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Abstract. We formulatethedataanalysisproblemfor thedetectionof theNewtoniancoalescing-
binary signalby a network of laserinterferometricgravitational wave detectorsthathave arbitrary
orientations,but arelocatedat thesamesite.Weusethemaximumlikelihoodmethodfor optimizing
thedetectionproblem.We show that for networks comprisingof up to threedetectors,theoptimal
statisticis just the matchednetwork-filter. Alternatively, it is simply a linear combinationof the
signal-to-noiseratiosof the individual detectors.This statistic,therefore,canbe interpretedasthe
signal-to-noiseratio of the network. The overall sensitivity of the network is shown to increase
roughly asthe square-rootof the numberof detectorsin the network. We further show that these
resultscontinueto hold even for the restrictedpost-Newtonian filters. Finally, our formalism is
generalenoughto beextended,in astraightforwardway, to addresstheproblemof detectionof such
wavesfrom othersourcesby someothertypesof detectors,eg.,barsor spheres,or evenby networks
of spatiallywell-separateddetectors.
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1. Introduction

The existenceof gravitational waves (GW), which is predictedin the theoryof general
relativity, haslong beenverified‘indirectly’ throughtheobservationsof HulseandTaylor
[1]. The inspiralof themembersof the binarypulsarsystemnamedafter themhasbeen
successfullyaccountedfor in termsof the backreactiondueto the radiatedgravitational
waves[1,2]. However, detectionof suchwaveswith man-made‘antennas’hasnot been
confirmedso far. Nevertheless,this problemhasreceived a lot of attentionthis decade,
especially, due to arrival of laser-interferometricdetectors,which are toutedto have the
sensitivity requiredfor detectingsuchwaves.

In the past,a sizableamountof researchhasbeendoneon the problemof detecting
gravitationalwavesusingasinglebaror interferometricdetector. However, verylittle work
hasbeendevotedon developingtechniquesto optimally analyzethedatafrom a network
of suchdetectorsto seekthepresenceof coalescingbinarysignal. As hasbeenarguedin
thepast(see,eg., ref. [3]), for agivenfalse-alarmprobability, thethresholdfor detectionis
loweredasthenumberof detectorsis increased.This increasestheprobabilityof detection
by anetwork ratherthanasingledetector, providedtheobserveracceptsonly coincidences.
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Oneof theearlypaperswhich camecloseto discussingtheproblemof detectionof these
wavesusinga network wasthatof Finn andChernoff [4]. This paperobservedthatsince
the orientationsof the two LIGO detectorswerevery similar, their joint sensitivity was
larger thanany oneof them. Anotherwork which dealtwith the issueof detectionusing
a network was that of Bhawal andDhurandhar[5]. The main aim of this paperwas to
find theoptimalrecycling modeof operationof theplannedlaserinterferometricdetectors
for which a meaningfulcoincidencedetectionof broadbandsignalscould be performed.
However, noneof theseearlierpapersaddressedthe issueof how a network of detectors
with arbitraryorientationscanbeoptimallyusedasa ‘single’ detectorof sensitivity higher
thanthat of any of its subsetsof individual detectors.Oneof our main aimsis to show
preciselyhow this canbe achieved. In the process,we will arrive at a network statistic
basedon the individual detectoroutputsthat canbe usedto ascertainthe presenceof a
signalin themwith agivenlevel of confidence.

We notethat the useof a network hasneverthelessreceived considerableattentionin
thecontext of theparameterestimationproblem.Someof thenotableworks thataddress
this issueare refs. [6–10]. The prime motivation in the useof networks in this regard
is that the larger the numberof detectors,smallerthe errorsin estimatedvaluesof the
binaryparameters.However, thestartingpoint in theseapproachesis theassumptionthat
theproblemof detectionhasalreadybeenaddressedandthedetectorspecificchirp filters
thatresultin ‘super-threshold’cross-correlationswith theindividualdetectoroutputs,have
beenpicked.

Here,we formulatethedataanalysisproblemin thecaseof thecoalescingbinarysignal
for a network of, say, � numberof laserinterferometricgravitationalwave detectorsthat
have arbitraryorientations,but arelocatedat thesamesite. Thenoisein eachdetectoris
assumedto be additive andGaussian.Also, the noisesin differentdetectorsaretaken to
beindependentof oneanother. Weusethemaximumlikelihoodmethodfor optimizingthe
detectionproblem.

Thepaperis organizedasfollows. In � 2, we definethevariouscoordinateframes,such
as the detectorframeand the wave framethat we usein our calculations.We describe
someknown representationsof theNewtoniansignalcorrespondingto gravitationalwaves
from acoalescingbinary. In � 3, wepresentanew representationfor thissignalin termsof
thecomplex expansioncoefficientsof thewave andthedetectortensorin a basisof STF
tensorsof rank � . Section4 shows how thedetectionproblemcanbeoptimally addressed
usingthemaximumlikelihoodmethod.In � 5, wepresenttheanalysisfor theimprovement
of thesensitivity of anetwork asafunctionof � . Finally, in � 6,wediscusshow ourresults
continueto hold for the restrictedpost-Newtonianwaveforms.We alsomentionhow our
formalismcanbeextendedto addressthedetectionproblemfor anetwork of spatiallywell
separateddetectors.

We usethe following convention for symbolsin this paper. Variablescharacterizing
the network aredisplayedin the SansSerif font. A parentheticindex in the superscript
or subscriptof a variableidentifiesa particulardetector. Network- or individual detector-
basedvariablesthatarecomplex aredenotedby uppercaseletters,whereasthelower case
lettersarereservedfor realvariables.Notethatquantitiessuchasthegravitationalconstant,�

, thoughwritten in uppercase,arenot complex sincethey do not representany inherent
characteristicof thenetwork or anindividual detector. Also, we definethecomplex inner
productas ���	��
������������������������
��������� . By our convention,all thequantitiesfeaturing
in the above expression,except � , arecomplex. Moreover, ��
��� denotesa variablethat
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characterizesthe  -th detectorin thenetwork, where is anaturalnumber. Also, � denotes
a network-basedvariable.

2. Preliminaries

We describethevariouscoordinateframesin termsof which we will analyzethedifferent
polarizationsof anincomingwave. Let !#"$��%&��')( betheorthogonalCartesiancoordinates
connectedwith a weakplanegravitationalwave traveling alongthe positive ' -direction;" and % denotetheaxesof thepolarizationellipseof thewave. Let !#*+�-,.�0/1( form aright-
handedcoordinatesystemthatdescribesa fiducial detector(henceforthreferredto asthe
‘fide’ or the‘network frame’). Let usdefinetheEulerangles2 and 3 to give theincoming
directionof the wave, and 4 to denotethe anglebetweenonesemi-axisof the ellipseof
polarizationandthenodedirection. Theorthogonalmatrix transformationfrom thewave
frame to the fide is thus definedby the Euler angles 563+�-27�-498 . The orthogonalmatrix
transformationfrom thefideto theframeof the  -th detectoris definedby theEulerangles5;:&
�����-<=
�����?>@
����8 .

A gravitationalwave is representedby metrictensorfluctuation,ACBED , aboutthevacuum.
In the transversetrace-freegauge,its non-vanishingcomponentsin the wave-frameareACFGFH�JI)ACKLKNM�A7O , ACF;KP�QACKLFRMSAUT . Here, ACO and AUT arethe two polarizationsof the
waveform.In theNewtonianapproximation,they are:

A7OV!XW-(Y� ��Z\[C]�^0_-`a!#W-(b cedgf�hRi�jlk� f�hRi�m n !XW-( dpo;q � (1a)

A�TU!XW-(Y� ��Z\[C]�^0_-`a!#W-(b f�hRirk@i0st=m n !XW-( dpo;qRu (1b)

Above, ZvMxwy� ��z _�{�| z _�{R!X}=~N��( j _�{6�N��`�� , b is theluminositydistancefrom theearthto the
binary, | is the ‘chirp’ massdefinedby | ��! c�d /1(��l{�_ zL� j _ z , where

� � � ^ d � j
is thetotal massof thebinary, � is thereducedmass,/ is thecosmologicalredshiftof the
binary, and � is thespeedof light in vacuum.Theangle

k
is theangleof inclinationof the

binary, i.e., the anglebetweenthe line of sight andthe vectornormal to the orbit of the
binary, and

o
is an initial phaseof the orbital motion. The frequency of the gravitational

wave is twice theorbital frequency andis givenby

~U!#W��0W � ��|Q(Y�Q� �L{��� z _�� c} � �� �N� | z _�{ m W-�G!#W � ��|Q(�IPW q � {�_0� � (2)

where W-� is the time of arrival of the signal (such that ~U!#W-��(�M�~���� c;��� / ) andW � is the time at which coalescenceoccurs. Inverting the above equationafter setting~U!#W-�a�0W-�a�0|Q(Y��~N� , we getthetimeof coalescence:

W-��!XW � �0|Q(Y�\W � d �� �N� | z _�{ !#}=~ � ( ��_�{ � �L{���
z _�{ u

(3)

Finally,
n !XW-( M �N}�����X� ~U!XW?��(-��W?� and [.!#W-( M c I�!#W�I W-��(��6¡ , where ¡ �¢ru ��� !#|£�L¤g¥¦( ] z _�{ !�~��6� cG�R�¨§)© ( ]@��_0{ i-ª;f

, is the chirp parameter. Note that a total of
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eight independentparameters,viz., 5 b � o �-27��3+�-4	� k �-W � �-¡18 arerequiredto specifythis sig-
nal. Therangesof thefour anglesareasfollows: 2¬«H! � �-}=( , 3$«! � ���N}=( , 4\«H! � ����}=( , andk «! � �-}=( .

It canbeshown thatthesignalat thefiducialdetectoris [11]® !#W-(Y����¯C[@!XW-( ]l^-_0` f�hRie°;± �;¡ °Rc I[@!XW-( z _��G² dgo I�³ ² � (4)

where ± �S� ¢ � � } � ~ �cG�R��§9© � §)© � ¯�MpZµ´R� b � (5a)

´r! k (YM·¶ ! cedpfLhai-jlk ( j¸ dgf�hRi j k-¹ ^0_ j �»º�¼ t ³½� � f�hRirkcedgf�hRi j k � (5b)

with ³g«�!-IV}+� ¸ ��}+� ¸ ( . Thesignalat the  -th detectorcanbe expressedin termsof the
quantitiesdefinedaboveas® 
����!XW-(&�¿¾a
��� O A�
À��� O !#W-( d ¾a
��� T Al
��� T !#W-( u (6)

where Al
��� O and Al
��� T arethetwo polarizationsof thewave arriving at the  -th detector.
Also, ¾a
��� O and ¾a
��� T are the beampatternfunctions,which dependon 5�3=�02r�-4)8 and
the orientationangles 5;:&
�����-<=
�����?>@
����8 . The problemwith the above representationfor
the signal is that it mixesup the factorsdependenton the detectorspecificEuler angles5;:&
�����-<=
�����?>@
����8 andthosedependenton the angles 5�3=�02r�-4)8 . We now give a different
representationof the signal wherethis problemdoesnot occur. It will prove useful to
addressthedetectionproblemfor a network.

Considerthe complex null vector ÁÂM c ��Ã ��!�ÄaÅ d\Æ Ä1Çe( , where Ä1Å and Ä�Ç arereal
unit vectorsin the " and % directions,respectively, of the wave-frame. Thenthe wave
tensorÈVBÉD is definedasÈ BÉD �¿A O¦Ê ª !�¤ B ¤ D ( d A T@Ë�Ì !�¤ B ¤ D (P� (7)

which is a real symmetrictrace-free(STF) tensor. Thecomponentsof Á in thedetector
axisare[6]: ÁÍ� c ��Ã ��! fLhRi 3�I Æ1fLhRi 2 i-sÀt 3=� i-sÀt 3 dHÆ1fLhai 2 fLhRi 3=� Æai0sÀt 2a( ªLÎ�Ï !-I Æ 4�( . A
detectorcanalsoberepresentedasanSTFtensor. For an interferometerwith armsalong
thedirectionsÐ ^ and Ð j (bothbeingunit vectors),thedetectortensorÑ is givenbyÒ BED �\Ó ^ B Ó ^ D IPÓ j B Ó j D u (8)

Theresponseamplitudeof thedetectoror, equivalently, thesignalis just thescalarproduct
of thewaveanddetectorSTFtensors,® �µÈ BÉD Ò BEDÔ� (9)

whereit is implicit that the Einsteinsummationconventionholdsover the repeatedup-
per and lower indices

Æ
and Õ . In the following analysis,we will specificallyconsider
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a network of interferometricdetectors. However, the generalizationto bar detectorsis
straightforward.

Sinceweextensively dealwith STFtensorsof rank2, enunciatingsomefrequentlyused
propertiesof suchobjectsis in order[1a]. Sincesuchtensorshave five independentele-
ments,they canbeexpandedin termsof (location-independent)‘STF-Ö ’ tensors,× BÉDØyÙ , with
rank Ö=�µ� . They arerelatedto thesphericalharmonicsasfollows:% j Ù !#2r��3@(e�\× BÉDj Ù Ó B Ó D �ÛÚVÜ ª�Ý�ª � ��ÞS�r�+Þ c � � � (10)

where Ðß� ! fLhai 3 i-sÀt 2r� i-sÀt 3 i0sÀt 2r� f�hRi 2R( . Therearefive independent
¢áàH¢

complex
matrices,× BEDj Ù , obeying thenormalization

× BEDj Ù × j Ù�â �BED � c �ã } o Ù¨âÙ u
(11)

In this paper, we will alsobeinterestedin thebehavior of theseSTFtensorsunderaction
of anelementä�!X:e�-<&�?>l( of therotationgroupSO(3),where !X:e�-<&�?>l( aretheEulerangles.
Consequently, we mentionthat undersuchan action, the sphericalharmonicsobey the
following transformationlaw:

% j Ù â !#2 � ��3 � (Y� jåÙ�æ ] j7ç ] Ù â ]
Ù !X:e�-<Y�->�(-% j Ù !#2r��3.(�� (12)

whereç ] Ù â ] Ù aretheGel’fandfunctionsof rank2 [12,6].
As shown in Ref.[6], in thedetectorframethewavetensorÈVBÉD canbeexpandedin terms

of theSTF-2tensorsas:

È BED !#W-(Y�éè �N}c � m ACOV!#W-(�! ç j�ê d ç ] jLê (�I Æ A�TU!XW-(L! ç jGê I ç ] jGê ( q × BEDj ê � (13)

wheretheexpansioncoefficientsarecombinationsof theGel’fandfunctions,whichdepend
on the parameters!�3+�-27�-4¨( . For interferometricdetectorswith armsmakingan angleof��ë , theonly non-vanishingdetector-tensorcomponentsin its own frameare

Ò ^ j � Ò j ^ �i0st �Rë . Thefollowing analysis,wherewe will dealwith thecaseë��ì}+� ¸ , canbeeasily
generalizedto othervaluesof ë .

Considerthe  -th detectorof a network. Using the wave- anddetector-tensorcompo-
nentsin eq. (9), it wasshown in Ref. [6] thatthesignaltakestheform:® 
����!XW-(&�¿ Ù
��� ê ç Ù�í !�3+�-2r�04¨( ç 
��� í ê � !�:Y
À���L�-<l
À�����->C
À���?(á� (14)

Note that ç 
��� Ù ê is to bedistinguishedfrom ç Ù ê in that ç Ù ê � ç Ù ê !�3+�-27�-4¨( , whereasç 
��� Ù ê � ç Ù ê !X:&
�����-<=
�����?>@
���?( . Above,

 Ù
��� ê ��Þ Æ� !�A O 
���=I Æ A T 
����(YM�Þïî7
��� ð h�Ý � �µ���ÛÓ$�ñÞS�\� (15a)

 Ù
��� ê ��Þ Æ� !�A O 
��� dpÆ A T 
����(Y��òïî �
��� ð h�Ý � ��I)���ÛÓ$�¿ÞS� u (15b)

Thesignalgivenin (14)hastheadvantageof keepingfactorsdependenton thetwo setsof
Euleranglesseparate.
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3. A new representation for the signal

To addressthe detectionproblem,we will be directly dealingwith a constructknown as
the likelihoodratio (LR) (to be definedin � 4.). The LR is a non-linearfunctionalof the
signal.To keepthis functionalform simplewedevelopa new representationfor thesignal
basedon (14).

In termsof îr
��� , thesignalgivenin eq. (14) takestheform® 
������� Ê ª ! Æ î �
����ó 
À����(P� (16)

where ó 
���¦� ÆY° ç j �
À��� í I ç ] j �
��� í ² ç ] j í . Next, we define:

A � 
�����¿[ ]�^0_0`
��� !#W-( fLhai�n 
����!XW-(&Môä�
À��� ® 
���öõô�A í 
���U�¿[ ]�^0_0`
��� !#W-( i-sÀtVn 
À����!XW-(&MÔä�
À��� ® 
���#÷ _ j u (17)

where ä�
��� is themaximumsignal-to-noiseratio for the  -th detectorobtainableby using
anoptimalfilter:

ä j 
��� Mñø Ò ~�ùúAC�0û í !�~�( ù j® 
À���ü !�~�( � (18)

® 
���ü !�~�( beingthenoisepower-spectral-density(p.s.d.) of the  -th detector. Above, ® 
���öõ
and ® 
���#÷ _ j canberepresentedastherealandimaginarypartsof a complex quantity:ý 
����!#W-(&� ® 
���öõ dgÆ ® 
���#÷ _ j � (19)

which hasa normequalto 2.
Let usnow expressó 
���9��>@
���öõ d�Æ >@
���#÷ _ j , where >@
���öõ and >C
À���X÷ _ j are,respectively,

therealandimaginarypartsof ó 
��� . Defineþ 
À���¦M\ä�
���+ÿX>C
À���#õ fLhai ³ I Æ >C
À���X÷ _ j i-sÀt ³ � M\È�
����� ] B����	��
 � (20)

wherethe lastexpressionis thepolar form of
þ 
��� . Note that theonly signalparameters

on which
þ 
��� dependsare 563+�-2r�04)�0³C8 . Armed with thesedefinitions,the signal in eq.

(16)canbere-expressedas® 
����!XW-(&����¯ Ê ª	° þ �
����� 
��� ² � (21)

wherewehavedefined� 
À����!XW-(Y� b 
���öõ dgÆ b 
���#÷ _ j M ý 
���� B�� � (22)

which is just therotated
ý 
��� . Here b 
���öõ and b 
���#÷ _ j are,respectively, therealandimag-

inary partsof � 
À��� . Equation(21) is a new representationfor thesignalthatwe will find
usefulin obtainingthemaximumlikelihoodratiobelow.

We endthissectionby arriving at a relationbetweenthecomplex variable
þ 
��� andthe

detectortensor. First,by usingeqs(13)and(22)we obtaintheinnerproductsbetweenthe
wave tensorÈ BED andtherealandimaginarycomponentsof � 
��� :
1130 Pramana– J. Phys.,Vol. 53, No. 6, December 1999
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��¯rä�
����: BED �é�#È BÉD !XW-(�� b 
���öõ��Û¼ t � �R¯�ä�
À����< BED � �XÈ BÉD !#W-(�� b 
���#÷ _ j � (23)

wherewe have definedtwo new STF tensors:�BÉD and <CBED . Theseare real functionsof563+�02r�-4	�-³@8 .
By comparingthedifferentrepresentations(9) and(21)of thesignalwe obtainþ 
À���¦��� BED ÿ ä�
À������
��� BÉD � �½ÚVÜ ªGÝ0ª � BED Mé!X: BÉD dgÆ < BED (á� (24)� BÉD is a complex STFtensordependenton 563+�-27�-4)�0³@8 , whenexpressedin thefide frame.

Notethat

ù þ 
��� ù j � ù : BED ÿXä�
������
��� BÉD � ù j d ù < BED ÿ#ä�
�����.
À��� BÉD � ù j u (25)

Above, up to an b -dependentfactor, ù þ 
��� ù j canbe interpretedasthe total power trans-
ferredto the  -th detector. Moreappropriately, it is thegainfactorassociatedwith the  -th
detector. We haveresolvedit asa sumof thefractionsof power transferredto thedetector
by thetwo polarizations,respectively. It canbeshown that,up to a factorof ä�
��� , þ 
��� is
just a directioncosinethatis dependenton thesetof angles563+�-27�-4)�0³@8 . This is whatone
wouldexpectfrom theabove interpretationof

þ 
��� asagainfactor.

4. Addressing the detection problem for a network

Thesignalfrom a coalescingbinarywill typically not standabove thebroadbandnoiseof
theinterferometricdetectors;theconceptof anabsolutelycertaindetectiondoesnot exist
in sucha case.Only probabilitiescanbe assignedto the presenceof an expectedsignal.
In the absenceof prior probabilities,sucha situationdemandsa decisionstrategy that
maximizesthedetectionprobability for a givenfalsealarmprobability. This is termedas
theNeyman–Pearsoncriterion(see,eg.,ref. [14]). Suchacriterionimpliesthatthedecision
mustbebasedonthevalueof astatisticcalledthelikelihoodratio(LR). It is definedasthe
ratioof theprobabilitythata signalis presentin anobservationto theprobabilitythatit is
not.

For a network of detectorswe obtainthis statisticasfollows. We assumethat thenoise
at eachdetectoris additive, Gaussian,andboth statisticallyaswell as algebraicallyin-
dependentof the noisein any otherdetectorin the network. Undertheseconditions,the
network LR, denotedby � , is just a productof theindividualdetectorLR’s. Similarly, the
logarithmiclikelihoodratio (LLR), � t � , canbe verified to have the sameform asfor an
individualdetector, namely, [14,9].� t � � ��������������I c� ���G����������� (26)

wherethenormalizedsetof signalsaredenotedby asinglenetwork vector�G!XW-(Y� ÿ ® 
 ^ ��!XW-(�� ® 
 j ��!XW-(��������G� ® 
 � ��!#W-( � � (27)� beingthenumberof detectorsin thenetwork. Thesubscript� þ denotesthattheinner
productis definedon thenetwork space.Similarly, theindividual detectoroutputs*=
����!#W-(
arecombinedto form thenetwork vector
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 ^ �L!XW-(��0*l
 j �L!#W-(L���������0*l
 � ��!XW-( � u (28)

Thus,in termsof theindividualdetectorsignals,theLLR is

� t � � �å� æ ^ � ® 
�����0*l
���?��
���+I
c� �å� æ ^ � ® 
����� ® 
À���?��
������ �å� æ ^ ��/R
�����-*l
À���?��
����I
c� � j � (29)

where

��M¿�R¯ ��� �å� æ ^ È j 
À��� � (30)

is the norm of � and /R
���	� ® 
���-�!� . The aim now is to maximizethe LLR over all eight
parametersto obtain the maximum(logarithmic) likelihoodratio (MLR). It is the MLR
thatmustbecomparedwith athresholdvalueto ascertainthepresenceor absenceof signal
in thedetectoroutput,with agivenlevel of confidence.

Wenow analyticallymaximizetheaboveexpressionwith respectto asmany of theeight
parametersaspossible.Notethattheluminositydistanceb appearsonly through � in LLR.
Maximizing it with respectto � yields

� t � ù	"# � c�
$ �å� æ ^ ��/�
À�����0*l
���?��
���%

j � c�'&&&&&
Ê ª $ ª ] B(� �å� æ ^*) 
����+ �
��� % &&&&&

j � (31)

wherewehavedefined

) 
����M
þ 
À���, - �� æ ^ È j 
��� ¼ t � + �
��� M � ý 
�����-*=
���?��
��� u (32)

Next we maximizetheLLR in eq. (31) with respectto
o

for, apartfrom thephasefactor,
noneof theothertermstheredependon it. Thisgives

� t � ù "# û "� � c� &&&&&
�å� æ ^ ) 
����+ �
��� &&&&&

j � (33)

which is a function of six parameters,namely, 563+�-2r�04)�0³@�0W � �-¡18 . Note that whenall the
detectorsare‘closely’ located,it is only the ) 
À��� ’s thatdependonfour angles563+�02r�-4	�-³@8 ;
the +)
��� ’s thendependonly on 5GW � �0¡18 , with all the timesof arrival beingequal.We will
refer to this situationasthe ‘same-site’approximation.Whenthe detectorsarespatially
well separated,the +)
��� ’swill dependon 5�3=�02�8 aswell.

To obtaintheMLR, weneedto maximizeovertheseremainingparameters.At thisstage
it is usefulto definethesurrogatestatistic(SS), �7�¦M.� t � ù/"# û "� . For a network comprising
of a total of � detectorslocatedwithin a fraction of a wavelength,the SSis maximum
when 0�132 . where 2 is a network vectorwith the +)
��� ’s asits components.Therefore,
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once 2 is known, themaximizationproceduredetermines0 throughtheabove condition
andthe fact that 0 hasa unit norm. However, the 0 sodeterminedwill, in general,yield
an overdeterministicsetof equationsfor the four parameters563+�02r�-4	�-³@8 . On the other
hand,if this setof equationscanbesolvedto yield a physicallyrealizablesolutionfor the
parameters,thenthemaximizedLLR will havea simplerform:

� � ù�"4 û "5 û "6 û "7 � c� �å� æ ^ � j 
��� M98 � � (34)

where �6
��� is the magnitudeof +)
��� . Above, 8 is a function of two parameters,namely,5GW � �0¡18 . Although 8 is a real quantity, we follow theestablishedconventionin literatureto
denotetheLLR by anuppercaseletter!

It canbeshown thatthecondition 0:1;2 is alwaysrealisedfor two detectors.Numerical
calculationssuggestthat this resultholds for threedetectorsaswell [17]. However, for
networkswith a largernumberof detectorswe numericallyfind that this conditionis not
alwaysrealisableandoneis forcedto maximize �C� ù<"= "� , asgivenin eq. (33), over thefour
angles.Thus,for networkscomprisedof up to threedetectors,theapplicationof eq. (34)
appearsto bevalid. Wewill limit ourdiscussionto only suchcasesbelow. Hence,only the
maximizationof 8 overthetwo parameters,5;W-�R�-¡18 , remainsto bedone.Thisis performed
numericallyalongthelinesof SathyaprakashandDhurandhar(seeref. [11]).

5. Network sensitivity

To infer thepresenceof a signalfrom theoutputsof themembersof a network, onecom-
paresthevalueof thestatistic 8 in eq. (34) with a predetermineddetectionthreshold8 õ .As we show below, the valueof 8 õ canbe obtained(via the Neyman–Pearsondecision
criterion[14]) from thefalsealarmprobability, ) õ , associatedwith theeventof detection
of sucha signal. For 8?>@8 õ , presenceof a signal in the datais ruled out, whereasif8BAC8 õ , thenthedetectionof asignalin thedatais announced.

We now analyzethe improvementin the sensitivity of a network over that of a single
detector. Apart from the assumptionsaboutdetectornoisementionedin � 4, we further
assumethatit is stationary, which impliesthatfor the  -th detectorwe have� úÓU
����!�~�( úÓ � 
��� !�~�(0�Y� ® ü 
��� o !�~ IH~ � (P� (35)

where ® ü 
��� is the noisep.s.d. of that detectorandthe angularbracketsimply ensemble
average.In general,differentdetectorsmayhavenon-identicalnoisep.s.d.Wewill assume
thatthenoisein any detectoris white, i.e., ® ü 
��� doesnot varywith frequency. Notethatit
haszeromean,i.e, � úÓU
����!�~�(-�Y� � , andits standarddeviation is ® ü 
��� .

Equation(34) shows that 8 is a sumof squaresof independentrandomvariableswith
Gaussianprobabilitydistribution functions(PDF).Thus, 8 itself musthave theso-calledn+j

probability distribution. Hence,the PDF of 8 underthe hypothesisthat the signal is
present,

� ^ , is:D ^ ! 8 (Y� c� �E8� j � 
 � ]�^ � _ j ªLÎ�Ï=m I�! 8 d � j (0��� q  � ]l^ !�� Ã 8 (á� (36)
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where 8BA � and  F� ]l^ !X*@( is themodifiedBesselfunctionof order !X�xI c ( . Notethat � j
is proportionalto thetotal energy receivedfrom thesource.When � Ã 8GAHA c , theabove
expressionapproximatestoD ^ ! Ã 8 (Y� cÃ ��} ªLÎ�Ï=m I�! Ã 8 II��( j ��� qau (37)

On theotherhand,underthehypothesisthatthesignalis absent,
� õ , thePDFof 8 isD õ ! 8 (Y� ! 8 �N�R( � ]�^ ª ]KJ7_ j�7!X� I c (ML � (38)

which onecanobtainfrom eq. (36)by takingthelimit �HN �
.

We arenow in a positionto calculatethefalse-alarmprobability:

) õ � øIOJQP D õ ! 8 ( Ò 8 � c I @! 8 õ �N� Ã �g�=� I c ($� (39)

wherewehavemadeuseof theincompletegamma-function

 C!�R+� D (Y�¿øTSVU W O ^õ * W ª ] F Ò *.� D L u (40)

For agivenfalse-alarmprobability ) õ , eq.(39)allowsusto obtainthedetectionthreshold8 õ of our statistic. Plotsof ) õ versus8 õ for differentvaluesof � aregiven in figure1.
Fromtheseplotsit canbeinferredthat 8 õ increasesslowly with � .

Thedetectionprobability )YX canbeobtainedby computingtheareaunderthefunctionD ^ ! Ã 8 ( for Ã 8BA Ã 8 õ . For � Ã 8:AHA c , it is

)YX �ñø OU J P D ^ ! Ã 8 (
Ò ! Ã 8 (�� (41)

where D ^ is given by eq. (37). We now show that for a given ) X and ) õ , the distanceb up to which a network canprobeincreaseswith � . This is tantamountto sayingthat
thesensitivity of a network increasesasa functionof � . For simplicity, assumethat the
detectorsareorientedin sucha way that � j is proportionalto � . This is the casewhen,
e.g., the È	
À��� ’s are all identical. Let )ZX � �7u � , i.e., Ã 8 õ �[� . As � increases,8 õ
increasesfor a given ) õ (seefigure1). However, giventhefact that �E1 Ã �P� b , we haveb 1 Ã �P� 8 õ . Thus,givena specificbinary, theratio of sensitivity of a network to thatof
a singledetectorbehavesasb !X�á(b !��£� c ( � Ã � �\8 õ !�� � c (8 õ !��á( � ^0_ j � (42)

which canbecomputedby using 8 õ !��á( from figure1. Theseratios,which arepresented
in table1. for �Q��� , ¢ , clearlyshow thatthesensitivity of suchanetwork increasesalittle
slower then Ã � . This impliesan increasein thesurvey volumeaccessibleto a network,
which, in turn, impliesanincreasedeventrate.
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Figure 1. The plot of ]�^ as a function of the detectionthreshold _`^ for different
number, a , of closelylocateddetectorsin a network.

Table 1. Theratioof thesensitivity of anetwork with acbedVf�g , respectively, relativeto
asingledetectorfor ]�hibejlk m , andcorrespondingtodifferentfalse-alarmprobabilities.

False-alarmprobability, ]n^
No. of detectors,a 0.33oqpMjVrKs ^ 0.67 oqpMjVrKsut 0.17 oqpMjVrKsut 0.33 oqpvjlrKs�w

2 1.33 1.33 1.33 1.34
3 1.55 1.56 1.57 1.58

6. Conclusion

The problem of detecting inspiral waveforms from coalescingbinaries via pattern-
matchingcanbemademoreaccurateby includingpost-Newtoniancorrectionsin thecor-
respondingfilters. In this regard, it hasbeenshown [15] that it is both necessaryand
sufficient to work with the restricted post-Newtonianchirp. The descriptionof the re-
sulting waveform involvesan extra parameter, apartfrom the setof eight parametersde-
scribedabove. However, as was shown by Sathyaprakash[16], for the astrophysically
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relevantrangeof parameters,theeffective dimensionalityof theparameterspaceremains
unchanged.Hence,evenaftertheinclusionof therestrictedpost-Newtoniancorrectionsin
thefilters, thedetectionproblemcanbeaddressedin thesamemannerasdescribedin � 4.

Whenthe detectorsarespatiallywell separated,the cross-correlations,+)
��� ’s, will be
dependenton the timesof arrival, W � 
��� ’s, which aredifferentfrom oneanother. Sincea
specificW � 
��� dependson thelocationangles5�3+�-2�8 , sowill +9
À��� . Hencethemaximization
of the SSover the four angles5�3=�02r�-4	�-³@8 thatwasperformedfor the same-siteapproxi-
mationabove,canno longerbeimplementedin thepresentcase.It canbeshown thatthe
SScanberecastin sucha way thatits dependenceon thecomplementaryangles5;4)�-³@8 is
isolated.Thisaidsin theanalyticmaximizationof theSSoverthesetwo angles.Themaxi-
mizationover theremainingfour parameters5�3=�02r�-W � �0¡18 canthenbeeffectednumerically
onafour-dimensionalparameter-spacegrid. Detailsof thesecalculationswill bepresented
elsewhere[17].
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