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Abstract

It has been known for a long time that Einstein’s field equations when projected onto a black hole

horizon looks very similar to a Navier-Stokes equation in suitable variables. More recently, it was shown

that the projection of Einstein’s equation on to any null surface in any spacetime reduces exactly to

the Navier-Stokes form when viewed in the freely falling frame. We develop an action principle, the

extremization of which leads to the above result, in an arbitrary spacetime. The degrees of freedom

varied in the action principle are the null vectors in the spacetime and not the metric tensor. The

same action principle was introduced earlier in the context of emergent gravity paradigm wherein it

was shown that the corresponding Lagrangian can be interpreted as the entropy density of spacetime.

The current analysis strengthens this interpretation and reinforces the idea that field equations in

gravity can be thought of as emergent. We also find that the degrees of freedom on the null surface are

equivalent to a fluid with equation of state PA = TS. We demonstrate that the same relation arises

in the context of a spherical shell collapsing to form a horizon.

1 Introduction

There is increasing recognition in recent years that the field equations of gravity may have the same
conceptual status as the equations of fluid mechanics or elasticity and hence gravity could be thought
of as an emergent phenomenon just like, say, fluid mechanics. (For a recent review, see Ref. [1].) This
approach has a long history originating from the work of Sakharov [2] and interpreted in many ways by
different authors (for a incomplete sample of references, see Ref. [3]). We will use the term ‘emergent’ in
the specific and well-defined sense in terms of the equations of motion, rather than in more speculative vein
— like e.g., considering the space and time themselves to be emergent etc. The evidence for such a specific

interpretation comes from different facts like the possibility of interpreting the field equation in a wide class
of theories as thermodynamic relations [4], the nature of action functional in gravitational theories and their
thermodynamic interpretation [5], the possibility of obtaining the field equations from a thermodynamic
extremum principle [6], application of equipartition ideas to obtain the density of microscopic degrees of
freedom [7] etc.

If the field equations of gravity have the same status as the equations of fluid mechanics, then it should
be possible to write down Einstein’s field equations (and possibly more general class of field equations;
but in this paper we shall confine ourselves to Einstein’s gravity in D = 4.) in a form similar to the
equations of fluid mechanics. It was shown by Damour [8] decades ago that this is indeed the case in the
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context of black hole spacetimes. He showed that the black hole horizon can be interpreted as a dissipative
membrane with Einstein’s equations projected on to it taking a form very similar (but not identical) to the
Navier-Stokes equation in fluid mechanics. (We shall call these equations Damour-Navier-Stokes equation,
or DNS equation for short.) This work formed the basis for the development of membrane paradigm by
several authors to describe black hole physics [9]. Last year, one of us (TP), could generalize this result
to any null surface in any spacetime [10]. It was shown that, when Einstein’s equations are projected
on to any null surface and the resulting equations are viewed in the freely falling frame, they become
identical to Navier-Stokes equation (rather than being very similar to Navier-Stokes equation as in the
case of DNS equation). Figuratively speaking, this result shows that a spacetime filled with null surfaces
can be equivalently thought of as hosting a fluid, (with the fluid variables related to the structure of the
null surface at any given event) which satisfies the Navier-Stokes equation in the local inertial frame (for
other related work, exploring the connection between gravity and fluid mechanics, see e.g., [11]). There
is no a priori reason for such a mathematical equivalence to arise unless gravitational field equations are
emergent from some, as yet unknown, microscopic structure.

Conventionally, however, one obtains the field equations of the theory by extremizing an action func-
tional for variations of the dynamical variables of the theory. In the case of Einstein gravity one usually
obtains the field equation by extremizing the Einstein-Hilbert action with respect to the variations of the
metric. In the approach taken in all the previous work in this subject, one first obtains the field equations
by this procedure and then projects them on to a black hole horizon (in the original work of Damour,
Thorne etc.) or on to a generic null surface (in the context of [10]). This is, however, conceptually not very
satisfactory in the emergent paradigm for two reasons. First, it would be nice if equations of macroscopic
dynamics could be obtained from a thermodynamic extremum principle rather than a field theoretic action
principle. Second, given the fact that final equations are expressed in terms of variables defined using
a null surface, it would be appropriate if the same variables are used in the extremum principle rather
than the metric. In other words, we would like to provide a thermodynamic extremum principle from
which one directly obtain the Navier-Stokes equation rather than first obtaining or assuming Einstein’s
field equations and then deriving the DNS equation by a projection to a null surface.

In this paper we shall show that this can indeed be achieved. The key to this result lies in the earlier
work [6] in which it was shown that the field equations for a wide class of gravitational theories can be
obtained by a thermodynamic extremum principle based on null vectors in the spacetime. By an adaptation
of this method, we can write down a suitable extremum principle and derive the DNS equation as the
resulting Euler-Lagrange equations. What is more, we will show that the functional which is extremised
has an interesting interpretation in terms of purely thermodynamic variables defined on the null surfaces.

The plan of the paper is as follows. In the next section, we shall briefly review the derivation of DNS
equation in the conventional procedure and then introduce an entropy functional in terms of the null fluid
variables. In Section 2.1, we will obtain the DNS equation by extremizing this entropy functional and
compare the result with the more conventional approach. In Section 3, we will provide an interpretation
of the extremum principle and derive an equation of state for the null fluid which can be stated simply as
G = E where G is the Gibbs free energy and E is the energy, which, of course, is equivalent to the result
PV = TS with V interpreted as the volume of a 2-dimensional surface, ie., the area. Section 4 discusses
the nature of this equation of state in full detail. Section 5 provides a brief discussion of the results.

2 Action for Navier-Stokes Equation

We will briefly review the notation and define the geometrical quantities that will be required to study the
extrinsic geometry of the null surfaces (for a review see [12]). We will begin by introducing the standard
(1 + 3) foliation of the spacetime with the normals n = −Ndt to Σt where N is the lapse function. Let
s be a unit normal to a set of time-like surfaces such that n · s = 0. We can now define two null vector
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fields by
ℓ = N(n+ s); k = (1/2N)(n− s) (1)

Here k is an auxiliary null vector field with ℓ·k = −1. We can now define a metric qab on the 2-dimensional
surface St orthogonal to the n and s through the following standard relations. (St is the intersection of
the null surface S with the time constant surface Σt)

qab = gab + nanb − sasb = gab + ℓakb + ℓbka; qabℓ
b = 0 = qabk

b (2)

The mixed tensor qab allows us to project quantities onto St. We can also define another projector orthog-
onal to kb by the definition Πd

b = δdb + kdℓb which has the properties

Πa
bℓ

b = ℓa; Πa
bk

b = 0; Πa
bℓa = 0; Πa

bka = kb. (3)

The Weingarten coefficients can now be introduced as the projection of the covariant derivative ∇dℓ
a by

the definition
χa

b ≡ Πd
b∇dℓ

a = ∇bℓ
a + ℓb(k

d∇dℓ
a) (4)

which has the following properties

χa
bℓ

b ≡ κℓa; χabk
b = 0; χabℓ

a = 0; χabk
a ≡ −ωb = −ℓj∇jkb (5)

where the surface gravity κ is defined through the relation ℓj∇jℓi = κℓi and ωa through the last equality.
ωa satisfies the relations ωaℓ

a = κ and ωak
a = 0. We next define Θab by projecting χmb to St. We get, on

using ℓmχmb = 0 and kmχmb = −ωb, the result:

Θab = qma χmb = χab + kaℓ
mχmb + ℓak

mχmb = χab − ℓaωb (6)

Using Eq. (4) we see that

Θab = Θba = ∇bℓa + ℓak
i∇iℓb − ℓbωa = qma qnb ∇mℓn (7)

This result shows that Θab is a natural projection of the covariant derivative ∇mℓn onto the surface St

and, obviously, Θabℓ
b = 0 = Θabk

b. The trace of Θab, denoted by θ, is given by

Θa
a = θ = ∇al

a − κ (8)

It is also convenient to define a similar projection of ωa by Ωb ≡ qabωa. We have

Ωb ≡ qabωa = −qab (kmχm
a) = ωb − κkb(kmℓm) = ωb + κkb (9)

These results allow us to express the projection of Einstein’s equations onto St. To do this one begins
with the standard relation ∇m∇aℓ

m −∇a∇mℓm = Rma ℓ
m and substitute for ∇aℓ

m using Eq. (7) and for
∇mℓm using Eq. (8) repeatedly. This leads, after some straightforward algebra, to the relation

Rma ℓ
m = ∇mΘm

a + ℓm∇mωa + (κ+ θ)ωa −∇a(κ+ θ)−Θamkn∇nℓ
m

− (ωmkn∇nℓ
m +∇mkn∇nℓ

m + kn∇m∇nℓ
m) ℓa (10)

The DNS equation is obtained by contracting Eq. (10) with qab . We will state here the final expression
which is sufficient for our discussion but the reader may refer to [10] for a derivation and detailed discussion.

Rmn ℓ
mqna = qma £ℓΩm + θΩa −Da(κ+ θ) +DmΘm

a

= qma £ℓΩm + θΩa −Da

(

κ+
θ

2

)

+Dmσm
a = Tmn ℓ

mqna (11)
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where Da is the covariant derivative defined using the metric on St and £ℓ denotes the Lie derivative along
ℓ. We have also separated out the trace of Θmn and define σmn = Θmn − (1/2)qmnθ. we see that Eq. (11)
has the form of a Navier-Stokes equation for a fluid with the convective derivative replaced by the Lie
derivative (This can be taken care of by working in the local inertial frames; see [10]). We also note that
the corresponding fluid quantities are (i) momentum density −Ωa/8π (for a discussion of this quantity,
see Appendix[5]), (ii) pressure (κ/8π), (iii) shear tensor σm

a (iv) shear viscosity coefficient η = (1/16π).
(v) bulk viscosity coefficient ξ = −1/16π and (vi) an external force Fa = Tmaℓ

m. The meaning of σm
a

as the shear tensor has been discussed extensively in the literature [10]. (For a discussion regarding the
bulk viscosity coefficient ξ and the fluid/gravity correspondence in the modern perspective see Section 5).
Having identified the relation between fluid variables and quantities describing the extrinsic geometry of
the null surfaces we now have a dictionary between the two through Eqs.(4-9 ).

The DNS equation of Eq.(11) was obtained by first writing the Einstein’s field equation and then
projecting them suitably on the horizon. As we said before, it would be conceptually more satisfying
to obtain the DNS equation directly from a variational principle starting from a functional written in
terms of variables describing the viscous fluid. (Even in the case of usual fluid mechanics, a corresponding
variational principle for the Navier-Stokes equation is not readily available in the literature.) In the next
section, we will describe such an extremum principle based on normals to null surfaces and their derivatives.

2.1 Obtaining the DNS equation

In this section we show that starting from a suitable lagrangian one can directly derive the DNS equation
that is, Eq.(11) from an action principle without first assuming the Einstein field equations. We now
proceed to investigate the required action. Note that it is sufficient to obtain the right hand side of
the Eq.(10) equal to Tmn ℓ

m as the Euler Lagrange equation, then the DNS equation follows from it by
projecting along qna . To begin with, we take clue from earlier works [6] where it was shown that an
entropy functional Sgrav can be associated with every null vector in the spacetime and by demanding
δ[Sgrav + Smatter] = 0 for all null vectors in the spacetime, where Smatter is the relevant matter entropy,
one can obtain the field equations of gravity in all Lanczos-Lovelock models of gravity. The entropy
functional (Sgrav + Smatter) was defined to be

S[la] = −
∫

V

d4x
√
−g

(
4P cd

ab∇cl
a∇dl

b − Tabl
alb

)
, (12)

where P cd
ab = (1/2)(δcaδ

d
b − δdaδ

c
b) for Einstein gravity. The origin and properties of the tensor P abcd in a

general Lanczos-Lovelock theory has been discussed extensively before in the literature and we refer the
reader to [6] and [1] for full details. With the help of our dictionary comprising of Eqs.(4-9) we can write
the above entropy density functional completely in terms of the fluid variables. This can be achieved by
first substituting for ∇alb in terms of Θab using Eq. (7) and Eq. (8) and then using the orthogonality
condition Θabl

a = 0 and the relation ωal
a = κ to get

S[la] = −
∫

V

d4x
√
−g

(
−ΘabΘ

ba − κ2 + (θ + κ)2 − Tabl
alb

)
(13)

where the lagrangian for gravity now written in terms of fluid variables is

Lgrav = −ΘabΘ
ba − κ2 + (θ + κ)2 (14)

We will first demonstrate that extremising the above action w.r.t the variations of the null normals
leads to the DNS equation directly. To show this, we first write the gravitational lagrangian in a different
but equivalent form:

Lgrav = −ΘabΘ
ba − κ2 + (θ + κ)2

= −
(
Θab + walb − lak

i∇ilb
) (

Θba + wbla − laki∇il
b
)
+ (θ + κ)2 (15)
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where we have used Θabl
a = 0, lala = 0, la∇mla = 0 and ωaℓ

a = κ to factorize the first expression. Using
δ(Θab+walb− lak

i∇ilb) = δiaδ
j
bδ(∇ilj), we find that the Euler Lagrange derivative Ej for the gravitational

lagrangian Lgrav is of the form

− Ej ≡ ∇i

(
∂Lgrav

∂∇ilj

)

− ∂Lgrav

∂lj

= −2∇i

(
Θ i

j + wj l
i − ljk

m∇mli
)
+ 2∇j(θ + κ)

= −2∇iΘ
i
j − 2li∇iωj − 2(κ+ θ)ωj + 2∇j(κ+ θ) + 2Θjmkn∇nl

m

+2 (ωmkn∇nl
m +∇mkn ∇nl

m + kn∇m∇nl
m) lj (16)

By comparing the above expression with Eq. (10), we can see that Ej = 2Rm
j lm. Hence projecting the

Euler Lagrange derivative Ej along qja is equivalent to 2Rmn ℓ
mqna . It is then obvious that the Euler

Lagrange equation of the full lagrangian (gravity plus matter) will lead to required DNS equation of
Eq. (11); 2Rmn ℓ

mqna = Tmn ℓ
mqna . We then use the following two algebraic relations

qna∇mΘm
n −Θm

a kn∇nℓm = DmΘm
a +Θm

a Ωm (17)

qna£ℓΩn = qna ℓ
m∇mωn +Θm

a Ωm + κΩa, (18)

to bring Eq. (16) to the form of the DNS equation in Eq. (11).

qma £ℓΩm + θΩa −Da

(

κ+
θ

2

)

+Dmσm
a = Tmn ℓ

mqna (19)

It has been shown [6] that the same action when expressed in the form of Eq. (12) also leads to the Einstein’s
field equations with an undetermined cosmological constant on extremising w.r.t to the variations of the
null normals and demanding that the extremum condition holds for all null vectors. We refer the reader to
[6] for a full derivation. Such an approach leads to the condition that (Rab − (1/2)Tab)l

alb = 0 for all null
vectors la. Using Bianchi identity and the condition ∇aT

ab = 0, one can show that the above condition is
equivalent to the Einstein’s field equations

Rij −
1

2
gijR =

1

2
(Tij + gijΛ) (20)

In this approach one demands the extremum to hold for all null vectors which leads to the Einstein’s
field equations which are independent of la whereas in the case of DNS equation we get an equation in
terms of la for any null surface. Validity of the DNS equation for all null surfaces is then equivalent to
the validity of the Einstein’s field equations . Thus we find that starting from the Lagrangian in Eq.(14),
whenever DNS equation holds, the Einstein field equations also hold starting from the same emergent
action. This establishes another way of proving the equivalence between the Einstein’s field equations and
the Navier-Stokes equation through a common action.

3 Interpretation of the Action

We will now show that the action in Eq. (13) acquires a thermodynamic interpretation in terms of a local
entropy density and hence extremising the action could be viewed as equivalent to extremising the entropy
density of the spacetime in the emergent gravity paradigm.

We begin by considering the spacetime to be completely foliated by null surfaces. Let us denote any
such arbitrary null surface in the family of null surfaces by S. Further let the (non- affine) parameter along
the null geodesics generating the null surface S be denoted by λ such that the tangent to the null curves
ℓ is defined to be ℓ = ∂/∂λ. Consider an infinitesimal cross sectional area δA of the 2-surface St which is

5



the intersection of the null surface S with the constant time spacelike hypersurface Σt. Then the quantity
LgravδAdλdt is the contribution to the action from a small 4-volume element around the spacetime event
on the null surface. Now consider the quantity

LgravδA

8π
=

[
−ΘabΘ

ba − κ2 + (θ + κ)2
] δA

8π

= −
(
2ησabσ

ba + ζθ2
)
δA+

θκ

4π
δA (21)

where we have again set Θm
n = σm

n +(1/2)δmn θ and the viscous co-efficients to be η = 1/16π and ζ = −1/16π.
Since θ gives the fractional rate of change in the null congruence’s cross-sectional area δA, we have

(δA)θ = δA

(
1

δA

dδA

dλ

)

=
dδA

dλ
(22)

Writing κ/4π = (κ/8π) + (1/4)(κ/2π) (the reason for such a splitting is that pressure is κ/8π while the
temperature is κ/2π; we will say more about this in section 4)) and using Eq. (22) we get:

LgravδA

8π
= −δA

(
2ησabσ

ba + ζθ2
)
+

κ

2π

d(δA/4)

dλ
+

κ

8π

d(δA)

dλ

= −δA
(
2ησabσ

ba + ζθ2
)
+

κ

2π

d(δA/4)

dλ
+ P

d(δA)

dλ
(23)

where we have used the relation between the pressure and the non-affine parameter κ given by P = κ/8π.
When the null surface corresponds to a black hole horizon in an asymptotically flat spacetime, there is a
natural choice for la such that κ can be identified with the surface gravity of the black hole horizon. In a
more general context, one can always construct a local Rindler frame around the event on the null surface
such that S becomes the local Rindler horizon. One can then relate κ to the acceleration of the congruence
of Rindler observers that has been introduced. Further one can also associate with the horizon a local
Unruh temperature T through the relation T = κ/2π and a Bekenstein entropy SH equal to one-quarter
of the cross-sectional area δA of the horizon; SH = δA/4. Then, we obtain

LgravδA

8π
= −δA

(
2ησabσ

ba + ζΘ2
)
+ T

dSH

dλ
+ P

dδA

dλ
(24)

Therefore the temporal rate of change of the action becomes

1√
−g′

dS
dt

=
LgravδAdλ

8π

= −δAdλ
(
2ησabσ

ba + ζθ2
)
+ TdSH + PdδA

= −dE + TdSH + PdδA (25)

where we have defined dE ≡ −δAdλ
(
2ησabσ

ba + ζθ2
)
. The form of Eq. (25) suggests that we can interpret

the rate of change of local action or the entropy density functional as an on-shell local entropy production
rate of the given spacetime. Then the three terms in Eq. (25) can be interpreted as (i) entropy generation
due to the loss in energy dE because of viscous dissipation during evolution of the small area element δA
of the null surface from λ1 to λ2 along the null congruence (ii) the second term corresponds to rise in the
gravitational entropy proportional to the increase of the area of the horizon which is due to the familiar
information loss processes (iii) the third term is the (virtual) work done by the horizon against the pressure
P during its area expansion dδA.
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4 Equation of state for the null fluid

We could express the lagrangian in the form in Eq. (25) by noticing that both temperature and pressure
are proportional to the surface gravity κ and hence obey the relation P = T/4 which is analogous to an
equation of state of a gas. If we further use the fact that the entropy per unit area for the horizon is 1/4,
we can write the equation of state as PA = TS. Note that in normal units, P = c2κ/(8πG) and has the
dimensions of force per unit length as in the case of a two dimensional system of a fluid. In SI units the
equation of state can be written as

c2κ

8πG
︸ ︷︷ ︸

P

A
︸︷︷︸

A

=
~κ

2πckB
︸ ︷︷ ︸

kBT

Ac3

4~G
︸ ︷︷ ︸

S

(26)

The proportionality between area and horizon entropy used here to write the equation of state P = T/4
in the above form, holds in einstein’s gravity and is no longer true in the case of higher order curvature
theories such as Lanczos-Lovelock theory of gravity. However, it is shown in [13] that the form of the
equation of state holds even in the case of Lanczos-Lovelock theories of gravity apart from an extra
constant proportionality factor which purely depends only on the spacetime dimensions D and the order
m of the Lanczos-Lovelocktheory considered, and which becomes unity in the case of Einstein’s gravity.
Further, since all the quantities appearing in Eq. (26) are defined purely in terms of geometric quantities
we can interpret the above equation as describing the equation of state of the underlying microscopic
degrees of freedom of emergent gravity. It has been often argued in the literature that it is only the
horizons which play a crucial role in exciting or activating these microscopic degrees of freedom. Since
the equation of state is valid over the surface of the horizon we find that it is an equation for a system
of dimensionality two which makes sense. Further for a two dimensional thermodynamic system, we have
the following relation for the Gibbs free energy G

G = E − TS + PA (27)

where E is the energy of the system and the other quantities denote their usual meaning. Here, one can
see that an equation of state of the form in Eq. (26) leads to the conclusion that the Gibbs free energy
and the average energy of the system are essentially the same, that is

G = E (28)

It is rather intriguing that our hypothetical fluid in the null surface satisfies such an equation of state with
PA = TS and it would be nice to see whether one can understand it from any other perspective. Given
the fact that black horizons are the very first null surfaces to which the membrane paradigm was applied,
we would like to see whether such an equation of state arises dynamically in this context. We will show,
with the help of a gravitating system on the verge of forming a black hole, that the above equation of state
does hold for the horizon.

4.1 Example of a gravitating system

We consider a system of n densely packed gravitating spherically symmetric shells assumed to be in
equilibrium with itself, that is, supporting itself against its own gravity (We closely follow the analysis
in [14]). We will show that in the limit when the outermost shell of the system is at a radius very near
to its Schwarzschild radius R = 2M , where M is the total mass of the system, then the thermodynamic
parameters describing the thermodynamic state of outermost shell near the horizon satisfy the same
equation of state P = (1/4)T . Let us denote the variables or parameters describing the ith shell as Xi.
Now since the system considered is spherically symmetric, we can write the metric outside the ith shell as

ds2 = −cifi(ri)dt
2 + (fi(ri))

−1dr2 + r2i dΩ
2 (29)

7



where fi(ri) is dependent on the mass of the system within a radius ri and whose functional form is not
required for our discussion. Further, the metric has to satisfy the first Israel junction condition which states
that the induced metric on a hypersurface should be continuous. This leads to the following constraint on
the constants ci:

cifi(ri+1) = ci+1fi+1(ri+1) (30)

Now, Birkhoff’s Theorem tells us that the metric in the vacuum region outside the nth shell should be the
Schwarzschild metric, thus we have for the outermost shell cn = 1. Then using Eq. (30), we can determine
the remaining unknown constants to be

ck =
fk+1(rk+1)

fk(rk+1)
.....

fn−1(rn−1)

fn−2(rn−1)

fn(rn)

fn−1(rn)
(31)

Note that when fn(rn) = 0 which is true when the outermost shell is exactly on the horizon we have cn = 0
for all (i 6= n) which implies that

g00 = 0 ∀ i (32)

Here the condition that the g00’s vanish even for the inner-shells indicates that our assumption regarding
the staticity of the inner shells is not valid when fn(rn) is exactly zero since we know that a particle cannot
be kept at a fixed position inside a blackhole without letting it fall into the singularity. However for the
purpose of our discussion, we only need to consider the limit in which the outer shell is very near to the
horizon, that is, fn(rn) → 0, then the statement of ci’s (other than cn) and g00 being equal to zero is just
the leading order term in this approximation. Henceforth, we shall assume that we are working in this
limit and will not state it explicitly unless otherwise needed.

The second junction condition gives us the surface stress energy tensor Tαβ on the shell which can be
determined by the following equation

8π(Tα
β )i =

[
δαβK −Kα

β

]

i
(33)

Here Kα
β is the extrinsic curvature of the shell and [ ]i denotes the jump in the quantities, that is,

[h(r)]i = h(ri) − h(ri−1). We can determine the energy E and pressure P of the ith shell by using the
static nature of the shells and define the energy as Ei = −4πr2i T

0
0 while the pressure (tangential to the

surface) is defined to be Pi = T θ
θ . The physical meaning associated with E and P is same as the energy

and pressure measured by a local observer at rest on the shell. Using the form of the metric in Eq. (29),
we find

Ei = −ri

[√

f
]

i
(34)

8πPi =
1

2

[
f ′

√
f

]

i

+
1

ri

[√

f
]

i
(35)

The other thermodynamic parameters such as T and µ can be found from the condition of thermodynamic
equilibrium as follows. Thermal equilibrium implies that the temperature Ti obeys the Tolman relation

Ti =
T

√

−gi00(ri)
(36)

where T is the temperature of the system as measured by a static observer at infinity, whereas the condition
for chemical equilibrium implies the chemical potential µi to satisfy

µi

√

−gi00(ri) = µn

√

−gn00(rn) (37)

8



Further, in thermodynamic equilibrium, each shell satisfies the Gibb’s Duhem relation

Ei = TiSi −AiPi + µiNi (38)

where Ni is the number of particles composing the ith shell. Using Eq. (36) and Eq. (37) in the above
expression, we can solve for the total entropy S of the system to write it in the form

S =
∑

i

Ei + PiAi

T

√

−gi00(ri)−
µnN

T

√

−gn00(rn) (39)

Now assuming that µnN is a finite quantity, the last term in the above expression vanishes in the near
horizon limit, since g00 vanishes (see Eq. (32)). (In the case of the system comprising of only photons,
the last term is zero since µ = 0 for photons). Hence the only non-zero contribution to the entropy can
come from the first term provided the prefactor of

√
g00 contains a divergent term of the order (1/

√
g00)

or higher. Now from the expressions of Ei and Pi in Eq. (34) and Eq. (35), one can check that it is only
the first term ∼ f ′/

√
f in the expression of Pn of the required order that makes a non-zero contribution

to the total entropy. Hence, we can write Pn to the same leading divergent order as

Pn ≈ 1

16π

f ′
n√
fn

=
1

8π

κ√
fn

=
1

4

TH√
fn

(40)

where κ is the surface gravity of the horizon and TH = κ/(2π) is the Hawking temperature of the horizon.
Now, if we assume that the outermost shell which is at rest very near to horizon has come to be in thermal
equilibrium with the horizon temperature, then we have Tn = TH/

√
fn and hence

Pn ≈ 1

4
Tn (41)

Thus we find that the outermost shell near to the horizon satisfies the same equation of state as in the case
of the DNS equation. Further, the total entropy S gets a non-zero contribution only from the tangential
pressure of the outermost shell and we have

S ≈ Sn ≈ PnAn

Tn

(42)

≈ 1

4
An (43)

which is same as the Bekenstein-Hawking entropy for a black hole (The area scaling of entropy for a
gravitating system has been discussed before in [14]). One can note, in this case that the origin of the
(1/4) factor in the expression of entropy is due to the equation of state of Eq. (41).

5 Conclusions

The emergent paradigm of gravity is based on the idea that the usual field equations of gravity arise in
the long wavelength limit when we average over suitable microscopic degrees of the — as yet unknown —
underlying theory of quantum gravity. In the absence of the such a microscopic theory, one can at present
only demonstrate the possible emergent behavior by comparing gravity with other emergent physical
processes known in nature such as thermodynamics, fluid mechanics etc. In this context, obtaining a set
of equations very similar to those of fluid mechanics directly from a thermodynamic extremum principle
is an important step, which has been achieved in this paper.
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The nature of extremum principle and the structure of the corresponding Lagrangian should contain
possible information about the manner in which gravity becomes emergent. In this context, we note that
the Lagrangian density of the gravitational part can be written in several algebraically equivalent forms,
each of which deserves further exploration:

− L = 2P abcd∇cla∇dlb (44)

= −ΘabΘ
ba − κ2 + (θ + κ)2 (45)

= −8π
(
2ησabσ

ba + ζθ2
)
+ 2θκ (46)

= −χabχ
ba + χ2 (47)

The form in Eq. (44) was used earlier and explored extensively in [6]. If we think of spacetime as analogous
to an elastic solid, then the diffeomorphism xa → xa + ξa can be thought as as analogous to the elastic
deformation of the solid. Such a distortion, in general, is not of much relevance to our consideration
except when it deforms the null surfaces of the spacetime. If we consider a small patch of null surface as a
part of a local Rindler horizon of suitable class of observers in the spacetime, the deformation of the null
surface changes the accessibility of information by these observers. Given the intimate connection between
information and entropy, this leads to the variation of entropy as measured by these observers due to the
deformation. In other words, it seems reasonable to assume that deforming a null surface should cost
entropy. Taking a cue from the usual description of macroscopic solids, elasticity etc., we would expect
the leading term in the entropy change to be a quadratic functional of the displacement field ξa which is
precisely what we have in Eq. (44).

The analogy between gravity and a viscous fluid is further strengthened by the form of the lagrangian
in Eq.(45, 46, 47). We have shown that starting from this lagrangian one can directly derive the DNS
equation (i.e., Eq.(11)) without the need of first deriving the Einstein field equations and then projecting
it suitably on the horizon. On the other hand, we know that the Einstein field equations also follow
from the same action expressed in the form of Eq. (44), thereby showing the equivalence between the
two interpretations. In extremizing the functional in Eq. (44), we demand that the extremum condition
holds for all null vectors in the spacetime, which is equivalent to demanding the validity of the extremum
principle for all local Rindler observers in the spacetime. While using the form of the functional in Eq. (45),
say, we do something similar in the sense that we demand the resulting DNS equations hold for all null
surfaces. But now we express the result in terms of fluid variables which, in turn, are defined in terms of
the null vector itself. It is rather curious that such an interpretation leads to an equation of state of the
form PA = TS, the physical meaning of which is at present unclear. It is, however, interesting to note
that any microscopic description should eventually lead to a long wavelength limit in which this equation
of state emerges in a natural form.

It may also be noted that the lagrangian density in Eq. (44) obeys the relation:

∂L
∂(∇cℓa)

∝ (∇aℓ
c − δca∇iℓ

i) (48)

This term is analogous to the more familiar Brown-York tensor tca = Kc
a− δcaK, where Kab is the extrinsic

curvature that arises in the (1+3) separation of Einstein’s equations. (More precisely, the appropriate
projection to 3-space leads to tca.) This combination can be interpreted as a surface energy momentum
tensor in the context of membrane paradigm because tab couples to δhab on the boundary surface when we
vary the gravitational action. In fact, one obtains the results for null surfaces as a limiting process from the
time-like surfaces (usually called stretched horizon) in the case of membrane paradigm [9]. Equation(48)
shows that the entropy functional is related to tca and its counterpart in the case of null surface. One may
also note that starting from the Brown-York tensor, the gravity fluid/duality for Rindler spacetimes was
demonstrated in [15].

The bulk viscosity of the black hole obtained through the membrane paradigm comes out to be negative
and has been subject of debate in the recent gravity/fluid duality studies since the bulk viscosity of a real
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fluid must be positive. In proper hydrodynamics, this identification leads to a local entropy decrease. It
has been argued that for hydrodynamic concepts such as transport coefficients to have physical sense,
there must be a separation of scales between the temperature (say) and the hydrodynamic gradients. In
the original membrane paradigm, as opposed to the modified version of fluid/gravity duality inspired by
AdS/CFT, there is no such separation of scales. This is because the stress-energy tensor of the membrane
is conserved through a covariant derivative in a metric whose curvature (e.g. surface gravity) is of the
same order of magnitude as the temperature. In contrast, in AdS/CFT-like fluid/gravity duality, the two
required scales are well separated and one can then define a small parameter which can be used in the
derivative expansion of the hydrodynamic gradients to determine them upto different orders. The bulk
viscosity for pure Einstein gravity in this case is determined to be zero (while the the bulk viscosity of a
real non-conformal fluid must be positive , see [16]). In view of this, the connection between gravity and
a viscous fluid through the membrane paradigm should be thought of as somewhat formal arising mainly
through the analogy between the stress-energy tensor of the membrane and the hydrodynamic stress-energy
tensor and hence, in our opinion, deserves attention provided one is consistent in the concepts within its
framework. Moreover, one of the main aims of this paper was to show the emergent nature of the action
which leads to the gravity/fluid duality. This we have achieved by demonstrating that the action can
be interpreted as a local entropy production rate by consistently using the concepts of the membrane
paradigm and working strictly within its own domain. Further, we believe that the techniques used in the
AdS/CFT-like fluid/gravity duality can be extended to any null surface and will be dealt in a separate
future publication (in progress).

Acknowledgements

We thank D. Kothawala for comments on an earlier draft. SK is supported by a Fellowship from the
Council of Scientific and Industrial Research (CSIR), India and the research of TP is partially supported
by the J.C. Bose fellowship of DST, India.

Appendix: The momentum density Ωa

In section 2, we recalled that the momentum density −Ωa/8π could be determined by comparing the
projected Einstein’s equation Eq.[11] with the form of the Navier-Stokes equation for a viscous fluid. It
was shown to depend on the geometric quantities defining the null surface through the relation in Eq. (9),
that is:

Ωb ≡ qabωa = −qab (kmχm
a) = ωb − κkb(kmℓm) = ωb + κkb (49)

Apart from the analogy of the projected Einstein’s equation with Navier-Stokes equation for a viscous
fluid, any further motivation for calling the above geometric quantity as momentum density seems to be
missing in literature. It is known only in the case of a Kerr black hole spacetime, that the momentum
density −Ωa/8π when integrated over the two dimensional horizon surface is equal to the total angular
momentum J of the rotating black hole, which of course was a crucial part in the study of the membrane
paradigm for Black holes. In contrast, the shear tensor σm

a when expressed in a co-ordinate system suitably
adapted for describing the null surface (see Eq. (51)) has a form

ΘAB =
1

2

(

DAvB +DBvA +
∂qAB

∂t

)

(50)

which reduces (when qAB is independent of t) to that of the shear tensor of a viscous fluid with velocity
field vA. This is the key reason why the projected equations can be interpreted as the Navier-Stokes
equation. It would be interesting if one could also express the geometrical definition of the momentum
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density −ΩA/8π in a suitable form which could make its physical meaning apparent, in particular if it
could be shown to be proportional to vA.

In this appendix, we explore the form of the momentum density −Ωa/8π by expressing it in the
following adapted co-ordinate system.

ds2 = −N2dt2 +

(
M

N
dx3 + ǫNdt

)2

+ qAB(dx
A − vAdt+mAdx3)(dxB − vBdt+mBdx3) (51)

Here, x3 = constant defines the horizon S while the metric on St corresponding to t = constant, x3 =
constant is qAB. xA are the co-ordinates covering the surface St. In the adapted co-ordinate system, the
momentum density ΩA is just ωA which we can express as

wA = −kmΠn
A∇nlm =∗ lm∇mkA = Γ0

Amlm

= − vB

2M
∂1qAB − mB

2M
∂0qAB −

[
mB

2M
(DBvA −DAvB) +

vB

2M
(DBmA +DAmB)

]

(52)

The first term can be thought of as describing the rate of flow of qAB along the null direction. The second
term vanishes when we demand that ∂qAB/∂t = 0 in accordance with Eq. (50) for σm

a to be interpreted
as the shear tensor. The third term measures the momentum in the curl of the velocity field vA while the
fourth term shows that we can associate an inertia MAB = (DBmA +DAmB)/2M such that vBMAB is
the momentum density associated with the flow. Since the metric coefficient (time-2 space) g0A = −vA
behaves as a velocity field, we can in the same way associate a flow with the co-efficient (null-2 space)
g1A = mA, then the stresses in this flow MAB = (DBmA+DAmB)/2M provides an inertia for the velocity
field vA.

Consider now the case when mA = 0, when the expression for the momentum density reduces to just
one term

wA = − vB

2M
∂1qAB (53)

Since qAB is the metric of the two-dimensional surface St, it is always possible to diagonalize it, that is,
we can write qAB = q22δA2δB2 + q33δA3δB3 for the two dimensional surface. Hence, we have

wA = − vA
2M

∂1qAA

qAA

(no summation) (54)

wA is proportional to vA. We can now read off the the inertia by comparing the above expression with
p = mv for a non-relativistic fluid momentum density. We see that ∂1qAA/(2MqAA) then plays the role
of mass density for the flow. Note that to obtain the momentum density in the form of Eq. (54), the
only extra condition we have to assume is mA = 0 which can always be imposed by a suitable choice
of coordinates [10]. However, this may not be the most natural coordinate system for the study of the
problem in question and one often has to work with coordinate systems in which mA 6= 0. It would be
interesting to determine the physical meaning of the extra terms which arise when mA 6= 0, which we hope
to address in a future publication.
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http://www.ihes.fr/∼damour/Articles/); T. Damour (1982), Surface effects in black hole physics,
Proceedings of the Second Marcel Grossmann Meeting on General Relativity, Ed. R. Ruffini, North
Holland, p. 587.

[9] Thorne K S et al., Black Holes: The Membrane Paradigm (Yale University Press, 1986)

[10] T. Padmanabhan (2011), Phys. Rev., D83, 044048 [arXiv:1012.0119]

[11] C. Eling (2008), JHEP, 11, 048 [arXiv:0806.3165]; G. Chirco and S. Liberati (2010), Phys.Rev., D81,
024016 [arXiv:0909.4194]; C. Eling and Y. Oz (2010), JHEP, 1002:069. [arXiv:0906.4999].

[12] Eric Gourgoulhon and Jose Luis Jaramillo (2006), Phys. Rept., 423, 159–294 [arXiv:gr-qc/0503113].

[13] Sanved Kolekar and Dawood Kothawala (2011), Membrane Paradigm and Horizon Thermodynam-

ics in Lanczos-Lovelock gravity [arXiv:1111.1242]; Sanved Kolekar, Dawood Kothawala and T.
Padmanabhan (2011), Two Aspects of Black hole entropy in Lanczos-Lovelock models of gravity

[arXiv:1111.0973].

[14] Jonathan Oppenheim (2001), Phys. Rev., D 65, 024020 [arXiv:0105101]; F. Pretorius, D. Vollick and
W. Israel (1998), Phys. Rev., D 57, 6311 [arXiv:9712085];

[15] Geoffrey Compre, Paul McFadden, Kostas Skenderis and Marika Taylor (2011), JHEP, 1107, 050
[arXiv:1103.3022]

[16] Christopher Eling and Yaron Oz (2011), JHEP, 1106, 007 [arXiv:1103.1657]

13

http://arxiv.org/abs/gr-qc/9607070
http://arxiv.org/abs/gr-qc/9504004
http://arxiv.org/abs/gr-qc/0505065
http://arxiv.org/abs/gr-qc/0204019
http://arxiv.org/abs/0904.0215
http://arxiv.org/abs/0911.1403
http://arxiv.org/abs/hep-th/0608120
http://arxiv.org/abs/1005.0619
http://arxiv.org/abs/gr-qc/0701003
http://arxiv.org/abs/0705.2533
http://arxiv.org/abs/0912.3165
http://arxiv.org/abs/1003.5665
http://www.ihes.fr/~damour/Articles/
http://arxiv.org/abs/1012.0119
http://arxiv.org/abs/0806.3165
http://arxiv.org/abs/0909.4194
http://arxiv.org/abs/0906.4999
http://arxiv.org/abs/gr-qc/0503113
http://arxiv.org/abs/1111.1242
http://arxiv.org/abs/1111.0973
http://arxiv.org/abs/1103.3022
http://arxiv.org/abs/1103.1657

	1 Introduction
	2 Action for Navier-Stokes Equation
	2.1 Obtaining the DNS equation 

	3 Interpretation of the Action
	4 Equation of state for the null fluid
	4.1 Example of a gravitating system

	5 Conclusions

