¥ a/ao
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7. SPATIAL VARIABILITY OF PHOSPHATE ADSORPTION
PARAMETERS AND EFFECT ON LONG TERM
LEACHING

Abstract

Reversible phosphate (P) adsorption for acid soils with a narrow
pH-range 18 described with the ZLangmuir Kkinetics equation. The
adsorption equilibrium is given by the Langmuir equation. Using a
combination of two  experimental desorption techniques, i.e.,
desorption in water and desorption in the presence of an “infinite”
sink for P respectively, the adsorption maximum (Qm) and the
adsorption constant (K) can be assessed for soils (pre-)saturated with
P. The adsorption meximum is proportional with the sum of oxalate
extractable {ron and aluminium (M) i.e., Q, =~ 0.135 M, for topseil
samples from a field as well as for topsoll samples from a watershed.
The K-values found for the field and for the watershed samples were in

the same order of magnitude (K = 15-25 m3.m1_1

Yo In view of
exper imental accuracy it is justified to conclude that the adsorption
maximum and the adsorption constant, as well as the amounts of P
desorbed with the two techniques, are spatially variable properties.
These properties appear to be distributed normally as well as
lognormally, wusing the FKolmogerov-Smirnov test statistic, at the
significance level of 1% and 5% (Bm, Qs ).

With an analytical approximation, that relates the thickness of the P-
saturated topsoil layer with the maximum leached concentration, the
effect of spatial wvariability 1g shown. With the experimental
analysis and data analysias dfscussed, the variability and uncertainty
in the adsorption maximum and adsorption constant can be specified in

a routine fash{ion for large numbers of samples.

7.1 Introduction

In the Netherlands government regulations were issued that

prohibit excessive animal manure slurries disposal on soil that {s
saturated with phosphate (PF). This was considered necessary 1in order
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to prevent future surface water eutrophication due to leaching of P
present in the animal manure. However, part of the phosphate that has
accumulated fn éoil is adsorbed reversibly and may thus be mobllized
after manure disposal (exceeding uptake by plants) is stopped [Beek,
1979; Van Der Zee and Van Riemsdijk, 1986a). Therefore the assessment
of the reversibly sorbed fractfon and of the P desorption behavigur
are of interest from the scope of environmental concern.

Much work has been done with respect to the reaction of P with
goll, 1ts kinetics and the reversibility of this reaction. It was
found that the reaction depends among others on the pH, P
concentration, and the amount sorbed [Beek and Van Riemadiik, 1982;
Goldberg and Sposito, 1984]. Furthermore  sorption-desorption
hysteregsis was observed, {i.e., at time scales comparable with the
sorption time only a fraction of previously sorbed P is able to desorb
[Beek, 1979; Barrow, 1979}. For gibbsite it was shown by Van Riemsdijk
and Lyklema [1980] that sorption in excess of monolayer coverage may
occur. Observations, as wmentioned here, have caused several
researchers to belleve that to consistently describe the overall
reaction, more than one process has to be distinguished at the
macroscopical (soil sample scale) level. It was proposed by Van
RMemedijk [1979], Enfield et al. [198la,b], Barrow [1983], Van
Riemsdijk et al. [1984], and Van Der Zee and Van Riemsdi{jk [1986a]
that the overall reaction consists of a relatively fast, reversible
adsorption and a relatively slow, practically irreversible diffusion
type praocess. Where the different models for the diffusion type
process are conceptually different, consensus existed that the
reversible adserption equilibrium may be described with the Langmuir
equation or with electrostatic models [Van Riemadijk, 1979; Barrow et
al., 1981; Enfield et al., 198la,b]. However, the assessment of the
Langmuir parameters may be complicated by the occurrence of the
diffusion type process. To solve this problem Enfield et al. [198la,b]
agsgumed that adsorption 1s practically finished before the diffusion
procegs becomes of 1mportance. Barrow [1983] assessed the parameters
of both processes by fitting all the model equations simultaneously to
the sorption data. Assuming that both processes occur simultaneously
and that the diffusfon type process is practically 1rreversible, Van
Der Zee and Van Riemsdijk [1986a] estimated the adsorption parameters
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by fitting model equations to desorption data. The diffusion type
process was considered to be a precipitation of phosphates. Because
the solubility of metal phosphate precipitates 1is usually small and
dissolution kinetics are often slow the assumption of irreversibility
for the diffusion process was considered acceptable. However, as the
precipitation reaction may proceed during desorption experiments
[Munns and Fox, 1976; Barrow, 1979], presaturation of soil with P or
the application of a high affinity-high capacity sink for soil-P is
required [Van Der Zee and Van Riemsdijk, 1986a; Van Der Zee et al.,
1987]. Applying such a sink [Van Der Zee et al., 1987a] found that the
reverslbly adsorbed fractlon rarely exceeded one third of total soil-P
in soils not previously saturated with P.

In this study we apply two desorption techniques to soil samples
with a P content as sampled and to soll samples presaturated with P.
These samples were obtalned from a single field and from a watershed.
By combination of the data acquired the adsorption maximum and the
adsorption constant may be estimated. Besides the mean values of these
parameters also their varlability 1is of iInterest due to the intrinsic
heterogeneity of soil. In calculations of P-leaching In the field thia
heterogeneity may be taken dinto consideration 1f the probability
dengity functions (PDF) of relevant parameters are known [Van Der Zee
and Van Riemsdijk, 1987]. Hence, for the two regions studied the PDF's

of the parameters are glven.

7.2 Theory

To describe the adsorption of P by soils and soil minerals models
differing in complexity and versatility were proposed. Multicomponent
electrostatic models were given by Bowden et al. [1977], Barrow et al.
[1981], Sigg and Stumm [1981], Bolt and Van Riemsdijk [1982], and
Goldberg and Sposito [1984a,b]. Such models incorporate the effects of
P-concentration, pH and electrolyte composition on the equilibrium
distribution of P over the solution and the solid-solution interface.
Barrow et al. [1981] have extended such a model for the description of
adsorption-desorption kinetics.

We 1ntend to describe adsorption-desorption 1in a narrow pH-range
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for acid soils in which case P-adsorption is not very dependent on pH
[Van Riemsdijk and Van Der Zee, 1986b). Hence a simpler approach 1is
feasible and the adsorption process is described by:

dg _ - -
it kﬂc(Q111 Q) de (1)

At equilibrium, equation (1) may be rearranged 1into the Langmuir

equation:

Kch
Q-1+l(c 2)

where l(-ka/kd, {8 the adsorption constant. To asseas the amount
reversibly adsorbed (Q) the equilibrium described by equation (2) is
perturbed. When the effect of the precipitation is forced to be
negligible by pre-saturation of the soil with phosphate then this
process does not affect the desorption process. As an "infinite sink”
for P is brought into a soil suspension, P will desord from the soil
and adsorb on the sink. With an "infinite sink” we refer to a material
that has such an afffnity and capacity for P-sorption that the builad-
up of a P-concentration in the solution {s negligible. Van der Zse et
al. [1987a] showed that their P-sink consisting of 1iron oxide coated
filterpaper qualifies for the prefix "infinite”™. In a case of
desorption using this sink the conditions apply that

t=0 Q-Qo c=cq (3a)
t>0 Q=Q(t) c=0 (3b)

and equation (1) becomes
dg

d ~ k40 )

Equation (4) 1s integrated for conditfons (3) and setting Q*-QO—Q(t)
this yields

Q*(ty=qqy {1-exp (-kdt)} (5

It was shown by Van Der Zee et al. [1987a] that if a sufficient amount
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of the sink of oxide paper 1is applied (4 paperstrips/gram soil) the
exponential term in equation (5) has become negligible after 20 h
desorption time. ﬁence in that case Q*(t>20)=Q0.

If desorption is enticed by dilution of the soil suspension with
vater according to the P_-—method of Sissimgh [1971] the concentration
does not become zero. Instead an equation for the conservation of mass
links the concentration change in solution to the amount desorbed.
Using the notatlon of Van Der Zee et al. [1987a] we find

*
TEY- ®

* -
where R= (0.001 R, and R 1s the solid/solution ratio in kg.m 3- The

factor 0.001 18 due to the units used for e (mol.m-a) and Q (mmol.
kg_l). Equation (6) may be integrated to

- c(t) = B [Q(£)=Qq] N

Cowbination of equations (1) and (7) and integration yields an
expression for the concentration [Van Der Zee et al., 1987al. At
equilibrium an expression for ¢ 1is found that may also be obtained
directly from the conservation of mass (equation 7) and the Langmuir

equation, and is given by
-1 2 -2 * =1.%
e =%{(e;® )+ [e +K T+ 2c, +2QRIK ]} (7a)
where cg 18 given by Van der Zee et al. [1987a] as
= Oy * 7
¢4=(Qy~Qp) R (7b)
‘Hence, the desorbed amount equals
* *
Q =c/R (8)
Combination of equations (7) and (8) results in

0" = &l(e, - € el + & T 2(cyr2q R RTITHR (9)
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By simple manipulations with equation (9) we may derive an explicit
equation for the adsorption constant, K:

K = (- OO/EQ g+ - g, ]} (10)

With the considerations presented so far the framework to assess
the adsorption parameters is given. The parameters of interest are Q>
Qp> and K. Also the amount desorbed for a designated value of R*,
i.e., Q*, needs to be known to assess K. We assume that the amount
desorbed with the "infinite"™ sink, of samples not presaturated with P,
equals Qm. For P-presaturated samples the amount desorbed with this
method yields Q=Qp. The amount Q* in equation (10) 1is assessed by
desorption of pre—saturated samples according to the method of
Sissingh {1971}, where R=20 k.g.L_]', f.e., R*=0.02.

The laboratory procedure to presaturate soil samples with P and
desorbing P with the two techniques is time demanding. Therefore {t is
of interest to use the information obtainmed to relate the values of Q
and K to soil properties that may be measured cheaply and in a routine
fashion. Such relationships may be used for other regions to estimate
potential desorption. BSoil properties that may be of use are the
oxalate extractable contents of Fe and Al, as it was shown by Beek
[1979], Van Der Zee and Van Rfemsdijk [1986c, 1988] and Van Der Zee et
al. [1987a], that the pseudo sorption maximum (Fm) of the over all
reaction is proportional to the sum M of oxalate extractable Fe and
Al. Assuming that such a proportionality exists also for the
adsorption maximum, Q, 1l.e. the surface-volume ratio of the reactive
solid phases for differeut soils is assumed to be approximately

constant, we define

By=Qy /M (11)

For a few practically P-gsaturated samples Van Der Zee et al. [1987a}
found a value of Bm’“o-z-

In an earlier study Van Der Zee and Van Riemsdijk [1986c] observed
that M and the amount of P applied to soil i{n animal manure slurries
were spatially variable properties. They showed that it {is {important
to take this heterogeneity into account 1in calculations of P-
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displacement in a field, which may be done using stochastic theory. In
their deseription of P-displacement they considered not only the mean
values of relevant properties but the whole PDF, assuming normal
distributions. For a normally distributed wvariable, X, the PDF is
given by

X 2
1 X
e s e g b =< <= a2

Clearly this PDF is not the most loglecal one, even if it describes the
variability well, as the relevant properties (e.g. Qm,M,K) cannot
become negative in reality. Hemce 1t is more realistic to assume a
lognormal PDF. For a lognormally distributed wvariable Y equal to
exp(X) the PDF is given by

X 2
Iy ’?;;:];'E;t exp [—(;;75) 1, 0CY <= 13)
It was shown by Simmons [1981] that 1f CV{Y} equal to sy/my is small
little differences exist in the shape of a lognormal or the
corresponding normal PDF. Hence approximately normally distributed
variables may alsc be assumed lognormally distributed (Appendix C).

7.3 Materlals and methods

S0il was sampled d1im a 6 ha. field and a 800 ha. watershed,
encompassing this field, 1In the vicinity of 8t. Oedenrode, the
Netherlands. At 101 locations on four transects in the field and 51
locations on a regular grid (0.4 x 0.4 km) in the watershed sofl
samples were taken to ! m depth or until groundwater was reached. In
this study only the topsocil (0-0.2 m) was used. Sampling and
pretreatment of the samples were described by Van Der Zee and Van
Riemsdijk [1986b]. In the. laboratory the oxalate extractable contents
of P,Fe and Al were measured [Van Der Zee and Van Riemsdijk, 1988}.
Presaturation was done with a solution containing 4 mol KHZPO& m—3’ 2
mol KC1 m_3, and 1.5 mol CaCly o3 during 10 days (in bateh). The
amount of soil was 7g or 10 g depending on the observed decrease of

concentration which was at most 1 mol P.m-a. Desorption of samples
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with P-content as sampled and of presaturated samples was done
according te both the P_-method of Sissingh [1971] and the Py-method.

The distributions were tested with the Kolmogorov-Smirnov test
statistic [Rubinstein, 198l]. Using the wvalues obtained for the mean
and standard deviation of X (=ln(Y)) the theoretical wvalue of the
cumulative probability of each wvalue Xy {1=1,..,101 for the field;
i=1,..,51 for the region) was calculated with

(X-m_)/s
Pr {x<x,}= éh Rt exp (~2%/2)dz (14)
Also the observed probability
Pr {xe,} = 1/ + 1) (15)

was calculated for the sorted monotonically 1increasing data set of
variable X. The test statistic K5 1s given by KS= ‘Pr- ;r| . At the
significance level 0.0l, KS for each realization should be smaller
than 0.223 (N=51) and 0.160 (N=101). At the significance level of 0.05
these values are 0.187 (N=51) and 0.134 (N=10l1) [Owen, 1962].

7.4 Results and discussion

Preliminary experiments indicated that for samples with low P-
content analytical reproductibility of the Pw—method (Cv= 0.17 for P)
was predominantly limited by errors in the measured P-concentration
(Cv=0.14). Differences in soil sample weight (CV=0.012) were usually
much smaller for this method based on soil-volume [Sissingh, 1971].
The "infinite sink”™ method ylelded more reproducible results (CV=0.06)
due to the higher accuracy at low P-contents. In Table 1 the
statistics of some wvarlables are given for the field and for the
watershed. These data indicate that on average the P-content (Fy) in
the field 1s larger than in the watershed. It was shown by Van der Zee
and Van Riemsdijk [1988] that the degree of saturation of soil with P
may be expressed with the ratio @ = F/M. Here F is the total amount of
P sorbed to the soil. It was also shown that this amount F may be
assessed with the oxalate extractable amount according to Van der Zee
and Van Riemsd{jk [1988].
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Table 1:Statisties of soil properties and normality of the
distributions. *: 0.0l significance, **: 0.05 significance

variable X mean myg standard variation normal PDF
deviatfon sy coefficient CV(X)

fteld
M 81.0 12.4 0.15 ok
Fg 22.9 6.3 0.28 *k
) 0.29 0.08 0.28 *%
g 0.44 0.07 0.16 ek
water shed
M 63.6 21.9 0.32 bt
Fo 13.9 7.6 0.55 **
aq 0.20 0.11 ¢.55 %
%0 0.38 0.09 0.24 *

The degree of P-gaturation (ao) for the field appears to be also
higher than for the watershed. Furthermore for all four variables the
differences (see CV) in the watershed are larger then for the field.

For the field, where the soil was classified as a spodosol at each
gampling location, the variabflity in M is pronounced {Van Der Zee and
Van Riemsdfjk, 1986c]. Comparing the statistics (m and 8) of M for the
field and the watershed we find that we may consider the field to be a
subpopulation of the watersghed.

Table 2: Statistics of desorption - variables and normality of
distributiona. *: 0.0l significance; **: 0.05 gignificance

FIELD WATERSHED

X my 8y CVx normal oy " By .CVx normal
PY 0.0509  0.249 0.49 %% 0.313  0.242 0.77 *

Pw 4.613 0.775 0.17  ** 3.520  0.976 0.28  #*
pi 1.549 1.319 0.37 %= 2.186 1.565 0.72  *#
pi 10.859 1.495 0.14  *» 9.041 2,450 0.27 &k
By 0.134 0.023 0.25 %% 0.135 0.03% 0.25 %

K 16.3 8.6 0.53 *& 24.8 12.6 0.51 *&
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Figure 1 : Desorbed amount using the Py-method as a function of the

desorbed amount using the P method. Presaturated samples
{(0) and samples with phosphate contents as sampled (»).
Fig. la: Field; Fig.lb: Watershed.
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Although the mean values differ, the PDP(M) for the field falls well
within the PDF(M) for the watershed, as the mean plus one standard
deviation in both cases are approximately the same. The variability of
both Fy and ag is larger for the watershed than for the field. This
may be understood qualitatively as different fields, e.g. from
different farmers, will have received different quantities of animal
manure. Thus 1in woodland (5 locations) no disposal of slurry occurs
and therefore the variation in Fy and @ will be in part due to the
low values found for the locations in woodland. In Table 2 the
statistics are presented for the desorbed amounts as well as some
model parameters. The amount desorbed with the P;-method is larger
than with the Pw—method, which 1s to be expected [Van Der Zee et al.,
1987a]. The desorbed amounts found with the twp methods are compared
in Figure 1. The correlatfon between Pi and Pw is consldered
reasonably good for both the region and the watershed. Also the
curvilinear relation between P; and P, predicted by Van Der Zee et al
[1987a] was found.

Assuming that Pta gives a pgood {mpression of the adsorption
maximum (P-presurated samples) according to equation (l1) a linmear
relation can be expected between Py and M. In Figure 2 the Pis—values
are.given as a function of M for both the field and the watershed. In
both cases P? is proportional with M. The mean values for the constant
Bm are surprisingly close for the two systems studied (Table 2; Bm @
0;135). Apparently significant differences in other wvariables than M,
such as content and nature of organic matter, pH, and soll type hardly
affect the relatiom between P.,_s (i.e., Qm) and M. By comparison of Bm
to @, (which gives the degree of saturation, F/M, after ten days
reaction time) we find that one third of solid phase P 1s adsorbed
reversibly. As the wvalue of a will increase somewhat when the
presaturation period is longer [Van der Zee and Van Riemsdijk, 1988]
the adsorption capacity 1is actually less than one third of the total
sorption capacity.

In Table 2 also the statistics of the adsorption comstaat, K, are
glven. The value of K was assessed, assuming desorption equilibrium if

uge is made of the P method, by means of equation [10].
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Different statistics are found for K for the field and the watershed,
although the range found for the field is almost within the range for
the watershed. Some differences €for K, which 1s a parameter
incorporating e.g. microscoplc heterogeneity and pH effects, found for
goil samples with different compositions may, however, be expected. A
slight correlation between K and M was found (0.025 significance)} for
the fileld : K=0.22H-0‘41 (r=0.253). If we compare the K~values with
the value obtained for goethite (K > 200 m ml~l at pH 6, Van der Zee
et al., 1987) we see that 1t 1{1s significantly smaller. Besides
differences of the reactive oxide surfaces compared to poethite, this
may be caused by competition effects, etc., of e.g. adsorbed silicate
[Bolt and Van Riemsdijk, 1982]. The K-values were in the same range as
those given by Van der Zee and Van Riemsdijk [1986a].

From the results compiled {m Tables 1 and 2 it has become clear
that a range of wvalues of the variables 1is found. In any case the
variability in the variables M, Fg (vhere Fy is related to the amount
of P applied) and K, is not due only to experimental error but also to
spatial variability of so0il. Thus, }n describing P-displacement and
redistribution of P present in soil this wvarlability should be taken
into account, e.g. Iin a way as described by Van Der Zee and Van
Rfemsdijk [19B6c, 1987] and De Haan et al., [1987]. To do so the PDF
of 1mportant varlables should be Lknown and for this reason the
distributions of the wvariables were tested for normality and
lognormality. The results of these teata are given in Tables 1-3. It
appears that all varfables can be described with a normal as well as a
lognormal PDF. Some varlables appeared to be very well lognormally
distributed. For the field the probability plots of M,Pis(representing
Q,)> By, and K are given in Figure 3a-3d. As was mentioned in the
theory-gection a lognormal PDF is more loglical to use than the normal
PDF as in that case no negative values are possible. With the proposed
methods to assess K and Q, for a large number of soil samples the
distribution of these variables can be determined. This is {impertant
because of the significant effect of spatial wvariability on P-
transport and redistribution in the soil profile.

This may be 1llustrated by conaidering a homogeneous column with
length L and with a sharp P-front at a depth (zp) of e.g. 0.2 m [Van

der Zee and Van Riemsdijk, 1986¢]. For depths smaller than zp" 0.2 m
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the councentration in solution may be as large as 3 ml.m™3.

This value is a thousand fold higher than ¢ = 1-3 mmnl.m_a, where ¢ 1is
the lower concentration level above which eutrophication 1in surface
water may occur. When excessive manure disposal 18 stopped the
reversibly adsorbed P 1n the topsoil (z < zp) may desorb and be

leached beyond z_ = 0.2 m, where sorption may occur. This glves rise

to a new P-frol:lt woving into the subsoil, that has a steadily
decreasing maximum concentration. At some time this maximum
concentration will reach the phreatic water level at z=L. If we aim at
preventing P-leaching losses to the groundwater, that 1in due time
might cause a eutrophication hazard 1in the surface water, we might

require that the concentration at z=l. never exceeds c - When at large

3

redistribution times ¢=3 mmol.m - at the phreatic water level, and c=0

at the surface we may approximate the concentration distribution with

Table 3: Statistics of logtransformed soil properties {Y=exp(X))
and normality of distributions.

FILELD WATERSHED
Y my gy CV(X) normal mg 8y CV({X} normal

M 4.383  0.151  0.036 %% 4166 0.390  0.094  *
Fy  3.082 0.331  0.107 %t 2,389 0.878  0.368 *
qp  -1.301  0.325 -0.250  **  -1.775  0.668 -0.376 **
ag -0.843  0.188 -0.223 % -1.006 0.240 -0.239
Pv  -0.836 0.574 -0.687  * ~1.443 0.681 -0.472 #*
P 1.515 0,168  0.111 %% 1,223  0.268  0.219 **
pi  1.184 0.436  0.368 A% 0,545 0.765  l.404 %
pi  2.376 0.138  0.058  #* 2,159 0.309  0.143 #*
B, =2-003 0.189 =-0.09%4  #% -2.005 0.190 -0.095 **
K 2,683 0.469  0.17 %% 3.063 0.618  0.20

*; 0.01 signiffcance; **: 0.05 significance

depth as Increasing linearly with 1increasing z as is shown in Chapter
10. Because of the almost linear adsorption isotherm at such low
concentrations we may then assume that on average :‘.' = 2 mmol.m_3 in

the subsoil. The desorbed amount in the topsoil is then equal to
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4=z, (@ - D (16)

where a {s the adsorbed amount at concentration ¢ {equation 2). This
amount should be balanced by the amount that can be stored in the
subsoil, at ¢ = E' if no concentrations exceeding ; are allowed to
pass the depth z = L.

Let us assume that the metal content M in the subsoil is different
from the metal content in the topsoil, and that the total sorption in
the subsoll {e always equal to a few (y) times the adsorbed amount
(e.g. y= 3, as 0" 3 Bm , 8ee also Van Der Zee and Van Rfemsdfjk
[1988], Van Der Zee et al. [1987a]). thus we choose

v-al/8 an
2

e= Q0L a8)

= 19

where am is the degree2 of P-saturation as defined by Van Der Zee :rznd
Van Riemsdijk [1988], Qm {8 the subsoll adsorption maxfmum, and ¢

is the adsorbed amount at ¢=¢ in the subsoil. The superscript 1
refers to the topsoil. Hemce, at an average concentration of ¢ 1in the

subsoil the storage equals

Q=Y P (L-zp) € qQ (20)

where the relatively small storage 1in the liquid phase is neglected.

If we equate q; and q, (eqs. 16, 20) we find the value z_ may have,

p
such that the concentratfon at the phreatic water level becomes at
maximum 3 mmol-m-3 after some long redistribution time. This

constraint for zp is

z,= verd/[q, + @ (ve-1)] (21)
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After ingertion of equatlon (2) for '6 this vields
z,= LReye/[1 + Keye] (22)

For a soil column with M, Q;, etc. uniform with depth (i.e.,e= 1) and
K equal to 45 m3.mol"1, we find that a— 0.08 Qm. Hence, equation (21)
results in z - 0.08YL/{(0.92 + 0.08Y) = 0,21 L or 21 cm i1f L= 1 m, and
Y=3. Therefore 1f zg is smaller than 20 cm the concentration at the
phreatic level at I m depth will never exceed 2-3 mmol-m"3. Bowever,
we have geen that K may differ with place as it 1s a spatially
variable property. Therefore, at another location in a field K may be
e.g. 15 m3 mol-l- As 1in that case a is equal to 0.03Q; we have zp”
0.08L (eq-21). Due to this wvarlability ian K, concentrations exceeding
2-3 mmol.m—3 may pass the phreatic water level, even if

0.08L¢z < 0.2L. At concentrations smaller than 2-3 1.111'-3

where we
have almost l1limear adsorption, 1.e., KZYE <1 and with y<3 , the
dependency of the constraint of zp on K may be derived from a
aimplified form of equation (22)

z,® YeReL (23)

which 1s a manageable expression to evaluate the tolerable saturation
of a soil colume (zp)' if the eutrophication hazard by P-leaching has
to be negligible.

As equations (22) and (23) show, the value of Q, is not 1important
as Q  was eliminated from these equations. This surprising result does
not mean, however, that 1in practical situations the assesament of an
average of Q, value for a field will lead to satisfying results. In
many cases the metal content M and therefore the adserption maximum
change as a function of depth (Van Der Zee and Van Riemsdijk, 1986c],
due to pedogenesis. Such changes are reflected 4in values of €
differing from unity. Clearly such differences have a2 similar effect
on the tolerable wvalue of z, as the effect of K. In Chapter 10 1t 1s
shown, that due to € =values different from unity the rate of the
redistribution process may be accellerated or decellerated
significantly. Moreover, for a field the metal content and the

adsorption maximum of the topsoil may, or may mot, be correlated with
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M and Q of the subsoil. Qualitatively one can imagine that 1t makes

much difference (for a uniform z_-value throughout the field) whether

a topsoil with large Q, is underplaiu by a subsoil with low Q,, or a
subsoil with equal or even larger Qn (eq. 23: the value of € 18
smaller, equal, or larger than unity, respectively). To asseas the
heterogeneity in Q“1 for different soil layers and the correlation
structure between different layers obviously requires a large number
of samples. The methods proposed 1in this paper to assess K 1In a
routine fashion and to assess Q“1 directly, or indirectly from M using
equation (11), may therefore be usefull to evaluate P-redistribution

and the hazard of P-leaching past the phreatic water level.

7.5 Conclusions

1. Variability 4in soil parameters is larger for the watershed than
for the field.

2. More P desorbs with the use of the 1ironoxide 1mpregnated paper
(Pi) desorption method than with the conventional (P“) dilution
method. The correlation between the amounts desorbed with these
two methods is good.

3. The amount desorbed with the P; method 1s proportional to M for
the P-saturated samples. The average proportionality factor Bm in
p: =g M equals 0.134 + 0.023 for the field and 0.135 + 0.034 for
the watershed samples. Asgsuming that P: represents a failr
estimation of Q, this relation can be used to estimate Q from the
routinely measurable value of M.

4. The value of the adsorption comstant, K, was K=16.3 +B.6 m.mo1”}
for the fleld and K=24.8 + 12.6 m>.mol™L for the watershed.

5. All parameters considered were distributed unormally as well as
lognormally at the 1% significance level and most parameters alse
at the 5% significance level. In view of analytfcal accuracy,
variability should at 1least partly be attributed to the
variability of the soil.

6. For long distributfon times P initially present in the topsoil may
be leached past the phreatic water level. The concentraztions that
will pass this level depend strongly on the value of K and the
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value of Q, as a function of depth. The approach to assess the
values of Q, and K makes it possible to find the distributions of
these parameters for large numbers of samples. This facilitates a
risk apalysis of P-leaching taking spatial variability of P-

adsorption into account.

7.6 Notation

concentration in solution (mol.m_3)

c
: eutrophication thresshold concentration (mol-m_3)
cv coefflelent of variation
S frequency distribution
F sorbed amount of P, adsorption plus precipitaticn (mmol.kg-l)
Fy:sorbed amount for soil as sampled
i number of occurrence in sorted, monotonically increasing series
K adsorption constant (m3.mul_1)
kg, adsorption rate constant (m3.m01_1.h—1)
kg desorption rate constant (h™ 1)
column length; depth phreatic water level {(m)
o arithmatic mean
M oxalate extractable metals (Fe + Al)
N number of samples
Py desorbed phoaphate using infinite sink (mmol.kg'l)
P desorbed phosphate 1n water (mmol.kg_l)
Pr probability
qq Amount of phosphate in layer { (1=l : topsotl,
1= 2 : gubsoil)(mmol.n %)
Q adsorbed amount (mmol.kg )
Q adsorption maximum (nmml.kg_l)
Q",Qp desorbed and initially adsorbed amunt (mmol.kg™l)
Q adsorbed amount at cm=e (mmol-kg—l)
T correlation coefficient
R solid:solution ratio (kg.L 1), R =0.001R, in (kg.m )
8 standard deviation
t time C(hour)}
%Y generic notations normally aand lognormally distributed
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variable.
zZy thickness of P-saturated topsoll layer (m)
a ratio of sorbed P over M

Gy, g vatio a for soil as sampled and after 10 days reaction time at
¢ =3 ml-n"

B wax{mum ratio of adsorbed P over M
ratio of total sorption over reversible adsorption
ratio of subsoil adsorption maximum over topsoil adsorption

maximum
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8. TRANSPORT OF PHOSPHATE IN A
HETEROGENEOUS FIELD

Abstract

A model for the transport of P 1n an ensemble of vertical
homogeneous columns Is given. For a single column the dimensionless
concentration of P sorbed to the solid phase, T', as a function of
dimensionless depth, 1s approximated with a plston profile., The
velocity of the P-front within a column depends on the application
rate of P and the retention capacity of the seil. For a field,
represented by an ensemble of columns differing with respect te P
applied (A;) and retention capacity (Fp), the fleld average
dimensionless concentration <I'>, at fixed depth and time, 1s related
to AT and Fyp uging probabflity theory. F’I‘ and Aq are expressed in
terms of easily measured variables: oxalate extractable P and FetAl.
With the probability density functions of these random variables the
field-averaged profile is calculated. Experimental and computed
profiles are reasonably in agreement and differences can be explained
by assuming correlation of Fp and AT A sensitivity analysis shows the
fncrease in field—-scale dispersion {f the coefficients of variation of
the random variables are imcreased. Negative correlation of Ap and Fy
or a positive correlation of successive applications Ai cause an
increase in field-scale dispersion. Trends observed for Ap and FT rust
be taken into consideration 1if the model is used for predictive

pur poses.

8.1 Introduction

In areas with intensive animal husbandry the animal slurries derived
from this activity are generally disposed of by applicatioﬁ onto land
in agricultural use. Thus large quantities of phosphate (P) present in
the slurries are applied to the soll system. The excess with respect
to crop uptake 1s subject to accumulation 1in the so{l due to the
reaction with the so0il matrix, and to displacement 1in the soil

golution towards the groundwater. In The Netherlands, the intensive
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animal husbandry 1s mainly found 1in regions with sandy soils.
Transport of P towards the sur'face water may eventually create a
eutrophication problem. As P mobility im soils is mainly controlled by
the interaction with the soil matrix, the reaction of P with soil and
soil minerals has recelved much attention [for a review see Beek and
Van Riemsdijk, 1982]. In non~calcareous sandy soils the reaction of P
involves predominantly the amorphous fraetion of the oxides of
aluminum (Al) and iron (Fe) [Beek, 1979]. This reaction is generally a
non-equilibrium and only partially reversible process that depends,
amongst others, on the concentrations of P in solution and in the
solid phase, and the pH [Raats et al., 1982; Barrow, 1983; Van
Rlemsdijk et al., 1984]. Recently the {overall) reaction was described
by Enfield et al. [198l], Barrow [1983] and Van der Zee and Van
Riemsdijk [1986] with two processes, 1.e. adsorption and a diffusion-
type process. The chemical model was combined with a transport model
by Van der Zee et al. [1986], Enfield et al. [1981] and Gerritse et
al. [1982] to predict the transport of P in columns. The results show
that these nonequilibrium sorption models combined with transport
yield acceptable results.

In general, however, the transport of P in the field 1ig of prime
interest. To account for the 1increased heterogeneity found in
endisturbed soll columns, the dispersivity 1is often given a larger
value, [e.g. Gerritse et al., 1982; Beek, 1979]. Whereas the transport
in an undisturbed column im the field may be described accurately
assumling deterministic wvalues for the parameters, this 13 not always
the case 1f the average process in a fleld is considered. It was shown
by e.g. Biggar and Nielsen [1976] that sotl hydraulle properties vary
in sgpace. Due to the random nature of the variation of the soll
hydraulic varisbles in three-dimensfonal space, an  accurate
deterministic assessment of these variables and the deterministice
modelling of transport are impractical, 1{f at all possible. However,
if the average behaviour 1in the flow domain is of 1interest then the
description may be based on probability theory.

For a conservative solute, taking 1into account the stochastic
nature of the variables, the transport was described by e.g. Bresler
and Dagan [1979; 1981; 1983]), Dagan and Breslexr [1979], Amoozegar-Fard
et al. [1982]. The stochastiec nature 1is reflected by the use of

probability density functions for the random variables.
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For the pore water velocity a lognormal distribution was found by
e.g. Nielsen et al. [1973], Biggar and Nielsen [1976] and Peck [1977].
Using the lognormal distribution Dagan and Bresler [1979] and Bresler
and Dagan [1979] evaluated the probability that the field averaged
concentration at a specified depth and time does not exceed a certain
value assuming that the unsaturated flow was steady state and
neglecting pore scale dispersion. With this probability they
calculated the field averaged profile of solute, and showed the non-
Fickian behaviour of the field dispersion process. In thelr later
papers Bresler amd Dagan [1981, 1983] 1included pore scale dispersion
and transient water flow. Another approach was given by Jury [1982]
and tested in the field by Jury et al. [1982]. Assuming the transport
to a specified depth to be a random function of the cumulative
infiltration, a travel time probability function results. This
function was fitted for a particular depth and subsequently used for
predictive purposes. Although the model was derived for a single
column it may also be used for situations as considered by Bresler and
Dagan [1979].

So far the stochastic modelling was mainly limited to non-reacting
solutes. However, most potentially hazardous contaminants are im fact
moderately to highly reactive. Jury [1983] illustrated the large
effect of the coefficient of correlation between the random
retardation factor and the random water velocity on transport.

The scope of this study is to describe a model for the field
averaged displacement of orthophosphate (P). The sorption chemistry
and transport are descrlbed 1In a simplified manner for a single
column. This leads to a plston-shaped profile of sorbed P. The profile
{8 then expressed in terms of variables, that can be measured in the
laboratory in a routine fashion. The field is assumed to consist of an
ensemble of columns that do not interact. Considering the retention
capacity and the {nput of P as random variables an expression for the
fleld averaged profile of sorbed P is given. With experimental data,
the statistics of the random wvariables are eatimated and the profile
computed with these statisties 1s cowmpared with the experimentally
agsessed profile. To our knowledge a comparison of a stochastic
transport model for a reactive contaminant with field data has not

been done previously. Finally the effects of the different statistics
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on the computed profile are shown and the wvalidity of some of the

agsumptions is discussed.

8.2 Transport at the column scale

Solute tramsport 1in porous media may occur by convection and by
dispersion. Neglecting production terms and if only vertical transport

occurs then the convection dispersion equation may be wrirten as:
0 ] dc )
‘5‘:[03F+0c]=5‘z"[D3;]—-6—z'[9vc] ¢)

{(for symbols: see 8.11). The dispers{on coefficient, D, 1incorporates
both molecular diffusion and mechanical dispersion. The local
concentration of solute 1in the golid phase, F, is the sum of the
adsorption, Q, which 1s described with the Langmuir isotherm [Enf{ield
et al., 1981; Barrow, 1983; Van der Zee et al., 1986] and the
precipitated amount, S5, which 18 described according to Van Riemsdi jk
et al. [1984] and Van der Zee and Van Blemsdijk, [1986]1. Whereas Q 1is
an equilidbrium process at water velocities realistic in the field, §
may be a mon-equilibrium process.

It {18 assumed that the column 1is physically and chemically
homogeneous and that water flow 1s steady state. The function F was
shown to be highly nonlinear in both ¢ (for the f{nput concentration
considered here) and time tEnfield at al., 198l; Van der Zee et al.,
1986}. As the sorption i3 of the high affinity type, the effects of
sorption and dispersiom counter each other [Bolt, 1982]. Thus for a
homogeneous column a relatively sharp front will develop if a constant
concentration at the column entrance is imposed. This sharp front will
be propagated through the column with a wvelocity controlled mainly by
the retardation factor (belonging to the concentration-increment
iwposed) and by the water veloeilty. As the thickness of the front is
relatively small with respect to the column length [Beek, 1979], it i=s
not unreasonable to neglect disperslon altogether. Then equation (1)

gimplifies to
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Py ar+ 8o = by (2)
With regard to the water velocities occurring in the field situation,
the approximation of local sorption equilibrium 1is made [De Willigen
et al., 1982]. Furthermore the initial concentration in the column is
taken zero. In real situations the concentration of P at the surface
will be controlled by the dissolution of solid P present in the
slurries. De Haan and Van Rlemsdijk [1985] showed that this
concentration ias buffered at the value cg = 3000 mmolfm3. After all
the solid P is dissolved (time t*) the concentrat{ion will decrease and
this leads to the boundary condition (t; is the perlod of time of one

sorption—-desorption cyele)
0<t<y z=0 e =cy H(t" - ) (3)

with the Heaviside step function H(e) = 0 for € < 0 and H(c) = 1 for
€ » 0. Note that t* depends on the water velocity i.e. the percolated
volume of water. It 1s assumed that the plateau of the {sotherm 1s
reached for c values much smaller than ep- Moreover since the isotherm
is of the high affinity type, during desorption for t* <t< t;, ¢ is
buffered at wvalues much smaller than ¢ [Van der Zee and Van
Riemsdi jk, 1986].

Whereas ¢ will thus vary in time throughout the entire column
{(z » 0), for F this 1s only the case at the front. Solving equation
(2) for 0 < t < t; yields

E
F = Fle,) H(!;—— z) (4)

where the retardation factor R 1s given by
.R =1+ P, F(co)leco (5)

For a total time T equal to Mt; the front will be propagated in pulses

with a mean velocity v (1.e. averaged over t) given by

(6)
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Thus the front of P in the s0lid phase at an arbitrary time t may be
approximated with

F= F(co) E(——-—R——— z) )

The determination of the sorption capacity F(cpy) 1is diffieult
because, on time scales practical 1in the laboratory the sorption S is
non-equilibrium. long term batch experiments or transport experiments
at values of v occurring in the field should be dismissed for routine
analysis because of the long duration of the experiments. For routine
purposes it 18 preferable to estimate F(cy) using relationships with
soil properties, that may be measured simply and for large numbers of
samples. Such soil properties are the contents of the amorphous cxides
of aluminum (Al)} and {ron (Fe) [Beek, 1979]. These contents may be
assessed by extracting soil with acid ammonia oxalate [Schwertmann,
1964]. With this extraction almost all soil-P 1s extracted for sandy
solls. Denoting the oxalate extractable amounts (mmol/kg) by the
subscript Tox' the ratio « is defined as

Q= Pox / (Fe + Al)ox (3)
In soils that recelved large quantities of animal slurries maximum
values of a« are approximately 0.5-0.6 (Chapter &, Lexmond et al.,
1982]. Lexmond et al. [1982) performed long term (250 days) batch
experiments and also sorption measurements at constant concentration
as described by Van Riemsdijk and Van der Linden [1984], and found
that the amount of P adsorbed in the batch experiments is estimated
well by extrapolation of the short term sorption experiments. The
extrapolation is done on a logarithmic time scale [Van Riemsdijk and
De Haan, 1981]:

F ~ 1n(t) ¢))
The results obtained by De Willigen et al. [1982] support the time of

250 days as the contact time where a pseudo sorption maximum is

reached. Denoting the sorption calculated by extrapolation of short
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term sorption by Pp, then the maximal value, is calculated with

Es
a =P [/ (Fe+ M) (10)

where P, = P, + Pp and sorption is measured at c¢ = 3000 mmol P/m3.
Due to experimental and model error a range of o -values is found. The
sorption capacity estimated with the mean, Em » 18 demoted with F,
(1.e., F(cg) is estimated by o o« (Fe + Al)ox)'

As mentioned, the value of R 1s generally high. Consequently the
travel times of a phosphate front through ftnitially phosphate free
soll will be coatrolled largely by R and thus, in the case of steady
state water flow by F,. The physical distance fs mot the best space
variable to use in the transport equation as (Fe + Al),, will

generally vary with depth. It is convenient to define a transformed

F4
ox

{where the superscript z denotes varlation in z). First the average

dimensionless space variable weighted to the content (Fe + Al}
content over the total depth L cousidered of (Pe + 1’;1):,r is given by
L L

(Fe + Al)__ = g P (z) (Fe + Al):x dz / é p(2) dz (n

Then the transformed space variable, G, i{s defined as:

z L
z
;= (I) 0 (2) (Fe + A1)2 dz / (Fe + al) Ef) p () dz (12)
The average value of Pox is given by
L . . L
P = é P (z) BS dz / g P (2) dz (13)

The total P-fixation capacity of the column, Fp, per unit area and

assuming Pg constant 1is:

FT = 1 Py (Fe + Al)ox (14}

and the total amount of P applied, Ap, may be expressed as

= P
AT L ps ox (15)
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and also as

M *
AL=vOc, It (16)

Combination of (15) and (16) and rearrangement leads to the relation

0° which is

acceptable for large R, equation (7) is rewritten in terms of an

*
P = 9ecg Lt /(Lp) - Approximating R~ p_ Fm/E) c

equivalent, homogeneous soil column with the dimensionless depth
coordinate [:

Ay

P e, B O (17)

With equation (17) the tramsport in one column is expressed in terms
of variables that may be assessed in the laboratory {see equations 14
and 15). Due to differences 1n (Fe + Al),, for different colummns it is
convenient to consider the dimensfonless concentration of P in the
soltd phase,l = F/Fm. The profile in terms of T

AT
F = HGG - 0) (18)
T

gives an 1mpression of the saturation of the soi1l column with P.

One of the assumptions made concerns the time—dependent boundary
condition at z = 0 (eq. 3), which 1is different from the conditions
used by Dagan and Bresler [1979]. As desorption is small for the case
of a high affinity 1isotherm ¢ will fluctuate much in time for small
depths whereas T does not, once the front has passed these depths. The
fluctuation in ¢ implies a time lag between the moment of application
and the arrival of solute at the solid phage concentration front.
Consequently the additional assumption was made that the development
of the P-profile, which occurs in discrete time steps, {s evaluated
after the anually applied amount has reached the front and reacted
with the soil.

8.3 Transport at tield scale

In recent studies concerning solute transport on the field scale,

the soil hydraulic properties were assumed to be random variables
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{e.g. Bresler and Dagan, 1983; 1979; Dagan and Bresler, 1979]. In
general all soil properties may be considered random variables,
characterized by a probability distributlion {nstead of a single value.
For an ensemble of vertical, homogeneous columms the random variable X

has an expectation at every point £ = (x,y) in space

E{X (8)} =m (5) (19)
and a variance defined as

wr {x (©) = & {[® - a6e)’) (20)
The covarfance for two polnts &, and £, is glven by

C [X(E)), X(EP] = {[X(E)) - m(EDIX(E,) - m(E N1} (21)

As for each polnt & only ome realization {s measured, these three
moments cannot be estimated due to lack of {nformaticn. To overcame
this problem the hypothesis of ergodleity [Papoulis, 1965] 1a used.
Hence, the moments found for the one realization obtalned in the field
are equivalent to the moments at each locatiom , f.e., spatial and
ensemble averaging are assumed equivalent. Furthermore the hypothesis
of statistical homogeneity 18 used [Gutjahr, 1985]. Then the
expectation does not depend on £ and the covarlance depends only on
the separation vector h = £y - £5 and the probability density function
(PDF) is the same for all locations.

In this study only the two promineat wvariables Ap and FT are
assumed to¢ be random, leaving e.g. v and ¢, to future work (see
Chapter 9). 0f prime interest 1s the dimensionless so0lid phase
concentration (T') as a function of depth and time. Since I 1s a
function of the random variables Ap and Fr o it will be random too.
Denoting the PDF for Ffixed §{ and T by Fr(&, T; T) then the
distribution function is:

%*

r
Pr(g, 5 T = [ .8, v D) 4T (22)
0

%
which represents the probability that ' < ' at the specified { and
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7. Note that due to the transformation to §, the plane in x and y at a
specified T 18 physically not a horizontal plane, as in the case of
Bresler and Dagan [1l981]).

The field average of T at depth { and time 7 is given by the firat

moment [Bresler and Dagan, 1981]:
1
<T@, ©>= [ Tf(, wT)dr (23)
0

Equation (23) may be rewritten as

1
ST (L, ty>=1- [ Pr (C, t; ) 4T (24)
0

and equals the fractional area where the piston profile has passed the
depth T at time t. Additional moments are given by Skopp [1984].
As P(C,T) depends on AT and FT’ in general

fr dr_fATF (25)
where fAT’FT is the joint PDF of 4ig and F.

Assuming independence of Ay and Fp, as mo a priori reasons for a
physical dependency between these two variables exist, then fAT’FT is
equal to !ATfF . Hence, equation (22) may be rewritten as

T

*
Pr (C, ;T )= [ £, #, drdF (26)
: o AaJr CrTr
(r] .
The domain of integration (I' ) covers the domafn in Ap and Fy that
*
results in T'(C,t) < T .

8.4 Materials and methods

So1l was sampled from a fieiﬁ shortly after the harvesting of the
crop (corn) just before application of slurries at 67 locations along
two transects (see Figure 1). Along tramsect D soil at 51! locations
(every 6 m) was sampled from depths 0-0.2 m, and then with increments
of 0.1 m to 1 m depth or until freatic water level. Along transect E
soil at 16 locationa (every 16 m) was sampled to 1 m depth or until
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freatic water level with increments of 0.2 m . At each location soil
samples obtained from 4 positions in a square (0.4 m x 0.4 m) were
mixed.

In the laboratory air dried subsamples were extracted using acid
ammonia oxalate [Schwertmamn, 1964] amd P,,, Fe,, and Al _ were
deterumined as described by Nowozamsky et al., [1986]. On different
subsamples at a concentration of 3 mol KH2P04/m3 with a background
electrolyte of 1.5 mol CaC12/m3 and 2 ml KCllm3 the resfidual sorption
capacity was determined. During 24 hours, 5 g soil was shaken end-
over—end in 60 ml electrolyte and ¢ was measured afterwards with the
molybdenum-blue method of Murphy and Riley [1962]. Extrapolation on a
logarithmic time scale yields Pg-.

—+==

Figure 1l: Schematic representation of the field studied

8.5 Calculations

The numerical calculations were done by Monte Carlo simulation,
t.e. the result of the transport process for a column is calculated a
large onumber of times, each time using different realizations of the
random parameters. These results are used to calculate the sample
moments of the transport process in the fileld (m, ¢). Samples of
random numbers with a standard normal distribution, required for
input, were generated with a manufacturer supplied subroutine package.
The distributfons were tested using the Kolmogorov-Smirnov test
statistic [Rubinstein, 1981], given by the maximal value of |Pr-Pr| in
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the sample.Here Pr 1s the computed cumulative probability of the
sorted {(monotonically increasing series) sample, f.e., n/N+l, where n
18 the number of appearance in the sorted serfes and N the maximal
number of appearance, the sample size. Pr 1s the theoretical
cunulative probability. The sample was only .used {f K was less then
1.63, see e.g. Persaud et al., [1983]. With the appropriate values of

the statistics the distributions were generated used in the model.

86 Results

In Table 1 the statistics m and ¢ of several variables are given
for the depths d1indicated. Due to the 1large variation of the
groundwater level only results till 0.6 m depth are used. The
assumption of homogeneity in depth 18 clearly not valid. Hence, the
transformation of 2z dinto & 1in order to construct an equivalent

homogeneous column is indeed required.

Table 1: Fleld averages and standard deviations of variables for
three layers. (N = 67},

average (mmol/kg)

z z z z zZ z z
z (m) Feox Alox (Fe+A1)ox Pox PR P“l am
0 -0.2 22.5 58.0 80.5 21.6 20.6 42,2 0.53
0.2~0.4 15.2 61.0 76.2 12.5 22.4 34.9 0.46
0.4~0.6 4.2 40.6 44.8 1.6 20.8 22.4 0.50
standard deviation [mmol/kg]
0 -0.2 7.2 8.8 12.4 5.6 5.0 5.5 0.07
0.2-0.4 6.9 15.6 17.7 5.0 6.7 9.1 ¢.07
0.4=0.6 3.2 20.2 20.2 1.3 10.7 11.5 0.113

The coefficlents of variation (CV = &/m) increase with increasing
depth. This trend reflects possibly a larger varlability at larger

depths. However, wmeasurement errors may also be the cause of larger
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values of CV, notably for Feox and Pox with very low mean values. The
dispersed profile of P,, may in part be attributed to agricultural
activities (ploughing, mixing up to 0.2-0.3 m depth by heavy
machinery, etec.) and to uncertainty due to the sampling layer
thickness-

The statistics of some depth—averaged varilables are given in Table
2. The coefficlent of correlation p{3) 1is only 0.82 and it was noted
that the main scatter is due to 5 topsoil samples. The scatter diagram
(Figure 2) {indicates that most locations conform well to the
simplified model. TIn the following the average value of 0.5 1s used
for e

For the depth-averaged variables P,, and (Fe + Al)ox (used to
estimate Aq and Fr), histograms are shown in Figure 3. Also shown are
the fitted normal probability density functions (f) given by:

X -
’y =;x—§;2—n exp [—(-?)(7?5)2] (27

In Figure 4 the field average profile of P 1s shown In terms of the
dimensionless concentration as a function of dimensionless depth. Two

experimental profiles are shown, one based on Py and one basged on Fm.

Denoting the relative thickness of the P-saturated layer by Cp, then

C

L L
z 2z _
pl = g P dz /fg P dz = Pox/Pm (28)

The value of Cpl ts distributed and the probability that Cpl < C* ia

given by
*

L
Pe[C | < - f g, 4t (29)
P 0 pl

For the piston flow model thils expression 15 equivalent to Pe(l, 73
*
I''). Hence, the experimental profile is:

RFLRERES J D (30)

ox' 'm
Both profiles are shown in TFigure 4 and appear to be slightly

Likewise the experimental profile based on sz = P __/F_ 1is obtained.

different 1in shape. The mean wvalues of Cpl and CpZ are equal (0.36)
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and the standard deviatioms are 0.08 and 0.09, respectively.

Table 2: Fleld averages and standard deviations of variables
averaged with depth (0-0.6 m). Also given the correlation
coeffictent p(i) with (Fe+A1)°x.

i name mean (m) standard p(i)

deviation (o)

1 Pox 11.9 3.37 0.59
2 P 21.3 5.40 0.73
3 1 33.2 7.22 0.82
4 (Fe+Al), o 67.2 12.95
5 a 0.5 0.07 -0.18
50 .
) .
= Wt
S -:.-.'
E ._'.".l.'.
= N
E - ... » .
o 25 o
. e ¢
h J
0+
0

50 100
(Fe+Al)°x (mmol/kg)

Figure 2: Scatter diagram of B, versus (Fe+A1)ox.

With the statistics of Pox and F, glven in Table 2 the field
averaged profile may be calculated assuming Independent P,y and F_.
The results are shown in Figure 4, assuming a normal PDF for Flll and
Pox* The experimental profiles are steeper than the calculated
profiles.
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Figure 3: Histograms and fitted probability density functions of the
variables Py, and (Fe+A1)ox.

10h— ottt

Figure 4: Averaged dimensionless concentration in the splid phase <
as 2 function of dimensionless depth [. Experimentally found
denoted Cpl and &,y (see text), computed: dashed 1line

{reference case).
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8.7 Parameter analysis

The statistics of Table 2 used to compute the profiles of Figure &
are estimated from data of 67 sample locatioms. It 1is assumed that
these 67 locations are representative for the whole field. This and
other assumptions wmay, however, not be wvalid. Hence, the estimated
values of the statistics may be systematically too high or too low. In
order to assess the nature and the sensitivity of a change in the
profile due to a change 1in the modelparameters, these parameters were
varied.

The resulting profiles for different values of the statistics of
Fr are shown in Figure 5a and for different values of the statistics
of Ar in Figure 5b. Obviously the mean depth of penetration of the
profile is proportional to m,; (the subscript T is omitted when writing
m and o) and {oversely proportional to mp: An Imcrease 1n one of the
standard deviations causes a more dilspersed prefile. Apparently the
field-scale dispersion Increases with an Increase in the heterogeneity
of both F.I. and AT This 1s {1llustrated for the case where Fy is
considered not random but constant (at mp). Then equation (26) {ia
integrated only once over Aq, which yields:

CmF - mA
CT (C,) > = 0.5 {1 ~ erf [—&——75——]}
A

(31)
Thus 1f g, increases also the field scale disperslon increases as the
error functions decays slower with L. If CV(AT) 12 large the value of
{T(D,t)> may be less than unity as 1in that case the second term 1in
equation (31) 1s already significant at § = 0. This is due to the
physically unrealistic probabllity Pr{Ap < 0), which is finite for the
case of a normal PDF. This 1is considered later in this study. It is
noted that a result similar to equation (31) may be obtained {f Ay is
constant and Fy is the only random variable.

Siaoce the atatistics used to compute the profiles of Figure 4 were
derived from the same data set from which the experimental profiles
were constructed, the fit of ecalculated and experimental results can
not be considered an 1independent test of the model. From the
differences in Figure 4, a complication not accounted for in the

calculations becomes manifest.




Figure 3: Averaged dimensfonless concentration {n the solid phase <I'>
as a function of dimensionless depth £. Variation of
statistics of FT (5a) and Ap (5b).

This is the significant degree of correlation between A, and F; (Table
2: p(l) = 0.59). Therefore calculations were done for three values of
#(1), using the means and standard deviations of Table 2. As expected
the effect of the wvalue of p{l) on the shape of the profile 1s large
(Pigure 6). Thus 1f relatively large applications of P occur often on
locations with a small retention capacity, then the front of P will
move much faster In those locationa than in the field on average. This
18 the case for curve 3, which shows a large field-scale dispersion.

In the opposite situation an almost piston—shaped field average
profile is found (curve 1). If the random nature of Ap and Fp were
neglected just like pore scale dispersion, then a piston shaped
profile would,be predicted. The front of P would then be s{tuated at

£ = 0.36. Since the experimental curves fall 1in between the curves 1
and 2 of Figure 6 the description 1s probably good if the coefficient
of correlation p(l) = 0.59 18 taken into account.

8.8 Profile development in time

The calculations done so far are for the reference situation,

{.e., the situation at the moment of sampling. To show the develeopment
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10—+

Flgure 6: Average dimenslonless concentration 1in the solid phase <I>
as a function of dimensionless depth &£. Statistics of
reference case. Effect of correlation coefficient, p(l).

Curve 1: p = 0.999; curve 2; p = 0.06; curve 3: p = -0.998.

in time, it 18 assumed that no trends occur in the application rate
(for each 1individual application Ay the statistics m and O are the
same). To estimate the statistics of Ay, it 1s necessary to kanow how
many applications resulted in the present situation (Ap). Information
concerning this field suggests .that M = 10 annual applicationa 1s
reasonable. Then it {ie necessary to know whether and to what degree,
individual applications are correlated. For 1llustration two
possibilities are considered. In the £first case the individuel
applications are 1independent and the statistics for A; are estimated
with

my, = My, M (32
g, =0, M (33)
Ap Ay

In the second case where different Ay are completely dependent (a
particular location receives the 8ame amount of P at each

application), equation (32) does not change but equation (33) becomes:

Gy, = aAiM (34)
Hence, for independent applications CV(AT) decreases with VM whereas
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for dependent applications CV(A;) remains constant. Therefore, the
field-ascale dispersion will, 1in general, be larger in the case of
dependent applications than in the case of findependent applications.
In the simplified case of equation (31) a symmetric sigmoid prafile
results (as is also the case for non-random AT and random Fp). Then
the growth in time of the field scale dispersivity (R%) can be made
explicit. This 18 done by considering solute transport assuming
constant timput, c(0,t) = ¢q, and a linear adsorption isotherm. The
well known solution of equation (1) is given (for t >> D*/v*) by:
*
cley = 0.5 {1 - erf (Z—pF1} (3%

2/(D t)
where D° = D/R and v = v/R Neglecting molecular diffusion the
dispersivity 1is R‘D = D*/v*- Similarly a fileld scale dispersivity for
the profile in the solid phase may be defined. Rewriting (31) in terms
of z (=fL) 1t ;ay be shown, that:

(36)

10+

Figure 7: Average dimensionless concentration in the solid phase <I'>
as a function of dimensionless depth L. Effect of
correlation coefficient for successive applications. Dashed
line: p = 0; golid line: p = l. Times (M) indicated fn
figure.
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Clearly, by inserting equation (32) and equation (33) ox (34) in (36),
the field scale dispersivity 1s constant for independent applications
but proportional te M for completely correlated applications. In the
latter case we find that R.g = @ oZ' /(2p. m

g8 F
For the fleld situation consijaered héte where m and o of Ay are

m, ) -

glven for M = 10 annual applications, clearly the value of GAT
estimated with equation (33) will be smaller than 0, eatimated with
equation (34) for times shorter than 10 years. For larger times, the
opposite will occur. This 18 shown in Flgure 7 where the profiles are
ghown at different times (M) for the case of dependent and the case of
independent LYE

It was already noted that 1f UAT ig calculated for times shorter
than at the reference situation using equation (33), the value of
CV(AT) becomes larger than at the reference case. Then a significant
Pr[A; £ 0] may be found. However, even 1f at the reference situation
Ay (or Pox) 1is approximately distributed normally this does mot have
to be the case for A;. Thus 1f Ay is a random variable with a
continuous distribution then the sum Ap will become distributed
normally {f a sufficient number of independent individual applications
Ay are summed. This 18 expressed 4in the central 1limit theorem
[Papoulis, 1965]. Hence, for this field also, A; may well be
distributed e.g. lognormally 1in which case Ay can only be positive.
(Appendix C; Chapter 9).

89 Discussion

It was noted above that Pox and (Fe + Al)q,x are correlated. Since
physically no relation 18 expected bdetween these variables the
presence of trends should be investigated as these would {invalidate
the assumptions of stationarity and ergodicity. An indication of a
trend 1in the random varlable X(E£) may be obtained e.g. with the
semivariogram Y(h) defined by

2
y(h) = ¥ E {[X(E + h) - X(T)] } (37)

which for an intrinsic random function of order zero depends only on h
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[Gutjahr, 1985]. If the semivariogram reaches a maximum ('sill') at

separation distances n* exceeding a certain value ('range'), then
*
Y(h') = var {X(E)} = ¢(0) (38)
and the random function 1s second ordl.r stationary for the domailn {E.}

considered. In Figure 8 the semivariograme for the D-transect of F,
and (Fe"'Al)ox are shown. In both cases mno sill 1is reached, suggesting

a trend.
ﬂan o
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Figure 8: Semivariograms for a: P, . and b: (Fe+Al)ox, for D-tramsect,

with 51 sample locations and 50 lag—classes.

The trends are shown in Figure 9 by giving the values of the variables
Pox and (FetAl),, as a function of & along the transect. Clearly the
mean values of both variables decrease as § increases.

It appears that the trends are in the same directlon, which causes the
poaitive wvalue of (1), and that they almost compensate as no
signif {cant trend 1is observed for Cp {in this case sz)- It may be
noted also that the 'blwodal' shape of the histogram of ¥,, in Figure

3 reflects the almost step wise change in Pox(g).
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Since the mean values of both P, and (Fe + Al)ox depend on the

coordinate & the assumptions made with respect to statistical
homogeneity and ergodicity are not wvalid for the field studied.
However, this does not invalidate the analysis presented. As was shown
above, the description of the referemce situation is probably accurate
1f the wvalue of p(l) = 0.59 fs taken into account. The rest of the
parameter analysis also holds, if only for a similar field showing no
trends and with independent Ay and Fy-

whereas the

However, simple model given here 1s accurate to

describe a particular situation, in order to apply it for predictive
purposes we must know the spatial nature of the random variables. This
1s pecessary as p(l) may well vary in time {({i.e., change with each
Besides

nature of the distribution of an individual application, Ay, is very

application). the recognition of apatial trends, also the

important. The assumed shape of the PDF and the estimated statistics
of Ai influence both the PDF shape and the statistics of Ap. Since
estimated, the
mainly by the

generally the number of applications can only be

predictive capabllities of this model are limited

uncertainties in Ai .

25
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Figure 9: Values of random variables Pox (2}, (Fewal) _ (b), end t‘;P

(c) as a function of location E.

The dispersion for the field-average transport may be larger than

accounted for by simulatior of the transport of P 1n a homogeneous
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column, using realistic wvalues of the physical parameters. For P
transport, Beek [1979] was unable to simulate the average P profile in
a fileld, recelving untreated sewage water, by one-dimensional
transport simulations using independently evaluated parameter values.
It is 1likely that thisg was at least partly due to neglecting the
random nature of the retention capacity In the field. Surface-water
eutrophication occurs already at solution concentrations of P a
thousand fold smaller thar found in top soils saturated with P derived
from anfmal manure slurries disposal. Therefore we are 1interested in
predicting the breakthrough at the groundwater level for a very amall
fraétion of the total area. Whenever this is the case the
heterogeneity of the retention capacity and the varisbility in the
application should be taken into account.

8.10 Conclusions

l. The description of the field-average transport of P mneglecting
pore scale dispersion but taking into account the random nature of
the applied quantity and retention capacity yields satisfactory
results.

2. TField-scale dispersion increases with increasing coefficients of
variation of applied quantity and of retention capacity.

3. A positive correlation of {ndividual applications or a negative
correlation of applied quantity and retention capacity also cause
an increase 1n field-scale dispersion.

4. The presence and nature of trends of random variables need to be

known 1in order to use the model for predictive purposes.
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Notation

Total amount of P applied [mmol/mz]

Annually applied amount of P [mmolfmz]

Covariance

Coefficient of variation

Coefficient of molecular diffusion and hydrodynamic dispersion
[m2/yr]

Effective dJispersion coefficient for adsorbing solute, D/R
[mzlyt]

Expectation

Functional relationship of sorption with time and concentration
{mmol /kg]

Maximal sorption based on (Feddl) [mmol /kg]

Total sorption capacity for P of 801l layer with thickness L
[mmollmz]

Kolmogorov—-Smirnov statistic

Length of column [m}

Number of applications

Number of sample locations

Maximal sorption based on P, + Pp [mmol/kg]

Extrapolated measured sorption [mmol/kg]

Adsorbed amount [mmol/kg]}

Retardation factor

Precipitated amount [mmol/kg]

Variance

Generic notation of a random variable

Concentration of P in solutfon [mmol/m3]

Feed solution concentration of P [mmol/m3}
Probability density function

Separation vector

Field scale dispersivity [m]

Mean

Ratio of means, m/mp with o, for reference situation

Time (yr]
Period in time between successive applications [yr]
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Time required to diesolve solid P {yr]
Interst{itial water velocity [m/yr]

<

Effective 1interstitial water wvelocity for adsorbing solute, v/R
[m/yr]

Time averaged propagation velocity of front [m/yr]

+¥,2 Coordinates [m]

Ratio between P, and (Fe+A1)ox

Semivariogram

Dimensionless concentratfon of P i{n the solid phase

Variable

Coefficient of correlation

Soll bulk demsity [kg/m>)

Standard deviation, (VAR.)5

a! Ratio of standard deviations, o/cR with o

m H -« 2 W o«

© O
qm

R for reference
situation

Total time [yr]

Volumetric water content

Coordinate  [m]

Dimensionless depth

1 1 gm D -

Dimensionless front penetration depth
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9. TRANSPORT OF REACTIVE SOLUTE IN SPATIALLY
VARIABLE SOIL SYSTEMS

Abstract

Transport is studied for reactive solutes and one dimensional
fluid flow with sorption described by the Freundlich equation (Q =
ke™). For a physically and chemically homogeneous soil column and if
the constant feed concentration 1s larger than the 1nitial
concentration the tranmsport occurs 1in a travelling wave type
displacement, with a constant shape of the solute concentratfon front
and constant €£ront propagation veloclty, provided OKn<l. For a
negligible initial concentration it 1is shown that a shock front may be
assumed 1{f n 1is small enough. Field scale transport is described as an
ensemble of shock fronts in parallel columns with different flow
velocities (v), retardation factors (r) and times of solute {input
(tc)- These stochastic variables are characterized by probability
density functions (PDF). If we assume lognormal distributions, a
simple expression for the field averaged profile of dimensfonless
sorbed solute <€ > at a particular time is derived. If t, 1s not a
distributed variable, but equal to the total time T, the profile <I'>
coincides with the field averaged dimensionless concentration profile.
It 1s shown how scaling theory, leading to the PDF of the fluid
velocity, may be incorporated in the model. For reasonable parameter
values and statistlcs of the stochastic variables the {I'>-profiles are
calculated. WNotably the effect of a stochastie retardation factor,
with statistlies derived from the distributions of pH and oc (organie
carbon content) found for 84 solls, appears to be profound. The fleld
average displacement calculated 1s non-sigmoid for the PDF's of oc, pH
and t. chosen. This phenomenon 1s amplified 1f v and r are assumed
negatively correlated. From the results it is clear that modelling of
horizontally large soil systems with averaged properties will 1in
general lead to an underestimation of the moment of first breakthrough

at a particular reference level, such as the phreatic water level.
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2.1 Introduction

The description of solute transport through soll is of interest in
order ta quantify salt displacement In salt-affected soils, pollutant
mobility (heavy metals, excess fertilizer, pesticides, radionuclides)
and the mobillity of plant nutrients. Reviews of work done on transport
in macroscopically homogeneous columns were given by Bolt [1982] and
Cleary and Van Genuchten [1982]. Often, however, soil may not be
considered as a homogeneous flow domaln due to the presence of
structure (macropores, aggregates, and cracks). This structure may
cause preferential flow channels that may result in bypass of part of
the sofl matrix. Then two or more subdomains need to be distinguished
and transfer between these domains may be described empirically with a
first-order rate expression [Deans, 1963; Skopp and Warrieck, 1974; Van
Genuchten and Wlerenga, 1976; 1977]. In some cases where geometry of
the subdomains is known the transfer may be described by modelling the
subdomains deterministically. This was done by Rasmuson and Neretnieks
[1980] for spherical particles, Tang et al. [1981] and Rasmuson and
Neretnieks [1981] for fractured rock, Addiscott [1974] for cubic soil
peds, Van Genuchten et al. [1984] and De Willigen [1985] for root
channels, and by Valocchi [1983], Parker and Valocchi [1985)] and Van
Genuchten and Dalton [1986] for several geometries.

Vertical tramsport through flow domains of large horizontal extent
is {nfluenced also by varlabllity of soll propertles in the horizontal
plane. Spatial wvariability of s0il Thydraulic properties was
investtgated by Nielsen et al. [1973], Biggar and Nielsen [1976],
Warrick et al. [1977}, and Russo and Bresler {1981]). The wvariability
of hydraulic properties in similar media may be handled using scaling
theory (e.g. Peck, 197%9). Warrick et al. [1977] showed that a
dimensionless scaling factor may be defined that relates the hydraulic
conductivity at a particular location in a field to a field-averaged
hydraulic conductivity. This scaling factor was found to be
lognormally distributed.

The effect of spatially wvariable hydraulic properties on solute
transport was studfed by Dagan and Bresler [1979], Bresler and Dagan
{1979, 1981, 1983], Amoozegar-Fard et al. [1981] and Persaud et al.
[1985]. Using stochastic theory Dagan and Bresler [1979] and Bresler
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and Dagan [1979] 2malytically evaluated the fileld averaged
concentration as a function of depth and time for a non-reacting
solute. They neglected pore scale dispersion and assumed that the
acaling factor and the steady 1inflltration rate were stochastle
variables. In subsequent papers (1981, 1983) they 1incorporated
transient flow and pore scale dispersion. They showed that non-Fickian
behaviour may occur and estimated that the concentration profile may
satisfy a diffusion-type equation only after transport distances of 10
to 100 meters. If pore scale dispersion is taken into account with a
digpersion coefficient reflecting soil profile heterogeneity this has
only a small effect on the concentration profile and spatial
variability 18 domfnant. Amoozegar-Fard et al. [1931l] who used Monte
Carlo techniques, reach the same conclusion. Persaud et al. [1985],
also using Monte Carlo techniques, concluded that the correlation
between the pore scale dispersion coefficient and the velocity hardly
affects the concentration profile.

& somewhat different approach was given by Jury [1982] who
described transport 1inm a spatially wvariable field assuming a
distribution of travel times. His transfer function model (TFM) was
successfully applied for a fileld by Jury et al. [1982] and for
undisturbed columns and a field site by White et al. [1986]. Using the
TFM approach Jury [1983] €ound a prominent effect of correlation
between the retardation factor and the travel time of a non-reacting
solute, assuming both are distributed. Sposito et al. [1986] showed
that the fraction of 1mmobile water in their two component convection
dispersion equation controlled the shape of the travel time
distribution.

Field-averaged transport was studied recently for a reacting
solute (phosphate) by Van Der Zee and Van Riemsdijk [1986]. They
assumed high affinity sorption and equilibrium at time scales relevant
in the field. Neglecting pore scale dispersion and desorpticn, a
piston ghaped profile results £or sorbed P. The dimensionless
penetration depth of the sorbed P front was expressed in terms of P
applied (Ap) and the sorption capacity (FT)' The variables A, and F,
appeared to be random variables for a field and consequently the
dimensionless penetration depth (equal to the fractional saturation of

a column) is also random. The f{ield averaged profile of dimensionless
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sorbed P was calculated with Monte Carlo simulations, using the
experimental probabtlity density functions (PDF) of Ay and PFp. The
description of the experimental profile appeared good and differences
could be understood if the trends in the field were taken into
account. Sensitivity analyses showed the large effect of the
correlation between Ap and Fy.

In this contribution we describe transport of solute adsorbing
according to a Freundlich isotherm. In the case of continuous solute
input a travelling wave gccurs that may be approximated with a piston
profile by neglecting pore scale dispersion. Neglecting desorption we
approximate the profile of sorbed solute by a piston shape. The
penetratfon depth for a homogeneous column is controlled by the
velocity (v), the cumulative time of solute input (ty) and the
retardation factor (r). For a field envisfoned as an ensemble of non-
interacting columns the variables v, ty and r may be considered
random. We show that by assuming a piston profile at the column scale,
a simple expression for the field averaged profile of dimensionless
sorbed solute 1is found if the stochastic variables are lognormally
distributed. We illustrate that, assuming lognormal distributions, the

incorporation of other stochastic variables may be very simple.

9.2 Theory

9.2.1 Column scale transport

Solute transport in one dimension in the absence of sinks and for

steady state flow is described by

3 azc de
Tt[pQ+9c]=0D'az—2-Gv162 (1)

where p = dry bulk density (kg m_3), ¢ = volumetric water content, D =
coefficient of hydrodynamic dispersion (m2 y_l), v = pore water
velocity (m y—l), z = depth (m), t = time (y), ¢ = concentration (mol
m-3), Q = sorption (mol kg_l)- Equilibrium sorption is given by the
Freundlich isotherm:
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Q =kt (2)

where k and n are constants. Other isotherms such as the Langmuir
isotherm are equally feasible. For a homogenesus column with initial
concentration smaller than the 1nput concentration, displacement
occurs as a travelling wave provided 0 < n < 1. Such a travelling wave
is characterized by a solute front shape that does not vary in time
and that moves through the column with a constant velocity. Travelling
wave solutlons were glven by Reiniger and Bolt [1972] for favourable
exchange and Van Duijn and De Graaf [1984] for Freundlich adsorption.
Equations (1} and (2) are solved for the conditions

c (z,0) = eg z <0 (3a)
c {(z,0) =0 z >0 (3b)
¢ (~=, t) = ¢q %‘—;: 0 t>0 (4a)
c {(+=, t) = 0 gc—zao t>0 (4b)

Defintng the

[Bolt, 1982],

and setting c(n) = c{z,t) ylelds

new variable 0 = z -at, where a 1s the wave velocity

_ £4d0(cry de | dc _ de
a{1+9 e }dﬂ e T (5)
dn
and
c = ¢g gc—no N+ - (6a)
c =0 a—2=0 n-+= {6b)

de
Af ter 1integration of equatilon (5) assuming E + 0 for n > £ @ the wave

veloeity (a) is found
a = veg/(e, +%Q(c0)) - y/e (7a)

The retardatfon factor, r, in case of the Freundlich isotherm is
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n
c.—-c
r=1+%k(‘50—':—c'i“) (7b)
0 i
for the concentration increment cgp = ey Since we have chosen an

initial concentration c;=0 we henceforth use the notation AQ = k ¢y
The implicit solutlon of equation (5) {1s

oa In ?(n) de
- dn = £:D)
o e(np) {%Q - @Cc fe

0

where np is an arbitrary reference [Bolt, 1982]). For the Freundlich
isptherm this leads to
n e(n)
cka f dn = I de
oD M) Eg _n
ﬂR c nR k‘o c c
If we set g = cl-'rl equation (9) may be integrated and this yields

(9

af ter rearrangement and substitution again of ¢

ke 1/1-n
* ¢ padQ (1-n *
c(n-n) ={ uza-[l - exp ( ® D )(ﬂ - )11 (10a)
0
% *
In equation (10a) m is the coordinate with ¢ = 0 for n » n and which
is given by:

C
e -G ] (106)

We have chosen c(ny) = c(0) = % cge

We will show in a later section that a relatively sharp c-front
develops for realistically chosen parameter values 1if the front is
deseribed by equation (10). Due to the non-linear sorption isotherm
the effect of dispersion does not lead to continued profile spreading
with increasing time but results in the development of a steady state
front travelling through the medium with wvelocity a. Then we may make
the approximation of a shock front by neglecting hydrodynamic
dispergion. We consider a soil containing initially no solute and with

the boundary condition
c (0,t) =8 {t, - t) 0<t<y (11}

where t; 1s the length of a time {ncrement considered and where the
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Heaviside step function is given by H{£)=0 for & < 0 and H(e)=1 for

€ > 0. Thus solute enters the columm duriog 0 < ¢Sty with a
concentration of ¢y, followed by a time span equal to ty-te when a
solute—-free solution enters. If we consider a number M of such
sorption~desorption cycles, which are each of duration t; then we may
make the following assumption. For a steep fsotherm (small n)
concentration buffering by desorption is negligible until swall wvalues
of ¢ are reached [Cleary and Van Genuchten, 1982, p. 357]. At low ¢
the rate of mass displacement {s small and therefore little solute
redistribution occurs for t.<t<t;. During successive cycles first the
top layer, where desorption occurred, will be f£f{lled up with solute.
This 1s followed by a further displacement of the downstream front.
Therefore we may assume a pulse—wise propagation of the downstream
front of adsorbed solute provided the retardation factor 1s 1large.
Neglecting the small oscillations in time of the adsorbed amount close
to the {nlet boundary (z=0) we can give a simple expression for the
dimensionless front of adsorbed solute, Y=Q/Q(cg). This approximation
{8 better as the number (M) of sorptiom-desorption cycles considered
is larger and 1s given by

vt
Y=H ("= 2) (12)

M

where ty iz the cumulative time of .solute input (= 12 t i) and T is
= c,

the total time (v = I t;)- '

In the next section.we consider an ensemble of parallel, vertical
columns. In practice the contents of organic carbon, clay, oxides,
etc. are different for different horizons and layers, and thig is
reflected in Q(co) and r. Therefore it is convenient to introduce a
dimensionless coordinate, { [Van der Zee and Van Riemsdijk, 1986].
Def ining (_](co) as the depth averaged value of Q(cgy) for a column of
lepgth L then

z

t= | Qle o)dz/ ﬁ(co)L (13)
0

Here L may be counveniently chosen e.g. the depth of the water table,
and may differ for different columms. Combination of equations (12)
and (13) yields the expression for the dimensionless sorption profile
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(i.e., the dimensionless amount as a function of depth Y and time T),
which is given by

VtM
¥(E,T) = B (-0 (14)

Note that v(C{,t) represents the fractional saturation of a column of
length L at the time ¥ = Mty. This fractional saturation is the amount
of solute present in the columm, divided by the amount present if the

concentration equals ¢ in the whole columm.

9.2.2 Field scale transport

A field or watershed may be assumed to consist of an ensemble of
parallel, vertical c¢olumns. The columns differ with respect to the
variables ¥, where i = 1,...,N. The average behaviour of such a flow
domain may be described using stochastic theory (Dagan and Bresler,
1979; Van der Zee and Van Riemsd{jk, 1986). Then the varilables Xi are
not given fixed values but are represented by probability density
functions (PDF). We assume that each variable X; has an expectatfion
and a variance and that the assumptions of ergodicity and stationarity
are valid (Papoulis, 1965; Russo and Bresler, 1981). The dimensionless
coancentration in the solid phase is a function of the stochastic
variables and thus it is also random. Denoting random variables by

capitals then

.fr(ga.r;r) dr = fX(C’T;Xl,.."XN) dxlo--dX (15)

N
where fI‘ is the PDF for T (random dimensionless sorption) and ,fx 1s
the joint PDF of Xy, t = 1,...,N. Integration of 'fI' yields the
distribution functien Fp({,T;I') and 1inserting ™ tato Fr gives the
probability

*

r
e[l = [ ofuE,mn) ar (16)

i.e. the probability that T is less than or equal to ™ at glven time
and depth. Equations (15) and (16) are combined to
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+*
Pr [C,o;T | = ff... ) ENCRE A PPN SR A SN ¢

[r*]

with [P*] the N-dimensional integration domain of combinations of
Xi,++.,Ky that result in T < ™. The expectation of T at specified
and T is given by the first moment

1
KT(,my>»= | T (8, T5T) dr (13)
0

which may be rewritten as
1 .
K<T@,m>=1- [ pe[g,5r]dr. (19)
0

We note that, for the piston flow model adopted here, < T (L,T) > (g
equal to the fraction of the area in the (horizontal) xy-plane where T
= | with respect to the total area.

The profile < T (L,T) > at specified T may be calculated if fy is
given. We assume that v, ty, and r are random (notatton V, T, and R,
respectively) and lognormally distributed. A lognormal PDF for V ig 1in
agreement with scaling theory (Peck, 1983} and findings from Biggar
and Nielsen [1976], Warrick et al [1977], and Bresler and Dagan
[1979]. For a small coefficient of variation (CV def ined as the ratio
standard deviation/mean) the lognormal PDF has an almost Gaussian
shape [Simmons, 198l] Therefore the normal distributions observed by
Van der Zee and Van Riemsdijk [1986] for the variables corresponding
to T and R could be replaced by lognormal distributions (Appendix C).

A lognormally distributed variable 18 defined in < O, > and a normal
distributed variable in < -=,» > . Hence the lognormal PDF 1is
physlcally more. appropriate for V, T, and R. It 1s given by

X-nm
2Ty
y2] (20)

1
Ix" Ky V() exelh
where lognormally transformed variables are underscored (i.e.,
X=1nX) and
- 2
X = lognormally distributed variable, X = A (mX’ sx)
X = 1n(X), normally distributed variable, X = N (m

x %)
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my = mean of X

sy = standard deviation of X

Two situations may arise, 1i.e., the stochastic variables may be
independent or dependent. Considera random variable Y, which fs a
function of independent lognormally distributed X; ({ =1,....,N;) and
Zj (3 = l,....,NZ), i.e,

N N,
Y= 1 X /0 z (21)
1=1 =1 1

Then also Y {8 lognormally distributed with stati{stics following from
the properties of this distribution. Thus for Y = 1n ¥:

Nl N2
L Eom - I m (22a)
- i=1 g-[ 1 Ej
and
N N
A N (22b)
= i=1 0B i=1 £y

For independent V¥, T, and R the statistics of the logarithm of the
dimensionless penetration depth (Y = ln(%)) are then

m, = W + L M In(L) {23a)
and
2 2 2 2
SY=SV+5T+5R {23b)

The PDF of Y is characterized by equations (20) and (23). We note that
C*
»
Pr [YSC] = Io 1 9Y (24)
and that for local piston flow this is equivalent to

* 1
Pr [Y< (] = 10 Pr[C,T;T} dT (25)
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A simple expression for <T'(L,T) > results by combinatfon of equatians
(19), (20), (24) and (25) and integration. Thus the field averaged
profile of adsorbed solute is given by

g - my

<1'"(c,r)>=!5{1—erf[-TY—f§—]} (26)

where erf(x) = %’—t fg exp(-xz)dx and § is the lognormally transformed
dimensionless depth (equation 13) . Equation (26) gives the proflle as

a function of the parameters % and sY.

9.3 Discussion

In this section first the approximation of a shock front within a
column 1is justified. This is done by comparing the column scale
profile of a solute adsorbing according to a linear isotherm with the
travelling wave solution. Then the field scale profile (<T(C,T) >) s
studied.zAs the field scale profile is determined by fY (i.e.,
oy and 8y ) we show how !Y depends on the other variables, that may
change in time (T) or that may be correlated (e.g. ¥V and R ). Usually
the variability in ¥ and in R is expressed in texms of the variability
of other parameters such as the scaling factor (o) or the distribution
coefficient (k). We show how such parameters are {incorporated in the
description. Besides a sensitivity analysis to show general effects,
the profiles < T ({,t)> for realistic parameters values and
distributions are shown. By considering also transport of a linearly
adsorbing solute in aa equivalent homogeneous medium the effects of

pore scale dispersion and field scale variability are compared.

9.3.1 Column scale profile

The profile giving ¢ as a function of 7 (equation 10) 1s shown in
Figure la, using the parameter values of Table 1. S$ince our interest
18 the applicability of the shock front assumption 1in one column, we
evaluate the front thickness (&) defined as:
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Figure 1: Concentration front according to the travelling wave
solution (equation 10). la: Relative concentration as a
function of coordinate mn. 1b: Front thickness relative to
the thicknese 1n case of a linear isctherm (6/61, left
vertical axis) and front thickness (5, right vertiecal axis)
as a function of Freundlich power parameter (n). Parameter

values of Table 1.
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5 = Me = 0.16 c;) = n{e = 0.84 ¢ ) 27)

with cy = 0. Similarly a front thickness (61) is defined for the case

of a linear isotherm. The thickness 61 follows from the solution

c(z,t) = % co{l - erf[ﬁ-ﬁ%ﬁl—,)—]} (28)

which 1is valid sufficiently far from the inlet at z=0. It {s simple to

see that
5l= 2 Y(2DL/v) (29)

Table 1l: Parameter values used for calculating the travelling wave for
heavy metals (Cu and Cd).

8 = 0.3 e; =0

-3 - * 10~% -3
p = 1400 kg.m cg = 0.5 10 7 mol.m
val m.y_l pE =5
D = 0,03 mz.y_l oc = 2 gfg x 1007
k = 0.03 kCu = 0.04; de = 0.02
n=20.1-0.9 np, = 0.43; Roy = 0.85

where L 18 the depth where the average front 1is found (L=at). Setting
L=l.m we find &; = 0.49 m. In Figure lb the effect of n on the ratio

6/6) is shown. Clearly an increase in n results in a larger ratio. As

n * 1 an increasingly widening profile resulte. For n=1 equation (10)
18 not valid, as no travelling wave develops. Since the profile given
by equation (10) 1is a limiting profile (t + =) the value of 6/61 may
become larger than unity as & was evaluated for a particular depth,
L. Thus if &/8; is large whereas interest is mainly to short travel
distances, then the assumption of a steeper front than calculated with
equation (28) may not be warranted. The k and n values given in Table
1 are sppropriate for cadmium [Chardon, 1984] and copper [Lexmond,
1980]. Distinct travelling wave type displacement {s not expected for
cadmium for travel distances of approximately ! meter. For copper a
travelling wave i1s expected because the small value of n leads to
small values of 6/61. Hence for Cu the approximatton of a shock front
may be acceptable. From Chardon's [1984] data it becomes clear that if
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an excess of other heavy metals 1s present (8uch as Cu, Pb, Zn)
competition effects may cause a decrease in n. In such cases Cd may

also displace in a sharp front.

93.2 StatisticsofinY

The profile shape is controlled by the statistics of ¥
(equation 26) which 1in turn depend on the statisties of V, T, R or
variables of which these are composed such as the scaling factor, bulk
density, adsorption parameters etc. The relationships between Y and

several variables are discussed here.

9.3.2.1 Time dependence for discontinuous input

Whereas ‘fV and ‘fR may he assumed time invariant, this 1is of course
not the case for J’T because ty Inecreases as T increases. In the case
of discontinuous solute imput, f.e., ty < T we may characterize the
stochastic wvariable T with a lognormal PDF. However, since in that
case T 18 defined {n <0, <> the probabllity that T > T 1Is finite,
which is physically unrealistic. Although the situation where one part
of the area has ty = 7 whereas for the cother part ty is smaller than T
may occur, we will not consider this complication here. Instead we
assume that approximately ty < T for the whole area which is valid if
Pr[T > T] 1s negligibly small. If we consider Pr[T > T] € ¢
acceptable, where € is a chosen constant smaller than one, then this
leads to a constraint for the combination of oy and s+ For up of the
order of magnitude of 1n(t) ({.e., significant average solute input)
we find the constraint that after a few years

CV(T) < (lnt - mT)l((mT/Z inverf(l - 2¢)) (30)

where faverf is the inverse of the error function and CV (I) is the
coefficient of variation of !. Thus as np becomes closer to lntv

(approaching coantinuous solute 1input) the relative spread of T must

decrease rapidly. In the case of continucus input, the time of input
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1s no longer a stochast{c variable. For 1illustration, the comstraint
for

mllln(T) ts shown as a function of C¥(T) 1in Figure 2 gfr diff erent
values of the comnstant €. For a combination of L and Brat where the
subscript ¢ denotes a singie (annuval) application that satisfies
equation (28), we may consider the development 1n time of these
statisties. To do so we assume that successive applications are
perfectly correlated, i.e., for a column, t, 18 the same for each
cycle. This 1is a reasonable assumption if major trends occur in the
application on the field scale, such that part of the field
consistently receives more solute than another part. Such a trend was
observed by Van Der Zee and Van Riemsdijk [1986] for phosphate applied
to a field of & ha area in the form of animal manure slurries. Alsgo if
a4 larger scale flow domain {s studied such as a watershed that
consists partly of differently treated fields, and partly of farmyards

and woodlands a perfect correlation may be realistic.

10
=
c 05t
T,
EI—I 05
001
0 ! —+— |
0 1
cv(m

Flgure 2: Constraint to the combination of n and &y for different
values of the probability (e) that total time of solute
input (L) exceeds total time ().

The statistics of T after M application cycles are then given by
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L + 1in (M) {31a)
= =c

2 2

sg * Sqe (31b)

It is noted that 1f Te is distributed N(m,rc, s%c) so that it satisfies
equation (28), then also T found with equation (29) will satisfy this

constraint.

9.3.2.2 Limiting case of continuous input

In part of the area, solute may contlouously enter at the soil
surface (ty = t). Also for some situations {sewage farms, fertigation,
atmospheric deposition) this may be approximately the case for the
whole flow domain studied. Then the time of {input {s no longer a
stochastic variable (a§ =0 ) and L in equation (23a) 1is replaced by
In{t). Due to the larger time of input, the profile will be situated
deeper (larger [) than in the case of ty < t. Denoting the median
penetration depths where <I> = % by c% for the case of discountinuous
input, and by C% for continuous input then

~

C,i = C;j exp(ml.)/f (32)

1f ty = T o desorption occurs and the profiles in solution and in the
s0l1d phase coincide. for the plston flow model used. A related problem
was considered by Dagan and Bresler [1979] for a non reacting solute.
They directed their attention to the description of variability in
water flow and the resulting field scale dispersion. Both the
hydraulic properties and the recharge were random 1in their situation
and the concentration at the soll surface was constant. This resulted
in tw different situations in the field as both unsaturated flow and
saturated flow with ponding occurred. Total solute 1input depended on
the recharge as is alsc the case 1In this study for ty = T If ty {7

the total solute deposited at the soil surface (v t,  © g ) controls

M
the {input. The situation studied by Dagan and Bresler [1979] may be
extended to a reacting solute with a linear isotherm with a single

valued retardation factor. However, to take {into account a stochastic
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ratardation factor iIn their model 1s likely to lead to conslderable
complications. Therefore their analysis with emphasis on the hydraulic
aspects of the problem may be preferred for a non-reacting solute, or
in case of a linear lsotherm {f 1ittle variation in the retardation
occurs. If the retardation shows much variability in the flow domain
or 1f waterflow is not limiting with respect to 1laput, the description

given here may be preferred.

9.3.2.3 Unsaturated tlow

Dagan and Bresler [1979] characterized vartability of flow using
scaling theory. If the PDF of the scaling factor is known it can be
readily incorporated in the description givenr here. BReferring for
details to their work we adopt their K(®)-relationship

SO T (33)
K Bs- Bh_
where
Kg = gaturated hydraulic conductivity
(?ir = {rreducible volumetric moisture content
es = gaturated volumetric moisture content
B = a parameter
The stochaatic K, 1s scaled according to
K
Ey = (34)
8

* * 2
where K/ 18 a welghted average given by Ks = m exp(—ZmE - 232)
[Bresler and Dagan, 1979]. The scaling faftor a TIs lognormelly
distributed. ,Setting for simplicity eir = 0 and assuming no ponding

occurs, i.e. unsaturated flow as v O, > ¥ [Bresler and Dagan, 1981]:
* B
v=uw/ {(w/l(s) 6, exp(~2f la o)} (35)

[ -
where w 1s the water recharge. Defining & = (Ks) B BB then

1-p a_ZB 1

v = where w may be assumed either distributed or non-

random. In the latter case:
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m, = 1a WPty - 2%m, (36a)

8., = (28 soc)2 (36b)

Il o

Since the lognormally distributed V is defined 1in <0, «> {1t 1s clear
that ponding occurs for those realizatlons where vO; { w. Generally
for temperate reglons the year-averaged natural recharge, w, will be
much smaller than the flow velocities near saturation and the
probability

Pr [V < w/eslis small enocugh to neglect ponding in the long term. The
recharge 18 an important variable because it may control solute input.
Except for well defined conditions, the distributed recharge will be
hard to assess. Sometimes the distributfon of the amunt of solute
deposited on the soill surface is known. Then we may replace the term
Vtys, Or Wt for continuous 1input, by the rate of solute deposition.
This was done by Van der Zee and Van Riemsdijk [1986] for phosphate

transpert in a heterogeneous field.

9.3.2 4 Distribution of the retardation factor

The varfation in the retardatfon factor which is given by equation
(7b), depends (for particular <y and cy) on the variations in the
adsorption parameters (k and n) and the bulk density {p). The
variation 1in the adsorption parameters depends on variations 1in the
nature and contents of reactive soll cowmponents such as clay minerals,
metal oxides, organic carbon as well as the solution composition (pH,
ionic strength, etc.). Spatial wvarilability of the distribution
coefftcient (k) of the pesticide Napropamide was studied by Elabd et
al. [1986]. Describing sorption with equation (2) it appeared that k
wag normally distributed with a coefficlent of wvariatfon of 0.3. The
exponent, n, was approximately unity. For adsorption of Cd and Cu it
was shown by Lexmond [1980], Christensen [1981], and Chardon [1984]
that n is relatively constant over a wlde range of experlmental
conditions. Lexmond [1980] found for a sandy soil that n = 0.5 for Cu-~
gorption and Chardon [1984] found n ~ 0.85 for Cd-sorption. The
Freundlich-k parameter was highly dependent on the composition of sgoil
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matrix and solutton. From the data of Lexmond[1980] and Chardon [1984]
for Cu and Cd,respectively,the following isotherm can be found:

* -
Qg =%k oc (H+) 5 c” (37)
where oc = organic carbon content (g/g*100%)
(H+) = hydrogen ion activity
k* = Freundlich k with dependencies on oc and (H+)
eliminated
(aj fs]]
CSsr Qagr
o9t b 09
P e 075
0sf st
0251 oviis
or Qir
001+ Qo1
2 3 4 5 6 7 00 0 w15

In{*s oc)

Flgure 3: Cumulative prohability plots for pH (a) amd oc (b),
assuming pH is normally distributed N(5.25, 0.74) and oec 1=
lognormally distributed, A(0.84, 0.18).
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Using the data of Chardon [1984] for Cd-sorption we estimated
k* = 2.37 x 10'5 for six different soils, with oc ranging from 0.8 to
4.0 wgt—-% and pH ranging from 3.4 to 6.4 (with Q in mol kg ! and c in
mol m3).

No data are available for the varlability of k* for Cd or Cu
sorption. Hence we asgsume K* to be non-random. The distributions for
oc and pH are assessed for the 84 Dutch topsoils studied by Van Der
Zee and Van Riemsdijk (1986). With 99% significance according to the
Kolmegorov-Smirnov test statistic (Birnbaum, 1952) OC was found
lognormally distributed with e - 0.84 and BOC = 0.42 whereas pH
was normally distributed with m_I;I-I = 5,25 and sp;- 0.86. In Figure 3a
and b the probability plots are given for these two variables. With
these results and assuming p=1400 kg-m‘3 we can calculate the
retardation

repoc (HY? [k cg-lfe] (38)

Since the coefficient of variation of p is small for the soils studied
we neglect the random nature of p.

Using the statsistics of oc and pH givean above the statistles of R

are found (ln (H' Yy = -% x 2.3 log (H+) = 22—3 pH):
- + 1.15 +1 K % e (39a)
m3 mg_q . mpl-I n [p cq 1 a
2 2 2 2
°g = foc * (115" ey (39b)

These statistics are given in Table 2.
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Table 2: Parameter values and distributions used for stochastic

transport calculations.

HBydraulic parameters Chemical parameters

By =0 o = 1400 kg.m 3

o, = 0.4 co =5#% 1077 mol.n >
B - (7.2)71 ) = 0.2 (eq. 39)

m, = 350 m.y 1 K* = 2.4 * 1077
PDR(a) = A (0, 0.25) PDF(pH) = N(5.25, 0.86%)
w = 0.3 m.y ! PDF(oc) = A (0.84, 0.422)
PDF(V) = A (0.611, 0.0193) PDF(R) = A (5.87, 1.16)
PDF(T,) = A (1n(0.25), 0.317)

9.3.2.5 Correlated velocity and retardation factor

In the description given so far the stochastic wvariables were
assumed 1independent. The coeffilcients of correlation between the
travel time of a non-reacting solute and R [Jury, 1983] and between
input and retention capacity [Van Der Zee and Van Rlemsdijk, 1986] had
a proncunced effect on the profile shape. Therefore we consider the
affect of conceantration between V and R. A perfect correlation results
if a functional relationship between V and R {s given, similar to Jury
[1983]:

R = exp(mR) [exp(mv) / V]'< (40)

where ¢ is a parameter. Using thils expression the random shock front
4
velocity A is given by A = V/R = ‘e 1 exp(-m ) exp(~x m}ﬁ) For
_ 2
correlated V and R we find mé = mY mB and 8 = Sk + l) V The
value of k is found from the case of 1independent V and R where the

variance is given by sz

correlation between V and R the variance of A 1increases with respect

= (1 + K2) 5‘2, . Due to the perfect negative

to the uncorrelated case. Note that as k becomes large this effect

becomes small due to the dominance of fp on tramsport.
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9.3.3 Profile of sorbed solute

The profile of sorbed solute, <T (4,%)> , {8 characterized by the
two parameters n, and s,i (l.e., _fY ). In the previous sections the
dependency of fY— on the distributions of V, R, and T was shown and
the randomness of ¥ and R was considered in more detail. In this
section we first show how ‘fY affects the profile.

The frequency function of the dimensionless pemetration depth (fy)
becomes more symmetrical (Gausgian shaped) as CV(Y) becomes smaller

[Stmmons, 1981]. Since CV(Y) i3 given by
V(D) = [exp (s2) - 117 (41)

this implies that f y becomes wore symmetrical as sg decreases or as

CV (¥) » 0 . A general idea of the profile shape for different

<f_> <I"> <F>

10
o0 00 10 O
-0l
: -1 -—m
[P t—o %
Y 2 -0
z z ¢ 57,
(@) {b) '/ ©)
10 10 10

Figure 4: Profiles of field averaged dimensionless sorbed solute, <I'>.
a: median penetration depth (Y) is 0.25; b: Y = 0.50; c:Y
= 0.75. Value 1indicated on the curves 1s the coefficient of
variation of 1ln(Y).
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o, and s, may be obtained from Figures 4a-c. Clearly a Ficklan type
profile “of sorbed solute results when CV(Y) + 0, {.e. small -
Comparing Figures ba—-c it may be wmoted that the wvalue <T' (1,7)>
depends anly om CV(Y), 1in agreement to equation (26). Therefore it is
iﬁteresting to show how CV(I) depends on the probability density
functions of ¥, R, and J. Since CV(Y) 1ig defined as

ov{Y) = (32 + 52 + 132)si / (mv + - m ) (42)

= v T R v T R

it will be affected in a similar fashion by ‘fV and fT « Thus only the
effects of .fv and .fR on CV(Y) are shown in Figure 5a and b.

Because the C(V-value represents the variability normalized with

respect to the mean value of a parameter {which 1s larger for R than

for ¥) the effect of CV (R) on CV(Y) is larger than the effect of CV(¥
) on CV(Y). This may be clearly seen in both Figure 5a and 5b. Using

such figures for experimentally evaluated values of CV(RE), CV(Y) etc.,
it is

1
[+~]
—
™

{a)

cviy}

1

CV(Y)
> P o
N

]
0 -1 -2
CV(Y)

Figure 5: Dependency of CV(Y) on CV(R), and on CV(¥)- a: CV(Y) versus
CV(Y) for designated values of CV(R) shown on the curves.b:
CV(Y) versus CV(R) for designated values of CV(V) shown on
the curves. Parameter values: my = -1.2; n, = 2.7 ;
continuous solute fnput; m, = 0.5 (see Figure 4b).
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possible to establish whether ome of the stochastic variables controls
the value of CV(I).Thus, 1in the present case, for CV(R) > 1 and -1 <
CV<¥) < 0 only a small error would result from assuming the pore water
veloeity to be non-random. In other words: the soil chemistry and the
varlability of sorptien parameters dominates the field scale
dispersion for the case given here.

To further 1llustrate the effect of sgpatial wvariability on the
prof ile shape, calculations were done with realistic parameter values
for cadmium as given ian Table 2. The profiles of Figure 6 are
calculated assuming that only V {is random (curve 1), that both V and T
are random (curve 2), and that V and R are random, respectively. The
statistics of V follow from the distribution taken for the scaling
factor (a), 4i.e., A (0, 0.25). The statistics are 1in the range
reported by Warrick et al. [1977], and Ten Berge [1986]. The single
valued aanual {nfiltration rate (w = 0.3 m y_l) and the saturated
volumetric water content (8, = 0.4) were given values that are
reasonable for Dutch conditions and sandy soil types. The values of

m_ (350 .y )

<r>

Figure 6: ©Profiles of field averaged dimensfonless sorbed solute
({I> as a function of dlimensionless depth, ). Curve 1:

o, curve 2: si = 0 and T = 200y, curve

= s =

Te
3:sT = 0, curve 4&: s% =0, V and R perfectly correlated.
Unle¥s indicated diffgrently parameter values as in Table

2. Curves 1, 3 and 4: T = 50y.
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[Stroosnijder, 1976] and ﬂ_l = 7.2 [Bresler and Dagan, 1979] were
assumed. These parameter values result 1in oy = 0.611 and sy = 0.139.
For the PDF of the input time (T.)} a distribution was assumed for
which € (equation 28) equals 0.05, f.e. T.:A (In(0.25), 0.317). With
the parameter values and PDF's for oc and pH 1in Table 2, the
distribution of R becomes R:A (5.87, l.16). This yields a variance for
A{= V/R) equal to si- 1.18 in the case where V and R are
uncorrelated. If V and R have a perfect negative correlat{ion

si becomes 1.48.

The wvariability din V 1s relatively small and consequently 1its
effect on the field averaged profile <T(l,T)> 1s small (Figure 6;
curve 1). Only a little 'field-scale' dispersion occurs and a sigmoid
curve 18 found. The dispersion for this case may be compared to the
profile spreading obtained if the field were simulated with an
equivalent, homogeneous column with average (1.e. no stochastic)
properties. For such an equivalent medium setting n=1 the solution of

equation (1) 1is

Figure 7: Profile development in time for parameter values of Table 2.

Total time T i{s number on the curves multiplied by 25 years.
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given by Van Genuchten and Alves [1982] (their case B6), and for the
parameter values of Table 2 ga front thickness (§) is found of
approximately 0.25 m (mean penetration depth of 0.26 m). Hence, this
equivalent front is more dispersed than was calculated for stochastic
Ve If n = 0.5, and assuming the travelling wave 1s fully developed for
a mean penetration depth of 0.26 m, a front thickness of 0.12 m {is
found. Therefore, for the parameters of Table 2 and continuous solute
input, the profiles calculated deterministically for an equivaleat
medium yield a reasonable prediction of the field averaged profile in
the case of 1ansignificant variability in R or if a non-reacting solute
is considered.

If the duration of solute 1input (tc) 18 also spatially wvariable
(Figure 6, curve 2), tw changes occur with respect to curve l. First
the total time required to find a median penetration depth of 0.26 m
becomes larger (four times as large for the present case), and second
the profile spreading is significantly enhanced. For the assumed PDF
of Tc’ (perfect correlation of successive applications) even
breakthrough at z = L occurs as <I'(1,200)> = 0.01l.

Asguming continuous {ipput and a distributed retardation factor
(R), the 'fleld scale' dispersion is slignificantly enhanced. Due to
the large wvalue of mR with respect to mvthe variability in R
dominates the shape of the field averaged proffle, <U>. As CV(B) and
CV(Y) are approximately the same, this dominatlon of R s in agreecment
with the discussion glven with respect to Figure 5. The proffle (curve
3) 18 clearly non-sigmoid and quite different from the profiles one
finds using field-averaged parameters. For the calculation of curve 4
a perfect negative correlation of V and R was assumed. Due to the
amplifying effects of vartability in V and R on <I'({,T) >, the ‘field
gcale' dispersion is larger than in curve 3.

In order to calculate the profiles of Figure 6, assumptions were
made with respect to the PDF's of V, T, and R. Where the PDF for V
applies to variations found in a single field, the PDF of R reflects
variations of different soil types and 84 fields, woodlands, etc. The
assumption of perfectly (positively) correlated individual
applications may be more valid for an ensemble of different flelds,
than for an ensemble of columns in one field (see also Van der Zee and

Van BRlemsdijk, 1986)., As mo PDF of V for an ensemble of different
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fields was available, we have used the distribution given in Table 2.

If, however, sg

R, as A = V/Tl rather than V 1s the important varilable. Consequently,

increases, the effect will be s{milar to the effect of

‘for the ensembles where the PDF's of R and T. are appropriate, the
effect of variability Iin V may well be sgignificant, and cause a more
dispersed profile than curve 1 (Figure 6).

To give an impressiom of the profile development 1n time, 1in the
case where V, R and Tc are stochastic variables, profiles were
calculated for total times T ranging from 25 y to 250 y (Figure 7). o
Flckfan type of displacement occurs {f 1ind{vidual applications of
solute (Cd) are perfectly correlated. Also in the case of continuous
input (where Sy is also constant and equal to 53 - 32R+ aé) no sigmoid
profile will occur for large times using the parameter values of Table
2. Hence, 1in such cases it 18 1n general not warranted to describe
field averaged displacement with an equivalent, homogeneous flow
domain and reasonable {(a priori assessed) parameter values of the

transport equation.

9.4 Conclusions

In this contribution we studied transport of reacting solutes in
heterogeneous soil systems, using parameter values that are reasonable
for cadmium and copper. These solutes sorb according to the Freundl{ich
equation. To evaluate transport in homogeneous columns subjected to an
inflowing concentration that is constant and larger that the initial
resident concentration, a travelling wave salution of the transport
equation fs given. If all coefficients in this solution are set equal
to unity the equation obtained by Van Duijn and De Graaff [1984] is
found. Using realistic parameter values for Cu and Cd, we showed that
the ¢travelling concentration wave, has a front thickness that 1is
significantly smaller than would be obtained for a solute with a
linear sorption equation. Moreover, once the wave has developed the
front thickness and shape do not change with time (or travel
distance}. This finding wvalidates the approximation to describe the
displacement of Cu and Cd with a shock front.

Assuming displacement in a column occurs as a shock front, a
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simple expression was developed for the field averaged profile of
sorbed solute, using stochastic theory. In this description, a fleld
{or other flow domain with significant heterogneity in the horizontal
plane) 1s considered to consist of an ensemble of parallel,
homogeneous columns that differ with respect to flow veloeclity,
sorption parameter values, and solute input. The variables that differ
for each column are considered to be 1independent, lognormally
distributed stochastic variables.The assumption of a lognormal PDF for
flow velocity and retardation factor, respectively, and the shape of
the distributions as well as how they can be derived from experimental
or literature data, were discussed.

The effect of spatial wvariability on the shape of the field
averaged solute profile appeared to be large for the retardation
factor and the cumulative duratfion of solute imput. For the stochastic
flow wvelocity this effect was minor for the PDF of V used, and might
be discarded if V and R are uncorrelated. If, however, V and R are
correlated, or 1f the wvarlance of V 1nereases by considering
variability in the flow veloecity for the more diverse ensemble for
which the PDF of R applies, then the variability in V may be
significant. To show how to evaluate the significance of spatial
variation of a variable on the shape of the field averaged solute
profile, a relation was gilven between the coefficient of variation of
the penetratfion depth and the coefflcfent of wvariation of the
stochastic variables V, T and R.

In general the profile obtalned taking spatital wvariability 1into
account differs from the profile calculated with realistic, fileld-
averaged parameter wvalues. Only in particular cases deterministically
and stochastically found profiles yield comparable results.

If solute continuously enters at the soll surface and efther
little variation in the retardation factor occurs or a non—interacting
solute 18 considered, the description given here reduces to a
simplified version of the models given by Bresler and Dagan [1979;
1981; 1983] and Dagan and Bresler [1979]. If spatial variation in V
and R is prominent and solute continuously entere at the soil surface
the propagation of concentrations in the low concentraticn range may
be considerably faster than found with average parameter wvalues. This

particular case 1s of interest in agricultural land in the Netherlands
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due to the continuous, atmospheric deposition of these metals as well
as due to the presence of the metals in fertilizers [Van der Zee et
al., 1987].

In order to understand the concentrations in groundwater of these
metals, as well as other compounds whose displacement may be domlnated
by spatial wvariability of the retardation factor, such as pesticides
[Elabd et al., 1986] and phosphate [Van der Zee and Van Riemsdijk,
1986], the stochastic nature of tramnsport may be of importance.

9.5 Notation

a travelling wave velocity, (m.y_l) a = vfr

c concentration in solution, (mol.m_3)

C{sCq initial (resident)} and feed solution concentration (mol-m“3)

cv coefficient of variation (= s/m)

D hydrodynamie dispersion coefficient (mz, y—l)

f probability density {frequency) function

F distribution function, F = [ fdx

g transformed concentratfon, g = cl_n

k Freundlich sorption coefficient (moll-nm_3nkg-1)

k* reduced sorption coefficient (moll_nm_3nkg-l)

K hydraulic conductivity (m .y ), K, 1is saturated hydraul 1c
conductivity, reference K is n, exp(- Zm - 28 )

L reference depth level, column lenBth (m)} ~ -

n arithmetic average or expectation value

M number of yearly sorption~desorption cycles, or years

0 Freundlich power parameter

oc organic carbon content (wgt—2)

Pr probability

Q amount sorbed (mol.kg_l)

AQ amount sorbed at cp minus amount initially sorbed at ey
(mol.kg™1)

r retardation factor

8 standard deviation

t time (y)

tl‘tc’tu time of one sorption-desorption cycle, of solute {nput {one
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cycle), and total time of solute 1nput in M cycles (y)
tnteratitial f£luid veloelty (m.y 1)

v
W fluid recharge rate (m-y-l)
X,Y,2 generic notation random variables
Y dimensionless penetration depth
z depth
14 scaling length parameter
B parameter
Y dimensionless sorbed amount, Y = Q/Q{cq)
T dimensionless random sorbed amount
r* particular value of T
[ front thickness in one column
& front thickness for linear isotherm
€ 1. heaviside step function argument.
2. probability Pr [Ty>T]
K parameter
n moving coordinate (m)
nR,ﬂ* reference N—value with ¢ = kco, and Nn—-value with ¢ = 0 (m)
[ dry bulk density (kg.m_s)
T total time (y)
8 volumetric molsture content
elr’es irreducible and saturated moisture content
E parameter
L dimensionless depth

C%' E& median penetration depths for discontinuous and continuous

solute input
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10.  ANALYSIS OF PHOSPHATE LEACHING FROM A
HETEROGENEOUS FIELD

Abstract

Disposal of phosphate (P) containing animal maaure in quaantities
far exceeding crop requirements has resulted im P-accumulation in
Duteh topsoi. Even if excessive disposal is stopped, accumulated P may
desorb and be leached into the groundwater in concentrationsa, that are
environmentally hazardous. The redistribution of P initially present
in topsoil 1s simulated assuming that P-sorption occurs according the
Langmir isotherm. The effects of the adsorption constant (K}, the
adsorption maximom (Qm), and the thickaess (Ls) of the {nitially P-
saturated topsoil layer, on the numerically calculated concentration
distribution in a soil column, and on the transport rate of the front
developing in the subsoil, are in agreement with trends predicted with
an approximate analytical solution. Concentrations at the phreatic
water level (L) increase faster when K or @, are decreased, when Ls is
increased, or when the subspil has a smaller adsorption maxipum that
the topsoil. Taking spatial (horizontal) variability of Q, and/or L,
inte account results im earlier breakthrough of environmentally
undegirable P-concentrations at z=L. Due to the buffering of
concentrations caused by adsorption/desorption, the quality of
groundwater recharge will {fmprove very slowly, once it has been
affected adversely. Based on simplificatfons, that are justified in
view of the gimulation regults, a simple approach ias given to identify
in a routine fashion fileld sites, that are suspected of endangering
groundwater quality {In future. Whereas probabilistic criteria are
feasible, it is shown that the evaluation of future groundwater
recharge quality 1in many cases ma.y be done using mean wvalues of

stochastic variables.

10.1  Introduction

Animal manure disposal on land in agricultural use has caused a

signif icant phosphate (P) accumulation in soil in some Dutch regions.
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Recent government regulations prohibiting future manure dfsposal on
fields that are considered P-saturated, are aimed at preventing the
leaching of large amounts of P to ground and surface water, that may
cause surface water eutrophication. However, part of the already
accumulated P in soil may desorb. Hence, in order for the regulations
to be effective it 1s necessary to also prevent future leaching of
large awmounts of desorbable P, after disposal is stopped. Therefore
the evaluation which field should be considered P-saturated should
take the redistribution of reversibly sorbed P into account. A field
should then be considered P-saturated if the sorption capacity of the
subsoil {8 too small to prevent future 1leaching of high P-
concentrations due to desorption in the topsoil.

Transport of P in homogeneous columns was studied by Gupta and
Greenkorn [1974], Enfield and co-workers [1975, 198t, 1984], Beek
[1979], and Van Der Zee and Van Riemsdijk [1986a]. As the experimental
conditions for these studies differed also different results were
obtained. In the high P-concentration range (0.2-20 mol me) Gupta and
Greenkorn [1974] studied transport iIn washed sand and kaolin clay
mixtures, 1in order to assess the dispersion coefficient and the
adgorption constant. They found that a linear isotherm described the
data well, except at high clay contents or small concentrations.

Enfield and Shew [1975], Enfield et al. [198l] aad Stuanes and
Enfield [1984] studied P~displacement at smaller concentrations from
the scope of waste water disposal. Enfield and Shew [1975] found a
reasonable to pgood prediction of P-breakthrough for different column
lengths 1If the sorption parameters were estimated wusing bateh
axperiments. Best results were obtained if they described sorption
kinetics with the equation ds/dt=a cb Sd, that was proposed by
Enfield [1974). In later work Enfield et al. [1981] described the over
all sorption with a fast, reversible adsorption (Langmuir 1isotherm) {n
combination with slower, reversible, first order kinetics
precipitation reactions. The reaction 1in their soll oeccurs
predominantly -with QE&E}UE compounds in the solid phase. Good
agreement was obtained between predicted and experimental breakthrough
curves. Stuanes and Enfield [1984] were able to fit breakthrough
curves well with an analytical solution for transport with linear
adsorption and a first order, 1irreversible precipitation, in acidic

soils.
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In the same concentration range as Enfield and co—workers (¢ up to
0.1 mol.m"a) Beek [1979] described P-sorption with two adsorption
processes and one irreversible second order kinetics reaction.
Although breakthrough was predicted well for small columna, Beek
[1979] was not able to predict the fleld averaged P-profile for a
field of a disposal farm, 1f he used sorption and dispersion
parameters assessed Independently with laberatory experiments. For

concentrations up to 3 mol.on~3

the prediction of breakthrough in small
801l ‘columns found by Van Der Zee and Van Riemsdijk {1986a,b] was in
good agreément with experimental results. The reaction model used,
consisted of a non-equilibrium, reversible adsorption, with
equilibrium given by the Langmuir 1isotherm, and a non-equilibrium
irreversible precipitation reaction. The precipitation reaction was
described with a semi-empirical equation derived from the unreacted
shrinking core model known from chemical engineering literature [Wen,
1968; Van Der Zee and Van Riemsdijk, 1986b].

Whereas P-displacement can be accurately described for small soil
columnsg, the transport in the field usually poses additional problems.
Due to differences in the horizontal and the wvertical direction of the
contents of reactive soil constituents (e.g. Ca, Fe, and Al), the
transport veloeity of P differs for different seil horizons and
different locations 1n the field. If we envision a field as an
ensemble of wvertical columms, that have different P-sorption
capacities, also the P-digplacement rate differs for each column. To
take such heterogeneity into account Van Der Zee and Van Riemsdijk
[1986¢c] did not use mean sorption parameters, but characterized both
P-input (AT) and the reaction capacity of the s0il till groundwater
(FT) with probability density functions (PDF). Neglecting pore scale
dispersion the field averaged profile of sorbed solute was described
with stochastic theory. It was found that the spatial variability of
Ay and F.r has a large effect on the field averaged profile. In a
subsequent paper an analytical expression was derived for the field
averaged profile for the case where the flow velocity (v), the
retardation factor {(R), and the time of solute input (tm), were
lognormally distributed variables [Van Der Zee and Van Riemsdijk,
1987].
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In this work the redistribution of P already present in soil Is
considered. Because of the large time scale involved, experimental
evaluation 1s not well possible, and a wmodelling approach is
necessary. Numerical calculations are done for a soil that is P-
gaturated in the topsoill layer of thickness I"s’ and has a low initial
P~content In the subsoil between z=L, and z=L. Only the dissolved and
the reversibly adsorbed fractions of topsoil-P are redistributed. 'Eh_e_

precipltation process, that may occur in the subsoil, iz not taken

fato account. The effects of the adsorption maximum (Q.), the
aMtant (K) and the thickness of the initially P-saturated
top layer (Ls) on the redistribution process are evaluated for one
soil column. The effect of harizontal soil heterogenelty on the field
averaged redistribution process i1s studied by simulating 2an ensemble

of columns where L5 and Qm are stochastic wvariables.

102 Theory

To describe the redistribution of phosphate (P) in a soil column
it 1s necessary to distinguish different reaction processes. In
agreement to earlier work [Van Der Zee and Van Riemsdi jk, 1986a,b] the
over all reaction 1is described with a reveraible adsorption in
combination with an Iirreversible precipitation. The adsorption process
may be described with the Langmuir equation

KQ e
Q= 1_(2%_1(?:" {1

where Q 18 the adsorbed amount, ml.kg-l, c¢ 1s the concentration,
]‘, Qp ts the adsorption
maximum, mol.kg ', By using equation (1) instead of the rate

mol-m-3, R is the adsorption constant, mowl”

expression used by Van Der Zee et al., (1986a) the assumption of
equilibrium is made. For most practical situations in the field this
assumption is wvalid, in view of the values given for the adsorption
and desorption rate constants by Van Der Zee et al. [1986a].

The values of K and Qn may differ for different soill types and
parent materials. For seoil developed 1in sandy parent material it was
found that K is 10~50 momol !

w1, whereas the adsorption maximum @ was
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found to depend on the amount of oxalate extractable iron and
aluminfum [Van Der Zee and Van Riemsdijk, 1988, Chapter 7]. This
reactive metal content is denoted by M, and the adsorption maximum Q
" equalled approximately 0.135 M. Because M differs from place to place,
we may expect that this 1s also the case for Qm.

The precipitation reaction is not taken iInto account. For the
topsoil, which we will assume 1nitially P-saturated, neglection of the
preéipitatiou proceas will not affect the results, because this
process is supposed to be irreversible [Van Der Zee and Van Riemsdf jk,
1986a, Chapter 7]. In the subsoil precipitation may in principle
occur. Therefore the P-displacement in the subsoil will be estimated
too high of we disregard P-precipitation.

The mathematical formulation of P-transport 1is based on the
convection dispersion equation, and is given for adsorption according
to equation (1) by

) 62 3
5E [PQ + Be] = o0 =% - ov 5= (2)

oz

where p ia the dry bulk density, kg-m-3, 0 is the volumetric water

fraction, v is the 1Interstitial flow wvelocity, m.y 1 D, 18 the

apparent dispersion coefficient, mgy-l. The 1initial and Yboundary

conditions for the P-redistribution process are chosen as

t=0 e=c, Qx 0.99Q  0<z<L_ (3a)

t=0 e=c, Q= 0.05Q, L _<z<L (3b)
3¢

£>0 (v = Dz2) = 0 z=0 (ba)

t>0 - finite z=L {4b)

The dispersion coefficient, D, in equation (2) 1s the sum of the
molecular diffusion coefficient, D, (equal to the diffusion coeffient
in a clear solutlon and corrected for the soil tortuosity and
volumetric water fraction)  and the  hydrodynamic dispersion
coeffieient, By. It 1s assumed that D, is the result of diapersion as
well as stagnant water effects [Raats, 1981; De Smedt et al., 1981;
Bolt, 1982] and may be described for large enough displacement times
by
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Dh =y ld (3)

where ld ig the medium dispersivity at the average water content. In
the numerical approximations the suitable corrections for numerical
error [Van Genuchten and Wierenga, 1974; Herzer and Kinzelbach, 1987)
were taken into account.

A usefull expression for wunderstanding the trends observed
numerically for the concentration in the column, may be obtained if

dispersion phenomena are neglected f{n equation (2). First set

vt (6>
¢ + pQ(c)/o o))

Then equation (2) becomes

gg—.'.-as-ao (8)

du du
—+[1le+———]5—=0 (9)
bz A+ uyl

where
q=pPRQ/O (10a)
a=Kec (10b)

Equation (9) is solved for the conditions

u (0,¥) = u, 0<y<y (lla)
u (O,y) = 0 y*yY (11b)
u (z,0) =0 g (z,0) =0 (12)

Thus vy may be considered the time required to saturate a columm till a
depth of z=Lg, 1f v 1s constant. If equations (%), (11), and (12)
are solved, a shock front 1s found for O<y<y, that moves along the
charactistic

g

(L +u

y =z (1l +
o)

) 13)
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Below this shock front u equals zero, and above 1t is up. As at y=y
the front reaches z=L;, the concemtration at z=0 drops to zero and 21l
concentrations between u=0 and u=ug are present in the column. The
characteristics for each concentration are different as the

retardation factor, R(u), is given by
2
Ru) = 1 + qf(1 + u) {l4)

which is smaller as u {18 larger. Hence the characteristics diverge

according to
y-y-2z R{u) =0 0<u<uy (15)

The characteristic for u=u, intersects the characteristic for the

shock frent given by equation (13) at the point {z4,yp)

2= ¥ (L+up’faugs 3y = V(L +u )1 +ug + /e (16)

¥/

o

z

Figure 1:Schematic representation of redistribution according to
equations (21) and (22).

Beyond this intersectfon point a shock iz found with diminishing
heigth (the maximum of u decreases as y-y increases). The different
stages of the redistribution process are shown in Figure 1. The
position of this shock 18 found by first rearranging equation (15)

4 (- ¥ - 2)/z = /(L + w)? an
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Then we write for the retardation factor of the shock front

Re= dy/dz = 1 + q/(1 + u). (18)
Hence
& gt =Sy -2 19

Combination with equation (17) yields
d
SO -Y-2 = [aly - v - 2)/e] (20)

This equatfon may be Integrated and, after substitution of (16) for

the point where the shock begins, this ylelds (Aris and Amundson,
1973)

(y - v - 2)¥= (q z)% - {y uo)% (21)

The concentration till the penetration depth given by (21) 1s found

from equation (15) after rearrangement
-1
u = /{zq[(y-1) - 2] "}-1 (22)

Whereas for understanding the traasport 1n one column 1is of
interest, in practice one is mainly interested in the leaching of P
into the phreatic water for a field. This ctransport process 1is
significantly affected by the heterageneity of the field with respect
to important variables, such as the reaction capacity, the P-amount
applied, or the application rate, the flow velocity, etc. Then the
field may be considered to be an ensemble of columns, with different
parameter values for each column. By solving numerically the transport
equations for each column i (i=l,...,N) the concentration distribution
in depth and the distribution of the adsorbed amount 1in depth may be
obtained. After wnormalization by division with the maximum values
(cO,Qm) the degree of P-saturation 1in solution and sclid phase,
respectively, are found: c and ¢. These properties are distributed and

their mean values are glven by the first moment. Thus for e.g. c at
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depth z and time t the wean &> is glven by

Gz,0)> = [}

o © f(z,t5c) do (23)
c

which we calculate with the arithmetic average of c(z,t) . In case of
an assumed non-random v, We may write for the average amount leached

from the field past the phreatic water level at z=L
Jpm A v 8 <e(L,t)> (24)

where A is the field surface area. It was found by De Haan and Van
Riemsdijk [1986] that {in P-saturated topsolle the concentration is
buffered at a wvalue of approximately 3 mol P m-a. This value is a
thousand fold of the concentrations that may cause In surface water
entrophication. Therefore by comparing <E(L,t)> with the value

<> = 0.001 we have an impression of the eutrophication hazard when

the leached water enters the surface water.

10.3 Results and discussion
10.3.1 Effect of adsorption constant (K)

In Chapter 7 the numerical values of the adsorption constant (K=10
to S50 ms.moldl) and adsorption maximum (Qg ™ 0.135 M) were obtained.
For other soil types developed in sandy parent material a larger range
in ¥-values (K=10-90 m3.m01_1) wag found by Van Der Zee and Van
Riemsdi jk [1986a]. The K-value affects the steepness of the 1sotherm
{equation 1). For the range of the K-values given the adsorption
maximum 18 reached at concentrations of a few ml-m“s- Hence the

differential adsorption capacity, defined as
. 2
Q'{e) = KQm/(l + Ke) (23)

is small for ¢ clase to cp, of € close to unity. This implies that
little concentratfon buffering occurs by desorption at soch high

concentrations, for all expected K-values. Only when the concentration
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has dropped to values of the order gl mol-m'3 buffering will be
significant. Therefore, when an inftially saturated topsoil is leached
with water that contains no P, in the first stage ¢ decreases rapidly,
whereas { remains almost constant at its initial value of unity.
Next, as ¢ becomes of the order of magnitude of (coK)—l the decrease

of T becomes slow due to desorption, and Q beglns to decrease

signif icantly.
10
| —— K= 15 —
S K230 emenn
L —— K =B ==
c i —— k=90 ——-

05

10
depth (m)

Figure 2: Dimensionless concentration ( E ) as a function of depth (z)

for different times (in years) indicated in the figure.

In Figure 2 the dimensionless concentration (c) is given as a
function of depth (2), for different K-values and times and other
parameters as glven in Appendix l. Because the value (COK)-I decreases
for increaasing K, significant buffering occcurs at smaller c as K 1s
incteased. Indeed the initial decrease in ¢ is larger as K is larger.
On the long term, however, the buffering at small ¢ (w(cOK)ql) is
larger for higher K, as follows from equatien (23). Hence, on the long
term ¢ 1in the topsoil and passing z = Lg; will be higher as K is
higher. The K-value also has implicatfons for transport in the subsoil

(z>Ls) . The phosphate leached 1into the subsoll will partly be
adsorbed below z=L,. The adsorbed part will be larger when the product
Kc 18 higher (equations 1 and 23). As was just shown, on the long term
this product is higher for water percolating past z = L, for high K-




- 221 -

values. Hence,at large times the retardation factor of the P-
concentration front in the subsoil (equation 18) is highest for high
K~values, and the front moves slower. The net effect of parameters on
the tranaport velocity of the subsoil front has compensating factors.
As was shown a higher K-value leads to larger values of ¢ pasaing z =
Ls. The higher ¢ 1in the subsoil 1is, the swaller retardation factor
would be expected at first glance (eq. 18; u increases). However, also
in the subsoil K is larger, which tends to 1increase Rf as the fraction
of P adsorbed at a particular depth 1increases. To see which ‘:endency
dominates we write equation (22) in the original variables:

bllofpi mant -t %/Z

pzkK Q/o .
1 m ]5 (24)

e llSmy-21"- !
and insert expression (24) into Ry {equation 18), which in terms of

the original variables 1s given by

KQm

- e~ "m
Re= L+ T+ k)

g (25)

For the depth (z) we insert the value Ls' This implies that we assume

that for large times the concentration at z=L; {8 a good indication

{i.e. almost the same value} of the maximum concentration in the soil

column, close to the P-front. It can be seen from Figure 2 and other

figures mot yet discussed, that this is a justified assumption.

Working this out ylelds for Rf (which for y>y becomes time dependent)
PRQ [v(t-t ) = L ]\

Ry =1+ S } (26)

As we can see from approximation (26), the velocity (v/Rf) of the
subsoil front will on the long term (when c(Ls) gives a good
impression of R).) decrease with increasing K and Q. Due to the
decrease in c(Ls) with inereasing time, the front retardation factor
increases with time.

Although the effect of K on the redistribution process is shown to
be significent (Figure 2), preliminary simulations showed that the
sensitivity to Lg and Q 48 much larger. Therefore the other

3 1

calculations are perfarmed with a K-value of 45 m”ml —, which fis

intermediate in the expected K-range.
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10.3.2 Effect of P-saturated layer thickness (L)

The dissolved and adsorbed amount of phosphate Initially
present in the soll equals (pLst + GLsc). Because the first term
predominates, Ly and G, in fact represent the amount of P that may be
redistributed. In combination with the subsoil thickness and subsoil
adsorption maximum, Ls and Qm control how fast the P-front will move
through the subsoil (equation 21). For different values of Ls the
concentration profile, c(z), was calculated and the result is shown in

Figure 3.

10

Ol

Q5

depth (m)

Figure 3: Dimensionless concentration (E) ags a function of depth (2)
for different times and thickness of the {nitially P-
saturated layer (L.).

At small depths (z<Ls) these profiles coincide at a given time, in
agreement to approximation (22). The analytical approximation of
equations (21) and (22) is not shown in the figure. Because pore scale
dispersion was neglected in the analytical solution, the maximum
concentration 1in the column and the penetration depth are not
predicted well [Bolt, 1982]. However, to understand the main trends,
as 1n Flgure 3, the approximation is helpfull. Thus, equation (22)
predicts that as v 1s larger the concentration at a fixed depth (z>zp)
is larger than for smaller vy (t> Y/v). Indeed, as Figure 3 shows, when

Lg ig increased the period that high concentratfons are leached into
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the subsoil increases. This wmay be made more explicit using equation
(24). A dimensionless time 18 defined as

T = t/ts (27)

where ts {8 the time required to replace one pore volume of the
topsoil layer with 0<z<{L,. Thus l:El = Ls/v, and time is expressed as
the number of time units of duratfon t_ {e.g. tg= Y/v = Rf €, Y.
Inserted in equation (24) this yields

PKQ

- m
(R~ 1)

e(Ly,t ) = K[ Y (28)

It may be seen immediately from equation (28) that if ‘C-Rf 1{s the same
for two columns with different values of Ls’ the same councentration at
the dinterface at z<L; is found. In other words: the interface
concentration at z=L, is the same for colummns with different values of
8

instead the coancentration c(Lg,t) 1s compared at the same time t, <

L if the number of topsoil pore volumes leached 1s the same. If

will be smallest for the column with largest Ls and largest tg. The
value of

R¢ is the same for both columns and equals the retardation factor, for
c=cny- Because T-"Rf-'l is smallest for the column with larger value of
Lg» c(Ls,t) is also larger. Working out this result for R_f, gimilar to
equation (26), shows that Iin a dimensionless T coordinate system,
relative toe Lg, both columns behave the game. In the z-coordinate
syastem, however, the subsoil front moves fastest towards the phreatic
water level for the column with larger Lg. Moreover, because the
amount of reversibly adsorbéd P that can be stored in the subaecil,
above a fixed phreatfe level (taken here at z= Im), decreases when Lg
lnereases, the hazard that high concentrations reach the phreatic

level 1increases.

10.3.3 Effect of adsorption maximum {(Q,)

For homogenenous columms it was suggested (Chapter 7), that the
value of Q and the variability im this value do not significantly
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influence the long term concentrations at the phreatic level when
Ls<<L- Bowever, the effect of Q, is not absent. From equatfon (26) we
can see that Ry increases propertionally with /Qm . Hence, besides
some effects on the shape of the concentration distribution, the
displacement rate of the front in homogeneous columns is affected by
Q.- Since in Chapter 7 we did not take the rate of displacement into
account, but compared different (limiting) situations at large times,
this effeet of Q was not made explicit. Different than might be
concluded from that work homogeneous columns with different values of
Q, do not behave the same.

More promounced effects are seen if Qp varies with depth. This
situation resembles the case of wvaried Lg-values, because 1in both
cases the storage capacity in the subsoil 1s wvaried, relative to the
stored P-quantity in the topsoil. For simplicity wvariations in depth,
of Q> dre accounted for by distinguishing two layers only, where the
topsoil again is P-saturated.

In Figure 4a and 4b the concentration profiles are shown for small
and large times, respectively, if the subsoil has a much smaller
adsorption maximum (Q, = 3 mmol-kg_l) than the topsoil (Appendix 1).
Whereas this does not very much affect the concentration distribution
for OﬂziLs, the front velocity in the subsoil becomes larger, than in
the reference case. ¥For a column with two distioct layers with
different wvalues of Qm, the retardation factor RT in the subsoil
becomes proportional to Qm,s of the subsoll, whereas we observed that
for a homogeneous column Rf was proportional to #Qm (equation 26).

The froat retardation factor 1s given by

PK[v(t-t ) - L ]
0 8 Y
R=1+ {
F Qm,s LsO Qm,t

(29)

where Qm,s and Qm,t refer to the adsorption maximum in the subsoil and
topsoil, respectively. Considering the corresponding Q- profiles
{Figure 4c) it 18 clear that & relatively ateep P-front is found.

Soil profiles with a high sesquioxide content in the topsoil,
where the ploughing layer consists of A and B horizon material, and a
low sesquloxide content in the subsoil, are frequently found in Dutch
sandy areas [Van Der Zee and Van Riemsdijk, 1986c; 1988}. In these

areas the intensive animal husbandry is concentrated that causes the
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sorption (mmol kg") metal content (mmol.k(_:j'1)
50 ! - 50 _ 100

z (m)

Figure 5: Oxalate extractable amounts of P, Fe, and Al, and the pseudo
sorption maximum (Fm)= attained at c= 3 mmol.m > and 1-2

years reaction time, as a a function of depth (z).

large P 1input in soil. Generally the decrease of the sesquioxide
content (and of Qp) is more gradual with depth. For 1illustration the
profiles of oxalate extractable Fe, Al and P are shown in Figure 5 for
a location {in the field studied by Van der Zee and Van Riemsdi jk
[1986c]. The gradual decrease of the reactive metal content, M,
defined by Van der Zee and Van Riemsdijk [1988] from tapsoil wvalues of
1 is
clearly visible. This induces approximately a five fold decrease in

approximately 90 lmml.kg-l to subseil wvalues of 20 mmol.kg-

the total sorption capacity assessed according to Van der Zee and Van
Rlemsdiik [1988]. A rather sharp P front is also observed, that shows
small P-losses from the ploughing layer (2<0.4) that 1is not yet P-
saturated, to the subsoil.In some situations alsoc the reverse case is
found where Qp increases with increasing depth. Clearly then the
subsoil represents a barrier with respect to P-leaching and high

concentrations do not reach the phreatic ground water quickly.
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10.3.4 Spatial variability of Q, and Lg

In view of the results given so far the parameters Ly and Q, can
be considered to dominate the P-redistribution process. As was shown
by Van Der Zee and Van Riemsdijk [1986c] the amount of P applied to
soil, the ozxalate extractable sesquloxide coantent (M) and thue Qp vary
in the horizoantal plane. To give an impression of this variation the
oxalate extractable Fe, Al, and P are shown 1in Figure & for three
layers and for 51 locations on a transect in the field studied by Van
Der Zee and Van Riemsdijk [1986c].
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Figure 6: Oxalate extractable amounts of P, Fe, and Al in three layers

for 51 locations on a transect.

Bestdes the profound decrease with increasing depth we see a large
random variatfon around a mean value. Moreover trends occur in the
mean value for Al,,, 1in the layers 0-0.2 m depth and 0.6-0.7 m depth,
and P, in the layer 0-0.2 m depth. These differences correspond with
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differences in P sorption capacity and in P applied to the field.
Because this spatial variability was shown to have a large effect on
the field averaged P-displacement [Van Der Zee and Van Riemsdijk,
1986¢] the same may be expected for the redistribution of P, averaged
for a field.

Using Monte Carlo simulations the effect of spatlal variability of
Qn and L, on the redistribution of P was studied. In order to
understand the results of such simulatioms it 18 best not te vary too
many parameters at the same time. Therefore other variables, known to
be random (e.g. v, 9,K) are kept single-valued. The results apply to
independent stochastie variables. Two situations are considered. The
first is a field consisting of a number of homogeneous columms (with
respect to v, K, Q  etc.) . For this case the results of a 'field-
equivalent' column and a field with random Q. Ls’ or bath, are
compared. The second case is a schematization of the field studied by
Van Der Zee and Van Riemsdijk ([1986c]. Parameter wvalues for both
situations are given in Table 1, with other parameters (than Qm and
Ls) given ia Appendix 1.

Table 1l: Statisticsa of the adsorption maximum (Qm) and the thickness
of the 1nitially P-saturated topsoil layer (Ls) uged for
Monte Carlo simulations, assuming normal distributions

N(m;sz), with m = expectation, s2 = variance.

Fig. 7 Fig.8 Fig.8 Fig.9
q(topsoil)  N(LL;4) N(1134) 11(NR) 1) N(1134)
Qu(subsoil)  N(1134) N( 639) 6(NRy L) N 6;9)
L N(0.4;0.01) 0.4 (NR)!)  HN(0.4;0.01)  N(0.4;0.01)

1) (NR) means non raadom.

In Figure 7 the concentration front 1s shown for a single column
with average properties. We observe at the long term a gradual {(almost
linear) increase in c with increasing z, and a well defined front in
the subsoll at z = 0.7 m. Taking instead the average concentration
calculated for Lg= 0.4 and Q random (with statistics realistie for
the topsoil of the field studied by Van Der Zee and Van Riemsdi jk
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[1986¢]) only small changes occur. The main effect is a more dispersed
subsoil front. That only small changes occur 1s mainly due to the
small coefficient of variation (CV = s/m) of Q.

01

= — non random
--- random Q,,
—— random Lg

005

Figure 7: Average dimensfonless concentration (<¢>) as a function of
depth {(z) for a field that 1is homogeneous with depth, when
Qm and Ls are not random, {if Qm 1s random and Ls iz single—
valued, and if Lg is random and Qm is single valued. Time in
vears indicated in the figure.

A mch larger effect 1s seen 1f Q is single valued and equal to
11 mmol.kg_l, and L, {s taken random. The maximum concentration, &>,
18 now located at shallower depth than for the other situations in
Figuwre 7, and no well defined subsoil €front 1is observed, as {t is
'smeared out' considerably. That, for the statistics chosen for Q, and
Ly, the sensitivity of the simulation results 1is largest for the
variation of Lg became clear when both Ls and Qm were taken random.
The resulting <c>-profiles showed minor differences with respect to
the case where only L; 1s random (and are therefore not shown 1in
Figure 7).

The case of Figure 7 applies to a field with vertical differences
only in the initial P contents. For the field studied by Van Der Zee
and Van Riemsdijk [1986c] different contents of Py, Al ., and Fe, «
were found for different depths (Figure 6). Using the statistics of M
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in the topsoil and the subsoil, as well as the statistics of the value
of L, given by Van Der Zee and Van Riemsdijk [1986c] (their variables

(Fe+A1)ox and CP, respectively) P-redistribution 1in this field 1is
studied. The value of Q, is found from M by setting Qm = 0,135 M.

Paramweters not specified in Table 1 are found fn Appendix 1.

01

RANDOM  Qp ——
RANDOM Lo —--—

%0 o5 T 10

Flgure B8: Average dimensionless concentration (<E> ) as a function of
depth (z) assuming Q) is random and L, aingle-valued and
assuming Ls random and Qm gingle-valued. Time 1in vyears

indicated in the figure.

In Figure 8 the field averaged concentration profiles are shown
when only Qm is considered random (and Q, in topsoil and subgoil are
not correlated) or when only L is random. In both cases the &>-
profiles are quite different from the ¢-profiles in Figure 4. If only
Q, is random the profile in the topsoil (2<0,4) is comparable to the
top sections of the profiles in Figures 4 and 7. In the subsoil,
however, no well-defined front 1is seen. We see a graduzl decrease in
&y (in the subsoil) with increasing depth, caused by the differences
in the ensemble of €£ronts that each have a different penetration
depth. The result differs from Figure 7, bhecause very different
combinations of Qm,s and Qm,t lead to very different rates of front
movement in the subsoil (eq-29). Another cause 1is, of course, the

relatively large coefficient of variation of Qm’s {.e., CV= 0.50. This
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Flgure 9: Average dimensionless concentration (<E>) as a function of
depth (z) assuming both Qm and Ls are random. Time in years
indicated in the figure.

value was experimentally found by Van Der Zee and Van Riemsdijk
[1986c]. Also shown 1s the situation where Q, is single valued, though
different in topsoil and subsoil, and where L, 18 random. The effect
of taking only Lg iz prominent as the cd>-profiles are dispersed even
wore, than if only Qp is random. Due to the small value of Qm,s the
concentrations at the phreatic level increase faster in Figure 8 then
ir case of Figure 7. When both Q, and LS are random (Figure 9) and
uncorrelated, a situation 1is found intermediate to those of Figure 8,
but mwost resembling the case where Q, 1is single valued and L, is

random.

10.5 Environmental implicatlons

When the phosphate concentrations 1in surface waters 1s the
limiting factor for algae growth, which 1s often the case iIn the
Netherlands, then excessive algae growth may occur at concentrations
exceeding a few mml P m-3- To aveid surface water eutrophication, the
P-load supplied by e.g- sewage effluent, diffuse agricultural sources,

douestic waste water, etc., should not give rise to concentrations of
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1-5 mwl P.w ). Inasfar as most surface water recharge originates from
groundwater, 1t 1s therefore undesirable that concentrations larger

than a few mmol o3

are leached 1into the groundwater. This i1is a
demanding constraint as De Haan and Van Riemsdijk [1986] showed, that
the animal manure/topsoil mixture buffera the conceatration {n P-
saturated topscils at a thousand fold higher wvalue (approximately 3
mol.m_3). Hence, it i1e¢ undersirable that ¢ becomes larger than say
1073,

Reviewing the calculation results with this constraint in mind, we
can estimate that for a uniform soil column ¢ might exceed 1073 at the
phreatic groundwater level, if Ls/L 0.4 . For a non-uniform soil
column, with a subsoil that has an adsorption maximum smaller than the
(P—saturated} topsoil adsorption maximum (e.g. as 1n Figure 4} such
concentrations will already leach 1{iato groundwater after a few
decades. If we furthermore take spatial variability of Q, and L., into
account concentrations of the order of magnitude of ¢ ~ 0.01 may be
leached already after five years for the field on average! As may be
seen in e.g. Figure 8 and 9, on the loog term the concentration does
not change (decrease) quickly anymore die to the buffering caused by
desorption. Therefore we may conclude that if ¢ becomes say 0.01 after
five to ten years, it may take (many) decades before it has decreased
again to below 1073, In short this means that if the quality of
groundwater recharge has at some time become environmentally
hazardous, 1t will not quickly become acceptable again.

It should be noted here that in practice other complications, not
considered here, may soften these concluszions. Due to the presence of
the precipitation process the P-transport in the subsoil may occur
glower. In view of other aspects, however, such as the temporal
variations of the phreatic water level, the stochastic nature of the
flow velocity, ete., it may not be justified to consider the approach
as a worst case risk analysis.

The results indicate how to deal with the i{dentification of those
fields that are suspected of being P-saturated (see iatroduction).
Such. 1dentif ication should be feasible on a routine basis, because the
total Dutch agricultural area where large excesses of animal manure
are produced 1is large. A simple approach is based on the almost

uniform concentration (or c) profiles found in one column (e.g. Figure
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4), and the small value of ¢ that is permitted to be leached. This
basis allows us to assume, that at the moment that the maximum
concentration that is allowed to leach reaches the phreatic level, and

this acceptable maximum concentration is approximately 3 mmol m_?’

, the
concentration throughout the column is on average say
g = 2 mml.m-3 .

Since 1 is larger than 0.001l, we may assume a practically linear
adsorpticn isotherm for c<{ 0.002. We can now calculate how much P has
desorbed in the originally P-saturated topascil when ¢ has decreased

from unity to 6.6 x 10—4 (c=2 mmol."3)- This amount is

G 7P Ly (@ - Q) (30)

&

where at is adsorbed at ¢ = 6.6 x 10 ', and the storage in solution

is neglected. The amount q; ghould be balanced by the amount {qz) that
~ -3
may be adsorbed at ¢ = 2 mmol.m in the subsoil. If we assume that
the subsoll hag an adsorption maximum (Qm,s) differeat from Qm ¢ in
~ Ll 4
the topsoil, such that Qm,s - EQm,: (and thus QS- € Qt) » then q,

equals
g, =0 (L-L)eQ (31

Equating (30) and (31) and insertion of the Langmuir equation for 6
yields a constraint for Lg [Chapter 7, v = 1]

L =LKce/[l +Ke €] (32)
Equation (32) gives the acceptable value of Ly that leads on the loug
term to an average concentration of approximately ¢ throughout the

column. Since for the acceptable range of ¢ we have ¥eed<l we may
simplify (32) to '

L, eKeL, (33a)
or

¢ = Ls(en.)’l (33b)
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Because we considered only the concentration profile when the subsoil
front has reached z=L_, and not at what time this depth is reached,
the absoiute value of Qm,t could be eliminated in equations (32) and
(33). Due to the slow decrease in the concentration at longer times
the differences in front arrivel times at z=L, for different colummns
will hardly result in a significant relaxation of the constraints (32)
and (33). Of more importance are the value of ¢ considered acceptable
and the random nature of L,K, and €. On the basis of e.g. equation
{33a) we may now evaluate for any field, whether future leaching of
concentrations larger that 2-3 mmol m-3 will occur, on average.
30171y, € ~ 0.5, and o= 2 mool.a - ,
we have LB/L- 0.05, which 18 much smaller that the mean value (0.36)
found by Van Der Zee and Van Riemsdijk [1986c] for the field

considered here.

Inserting a mean K-value (K=45 m

For situations where the measured Lg; is not significantly larger
that 1ts acceptable value it may be necessary to take the randommess
of e.g. K and Lg into account. This may be donme using equation {(33b).
When K and T, are assumed independently lognormally distributed and

denoting the statistics of their logarithmic transforms by m and sz R
we have [Van Der Zee and Van Riemsdi jk, 1987]
Yoo T Pl T Wapg - 10 (LD (34a)
8
2 2 2
R TS P 4 (34b)

where ¢ is also lognormally distributed. After specification of the

~ ~ ok
tolerated probability (Pr*), that ¢ exceeds a values of c=¢c

Pefe > o] = f;[gJ(Zﬂ)sl
c

ng]-l exp{-% {(1n€ - n’s)/s ~ 2} de

1lnc

10y

n{c ) - ~

) < e (35)
1ne

=&{1-*etf[

we find whether unacceptable P-leaching losses will occur. It may be
noted that 1f K or L, are lognormally distributed with a samall

coefficient of variatfom (s/m), they are also reasonably well normally
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distributed [Simmons, 1981]. When this is the case [Van Der Zee et
al., 1988]) and constraint (33b)} is met for the mean wvalues of K and

L it 1is reagonable to assume that the fileld average concentration,

s.l
&>, does not exceed 2 c. Then the stochastic approach leading to
equation (35) 41s not necessary, and we may just evaluate the field
with field averaged values. In Appendix D of this thesis some

attention is given to this situation.

10.6 Conclusions

In this paper the redistribution of P initially present sorbed and
in solution in the topsoil 1is studied. The redistribution of soil-P is
of interest to assess the hazard of eutrophication of surface water
due to leaching of P already present in soil. Because only the
fractions dissolved ‘and reversibly adsorbed P are assumed to be
redistributed in the soil profile the precipitation reaction was not
taken f{ato account. This implies that the tramsport velocity of the P-
front, that is formed in the initially P-unsaturated subsoil, is
overestimated.

The adsorption of P with so0il 1s described with the Langmuir
fsotherm. Transport was calculated .using parameter values [for the
adsorption constant (K) and the adsorption maximum (Qm) in the ranges
found in Chapter 7. Due to the high wvalue of K and ep, the
concentration buffering by desorption in the topsoil when a solutfon
without P i3 percolated, 1s 1ni{tially very small. Therefore the
concentration decreases fast in the topsoil, untill the steep part of

1 ol.m 3. Then signtficant

the Langwuir isotherm is reached, at c~ K
desorption occurs and c becomes almost constant with Increasing time.
The concentration passing the depth z=L, affects the P-front
retardation factor {in the subsoil. By evaluation of an approximate
analytical solution for P-redistribution {f pore scale dispersion is
neglected the effects of different parameters on the transport
velocity of the P-fromt in the subsoil can be understood. The moving
velocity of the front depends significantly on the amount of P stored
in the topsoil and the storage capacity {n the subsoil. Thus an

increase of the thickness of the initially P-saturated layer or of the
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topsoil adsorption maximum causes an increase in the displacement rate
of the subsoil front. A decrease 1In the subsoll adsorption naximum
also favours a high subsoil fromt velocity.

If spatial variability of the P-saturated topsoil thickness and
the adsorption maximum is taken into account no well defined subsoil
front 1s found, for the field on average. Instead, a gradual decrease
in the field-averaged dimens{onless concentratifon {s observed. The
trend found 1if theterogeneity 13 considered, {13 a more rapid
breakthrough of potentially hazardeous concentrations for the field on
average at the phreatic groundwater level. Due to concentration
buffering by desorption it will take large leaching times before the
P—concentration 1in the groundwater recharge improves to acceptable
values again, once it has become too high.

Because the acceptable concentration level 1s small with respect
to the value of Kfl, simple criteria may be developed for the
assessment whether groundwater recharge quality will in future become
unacceptable. The calculations were performed for phosphate. It may be
expected, though, that for other contaminants with a highly non-1linear
adsorption, and relatively small acceptable concentrations in

groundwater, the trends observed for P, will also be applicable.

Acknowledgement: Part of the calculations were performed by Maarten

Saaltink, whose assistance was appreciated.

10.7 Appendix 1: Parameter values used in the simulations

8 = 0.3

-1
D, = 0.00236 n’y
1y = 0.04m

v = 1 m.y

= 1400 kg.n™3

= 0.4 m (ref.case)

Q = 12 mmol.kg - (ref.case), 3 mmol.kg !

eg = ¢5=3 wol.m™> (ref .case)

K = 45 md.mol”~l = 0.045 m3-mmol'1 (ref .case)

Ref. case = reference case.
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10.8  Notation

field surface area (mz)
c concentration in solution (ml.m'3)
cy initial concentration in topsoil (mol.m_a)
c dimensionless concentration (-c/co)
c average concentratfon in column at large times (mol.m_3)
<é> horizontally averaged dimensionless concentration
cv coefficient of variation {=g/m)
D apparent dispersion coefficient (mzy_l)

D.iD, coefficient of molecular diffusion, and hydrodynamic dispersion
2 -1
(ny )
2 x 2
erf(x) errorfunction (= - IO exp({— x )dx)

F probability density function

g total volumetric solute content

Jp field average leaching rate (mol y 1)
adsorption constant (m3mol_1)

L column length, phreatiec groundwater level {m)

Ls. thickness P-saturated topsoil (m)

14 dispersivity (m)

M oxalate extractable (Fe + Al) (mml.kg-]')

m arithmatic mean

q parameter

q1549 degsorbed P in topsoil, adsorbed P in subsoil (mmol)

Q adsorbed amount (lmml-kg-l)

6 dimensipanless adsorbed amount

Q adsorbed amount at c=c{mmol kg_l)

L0 hortzontally averaged dimensionless adsorbed amount

Qm adsorption maximum, subscript t: topsoil; s: subaoil.
(mmo1 kg™ )

R(u) retardation factor at relative conceantration u

R; front retardation factor

s;sz standard deviation; variance

t time (y)

time to leach one topscll pore volume (y)
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to time to saturate a layer of thickness L, with phosphate (y)
ujug relative concentration (=Kec); u=up at ¢ =~ cg

pore flow velocity {(m y_l)

transformed time (m)

depth (m)

ratioc of subsoil adsorption maximum/topsoil adsorption maximum
transformed saturation time (m)

dry bulk density (kg.m—aj

volumetric water fraction

@ T = m N 4 4

T dimensionless time
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11.  SOLUTE TRANSPORT PARALLEL TO AN INTERFACE
SEPARATING TWO DIFFERENT POROUS
MATERIALS

Abgtract

The transport of solute is studied for a flow domain comsisting of
two regions that are separated by a sharp interface parallel to the
direction of water flow. The two regiong have different flow
velocities, 1linear adsoxption coefficients and porosities. An
approximate analytical solution is given for the depletiaon of solute
in the most permeable region caused by transfer of solute into the
less permeable region. To take into account the boundary conditions at
the interface, an approximate expression 1s derived for the
concentration at the interface. In the derivations the longitudinal
dispersion coefficient 1s assumed to be zero, and the transversal
dispersion coefficient {is taken finite. For comparison to numerical
results, an expression for the concentratlon averaged over the height
in the permeable region, at givean distance and time, is presented. The
agreement of numerically obtained breakthrough curves and interface
concentrations with the analytical results is shown. Due to the zero
longitudinal dispersion coefficient 1in the analytical approach,
differences occur at initial breakthrough. Agreement between numerical
and analytical results 1s good after 1imn{tial breakthrough provided the
asgsumption of two {ofinitely thick reglons fs valid. Lower bound
constraints for the thickness of the two regions are given. The
asgumption made often, of {nfinite transversal dispersion leads to
slgnif{icant differences compared to numerical results in the case of a
large retardation factor, Ry, in the region with the smallest
transport velacity.

11.1  Introduction

The transport of solute 1in groundwater 1g the result of
convection, diffusion, dispersion and of retarding mechanisms such as

adsorption. The mathematical formulation of miscible displacement 1in
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porous media is given by the convection-dispersion equation {[Bear,
1979]. Often a major factor that limits the predictive capability of
this equation is the heterogeneity of porous media. This problem has
motivated a number of studies dealing with the effect of heterogeneity
on transport. Since it 18 recognized that the size of the flow domain
18 of importance [Fried, 1975] the effect of heterogeneity has been
studied on several scales.

Solute transport through structured media received attention from
Deans [1963], Skopp and Warrick [1974], Van Genuchten and Wierenga
[1976], Raats {1981] and Van Genuchten and Cleary {1982}, among
others. These studles considered a macroscopically homogeneous soil
that 1s assumed to have both mobile and stagnant water. The transfer
of solute between the two phases 1s controlled by a diffusion type
process. Both Deans [1963] and Van Cenuchten and co-workers described
this transfer with a first-order mass transfer equation. Van Genuchten
and Wierenga [1976] gave explicit solutions for the concentrations in
the mobile and immobile phases assuming linear adsorption. A review
and parameter sensitivity analysis 1s given by Van Genuchten and
Cleary [1982], who also considered non-linear and non=-equilibrium
adgorption behaviour. Skopp and Warrick [1974] and Raats [1981]
described the transfer process by solving a diffusion equation for the
atagnant zone. Raats showed that this results in additional large
acale dispersion that can be accounted for by an extra term 1in the
transport equation.

A different approach applicable to transport through fractured
rack was mentioned by Freeze and Cherry [1979] and further elaborated
upon by Neretnieks [1980], Tang et al. [1981], Orisak and Pickens
[1980], Rasmuson and Neretnieks [1980, 1981}, Rasmuson [1981l) and Van
Genuchten et al. [1984]. The single fracture model with zero
longitudinal dispersion coefficient and infinite transversal
dispersion coefficient in the fracture presented by Neretnieks [1980]
was extended by Tang et al. [1981], who gave an analytical expression
for the convective-dispersive tranmsport in the fracture with
simultaneous diffusion of soclute into the surrounding rock. Using a
numerical model Grisak and Pickens [1980] calculated the concentratfon
distributions in both the fracture and the rock-matrix and obtained

good agreement with experimental results. Following earlier work,
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Rasmuson and Neretnieks [1980] described the transport of solute
through a bed of adsorbing apherical particles with diffusive
transport into the particles and one-dimensional convective~dispersive
transport in the mobile region. Rasmuson [198l] extended this analysis
to two dimensions including dispersion transversal to the macroscopic
flow direction. Van Genuchten et al. [1984] used a fracture model for
a cylindrical macropore system and gave analytical solutions of this
problem.

A fracture model was used by Chen [1985] to describe the radial
dispersion in an aquifer with simultaneous diffusive loss in confining
layers. Because of the assumption of an d{Infinite transversal
dispersion coefficient the concentratfion in a cross sgection of the
aquifer was constant {Chen, 1985, eq. 2). Soluttons were given for the
concentration in the aquifer and in the impermeable layers. Dispersion
in a perfectly satratified aquifer was studied with the method of
moments by Given et al. [1984], who took both longitudinal and
transversal pore scale dispersion into account. Analytical solutions
were developed for e.g. the macraoscoapic longitudinael dispersivity and
the concentration perpendicular to the direction of stratification for
particular profiles of the flow velocity. Of direct interest to this
contribution is their case of a step function velocity profile.

Of importance to this paper is also the work by Verruijt [1971],
who studied the steady state dispersion across an interface separating
two flulds that wmove with different velocities. One of the fluids
contains a congervative tracer. However, at the finterface a condit{ion
for the transfer of solute 1s assumed that does not follow from a
natural condition of continuity. A similar problem was adressed by
Shamir and Harleman [1967] who investigated the transversal dispersion
for two layers 1 and 2 with different flow velocities (v; > v2) and
solute input in layer 1. They derived z steady state solution for the
concentration 1in a cross section which was verified experimentally.
Since both Verruijt ([1971] and Shamir and Harleman [1967] gave steady
state solutions for the coancentration distribution the effect of
adsorption could aot be studied from their results.

The problem considered in this paper resembles the two—fluid
system of Verruljt [1971], except that here the flow domaln consgists

of two regilons with different porous materials. These regions are
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REGION 1:ny, vy Ry

X
REGION Z:ny %5 R5

T

Figure 1: Schematization of the flow domain.

separated by a distinct sharp boundary (figure 1) and each has its own
hydraulic and chemical properties which do not vary throughout that
region. The porosities (n) and retardation factors (R) are nj, and R
for region 1 and n, and R, for reglon 2. The interstitial flow
velocity (v) parallel to the interface {s v; for reglon 1 and v, for
region 2. Solute transport in the ditection of waterflow is assumed to
be purely convective.

After giving the mathematical formulation of the problem an
approximate expression is derived for the concentration at the
interface. Using this expression approximate anmalytical solutions will
be derived for the transfer rate of solute from the more permeable
region into the less permeable reglon, and for the breakthrough
curves. Special attention 1is glven to the correct formulation of the
boundary conditions governing dispersive transfer between the two
regions. This is a refinement over the studies by Tang et al. [1981]
and Van Genuchten et al [1984] who assumed an 1infinite tramsversal
dispersion which results in a constant concentration {in a cross
section of the fractures or pores. Since in this study the transversal
dispersion 1s finite, the concentration perpendicular to the interface
will not be constant. Numerical results obtained with a finite
difference program are used to assess the applicabdility of the

analytical results.
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11.2 Mathematical formulation

The transport of solute through a saturated medium assuming
linear adsorption may be described by the convection-dispersion

equation as given by Bear [1972}:

2= (n Re) = div(n D grad (¢)) - div (a ¥ c)- )
where n 1is the porosity, R is the retardation factor, ¢ 1is the
concentration, 2 iz the tensor of hydrodynamic dispersion, v 1s the
vector of the interstitfal flow velocity and t is time.
The initial and boundary conditions for eq. (1} are {(Figure l}:

c{x,z,t) = 0 t <0 oz {w v{x = (2)

c(0,z,t) = €y t>0 —o{z = 3
It 18 assumed throughout that water flowsg parallel to the interface in
the positive =x~direction and that transport in the x-direction is
purely convective, {.e. no hydrodynamic dispersion occurs in the
direction of x. Then the transport equation (1) reduces for region 1

to:
¢ Bzc dc
Mo "D 3 T 1% x>0, z>0 &)
oz

where Dy, = Ay + D*, with @ the transversal dispersivity and D* the
coeff icient of molecular diffusion.

Similarly for region 2:

2
¢ _ 8e | 2e
R, 3t = D,, azz Yy 3s x >0, z <0 (5

*
where D2z = Uuvy +D.
Equations (4) and (5) are solved simultaneously subjeet to the
conditions (2) and (3) and the continulty conditions at the ianterface:

1im c¢{x,z,t) = 1lim c(x,z,t) (6)
z+0 z10
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and

dc Oc
;ilg “1D1z TS (x,z,t) = 1lim n,D -a—;(x,z,t) (7)

240 2 2%

for x > 0 and t > O. Without loss of generality we assume throughout
this paper that cg = 1 (arbitrary units) and that v,/R; < vi/R;.

11.3  Analytical approximation

Since solute tramsport in the positive x~direction is only due to
convection, the solution of equation (4) for z > 0 and equation (5)

for z < 0 must be of the form (Figure 2)

Vo
c{x,z,t) = 1 xS =t (8a)
&
Y2 vy
c(x,z,t) = S(X,z.t) —t{x<{~=—t (Sb)
) K
Y1
c(x,z,t) = 0 x> q t (8c)
vV Vi
X=22 T x=4lT
|R2 :RT
Z] | :
Egﬂ | REGION 1
. l
1 1
I 1
I " 1
c=1 | ﬁ} — ‘=0
0 I i —
] V x
c=1 ! 2 . I C=0
| Rz |
' 9=0| REGION 2
| ]

Figure 2: Schematization of the analytical solution eq. (8).

for all t > 0 and == { z { =,

Note that eq. (8) satlafies {initial condition (2) and boundary
condition (3). The function g deascribes the transverse dispersion
orocess between the two materials when the solute front in region 1 is

moving faster than the solute froat in region 2. Thus, g(x,z,t) is=s
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composed of solutions of equations (4) and (5) for z > 0 and for z <
0, respectively, which are matched at z = 0 such that the continuity

conditions (6} and (7) are satisfied. The functfon g 1s chosen to
satisfy the moving boundary conditions

72
Y1
g(x,z,t) = 0 for x ==t ,z<0,¢t>0 (10

%

The following method is used to obtain g. Let cb(x,t) be the (unknown)

gi{x,z,t) =1 for x = t,z>»0,t>0 (9)

concentration at the contact ilanterface z = 0. Then
c(x,0,t) = cb(x,t) for x> 0and £t > 0 (11)

and hence at the interface:

V2 "1
g(x,0,t) = ¢, (x,t) for st {x <=t and t > 0. (12)

& hl

Then, to find g in region 1, the following problem has to be solved.

2

dc 8 de
Biae = Die P
V2 Y1
fngFe<x<gt,2>0, >0 (13a)
2 1
V2
c(-ﬁ—t,z,t)-l on z >0, t >0, (13b)
2
\ Y1
e(x,0,t) =c, (xt) on Ftl{x<{gxt, t>0. {13c)

Ry %

The objective is now to first solve eq. (13) {n terms of the
concentration €y+ In doing thie, it is convenient to m%ke uge of the

1—-%. Then

R E

following coordinate transformation. First, let v_ =

set
£=x- % £ (léa)

L =2, {14b)
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v
x--lt
v
1:=t——v;R2——-—%—(—R%t-x) (lhc)
8 8

and fipally set u{f,,t) = ec{x,z,t). This leads to the following

transformed problenm

2
.t e tn £>0,25>0, T50 (15a)
of 2
.14
u(0,8,m =1 on t>a0, T> 0 (15b)
u(,0,1) = cb(E,T) on E>O0, >0 (15¢)
where k+ is a constant given by
D
k+ - lz (16)
R Ve

The solution method for eq. (15) fs standard (e.g. Carslaw and Jaeger,
1959, p- 29-32). Denoting the solution of eq. (15) by u+, one finds
for this function in terms of cy’

uT(E,8,0) = erf(— ) +

2(K'E)

. .2 2

rrl If & = —F75, T e ay (in
o/ (k) ey

x
where erf (x) =§; ] &7 dy.
0

In view of eq. (7}, 1t 1s necessary to find an expression for the
* at g=0". To do this straightforward
from eq. (17) appears difficult. A deri{vation of which the details are
omitted shows that (p =y -g-v"(k+§) )

derivative with respect to © of u

+
% ot -4

—L -
/(e

(D)

+T e, -5 - ¢, 6,0} ] a8
1 [
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To find the function g in region 2, consider the problem

B¢ d°c Oe
Byt "D 7 " V23x
dz
v, vy
inR—t(x<'ﬁ—'t,z(0,t>0, {19a)
2 1
Y1
c (z—¢t, z, t) =0 on z <0, t>0, {19b)
R
Y2 !
c{x,0,t) = ¢ (=x,t) on —t {x<{~=1t, t> 0. (1%}
b & }

As 1n the previous case, this problem can be transformed using eq.
(14):

) —
LA £E>0,£<0,t>0 (208)
T BCZ
w(E,2,0) = 0 E>0,6<0 (20b)
u(g,0,1) = cb(E-uT) £>0, T>0 (20¢)

where k = D2z/R2'

The solution of eq. (20} is

a 2 2
[ o ey By 1 -—=7) &7 dy. (21)
—£/2/(k ©) 4y

0T (5,5,7) = 3=

n

Similar to the previous case, the derivative of u with respect to &

at C=0 1s given by

Bu_
(8,07,1) = —I— [ ¢ (£,7)
3 Y(nk T) “b
= ey B ———) - ¢ ()} du] (22)
1

The continuity condition (7) in terms of the new variables becomes
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+

3 du -
m Py, ST (80T mm Dy 3 G.0TT) (23)

Inserting (8) and (22) into this expression gives the following
integral equatfon for the unknown function Cpt

AvE® [e, (6.0 - [ ley&,7 = T - ¢, (€,0)} an]
1 0
- 1- oy @ + [ oy - fg ) mey (8, D) A, (28)
where the constant A is given by

R
A=t B gk o Loy222 L, (25)

In wview of the boundary coanditions (9) aand (10), a solution of eq.
{24) has to satisfy

cb(O,t) =1 for >0 {262}
and

cb(E,O) =0 for £>0 (26b)

To find the general soclution described by eq. (8) we have to solve
first the interface concentration ¢y from eqs. (24) - (26), substitute

the result into egs. (21) and (17) and define the function g according
to

v v
g(x,z,t) = ut (x - ii t, z, %— ( if t ~ x)), z >0 (27a)
s
- Y2 1 1

g{x,z,t) = u (x = t,z, —(— t - x)), z<0 (27b)
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11.3.1 Approximate interface concentration

Attention {8 now focused on the solution of fintegral eq. (24).
To obtain a solution we apply a Taylor series expansion with respect
to £ and % to the integrands in (24). A first and simple approximation
follows when the first term of the Taylor expansion 1s used.
Then cb(£,1 - Ezj = cb(E,T) and cb(a - %r y T) = cb(g,t) , and eq.
(24)
reduces to the algebraic equation

AV o m1-c, (28)

with the solution

Cﬁl) (E,7) = ‘-‘l"'—jg for E>Cand Tt >0 (29)
1+A1’(?)

Observe that this approximate solutlon satisfies eq. (26).

L
0 100
P=1+A t‘/’f
Figure 3: Concentration ¢y, at the interface as a function of p. Solid
1
line: the approximation of cé ) according to (29) and
2)

dashed 1line: approximat{ion c( according to (37) and (38).

b
A second and more complicated approximation arises when the first

and second terms of the Taylor expansion are used. This leads to

de
ey (5,7 - -:-2-) = e, (5,7) - ﬁb‘} (€,7) (30a)




- 250 -

e
&S D g ) -%5-5—‘1 (5,7 (30b)

Substituting these expresaions into eq. (24) glves the differential

equation

£ 6cb bcb
A /D {cb +T5= = 1- ey ~ & 3r (31)

This equation is sclved by introducing a similarity transformatiom. If
n=gfv and f(n) = cb(E,T) . (32)
then the function f satisfies the ordinary differential equation
A/ {f-n %%-} =1-f-n %%* (33

To solve this equation 1t is convenient to set
p =1+ A/ and £(p) = £(m). (34)

Now for f to be a solution of (33), the function f should satisfy

(-2) (p-1) %%— -2pf+2=o0. (35)

Since £ > 0 and T > 0 1in (24) and (31), eq. (35) must be solved for p
> 1. Considering eq. (26) and remembering that f represents an
approximate 1aterface coacentration, 1t 1is obvious to 1look for
solutions of eq. (35) which satisfy

£(1) =1 and £(=) = 0. (36)

Using the standard method of variation of constants, one can show

that the solution of the boundary value problem {(35), (36) 1is given

by:
£(p) = 2 (% = 6p + 11) 1<p<2 (37a)
fF(p) = —— 4p - 5) p>2 (37b)

6(p~1)
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This function is shown in Fig. 3. In terms of the variables § and t
the approximation 1is

e$P (g, = FQ + A v(E/) (38)

Figure 3 also shows the function 1/p which corresponds to the first
approximation cél)in terms of p {(Eq. (29) and (34)).

11.3.2 Loss of solute from the permeable zone

The transverse dispersion process between the two regions is now
conaldered wusing the approximate expressions for the 1nterface
concentration ¢p derived in the previous gubsection- First, let t and
X be given such, that t > 0 and —E-t <x X 2 t and 1let the
dispersive loss of solute from the permeable reglon into the region
with low permeability be denoted by V(x,t). Then:

o

v(x,t) = | {1~ e(x,z,t)}dz (39
0

for a unit surface area of the interface. In terms of the variables E,
¢ and T, eq. (39) becomes:

o

Ve - [ (1-tee,sda with £>0 and 150, (40)
0

where u* is the solution of eq. (15). Since u+ satisfies eq. (15), the
function 1-u* also satisfles that equation 1.e.:
2

3 ) -t %ZZ (1" Y

Integration with respect to { from §=0 to U= = gives

+
FiE - R, df o (42)

o

This expression is inEFgrated with respect to & using the boundary
condition V(0,T) = V(L ¢y = 0 this ylelds

R1
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g .+
Wz,n =kt | 8 (s, 0F, v (43)
0
Next, eq. (18) is substituted into eq. (43) to give
+ E
~ k 1
V(E,w) = /() OI 7e [1=e, (s,
+ [ fe, (s= 25, ©)me, (s,7)}dn]ds (46)
b 2 b
1 B
In order to evaluate this expression, the first and second terms

of the Taylor expansion are used in the second integral. In accardance

with eq. (31), the approximation

- k+ £ 1 bcb
V(E,T) = /() OI 7z [l (s,7)=s 55~ (s,7)]ds (45)

is found. Integration by parts glves:

~ L E K

V(Z,1) = /() of 75 [175e (8,)]ds = V(55 e, (8,1)  (46)
or + + &

fe,n = 2R -, €01 - W g;rt—cb(s,'t)da- (47)
I (1 (2)
n this expression, the approximations N and cy from subsection
11.3.1 are substituted, giving (1=1,2)

+
e, = 27ES 1V
£
-37@ | ePema) 48)

Next, define

o &n =2 - P e Pem -Em P w9
with p given by eq. (34). Then eq. (48) becomes:

v 2 08 1y 1Py - L e Daad 50

v (E_,,T) - (T P 2(?"1) L

For the first approximation, i=1, this ytlelds
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+
W, = 27¢EH (1 712'1?- T;:-i-)—lnp} (51)

and for the second approximation (i=2)

-+
TP, = 2 /5D (1% 1) - gy FOL (52)
where the function F is given by
Bp) = £Gp -3 +1p -2 1¢pc<2 (53a)
= 1 1 10
F(p) = ¢ (4 1a(p-) + D) *+ 75 P>2 (53b)

Since transport is often studied by measuring breakthrough curves,
we also want to evaluate the average concentration in the permeable
region at given x and t. Let H be the height in the permeable region
over is which the concentration 1z averaged. Then

K

EH(x,t) =% _f e(x,z,t)dz (54)
0

This expression i{s rewritten as
- 1 H
eplx,t) = 1= & I {1-et(x,z,t)}dz. (55)
0

If the averaging height, H, 18 chosen large enough such that e(x,z,t)
=1 for all z > H, then approximately:

R
- 1
cH(x,t) =0 for t ¢ ;-1- x (56a)
- 1 RZ
cH(x,t) = 1- i V(x,t) for qx £t« gx {56b)
- R2
cH(x,t) =1 for £t > — x (56¢)
V2

Equations {51) and (52) may be substituted imto this expression to

=(1) =(2)
H H

give the average comcentrations ¢ and ¢ ,» respectively.
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11.4  Numerical approximation

The analytical solutions were based on several simplifying
agsumptions. To assess the validity of these assumptiona, numerical
calculations that do oot incorporate the simplifications were done for
a few typleal cases. For this purpose we used a finite difference
program. In this program we first calculated steady-state flow using a
direct Gaussian elimination method. The resulting flow velocitfes were
then used to caleculate mass transport according to eq. (1). Contrary
to the analytical method, the numerical model contais a sgmall
hydrodynamic dispersion term in the flow direction. The longitudinal
dispersion coefficient is given by Dx =0 v + D*, where % 18 the
longitudinal dispersion and v is the flow velocity (v) for region 1
and v, region 2).

The equation solved 1Iin the numerical model was the finite
difference equivalent of (1) on a bounded domain subject to the

conditions:

c(x,z,t) = 0 t<0 -B<z<H O0<x<L (57)

c{0,z,t) = ¢y t>0 -B<z<H (58a)
3¢

3;-(x,—B,t) =0 t>0 0D<{x<1L (58b)
dc

s-z—(x,H,t)-o t>0 0<x<L (58c)
dc

F (L,z,t) = 0 t>0 -B<z<H {58d}

Here B is the thickness of reglon 2 and H the thickness of region 1.
The constant L is the length of the system. Because of the small
longitudinal  dispersion coefficient, steep gradients of the
concentration will occur. This may lead to numerical overshoot when
using finite difference methods as discussed by Fried [1975] and Cray
and Plnder [1976]. This numerical overshoot ie avoided if the gradient
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Figure 4: Concentration at the interface cﬁz_) as a function of x,

at t=150 and parameters as 1n Table 1 unless indicated

differently, 4a: t=29, vy=vy and Ry=3, 4b: effect of Ry,

4e: effect of Di,s 4d: effect of nlln2
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1s approximated by backward differences, in which case numerical
dispersion will be 1introduced [Lantz, 1971). The numerical
calculations were performed employing central differences with respect
to both space and time derivatives. The discretizations were subject
to restrictions as reported by Lantz [1971] and Price et al. [1966].
This lead for the discretization in the x-directfon to:

Ax < 2 & (59)

The scheme used 1s convergent and unconditionally stable ([Smith,
1963). The equations for mass-transport are solved using am iterative
line successive overrelaxation method.

The numerical values of varf{ables used in the calculations are
listed in table 1. Inequality (59) is satisfied for the chosen values
of Ax and ap: Thege values were constant throughout the entire domain.
The discretizations with respect to z and t were not constant. Near
the interface where the gradients are largest Az was takem 0.001 (m).
Moving further away from the 1interface, Az {13 increased in both
directions. The diascretization of time was finest (% day) until well
af ter breakthrough occurred, with larger timesteps thereafter. The
combined discretizations in space and time appeared to be acceptable
as a further refinement did not significantly affect the results.

The choice of the parameters was such that no flow of water
occurred in the second region (v2 = 0) wheress v; = 12.5 m/yr.
Retardation factors were varied to analyse their effect. In agreement
to many natural systems the region with the highest permeability {or
velocity v} was given the smallest retardation factor (Ry=1). Values
used for R; were 1, 10, 100 and 1000. The value of the molecular
diffusion coéfficient D*-0.0SZ (mzlyr) is in agreement to wvalues given
in literature (Bolt, 1982). The value of Dlx was 0.345 and LP equals
0. The ratio of aT/aL was 0.1 throughout the entire domain and is in
the range as reported by Bear [1979], Fried [1973] and De Josselin De
Jong [1958] for well-sorted granular materials. The porosities ny and
N, were set equal.




- 257

v sa
o L
1 10
X}
o
v 56
Ry=1000
100
A0
1
GU [T}
Aim)

x{ml

Q)
5d

% (m)

Q

=150

750

X{m)
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11.5 Results and discussion

In this gection the results of the analytical approximatfon are
given and compared with the numerical calculations for some typical
cases. Differences between the numerical and analytical approximations
are discussed in more detall later.

Figure 3 shows the concentration cy at the interface as a function
of p. Both the simple approximation c(t)

2
c(b) as given by eqs. (37) and (38) are presented. Note that these

= 1/p and the approximation

approximations are only defined for § > 0. For negative values of £,
(1.e. z2< \a'zl:,ﬁ’[{2 ), the concentration ¢y 18 simply set to be cy = 1.
The complete range of cy 1s shown in Fig. 4a for the approximation
eyt For the more general case with flow in both regions, and for
vlt/Rl < Ll.0 such that no breakthraough occurs at x = 1.0 three domains
are found: the domain 0 < x < \arzlu’R2 where cy = 1, the domain
vrzt.l'l?.2 < x < vlt/Rl where c;, is given by the solution of the integral
equation (24) and the domain x » vﬁlt/R1 where c, = 0. When v, = 0
and vlt:/R1 > 1, only one domain is present on the {interval
0 <x <1.0. This 13 shown in Fig. 4b-d, where the effects of several
parameters wupon the distribution of the concentration along the
interface are 1llustrated. Parameter values are those in Table 1
unless indicated differently. For a given time and position, the
concentration <p decreases when R, increases (fig. 4b). Clearly, if R,
18 uanity, the storage capacity in region 2 close to the interface will
be depleted quickly and the concentration ¢y, will rise fast. In case
of a large Ry~value, <y becomes small as the dispersion rate towards
and across the interface is small with respect to the storage capacity
in reglon 2. The effect of decreasing Dy, likewise results 1an a

2)
b

smaller cy. The effect of varying of n;/n; on ¢
2
Fig. 4d, showing that c(b) increases with increasing n]_/nz.

is presented 1in

The loss term V using the second approximation V(z) as given by
eq. (52) 1is shown as a functfon of x in Fig. 5a-e. The curve presented
in Fig. 35a corresponds to the same situation as Fig. 4a for cye
Naturally, also V(z) is defined only for vzt:)’R2 < x < vlt/Rl’ » For
values of x outside this domain Vv(2) does not chaage. Thus v(2) o 0

for x < v2t/R2, and for x » vlt/R} . Again for the case when vyo= 0,
2)
v

effects of several parameters on are {llustrated.
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The values chosen for the parameters for Fig. 5b-d correspond to the
same values used for Fig. 4b=d, respectively. As was shown in Fig. 4b,
larger values of Ry, will cause smaller values of ¢y, which implies
larger concentration gradients in a cross section (see also Fig. 9, to
be discussed later). Hence the loss term will increase with increasing
Rg. In the same manner, V also increases with increasing Dy, (Fig.
5¢). As shown in Fig. 5d the trend for m;/n, is found to be opposite
to the trend for Ry and D;,,. Fig. 5e finally shows a decreasing V
with time; for reference also the approximation V(l) is given.

Assuning an averaging heigth H = 0.2 m and vy = 0 breakthrough
curves from region 1 were calculated. Results for x = 1 m are
presented in Fig. & for different wvalues of Ry, Dy, and different
ratios n1/n2- The effect of R, on the breakthrough curve appears
prominent. The significant tailing observed for high values of R, is
in agreement with results of immobile zone models (e.g. Van Genuchten
and Cleary, 1982). In Fig. 6d the effect of the ratio nllnz is shown,
which appears to be large, exhibiting pronounced tailing at small
n,/n,.

The analytical and the numerical approaches are compared in Fig.
6a and 6b for the breakthrough curves, and in Fig. 7 and 8 for the
concentration at the interface, ¢y In all cases the more accurate
approximation using the first two terms of the Taylor expansion (eq.
30} is taken for the analytical approach. Fig. 7 shows ¢, as a
function of x for three times, with R2=100 and vo=0. The agreement
appears good and only for semall x and relatively large t wminor
differences are seen. Differences appear to be somewhat smaller for
the larger Rp—value.

This same effect of Ry is also noticeable from the breakthrough
curves in PFilg. 6a and 6b. The effect of hydrodynamic dispersion
occuring in the flow direction accounted for in the numerical approach
yet absent in the analytical approximation, is prominent in Fig. 6a.
After first breakthrough, however,the agreement between the analytical
and the numerical results is considered excellent for large R, (i.e.,
100, 1000). The limiting case where Ry= 1 shows large differences for
all times considered.

The distribution of the concentratfon in a cross—section of the flow

domain 1s shown in Fig. 9 for the reference case vo=0. Continuity of
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B B *
the flux across the interface requires that (3501 / (E%)z =D /Dlz .
*

This 1s shown to be indeed the case in Fig. 9 (for Dlz = 2D ). Note
again as in Fig. 4 that the concentration at the interface is smallest

for the largest value of Ry.

11.6 Discussion

In the previous section we showed that the agreement between the
numerical and the analytical results 1s good for large wvalues of R,
but that the differences become significant for small values of Ry
The differences are attributed mainly to the different boundary
conditions used for the two approaches in the direction of negative z.
In the analytical approach the impermeable reglon is not bounded,
whereas 1in the numerical approach the impermeable region has a finite
thickness B, while at z = =B a Neumann boundary condition 1s used (eq.
58b).

Hence, contrary to the analytical solution, the storage capacity in
the impermeable region is finite for the numerical solution. As soon
as this storage capaclty becomes depleted, the concentrations in both
the permeable and the impermeable regfon will increase faster for the
numerical than for the analytical approximation. To estimate the time
when this occurs, consider eq. (1) for the domain -B < z < 0 and for

the case where vy = O:

*
RZ%% = b ___a; (60)
dz

with the conditfons:

c(z,0) = © (61}
c(0,t) = 1 £>0 (62a)
EBey=0 e>0 (62b)

The sgolution may be writtemn as an infinite sgeries of comilementary

error functions. Maintaining only the first three terms this yields

z 2B+z
< Y-erfe(— )+erfe(— y (63)
(D t/RZ) 2D t/Rz 2/ (D t/Ry)

c(z,t) = erfc {
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The solute flux at z=0 is:

2 *
R ~(B"R,/D t)
* B¢ ~ kT2 K 2
D 5 (0,6) =D (—5)7 {1 - 2e } (64)
> t
Note that the second term 1in the right hand side of eq. (64)
represents the {influence of the boundary at z = -B. This was not taken
into account 1in the previous analytical approximation, where B was
assumed to be 1infinite. Consequently the assumption of an infinfte
thickness of the 1impermeable reglon in the analytical approach 1is
valid if the restriction
2 *
-(B szD t)
e <€ 0.5 (65)

is satisfied. For the chosen values of B and D the deviations will be
less than 4% for t/Ry < 0.02 . Hence if Ry=l then the {nfluence of the
boundary 1is almost at once noticeable whereas for e.g. Rp=100 this
will take two years.

In section 11.5 we showed the prominent effects of the retardation
factor R2 in region 2 and of the transversal dispersion coefficient
D;, in reglon 1. Here we discuss the limiting cases where Ry, * « and
Dy, *+ = in more detail. We give simple analytical expressions for the
corresponding concentration distribut{ons and compare the results with

the expressions presented In this study.

11.6.1 Limiting case I. Ry—oe

The assumption of infinite R, {implies that reglon 2 has an
infinite storage capacity. Consequently one expects that the
concentration at the interface is zere. This follows directly from the
expressions given in section 11.3: Ry + =, implies k = D, /Ry + O.
Consequently the solution of eq. (20) can only be u =0, Therefore the
continuity condition (6) leads to cb=0 and the concentration in region

1 1is given by:

c{x,z,t) = erf(z/Z/(k+x) x < vlt/R1 (66a)
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Flgure 7:
750 Comparison of amalytical (solid 1line)
?gg and aumerical (dashed 1line) solution
for ¢, as a functlon of distance for

three times and 32 = 100.

100
1000 Figure 8:
Same as Fig. 7, for t=750 and two

values of Ry,

Figure 9:
Concentration distribution 1in a ecross
section at x=0.525 m and  t=150.

A
B
0005 0 -0005
Z{m)

Numerical solutionm for the reference
case R2-100(A), and for R2-1000 (B).
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ci(x,z,t) = 0 x> vlt/R1 {66b)

From eq. (66) a simple criterifon for the applicahility of eq. (56) can
be derived. In order to express the average concentration in region
1, EH(x,t) , In terms of the solute loss V(x,t) it was assumed that H
had been chosen such that ec{x,H,t) = 1. When ¢}, > 0 the concentration
in region 1 will be larger than the concentration with ¢ = 0. Hence,
if we choose H in (66) such that c(x,H,t) = ! then this value will
give a lower bound for the averaging height {n the more general case
where ¢, > 0.

Agauming that eq. (56) 1s applicable when c(x,H,t) » 0.995, 1t follows
from the above that H/Z/(k+x) ? 2. This {mplies

*
H> 4 v‘[(aT+D fvl)x] 67)

Condition (67) 1s used to calculate the average concentratlon from eq.
(66):

H
ep(xt) = 1 -% ro [1- etx,z,t)}dz

1 A
=1 -= f erfc(a)ds
A 0

vhere A = H/Z/(k+x) « Since & > 2 we may approximate eq. (68) by

(68)

c (x,t) =1 - %‘ é erfc(g)ds
=1~ % J(k+x/n) (69)
Therefore
egmt) 31 -2 satsm) x < -% t (70a)
—_ vl
cH(x,t) =0 x> i: t (70b)

This expression also follows from section 3 : wher Ry + =, then A + @

{eq. 25) and p -+ = (eq. 34). Thus the solute 1loss
+

becomes V = 2/(k E/t) in both eq. (51) and eq. (52). Substitution into
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eq- (56) gilves eq. (70). The value of H given by eq. (70) equals the

value of EH at first breakthrough in Figure 6.

11.6.2 Limiting case ll: Dyz— o0

This implies an 1infinite transversal dispersivity for the more
permeable Tegion and complete mixing in a ecross section of this
region. This assumption 1is frequently made {m the literature [e.gz.
Grisak and Pickens, 1980; Tang et al., 1981; Van Genuchten et al.,
1984]. For the permeable region, the transport equatifon 1s given by
(again setting D = Dy, and v = v)

de dc bzc

3-1:_.'- Vg ° D — x>0, z>0, t>0 (71)

dz
and the average concentratfon 1s defined by eq. (54). Inserting (54)
in (71) yields

H H H
(-%— Je(x,z,t)az)+ v g—x (% E‘[) c{x,z,t)dz) = —]})1 %;— o (72)
0

(=] L=
rt

3
If we assume that H is large enough, such that i (x,H,t) =~ 0 , then
(72} may be rewritten as

dc dc D B¢
T R T Iz-0+ (713

where we write ¢ instead of :H .

At the interface z=0, continuity of flux requires
de % dc
Mh | T M E lo' a8

where it is assumed that vy = 0 and thus Dy, = D*. Combining (73) with
(74) gives

- - *
3¢ 6c=_D_n_2_b_c

b 75
5t TV o= H o, oz (73
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In eq. {75} the concentration ¢ follows from the transport equation
for the impermeable regilon:
ac * Bzc
Rys= = D —% z<0, t>0 (78)
2 dt 2
dz
Eq. (75} and (76) may be solved if the additional assumption is made
that

c(x,t) = c(x,0,t) 77)
Both (75) and (76) hold under general conditions whereas (77) holds

only when the concentration in the permeable region 1 deviates little

from its average value c(x,t). This will be the case when D, =+ @ ,

lz
The solution is then [Carslaw and Jaeger, 1959, p. 396]:
e{x,t) £ [I12 X /o0'R, — Y], tex/
e(x, = erfg|~" v —=}], t¥x/v
0, vH 2 t-x/v (78a)
c(x,t) = 0 , tx/v (78b)

This solution may bde compared to the analytical and numerical results
obtained with a finlte  transversal dispersivity. Numerical
caleulations indicated that for R2-1 concentrations in a cross section
of region 1 are relatively constant; hence differences {involved in
choosing a finite or an infinite transversal dispersivity will be
small in that case. For larger Rz-values the concentration in a eross
gection of reglon 1 is not constant at all (Fig. 9). Then large
differences between the solutfons for finite and infinite transveraal

dispersivities are expected.

1 e

Figure 10:
Calculated breakthrough curves for
different values of R2' Analytical

approximation (solid line);
limiting case D, @, eq. (77)

TIME {cays) (dashed 1l1ine).
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Figure 10 shows the breakthrough curves calculated with equation
(78) for R2-l, 100, and 1000, along with the corresponding amalytical
curves shown in Fig. 6. The agreement for Ry=l appears to be good.
However, for larger values of Ry, the differences become {mportant and
the calculated breakthrough occrrs much later than for a finite
transversal dispersivity. Hence the assumption of an 1infinite
transversal dispersivity {8 questionable 1in sftuations where the
thickness H of the permeable reglon is relatively large with respect
to the value of Dy, and where R, has high values. The assumption of an
infinite Dy, 1s probably justificd for wmany cases encountered in the
literature due to the relatively small values of H for the macropore
and fracture widths considered [Van Genuchten et al., 1984, Tang et
al., 198l]. Por a fracture thickness H .in the range of 10'-6-1(]_3 m
[Neretnieks et al., 1982, Rasmuson et al., 1982] and a diffusion
coefficient equal to D' the characteristic diffusfon time t, = H2/D"
4t 108

Clearly a significant transversal concentration gradient, e.g. as

is a factor 10 smaller than for region 1 1in this study-

given in Fig. 9, will not develop in such fractures. This was shown

also by Carslaw and Jaeger [195%9, p. 98]. In their Fig. IOa the
2

concentration gradients disappear as D t /H + o . With H = 10 m and

D= D gradients would become small within a few hours.

11.7 Summary and conclusions

In thie contribution we studied solute transport in a flow domain
conststing of two semi-infinite regions with different porous
materials. Water flow 18 parallel to the sharp 1interface separating
the two regions. In the direction of flow only convection occurs
whereas dispersion ocecurs perpendicular to the flow direction. If the
transport velocities (v/R) are dJQifferent for the two regilons
transversal dispersion will cause solute to be transferred from region
1, with the highest transport velocity, to reglon 2. Taking into
account continuity of concentration and of flux across the interface
approximate analytical solutions were derived for the concentration at
the interface and the loss of aolute in region 1. Using these

solutions expressions could be given for the concentration averaged
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for a cross section of height H at designated distance x and time t.
With these expressions breakthrough curves for the region with largest
transport velocity were constructed.

The results obtained with the analytical solutfon were compared to
numerical results. Since in the analytical approach two semi-infinite
reglons were considered the solutiona are only of use if restrictions
for the thickness H of the more permeable region and the thickness B
qf the less permeable layer are met. Lower bound restrictions for H
and B are given. If these conditions are met the agreement between
analytically nd numerically calculated breakthrough {s reasonable to
good except for first breakthrough. Due to the neglection of
longitudinal dispersion in the analytical approach the differences at
the moment of first breakthrough for region 1 at designated x are
significant.

Hence, due to the restrictions on H and B and the assumption of
zero longitudinal dispersion coefficient the applicablility of the
analytical golution is limited to relatively short travel distances in
natural flow domains consisting of different, rather homogeneous
layers. Examples are stratified aquifers, aquifers bounded by
confining layers as studied by Chen [1985] or laboratory analogons as
considered by Shamir and Harleman [1967]. Contrary to the steady state
solutions given by Shamir and Harleman [1967] the effect of adsorption
-on the concentration distribution may be studied with the analytical
solution presented 1n this study. We assumed a finite value for Dlz at
the expense of {ignoring longitudinal dispersion. It was shown that
this may lead to smaller differences with the numerfical solution than
if Dy, 1is asgsumed 1infinitely large. Then the analytical solution
derived here is preferred over solutlons with Dy, » . Although the
numerical approach does not have the shortcomings of any of the
analytical sclutions it is noted that very fine discretizations in the
longitudinal and transversal distances and in time were required. For
the flow domain considered in this astudy as well as for more realistic
scenarios computing will be very demanding with respect to time and
expenses. Thus, a preliminary study for systems resembling the flow
domain considered in this study with the analytical solution presented
may be worthwhile.
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Table l: Parameter values

Parameter Value for Reference Case Variations
B 0.05 m
H 0.20 m
L 1.0 m
ny 1, 0.5 0.75, 0.25
nllnz 1 3, 1/3
vy 12.5 m/year
Vo 0 n/year 12.5
p* 0.032 mzlyear
Dy, 0.063 m%/year 0*, 40"
Dy 0.345 mzlyear (numerical approach)
B 1
R, 100 1, 5, 10, 1000
o 0.025 m (numerilcal approach)
aT/aL 0.1 (numerical approach)
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12 GENERAL CONCLUSION

In this thesis a number of problems were studied, that concerned
phosphate sorption in so0i1l, and reactive solute transport. In the
course of this work a (rapidly inereasing) number of assumptions was
made. Thus, a microscopic deseription of P-sorption for oxide
particles developed in Chapter 3 was gradually simplified to a step
function type of overall sorption under fileld conditfons. Onme of the
recorrent themes, therefore, which was explicitly mentioned in some of
the chapters, was that model sophistication should be compatible to
the knowledge of the system, and to the primary goals of the study:
the answers searched for. To employ microscopic descriptions at e.g. a
fleld scale 1s unpractical, hardly feasible 1n many cases due to the
limited system knowledge, and often not required for the accuracy
wanted. If a microscople description (e.g. as in Appendix B) 1is used
for a fileld ( a 'fileld-equivalent column') thifs may even lead to
errors as the controlling phenomena, such as horizontal wvariability,
may not he recognized. The approach that should be followed has
therefore ‘'fractal' characteristics. Different questions are asked at
different scales of {nterest, and different questions require
generally that ewphasis 18 given to different problem controlling
phenomena. In cases where measurement at the scale of interest 1is not
(directly) possible, such as for P-displacement In fields, microscopic
considerations may become very important. Understanding of allowable
gimplif fcations and of methods to generate the model 1input for
evaluation at the macroscopical scale may be obtained from

microscopic, mechanistic considerations.
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SUMMARY

When the solute inflow rate iInto the Bsail system exceeds the
accumulatfon rate, this implies for a non-decaying solute that outflow
oceurg at the system boundaries. One of the pathways by which solute
may leave the soil system 1s by leaching to the ground water. In case
of leaching of unacceptable concentrations, one of the consequences
may be ground water and surface water quality deterioration. For The
Netherlande this situation may occur for phosphate, which 1s applied
to soil in e.g. animal manure disposed of 1in the intensive animal
husbandry, and for some heavy metals, due to e.g. the enhanced
(atmospheric) deposition. To evaluate how the leached concentrations
of these contaminants change in time, the {interaction with the soil
and the tramsport process must be quantified. The scope of this thesis
was to describe the sorption (rate) of phosphate in soil, as a
function of some dominant soil parameters and concentratfon, and to
describe the effects of heterogeneity of the soll system on tramsport.
Emphasis was given to sorption and transport of phosphate due to
disposal of animal manure.

One of the methods frequently employed 1in this thesis, to
quantify P-adsorption and desorptfon, was a new desorptfon technique
described in Chapter 2. In this batch desorption technique, iron oxide
impregnated filterpaper 1s used as an {infinite sink for soil
phosphate. With this method the desorption kinetics were studied for
nine sandy soils, which ylelded desorptlion rate constants, that were
in agreement with values reported in the literature. It was shown that
the method may also be used to evaluate the content of desorbable P
for quite different soils on a routine basis. It 1s also useful at low
P-¢contents, where conventional dilution methods fail.

In Chapter 3 an approximate sorption kinetics wmodel was
developed. The reactions occurring at the mleroscople 'scale were
described as a relatively £fast, reversible adsorption ontoe the
surfaces of reactive iron and aluminium compounds, and an {rreversible
diffusion-precipitation process, that involves the bulk of these
compounds, and approaches equilibrium very slowly. The net adsorption
rate was described by Langmuir kinetics. The diffusion-precipitatien

process was described with a relation, derived from the formulation of
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the unreacted shrinking core model known from chemical engineering.
This relation involves a composite,dimensionless exposure variable
equal to the time Integrated phosphate concentration in solution. The
diffusion precipitation model 18 applicable, when diffusion type
resistances are conversion rate limiting, or 1in case of a first order
reaction rate. As was shown for three different cases in Chapter 4,
then time may be scaled with the diffusing reactant concentration in
solution.

Parameter assessment for the sgorption model was discussed in
Chapter 5. This assessment 18 complicated by the simultaneous
cceurrence of the adsorption and the diffusfon-precipitation
processes. Due to the assumed irreversibility of the latter process,
desorption studies ( in batch and column leaching experiments) yielded
the adsorption/desorption parameters. Oonce these were known, the
amount of P adsorbed could be calculated for sorption experiments, and
the difference between calculated adsorption and measured total
sorption was set equal to precipitated P. The diffusion-precipitation
model parameters were then obtained by simultaneously fitting
precipitated P as a function of exposure, for all concentrations.
Validation of the sorption model was done by cowmparing measured P-
concentration breakthrough curves for small columns with numerical
predictions based on the 1ndependently assessed sorption parameter
values. Agreement appeared to be reasonable to good for the data given
in Chapter 5.

The procedures described in Chapters 2 and 5 were consldered too
involved for evaluating P-sorption for many different soils and for
large reactfon times, in a routine fashion. Therefore in Chapter & a
simplified sorption model was developed that did not have thisg
shortcoming. The kinetics of total P-sorption appeared to conform well
to the description of diffusion-precipitation given in Chapter 3. The
gorption vate constant (k) for total sorption, was assessed for a
large number of different soils, with different 1imitial P-contents,
for four reaction periods. Also the dependency of the pseudo sorptfon
maximum for total sorption, on the amount (M) of metals (Fe, Al)
extractable with acid ammonia oxalate was assessed. An accurate
description was obtainmed {f total sorption is expressed as the product

of the sorption rate constant (k), the metal conteat (M), and the
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logarithm of the exposure variable, as defined in Chapter 3.

When, besides total sorption, also the reversibly sorbed am.
of phosphate 1s 1mportant, a routine wmethod for evaluating the
adsorption parameters {is also of 1{interest. In Chapter 7, a procedure
was described to find the adsorption contant (K) from the amounta
desorbed with a conventional dilutfon method, and with the procedure
discussed in Chapter 2, respectively. With the last method also the
adsorption maximum may be measured for P-saturated soll samples. The
adsorption maximum appeared to be proportional to the oxalate
extractable metal content (M), just as the pseude maximum for total
gorption. The adsorption parameters, the metal content (M), and the
ampunts degsorbed with the two techniques were shown to be lognormally
as well as normally distributed. The effect of the uncertainty, due to
the distributed nature of parameters and variables, on environmental
constraints with respect to P-leaching was discussed for 1llustration.

More emphasis to the effect of heterogenelity, expressed in such
distributions, on transport, was given 1n Chapters 8, 9, and 10. In
Chapter & the spatial wvariability of the excess amount of P applied to
a field, and of the total adrption capacity were assessed. Assuming
purely convective transport, the effect of such variability on P-
transport was numerically studied for the field on average. This
effect appeared to be so profound that it {s in general not justified
to use fleld average values of parameters and wvariables, to study
phosphate displacement in a field. Experimental data of the field were
in good agreement with theoretical results, in view of the correlation
structure observed in the field.

In Chapter 9 a similar problem as in Chapter 8 was studied, for
displacement of heavy metals (Cu, Cd) in a f{eld with spatially
variable flow velocity, (Freundlich) adsorption coefficient, and metal
input. In this theoretical study an analytical solution was given for
the field-averaged transport, assuming lognormal distributlons of
spatial variates, and assuming purely convective  transport.
Illustrations were given how variability 1in so0il properties, and
scaling theory for flow 1in simllar media may be 1incorporated in the
wodel.

In Chapter 10 redistribution of reversibly adsorbed P already

present in the topsoll was studied. First some trends were made
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explicit for a single column, 1f disposal ofpis stopped. The effects
were shown of the thickness of the P-gaturated topsoill layer, the
adsorption constant, and the adsorption maximum, on the concentration
distribution 1in a soll column as a fuction of time, taking pore scale
dispersion 1into account, but neglecting the diffusion-precipitation in
the subsoil. The redistribution process was studied numerically for a
fleld exhibiting pronounced spatial wvarlability with respect to the
amount of P initially present, and with respect to the adsorption
maximum. This stochastic approach showed large differences with
regsults obtained for the 'field equivalent column' with average
parameter values, i{n agreement to the conclusions of Chapters 8 and 9.

In Chapter 11 transport was studied for a hypothetical flow
domain consisting of two different porous materials. These two reglons
are separated by a sharp interface paraliel to the direction of flow,
and have different porosities, flow velocities, and retardation
factors. The 1importance of transversal dispersion on transpert was
shown. Due to transfer of solute from the region one, with high
transport velocity, 1nto the reglon twe, with small traasport
velocity, resulted I{n a non-symmetrical breakthrough curve for reglon
one. The numerically evaluated results were 1in good agreement with an
adalytical solution. A constraint was given for using an infinite
transversal dispersion coefficient 1in region one. This assumption 1s
commonly made 1n the literature.

In the appendices several addittonal results were glven
attentlon, that were not yet addressed in the main text. In Appendix A
the travelling wave solution was given for tranmsport in the case of
adsorption according to the Langmuir 1sotherm. In Appendix B the
transport in a column at field conditlons was deseribed. It appeared
that the shock front assumption in many cases may be acceptable, and
that omission of the diffusion-precipitation process, as was dome in
Chapter 10 may not be warranted. TIn Appendix € some background
information was given on the distributions used, and in Appendix D on
the Protocol Phosphate Saturated Soils.
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SAMENVATTING

Indien de snelheid waarmee opgeloste niet—afbreekbare stoffen het
bodemsysteem binnen komen groter is dan de snelheld waarmee zulke
stoffen In dit systeem worden vastgelegd, dan betekent dit dat een
fractle van deze stoffen het bodemsysteem verlaten. Een van de wegen
via welke opgeloste stoffen het bodemsysteem kunnen verlaten, is door
uitspoeling naar het grondwater. In geval de concentraties die
uitspoelen te hoog zijn, kan een van de consequenties de
verslechtering van de grond- en oppervlaktewaterkwalitelt zijn. In
Nederland kan deze situatlie optreden wvoor fosfaat, dat 1in de
intensieve veehouderij, middels het wuitrijden ~van overmatige
hoeveelheden dierl{jke mest, op het land wordt gebracht, en woor
enkele zware metalen, als gevolg van de vergrote (atmosferische)
depositie. Om te kunnen beocordelen hoe de uitgespoelde concentraties
van deze verontreinigingen in de tijd veranderen, moeten de interactie
met de bodem en het transpoftproces gekwant if {ceerd worden. Het doel
van deze dissertatie was om een beschrijving te geven van de fosfaat
vastlegging, en de snelheid hiervan, in de bodem, 1n afhankelfi jkheid
van enkele belangrijke bodem parameters en de fosfaat concentratie, en
om het effect van bodemheterogeniteit op transport van
verontreinigingen te beschrijven. De nadruk 18 gegeven aan de
vastlegglng en het transport wvan fosfaat als gevolgd van overmatige
mestdoseringen.

Een van de technieken waarvan in het werk woor deze dissertatie
geregeld gebrulk werd gemaakt, om fosfaat (P) adsorptie en desorptie
te kwantificeren, is een nieuwe methode die in Mofdstuk 2 beschreven
staat. In deze desorptie-schud methode, wordt met 1jzeroxide
gelmpregneerd filterpapler gebruikt als een sorbens met een zeer hoge
sorptie affiniteit en capaciteit voor P aanwezig in de hodem. Met deze
methode werd de desorptiekinetiek bestudeerd woor negen zandgronden,
waarbij desorptie-snelheidsconstanten gevonden werden, die met
literatuurwaarden in overeenstemming zijn. Tevens werd getoond, dat de
methode ook bruikbaar 1s om het gehalte van desorbeerbaar P van
tamelijk verschillende bodems routirematig vast te stellen. Bij lage
P-gehalten, waar conventionele verdunningsmethoden te kort schieten,

is deze methode ook bruikhaar.




- 280 .

In Hoofdstuk 3 werd een sorptie kimetiek model ontwikkeld. De
reacties die op de microscopische schaal plaats vinden werden
beschreven als een relatief snelle, reversibele adsorptie op het
oppervlak van reactieve ijzer- en aluminium bestanddelen, en een
irreversibel diffusie-precipitatie proces, waarblj ook het 1interne
volume van deeltjes van deze bestanddelen betrokken 1is, en dat zeer
langzaam nadert tot een evenwicht. De -netto adsorptie snelheld werd
met Langmuir kinetlek beschreven. Het diffusie-precipitatie proces
werd beschreven met een relatie, dile afgeleid werd wvan de f-ormulering
het nlet-omgezette krimpende kern model, hekend wvwan de chemische
technologie. Deze relatie maakt gebruik van een samengestelde,
dimensieloze blootstellingsvariabele, gelijk aan de over de tijd
gelntegreerde fosfaatconcentratie {n oplossing. Het diffusie-
precipitatie model 18 ©brulkbaar wanneer diffusieve weerstanden
snelheldsbeperkend zijn woor omzetting of 1in geval van een 1aterne
eerste orde reactiesnelheid. Zoals werd getoond  wvoor drie
verschillende gevallen in Hoofdstuk 4 kan 1in dat geval de tijd
geschaald worden met behulp van de diffunderende reactantconcentratie
in oplossing.

De bepaling wvan de parameterwaarden van het vastleggingsmodel
werd besproken in Hoofdstuk 5. Deze bepaling wordt gecompliceerd door
het gelljktijdig optreden wvan de adsorptie en het diffusie-
prtecipltatie proces. Als gevalg van de veronderstelde
irreversibilitelit wvan het 1laatste proces, levert onderzoek van
desarptie {schud- en kolom—uitspoelexperimenten) de
adsorptie/desorptie parameters. Zodra deze bekend waren, kon de
hoeveelheld geadsorbeerd P berekend worden wvoor sorptle-experimenten,
waarna het verschil tussen herekend geadsorbeerd P en de gemeten
totale vastlegging gelijk gesteld werd aan geprecipiteerd P. De
diffusie-precipitatie modelparameters werden toen vastgesteld door,
voor alle beschouwde concentraties, de hoeveelheld geprecipiteerd P
simultaan te fitten als functie van de blootstelling.

Validatie wvan het sorptiemodel werd ultgevoerd door gemeten P-
concentratie doorbraakkrommen wvoor kleine kolommen te vergelijken met
numerieke voorspellingen, waarbij gebruik gemaakt werd van de
onafhankelijk vastgestelde sorptieparameter waarden. Voor de data
gegeven in Hoofdstuk 5 bleek de overeenkomst redelijk tot goed te
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zijo.

De procedures beschreven in de Mofdstukken 2 en 5 werden als te
ingewikkeld heschouwd om P-sorptie routinematig te evalueren voor veel
verschillende gronden, en woor grote reactietijden. Daarom werd in
Koofdstuk 6 een vereenvoudigd sorptiekinetiek model ontwikkeld, dat
deze tekortkoming niet heeft. De kinetiek wvan totale P-sorptie bieek
goed overeen te komen met de beschrijving van diffusie-precipitatie,
die gegeven werd in Hofdstuk 3. De sorptie smelheidekontante (k) woor
totale sorptie, werd bepaald voor een groot aantal verachillende
gronden, met verschillende initidle P-gehalten, voor vier
reactieperioden. Ook werd de afhankelljkheid bepaald tussen het pseudo
sorptie maximum, en de met zuur ammonium—oxalaat extraheerbare metaal
hoeveelheid (M) wvan de metalen Fe enr Al. Een accurate beschrijving
werd verkregen indien de totale sorptie wordt uitgedrukt als het
product van de sorptie smelheidsconstante (k), het metaalpehalte (M),
en de logaritme van de blootstelling, zoals gedefinieerd in Hofdstuk
3.

Wanneer naast de totale sorptie ook de reversibel vastgelegde
hoeveelheid fosfaat van belang is, dan is ook voor de vaststelling van
de adsorptieparameters een routinematige methode wenselijk. In
Hoof dstuk 7 werd een procedure beschreven om de adsorptieconstante (k)
te bepalen met behulp van de hoeveelheden die gedesorbeerd worden met
een conventionele verdunningsmethode, en met de methode van Hoofdstuk
2. Voor P-verzadigde grondmonsters leidt de laatstgencemde methode tot
het adsorptiemaximum. Het adsorptiemaximum bleek evenredig te zijn met
het oxalaat extraheerbare metaalgehalte (M), evenals het pseudomaximum
voor totale wvastlegging. De adsorptieparameters, het metaalgehalte
(M), en de wolgens de twee methoden gedesorbeerde hoeveelheden bleken
zowel lognormaal als normaal verdeeld te zijn. Ter {llustratie werd
het effect besproken wvan onzekerheid, als gevolg van de verdelingen
van parameters ean varlabelen, op milfeuhygienische beperkingen ten
aanzien van P-ultspoeling.

In de [Mofdstukken 8, 9, en 10 wordt meer nadruk gelegd op het
effect op tramsport van heterogeniteit, zoals beschreven met genoemde
verdelingen. In Hofdstuk - 8§ werd vastgesteld wat de tuimteltike
variabilitelt 1is van de overmatige gedoseerde hoeveelheid P en de

totale sorptie Lkapacitelt. In de veronderstelling dat zuiver
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convectief transport optreedt, werd numeriek het effect wvan een
dergelijke wvariabhiliteit op het perceelsgemiddelde P-transport
begtudeerd. Dit effect bleek dermate groot, dat het in het algemeen
niet Juist 1g& om perceelsgemiddelde waarden van variabelen en
parameters te gebrulken om de wverplaatsing wvan fosfaat in een perceel
te bestuderen. Experimentele gegevens van het perceel bleken goed
overeen te komen met theoretische resultaten, gezien de
correlatiestructuur vastgesteld voor het perceel.

In Mofdstuk 9 werd een probleem bestudeerd dat vergelijkbaar {is
met dat van Hoofdstuk 8, wvoor het transport van zware metalen (Cu, Cd)
in een perceel met ruimtelijk wvariabele stroomsnelheid, (Freundlich)
adsorptie coefficient, en metaal invoer. In dit theoretische onderzoek
werd een analytische oplossing gegeven woor het perceelsgemiddelde
transport, waarbij lognormale verdelingen wvan rulmtelijke varfabelen
en zulver convectief transport werden verondersteld. GeIllustreerd
werd hoe varfiabiliteit {n bodemeigenschappen en scaling-theorie woor
stroming in gelljkvormige media in het model ingebouwd kunnen worden.

In Hoofdstuk 10 werd de herverdeling van reversibel geadsorbeerd
P, dat reeds aanwezlg 1is in de bovengrond, bestudeerd. Eerst werden
enkele trends getoond voor een enkele kolom, 1indien de overmatige
dosering van P wordt beeindigd. De effecten werden getoond wvan de
dikte van de met P verzadigde bovenlaag, de adsorptiekonstante, (K),
en het adsorptie maximum, (Qm), op de concentratleverdeling In een
bodemkolom als functie van de tijd, indien dispersie in rekening wordt
gebracht en diffusie-precipitatie in de ondergrond wordt verwaarloosd.
Numeriek werd het herverdelingsproces bestudeerd 1in een perceel met
aanzienlifke rufmtelfjke variabil{teit ten aanzien van de hoeveelheid
P die initieel in de bodem aanwezig 1s, en ten aanzien van het
adsorptie maximum. Deze stochastische benadering laat zien dat grote
verschillen, optreden tussen de gevonden resultaten en de resultaten
voor een ‘'aan het wveld equivalente kolom' met gemiddelde
parameterwaarden, in overeenstemming met de Eoofdstukken 8 en 9.

In Hofdstuk 11 werd transport bestudeerd voor een denkbeeldlg
med{um, dat bestaat uit twee poreuze materialen. Deze twee gebieden
worden geachelden door een scherp grensvlak evenwijdig aan de
stromingsrichting, en hebben verschillende porositeiten, snelheden, en

redardatie factoren. Door de stofoverdracht van het gebied (reglo 1)
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met een hoge tramsport snelheid naar het gebied met een lage
transportsnelheid, wordt een asymmetrische doorbraakkurve gevonden
voor het eerste gehied. De numeriek gevonden resultaten zijn in goede
overecenstemming met een analytische oplossing- Voor de aanname van een
perfecte menging in de richting die loodrecht op het grensvlak staat
in regio 1 werd aangegeven, wanneer deze veronderstelling geldig is.
De genoemde veronderstelling wordt vaak gemaakt in de literatuur.

In de bijlagen worden enkele extra resultaten beschouwd, die niet
aan de orde kwamen in de hoofdtekst. In Appendix A werd een lopende
golf oplossing gegeven wvoor het geval van transport met adsorptie
volgens de Langmuir 1isotherm. In Appendix B werd transport onder
veldomstandigheden 1n een kolom beschreven. Het bleek dat de
schokfront benadering in wveel gevallen acceptabel kan zijn maar dat
het verwaarlozen van het diffusie-precipitatie proces, =zoals 1in
Hoofdstuk 10, vaak een niet toelaatbare vereenvoudiging 1s. 1In
Appendix C werd enige achtergrond informatie gegeven over de gebruikte
verdelingen en 1Im Appendix D evenzo over het Protokel Fosfaat
Verzadigde Gronden.
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APPENDIX A: A TRAVELLING WAVE SOLUTION FOR TRANSPORT
OF A SOLUTE REACTING ACCORDING TO THE
LANGMUIR ISOTHERM

In this appendix, I present a solution for the shape and width of the
front for a solute adsorbing reversibly according to the Langmuir

isotherm. Consider the transpoft equation:

o bzc v Oc
B?{pQ+9c}-9D-a—2-JE‘§' (a-1)
2z

Division by © and setting v = J'/8 yields

2
(i} a) :
s-v (a2
Bz

5 160 +el -0

After transformation by setting m = z — at (dn = dz = - a dt) eq. (A-2)

becomes:

2
d
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This equatfon may be Integrated for the conditions
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The front velocity found by integration of eq. (A-~3), is given by
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and is seen to equal a = v/R, where R is the fromt retardation factor.

Tutegrating eq. (A-3) from 1 is -= to n ylelds:

de
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Af ter rearrangement and insertion of eq. (A-4) the result 1s given by:
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T - 3,3 (ccp) + Q—Q (a-6)

Equation (A-6) corresponds to eq. {9) of Van der Zee and Van Riemsdijk
[1987] for cy =0. The relation between Q and ¢ 1s given by the Langmuir

equation.
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Hence eq. (A-4) may be rewritten as
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Inserting eqs. (A-8) and (A-9) into eq. (A-6) ylelds
2
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Equation (A-1l) i3 rearranged as

2
ap K
L¥K ¢ de T dn (A-12)

(e )(e~cp) DO (I c (1K c )



http://Wl.nr

Now eq. (A-12) is integrated from Ty to N where cp = % {c; +e ). Before

doing so, first multiply with (eg—cy)-

For the left nand side of eq. (A-12) this vields
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Inserting eq. {(A-10) the right hand side becomes
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The front shape 13 therefore given by
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Assuning n=np = 0 geeft then n=m_ = 0 for ¢ = cp = k(cf+ci).

R
Definfing the front as An belonging to the concentration Interwval

{(1-2c)Ac, and setting
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An = - ny (A-16e)

an expression may be obtained for the front thickness (see Figure A-l for

an illustration},
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Figure A-1: Schematic representation of the front thickness

Equation (A-15) is given schematically by
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or also
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APPENDIX B: VALIDITY OF THE SHOCK FRONT ASSUMPTION
FOR PHOSPHATE TRANSPORT AT FIELD
CONDITIONS

One of the major assumptions made in Chapter 7 [Van Der Zee and
Van Riemsdijk, 1986] was that P displaces in soll as a shock front.
The background of this assumption was that in case of high affinity
sorption, the effects of dispersion and non-linearity in ¢ of sorption
counteract. This leads to a relatively sharp front, that moves through
soil with a constant velocity and constant front shape, in casge of a
uniform soil profile. Examples of such travelling waves were provided
(analytically) by Reianiger and Bolt [1972], Bolt [1982], Van Duijn and
De Graaf [1984] (see also Van Der Zee and Van Riemsdijk, [1987]), and
in Appendix A.

The solutions pravided in the referenced literature were based on
several assumptions, f.e., uniformity of the soil coluusn, steady state
flow, equilibrium sorption, and, in case the feed concentration

exceeds the resident concentration:
] "
F(c)y >0 i F o(e) <0 {B-1)

While contraint (B-1) may bYe wvalid for most cases of practical
interest for P-displacement, we are also interested in the validity of
the shock front approximation in case of soll layering, fluctuations
in the feed concentration, and of course non—equilibrium sorption. For
those cases analytical solutions are hardly feasible, and numerical
approaches must be uged.

The aim of this appendix 1is to briefly indicate that P-transport
is sorption contrelled, a relatively =sharp P-front (sorbed plus
dissolved) may be expected also in layered soils, and what the effecr
is of diffusion-precipitation on results as given in Chapter 10, where
only adsorption was taken 1into aceount. This will be done for a soil
resembling the NKR-1 soil (Chapter 5), a feed concentration of ep= 3
mol m'3 {or zero), and realistic flow and dispersion parameter values
as given in e.g. Chapters 9 and 10.

Because expogure (I} may reach wmuch higher values than in
experiments as described in Chapter 5 and 6, a sorption function is

needed that extrapolates to large I and is In agreement to findings in
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Chapter 6. Instead of a polynomial of 1n(I)}, that results in
§+ea, I+mw a function with a distinet sorption maximum was
asgumed:
-K
s=sm/{1+313} (B-2)
The value of B equals

B=(S - ao)/ao (B-3)

where ag is the first polynomial constant, and Ks follows from the
polynomial constants, and Sm' The relation (B-2) 1s matched with the
polynomial at the point I = 1 and the poilnt S = % 8 (see Figure B-1).

S (mmol/kg)
1501T—

polynomial

100+ function
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Figure B-l:Exposure~sorption curves: polynomial (solid 1line) and
function (B~1) (dashed line).

4s in Figure B~l time used to calculate I is in minutes, the second

point (In (I) <8) falls in the experimentally evaluated domain of TI.
The curve given by (B-2) is shown to approach a maximum value, chosen
at §, = % M - Q, (Chapter 6, 7).




Fronts are shown in Figire (B-2), asssming -adsorption (Q)
equilibrtum, for the dimenslonless qantities ¢ =c/cgy, Q@ =Q/Qy, B8 =
§/8,, and F=F/F (equal to (Q + 8)/Qy + 5y)). For a reference case
with a uniform soil profile, the c- front is shown in Figire B-2 for
different times. The curves for different times are almost similar,

and practically overlap when translated horizontally.
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Figire B-2: Fronts for different ti{mes, reference case.

This 1indicates that fixed front shapes, travellfng at a constant
velocity, are attalned already after a few years of contimous P-
inflow. These fronts are relatively sharp For §, S, and F compared to
the front obtained with linear (or no) sorption. The to the kinetic
nature of 5, 5 and F do not become unity, and these fronts exhibit
tailing. For the analysis of Van Der Zee and Van Riemsdijk [1986] this




does not 1in validate thelr shock front assimptfon, as this talling is
easily taken into account by adapting their oy (= Fm/l-[). The gradial
increase in ¢ implies that even if the P-shock front arrives at a
reference level, the asaymption of an instantanecus increase of o= 0
to e= 1 is not valid. Variation of flow or dispersion parameters in a
realistic range has minor effects of the calculated front shapes,

s ggeating sorption control of transport.

topsoil —a Subsoil
Qry=10,3m:=50| Gmz 2, Sm=10

-
Q

y, X
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fn]

depth (m)

Figire B~3: Fronts if the sibsoll has a smaller metal content: sibsoil

is 0.2<2<0,4 , M (sabsoil) = M (topsoil)/5.

Somewhat larger effects were found if layers with different values
of M (and thus of Qg 8p Fm) were present: Figaire B-3. For this
sttuatlon the kinetics (rate of approach of S to the maximm, 8,) were

kept the same for all layers, and only the maximum vaiues differed.
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Differences can largely be understood from the differences in the
distrimtion ratio { = pAF/OAC ) for different layers.

For the soll considered also calclations were done 1f P-inflow
stopped after 20 years. Taking also diffusion-precipitation into
account (different from Chapter 10), 18 shown to affect the P-
redistribution process significantly. Even when ¢ decreases rapidly
with increasing time, precipitation accounts for a large fraction of
sorbed P, in the mbsoil that contains little P at t= 20 years: Figire
B-4. Becarse the coucentration becomes already small at small times,
the G-profiles are shown. Redistribution is shown for a feed

concentration eqal to cp= 3 wol.n™3

till t= 20 years and zero feed
concentration afterwards. The upper part of the curves resembles those
of Chapter 10. Due to the precipitation, the downstream front moves
slower than in Chapter 10. The cross-over point at 2= 0.25 m gives the
depth where c= ¢, and Qfe)= Q(ce). At larger depths, Q{c) < Q(c,) and
the retardation is due only to adsorption. Therefore the fronts (of ﬁ)
move faster below z= 0.25 m. This 1is seen from the secondary front
that develops below this depth. Inspection of the S~fronts (not shown)
for the sitation of Fig. B-4 showed that § is significant at depths
larger that the position of the downstream front at t= 20 years.
Hence, front propagation velocities of Chapter 10 (§, c) are in error
{(1.e., too high). This remlt 1is of major importance for the protocol
P-gatnrated soils and is arrently mbject of further study. The
remlts also indicate relatively -sharp fronta for §, 5, and F for
t>20y, and also sipport the approximations made {in Chapter 10 with
respects to the G-shock front in the subsoil.
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APPENDIX C: SOME PROPERTIES OF THE NORMAL AND
LOGNORMAL DISTRIBUTIONS

For easy reference some important properties of the used normal
and lognormal distributions are presented.

Consider the normally distributed variate X with probability density
function (PDF)

fy = I8y /(Zn)]'l exp {-0.5[(x—mx)/sx]2} (Cc-1)

with s,>0, and =CX<». We demote this distribution by X= N(mg, a.?).

The statistics for the distribution are found by moment theory. For
' k

the expectatfon of Xk we write uk = E{X }, (k= 0, 1, 2, ...) which

is the k-th raw moment. The k-th central moment is given by

w = Bx - B {xh") (c-2)

These moments wmay be evaluated by

' K
e = J_o ¥ fydX (C-3a)

w o= o x E(xh* s.ax (Cc-3b)

1
o
The expectation value equals By o which 1s my for the normal PDF. The

Now we have =1 by definition, as fy 1s a density function.
]

variance, glven by uz , 18 easily found to be By » and the
coefflcient of variation 1s then given by CVW(X) = sxfmx-
The reproductive properties are additive. This means that if
n
X=a + ) bX b0 (C=4)
i1
i=1
where X, = N( ny gxz ) and X, (i= 1,.....,n) are independent, then
X 1s distributed *
22
X=N{(a + ] b,m, , ) b.ay ) (c-5)
i Xi i Xi

Hence, 1f a stochastic proces X; 1s repeated independently M times and
summed (e.g. M 1independent P-applications [Van Der Zee and Van
Riemsdiik, 1986]) X = | X, has the distribution




c-2

M M

2 2
X=N) m, ,) s8;)=NMn, ,6 Ms’) (C-6)
=1 X =1 K 1 X

This 18 8o because a 1s zero and by equals unity. Note that M

independent repetitions of X; implies for X that X=] X . In case

of M perfectly correlated repetitions we have instead that the process
is mltiplied by a factor M, 1i.e., X= MX; (where 1 has only one
discrete value). Hence, in that case [Van Der Zee and Van Riemsdl jk,
1986]

X = N(mel, Mzsit) {C-7)

For the lognormal distribution eg. (1) becomes
Y s /(2] " exp {0.5 ss 1%} (c-8)
Fg= (Y 8p/(2m)]  exp 10.5[(X - my)/s.]

where Y 18 the exponential tramnsform (exp X), hence X = 1n Y.

The lognormal distribution for Y 1s denmoted by Y aA(mx . s;), where
X is normally distributed. That the distribution of Y 18 characterized
by the statistics of X 1g eagily seen, as

FydY def £y X (c-9)

and
1
deY =3 fan = fx dlnY = fde (C-10)
If 1t is not realized that Y is distributed lognormally, one might
2
calculate the statistics of Y (i.e., L and By ) assuming a normal

PDF (eq.l). The statistics found then are related to those of X(=1nY)
by the expressions givea in Table C-1

Table (-1: Equations relating the statistics of Y and of X(=laY),
assuming both X and Y normsl

m, = exp (my, + % si) n, = ln(my) ~ 1Y si
33 = exp(2m, + si) [exp(si) - 1) s§ = In(l + (s%/mg))
median = exp (mx) median = my

mode = exp (mX - s;) mode = my




Figure C~1: The normal and lognormal PDF.

Symmetric curve: normal PDF,
N(0,0.5), assymmetric curve lognormal PDF, A (0,0.5).
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Hence if Y is {incorrectly assumed normally distributed, Y=N(my, s%),
the coefficient of wvariation equals CV(Y)= J[exp(s}z{) - 1}, while the
median, mean, and mode do not coincide. That the normal and lognormal
distributions have approximately the same shape for a small
coefficient of wvariation follows from Figures C-1 to C-3, and from
Tal;le C-1. Thus when CV(Y) +0 this 1implies that exp(s%)-)l, t.e.,

Bx‘*O-

It is readlly seen from Table (-1 that for 522{ + 0 the mean, mode,
and medlan start to coincide, as they should for a normal PDF
[5immons, 1982, Van Der Zee and Van Riemsdijk, 1987].

The reproductive properties of the normal PDF being additive the
same properties of the lognormal PDF will be multiplicative.

Indeed if Y 1is given by

M pi M q]
Y=r I ‘I1 Jull Y (C-11)
i=1 =1 3

where Yy, Yj are {independent variate sequences, that are lognormally
2
distributed A(mx » By } and r = exp{v},u = exp (w)} are posgitive

constants, then 1.3 L3

j 2 2
b --A(w—w+z;:aimxt —qumxj, Z pi sXi +qu B}zij)
(C-12)

The agreement between eqs (5) - (7} and eq (12) 1s easily seen.
Equation (l2) is a somewhat extended version of eq. (22) of Van Der
Zee and Van Riemsdijk [1987]. In thelr case of v ~ u_z {their eqs.
33-35) the variance of v i{s given by 8y - (2 Blnu) .

Again, as with the discussion of eqs. (6) and (7), 1t 1is noted that
¥=Y;.Y;, iz mot equivalent to Y==Y12, because in the latter case
dependence and {n the earlier case independence is assumed,
implicitly.
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APPENDIX D: PROTOCOL PHOSPHATE SATURATED SOILS

The protocol 1s a prescription on the detalls of soil sampling,
soll sample treatment and laboratory analysis, and data evaluation, to
which in prineiple each fleld is subjected in a reglon suspected of
harbouring many phosphate saturated soils. To bound such regions the
Dutch Sofl Survey Insti{tute compares regional P-surplusses and the
estimated P-sorption capacity (similar to Chapter 6,8), using the
criteria developed 1n Chapter 7. 5Since preliminary calculations
suggested that the problem areas may be large, the protocol will have

to be manageable for a large number of fields.

Baged on the findings of Chapter 7 we find an acceptable thickness
(Lg) of the P-saturated layer as:

LS"’YEK:L (D-1)

In eq. {(D-1) L equals 1lm or a proundwater level (GG) that on average
is exceeded only say 4 out of ‘12 months (i1.e., shallewer level), if GG
1s less than one meter from the soil surface. The depth, L, equals the
depth of sampling. Sampling 1s done from 0-0.2 m and 0.2 m - L.
Therefore analysis in the laboratory reveals differences in reactivity
between the two sample layers. From Chapter 6 we have that reactivity
1s proportional to M (oxalate extractable metals, Fe + Al).

Hence £, which gives an indication of reactivity changes with depth,
may be estimated by &= M2/M1, where the subseripts 1 and 2 refer to
the 0-0.2 and 0.2-L layers, respectively. The adsorption coefficient,
K, was taken equal to those in Chapter 7, and is assumed to be a
constant. In the same Chapter 7 the range of values of : y for which
eq. {D-1) holds, 1is given. The value where eutrophication occurs is

get at 5 mol-m-3, i1.e., 0.15 mg Pl-]'

+« The parameter Y indicates how
important the precipitation process 1is in the subsoil (below Ls)’
assuming piston flow occurs also for depths larger than Ls. This last
assumption proved to be valid in Chapter 10, where ¥ = F/Q equalled
unity. In Appendix B it was indicated that the shock front assumption
may be acceptable also 1f v> 1. As to the preeclse value of ¥
uncertalnty remains. The value of y= 3 (i.e., F%Fm; Q= Qm; a = am)

may be somewhat optimistic at the long term, but appeared wvalid for



short times of Appendix B.
Equation (D-1), with the product YyeKc constant may be

reformulated as
Lg/L = constant (D-2)

Hence, for any soil for which T. and £ was estimated the allowable
value of L; 1s known. In practice L follows from groundwater level
maps, where 7 level classes are distinguished, and & results from the
laboratory work,. We denote the acceptable wvalue of La/L by Y. This
value may be compared to the experimentally found value of L./L,
denoted by Z. This value follows from the oxalate extractable amounts
of the two layers 1 and 2 (with thickness L= 0.2 m, Ly= 1-0.2):

+L, M

ox(1y * L2 Pox(2))f(1‘1 M o M) (D-3)

= (L1 P
Thua we might conclude that a field is P-saturated if 2> Y.

A refinement £8 necessary, 1in view of the limfted number of
samples, used for the mixing samples on which P,  and M are assessed.
Since F,, and M are extracted with a surplus extractant, some sort of
capacity parameter is obtained that 1s not subject to re-equilibration
processes. Hence, an average M-value found for n samples may be
expected to equal the M-value found for a mixing sample involving the
n original samples. Intultively, if only one original sample (n=1) 1is
used and the variance of M fs significant then the average value will
not be estimated well. Suppose, we want to set Z such that at 97.5%

conf idence

Z+AZKY (D-4)

For a variance of Z equal to 32 and using n samples for the mixing

sample this yields (Snedecor and Cochranm, 1982]
2
(AZ) » 4 szln (D-5)
The criterion (D-5) follows from the 95Z two sided confidence interval

for the mean of Z. However, a complication arises when the mean values
of the variables My, Pyy(qy, and Z, ({=1,2) are not known, because of




2, Por practical reasons, it 1is

the assumption made with respect to =
impossible to assess the variances of the relevant variables for each
field. To avoid this we may therefore assume that either sz is the
same for all fields, or that the coefficient of variation, CV {(=s/m,
with m the mean wvalue) is the same for all flelds. Based on the few
data at the fileld scale, it seemed more appropriate to assume that CV
has a fixed value. In that case the uncertalnty 1in the mean affects

2

the value of s°. An approximation taking this effect into account is

2 2 2
(AZ)” » 4 (8" /n) [1 + tnlfdn] {D-6)
which follows again from the 95% two sided confidence interval of the

mean of Z, and where t, is the appropriate student-t at sample size n.

The constraints (D-5) and (D-6) are shown in Figure D~1.

FP-saturated

=1-

5
g r’ 5% —|
€ 0z (1 not P. saturated at confidencelg75% -
= ! 50%—
=
o0 Bl

]

1

SAMPLE SIZE, &

Flgure D-1: Constraints for the ratio 2Z/Y to classify a field as
Phosphate saturated or Phosphate unsaturated, where
AZ= €Y eand the criterion Cn= Z/Y < (1-g).
Assumed was that CV(Y)= 0.3

At sample sizes of n=5 and n=15, we find AZ = 0.42 and AZ = 0.20,




respectively. Hence, for n=5 we have Z< 0.58 Y, and for n=15 we have
€ 0.8 Y, in order to decide that a field is not P-saturated.

The criteria based on eq. (D-4) and Figure D~1 imply that animal
manure disposal should be disconti{nued when Z exceeds a prescribed
value which is smaller than Y. The contraint becomes more demanding
when the uncertainty, caused by a 3small number of samples, increases.
According to this approach disposal 13 not allowed on a respectable
number of filelds that would mot be considered P-saturated 1f the
number of samples were large. Whereas, from the environmental point of
view this 18 acceptable, it enhances the already existing problems
concerning alternative ways to dispose of manure. Because alternatives
to opn-land disposal have insufficient capacity compared to the manure
quantities that may not be disposed onrn land already, a different
criterion may be necessary.

Thus, one may decide to 'fine' (force discontinuation of on-land
disposal) only in those cases that with large confidence violate the
constraint Z { Y. Then disposal on land is allowed provided

Z{Y + Az (-7)

at a chose coafidence (e.g. of 97,5%). The corresponding criterium may
be easily derived. Only cases that dearly violate the constraint Z { Y
are fined. If the second approach 1{s adopted, contra—-expertise with
the same or with a larger number of samples 1s likely to bring about
the game decision as the original one, for a part{cular field. In the
first approach (D-4) this is not the case.

Which of the two approaches 1s still subject to discussion. The
choice 1s only partly a technical one, as also considerations of a
political and legal nature are involved. In view of the explanatory
nature of the techuical protocol [Van der Zee et al., 1988] only the

environmental consequences of both approaches will be indicated.
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