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ABSTRACT 
" !' 

The equation governing the bc\aviour 'of rois of variable cross-section subjected to 
compressive load" is deduced using the classical aS6umption-that the plane sectioIis of the rod 
oofore bending'remain plane even after bending; the stress-strain relationship can be either 
the conventional Ramberg-Osgood Law or the alternative form developed by Rao and Krishna 
Murthy; the deformations are considered to be large, 'The governing equation is nonlinear 
and an iterative' method is used to obtain numerical result!!, A dass of rods whose variation 
of the cross-section ,can be represented by 1=10 (I_ps)n, (where s is the curvilinear 
coordinate) are considered to study,the post-buckling behnvioul'. Numerical results have been 

'obtained for various values of the geometric parameters involved in the problem, and the 
,reFlu1ts nrc in good agreement with those available in the literature. 
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,'defI~~ti<?n;':~k:~~y.':~ectlon:from thesh:aiirht ,: p~sitiQIl'" , 

d.ell e~tio '! .f ~ollt;st 1'1') g\> t pgsj tio n·a t tp.!'f ,'ee. ~n <l.-
x-;y ,,' ,c n6-n:d].m~'nsi.onaL;, Cartesian co-ordi nates,~:::~measllred from 

. .. , . . .... :. ~ .. : .... ' . ". . 
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' pl'ojectedlengt ll of the deformed column 

, I 
slope, at free ep.d of---the, co/m:illl 

l'rspect to x 

~. , . ~ ',. '. ~ . 

(j slope ataIiy'''s'e'ction sof the column 
(]n axial 'stress at 'the fixed end " 

C?o.f.'~xial stl;ess;,~~':;~ny stati~n oS 

(] .. (1 ~ bending SfreS8E:'S 

/. 

P HlO ius of gyrll:~i'on at f.he haRe section 
. '~ \ 

'. INTHODUCTION 
, : ':J I ' , , ; 

Study of cOl11pressjO~: mellib~rs plays an'jmport~ntrole' in the 
design of structures. . Il) many cases, these lUelllbers.are of variable 
crosB-section. AlthougJi tl;>e linear stability analysis· of the tap~red ','(" 
columns provides an usei,;1 jnd·ication to the designer about the cri- '-..: 
tical condition_, the pos't-buckling analysis is of greater value in 
predicting the. Joad"bearing capacity ·of the structure after'bnckl.ing' 
hU.8 Occurred. rrhe solution for Post-buckling of unjfOl'lll cantilever 
columns was g{yen by Timoshenko [1]. Bhandari [2] studied the 
post bUckling behay!oul' of column8 with exponential variation of 
moment of i nel'till, the til) section ha\' i ng a higher moment of i nel'tia 
than the root section. More reCently, Vamdan and Pandalai [3j have 
given a solution for colun)ns with Slnall taper using the l~ayleigh_ Hit/~ procedure. 

III thispapcl', we dcYcloP<"<]lIations [01; lhepost .. bn<.:klingllllaJ,Ysis 
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" of rods, illcludirigthe effe~ts of large defOl'm~tion and elasto-plasti
city,andpl·ese~t':'t:lt.~iP.o.:St.:blickiing behavi'ourof slE~>nder :co:lumnsfor ' 
a wide range of'tapefi·a'tios. Ci,itical loads o'f short columns are 
also: 'included. ,:.,:?-' .. ;:", 

".t'. "-.' 
, ~: 

'v 

, "',~ FORl\fULATION , 

The fUlldamentala~sumption in thi's paper is that the bending 
momen t at any section of the rod is proportional to the local curva
ture, whjch is representative of ,slender rods. Further, a linear stress 
distribution', corresponding to the use'of Young's modulus E on the 
unl oadi ng side and the~ocal tangent modul us E t on the loadi ng side, 
is assumed Over: any :ci;oss-secti o~of. the rod; this ~ssumption, 
although not essential,;is introduced to make the proced~l~'~ reasonably, 
simple. ,. 

. /' 

Fig, 1 shows a typical cantilever 1'01 of variable CL'oss-section 
,sllojected to an axial compressive load. In the defor]~led position, 
the stress system at any cross-section may be considered 'to be the sum 
of the uniform axial stress field (Jos due to normal component of the 
1 Dad I) and the stress distribution due, to hending moment M(s) "~~ 
this section. Referring to.Fig. 2, we may write, " ..... 

" , 

(1) Pcosf) 
(Jor = ',' 

As 

To fi nd the bending stresses, we aote that the stress on the concave 
~ide of the column' (see Fig. I) will increase along the stress-strain 
curve CD which is apprOXinl3.tea, in this Clse, by a straighthne from 
Cwith slope E t at C, whereas 0 n the co ,1 vex side the stress will 
reduce along a line CE having a slope E, the Yonng's modulus of 
elasticity; C co'rrespol1ds to (Jos in stress-strai n law. N otici ng that 
the ax ial. stress resn ltant of the he nd i ng stresses at al1Y' cfoss-section 
IS zero, 'we have 

hi h2 

(20) J oJ dA -- S O 2 dA =- o· 
o o 

a.nd eqnilihri1ll1l in moments reqllire" 
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, h/ ~2 

(2b) -T0'1 '(YI+e)dA + S 0'2 (Y2:-:- eYdA"':"llf·(s) 

o 0 

From simple geometric con~iderations, we have 
........ :.~ ---···~""··r·· ' .,! 

(3) 

and hence, 

(4) 0'1 = Ey,/B and 

Use of (4)"in (2a) gIve; 
(5) E s,~Et 8 2 =0 . 
where 8 1 and 8 1 are the stadcll moments_ of the cross-sectional areas 
to the left and right of the p ne cl-d in Fig. 3c and are gi ven by . 

I <' 

: h2 

8 2 , J Yl "dA (50) 
hI 

8 1 = S YI dA, 

, ; 

o o 

Noticing that 

(6)' hI + h;=d.
f 

One can obtain hI andh2 and hence 'e' from (5) and (0). Using (5) 
the equation (2b) becomes 

(7) E I q + R ~ 1.' M"')' . : '. R "2 = . {S 

where lSi and Is2 represent the 
I 

section to the right and the left 
(d-d), and are given by 

hI h2 

mOllle nts of inertia of the cross- ( 
of the line d-d in Pig, 3, about 

Is, = S y2) ciA, (7a) I: =S 11 2 dA .f ./2 
2 

o o 

and B is the l'adin~ of cnrvatlnre (ljYen hv 
. 0 .~ 

(7 b) 1 dO --- '----
R ds 

'f 
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-a-nd 1\i(s) the' ,bending at any section 8. Eq. (7) is the differential 
, _equation governing the pehaviour.of .rods subjected to axial loads 
,,:~ci n. ,th'epost.:b~~kl ihg,'~i;ange. ' " ' 

. 'I. 

. . 

TAP.~~:EDRQl>S:OF RECTANGULAR .CROSS~SEbTION 

, W~~ ,~'o~sider a :'cl~~s ofcol~mns' of ~'ectangular ~ross-section, 
with sidesof the cro~s seCtion given hy 

.' ~. n 
__ b (s)-=bo (1 - P2 s) 2 , 

-~ ~ .. \ 
", 

where bOl do are the width and depth of the Tod at the fixed end 
and' P laud P2 are taper' pal:ameters. For the analysis of such 
ro~s, (7) may be written, in a'mOl'e 'convenient' form,~ as 

(9) 
E j ," " 

,R,s = JI~ (8) = P(vCl - vJ. ': 

where Rr IS the reduced modulus for the rectangular cross-section 
gIven by 

(lOa) I? - 4EE (11'1/2.+ E 1/2) '.J,- JI'~ . ~I 

and' Isis, the local plane moment. of inertia given by 

(lOb) I' - 1 b d1 .- 1 I l 3 '('I' _'p )nl 'l--- p' 1)3n2' s - - -- ,- J() ('() 1 S ' (, 2'<; 
, 12 1~ ", 

which is a fnnction of the curvilinear co-ordinate s. 

Using the Hamberg-Osgood stress-:.;train law, one can \yrite 

1 
E,=]?--------~~----

;j ( a, )n- I 

1 + -i 11 a;'-
(11) 

where 11 1S a sha.pe pa,rameter and ar is a reference stress. Suh
stituting the exprcs.s.ion fol' as from (1) and rearril,nging, ,ye get, 

( 1~) 



, ""here 

(IB) J{~·"?1.1 (un··)n-. ': ¢ (.<:)::::(1-'fJ • .<;)n. (1:-fJz:<:tz 
7· u r 1 

I 

U 0 -:=. P/ A 0 .-::: J>;' b (j d n : 

wherc 

I n'tro,:ljci ng' then ot-at i 0;1, ' 

(11) ) 

and 

( Iii) 

(J 7) 

J> Ji 2 

4 RTf) 

rccognlslng 

(71.' , . 
""-",,, ::~: ,\'/,1/ 0 
rls 

{ ( (~nRO)II-1} J2 . 
I . ,L + k (f>'(~;) (7.<: 

The soilltion of the lloJ11i1lC:H integl'o-(lilfcrcntinl ct]llatioll (17) 
I • 

has to he ol)ta,ined by a'snijable 1l1.lJll(')'ical method. In this paper, 
we nse an itelati\'c 1Hocedhre. ,\Ve as!-;lllllC a snitnhlc fnnctioll 
for 0 and llSC the cOllditioin, that assllme(] slope at the free enil 
Jllllst be eqnal to the one ,ohtaine<1 £ruIn (17), nlHl this ,,,ill yieLl. 

I 

the equilibrinm 101<1 . U o ofl this cOllfigllmtioll. Til telll1S of the 
~Jnpc al.free ('nil 0.', (I7) l11a\' be 1'('\rl itt

t
'll ~ls 

ilk) 
r :~ (O(»)"-I(('f) .. "O)II- 11 ].1 .... 4- ') 1+ 11_.___ \.. d.~ _ 0 
l 7 ~, .. 9 (x) j 

( 
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'whete 

p = LIP and 0: 0 = Plot.> do 

The equations corresponding to some specific cases, .may be dedl~ced 
from (18) as follows: 

(1) LO-'!HJ .. unijorrn column (linear ela.sticily, la.·rge dejonnations) 

In this c<ase ·fJl·~fJ2::::.0and hence, !j>(s)"=tp (8)=1. Also, the 
mod'uIus of elasticity is E a.nd is constant. Hence, (18) reduces 

1 1 

(18((.) . fl!E J'S" , #2 an _. , . . s~.n () ds cis =.0 

o s 

(i'i) L07lg tapered coln7~Hl (Zl:near clast'ic£ty, .large dr/onnarion) 

J 

lr,.,S s1:n() els 

fl!E B '. 
---"'- ----ds=O 
Il2 a" "o~: 1p (s) ." ' 

" 

(1Sh) 

Ullifonn cnlumn (elasto-pla8tic behal1-jou-r, largfcZeformation) 

I 1 

(18c) 4 fl!E S (S· )[ --;;;--;:' '-, " 8'/;11 () (7.<; J 
o . 1\-

t·> 

• M]~TH()]) OF SOL UTIOX 

..... ~ 

\Ve obtain an :tpproxill1l1tc solntioll of the govcrni'ng equations, 
llSillg all itcl'n,tjve scheme. The apP,o:-;iJl1:tting function for the

slope 0 is eh o~en to be 

(10) 

,,'hich s:di:-:fics the c0l111itions 

(Hl(( ) 0(0) 'C-_ 0 , ( d~ ) :c., 0 
tis s=::, 

alld A i~:1 COIIS1:lI1t; each "alne of A COL'll'sponos to ,1 specific slope 
at. the free end :1n<1 the (;Ol'l'cspontling cqllilibl'iuUl load is obtajnec1 

41 
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b\l solvina the corresl)ondi 11 o· eqnatiO"lls (18). The eql~ation (19) ,I bib 

has been chosen in ~llch a! fOlm that.it simplifies the first integ~'al 
in (i8fwhi~h i~ gi vetl by . 

... : ...... -'; -Y-'. . -. '. 2 3 

(°0) ... 'J'" ,', d A[ 1 i S 5 ] ~ " :.. S1,n() . • ~ = .-;-. -- ...... + _ , . ,..' '3 ,) 6 
:- . - -. . , ~ 

'0 
.', 

Taking 

(:21) A = 2 sin(l. 

one can o.btain nn interesting limiting case, (1.-0, from (18) as 

1 ( 1 ,<;2 8
3

) 

(22) Lt_~_= 1 =PL2 S 3--2~+6 
(I. -0 sin (I. , ~.EI 0 1p (s) . 

o 

X 1 + -'- 11 _0 ;:r-- . ds . [ 
3 (0 )"-l(COSO) n-IJ 
7 ,0,. r (s) 

'! 

The equation (22) corresponds tu critical'j nRtability loads of very' 
short columns of variable cross-section. 

Based on a simpler trial function 

(23) v = A;;2 _~X2 
2 Xli 

one can obtain, a first approximation to equilibrium axial load of 
s1ender. rods (material assume,l to be elastic, large deformation 
effect considered) in terms;of the slope at free end (I., as 

(24) 1 ___ 1 . 1 1: 
- - - + ----- + '-'--
X. AI O. O2 

where, 

(~'h) O. :.:: N {3.r.
a 

3 (.:.~;-{a:: 2 + 98) 
H40 

O2 -= N (N -I-.!J_ (32 :?,4 . 1Ba:: 2 + 28 
:2 (J 560 

N == 'Jl. +;l J/ 2 

The clet~ils rcgarding thc derivation 'of(24) nrc given in theAppendi." 
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HESULTH AND DISCUSSIOX 

. ~ig~ .. (p)and (G) show a comparison of the .value~ of A for the. 
tWo.i~itse-s·of)n= 1 aild7i = 4, The l'esults of -r3la'H~ better' for small 
value.s.;of p. This is to be expecte I sjnce 't~e function assumed 

. in [3]is'the' exact 1ll0:1e shape of un if orm.coluluns. Howevel', the 
l~resentTesllltsare seen to be-bett~r for hi~her values of p. It is 
interestfng to note that the.pres~nt l'esults arid ':those of [3] are on 
eifhe~'i:ide of the more accurate l'esults' of' Timoshenko, . wherever 
available. ]i'ig.7. gives 'the ,,:lInes of A, for valious values of a, 

in the complete lineal' taper range of 0 < f3 < 1 for the two cases, 
. n=l and 11,=4. For a column of rectan-gnlar cross-s:ction, 11,=1"" 
l'epresents a case ·of taper i nbi'eadtli only ..'rhe 'case n = 4 
cO!l'esponds to a I i nearly tapered circular or a rectangular column 
with linear taper in both directions, . By sn itably selecting the 
values of n, cases of non-linear taper can also be l~epresepted. / 

. . . 
Critical instability loads of short ·columns (ebtsto-plastic 

material, and small def onl1a,ti'~ns) for-two typical taper ratios are 
present~d in Fig, 8. For nnifol:m columns, (22) gives a value of 
A = 2.4 which compares well with the know n exact value of 7l 2J4. 

APPENDIX ~A 

The cquiJbriUlll eqnation may he written as (see eq. 8) 

(AI) E1 . V" :::: JlT 
. (l + l' I 2 ]l/2 . 

In the case of cantilever colll1l1lH; cOllRiderd, ,,-e hn.ve 

(A2) E1 V" == P(v,,- v) (L+ 1J/2)3P 

,Ve consider cases ·for which {3, = {32 = {3 and the column has a 
moment. of inertia, at any section expressible in the forlll 

(AH) I. (:r) = 10 (1- ft.c)n 

A deiiected shape is ftssHllled as 1',,=11.1,2, so lha,t 

(A4) 11' = '1 .,' 1 I' ' = ~ =- r) .. 1 r n J, '(I, • 0 u. - a • a 
a II 

In jhe firsj. sjc}.>, \rl' replace 7' on the rigbt ha.nd side of (A:2) Il\' 

11", so that 

. -_ ... _ .. ) 
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("'\:')7)"1:';: ______ 1 _____ A (X 1a-X2) (1+ 4 A2 x2)l/l 

.. :' ,'.:."" , -. /~ .. ·.,~'~~):;::·,~4;;~;i<~~:,:;i.; .,' . ,'. .- . 
-. ,:., -"As it'tltst appl ox'l~lat:jpJl~:;c,~~e~expand the last tel1D Oil the right 
·haudside-and'.retairi: onl~_ t\"o',tel:ms in the expansion; so that 

, :-' " ": " ~""." . ', . 

. t,:'l1~ A(x2~.i2)-'(l"+'6A 2 cx i )' (1- f3 xrn 
_ 1 . _ .. <1 _ .. _ ;:',:' -,c-, .":", - . 

ot' . " ,~ ,.,' . 

(A6) 

> •• ~: r;' .... >., l;.~: :: . 'or 

A :~f J"( 4 . b'" ..... )[ . R n(n+ 1){31 '1' Jax rlx 
VI = J aX + Xl t c -1 + n p x -I- - 2--- x T '." . •• 

o 

where 

a=-= -GA2 .. b::-::6AI2xa2'-:""1; c=x/ 

Depending, on the . require'a accuracy; one can retain a suitable 
number. of tellus in t.he expansion of. (1-:- /3x)-n. In the prese~lt 
analysis, .only three .tern~s have been considered. 

Th~ value' of A is obt'ained fi'om th~'conaiti()n that·the ac:snmed 
tip~defiection v~u must be 'equal to 1'1 at. x = !)'U' The express'ion for 
A can be written as 

(A7) 

where 

C2::::" ~~:_ .. (~_l2.1.~ x 4 f32 (~~~i 28) 
2 I. 560 

In the above equation, t.he "aIue ofa'u corresponding to t.he uSf:umed 
function if-; llHCtl <lnd it is: ohbincd as follows: ' 

(A8) 

;~'(I ~~ ___ ~ _____ . ___ ._~ 

S J 1 + c;;~ r dx = J (Is ~ 1 
o 0 

Using (A;')), in ihe akrve (~xpression, 

2a: .1'.1' .::: 

:2 .·1 
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