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HOMOZYGOSITY IN A SELFED POPULATION WITH AN
ARBITRARY NUMBER OF LINKED LOCI

By PREM NARAIN

Institule of Agriculinral Research Statisiics, New Delli

INTRODUCTION

Quantitative measures of the intensity of inbreeding and degrees of relationship under
various systems of mating were first given by Wright (1921) with the aid of path coeffi-
clents. The work of Malécot {1948} resulted in essentially the same formulae as that

dentical
ek

of Wright but his approach was to make tse ol THE prohabititesof gemesbemgident
by descent at a locus, the coefficient of inbreeding I of an individual being defined ag

the probability that (€ TWo Genes pos

by descent. This could be extended directly to cover cases invoiving more than one .
locus provided the loci in question are not linked. The exact effect of linkage on the
rate of inbreeding, however, did not receive attention until Rajagopalan (1958) studied
its effect on the homozyeosity of a selfed population using the generation matrix method '
adopted by Fisher (1949). His study was, however, not general in that it considered
only two linked loci. Schneil {1961} considered for the first time, the probahilities
of genes heing identical by descent with respect to a given set of linked loci and gave
generalised concepts of coefficient of inbreeding and panmictic index as inbreeding
function {¢) and panmictic function (). But he did not discuss any recurrence
relation for a system of mating which would indicate how the homozygosity in a populg-—=
tion increases with generation when linkage is operating. In this paper, this ha: veen
investizated when the population is inbred by selfing. The study takes into account
an arbitrary number of linked loci to give a generalised treatment of the problem.

GENERATISATION OF ““COEFFICIENT OF RRELATIONSHIP”

: e . O P a
Consider two individuals X and 2 having genotypes bl—bz—w—w———f and
B .
A ¢, : . : . .
#-—[{’ respectively where 7 is the number of loci and the horizontal line
A

indicates that the genes above it lie on one chromoscme and these below it lie on the =
other homologous chromosome. Taking only the ith locus into consideration, the
coefficient of relationship between X and ¥ can be defined as '
P;-XT:;HP(@‘:%) +Pla;=d;) +P(b;=c;) —f«P(bizdi)}, (1)

where P(a;=¢;) denotes the probability that a random gene g; from X is identical by
descent with a random gene ¢, from 1" at the jth locus.
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aking two loci i and j with a recombination value p;; between them, this cocfficient

relationship can be defined as

ot 1”*7!};55 [P(ﬂi:b"-;; ay=e;) - Plhi=es; by=¢))
FPlaymd;; ay=d;) -+ Pb=d;; bj:d,a]

4 B [P(fh;:%; y-:dj);—k Plby=e¢;; a;=d;)

&
4 Plag=d;; by=¢;) + Plby=di5 a;= 05‘)}

“".&Irzﬁ,iﬁfi) [ Polag=cy; by=c;) + Py=ci; ar=c;)
S Paymess ay=dy) -+ Plby=cs; bye=dy)
P (aymdy; ay=cy) - Plhy=dy ; by=c,)
4 Plaged,: by=dy) - P(b,=d,; a_‘,.mdj)] , @)

where P{a,==c,: a;==¢;) denotes the probability that a random gene a; from X is
identical by descent with a random gene ¢, from 7" at the ith locus and a random gene
from X is identical by descent with a random gene ¢; froxm 1" at the jth locus. Sirni-
larly p;kj in terms of probabilities P{a;==c;; a;=¢;; @x=¢;) can be defined and
finally 5 %7 can be defined in terms of probabilities P (ay==¢;; @7 ¢y5 ++ - - - @y ==Cp)s
As noted by Schnell {1961), new recombination values are, however, to be introdue-

ed when r> 3 1o enable the gametic frequencies to be expressed as linear functions of
- recombination values. With four loci, 1, 2, 3 and 4 for instance, there are six recom-
. hination values, fyo, Pags a0 fPras fra @0d fioy A nEW recombination value fzq, 8 reguir-
ed to be introduced measuring recombination between the segments corresponding to
st 2nd loci and Srd and 4th loci. The following relations exist between these
- recombination parameters as given by Ceiringer (1944} :-

P1a = PratPas—20 Do 1
{0 Pay = Paatba—26 PagDas L ~ (3)

Pra == gt Pag T a2 (froPaa Tz P “Fpre-Paa) A€ faa-fag-fisas 7

Prama == PaotPan — 26 PraPaas J

where ¢ iz the coefficient of coincidence.

el

. . . XY .
- When ¢ is assumed to be unity, the expression for P involves i, fa and pg and

- the various compound probabilities.

INBREEDING FuUNCTION AND Panwioric FuncTion

As introduced by Schnell (1961), the inbreeding function ¢ ol an individual 13 defined
as the probability that the two gametes that produced the individual contain genes
which are identical by descent regarding a given set of loci.  Thus, with three loci,

for instance,
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- ay==h,
95:}2 =P ay==b, ‘1
. ay =k, . L (41.)
¥ ¢y =ti, E
(/’Z.H"”':P cy=d, t
ey=d,/ . J

Also, the fimetion of inbreeding ¢¥*7 of an offspring resulting from the mating of .
two individuals X and ¥is given by, for a given set of loci, )
o o -
=i _ 5 -
The panmictic fanction = of an individual is defined as the probability that the two
gametes producing the individual contain genes which are unlike by descent for a
given set of Toci. The relations between the two set of funciions are, for a given set,
say three loci, given by
Mgy = I by by by byt bt bii— bin } ‘ (6) o
bijy= Lem,— b by - T "'
As pointed out by Schneli (1961), ¢ and = are particular cases of a more general
guantity £, the probability that the genes are identical by descent with respect to a given‘ﬁfil
set of loci and also unlike by descent with respect to the remainder of the locL Thus .
with three loci, under consideration, £, (;;, means the probability that the genes arf_:.fi'”i'
identical by descent at the jih: and Ith loci but unlike by descent at the ith locus.  Obvi-..
ously then, we have R

T Hanat Tt Esan + Enon H i+ $in=1 : 7

We have alse, the relations given by

Ty = fm«:n‘}"ﬁz'ﬂ
Ty = Lo T
7o = Saun T T

7y = Spn gt Ta— Ty

-

— ¢ - -
™ = CuntTat Ta— Tin
Ty = §m(z‘ﬂ”‘Wiz‘!"”'ﬂ.*ﬂm- J

Similar relations held with 4 also.

RECURRENCE RELATIONS

{a) Twe loci
Considering only the ith locus, we have already the recurrence relations given 1
Kempthorne (1957),

it — g ( 4 ¢<_n)) l
k3 k3
(nF1) g )] I
T = & g™ J
: i :
where m; == 1— ¢; and =, cte. denotes the value of the function in the nth generation
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Comparmg X with itself, taking into consideration the two loci, we have from (5)
d (2)

AxX_ XX

¢ =
27 2
=g [V | patiesa | F 467

chlacing Pa; DY Ay = 1—2p;;, the linkage value introduced by Schuell (1961), we
get :

g =g (1) (1+a0) 1 3 (1m0 ) (4 4 pm) (10)

by = L—mi— ey WI

¢; = L, j . (i1)

by = l—m,

nd (9}, this can be expressed as

(b1 . f Mg {nj . [y
7 (2 ) Ty )
“where fyy— (H- Z) 5.

i) B

“as

=3

K (i 1) k?’i‘ o in}

ﬂ-j(n o O é_ = 5 Trj(n) — £ )
iitd) < 3

which on using (9), reduces to

{nti) _ n@ § {n} — L_:}f}l 'Ir(m- (13)
204 2 Tija 2 i

Replacing n by (r+1) in (13} and then substituting (1/2} =, for 7,4+ we get
ctnbe) _ Fag iy _ 1k ) (14)
£50) 2 T 4 ,

Eliminating 7% between (13) and (14), we get the recurrence relation for £, as
clota) i‘%‘kz? {atp) 4 '[izgé_ (ny 0. (15)
i 2 Cuw 4 Taw

The recurrence relation for £, (; is the same as {15}, { being replaced by 7 .
i ) > 5 it ¥

(0) Three loci )
With three linked loci 4,j, and / there are three linkage values Ay, A el Ay
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respectively between ith and jth, jth and {th, and ith and. {th loci connected by
Mg = (L=6) (Aytdg—1) + ¢ Ay A s ‘ (16)

where ¢ is the coefficient of coincidence.
When one or two loci are considered, we have the recurrence relations for ar - func. E

tions as
W(n-!‘-ll :é in
i i .
3 (17
W(?H’l) :_AZ_J T,_(n)
@ 2 Tu-
When all three loci are taken into account and X is compared with Itseil, usiig (5}, we
get
gb(”'['l)zi* 1_}_)['2 'F' pt: +‘,\2 :I 1+ (ﬁ(n):i
it L EF it ik 41
_}__é 1_3_;\3 )2 mAi} fﬁ(m—l— gb“"):‘
L PR T R 1% I i
+§ _1 — AZ +A2 — A2 ] _qs(-nl __%_ (ﬁ(vz)}
L TR PY B W it
+JS' ] — A2 2 __I_AZ ] qsl."n)Jr (]S(n)j| .
L I A S it
Making use of (6}, {9), and (10) this can be expressed as
it — 1 | AZ )\2 +A° ),
m [ il 4l {19).

With no interference, ¢ = [ and (16) is simplified. The recurrence relation (19’)“;‘

then be expressed simply as

A ("L_#) o, | 20y

271 ifl

- (1+A2) /2, and ky = (1+A3) /2.
i) - i1

The relations (8) enable oy, to be expressed in terms of the £fanciion and the =
function of order lower than three and since the recurrence relations for these =
functions, are given by (17), the recurrence relation (20) can uitimately lead to th
following recurrence relations for g-functions.

where

. i
g(ma)_”‘fr’rkij 2y glnt) K Ayl R (2l
#5100 2 Tt 4 §91() ’ .
ég(-n—f-z) » Ffa'r:*/fﬁ/?iz (1) + Kikpke £ - (22
5105 P G5} 4 ® s ’ i
{n+2) kw+’r"u it é_—(n-rl) N lJ ]l g‘:nl — {J: (

THE) g D) HUD
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got) 1 +/”M+/W.’,+/‘z; 2T Ry gy kptkat kf;ifim‘i—kakfﬁ“kwkﬁ T+ kykika

dE(i5} PITEn)] ' 4

2
(nt2} _ ]"jLA‘LETA‘?.]kﬁ -4 ]“wkﬂkal T ’i‘z:ul‘ﬂ'/‘d {ntt) | ‘lci:ikﬂki_l (. (24)
Gt 8 sisn 16 gy

g(m‘vg) i F'I“ilv_]—';“u—f—k”k.il f(n +3) _}_/”th’!“u-l'"‘w'l"M u"“'u’% /”u JEJ“LL+A11AJE g(n*D)
FUID 2 107 ‘ 4 Ui

k u’:u ik

- Aw'l%z—r]L A:£}L1L+’7Lv'luz-“!“21‘l°ﬂ;“d (:rHl)+ §h‘) :0: (95)
8 TEjList iz ’ A

grn 1*Mn+/l;a Fhukn ptmrn k‘i5+kjt+2kiikj_ﬁ+k?fkﬂ‘i—kiikgf ttm)

LA O] ity “ £iLli1}
2
. kqﬂ'j'kjl ‘—%‘A‘-ijkjg‘*"“k llel T Ag i (r2+1) n LU /"ﬁ #ln) = (26)
8 iy 16 Ssaan

{c) More than three loci

The recurrence relations for the panmictic function = for the two and three loci
cases given respectively by (12) and (20) show a general trend. For nstance, for the
four loci;, 1,2,3 and 4 it would be given by

H 1 [, a3 \ y
L :Tj?;’ 1 + Az -+ A2 .,‘L_ A2 ”i— AR + J\u }‘2 W}_AQ | |hz) . (2 7)
1234 12 23 34 13 24 1"'31/ 1234

With no interference, this would, in view of (3), reduce to

(s VI (’l_cgj_%zsktﬂ) P (28)

1234 \ 2 1234
ek ( Az)/z =(12),(23),(34).

Thus, pro\qded there is no interference, the recurrence relation for 4y 15 given by

oty — ( f’fl‘z']f-g_g__u_;/f[r—:()r ),n.('il) (29)
123...7 . 2 123.,.7 - :
14#‘1\2 1—|—(1;21")”)
where /o= ] Y = P > i being the probabilisy of recombination between

ith and j=({-+1) th Iock
SoLuTIOoNs FOR RECURRENCE RELATIONS
{a) Two loci '
If we initially start with a double heterozygote,
FrLL NN ) S () R ‘|
i i i |
f(“’ — ‘;:'(0) =0, ‘ (30)
#7(3) i) [

O = (.
2
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Then the recurrence relations for s-functions given by (9} and (12) lead to the solu. ‘:'i=t
tions C o

T

+ 2

i) — (&'—L) *
i 2/ J

The inbreeding function ¢® after n generations of selfing would then, in view of (11),7

)= 4 ‘[ Gy

ke given by

g =120 + (%) (32)

This result agrees with that given by Rajagopalan (1958).
Since &y and £y can be cxpressed respectively as (wy—mw) and (7w}, the
solutions for &-functions can also be obtained with the help of (31) as given below. ;

oy
ny —fiyn - (D&
fz‘ﬁ(i) %) (2) 1
ol i k L3
cln) oflye o (i
® 5 ) (2) ' J'

3

L03

(b) Three loct 7 :

Again, initially starting with an individual heterozygous for all the three loci, th
values of all the 7-functions are unity whereas those of ¢- and ¢-functions are zex
in the zero-th generation. The solutions for the recurrence relations for 7-functi
given by (17) and (20} are

0 (ki:f ka‘l) "
2

i
it J

The inbreeding function ™ after n generations of selfing would then become, in
i1

of (6),
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) 15 7 B\ _@) "L kﬁ) " (’I‘u RN ar
qii“--] ( ) _J (*Q") + (2 i (? “*i* ) . (JJ)

-~

-

Four loci

o = (%) ) =012), (28), (34), (13) (14}, (24)

(36)
o (R kNt e 9 99 1
wlr 2._...) L (G =(123), (124), (134), (234)
il .
) ( 5&&?&;)"
231 2 : ]

The inby eeding function ¢™  after n generations of selfing would then become
1234

frog\ B Fany ™ RN kN M Eoyow Loy m
b apiyn . f Baz 1 23 e [ D84 L fhs Az €L 24
b =1 () 4 ()" () ()" () (&)
_(Fukey !12_3_"‘%4) " (”"_1@.5}4 Rkt ekt (37)
2 2 2 2 2 '

d} More than four loci
: ;he results given by (32), (85) and (37) show a gencral bend. Thus, provided there
is 10 infer ence, the inhreeding function ¢, alter # generations of selfing, having started

with an individual helerozygous al each ol the  loci involved, would be given by

- fhoN T koko
{1 e ] (M L E i — B it gl -
o n () = ()

4z kgkykwm\ ™, (38)
o 727 i P
Sy Fiskas kpoyye Y ™
2 3
where &) is summation over "eyvalues of b given by kyy, kyy, o ook by, - by e Simis

larly 2, is summalion over ey pairs of k& values. The cz,pplopuatc pair of & values
nvolved would depend on the three Joci selected out of 7. For instance, if {st, 4th and
9th loci are forming a trio, the two values will correspond to linkage between st and
4th, and 4th and 9th loci. Similar considerations are involved for other summations.
The result given by (38) would reduce to

(f)(-ﬂ) o — (:i)?’ (39}

1287
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if ail the loci are completely linked betwccn themselves leading to all ks being I, where. .
as it would reduce to '
B =[] (40)
123...r

when there is no linkage between any paivs of loci i.e. all £ values are each equal to 1/2,

Mean anp VArrance oF tHE Numser or Locr Homozveous sy DescenT
As can be seen from the above considerations, when there are more than one lecus,
there is a distribution of the number of loci homozygous by descent.  The proportion
of homozygosity by descent for 0, I, 2,...loci depend on the f values, and the
number of generations a population is inbred. The mean m and variance v of this
distribution are given by

m=r1—(4)"], ) -
v }1':23 3, e, (4’1) _.

¢ =rE) L —r()r] 28 (%H)

where ' Implies summation over "¢, values of 7, i.e. summation is over all the pairs of
loci which are distinct,  Expressed in terms of ¢, and ¢; these are given by

m==ypm -1
F

P

(42)
v Iﬂ;{"n) (1__:,.?5(13)) m{_g’_ﬁ Eqs(n). I} )
Rare oF INBREEDING
. . . . . qg(u)___qg('il—l) , T
Defining the rate of inbreeding in the »th generation as §' :—I—ZW ; M omay o

be seen that with one locus it is independent of the generation, whereas with ppsae
than one locus, it depends on the generation and the various recombinatiof values. -
Thus

3(71),:(%,) [1 % {An 1 krz} :l
12 - R O E 13

5 (%) [1 _‘15 { (Jhl_k’n\ - ( J1 k"’) (,]Gﬂ—- A?z ) } :I b (43) ;
123 2 12/ 23

{1} o~ R o r—1 __ fn H
3 e[ 15 (ke e ] ]

3/

NUMERIGAL RESULTS

Tables 1 and 2 respectively give the values of the #function for the case of two:
and three loci, together with the means, variances and the rate of inbreeding over
period of five generations, assuming certain arbitrary recombination values. :
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Table 1. Values of §-funclions uplo five generations for iwo

loct with py, =30

" 1 2 3 2 5

£
- 2900 0841 0244 0071 0020
Esnir 2100 1659 1006 0554 (292
Erni 2100 1659 1006 0554 0292
iz 2900 5841 7744 8821 9396
m 10000 1-5000 1-7500 1-4750 1-9376

] v -D8U0 4182 7363 1236 0825

Bz -2600 4147 4576 4774 4877

Table 2. Falues of §-funclions uplo five generations for hree
loci with Pra="30 and pys=-20
on 1 2 3 4 3
S T S S S

e 1972 0289 0077 0015 0003
Ermmny 1428 0767 0316 0119 0043
Erminn 0628 0287 0099 G031 0009
Framn QU128 0452 0167 0056 0017
i 0972 1057 0758 0460 0257
Eruean 72 1372 0007 0523 0283
Erapm 672 0892 - 0690 0435 0249
broa 11928 4784 6986 8361 9139 -
m [-5000 2:2500 2:6250 2-8125 2-9064
v 1-0300 7221 3970 2025 -1 004
Brea 119928 3538 4 4562 4747

Tt is ohserved {rom the above tables that the rate of inbreeding increases with further
generations of selfing and that it is more for two loci than for three loci in every
generation of selfing.

Tables 3 to 7 give the values of the inbreeding function for the case ol three loci upio
five generations of sclfing with various combinations of values of oy, and py;.
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Table 3. Values of the ¢-funsction after one generaiion of selfing for thres loct
" Pz -
~ Q -1 -3 -5
P:S\\ e - _ o
0 -5000 4100 2900 2500
g -3338 2522 2160
-3 618 1458
-5 1250
Table 4. Values of the $-function afier iwo generalions of selfing for three loci
Pz 0 5 3 5
Pas
0 - 7500 6681 -584 1 -5645
-1 -5957 3186 5031
'3 1024 4361
-5 4219
Table 5. Values of the ¢-function after three generalions of selfing for three loct
b 0 1 3 5
Pl . -
8 -8750 -B18Y 7744 7656
-1 TeT7 7246 7171
‘3 -b846 6776
5 6699
Table 6. Values of the ¢-function after four generations of selfing for three loci
P 0 1 3 5
CPwms _ :
0 9375 9033 -5821 -8789
iy 8711 8499 -8469
-3 8258 8270
*3 2240
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Falues oflhe <f> ~function after five gener ations ofmﬁwﬁn three loc

Table 7
e 0 1 .3 3
IR o
0 49688 9481 9496 9385
i 9305 9266 9197
-3 9113 -9103
5 9093

Itis apparent from the above tables that the range of effect of linkage on the homozy-
sity of a selfed population is maximum after one generation of selfing and goes on
decreasing with further generations of selfing. This may be measured as the difference
hetween the values of ¢- _function in the totally linked and unlinked cases. It is 3700
after one generation, 3281 alter two generations, 22051 after three generations, -1135
ur generations and 0595 after five generations of seifing for three loci. It 18
ith three loci than with two loci in each generation
s in the values of ¢-function for two loci are -2500,
he 1st, 2ud, 3rd, 4th and Sth gener ation

after fo
also seen that this range is more W
of selfing. The above difference

875, -1094, -0586 and - .0309 respectively aftert

of selfing.
Tt is also found in the case of three loci that after one gener ation of selfing the pairs
of values for p,, and p,a can be ranked, in descending order of their effect on the homo-
o), (1, 1), (3, 0, (-5, 9), {3, 1), (5, 1), (-3, +8), {5, +3) and
o also holds true after two generations of selfing whereas after
three generations, the effect of {1, -1) and (-3, 0) are almost the same, After four and

-nerations of seifing, the ranking is (0, 03, (-1, 0y, (-3, 0), (5, o, (-1, 1), (3 1),
.5, +3) and (-5, -5). Thus, with two generations of sciﬁncr (-1, -1)

ng a tighter linkage than (-3, 0) or (-5, 0).

ygosity, as {0, 0y, {
('5, -5).  This 1ankm

VE
5, -1y, (3, 3), €

‘may be regarded as pr oduci

—

SUMMARY

!, A generalised ‘coe! ficient of relationship’ hetween two individuals X and 1" has been

defined with any nunber of linked loci.
9 Recurrence relations for ¢-, 7= and &functions {Schuell, 1961} n the case of two

and three loci have been obtained.
3. Sghutions for recurrence relations have heen given for $-function upto the case

of any pumber of linked loci.

4. Tt has been found that the ¢
ith a greater number of linked loci an
the pairs of values of pyg, P when taken as (-1, -1}
() but this is true only upte two generations

fect of linkage on the homozygosity of a selfed popuia-

{lon is more w & is maximum after one genera ation

of selfing. With three linked loci,
exert a greater effect than (-3, 0) or (-5,

of selfing.
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5. With more than one locus, the rate of inbreeding is not constant with further

generations of selfing. It depends on the number of gencrations of selfing and the

recombination values.
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