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ABSTRACT. We recapture Kuperberg’s numerical invariant of 3-manifolds as-
sociated to a semisimple and cosemisimple Hopf algebra through a “planar
algebra construction”. A result of possibly independent interest, used during
the proof, which relates duality in planar graphs and Hopf algebras, is the
subject of a final section.
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1. INTRODUCTION

Throughout this paper, the symbol k will always denote an algebraically
closed field and H = (H, u,1,4,¢,S) will always denote a Hopf algebra over k
that is both semisimple and cosemisimple. We use S to denote the antipodes
of both H and its dual Hopf algebra H*. The notations & and ¢ will be re-
served for the unique two-sided integrals of H and H* normalised to satisfy
e(h) = (dim H)1y = ¢(1g) (in which case ¢(h) = (dim H)1). We will iden-
tify H with H** and write the scalar obtained by pairing x € H with ¢y € H* as
one of (x), x(¢), (, x), or (x, ). Thus for instance, (¢, Sx) = (x, S).

We will need the formalism of Jones’ planar algebras. The basic reference is
[4]. A somewhat more leisurely treatment of the basic notions may also be found
in [7]. (Mostly, we will follow the latter where, for instance, the *’s are attached
to “distinguished points” on boxes rather than to regions.)

While Vaughan Jones (who introduced planar algebras) mainly looked at
“C*-planar algebras”, which are a fortiori defined over C, we will need to dis-
cuss planar algebras over fields possibly different from C. We will, in particular,
require some results from [8] about the planar algebra P = P(H) associated to
a semisimple and cosemisimple Hopf algebra H over an arbitrary (algebraically
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closed) field. (To be entirely precise, we should call it P(H, §), where ¢ is a solu-
tion in k of the equation 6> = (dim H)1, as we have in [8]; but we shall be sloppy
and just write P(H ), with the understanding that one choice of a ¢ has been made
as above.) In the sequel, we shall freely use “planar algebra terminology” without
any apology; explanations of such terminology can be found in [7] or [8].

This paper is devoted to showing that a “planar algebra construction”, when
one works with the planar algebra P = P(H), yields an alternative construction
of Kuperberg’s “state-sum invariant”, see [9], of a closed 3-manifold associated
with H.

We start with a recapitulation of Kuperberg’s construction, which involves
working with a Heegaard decomposition of the manifold. We describe Heegaard
diagrams in some detail in the short Section 2. Another short section, Section 3,
describes our planar algebra construction. A long Section 4 contains the details of
the verification that the result of our construction agrees with that of Kuperberg's,
and is consequently an invariant of the manifold. Given a directed graph G em-
bedded in an oriented 2-sphere, and a semisimple cosemisimple Hopf algebra
H, we associate, in Section 5 (which is self-contained and may be read indepen-
dently), two elements V (G, H) and F(G, H) of appropriate tensor powers of H.
We show that V(G, H) and F(G, H*) are related via the Fourier transform of the
Hopf algebra H.

Our initial verification that Kuperberg’s invariant could be obtained by our
planar algebraic prescription depended on the graph-theoretic result above; what
we have presented here is a shorter, cleaner version of the verification which only
uses a special case (Corollary 5.2) of this result (which latter special case is quite
easy to prove independently).

2. KUPERBERG'S INVARIANT OF 3-MANIFOLDS

In this section we describe Kuperberg’s construction of his invariant. In ad-
dition to Kuperberg’s original paper [9], a very clear description of the invariant
can be found in [2] which gives yet another construction.

The only 3-manifolds discussed here will be closed and oriented. Kuper-
berg’s invariant (which is also defined for 3-manifolds that are not necessarily
closed, though we restrict ourselves to these) is constructed from a Heegaard di-
agram of the 3-manifold. We recall, see [11], that a Heegaard diagram consists of
an oriented smooth surface X, say, of genus g, and two systems of smoothly em-
bedded circles on X, which we will denote by ut,...,usand Lq,..., L (to con-
form to Kuperberg’s upper and lower circles), such that each is a non-intersecting
system of curves that does not disconnect X. (Note that a system of g non-
intersecting simple closed curves on a genus g surface will fail to disconnect it
precisely when the complement of the union of small tubular neighbourhoods of
the curves is a 2-sphere with 2g-holes). However the U-circles and L-circles may
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well intersect but only transversally. There is a well-known procedure for con-
structing a 3-manifold from such data, and a theorem of Reidemeister and Singer
specifies a set of moves under which two such Heegaard diagrams determine the
same 3-manifold. It is a fact that either (i) reversing the orientation of X or (ii)
interchanging the systems of U- and L-circles determines the oppositely oriented
3-manifold.

Consider now a genus ¢ Heegaard diagram (X, us,...,us,Ly,..., Lg). The
computation of Kuperberg’s invariant requires a choice of orientation and base-
point on each of the circles us,...,us,Ly,..., Lg, so fix such a choice. We assume
that none of the base-points is a point of intersection of a U- and an L-circle. Set

= U'NL,K = ]_[Kt,Kt ]_[Ki, ]_[Kl and let klt,k’ k:, k denote their

cardinalities respect1vely (I1 denotes dls]omt umon) Traverse the circles L to
L¢ in order beginning from their base-points according to their orientation and
index the points of intersection by the set Iy = {(t,p) : 1 <t < g1 < p < k),
with the lexicographic ordering of I} agreeing with the order in which the points
of K are encountered. Refer to this as the “lower numbering” of the points of
intersection. Next, traverse the circles U' to U$ the same way and index the
points of intersection by the set v = {(1,j) 11 <i<gl1<j< ki}, with the
lexicographic ordering of I agreeing with the order in which the points of K are
encountered. Refer to this as the “upper numbering” of the points of intersection.
These give bijections / : I, — Kand u : IY — K.

Consider now the elements Ay, (h) @ - - ® Ay, (h) € H® and A () @+ ®

Axs(¢) € (H*)®K. Also consider, for each g € K, the endomorphism T, of H* (or
of H) defined to be id or S according as the tangent vectors of the lower and upper
circles at the point g, in that order, form a positively or negatively oriented basis
for the tangent space at g to X. Kuperberg’s invariant is obtained by pairing these
off using the bijections [ and u after twisting by the Tj.

Here, and elsewhere in this paper, we will find it convenient to use two
bits of Hopf algebra notation: (i) superscripts indicate that multiple copies of
Haar integrals are being used, while (ii) subscripts indicate use of our version
of the so-called Sweedler notation for comultiplication, according to which we
write, for example, A, (x) = x1 ® - - - ® x,, rather than the more familiar A, (x) =
Y(x) X(1) @ -+ - @ X, in the interest of notational convenience.

Thus explicitly, suppose that ¢ and d are the numbers of isolated U- and L-
circles repectively in the Heegaard diagram. Then Kuperberg’s invariant is given
by the expression:

—2g+2c+2d t(q) i(q)
o g(<hp(q)’ Tedjiq))

where t, p and i, j are the obvious projection functions on I; and IV regarded as
functions on K via the | and u identifications respectively. We may also rewrite
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this expression as
g2 P 4t u i(I1(t,p))
2.1) o ( [ Tisn ity )
= p=

Note that the 62 is absorbed into the product as those terms for which k; = 0,
each of which gives a hf(e) = 2.

That this expression is independent of the chosen base-points follows from
the traciality of ¢ and i on H and H* respectively while independence of the
chosen orientations follows from the fact of S being an anti-algebra and anti-
coalgebra map. The main result of [9] is that this is a topological invariant of
the 3-manifold determined by the Heegaard diagram and is, in a sense that is
made precise there, complete. We note that Kuperberg’s invariant is a “picture
invariant” in the sense of [3].

3. APLANAR ALGEBRA CONSTRUCTION

In this section, we will describe our method of starting with a connected,
spherical, non-degenerate planar algebra P with non-zero modulus 4, and asso-
ciating a number to a Heegaard diagram with data (Z, ul,...,us,Ly,..., Lg) as
above.

Associated to such a Heegaard diagram is a certain planar diagram that
conveys the same information. This is also often called a Heegaard diagram but
in order to distinguish the two, we will refer to the latter picture as a planar Hee-
gaard diagram. The planar Heegaard digram is obtained from the Heegaard dia-
gram in the following way. Remove thin tubular neighbourhoods of the L-circles
from X to get an oriented 2-sphere with 2¢ holes. Now a U-circle U’ becomes
either (a) a simple closed curve on this sphere with holes, in case k' = 0, or (b) a
collection of k' arcs with endpoints on the boundaries of the holes, if k' > 0.

Fix a point on the sphere, and identify its complement with the plane, with
anti-clockwise orientation, and finally arrive at the associated planar Heegaard
diagram, which consists of the following data:

(i) a set of 2g circles (the boundaries of the tubular neighbourhoods of the
L-circles) that comes in pairs, two circles being paired off if they come from the
same L-circle, and denoted L}, Ly, ..., L;, Ly (with L} and L; being paired for
each 7, and the choice of which to call + and which — being arbitrary);

(i) diffeomorphisms of L; onto L, which reverse the orientations inherited
by L from the plane;

(iii) collections of k; distinguished points on each of L,” and L, , that are points
of intersection with the U-curves, which are mapped to one another by the dif-
feomorphism of (ii) above;



PLANAR ALGEBRAS AND KUPERBERG'S 3-MANIFOLD INVARIANT 163

(iv) a collection of curves, which we shall refer to as the strings of the diagram,
which are either (a) entire U-circles which intersect no L-circles, or (b) arcs of
U-curves terminating at distinguished points on the L-circles.

It is to be noted that the planar Heegaard diagram is specified by the asso-
ciated Heegaard diagram together with a “choice of point at infinity”.

From a planar Heegaard diagram we create a planar network in the sense
of Jones. For this, we will first make a choice of base-points on all the circles Li,
taking care to ensure that (i) the base-points on L;” and L; correspond under the
diffeomorphism (of 2 above) between LF, and (ii) the base-points are not on the
U-curves.

Next, thicken the U-curves of the planar Heegaard diagram to black bands.
If the bands are sufficiently thin, no base-point on the L-circles will lie in a black
region. We will refer to the L;" as “positive circles” and the L, as “negative cir-
cles”. Each of the positive and negative circles now has an even number of dis-
tinguished points on its boundary, these being the points of intersection of the
boundaries of the black bands, i.e., the doubled U-curves, with the circles. For
each circle Lti, start from its base-point and move clockwise until the first band
is hit, at a distinguished point, and mark that point with a *. This yields a planar
network in Jones’ sense. Call it N.

The boxes of this network are the holes bounded by the circles Lti. There
are 2¢ of them with colours ki, ..., k¢, each occuring twice, and we denote these
boxes by B;". (Recall that k; is the number of points of intersection of L with all
the U-curves in the original Heegaard diagram.) Suppose that the boxes of N are
ordered as Bf’ /By, B;,’, BéT . The number we wish to associate to the Heegaard
diagram is given by the expression

(3.1) gtk ) 78 (o ® -+ @ )

where Z[, is the partition function of the planar network N for the planar algebra
P and c; € P, ® Py is the unique element satisfying (id ® 7)((1 ® x)cx) = x for
all x € Py, and 7 is the normalised “picture trace” on the P;. The element ¢y is
sometimes referred to as a quasi-basis for the functional 7 on P, see [1], and its
existence and uniqueness are guaranteed by the non-degeneracy of 7. It is true
and easy to see that

i€l
whenever {fj : j € J} and {f/ : j € ]} are any pair of bases for P which are dual
with respect to the trace 7, meaning that

' 0 ifi#j
1) = /
wlfif!) { 1 ifi=j.
We will show that when P = P(H), the expression given by (3.1) agrees
with Kuperberg’s invariant.
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We would like to remark that the expression given by (3.1) is independent
of the chosen base-points (because ¢y is invariant under Zg ® Z;-1, where R is
the k-rotation tangle) and also independent of the choice of which circles to call
positive and which negative, due to the symmetry of c; under the flip (which is
an easy consequence of the traciality of 7).

4. CONCORDANCE WITH KUPERBERG’S CONSTRUCTION

Our aim in this section is to show that when P = P(H), the construction of
Section 3 yields the same result as that of Section 2.

We begin by observing that the construction of the previous section makes
perfectly good sense at the following level of generality. Let us say that a planar
network is box doubled if there is given a fixed-point free involution on the set of its
boxes which preserves colours, i.e., its boxes are paired off with each k-box being
paired with another such. Suppose P is a connected, spherical, non-degenerate
planar algebra with non-zero modulus § and N is a box doubled planar network
with 2¢ boxes; let o € X5, be any permutation with the property that the boxes
Dy (31-1)(N) and D, (o) (N) are paired off, and are of colour k;, say, for 1 <1< g.
Then define

(4.1) TP (N) s= ottt 20, (6 @ @ i)

where, for m € X,, m(N) refers to the network which is N, but with its boxes
re-numbered according to 7t - see [7]. Thus, again by equation (2.3) of [7], we
have

P(N) = o~ Rtk ) 28 (U, (o, @ - @ cr, ),

n
where the notation U, refers, as in [7], to the invertible operator U, : ® V; —
i=1

n
Vy-1(i), between n-fold tensor products, defined by
i=1

n
Ur (@), vi) = &) Vo1 -
i=1

The motivation for this definition, and in particular for the normalisation,
comes from the (1 + 1) TQFT of [6]. Symmetry of the Ck; under the flip implies, as
in Section 3, that the definition T (N) depends only on N, P, and on the pairing
between the boxes of N, and not on the choice of the permutation ¢ above.

For the rest of this section, we assume that

(i) P = P(H). (Recall that in this case H = P, with non-degenerate trace given
by & = 572(1)')

(if) N is obtained from a planar Heegaard diagram D, and we assume that the
choices of Lf are made in such a way as to ensure that the orientation inherited
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by L;" (respectively, ;") from the choice of orientation made for L; in Kuperberg’s
construction is the clockwise (respectively, anticlockwise) one.

(iii) The base points chosen on L;t to define N correspond to the choices in
Kuperberg’s construction.

(iv) N has 2g boxes Bf /By, B;, Bg_ in that order, where the BfE have colour
ki and have been paired off as above, with the boundary of B being identified
with Lf[. Thus, the boxes of N are naturally indexed by X = {(t,¢) : 1 <t < g e €
{+,—1}}. (So, we may choose ¢ to be the identity permutation in the computation
of TP(N).)

We will proceed to calculate t”(N) in several steps. Our first step will be to
relate T (N) and 77 (N), where N is a box doubled planar network that contains
only 2-boxes (and is built from N).

In an obviously suggestive notation, we set N to be the planar network de-
fined by

N = Nopeeexy ({S(te)}),
where S(t, €) is defined to be Cy, or C;; according as € = + or ¢ = —, and the tan-
gles Cy are defined in Figure 1 and their adjoint tangles are illustrated in Figure 2.

FIGURE 2. The tangles C; fork > 2,k =1and k = 0
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Note that N is box doubled, by pairing off the p*" box of Cy, with the p'’ box
of Cy,.
Our immediate aim is to prove, with the foregoing notation, that

(4.2) gt +hs P (N) = 6%87P(N).
For this, we begin by noting that in P,, we have
(4.3) c) = h1 ® Shy = Shy ® hy.

In order to prove equation (4.3), note that, for all x € H, we have
. 1 . 1
(idn @ ~) (1 ©3) (1 @ Sha)) = (idy © 9 (m @ xShy)

= (idy ® ) (nx @ Sha) = p(Sha)hx = x

The second identity of equation (4.3) is established in similar fashion.
The next step towards proving equation (4.2) is to establish the following
identity fork = 04,1,2,.. .

(4.4) 8% = (Zc, ® Zep ) (U, (¢579))
where 0} € Xy is the permutation defined by
o 1 2 3 4 - 2k-1 2k
TN k+1 02 k+2 - k0 2k )

Note that U, maps H ®2k into itself, and we find from the definition that

Uy, (a(1)®b(1) ®a(2) @b(2) @ - - @ a(k) @ b(k))
4.5) =4(1)®---®@ak)@b(1)®--- @ b(k)

for any a(i),b(i) € H.

We shall now prove equation (4.4) for k > 2. The verification of the equation
in the cases k = 0, and k = 1 is easy, and is a consequence of the facts Z¢, (1) =
ch(l) = 510+ and ch = 8(')11 = (S ¢} S)(-)11 = ZC{‘

We now wish to observe that what was called X} in Lemma 5 of [8] is noth-
ing but the tangle Cy o (12), so that

24, (@) = 22 ((@et9) =14).

It follows from Lemma 5 of [8], that for k > 1, the LHS of equation (4.4) is given by
o =0" Y Zc(ey® - ®e  ®1)® ZC;(efl ® - @ek1®1)

iefk-1
= (Zo, ® Zcy) [u,,k ((k (e, ® eff)) ®(1® 1))] (by equation (4.5))

|
_

T
\
I,
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= (Ze, ® Zc)[Us (Y @ (1@1))]  (by equation (3.2))
k-1 ‘

= (Zc, ® Zcy) [u(,k ( R, @ shh) @ (1® 1))] (by equation (4.3))
j=1

46) =8Ze (Moo ol ©l)®Zc(ShesShe - @Sk 'e1).

On the other hand, equations (4.5) and (4.3) imply that the RHS of equation
(4.4) is given by

Ze, (M@ @ Q1) © Ze: (Shy © S @ - - @ Shy).

To proceed further, we need the following consequences of the so-called
“exchange relation” (see [10] and [8]) in P(H):

Ze(a(1) ®a(2) @ - @ a(k))
= Zc, (a(1)Sa(k)g-1 @ a(2)Sa(k)x—2 @ - @a(k —1)Sa(k); ® 1),
Zc:(a(1) ©a(2) @ - @a(k—1) @ Sa(k))
= Zcy(a(k)ra(l) @ a(k)2a(2) @ - - - @ a(k)_1a(k —1) ® 1),

for arbitrary a(1),--- ,a(k) € H. (It is still assumed that k is larger than 1.)
We may now deduce that the RHS of equation (4.4) is given by

Ze (Shi_ @ISk ,®- - @hySh©1) @ Ze(hiShy® i S @- - -@hsy_,Shb ')
= Zc (WhEShE_ @ W3hE ShE_, @ - @ BX—1hk, ,ShE @ 1)
(4.7) ® Zc: (Shy @ Sh5 @ -+ @ Shs ' ®1)

where we have used the Hopf algebra fact xShy ® h1y = Shy ® hyxy in the last line
above. Yet another Hopf algebra fact guarantees the equality of the right sides of
equations (4.6) and (4.7); this other (easily established) fact is that

hShy—1 ® Mgy 1Shi_2 ® -+ ® hy_oShy = 62 191,
Now for proving equation (4.2), note that
7P (N) = %=tk 0 (o @ - @ o)

8
= ¢kt tke) 7B { ®(ngt ® ZIC);Z )(ngf (C?kt))} (by equation (4.4))

(4.8) _ (5—(k1+~~-+kg)zz%(ua(ci®k)) _ §(k1+~..+kg)TP(N) )
where the last step uses the fact that one choice for the permutation o € Xy that
~ 8
is needed in the computation of 7"(N) is given by ¢ = ][ 0y,; and equation (4.2)
i=

has finally been established.
Next, note that K’ splits the U-circle U' into k' strings if k' > 0 or into a
single closed string if k' = 0. For (i,j) € IY, define e(i, j) to be the string bounded
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by u(i,j — 1) and u(i,j). (The symbols I and u refer, of course, to the lower and
upper numbering defined in Section 2. Further, we adopt the cyclic convention
that u(i,0) = u(i,k).) Orient each string of the diagram to agree with the choice
of orientation of the U-circles in computing Kuperberg’s invariant.

We shall use the symbol E to denote the set of non-closed strings of the
diagram D and C to denote the set of closed strings. Thus |C| is the number of
isolated U-circles, which was earlier denoted by c. Note that each e € E comes
equipped with the data of various features of its source and range; specifically,
we shall write:

(i) a(e) (respectively, z(e)) for the point in K at which the string of the Hee-
gard diagram which corresponds to e originates (respectively, terminates); (these
depend only on the original Heegaard diagram).

(ii) a(e) (respectively, ¢(e)) for 1 or 2 according as the string in D which cor-
responds to e originates (respectively, terminates) in a positive or negative box;
(these depend on the planar Heegaard diagram derived from the original Hee-
gaard diagram).

Note that, by definition,

(4.9) z(e(i,j)) = ale(i,j+1)) =u(ij) V1<i<g1<j<K,
with the convention that e(i, k' + 1) = e(i,1). Note also that the maps
z,a:E— K

are bijections and in particular, that |E| = k.

We will need to recall the definition and some basic properties of the Fourier
transform map for a semisimple and cosemisimple Hopf algebra. This is the map
F: H — H* defined by F(x) = 6 '¢1(x)¢>. The properties that will be relevant
forus are (i) FoF = S, (ii) Fo S = SoF, (iii) F(1) = 6 '¢ and F(h) = ée. An
easily proved Hopf algebra result is:

(4.10) (F ® F)(hl ® Shz) = ((P1 ® 4)2)

We refer the reader to [8] for an explanation of the notations involved and a
proof of the following result which appears as Corollary 10 there.

PROPOSITION 4.1. Let P = P(H) and Q = P(H*) where H is a semisimple and
cosemisimple Hopf algebra. Suppose that N is a planar network with g boxes all of which
are 2-boxes. Then:

z8 =23 oF%,
where both sides are regarded as k-valued functions on H®S.

It follows from Proposition 4.1, equation (4.8) and equation (4.10) that
T!(N) = 6= Bt I Z8 (g (e37))

(411) = 57T 78 (U (91 @ ¢2)°)).
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We next apply Corollary 3 of [8] in order to evaluate Z%f (Uy ((¢1 @ ¢2)®5)).
According to this prescription, which was first outlined in the case of the group
planar algebra in [10], given a planar network with only 2-boxes that are labelled
by elements of H, its partition function is computed by first replacing each 2-box
labelled by a with a pair of strands, where the one going through x is labelled
a1 and the other Sap. The labels on each loop so formed are read in the order
opposite to the orientation of the loop and §~!¢ evaluated on the product. The
product of these terms over all loops is the required scalar. We assert that applied
to N, the number of loops formed is given by 2g + k + 2c.

For instance consider the planar Heegaard diagram of L(3,1)#(S? x S!), the
connected sum of the lens space L(3,1) and S? x S!, shown in Figure 3. It consists

FIGURE 3. The planar Heegaard diagram for L(3,1)#(S? x S!)

of 2 U-and 2 L-curves. The L curves have their & versions and are shown as dark
circles along with basepoints chosen on Lli (the others are irrelevant), while the
U-curves are shown by lighter lines. One of the U curves is isolated (the one
around L) while the other breaks up into 3 strings. The labellings of the points
of intersection between the L- and U-curves is the “lower numbering”.

The planar network N corresponding to this Heegaard diagram is shown in
Figure 4. The planar network N~ is, by definition, obtained from N by moving all
the *’s anticlockwise by one and therefore ZI%* (Uy ((¢1 @ ¢2)#2)) in this example
is given by the labelled planar network in Figure 5. Applying the procedure of
Corollary 3 of [8] to this labelled planar network yields the labelled loops as in
Figure 6. It should now be clear why even in the general case, the number of
loops obtained is 2¢ + k + 2c.
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‘ S

FIGURE 4. The planar network N for L(3,1)#(S% x S!)

FIGURE 5. Z%_(Ua((% ® ¢2)3))

Furthermore, a little thought shows that, in general, just as in this example,
ZI(% (U ((¢1 @ $2)¥)) is the product of the following 4 types of terms:

(a) for each circle of the form L/, a term 6~ 1h(t+) ( H ¢1t P ),

(b) for each circle of the form L, , a term 6~ Lp(t, ( H S(p(t ki+1=p ),
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\Y
,

(13)
LB

€
(z‘ﬂq)

FIGURE 6. The labelled loops for Figure 5

(c) for each closed string in C, a multiplicative factor of (6 1h(e))? = &2, and
(d) for each non-closed string e € E, a term of the form ¢~ 1he(Ta4)(t”’p g Tz¢é.tz P2) ),
where [71(a(e)) = (ta,pa) and I71(z(e)) = (t;,pz) and T, (respectlvely T;)is S

or id according as e originates (respectively terminates) at a positive or negative
box.

Note that (i) since the computation is being done in Q = P(H*), h and ¢
have interchanged roles, as have 1y and ¢ and (ii) the prescriptions of (a) and
(b) also work for L;’s where k; = 0 with the obvious interpretation of the empty
product.

To summarise, we have seen that

Z2 (Us((r ® ¢2)°))
_ 528+2k ﬁ j(E+) ( ﬁ ¢§t,p)> ﬁ L) ( ﬁ S(Pit,kt-i-l—p))
=1 p=1 t=1 p=1

x TTH(Tagle T o))
ecE
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g k g
_ 5—2g+2c—kljh(t,+) ( Ij (Pit,p)) qh( (H S(P(t Ji+1—p )

tﬂ a (tz,pz
% Hhe T[l ( P TZ‘P(‘ p )
ecE

8 ki 8 k
_ (572g+207k1—[h(t,+) < 1—[ ¢it,P)) Hh(t,f) ( 1—'[ S(pét,karl*P))
_ _ — p=1

x TLonty" (Tal) 4@” 1 (T:h5)

where the second equality is a consequence of an application of ¢ ® ¢ ® ¢P3 ®
P = 1 @ P1 @ Pr @ P3 to each p(tP). We are guilty of a little sloppiness in the
equations above, since actually, t,, pa, tz, pz, Ta, T; are all functions of e; for in-
stance, f,(e) = t(a(e)) while

(412) T, (6) = STa(e)'

(The T; )y on the right side of the last equation refers to the T used in Section 2.)
Using the relations Sh = h and h? = §2h, it is easy to see that

8 kt 8 kt 8 kt
Hh(t,—i-) ( H ¢A(1t,p)) Hh(t,—) ( H S¢§f,kt+1 p)) _ 52g1_[ht ( H gb:())t,p)),
t=1 p=1 t=1 p=1 t=1 p=1

and therefore we have:

Z8_(Us((¢1® ¢2)°))
8 ky
(4.13) = T TTm (T8 ) TTodel (Tl (Tohs).
t=1 p=1 ecE

We will next analyse the terms in the product coming from e € E by group-
ing together those terms where the ¢’s come from a single U-curve. In other words
we write:

tﬂl a tz, z arsra zZ/Pz
[Tolu mam)oler(mmg) =TT TT elet™ (Tl (Tons)
ecE {i:1<igg,Ui¢C} ecU!
and for a fixed i such that U’ ¢ C (so that k' # 0), consider the expression given

by the product H (p(t” e (Tahe)(pgze)pZ (T:h).

Now ui comprlses the edges e(i,j) where 1 < j < k; suppose a(e(i,j)) =
I(t i 1,p] 1) so thatu(i,j) = z(e(i,j)) = l(t}, p;) (where we adopt the convention

that (tO/po) ( z/sz))
It follows, from equation (4.12), that

(ta,pa (t,p- LS p ) (i), (EPD) (i,j)
H‘P pe) Tuhe)(l)g p:) Tzhe H‘P (] ] ! STa(e(i,j))hi K )¢§(Je(,{j))(STz(e(i,j))h;l] ) .

ecU!
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After some minor rearrangement, this product may be rewritten as
K iy
(t,p}) e(ij)\  (tiP) e(ij+1)
L1 92(eqi) STetetiin 2™ W) STateienp )
]:

Hopi . .
The definitions show that the j term in this product is gbi " (hg(z’] )Shi(l’] +l))

(p< i (h3 (i +1)Shg(” )) according as e(i, j) terminates at a positive or negative
C1rc1e Fmally, the product above may be written as:

p)
H¢1 i STl(tlp)( (Z])Sh (lHl))).

Next, we appeal to Corollary 5.2 (g — ¢) times, once for each nonisolated
‘ K (i i j i ok « K 4
U, from which we get: @ hy"sii"™) = 5 F= (A,;¢') = @ 6F(¢), which
i=1 =1

implies that
K () ) gpeid+)y (”; i
10177 57055500 = T 57, 0
=1

Observe that (t,p) = (t;-, p;) if and only if l(t,p) = u(i,j) if and only if i =
i(I(t,p)) and j = j(I(t, p)). It now follows from equation (4.13) that

8 ki .
o ; i(I(t, ,

Z5- Us(¢r @ 92)°) = 8T (Tt (Tiepy GF@ 005

= p:

8
= TTH (T o\ STy F
1

— 52

t=

g

()
i(1(t,p))
OFSTy1,p F (4’j<l<t,p>)))

ki
p=1
kt
n(T1
t=1 p=1
e T (TI T (0P
- H (H l(t'p)((i)]'(l(f/l?))))'
t=1 p=1
Finally, a perusal of equations (2.1) and (4.11) completes the verification that
Kuperberg’s invariant is indeed given by t”(N).
5. ON SPHERICAL GRAPHS AND HOPF ALGEBRAS

Throughout this section, the symbol G will denote an oriented graph em-
bedded on an oriented smooth sphere S?. Thus G comprises a finite subset V C
S? of vertices and a finite set E of edges. We regard an edge e € E as a smooth map
from the unit interval I to S? such that ¢(0),e(1) € V and such that e is injective
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except possibly that e(0) = e(1). Two (images of) distinct edges do not intersect
except possibly at vertices. Thus multiple edges and self-loops are allowed. An
edge e is regarded as being oriented from ¢(0) to e(1). We regard G as the subset
of S? given by the union of its edges and isolated vertices, if any. By a face of G,
we mean a connected component of the complement of G in S2.

We will use the terms anticlockwise and clockwise to stand for “agreeing
with the orientation of” and “opposite to the orientation of” S? respectively. If
u is the direction of the oriented edge ¢ at a point p, and if v is a perpendicular
direction such that {u, v} is positively (respectively, negatively) oriented (accord-
ing to the orientation of the underlying S?), we shall call the points near p on the
side indicated by v as the “left” (respectively, “right”) of the edge e.

We digress now with a discussion of tensor products of indexed families of
vector spaces. We consider only finite indexing sets. For a family {V} : g € K} of
vector spaces (over some field k), which is indexed by the finite set K, we define

& Vj to be the quotient of the vector space, with basis consisting of functions
gekK

f:K— 1] V;suchthat f(q) € V, for all g € K, by the subspace spanned by
geK

{f—ﬂélfl — ayfs : 3g9 € K such thatf(q) = { {:115[1)( )_{_252}2([1) iigiZg }

We denote the image in @ Vj of the function f by ® f(q). If {T; : V; —
gek gek

W, }4 is an indexed family of vector space maps, there is a natural induced map
RQRT;: @ Vo — Q@ W,
qeK qekK qeK

In the important special case of this indexed tensor product when V; = V
for all g € K, we will also denote ® V, by V¥K. We adopt a similar convention

gek

for tensor product of vector space maps.

Note that if K = {1,2,...,k}, then @ Vj can be naturally identified with
gekK

k
® V; = V4 ® - ®Vj, and in particular, we will write V¥K = V®k More gen-
=1

erally, if K is a totally ordered finite set with |K| = k, then V®X can be naturally
identified with V. Even more generally, a bijection, say 6, from a set L to a set

K, induces a functorial isomorphism, which we will denote by 6, from ® Vo
leL
to ® Vi, and in particular from VZL to V¥K, In the sequel, we will use without
keK
explicit mention, the canonical identifications

®(1]E[1 ~ ® veki - (yekyel Y ®(LXK)

iel
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To the pair (G, H) (of a graph and a Hopf algebra), we shall associate two
elements of H®E. One of these is computed using the faces of G and is denoted
by F(G, H) and the other is computed using the vertices of G and is denoted by
V(G, H). The main result of the section relates F(G, H*) and V (G, H).

We will make use of the example illustrated in Figure 7, of a directed graph
G with eight vertices and three faces, with multiple edges (e4 and e5 between
vertices 5 and 6) and an isolated vertex (vertex 8), to clarify our definitions.

3 4
f3
e6

80

e7
FIGURE 7. The graph G

Let D(V) denote the set E x {0,1}. For a vertex v € V, let D, denote the
set {(¢,i) € D(V) : e(i) = v} and let d, denote its cardinality which is the de-
gree of v. Consider an enumeration of D, in clockwise order around the ver-
tex v. This is, of course, determined once one of the edges at v is chosen as
the first. For our example, the sets D,, with their elements listed in a possible
order, are: D; = {(e1,0)},D, = {(el,1),(e2,0),(e3,0)},D3 = {(e2,1)},D5 =
{(e4,0), (¢5,1),(e7,0)}, D4 ={(e3,1)}, D6 = {(e4,1), (¢6,0), (¢5,0) }, Dy ={(e6, 1),
(e7,1)}, Dg = @. Denote this bijection by 6, : {1,...,d,} — D,. Note that D(V

)
is the disjoint union of D, as v varies over V and consider & 6,(67 144, (h)) €
veV

H®P(V), The traciality of & implies that this element is independent of the choice
of clockwise ordering of the edges around each vertex.
Now consider the map p o (id ® S) : H#{01} = H®2 — H and the tensor
product map ® (po (id®S)) : H*PV) = gEx{01} — HE Define V(G, H) to be
eckE

the image under this map of ® 6,(6~ 14,4, (1)). Explicitly, we have

veV
(5.1) V(G,H) =€ ®h
ecE
where (i) p(G) = —|V| +2|{v € V : d, = 0}|; (the reason for the correction term

“42{v : dy = 0}|” is that Ag(h) = e(h) = n = %) and (ii) 5,7, m, n are functions
defined on E and with appropriate ranges, so that (e, 0) is the m(e)-th element of
Dy(,) while (e, 1) the n(e)-th element of of D,,), for any edge e € E. (Thus, for
example, s, : E — V are the “source” and “range” maps.)
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For our example, V(G,H) € H ®7 gince there are 7 edges; the prescription
unravels to yield

(5.2) V(G,H) = 6 °(h'Sh? @ h3Sh® ® h3Sh* @ h3ShS @ hSSh3 @ h§Sh] @ h3Sh3) .

A similar construction using the faces yields F(G, H). For this, begin with
the set D(F) = E x {l,r}. Consider a pair (f,c) where f is a face of G and ¢
is a component of the boundary of f. By F, we will refer to the set of all such
pairs. (This set is the set “dual” to the vertex set V in case the graph G is discon-
nected.) Let D(s.) = {(e,d) € D(F) : e(t) € ¢ forall t € [0,1] and there exist
points in f sufficiently close to ¢ where the orientation agrees or disagrees with
the orientation of e according as d is [ or r }. We pause to explain this mouthful
of a definition. A pair consisting of an edge e and a direction d is put into D
exactly when the image of the edge is part of c and some parts of f lie to the left
or right of e according as d is [ or r. Note that it is quite possible for points of f to
lie on both sides of the image of e. Set d(y ) to be the cardinality of D¢ ).

In our example, there are three faces f1, f2, f3, and these boundaries have
1,2 and 2 components respectively, and we have

F={f1=(f1,45), f2=(f2,567), f3=(f2,-), f4=(f3,122331), f5=(£3,476)},

with the notation (f1,45) signifying the pair consisting of the face f1 and the
component given by the traversing the edge e4 followed by the reverse of the
edge e5.

We will need the notion of a thickening of G, by which we will understand a
sufficiently small neighbourhood of G with respect to some Riemannian metric on
S2. A moment’s thought shows that there is a natural bijection between the set of
boundary components of such a thickening of G and what we earlier called F. A
clockwise traversal of the boundary component corresponding to (f,c) € F (un-
der the above bijection) leads naturally to what we would like to term a clockwise
enumeration of D ). Denote this enumerationby p(¢ ) : {1,...,d(f,c)} = D(5,0)-

In our example, the sets D (f.0)r with their members listed in a choice of such
a clockwise order, are as follows:

Dfl = {(e4,7),(e5,7)}, sz = {(e5,1), (e6,7), (e7,1)}, Df:s =Q,
Df4 ={(el,7),(e3,7),(e3,1),(e2,7),(e2,1),(e1,1)}, Dfs ={(e4,1),(e7,r),(e6,1)} .

Now, D(F) is the disjoint union of the D o) as (f, ¢) range over F and so

the element ® p(f,0 (6 1Ay 0 (1)) is a well-defined element of H @D(F) which

(fe)eF
is independent of the choice of clockwise enumerations of the Dy .'s.

Finally, consider the map p o (id ® §) : H#1"} = H®2 — H. In this, {I,r} is
mapped to {1,2} by [ — 1 and r + 2. The tensor product map & (po (id® S)) :
eckE

H®PF) = gE{lr} — HE Define F(G, H) to be the image under this map of
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® J)/(J?,C/)((S’lAd(fc) (h)). The element of interest is F(G, H*) which is obtained

(fre)ek
by replacing i by ¢ in the above expression. Explicitly, we have

(5:3) F(G,H") = 57 @ ¢}
e€E

where (i) ¢(G) = —|F|+2|{v € V : d, = 0}[; and (ii) L, R, i,] are functions
defined on E and with appropriate ranges, so that (e, 1) is the i(e)-th element of
Dy (r) while (e, ) the j(e)-th element of of Dg(,), for any edge e € E. (Thus, for
example, L,R : E — 1?.)

In our example, F(G, H*) € (H*)®7; and the prescription unravels to yield

(5:4) F(GH") =67 (965010955¢1 0935420 91SP1 ©P1SP2 93592 893593) -
The remainder of this section is devoted to proving the following:

PROPOSITION 5.1. For any spherical graph G we have
F(G,H") = F®E (V(G,H)).

Our proof goes through the machinery of planar algebras but it would be
desirable to find a direct proof.

We use G to construct a network in the Jones sense on S2. This network will
be denoted N = N(G). To construct N, choose a thickening of G, as described
above. Colour this subset of S? black. Each edge of G now appears as a thin
black band in this subset. Replace this portion of the band by introducing a 2-box
as indicated below with the orientation of the edge determining the position of

the . This yields our network N on the sphere; note that N has only 2-boxes.
From the construction it should be clear that there are natural bijections between
the sets of black regions, white regions and 2-boxes of N and the sets of vertices,
faces and edges of G respectively.

If P is any spherical planar algebra, the partition function of N(G) specifies
a function from (P,)®F to Py, . In particular, if P = P(H), this partition function
may be identified with a linear map from H® to k or equivalently, with an ele-
ment of (H*)®E. We assert that this element is exactly F(G, H*). Explicitly, we
need to verify that

(5.5) zN(G)(@)a@) = (F(G, H*))(®a6> Vat € H.

ecE ecE
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By definition of F(G, H*), we have

<F<G,H*>>(Qaf)—5“<c>g<¢ Sl T eis @)y (5o%)
_ §O Q a€ Q e
—““glé[(geﬂ %% ”)(ﬂ}% Q¢j<e><saz>)}
- T4

QeF i=

0 ~ [ (d, 1) if (pg(i),1) € Dg,

where (T7%, eq(i)) = { (5,2) if (pali).1) € Do

The proof of the asserted equation (5.5) follows immediately from Corol-
lary 3 of [8]. (One only needs to note that the “loops” of that prescription are in
bijection with members of F, and exercise a little caution, in case G has isolated
vertices, so that N(G) has isolated loops, to see that the powers of ¢ also match.)

We next assert that with identifications as above, Zy- = V(G,H*). This
assertion is proved exactly like the equation Zy = F(G, H*) was proved, after
having observed that the black and white regions for the network N ~, correspond
to the white and black regions for N.

Applying Proposition 4.1 to N = N(G),

F(G,H*) = Zp™) = zPH) o F°E — v(G, H) o F*F = F*E(V(G, H)) .

The first V(G, H) is regarded as an element of (H**)“F while the second is re-
garded as an element of H®F, and the last equality follows from x o F(y) =

(F(x)) ()-
So, Proposition 5.1 has been finally proved.
We finally wish to observe a consequence of this proposition.

COROLLARY 5.2. In any semisimple cosemisimple Hopf algebra, we have, for any
n=1:
(@) WOShl @ hiSh2 @ - - @ K" VShY = 6"F=n (A,¢),
(i) h1Sh @ W3ShL @ - - - @ hOShY"™ b _ SEON (AP ).
To prove this, consider the special case of Proposition 5.1 corresponding to
G being a cyclically oriented n-gon. Let V = {0,1,...,n — 1}, F = {in, out}, E =
{e0,el,...,e(n — 1)}, and make “cyclically symmetric” choices as below (where
we 111ustrate the case n = 6: We set

D; = {(ei,0),(e(i—1),1)}, VO<i<mn,
with addition modulo 1. Further, F = F, and we choose

Din = {(e(n—1),1),...,(e1,1),(e0,1)} and Doy = {(e0,7),...,(e(n—1),7)}.
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5 ed 4
e5 e3

out
0 3

el e2

Our prescriptions yield
V(G,H) =6 "(HSh @ hish3 @ --- o h\" Vsh)) ;
F(G H") = 672(¢'S¢1™ @ ¢ 1S¢5" ® - - @ ¢1"S¢™) .
Since S®" (A, (a)) = A (Sa) in any Hopf algebra, this simplifies to
F(G,H) = 6728, (9"S9™) = A (9) ,
the final equality being a consequence of the fact that ¢ = §2¢ and S¢ = ¢.
So we deduce from Proposition 5.1 that
(0" (hShy @ kS - @ 1" SIR) = A (9);
and since F~1 = F o S, we conclude that
HShy @ iSh3 @ -~ @ W\ ShY = 6" (F 0 )" (A (¢)) = 6"F*"(Au(9)) ,
thus establishing (i). By applying S®" to both sides of (i), (ii) follows.
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