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ABSTRACT. In this paper, an hp-local discontinuous Galerkin method is ap-
plied to a class of quasilinear elliptic boundary value problems which are of
nonmonotone type. On hp-quasiuniform meshes, using the Brouwer fixed point
theorem, it is shown that the discrete problem has a solution, and then using
Lipschitz continuity of the discrete solution map, uniqueness is also proved. A
priori error estimates in broken H! norm and L2 norm which are optimal in
h, suboptimal in p are derived. These results are exactly the same as in the
case of linear elliptic boundary value problems. Numerical experiments are
provided to illustrate the theoretical results.

1. INTRODUCTION

In recent years, greater attention has been paid on the application of the discon-
tinuous Galerkin (DG) methods to a wide range of partial differential equations.
This is due to their flexibility in locally mesh adaption and their local conservation
properties. Since these methods deal with discontinuous finite element spaces, it is
easy to allow hanging nodes in the mesh, which is an advantage for the adaptive
methods. In literature, there are various DG formulations which have appeared for
the elliptic problems; see [3]. The local discontinuous Galerkin (LDG) method is
originally initiated for a system of first order hyperbolic problems. The method is
carried to elliptic problems for mixed discontinuous Galerkin formulation; see [9].
In [9], the authors discussed stability and order of convergence of the LDG method
applied to the Laplace equation. In [7], the LDG method is applied to a quasilinear
elliptic problem of the following type:

(1.1) —V-a(,Vu) = finQ

with mixed boundary conditions, where a is uniformly monotone. Under the as-
sumption that the nonlinear operator induced by a is monotone, it is shown in
[7] that the primal form of the LDG method is monotone. Then, existence of an
approximate solution for the LDG method is proved and a priori error estimates of
the h-version are derived. In [I2], a one parameter family of discontinuous Galerkin
methods which are parametrized by 6 € [—1,1] is applied to (ILI)) and a priori er-
ror estimates which are optimal in A and suboptimal in p are derived in broken
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H' norm. A new mixed local discontinuous Galerkin method is proposed and an-
alyzed in [8] for a class of nonlinear quasi-Newtonian Stokes fluids in which the
nonlinearity is assumed to be monotone. In [I1], a nonsymmetric interior penalty
Galerkin method is applied and analyzed for a class of problems in which nonlinear
convection and linear diffusion is considered.

We note that for nonmonotone nonlinear elliptic problems of the following type:

(1.2) -V - (a(z,u)Vu) = finQ,
(1.3) u = gon 0f,

where 0 < a < a(z,u) < M, it is difficult to extend the analysis of [7] or [12].
Therefore, an attempt has been made in this paper to study the LDG method for
the problem (L2)-(L3). We assume that 2 is a bounded convex polygon in R?
with boundary 0f2, and there exist positive constants a, M such that 0 < o <
a(z,u) < M, af(-,-) is a twice continuously differentiable function in Q x R and
all the derivatives of a(-,-) through second order are bounded in Q x R. Further,
assume that f € L?(Q), g can be extended to Q to be in H?(2) and there exists a
unique weak solution u of (L2)) -([L3) such that u € H?(Q) NW1>°(Q). The results
of this paper will be valid for nonlinear a(-, -) provided a(-,-) and its derivatives a,,
@y, are bounded above in a neighbourhood of u (see Remark B.2]). For notational
convenience, we write a(x,u) simply as a(u) in the rest of this paper.

In this paper, an hp-LDG method is applied to the problem ([2)-(L3) and error
estimates which are optimal in h and slightly suboptimal in p are derived. The
results proved in this paper are the same as in the linear case; see [I8]. Assuming
hp-quasiuniformity condition on the mesh, existence of a solution to the discrete
problem is proved using the Brouwer fixed point theorem for small i (mesh size).
Moreover, the Lipschitz continuity of the discrete solution map shows the unique-
ness of the solution of the discrete problem. Note that the present analysis, in
general, cannot be applied to nonlinear problems of monotone type [7], [§], [12].
Therefore, the extension of the results to more general nonlinear problems which
include monotone types as in the above references is the subject of our current
research.

The rest of the article is organized as follows. In Section 2, preliminaries and
basic results are noted. Section 3 is devoted to the LDG method and a priori error
estimates. In Section 4, numerical experiments are conducted to illustrate the
theoretical results for two different nonlinear elliptic problems. Finally, in Section
5, the article is concluded with some possible extensions of our results.

2. PRELIMINARIES

Let T, = {K; : 1 <i < Np} be a shape regular finite element subdivision of €,
where K; is either a triangle or a rectangle. For a definition of shape regularity,
we refer to [10]. Let h; be the diameter of K; and h = max{h; : 1 <i < N,,}. We
denote the set of interior edges of T}, by I't = {e;; : e;; = 0K; N 0K, |e;j| > 0}
and boundary edges by 'y = {e;s : e;9 = 0K; N0, |eig] > 0}, where |eg| denotes
the one dimensional Euclidean measure. Let I' = I'; UT'y. Note that our definition
of ey, also includes hanging nodes along each side of the finite elements. On this
subdivision T}, we define the following broken Sobolev spaces:

V ={ve L*Q):v|g, € H(K;), for all K; € T),}
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and

W = {w e (L)% : w|, € (H'(K,))?, for all K; € Ty},
where H!(K;) is the standard Sobolev space defined on K;. The associated broken
norm and seminorm are defined, respectively, as

Nh 1/2 Nh 1/2
2 2

ol .m) = (Z |U||H1(Ki)) and |v|g@1,) = <Z|U|H1(Ki)> :

i=1 i=1
We denote the L? norm by ||.]|.

Let e, € I'r, that is, e, = 0K; N 0K for some ¢ and j. Let v; and v; be the
outward normals to the boundary 0K; and 0K, respectively. On ey, we now define
the jump and average of v € V' as
U‘Ki + U\K,-

[’U]:U|K'i1/i—|—’U|K'jUj7 {1}}:4 5 J’
and the jump and average of w € W as

WlKi + W|Kj

—

In case e, € I'g, that is, there exists K; such that e, = 0K; N 0N, then set for
notational convenience, the jump and average of v € V as

W] = w|k, - vi + W[k, - vj, {w} =

[v] = v|K,no0V, {v} = v|K;noa;
and the jump and average of w € W as
W] = W|k,n00 - v, {W} = W|K,no0;
where v is the outward normal to the boundary 9. For w € W, we denote
w2 = w-w. Let Py, (K;) be the space of polynomials of total degree less than or
equal to p; on each triangle K; € T} and @, (K;) be the space of polynomials of

degree less than or equal to p; in each variable which are defined on the rectangles
K; € T},. The discontinuous finite element spaces are considered as

Vi, = {vn € L*(Q) : vk, € Zp, (Ki)}
and
Wy, = {wy, € (L*(Q))? : wi|k, € Zp, (Ki)?},
where p; > 1 and Zp, (K;) is either Py, (K;) or Qp, (K;). For any e € I'y, there are
two elements K; and K; such that e, = 0K; N 0K;. We associate hy, and py, to ey,

where py, is either p; or p; and hy, is either h; or h;. For e € I'p, since there is one
element K; such that e, = 0K; N OS2, we write pp = p; and hy = h; .

Assumption (P).

(1) The finite element subdivision T}, satisfies the bounded local variation in the
sense that if |0K; N JK;| > 0, for any K; and K; € T}, then there exists a
constant x independent of h; and h; such that

h; <

— < k.

h;
In particular, it implies that for any element K; the number of neighboring
elements K; € T}, such that |0K; N0K;| > 0 is bounded by N, uniformity.
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(2) The discontinuous finite element space D, (T},) satisfies the following bound-
ed local variation : If |0K; NOK;| > 0, for any K; and K € T}, then there
exists a constant ¢ independent of p; and p; such that

Bi < 2,

bj
where |.| denotes the one dimensional Euclidean measure.

Regular subdivision [10] and 1-irregular subdivision [16] are some examples of sub-
division T}, of Q satisfying the assumption P(z).

Assumption (Q) (hp-quasiuniformity, [16]). Along with the assumption (P),
we also assume that the subdivision T}, and discontinuous space D, (T},) satisfies
the following hp quasi-uniformity:

h; hi
(2.1) ( max —l> < CQ( min —Z),
1<i<Np p; 1<i<Np p;
where C is a positive constant which is independent of h and p.
Observe that under the assumption (2]), the following holds:

i hi hi\ hi
(2.2) < max —2) ( max —Z> = ( min —Z) < max —Z) < Cqg.
1<i<N, hy 1<i<Ny p; 1<i<Ny p; 1<i<Ny p;

Finally, for v € V, we define the following mesh dependent norm

Np, 2
2
Il = (mem(mﬁ > [ h—’;[v]2ds>.
i=1 €k

ex €l

Approximation properties of the finite element spaces. Below, we state
without proof a lemma on some approximation properties.

Lemma 2.1. For ¢ € H*(K;)?, d = 1, 2, there exists a positive constant Ca
(depending on s but independent of ¢, p; and h;) and a sequence qﬁ}; € Zp,(K;)4, pi
1,2, ..., such that:

(i) for any 0 <1 < sy,

h hl'”_l
¢ — byl (riye < OAPZSH DIl £rsi (x2y

4

where p; = min(s;, p; +1);
(i) for s; > 1+ 3,
wi—l—1/2
¢ — (bZHHl(ek)d < CAW”(MH%‘ (K45
(iii) for0 <1< s; —1+2/r,
pi—l—1+2/r
ll6 — ¢Z|\W¢(Ki)d < C’AWWHH%(KWI-

The proof of properties (i) and (ii) can be found in [d]. Then using properties (1)
and (3) in Lemma 1 of [1] and rescaling, see [2], it is easy to derive the property
(ili). We now denote In¢ = ¢}t
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Trace inequality. We shall use the following trace inequality on the finite element
spaces. For a proof, we refer to [19].

Lemma 2.2. Let v, € Z,,(Ki)4, d =1, 2. Then there ezists a constant Cp > 0
such that

(23) ||VlvhHL2(e,€)d < CTpih;1/2HvlvhHLz(Ki)d, = 0, 1.

Below, we state without proof a lemma on inverse inequality. For a proof, we refer
to [15, p.6], [5].

Lemma 2.3 (Inverse inequalities). Let v, € Zp,(K;)4, d =1, 2. Then forr > 2,
there exists a constant Cy > 0 such that

(2.4) lonllirne < Crpi "R D lonll 2y 1= 0, 1.

K2

In this paper, we use the following version of Poincaré type inequalities on V. For
a proof, we refer to [6], [15].

Lemma 2.4 (Poincaré type inequalities). For v € V, there exists a constant Cp >
0 independent of h and v such that for 1 <r < oo

[0llLr @) < Cplllv]l]-

Lemma 2.5 (L2-projection I). Let 9 € H*(K;)? and v, = Il € Z,, (K;)? be
the L* projection of 1 onto Zy,(K;). Then, the following approzimation properties
hold:

1/2

h ht
1% — Yplle(riy2 + ; 1Y — ¥ulleor) < Cp_§||w||H5(Ki)2

and
hH_l/Z
1Y — ¥pllax): < Cpi_il/glllﬁllm(m)z,

K3
where = min{s, p; + 1}.
Proof. First, inequality of the lemma follows from Lemma [2.I] and the trace in-

equality (23). For the estimate of |[1p — b}, || 4(k,)2, We use inverse inequality (Z.4)).
This completes the proof. O

In our subsequent analysis, we use the following Taylor series expansion for s
and 7 € R:

(2.5) a(s) = a(7) + ayu(s)(s — 7),
where a,(s) = /0 ay (T + t(s — 7))dt, and
(2.6) a(s) = a(1) + au(1)(5 = T) + Guu(s)(s — 7)%,

where @y, (s) = /0 (1 = t)ayyu(T + t(s — 7))dt.
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3. LOCAL DISCONTINUOUS GALERKIN (LDG) METHOD

The LDG methods were originally initiated for the system of first order hyper-
bolic problems. To define the method, we rewrite the equation (I.2)) as a system of
first order equations. We introduce auxiliary variable @ = Vu and o = a(u)q and

rewrite (L2)-(T3) as:

(3.1) q = Vu inQ,
(3.2) o = a(u)q in Q,
(3.3) -V.-o = finQ,
(3.4) u = g on 0.

We multiply the equation B by w € W, the equation (B2) by 7 € W and the
equation B3) by v € V and integrate over the element K € T,. Then using the
integration by parts formula, we obtain

(3.5) /q-wdm—k/uV-wdx—/ uw - vgds = 0,
K K oK
(3.6) / a(u)q - Tdx — / o 1dr =0,
K K
and

(3.7) / o - Vudr — / o vivds = / fudx.
K oK K

Note that there may be difficulty in defining © and q on K. Therefore, this is just
an initial formulation which is helpful in defining the approximate method given
below. The approximate solution (un, qn, o) € Zp(K) x Zy(K)? x Z,(K)? is
defined using above weak formulation, that is, by imposing that for all K, for all
(Uh, Wh, 'Th) S ZD(K) X Zp(K)2 X Zp(K)2,

(3.8) / qn - wpdr + / upV - wrpdr — / uwy, - vgds = 0,
K K 0K
(3.9) / a(up)qp - Th — / op - Thdr =0,
K K
and
(3.10) / o - Vopdr — / O - UgUpds = / fopdz,
K 0K K

where the numerical fluxes 4 and & have to be suitably chosen in order to ensure
the stability of the method and also to improve the order of convergence. As in the
case for linear elliptic problems, we use the following choice of numerical fluxes.

If e, € 'y, then the numerical fluxes are defined on ey, as:

(3.11) a(un) = A{un}+ Crz- [ual,
(3.12) o(un, o) = {on} — Culun] — Cialon],
and if e € I'g, then the numerical fluxes are taken as:

(3.14) 6 = o, —Cu(u,—g)v,

(=3
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where Ciile, = 0pi/hg, 3 > 0, and C12 € R? on e, € I'y; we set Ci2 = 0 on
er € I's. The numerical fluxes are conservative since they are single valued on
er € I'y, that is, on e € I'y,

(3.15) [a] =0, [6] =0,
and consistent since the following holds for smooth u and q:

(3.16) a(u) = u,
(3.17) 6(u, o) = o.

We sum (B.8)-BI0) over all elements K € Tj,. Then using the conservative property
(BI8) and the definition of numerical fluxes, we obtain the following equations:

Nn
(3.18) /Qqh - wrdr + ;/Kiuhv - wpdx — /FI({Uh} + Cha.[up])[wr]ds

:/ gwyp, - vds,
Ta

Ny,
(3.19) S / o - Vondz — / ({on} — Cuafun] — Cualon])[onlds
i=1" Ki r
Z/fvhdx-l- Crigvnds,
Q I's

(3.20) / a(up)qp, - Trdx — / o Thdr = 0.
Q Q

Let z € L?(Q) and (¢, p), (v, w) € V x W. We define the following bilinear
functional A; : W x W — R as

Al(p,w) = / Pp-w dl‘,
Q

Ay : W xV — R as

Ny,
Ap(piv) = Z/Kp-VU dx—/r({p}—C'lg[p])[v} ds

= > [ o epdrs [ ((oh+ O )] s
J:VxV >R as

T(6,v) = /F Culollv] ds

and B: W xW — R as

B(z;p,w) = /Qa(z)p -w dx.

We also define the linear functionals L1 : W — Rand Ly : V — R as

Li(w) = /1“ gw.v ds and La(v) = /va dx + g Chigv ds.
e e]
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Using the above definitions, we write the LDG method for the problem (B)-([B2) in
compact form: Find (up, qn, o) € Vi x W, x Wy, such that for all (v, 74, Wp) €
Vi, x Wy, X Wh,

(321) Al(qh,wh) — Ag(Wh, uh) = Ll(Wh),
(3.22) Ag(O’h, Uh) + J(uh, ’Uh) = Lo (’Uh),
(323) B(uh;qh,‘rh) —Al(O'h,’Th) :0

Since the numerical fluxes @ and & are consistent, we note that the following identity
holds for all (v, 7, w) € V x W x W:

(3.24) Ai(q,w) — Ag(w,u) = Ly (w),
(3.25) As(o,v) + J(u,v) = La(v),
(3.26) B(u;q, 1) — A1(o, ) = 0.

In order to derive the a priori error estimates and to prove existence of a unique
approximate solution to the problem B2I)-(B23), we proceed as follows. Using
the equations B2I)-([B26]), we write for all (v, Th, Wp) € Vi, X Wy X Wy, as

(3.27) Ai(q—qp,wp) — As(Wp,u —up) =0,
(3.28) As(o — op,vp) + J(u— up,vp) =0,
(3.29) B(u;q,71) — B(un;Qn, 7h) — Ai(e — o, T) = 0.

Adding and subtracting B(u; qn, T1), we rewrite (3:29]) as

B(u;q—ap, Th) — Ai1(e — o, Th) = /(G(Uh) —a(u))qy - Trdz,
Q
and now,

Blu;q— qu, ) — Ao — on ) + /Q (au(u)(u — up))q - Trde

= / (a(up) — a(u))(qn — q) - Thdx + / (a(up) — a(u) — ay(u)(up —u))q - Trde.
Q

Q

For notational simplicity, we introduce for 7, p, g € W and ¢, v € V,
Nwaiom) = [ (eu(wayo-r de
Nilv—uip—a.7) = | (av) ~ aw)(p—a) - 7

:/auw)(vfu)(pfq»rdx,

and
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Hence, the equations (B27)-([329) take the form

(3.30) A1(q — qp, wp) — Ao(Wp,u —up) = 0, wy, € Wy,
(3.31) Ag(o — op,vn) +J(u—up,vp) =0, v € Vi,
(3.32) B(u,q—qn, 7h) + N(u,q;u — up, 7h) — A1(o — op, Th)

= Ni(up —u;qn — q, Th) + No(up — u; g, Th), Th € Wy
Now, we prove a coercive type inequality which is useful in our error analysis.
Lemma 3.1. There exist positive constants C; and Co = Co(u) such that for all
(v, w) eV xW,
. . 2 2 2
B(u;w,w) + N(u, q;v,w) + J(v,v) > C <||w|| + > [ Cull ds) — Ca|lo||.
epel €k

Proof. Since a(u) > a > 0, we obtain
B(u;w,w) = /Qa(u)w -w dr > allwl?.
We note that |a,(u)q| = [a,(u)Vu|] < M|lu|wr.q) and
[N (u, q; v, w)| < Mlullwr0 (o) [[v]] [|w]] < Clu)ljo]| [[w].
Now, it is easy to see that

B(u;w,w) 4+ N(u,q;v,w) + J(v,v)

v

alwl* +J(v,0) = C)|lv] [[wl]

2C (u)?
2L .

\%

SIWI? 4 (v, 0) -
This completes the rest of the proof. O

Existence and uniqueness. Below, we recall the Brouwer fixed point theo-
rem [I4, p. 218] which is subsequently used to prove the existence of a solution

(up,dn,on) to the discrete problem (B.I8)-(320).

Theorem 3.2 (Brouwer fixed point theorem). Let X be a finite dimensional Hilbert
space and K be a nonempty, convex and compact subset of X. Let ® : K — K be
a continuous map. Then, there exists a v* € K such that ®(v*) = v*.

For a given z € Vj, we define a map Sy : Vj, — Vj, by Sp(z2) = y € Vj, and
qd., 0, € Wy, satisfying

(3.33) Ar(a — gz, wp) — Ag(wp,u—y) =0, wp € Wp,
(334) AQ(U — Oz, Uh) =+ J(’LL - Y Uh) = 07 Up € Vha
(335) B(’LL, q-—qz, Th) + N(U” qu—Yy, Th) - A]_(O' — Oy, Th)

= Ni(z —u;q. — q,7h) + No(z —u;q, 1), 7 € Wi

Using the definition of I}, we write ey = u —y = &§, — 1, where {, = Iu — y and
Ny = Ipu —u. Similarly g = q—q. = §, —n, and e, = 0 — 0, =, — N,
where §, = Inq —qz, n, = [ha—q, §, =llo — o, and n, = llo — o. With these
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notations, rewrite (3:33)-(3.35)) as

(3.36)

Ar(&gswn) — Ao(wp, &) = A1(ng, i) — Ao(Why ), YWy € W,
(3.37)

A2(&,,vn) + J(§y,vn) = Aa(ng,vn) + J(Musvn),  vn € Vi,
(3.38)

B(“?éqv"'h) + N(U,q, fyaTh) - A1(€g77h) = B(U, nqv‘rh) + N(U,q, s Th)
—Ai(My,mh) + Ni(z —wiqz —q,7p) + No(2 —wsq, 7)), T € Wi

First we show that Sj, maps from a ball Os(I,u) to itself, where
Os(Ipu) ={z € V} : |||z — Thul|| < 6},
and for € > 0,

1/2
(3.39) =7 (Inu|||2+ [ngl1* + llm, 1 + Z/ 2{|ng|}2d5> -

el

With a series of lemmas and theorems, we prove existence and uniqueness results.
In Lemma 3.3, we estimate the interpolation errors 7, M4, and 1,. The nonlinear
terms N; and Ny are estimated in Lemma [B.4] and Lemma [B.5] and are used in
proving Theorem 3.7, Theorem 3.8 and Theorem To avoid repetition of calcu-
lations, we prove Lemma which is used subsequently in the proofs of Theorem
B and Theorem In Theorem 377 and Theorem [B:8 we estimate the errors ||&,, ||
and ||e,]|, respectively. We then verify the conditions of the Brouwer fixed point

theorem for S, in Theorem [3.9 and Theorem

In the following lemma, we estimate the interpolation errors. The proof is an

easy consequence of Lemma 2]l and Lemma and is, hence, omitted.

Lemma 3.3. There is a constant C' which is independent of h and p such that

Nh 2;,&
h 0
(Inu|2+llnql2+llnall2+ Z/ {ng|}2d8> < C(Z P Va2 )

el i=1

Nh h2/,l4:
(3 )

=141

where p;” = min{s;,p; + 1} and p; = min{s;,p;}.

Since u € H%(Q), using Lemma B3] it is easy to see that

1
(340) 0<C (||u||H2(Q)) he ( maxh hz/pll/2> .

In the following lemma, we derive bounds for the nonlinear terms N; and Ns.

Lemma 3.4. Let Assumption (Q) hold and z € Os(Ipu). For any 0 < € < 1/2,

there exists a constant C such that

(341)  |Ni(z = wieq, m) + No(z — usq,7)| < C (B2, ||+ hV/2< 8) .
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Proof. First, we consider the first term on the left hand side of (341]) and rewrite
it as

M —wa—ar) = [ a)E- 0 - rd
= —/ au(2)(z — Ihu)§, - Tdx + / ay(2)(z — Iyu)n, - Tdx
Q Q
(3.42) - /Q au(2)nué, - Tdz + /Q au(2)nung, - Tda.

Using inverse inequality ([24) and Lemma 2] we estimate the first term on the
right hand side of (8:42) as

Nn
|/Qdu(z)(2—lhu)$q-rdx| < CZ”Z_Ihu||L4(Ki)||£q||L4(Ki)2||T||L2(Ki)2
N i
= CZZQ/2||27I}1U||L4(K¢) 1€, 112 xcy2 1T L2 k)2
il 1/2
= ¢ (m}; Z—/> llz = Znull] 1| I

< 3 _ K3
< Ol o, ) e\, o e I
(3.43) < ChV2 e, ).

For the second term on the right hand side of (8:42]), use Lemma (23] and trace
inequality (23] to obtain

Np,
\/Q&U(Z)(Z*Ihum*dwl < CZIIZ*IhU||L4(K1->||nq||L4(Ki)2||T||L2(Ki)2
;hl /2
< CZi—/Q”Z—IhUHM(Ki) lallar (x> 1Tl 22(x,)2
=13 h1/2
<c (mz@ p—/) 2 = Dl oy 7]
(3.44) < ChY25 7.

Similarly, using inverse inequality (2.4]) and Lemma[2.T], the third term on the right
hand side of (342)) is estimated as

Ny,
I/Q&u(z)nuﬁq'del < > Il 1€l a2 I7llzecxy2
=1

Np h3/2 p}/z
< CZ%&HUHH?(&) #Héq”LQ(KiP||T||L2(Ki)2
i=1D; i
(3.45) < Ch &l Il
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Then, using Lemma 2], we bound the fourth term on the right hand side of (3.42)

as

Np

> s Inglizaccne 1712k

i=1
Ny, h1—1/2

Y i Inallzagco lall oy 171z ooy
i=1P;

CRM2|[[nul] |1l

(3.46) ChY%*<s |7,

Finally, consider the second term on the left hand side of (B:41]). A use of Holder’s
inequality with Poincaré type inequality yields

IN

| / (21, - 7]
Q

IN

IN N

Np,
| / dun(a-Tdzl < O3 InulZay 1Tl

=1
< Ollnalll? 17l 2,2
< Chl|[nalll Il
(3.47) < Ché 7.

Now combine ([B:42))-([B-47) to complete the rest of the proof for any 0 < e < 1/2. O

In the following lemma, an estimate for the nonlinear terms Ny and N5 is derived.
This is used in the proofs of Theorem and Theorem [3.101

Lemma 3.5. Let z € Os(Inu). Then, there exists a constant C' such that
(348)  |Ni(z —useq, 7) + Na(z — u;q,7)| < Cll]z — ul ||| 7] ae)
+ Cllegll [llz = ulll I7ll2+(-
Proof. Consider the first term on the left hand side of (848]). Using the arguments
as in Lemma [3.4] we arrive at
M- ua-an) = | [ @ o - ol
Q
(3.49) Clllz = ulll llegll |71l ()2
Next, consider the second term on the left hand side of ([848). Using Holder’s

inequality and Poincaré type inequality we bound the term as:

INo(z — s q,7)| = |/Qduu(z)(z—u)2q~7'da:|

IN

IN

CHZ — U||%4(Q) ||(31||L4(Q)2 ||T||L4(Q)2

IN

(3.50)
We now combine (349)-@B50) to complete the rest of the proof.

Clllz = ulll® I7llza (e

Using Lemma [Z.1] and Lemma 23] we prove the following results which will be
useful in proving Theorem [3.7 and Theorem

Lemma 3.6. There exists a constant C such that

[ B(u;ng, Th) + N, @510, 70) = A1 (05, 70)| < C (gl + Inall) I7all, 71 € W,
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and for wp € Wy,
1/2
| A1 (g, wi) — Az (Wi, nu)| < C ([0, )17 + [|lml]1?) 72 lwall.

Proof. Since n, = Ilo — o, where Ilo is the L? projection of o, an appeal to the
Cauchy-Schwarz inequality yields the proof of the first inequality of the lemma. For
the second inequality, we note from the definition that

Nh

Au(ngwn) = Aalwnn) = [ ngwade+ Y [ 0¥ wads = [ (aiwilds
Q i=1 K; 'y

(3.51) —/F Cha.[nu][wr]ds.

For the second term on the right hand side of (8.51]), we integrate by parts to obtain

Nh Nh
Z/ .V - wpdz —/ {nu}wr]ds = —Z/ Vi, - Wy, —|—/[77u}{wh}ds,
i=1 K; I'r =1 Ki r

and hence, using trace inequality (23) for [ = 0, we arrive at

Np

652 I3 [ w9 wide— [ {ndiwilds] < Cllml] [l
i=1 "7 Ki Ly

A use of the Cauchy-Schwarz inequality implies that

(3.53) | /Q 1y - Wndz| < || [whll-

Next, using trace inequality (Z3]), we bound the last term on the right hand side

of BXE]) as:
) 1/2
>/ Q—i[nu12> €, I

er€lr

(3.54) | [ Cra[nu][walds| < C(

Ty
We now combine B5I)-(B354) to complete the proof of the lemma. O
Using Lemma 34 and Lemma [3.6] we now estimate &, in the following theorem.

Theorem 3.7. There is a constant C such that for 0 < e < 1/2
€1 < © (Nl + €yl + lmall + lim, |l + 12/27<6)

Proof. Using the equation ([B:35), we write

B(U;éq, Th) + N(U, q; gya Th) - Al(ﬁgﬂ'h) = B(U, nqa Th) + N(U, q; 77y77'h)
(3.55) —A1(Ng, Th) + N1(z —useq, ) + Na(z — u; q, 7).

Set T, = &, in (B55) to obtain

/Qé.a '£ad$ - B(U,gqaéq)JFN(U,QEfya&g)*B(UEUq,éa) 7N(uﬂq;f’7y7€a)
(356) +A1(T’o'a 50’) - Nl (Z — U eq7 £o’> - N2(Z —u;q, 50’)
Then, a use of Lemma [3.4] and Lemma [3.6] completes the proof of the theorem. [

Using Lemma B4l Lemma B0 Lemma and Theorem [B.7] we estimate ||e,||
in the following theorem.
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Theorem 3.8. Let z € Os(Ipu) and (y, q., 0;) € Vi, x Wy, x Wy, be the cor-
responding solution of (B33)-B33). For any 0 < e < 1/2 the following estimate
holds:

1/2
legll < Cl<1gl<N 1/2> <||£ I+ > Cnﬁy > + Coll|z — ull®

el

1<i<Np

h;
+03(h6+h1/2‘€)< max 1/2> 8+ Calleg] [llz = ull]-

Proof. We now apply the duality argument. Consider the following auxiliary prob-
lem:

-V - (a(u)Ve) + ay(u)Vu-Vo = e, inQ,
¢ = 0on 99,

which satisfies the elliptic regularity

(3.57) 181l 1r2(2) < Clleyl-

In order to write the mixed weak formulation, let p = V¢ and —¢ = a(u)p. Then,
we obtain

(3.58) p = VoinQ,
(3.59) -1 = a(u)pin Q,
(3.60) V-Y+a,(u)g-p = e,in Q.

We multiply B.60) by e,, B59) by e, and (B.ES) by e,, and then integrate over Q2
to arrive at

ley? = / e,V i + / au(u)qey - pdz + / a(u)p - eqdz + / e,
Q Q Q Q

—/p-eadx+/V¢~egda:.
Q Q

Since [¢] =0, [¥p] =0 on e € I'; and ¢ = 0 on 052, we write

”ey”2 = Al(eqﬂl’) - A2(1/’76y) + B(u;eq,p) + N(uaq; eyvp) - Al(eaap)
+Az(eq, ¢) + J(ey, §).

Then, using equations (B:33)-(B38), we obtain
(3.61)

ley|? = Ar(eq,my) — A2(nysey) + As(eo,ng) + Blus eq,m,) — Ar(eq,n,)
+ N(u,q;ey,m,) + J(ey,1p) + Ni(2 — us €4, Ip) + N(q; 2 — u, I,p),
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where 1y = ¢ — In¢, n, = p — Irp and n,, = 9 — IlYh. We now expand (B.61) to
find that

Np

e = [ eyomyde— [ eqemde sty [ e, mudo [ {e)imlds
Q Q i=1 K; Iy
Nh
+ Z/ eo'v%dx—/({eo}—cn[@y} — Crzleq])[mp]ds
i=1 "7 Ki r

+ / a(u)eq - n,dr — / Clg.[ey][nw]ds + / au(u)qey - n,dx
Q r; Q
(3.62) — Ni(z —useq, Inp) + No(z — u; q, Inp).

Since Il is the L? projection of v, we bound the following terms using Lemma
as:

Nn N,
> [ ¥ mde [ qedmdsi= 1= [ Ve, ndo [le)n,)as
i=1 K; Iy i=1 K; T

Np

Np,
:|fZ/ Vnmnwd:v*Z/ ny'rlwder/[ey]{mp}dﬂ
i=1 7K i=1 K r

Mo o 1/2
<C <Zp_§|v’7u|2L2(Ki)> [l 1 (02

=17

(S ([ fere)” (] )

el

Mo o 1/2
<C <Zp—§|vnu|2L2(Ki)> [l 1 (02

i=1"7
(3.63)
2

12 1/2
kP, 12
+ (Z /ekphk[eu] ds) [Pl )z

2
exel k

Next, using Lemma T we find that

N 2 i 1/2
(3.64) | Qeq “nydr + o a(u)eq - myda| < C Zp_gneq”L?(KiP [Pl ()2

=111
Again a use of Lemma 2] yields

N 1/2

N
h hZQ
(3.65) IZ/K ea-dem—/ﬂeo-n,,dx\ SC(ZP—ZIIeaIIi2<m2> 161l 122
i=1 7 Ki

i=1141
and

Np

1/2
n?
(3.66) | auturae, - nydsl < € (Zﬁneyn%fz(m) e

i=1"1
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Using Lemma 25 we obtain

s = ¢ ([ cunse) (] mre)

ep€lr

1/2
h2
C(Z / —SCu[edes) 1P a1 (@)
ep €l ¥ €k Pk

Now an application of Lemma 2] with trace inequality (23] implies that

| [ter ~ Cufeadnlas < 3 (/ (&alHlnells + [ (1] )

el

N

(3.67)

IN

1/2
h3
< k{|€ }2ds + k{lng|}2d$> ¢l m2(0)
(3 [ fuenas [ ] e
<c ( ma 1/2> 1€ 1 161

1/2
(3.68) <Z s {Ino|}2d$> [l 20

el ¥V €k
and
1/2 pz 1/2
[entedmlas < ¢ X ([ entepas) ([ Fpnpas)
T ekEF €k k
2o e\
(3.60) <ol Y / M CnleyPds | N10llae)-
erel ekpk

Finally, using Lemma B35 and || I,p||14()2|| < C||plla1(q)2, we find that
[N1(2 — u;eq, Inp) + Na(2 — u;q, 11 p)|
(3.70) < COlllz = ulll* [plla @) + llegl 1z = ulll [plla @2

We combine the estimates (3.63)-([B.70) and then use elliptic regularity (B.57) to
obtain

N, 1/2
eyl <€ (Z AR / kCn €y]2d8> + o]z = ull?

’LlZ epel

1/2
h2
+Cy (Zp (17l + gl + o2y ))

i=1""1

13 1/2
(Z/ Sl s+ [ —§{|m}2d8> + Cliegll Iz = ul
e €l er Pr

(3.71)

Now, a use of Theorem B:ZI completes the proof of the theorem. O
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Using Lemma [3.3] Lemma B4 Lemma and Theorem B.7] we prove in the
following theorem that Sy maps Ogs(Ixu) into itself.

Theorem 3.9. For all 0 < h < hy where hg < 1, there is a 6 = 6(h) > 0 such that
Sr maps from Os(Ipu) into itself.

Proof. Set v, = &, T, = §, and w;, = &, in (3.36)-(B.37). Using Lemma 3.1 we

obtain

o (||sq||2 +f cu[gy}?) Gl P < Au(E, E,) — AslE, 6) + B(uiy €,

)
—A2(&,,€,) + N(u,q; 6y, €,) + A2(&,, &) + T (€0 &)
= A1(ny,€,) — A2(&omu) + Blusng, &) — A1(n,,€,)

+N(u,q;nu,§ )+ Aa(n,, &) + T (N, &y)

(3.72) +N1(z —useq, &) + Na(z —u;q,&,).

From the definition of As and J, we write

Nh

A2(N5,8y) + T (M &y) Z/ Ny - Véyda

(3.73) - / ({1} — Cualna] — Cazlm, )€, )ds

Since Ilo are L? projections of o onto W}, we obtain

Np,
(3.74) > / n, - Véydz = 0.
i=17Ki

Next using trace inequality ([23) and the assumption that Ci1le, = Bpi/hi, we
bound the following terms as:

1/2
3 / {Ing|}2d8> J(€,6)

| / {n,} - Cuiln] - Coln,)lglds] < C
el

+ C T (Mus ) I (Eys Ey)-
An appeal to Lemma 3.6 with 7, = £, and wy, = &, yields

(3.75) |B(usng, &) + N(u, @510, 8,) — A1(n5,€,)| < Cllingll + lnulDIIE,]

and

(3.76) [A1(n4,€5) — A2(&55m)| < Cllnulll [1€,1]-

For the last two terms on the right hand side of (3.72), we set 7 = £, in Lemma
B4 to obtain

|N1(Z_u7 eqvéq)+N2(z_u;qa€q)| S thl/z*e”éq”2
(3.77) +h1P7C 5 g, -

From Theorem 3.7, we arrive at

(B78) €0 < C (Nl + 1€l + lmall + limgll + I | + 517246
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We now combine the estimates (B72)-([B78)) and obtain for sufficiently small &

(||sq||2+ / 011[5y12) <o (IInuII2+|?7q||2+||770|2+h1_2€52

+Z/ g{lna|}2d8> + gy 2

el

(3.79) < Cp(hPe+h17%) 6% + Collg |1
Using Theorem [3.8 and the estimate ([B79), we obtain for sufficiently small h,

1/2
(3.80) (I& P+ Onfy ) <C(n 4 n2 4 5)0

el

Next, set wj, = V&, in ([B30]) to obtain

Ny, Ny,
= A1(ny; V&) — A2(VEy,mu).-
An integration by parts yields
Np
Z; /K Ve, Vedr = - /Q €, VE,dr+ /F 1€, 1{VE, Vs + /F Culg (Ve s

*Al(nqa vfy) + Ag(ny, M)
Apply trace inequality (23) and Lemma to obtain

N 1/2
(Z / ||ny||%2(mdx>
i=1 7 Ki

1/2
< o(||sq|2+ / 011[5y12ds+||nu||2) .

Hence, using 3.80)-([B8T]), we obtain for small » and 0 < § < 1 with 0 < e < 1/2

(3.81)

(3.82) el < ¢ (hf FRY2e 5) 5 <.
This completes the rest of the proof. O

We now prove in the following theorem that S}, is Lipschitz continuous.

Theorem 3.10. Let 21, 22 € Os(Ipu) with 0 < § < 1. Then for sufficiently small
h and 0 < e < 1/2, there exists a constant C such that

(3.83) 1Shz1 — Spaall] < CRY27E||21 — 22]||-

Proof. Let y; = Spzi, 4., = q; and o,, = o, for i = 1, 2. From Theorem [3.9] and
the estimates [B.78)) as well as (B:80)), it follows that

(Nlys = Tnulll + lla = Tnall + s =Tl ) < € (n° + A2 +6) &,
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Using [333)-(338), we note that for any (wp,vn, 7h) € Wj X Vi, x W,
Ar(ar —az, wp) — A2(Wh,y1 — y2) =0,
Az(o1 —o2,00) + J(y1 — y2,0n) =0,

and
(3.84)
B(u;q1 — 92, Th) + N(u, q; 91 — Y2, Th) — Ai(o1 — 02, Th)

- / (a(21) — a(w)) (@ — ) - Tda + / (a(21) = a(u) — au(w)(s1 — u)q - Thde
Q

Q

- / (a(z2) — a(u))(q2 — q) - Thdx — / (a(z2) — a(u) — ay(u)(z2 — u))q - Thdx.
Q Q
We rewrite (B.84) as
B(u;qr — a2, 7h) + N(u, qsy1 — y2,Th) — A1(01 — 02, Th)

— [ (ae) ~ aea))(ar ~ @)~ [ (alz2) - a(w)(ar — ) - Tado
Q Q

+ /Q(a(zl) —a(z2) — ay(22)(21 — 22))qcot Thdx

— / (ay(22) — ay(w))(z1 — 22)q - Thdx.
Q

Now using similar arguments as in Theorem B.9, we first obtain

1/2
(3.85) <|Q1 —@lP+ > [ Culy - y2]2d5> < CLhM 2|21 = 22|

er €LYk
+ Callyr — 2|
and
(3.86) loy —oall < CihM 2 €21 — 2| + Collyr — wol.
Then an application of duality argument as in Theorem 3.8 yields
1/2
(3.87) lyr — 2|l < CRMZ <||0h —@l*+ ) [ Culy - y2]2d5> :
er €V €k
Since
1/2
(3.88) [[yr — w2l < C (”CIl —ql+ > / Culy — y2]2d8) :
ep €l Y ¢k
we combine the estimates (3.85)-([B.88) to complete the rest of the proof. O

Now, we can conclude from Theorem [B.I0 that the map S} is well defined,
i.e., the linearized problem [B.33)-(3.30) is well-posed and continuous in the ball
O;(Inu). Hence, an appeal to the Brouwer fixed point theorem, that is, Theorem
3.2 with X = V;,, K = Os(Ipu) and ® = Sy, implies that Sp, has a fixed point wuy,
in Os(Ipu). Then, using Theorem B0 it is easy to see that uy, is the unique fixed
point in Os(Ipu) for small h. Moreover, (un,qn = Qu,,0n = 0y, ) is the unique

solution for the problem B.30)-([3.32).
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A priori error estimates. Note that uy, satisfies the estimate (8:.82)) and Theorem
B8l and qy, satisfies the estimate (3.80). Hence, by choosing e = 1/4, we easily prove
the following theorem.

Theorem 3.11. There exists a constant C' such that for sufficiently small h the
following estimates hold:

Np 2/11 h2u;‘
=l < cZ( o IVl + i H(K)>
Np 2 ui h2uf
la—anll® < CZ( —[[Vull e K)+F”uHHS +1(K)>
K2
and
+ x
h2 N h2ﬂz hzﬂl
_ 2 < C M 7 25. 7 25v
Ju—un|* < e ; o [Vull% R ll2eir i,y |

where ;i = min{s;, p; + 1} and pf = min{s;, p;}.

Remark 3.1. Note that the error estimates obtained in the above theorem are
optimal in A and suboptimal in p. These estimates are exactly same as in the case
of linear elliptic problems; see [18].

Remark 3.2. In the proof of Lemma [3.4] Lemma and also in the subsequent
results in Section 3, we have assumed that the range of %(x, v),r€QveER, =
0,1,2, is a compact set, say [m, M] C R. But, we note that asymptotically only the
values of v € [m,, — 8%, M,, + §*] C R, where 0 < §* < 1, m,, = inf{u(z) : z € Q}
and M, = sup{u(z) : x € Q} are considered to derive the proof of Lemma 3.4
Lemma and the subsequent results. To be more precise, the terms a,(z) and

Guu(2), z € Os(Ipu) in B42) and B41) (see the estimates (3.43)-(B50)) can be

estimated as follows. Using inverse inequality [I7, p. 916], we obtain
(3.89) HZ - IhuHLm (K;) < Cp1/2 _1/4H2 - Ihu||L8(K1).

Since z € Os(Ipu) with 0 as in (339), we find using (3:89), Lemma 24 and Lemma
21l that

Iz =ullpoe) < Mz = Inull o) + [Hnu = ullpe o)
p/?
< (g, S - Bl + Vi el
pl/Q
= ¢ <1§2’&h h1/4> Iz = Inull| + [[Tnu — ul| Lo ()
pi’” hi
< C(llullmz@)h (15‘1%3{\7;1 W) <1<1<N pl/ > + C H“||H2 Q)
1/2 h1/2 L
< 3/4—¢ p;
< Ch (1231\7, h1/2> (122% 1/2) +C [ull 2 (@)
< CP¥* Nl 20
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Therefore, for sufficiently small h, ||z[|z~@Q) < 0% + [Jul|p~(q), where 0 < §* <
1. Now, since the nonlinear functions a, and a,, are continuous, they map the
compact set [m, — 0%, M, + §*] to a compact set in R and hence, the results in
Lemma 34 Lemma and the subsequent results in Section 3 remain valid when
a(z), ay(z) and ay,(2) are bounded for bounded w.

4. NUMERICAL EXPERIMENTS

In this section, we discuss some numerical results to illustrate the performance
of the LDG method applied to two different types of nonlinear elliptic problems.
Since the scheme deals with discontinuous finite element spaces, the global basis
functions can have support only on a single finite element. Hence, the assembly of
the local matrices to the corresponding global matrices is easier than in the case of
the conforming finite element method.

For both the examples, we take @ = (0, 1) x (0, 1) and g = 0. The finite
element subdivision 7T}, is of uniform triangles and the discontinuous finite element
spaces of degree p =1 and p = 2 (p; = p Vi). Take the stabilizing parameter 5 =1
and set C12 = (1, 1). The LDG method BI8)-@20) has three unknowns, namely
up, qp and o,. Using (BI8]), we first solve qp in terms of uj, to write the system
BI9)-@20) in two unknowns wuy and op. Then, we apply Newton’s method to
solve this nonlinear system.

Let {1#1}51“’1 and {¢; fvz”l denote bases for Wy, and V}, respectively, where N,
and N, denote the dimensions of Wy, and V. Then, define the following matrices:

(4.1) A= [amlhgm,zgz\rw , B= [blihglgNw 1<i<N, > D= [dij]lgi,jSNu

and the vector

L= [lihgiSNv,l )

where

Nn
ami = / Yy - Yyd, by = Z/ iV - apdr —
0 =k,

;=Y | Culpidioslds, and I; = /Q fonda.

> [ 1o+ Culolwas.

er€lr

el €k

Write

N, Ny Ny
(4.2) up = _aigi, qn =Y bigp and o = > iy,

i=1 =1 =1
where a = [a1, @g,...,an,], b= [b1, b2,...,bn,] and v = [y1, Y2,...,7n,]- Using
the bases for V}, and W,, (BI8) can be reduced to the following matrix equation:
(4.3) Ab + Ba =0, with A, B defined in (@I]).

Since the basis functions {@bl}l]\i * can be assumed independently in each triangle
K € T}, the symmetric positive definite global matrix [A] has the following block
diagonal form:

(A = [ (Ao [Arey, ]|
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where only the diagonal entries are shown. The other entries in [A] are null matrices.
The element matrices [Ag,] are symmetric and positive definite for i = 1, 2, ..., Ny,
and [A]~! has the block diagonal form

A7 = [[Ar] 7 s Ay, 17
From (3), it is easy to see that b = —A~!Ba. Substituting b = —A~!Ba in

BI19)-B20), using @I)-(E2) and the bases for V;, and Wy, (B.19)-B20) can be

reformulated as: find [y, a]” such that
Fl(y,a) =0for 1 <i <N,
F2(y,a) =0 for 1 <1< N,,

where
Ny Ny
le(77a) - Z ’Ym(_bmz)_'_za]d]z l’L7
m=1 j=1
N, Ny Ny
FP(y,a) = /Q al|d a6, (Z{AlBa]mwm) Ay = Y Y
j=1 m=1 m=1
N,
and [~A7'Baly, = = Y (A7'B)m 0.
j=1

In order to solve the nonlinear algebraic system, we apply Newton’s method.
The Jacobian Matrix J of the system takes the form
-BT D
=[5 g
where G = [g;;] = [0F}?/0c;] and BT is the transpose of B.
Below, we have discussed two examples; one with a(u) = 1 + u? and the other

with a(u) = 14+ u, u > 0. Note that using Remark 3.2, the results of Theorem 3.11
are valid.

Example 1. In this example, we set the nonlinear term a(u) as 1+wu?2, and choose
the load function f suitably so that the exact solution is u = z(e — e®)y(e — e¥).
The initial guess for Newton’s iteration is taken to be the solution of the LDG
method corresponding to the linearized problem, i.e., by setting a(u) = 1. For this
example, we consider the approximate solution obtained after 10 iterations. The
order of convergence for e, = u — up and e, = q — qy, is computed for the cases
p = 1 and 2. Figures [1l and 2] show the computed order of convergences for ||e,||
and ||leql|, respectively, in the log-log scale. These computed order of convergences
match with the theoretical order of convergence derived in the Theorem [3.11}

Example 2. Set the nonlinear term a(u) as 1+ w and choose the load function
f so that the exact solution is u = 27/2(1 — 2)y™/?(1 — y). The initial guess and
the number of iterations for Newton’s method are taken as in Example 1. We then
compute the order of convergence for e, = u — up and e, = q — q; for the cases
p = 1 and 2. Figures B and [ show the computed order of convergences for | e,]|
and ||eql|, respectively, in the log-log scale. These computed order of convergences
match with the theoretical order of convergence obtained in Theorem [B.111
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FIGURE 1. Order of convergence for ||e,|| in Example 1.
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FIGURE 2. Order of convergence for ||e,|| in Example 1.
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5. CONCLUSIONS

In this paper, we have discussed the hp-local discontinuous Galerkin method
(LDG) for a class of quasilinear elliptic problems of nonmonotone type. Using
the Brouwer fixed point theorem, we have shown that the discrete problem has
a solution under hp-quasiuniformity assumption on the mesh. Further, using the
contraction of the discrete solution map, uniqueness is proved. The error estimate
obtained are optimal in h and suboptimal in p. These results lead precisely to the
same h-optimal and mildly p-suboptimal rate of convergence as in the case of linear
elliptic problems; see [I8]. The results of this article can easily be extended to the
problems in 3 dimension and to the problem —V - (a(uw)Vu) 4+ ao(u)u = f(u). With
appropriate modifications in the analysis, it is possible to extend the theoretical re-
sults to the problem ([2))-(3]) when a(u) is a bounded uniformly positive definite
matrix. The numerical experiments presented in this paper illustrate the perfor-
mance of the LDG method when it is applied to nonlinear elliptic problems. The
extension of the results of the present paper to more general nonlinear boundary
value problems is the subject of our current research.
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