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The nonlinear response of a two-level system interacting with two pump beams of different fre-
quencies is studied with a view to examine several recent experiments on nonlinear mixing of high
orders, instabilities in homogeneously broadened lasers, and holes in homogeneous lines. Such a
nonlinear response is calculated with use of the continued fractions given in our earlier work [J. Opt.
Soc. Am. BI1, 164 (1984)]. Saturation effects lead to the appearance of many structures at submulti-
ples of the Rabi frequency. The origin of these subharmonics in nonlinear-response functions is ex-
plained. It is shown that collisions not only lead to hole burning at the line center for weak fields
but can also lead in moderate fields to the appearance of structures at subharmonics of the Rabi fre-
quency. Existence of collision-induced coherences similar to those in four-wave mixing is shown in
six-wave mixing. Exact results for the degenerate nonlinear mixing of arbitrary order are presented
for arbitrary values of field strengths. Saturating fields create holes at the line center of such non-
linear mixing signals. Gain profiles of two modes symmetrically displaced from line center are also
given. Numerical results, with complete account of saturation and collisions, for a variety of
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nonlinear-response functions are presented.

I. INTRODUCTION

A very large number of physical phenomena in the
resonant interaction of atomic-molecular systems with ra-
diation fields can be studied by treating the atomic system
as a two-level system and by examining its response to ap-
plied fields.! Various perturbative results are well
known.2~% If one of the applied fields is strong, then a
number of nonperturbative results can also be ob-
tained.”~'* A number of recent experimental works!>~!®
require knowledge of the nonperturbative response func-
tions, when both the applied fields are strong. These in-
clude a variety of nonlinear mixing'*'® experiments,
where not only four-wave mixing but also higher-order
mixing in saturating fields has been studied. Similarly,
conventional pump-probe experiments have been repeat-
ed'® with probes whose intensity could be large. Experi-
ments on instabilities in lasers involving the switching
from a single mode to, for example, two-mode operation
also necessitate the exact solution in the presence of two
strong fields. The purpose of this paper is to formulate
the general theory and to use it to understand some of
these experiments. We will also carry out detailed investi-
gations on the effect of collisions since collisions are
known to change the spectral line shapes in a manner
which in many cases is very different from a simple
broadening of the spectral line. The effects are particular-
ly more dramatic in nonlinear spectroscopy; for example,
collisions are responsible for the appearance of additional
resonances'*% in four-wave mixing. Collisions also lead
to spectral hole burning?! in homogeneous probe line
shapes in the presence of a pump. The interesting cases
invariably involve the interaction of two or more fields
with the system. The previous studies have concentrated
mostly on results obtained by using third-order perturba-
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tion theory. Obviously the effect of collisions on results
obtained beyond perturbation theory will be quite interest-
ing.

In a recent paper to be referred to as I, we studied the
dynamical behavior of a two-level system interacting with
two strong fields.?? We showed how nonlinear suscepti-
bilities to all orders in the fields can be obtained by the
numerical solution of a continued fraction. It may be
added that Toptygina and Fradkin!® perhaps used the
continued fractions for the first time to explain the experi-
mental results!® of Bonch-Bruevich et al. on energy ab-
sorption in strong fields. Our work concerns mostly
higher-order nonlinear mixing process in two saturating
fields. The development of paper I is especially suited for
studying the effects of collisions on multiphoton processes
in the presence of two pump waves. In the present paper
we investigate in detail the effects of collisions and satura-
tion on a variety of nonlinear-response functions. In Sec.
IT we recall the basic equations that yield the nonlinear
response of a two-level system in two intense fields. We
also outline the derivation of the perturbative results when
one field is weak and the other could be intense. Such
perturbative results clearly show how the resonances at
subharmonics of the Rabi frequency arise as the strength
of the weak field is increased. In Sec. III we investigate
the nonlinear response at one of the applied frequencies.
The recursion relation for the Fourier components of the
atomic inversion enables us to understand the origin of
various terms in the nonlinear susceptibility. When both
the fields are of moderate intensity, then additional reso-
nances in the response function can be induced by col-
lisions. In Sec. IV we present exact results for the suscep-
tibilities describing nonlinear mixing of arbitrary order.
Saturation leads to holes at the line center in these suscep-
tibilities. In Sec. V we examine the saturation effects in
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four-wave mixing. Asymmetries with regard to the
strength of the two fields are discussed. In Sec. VI we
show the existence of collision-induced coherences in
fifth-order susceptibility. This susceptibility exhibits the
resonances at the subharmonic of the Rabi frequency even
in the case when only one field is strong. Finally in Sec.
VII we discuss gain profiles of two modes symmetrical
about the line center. Such gains have been recently stud-
ied in connection with instabilities in homogeneously
broadened lasers.

II. NONLINEAR-RESPONSE EQUATIONS
IN TWO INTENSE FIELDS

We first recall the basic equations from I. The Bloch
equations in the frame rotating with frequency w, of the
field &, for a two-level system in the presence of two in-
tense fields & |, &, read

Y=AY+I1+B " M+B 7'My, (2.1)
where
—H'thp21
iw,t
b= ewzplz )
(p11—p22)/2
(2.2)
. 1 .
IAZ—“T: 0 Zld'g;
4= 0 —ib——t _—2id-8&,|,
2
id®, —id® -
2 2 T,
A2=0)0—w2, Q=CL)1—0)2 . (2.3)

The nonvanishing elements of B, are
(B )3=2id"&], (B_)p=-2id"&,,
(B [ )p=—id-&], (B_)y=id"&,, (2.4)
Ly=n=(pi{—p)/2T, .

In Egs. (2.2), T| and T, are the longitudinal and trans-
verse relaxation times, wg is the frequency of the two-level
system, d is the dipole matrix element assumed to be real
and pﬁ?’ represents the equilibrium population of the level
| i). The fields are assumed to be monochromatic and
nonfluctuating. The steady-state solution of (2.1) has been
shown to be

v="S yime—inar (2.5)
where

PP =(2ig, " +2ig v ) /D, , 2.6)

P = —(2ig, ¥ +2ig "~ V) /DY, , 2.7)
and where

1
D,=—
n Tz

—-lAz—inQ .

Here /4"’s are to be obtained from the recursion relation

aan+ann+1+chn-l=778nO: X, = (”), (2.8)

1 1
b, =288 .t e ,
n —n—1
1 1
Cn=2g1g2 D | + D‘ ’ gi’_‘d'gi ’ (2.9)
n— —-n
2 2 2 2
1 2g3 281 281 2g3
a,=——inQ+ + + .
=T, p*, "o, "%, "D,

(2.10)

The solution of (2.8) can be obtained from the continued
fraction

Xo=nlao+2Re(boY ]!, Y,=X,/X,_;, n#0

(2.11)
Yy=—cplan+b,Y, )" .
The induced polarization P is related to ¥’s by
P=d[p,,()+pu(n]=d[e Yy +c.c.],
which can be written as
P(r)=d | S yiPe "o o o o (2.12)

n

From (2.12), the nonlinear susceptibilities of various or-
ders can be calculated. Note that y{"”s depend on all
powers of g, and g,. Perturbative expressions can be ob-
tained by expanding ¥\ in various orders in g and g,.
The response at the frequency (n + 1)w,—ne; is given by
(¥i")* =95, whereas the response at hw;—(n —1)w, is
given by ¥{". The recursion relation (2.8) is very useful in
obtaining perturbative results as shown below and in sub-
sequent sections.

Since there are two perturbation parameters, we there-
fore write X,, as

o0
X,= 3 X;"Vglel,

(2.13)
#,v=0
which can also be written in the forms
X,=3 B g3=13 A4Mg} . (2.14)

v=0 pu=0

Thus X** represents the contribution of order ghg?,
whereas B, (A") represents the contribution to all or-
ders in g, (g,) but to order v (i) in g, (g,). From (2.7)
and (2.12) the response at w,+n(w,—w,) is

R(wy(n +1)—nw|)=(—2ig, X _,—2ig;X_,_,)/D}

(2.15)

the perturbative expressions for which can be obtained
from (2.13) and (2.14). Writing a,,, b,, and c, as



a,,=(a,,+gff,,+g§h,,), bn =gngBn ’

(2.16)
Cn=8182Vn »
the recursion relation (2.8) leads to
an X+ Xl T i XY 4 B X
VX3 =08, 08,0000 - (2.17)

Similarly, the perturbative expressions for B.”, 4" are

B =(an+81fn) " " n8no »
B;(ll)z —(a, '{"g{fn )_1(ngnBr(lo-+)-l +g17’nBr(lo—)l )

= —((Z,, +g%fn )—ln(a0+g%fo)_l(glﬁn8n,—I+glyn8n 1) ’

(1)
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B = —(ay+83f0) " [1aB +81BuBa' 1 +817nBr' Ly
- —(a, +g%fn)_ln(a0+gifo)—l[hnéno_gl(an_H+g%fn+l)“‘3n(glﬂn+18n+1,—1+gl7’n+18n+1,1)

— g1y +8 1) W 81Br —18n 1,1+ &1 Vn—18n—11)] -

The quantities A" can be obtained from the above by the
replacements g,—g,, fa—h,, h,—f,. The denomina-
tors which appear in (2.22) play a very important role in
the studies of the effects of saturation. On using the defi-
nition of D’s, we find that

-1 —1
1 . 1 .
an+g%fn= -T'-;_IA1+Z T—2+1A1+Z P(2),
z=—inQ, Al——-a)o—wlez—Q, (2.23)
where
Pi(z)= z-}——L z+—1——-iA z+——1—+iA
1\2)= T, T, 1 T, 1
2 1
+4gilz+— | . (2.24)
T,

The roots of the polynomial (2.24) determine, among oth-
er things, dynamic Stark splittings."”® Note that calcula-
tions in higher orders involve not only P(—i) but also
P(—2iQ), etc. Thus not only will the response functions
show the usual Stark splittings but also the splittings at
the subharmonics of the Rabi frequency. Our numerical
results in Ref. 22 indeed show these subharmonics.?
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(an+8ifn)By +hyBY 2+ 818, By +817nBY "

=T]8n08v0 ’ (2.18)
(ap +83hn) A + fr A~ 4 g2Bn AV + 827 n AT
—_—7]5"08“0 . (219)

Thus the response to the desired order can be obtained by
using either of the above three equations. For example,
from (2.18) we get

(2.20)

(2.21)

(2.22)

III. RESPONSE FUNCTIONS
AT THE APPLIED FREQUENCIES

In this section we investigate the structure of the
response function at one of the applied frequencies, say
®,. This function R (w,) in the lowest order in g, but to
all orders in g; is very well known.” The analysis based
on (2.6)—(2.8) sheds new light on the various processes
that contribute to such a response. Using (2.15) and
(2.14), we find to first order in g, and to all orders in g,

R'=V(w,))=(—2ig,BY —2ig\g,B")/DE . (3.1)
From (2.20) and (2.23), the contribution By is

2

1 A2

T,

1

T,

1

B = i

Aj+4—

(3.2)

Note that physically By represents the inversion in the
two-level medium in the absence of the g, field but in the
presence of the saturating field g;. The contribution pro-
portional to By’ has been referred to as that arising from

the sequential absorption.” The term B'') is equal to
Bl =—nla_i+gif 1) (ao+gifo) 0181,

which on using (2.23) reduces to

-1

g1

L_*_iAz

33
T (3.3)
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It is also interesting to note that the Rabi structures in the
response function R‘®'V(w,) arise from the contribution
coming from B!} terms. Hence it is clear that if one had
retained only the contribution coming from the sequential
absorption term, then the resonances at the Rabi frequen-

0.006F

ImRw)

0.002

FIG. 1. Energy absorption from the weak field 1 [which is
proportional to ImR (w,)] as a function of w;—w, when the
second field is on resonance with the atomic transition frequen-
cy. g, values for the curves a, b, ¢, and d are, respectively, 0.1,
0.3, 0.5, and 1.0. All parameters are in units of 1/7,. (a) is for
radiative relaxation. The effects of collisions are shown in (b).

cy would have been missed. Moreover, for strong fields
the term B'!) gives the dominant contribution in the reso-
nance region. This can, for example, be seen easily in the
special case A;=0. The contribution from the term B'")
can be interpreted as follows: the simultaneous action of
the two fields produces a population grating (in time) in
the medium, i.e., produces a beat frequency (w;—w,) at
which the population oscillates. Such an oscillation com-
bines with the coherent oscillation of the dipole moment
at the frequency w; produced by the field g, which results
in the response at w,. There is a special case when g, is
set to zero in the denominators in (3.3); such a contradic-
tion has been discussed by Boyd and Mukamel.® Boyd
and Mukamel also pointed out that the presence of col-
lisions (1/T5£2/T,) can lead to a hole in the homogene-
ous line. They examined the response R‘*'(w,) to order
gz;gl and found that the resonant structure at the origin
starts showing a dip as the pressure is increased.?! While
Boyd and Mukamel restricted their analysis to lowest or-
der in g, and g,, it is now possible, using the present for-
mulation, to examine the interplay of collisional and sa-
turation effects. For this purpose (2.15) is used and the
continued fraction is numerically evaluated. The results
for the energy absorption from field 1 over a very wide
range of field strengths and collisional parameters are
shown in Figs. 1-3. In Fig. 1, the field w, is taken to be
on resonance with the medium transition and its strength
is weak whereas the strength of the field o, is varied from
low values to moderate values. The results are shown as a
function of w,—w,, i.e., the absorption is studied as a
function of w,. Figure 1(a) is for radiative relaxation
whereas Fig. 1(b) shows the results when the collisions are
dominant. On comparison of Figs. 1(a) and 1(b), we see
the hole burnt at w;—w,=0 in the case when collisions
are dominant and when the fields are weak. For moderate
field strength g, (g, ~1) the absorption profile with col-
lisions acquires dispersive structure and regions of ampli-
fications appear, which is in contrast to the results for ra-
diative case. It must be remembered that all the parame-
ters are in units of 1/7, and since T, is different in the
two cases, the given values of g, imply fields with dif-
ferent field strengths. Of course, a field is referred to as
weak or strong if the corresponding Rabi frequency is
much less or bigger than 1/T,. In Fig. 2, we present the
results for absorption from field 1 for moderate strengths.
The strength of field 2 is changed from low to high
values. For low strengths g,, one again has the hole burn-
ing for the collisional case. For moderate values of g,,
additional features (curves marked b) start appearing if
collisions are taken into account. Thus collisions can lead
to the appearance of the structures at the subharmonics.

IV. EXACT RESULTS FOR SUSCEPTIBILITIES
FOR HIGHER-ORDER NONLINEAR MIXING
OF FIELDS WITH EQUAL FREQUENCIES

As another application of the formalism of Sec. II, we
consider nonlinear mixing'>!%1%24 of two fields with wave
vectors k; and k, which are almost colinear. We consider
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FIG. 2. Same as in Fig. 1 but now field 1 is of moderate strength, g, =1.0. Dashed (solid) curves are for the case of collisional (ra-
diative) relaxation. Note the appearance of collisionally induced coherences for g,=1. Curves a, b, and ¢ correspond, respectively,
to g,=0.5, 1.0, and 10. The actual scale on x axis for solid curves is twice that shown.

the degenerate case, i.e., assume that the two fields have
the same frequency. One can produce coherent radiation
in the direction, say, k,+n7(k,—k;), and at frequency w.
In fact, in the experiments'® of Tan-no et al. nonlinear
mixing up to 27th order [i.e, in the direction
k,+13(k,—k;)] was observed. It is clear from (2.12) that
the induced polarization leading to coherent radiation in
the direction k,+n (k,—k;) will be determined by ¥{"*.
The intensity S_,,,; of the coherent radiation in this
direction will be proportional to

S—n,n+l= |¢(1n)t 12 . 4.1)

We will now show that the exact expression for
S _nn+1 valid to all orders in g; and g, can be obtained.
From (2.6) we have, by setting Q =0,

" =(2ig, X, +2ig, X, +.,)/D, DE—TI——iAz- @.2)
2

For Q=0, the continued fraction can be summed up ex-
actly leading to

4b2 172
a
Yj=—— |1—- |1—-2- ,
! 2b a? ]
w7 4.3)
Xo="1 |1-=- :
a a
Sl 4(gt+g3)
=7 T
T, A2+ |—
2 2 T2 ]
. (4.4)
be—c— £182 5
T, |A24+ | —
2 2 T2

Each higher-order Y and X can be calculated from the
lower orders

1 c

Yy =—Llap<
+1 b a—+ Y, |’ 4.5)
Xo1=Y, 1Y, Y, YV X, . (4.6)

In fact, on combining (4.3)—(4.6) we find the important
result

Y,,=Y1 Vn, X,, =(Y1 )nX() ’ 4.7
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FIG. 3. (a) Same as in Fig. 1 but now field 1 is strong g, =10, g, values are (a) 5, (b) 10, and 1/T=2/T,=2. Note the appear-
ance of the resonances at subharmonics of the Rabi frequency. (b) Same as (a) but for collisional relaxation.
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and hence the final expression for the coherent signal is

S_nn41= 7 lg2+&: Yy | 2| YT | X5 .

1
+A3

T,

(4.8)

The expression (4.8) is valid to all orders® in g, and g,.
It is also an asymmetric function of g, and g,. Note that
the lowest-order perturbation result will be proportional to
g3 18182 | *". On further simplification we find that

Y = —8g,8,/[u+(u’—64gig3)' ], (4.9)

Xo=nTs| | 7 2+A§ /(y2—64g%g§)"2, (4.10)
2, .2 2 2 1)

n=4(g1+g3)+ Tl Ar+ —]:; (4.11)

Note that Y, is at least of order g;8,. The lowest pertur-
bative result is now easily found

g%n -{-Zgi.n(,r’T1 )2(4)2n +1
212n+1

2n
T,

T,

»

S—n,n+1=

A2
2+ T,

(4.12)

where the ellipsis includes the unspecified higher-order
terms. It is interesting to note that the linewidth of the
signal is less than 1/T,, with width decreasing as n in-
creases. Similar reduction?® in the linewidth has been
predicted in modulation experiments.

The effect of saturation in generation of the coherent
radiation in the direction k,+n (k,—k;) is shown in Figs.
4 and 5, where we have plotted (4.8) for a range of g; and
g, values. We only display the results for four- and six-
wave mixings. In the lowest order of perturbation theory
the term

81Y,
1+
82

i 8g,
p+(u?—64gig})' 2

and one has a resonant structure at A;=0. When satura-
tion effects are accounted for, then |1+g,Y,/g,| be-
comes small, i.e., it exhibits a minimum at A,=0. In fact,
at A,=0 and for large g,,2,

8:Y,
g2

1+

0 lfgl >82
= (4.13)

(1—g1/g3) if g1 <gs.

This explains the bell-shaped structures of Figs. 4 and 5
and the dip at the origin for large field strengths. Recent
experiments'® have in fact seen such structures in the case
of nonlinear mixing of counterpropagating fields with
large strengths. Our exact results of this section show
how the peak A,=0 in weak fields transforms into a bell-
shaped structure for intense fields.

=5 i 1 A 1 1

10 r 10 30 50
hJo"U

FIG. 4. Exact result for the degenerate four-wave-mixing sig-
nal as a function of detuning wo—w when saturation effects are
important. Curves a are for radiative relaxation and b are for
collisional relaxation. Solid (dashed) curves correspond to field
strengths g, =10, g,=30 (g, =g,=30). For curves b the scale
on x axis is twice that shown. Note the presence of saturation-
induced hole at the line center.

FIG. 5. Exact result for the degenerate six-wave-mixing sig-
nal as a function of wy—w. The labeling and parameters are
same as in Fig. 4.
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V. SATURATION AND COLLISIONAL EFFECTS
IN NONLINEAR RESPONSE AT 20,—,

In this section we study various aspects of the response
R (2w;—w;) at 2w,—w; and in particular we discuss how
the saturation of, say, one of the fields can affect such a
response. From (2.12) we find that

which in terms of the “inversion” X, is equal to
R(Z(Dz—wl)———(—Zing_l—ZigIX_z)/DT . (5.2)

We calculate R to first order in g; but to all orders in g,.
Such a response will be denoted by R"**’. On combining
(2.14) and (5.2) we get

R =) 2w, —w))=(—2ig,g: 4", —2ig, 4°))/D¥ .

RQ2wy—a) =" =¢47", (5.1) (5.3)
J
From (2.19), A(_0)2=0 and A(_”l is
2 2 )1 2 2 -1
1 1 28 28 2g; 28
AV =_2 + -+ — — +iQ+ + , (5.4)
e I I K R Y Dt " D_,
and hence the four-wave-mixing response at 2w, —@; to lowest nonvanishing order in g, is
2 2 )1 2 2 -1
1 1 1 1 282 28 1 28y 2
R(L) _ =2jg? _ —_— —_— —+iQ) o@gh . 5.5
2w;—wy) tgzgl’fID;. D, DI 7. " o2 T D, T, +i +Df +D_1 +0(g71) (5.5)

The usual four-wave-mixing response valid up to lowest order in g; and g,, i.e., to order g3g, is obtained from (5.5) by

setting g, =0 in all the denominators in (5.5):

—1
_2_+[Q ——1-—+iA2+iQ
T2 TZ
RMYQw;—0))=2igigin T, .
1 1
R — 1A — —iA,+iQ)
T, i T, TS T, e

The expression (5.6) leads to the well-known collisionally
induced coherence!>?® at Q=0. The saturation effects
change the situation. Upon simplification (5.5) leads to

2iglgyn | - +i)
2
R“"’“(sz—w])———
—I—-HA
T, 2
2 2 )1
1 28 28 1.
X | = —_ Py (iQ)),
T, ' D§ Do :
(5.7)
where
Py(2)= L—&-z —L-H'Az-i-z ——I——iA2+z
T, T, T,
vagd|Lyz]. (5.8)
T,

The polynomial P,(z) is precisely the polynomial that
determines, for example, the spectrum of the resonance
fluorescence from a two-level system in strong fields.
Thus the four-wave-mixing signal (to order g3) will exhib-
it the usual characteristics associated with the ac Stark ef-
fect. Note that the saturation effects can restore?’ the res-
onance at 1 =0 even in the absence of collisions. One can
make an estimate of the relative importance of the various
resonances in (5.7). For example, for A, =0, the resonance
at =0 has a zpeak height which is proportional to
4/|1/T\Ty+4g%|*~1/4g} for gi>>1/T,T,, where
as the height of the peak at =2g, will be proportional
to 1/4g3(1/T;+1/T,)*. Thus at resonance A,=0, the
ratio of the heights of the side peak and the central peak
will be g2/(1/T+1/T,)? suggesting that the peaks at
Q= +2g, will be much more prominent.

We next compute the response R (2w,—®,) to lowest
order in g, but to all orders in g,. From the structure of
R, it is clear that we have to calculate R (2w,—w,;) to
second order in g,. We denote this response by R(<'?)
We need X_,; (X_,) to first (second) order in g,. In the
notation of (2.14) we need B''} and B'?). E?uation (2.2
already gives B'!). Equation (2.22) gives B'%} as

B(_Z)z=—(a_2+g%f_2)‘1g;B_2B(_”1 . (5.9

Using (5.9), the response R ‘®*? becomes



1+1
D_, D}

2132
*
1

R®@(20,—w))=— —=B'Y |1-2g2

The response R‘*'? has a more complex structure than
R‘“*). Thus the nonlinear response shows different types
of saturation character with regard to the strength of the
two fields. Using (2.23), we see that (5.10) contains the
products of the polynomials P(—iQ),P;(—2iQ) and
hence the response R‘*'? or the four-wave-mixing signal,
to order g3 but to all orders in g,, will show resonant
structures at the Rabi frequency and at the subharmonic,
i.e, 3 of the Rabi frequency. In Figs. 6 and 7 we show
the asymmetry of the four-wave-mixing signals
S(2w;—w,) « | R(20,—w,) | * with regard to the strength
of the two fields.

VI. NONLINEAR RESPONSE AT 30,—2w,

We next calculate the response at 3w,—2w;, which has
been the subject of experimental study recently.>'>!¢ In
the usual susceptibility language, such a response is given
by X' From (2.12) we have

lt_)sx 018

- 2055x10"
01F
S(Zuz-u1)
00
~006 . . . 0.05
0 40 80

lAJ1~—-U2

FIG. 6. Effect of saturation on the four-wave-mixing signal
at 2w, —w, for radiative relaxation 1/T,=1, 1/T,=2. Curve
a: field w; weak (g, =0.1) and field w, strong (g,=20). Curve
b: field w, weak (g,=0.1) and field o, strong (g; =20). Fre-
quency of the strong field is set at resonance with atomic fre-
quency. Signal is scanned as a function of the frequency of the
weak field. Vertical axis on the left is for the curve @, and verti-
cal axis on right for curve b.
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—1
287 2%

(5.10)
T, D_, + DY
T
R Bwy—2w) =) * =y, 6.1)
which is equal to
R(3(02‘-2(01)=(‘—21ng_2-—21ng_3)/0; . (6.2)

The lowest-order contribution to R (3w, —2w,) is propor-
tional to g%gf In what follows we calculate R %=’ to all
orders in g,, but to lowest order in g1, so that the effects
of the saturating field g, are included. Using the coupled
equation (2.8) for X,,’s, we find that

X_;=0(@}), (6.3)

whereas X _, to second order in g1, ie, 42} can be ob-
tained from (2.19). The final result for R>*)(3w,—20,),
which is valid to all orders in g but to only order g? in
g1, is found to be
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FIG. 7. Same as in Fig. 6 but for the collisional relaxation
1/T,=10, 1/T,=2. All frequencies are scaled in terms of
1/T,. The Y axis on the left corresponds to curve a and y axis
on right is for curve b.
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FIG. 8. Six-wave-mixing signal « |R(3w,—2w,)|? as a
function of w;—w, for wy—w,=50, g,=g,=1, and for radia-
tive relaxation (curve @) and collisional relaxation (curve b).
Note the collisionally induced coherence at w,=w,. The scale
factor is same in both the cases and is equal to 1/ T, for radia-
tive relaxation.
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FIG. 9. Same as in Fig. 8, but for larger field strengths
81=g8:=10.
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R (3w, —2w))=—8inglgs | — + —+ PP (2iQ)
2 1 Ng8182 T, Dy D3 2 2
o2 paa | [ 2 vin| [ riaraia | [ sia, | (6.4)
T, T, T, T, '
If saturation effects in g, are also ignored, then (6.4) reduces to
-1 -1 -1 —1
. . 1 . 1 | 1
R (3w, —2w,)=—8inglgiT, |iQ+ —— 2iQ+— e —— il +i
2 1 181824 + T, 1+ T, T, +iA, T, +iA,+iQ)
) -1y -1y -1 5 5
« |1 _ia+in 1 a4 1. . 2 . 2 .
T, 1Ay+i T, +iAy42i T, iA,+2iQ) T, +iQ T, +3iQ) | .
(6.5)
r
5 ~1 2
Thus X'* or R (3w,—2w,) will show resonances at [T—+2i9 _7_%_ +3iQ
2 2
A
Q::iAZ’O’—z_ : (6:6)  increases in the neighborhood of Q=0. We have thus

Note that if 1/T,=2/T,, as is the case for radiative re-
laxation, then the resonance at =0 will not be seen in
the coherent signal (a | R | ). This is because the factor

found in X'> another example of collision-induced coher-
ence. Figures 8 and 9 show the existence of the collision-
induced coherence at =0. Figure 8 also shows the ap-
pearance of the peaks as predicted by (6.6). A structure in
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FIG. 10. Gain profile for two symmetrically displaced modes around line center as a function of the detuning from line center.
Solid curves are for radiative relaxation, dashed curves represent collisional relaxation. Curve a is for moderate or weak g, =g, =1
and curve b for strong g, =g, =10 fields. The scale factor is same in both cases and hence for collisional relaxation, considerable

power broadening is observed.

the resonance at {1 =50 is probably because the numerical
result is obtained to all orders in g, and g,. Such com-
plexities due to increased field strengths are more evident
in Fig. 9 though g’s are smaller than A.

The full expression (6.4) for R (3w;—2w;) shows the
presence of ac Stark effect. In fact the response not only

0126 10328

0.122 0120

0.118 0112

("’o""l) Tz

FIG. 11. Same as Fig. 10, but now the results in strong field
for collisional relaxation are shown—g,T,=g,7T,_10,
T,/T,=0.2. For b, the values on horizontal axis are 15 times
of those shown.

shows the structures corresponding to the usual Rabi os-
cillations, but also shows structures at the subharmonic of
the Rabi frequency with a width which is also reduced by
a factor of 2. The present analysis shows how the succes-
sive higher-order susceptibilities exhibit more and more
complex structure.

VII. INSTABILITIES IN HOMOGENEOUSLY
BROADENED LASERS

Recently the instabilities in various types of laser sys-
tems have been extensively studied.!”?® In this section we
show how the dynamical behavior of a two-level system in
the presence of a bichromatic field can be used to under-
stand some of these instabilities. Our dynamical equa-
tions of Sec. II contain the parameter 7 which will take
positive values for inverted systems. One essentially ex-
amines the gain, of a given mode in the presence of say
another mode, as a function of the strength of each mode.
We have already seen in Sec. II and in Ref. 22 that the
response R (w,) at the applied frequency has the following
features: (1) In very weak fields g,,g,, the response has a
maximum at the line center w;=wy; (2) for weak g,, but
arbitrarily strong g, the response exhibits Rabi structures
at the Rabi frequency; and (3) as g, increases, the
response R (w,) starts exhibiting new structures at the
subharmonics of the new Rabi frequency. With further
increase in g,, more and more subharmonics of the new
Rabi frequency appear. In the experiments'’ of Hillman
et al., the two-mode operation was observed. These
modes were symmetrically placed around the line center.
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The gain G «<ImR(w) can be obtained by setting
w;=wy+68, w;=wy—8, and g, =g, in the equations of
Sec. II. We have calculated such a gain for a range of pa-
rameters and the results are shown in Figs. 10 and 11. In
Fig. 10, we show the gain profiles for moderate and large
values of the Rabi frequency. For moderate values, only
the main peak appears which is washed by increasing col-
lisions in the system. For large field strengths, the gain
profiles exhibit resonances at subharmonics of the Rabi
frequency. This figure also shows the effect of increased
collisions. With further increase of the driving field, ad-
ditional subharmonics of the Rabi frequency can be seen.
Hillman et al. have shown the existence of such subhar-
monics by analytic calculations in the case T\ =T,. Our
numerical results enable one to study in detail the effect

of collisions. Note that in Fig. 10 we have used a dif-
ferent scaling, i.e., g, and g, are not in units of 1/T,; for
example, for curve c, g1T2=—l'3, whereas for curve a,
g:1T,=1. This is done keeping in view the way in which
one can perform the experiment. One can keep the field
constant and add buffer gas to increase collisions. Gain
profiles for the case when there are sufficient collisions
and the fields are also strong are shown in Fig. 11.
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