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Abstract. A solution is given for the following Problem of G Fejes Toth: In 3-space find
the thinnest lattice of balls such that every straight line meets one of the balls.
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1. Introduction

1.1 The object of this note is to give a solution of the following problem of G Fejes
Toth [2]:

In 3-space find the thinnest lattice arrangement of closed balls:such that every straight
line meets these balls.

As pointed out by G Fejes Toth himself this is in some sense the first unsolved case
of the more general problem:

In n-space find the thinnest lattice arrangement of closed balls such that every k-
dimensional (0 < k< n—1) flat meets one of these balls.

For k=0, this is the problem of thinnest lattice coverings by spheres, while for
k=n— 1, Makai [4] has shown that the problem can be reduced to that of the closest
lattice packings of spheres. Thus the solution is known fork=0,n< Sand forO0<k=
n—1<7. (See any book dealing with packings and coverings, e.g. Lekkerkerker and
Gruber [3]). The problem above can be generalised to one for other “bodies” also.
In the case of convex bodies, Makai [4] has shown that a theorem analogous to
the one for sphcres holds if k= n — 1. Our solution to the Fejes Toth problem stated
in the beginning is contained in the following Theorems I and II and the remark
after Theorem II.

(We shall throughout be working in the three-dimensional Euclidan space R3).

Theorem I. Let K be the sphere |x| < 1. Let A be a lattice with determmant d(A). If
every straight line meets a ball K + A, AeA, then d(A) < < 2(4/3)3.

Theorem II. Let K be the sphere IX] < 1 and A be the lattice generated by 4/3(1,1,0),
4/3(0,1,1) and 4/3(1,0,1). Then every straight line meets a sphere K + A, AeA.

137




138 RP Bambah and A C Woods

Remark Our proof of Theorem I (see §4.4) shows that “up to” orthogonal trans-
_ formations the lattice A of Theorem II is the only “critical” lattice. '
For convenience we replace Theorems I and I1 by the equivalent Theorems I, IT':

Theorem I'. Let K be the sphere |x| <3/4 and A a lattice with determinant d(A). If
every straight line meets a ball K + A, AeA, then d(A) < 2.

Theorem II. Let K be the sphere |x| <3/4 and A the lattice generated by (1,1,0),
(0,1,1) and (1,0,1). Then every straight line meets a K + A, AeA.

2. Proof of Theorem I

2.1, Let K be the sphere |x| <3/4 and A a lattice. Let A eA. Let IT be the plane
through O perpendicular to OA,. Let A* be the (orthogonal) projection of A on I1.
Let C be the circle KNIL All lines parallel to OA, meet a K + A, AeA is equivalent
to the statement: the circles C + A*, A*eA* cover I, i.e. the “covering radius” p(A*)
of A* is < 3/4.

22. LetA,,A,,A; be a basis of A. Let L be the matrix (A;, A,,A;) with A,,A,, A,
written as column vectors. The positive definite quadratic form JX)=1(x1,%3,%3)=
X'L'LX, where X' =(xy,X,,X;) is called the quadratic form of A w.r.t. the basis
Ay;Az,A;. Tts determinant d(f) = det(L' L) = d*(A). If (By,B;,B;)=(A,A,,A;)U
is any other-basis of A, the UeGL(3,Z) and the corresponding quadratic form
X'U'L' LUX is equivalent to f(X). In fact the quadratic forms corresponding to
different bases of A consist of the class of quadratic forms equivalent to f.

Again if f(x)=X'L'LX =X'M'MX, then M = TL, where T is orthogonal and

the lattice TA with basis TA,, TA,, TA, is an orthogonal transform of A. We may
note that TK =K, and A has the property of Theorem I if and only if TA has.

23. Let f (x) = Za,;x;x;, a;=a; be the real positive definite quadratic form
corresponding to a basis A;,A,, A, of A. Write

'. a,, a;. \
f = au Xy + X, + X3 | + g(x29 xa)
11 a,

= (o, x; + a4, %; + 0y 3%3)7 + (0, X + 03 X3)2 + (0t %5 + g3 X5)?,

and f is the quadratic form of a lattice A, = TA, T orthogonal, with respect to the
basis B;= TA,,B,=TA,,B;= TA,, and B, =(«,,,0,0), B, =(2;,,02,,,0,,),
By =(a,,0,5,a,,). Every line parallel to OA, meets a K + A, AeA if and only if
every line parallel to OB, meets a K + B, BeA,. Since B, is the point (¢,4,0,0), the
plane IT of 2.1 is x; =0 and the projection A* of A, on II is the lattice generated
by (0,a,,,a,,) and (0, ®,3,04,), While

g(xZ: x3) = (azzxz + CX23 X3 )2 +~(a32x2 + “3$x3)2'

Let p = p(A*) be the covering radius of A* and R(g) = p*. (R(g) depends only on g,
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because if g is a quadratic form of another lattice A%, then A¥ = TA*, where T is -
orthogonal and the covering radius of AY is the same as that of A*)

By §2.1 all lines parallel to OA, meet a K+ A, AeA if and only if p(A)* <3/4,
if and only if R(g) <9/16. Since every primitive lattice point can be extended to a
basis of A, all lines parallel to lines OA, AeA meet the balls K + P, PeA if and only
if for all forms f” ~ f, the corresponding “sections” g’(x,, x5 ) have R(g’ )< 9/16. More
precisely, the hypothesis of Theorem I' implies the following;
Let A be a lattice. Let f(x) = Xa, iXiXj,a;;= a; be any quadratic form of A. Let

2
a
f(x) = 011("1 +_“xz +——~13x3) +g(x2,x3).
ayq ayy

Then
R(g) <9/16.

To prove Theorem I’ it is enough to prove

Theorem IA. Let f(x)= a, X X;j, a;;= a;; be a real positive definite qi;admti‘c Jorm
with determinant d(f). Let f" ~ f: write

2
fx)= a11(x1+ x2+ 13 > + g’ (x2,X%3).

11 a11

If R(g')<9/16 for each f' ~ f, then d(f) <4.

24. Let f(x)= Za,;xXx;, a,;,=a ; be a positive definite quadratic form. Let

2
fx)= 011(3‘1 +—22x, + “‘““xs) + g(x2, X3).
a4 451
Then

_ 2y 2 ~ 2 Vo2
a,,9=(a,,a,, —a7,)x; + 2(“1_1“23 —0,,8,3)X2X3 +(ay, 855 — ais)x;

— 2 2

=Ay,x5 —2A,,%,Xx; + A,,x3

=G, say,

where A; are the entries of the matrix adjoint to (a,;). Since g = a; ! G/, R(g)=a;; 1R(G").
If

G=A,,x2+2A,,x,x; + A,x2,
then G ~ G' and R(G) = R(G), and

R@)=a;{RG). B | (@
Let A =(a,), adjA=(A,)). Then AadjA = det(A)1, and det(adj A) = (det A)%. Write

F(x)=adjf(x)= EA ;XX

Then -

" d(F) =det(A, ;) = (det A)? = d%(f). ‘ (b)
Since - ' :

A(adj A) = (det A)I = d(f)1, and (adj A) adj(adj A) = d(F)I = d*(f)1,
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we have
1 1 cr g
—A= adj(adj A)
in" e
1e.
1

1 .
i) (aij) = 2'2"(}3 adj (Aij)

Equating elements in the leading position, we get

1 1
d(f)all = dz(f)(AzzAss —A§3)
1 :

and a;' = d(f)/d(G) = /d(F)/d(G), and, by (a),
R(g) = R(G)/d(F)/d(G).

Therefore, ‘ :
R(g) < 9/16 iff R(G) <9/16 d(G)/d(F)'/? o | (c)

and

d(F)= d*(f). | | @

It is well knowh that if f ~ f*, then adj f ~ adj f' and vice versa, i.e., the class of forms
equivalent to adjf is the class of adjoints of forms ~ f.

Let F(xl,lxz,x3)=EAijxixj. be a definite quadratic form and F, ~F. Let

G(x;,%3) = F{(0,x,,X,) be called a partial sum of F and let § be the set of partial .

sums of F. Since F(x,,X,,%3) ~ F(x3,%,,x,) the set of partial sums of F consists of
the forms G(x;,x,) = F'(x,, X,,0) for all forms F’ ~ F(x).

We can replace Theorem IA by (see (c) and (d) above).
Theorem IB. Let F(xl,xz,x3j= ZA; XX, AU=Aﬁ be a positive definite quadratic
Jorm. Suppose for every partial sum G of F we have R(G) <9/16 d(G)//d(F). Then
d(F)<16. : : ' o

It is clear that we can replace F by any equivalent form without affecting the

hypothesis or conclusion of the theorem. For convenience we alter the notation a
little bit and state Theorem IB as: :

Theorem IC. Let J(x1,%5,%3) =Za, jXiXj> &; = 4, be a positive definite quadratic form.
Suppose for every partial sum g(x,,x,) = f "(X1,%,,0), where f” ~ f, we have R(g) < 9/16
d(g)/\/d(f). then d(f) < 16. :

3. Proof of Theorem IC

3.1 A basis A,B of a two-dimensional lattice A is said to be reduced if the angle O
of the A OAB is largest and lies between 60° and 90°, equivalently A OAB is acute

s

;‘: .

S
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angled with largest angle at O. In this case the covering radius of A is the circumradius
of AOAB. (see e.g. Dickson [1], pp. 160).

Now suppose A, B generate a two-dimensional lattice and A OAB is acute angled.
Then (A;,B;)=(A,B) or (— A,B — A) or (— B, A — B) is a reduced basis of A and its
covering radius is the circumradius of A OA, B, = the circumradius of A OAB. Thus
if A,B generate A and A OAB is acute angled, then the covering radius p(A) of A is
the circumradius of A OAB.

Let g(x, y) = ax* + 2b xy + cy” be positive definite. Let g(x, y) = (ax + By)? + (yx +y)~

Let A =(x,7), B=(f,0). Then A,B generate a lattice A and R(g)=p2(A). The
triangle OAB is acute angled if the square of each side < sum of squares of the other
two sides, i.e., if

asc+(a+c—2b),
c<a+(a+c—2b),
a+c—2b<a+ec, |
1e.
b<c,b<<a, b>0,ie.
0 < b < min(a, ).
Therefore if 0 < b < min(a, ¢), then
R(g) = (circumradius of triangle OAB) = ac(a + ¢ — 2b)/4 d(g). (If ABC is an acute
angle triangle with sides a, b, ¢ circumradius p and area A, then
__a b ¢
~ 2sinA 2sinB  2sinC’
_ abc _ a*bh3c3
" 8sin AsinBsinC  64(1/2 bc sin A)(1/2ca sin B)(1/2ab sin C)
a’bh3c?

T 64A3

. so that

az bz Cz

4(2A)*°

p*=

32 Letf (x1) Za,;x;X;,a;;= a, be a positive definite form, all of whose partial sums
g(x,x,) have R(g) < 9/16 d(g)/./d(f). We have to show d(f) < 16.
By replacing f, by an equivalent form reduced in the sense of Gauss and Sieber
(see, e.g. Dickson [1], Th 103, pp. 171), we can suppose
0<a,, <a,,<ay,,
2|a,,|<a,,,2la;;|<ayy,2|a,,1<a,,, and (A)
a;, i #J, all have the same sign,

a,, +a,,+ 2(a12 +a,,+a,;)=20.
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We divide the proof into two cases:

case I all q,;,i+#, are negative (or 0),
case II: all a;;, i 5 j, are positive (or 0).

4, Proof_ of Theorem IC Case I

4.1 Clearly g, = f(0,x5,%3), g5 = f(x,,0,x3) and g3 = f(x,,x,,0) are all partial

sums of f. If ZA,.x;x; is adjoint to f, then

d(gl) Au’d(gZ)"Azzsd(gS) A33

Also each g is equivalent to one with the cross term of opposite sign.

Therefore, applying the formula of § 3.1,
R(gy)=6y,855(a,, + a5, +2a,,)/4A, ,,
R(g;)=ay;a,,(ay;+a,, + 2a,,)/4A,,, and
R(gs)=a,,8,,(a,;, +a,, +2a,,)/4A,,

By the hypothesis R(g;) < 9/16 d(g,)/~/d(f), and we have

a,,0,5(a,, + 8y, +2a,,)/4 A11 <9/16 A,/ /d(f)

or

4ay,a,,5(a,, + a3, +2a,,)./d(f) <9A2,.
Similarly, "

4ay,a,,(ay, +ay, +2a,,)\/d(N) S9A2,,
and

4a,,0,,(a,,+a,,+2a,,)./d(f) <9AZ,.
4.2 Deﬁne B121ﬂ23’ﬁ13 by

C 8y, = =P80, 8, = —B13v/ 941833,
Ay3=— Py~ 5,08335

Iy = (a1 1/(122)1/2, Iy = (6122/033)”2.

The reduction conditions (A) of §3.2 give

and put

0<t,, t,<1

1 1 1
0<ﬁ12\2t1>0<ﬁ13 2t1t250<ﬂ23\2t2,
and

a,;+a,,+2(a,, +a,,+a,,)>0 becomes

a, +a,,22(8,,4/a,,9,, +B13\/0y1855+ Ba3/83,453),

(1)

(2)

)

(5)

(6)
(7)

e

T
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so that, dividing by /a,,a,,, we get
tft2+t2>2(ﬂ12t1t2+ﬂ13t1+,323). . (3
Now, if we write |

g(t1:t2)= tl 2t2 + tz - z(ﬂutl t2 + ﬂ13t1 + ﬂ23)’
then '

, |
5tg=2t1t2—2ﬂ12t2"‘2513>2t1t2"t1t2-t1t2 (By (M)
1

20,

dg

o, t3+1-2B,,t,

= 14+1,(t;—26,,)>1>0. (By (7))
Therefore, (8) remains true if we replace ti, t, by 1, ie.

Bio+tBis+B5<1. (B)

Also, ,
Y 2 2 2

d(f)=a,,a,,a,, + 2a,,a,3a,3 —ay,al, — 4118033 — ay,07;

_ 2 2 2
=0,,8,,833(1—-28,,8,,8,,— 12— B3 —B33)

=4a,,a,,a,,A, say. ‘ ©)

43 Using inequality 1 of § 4.1, together with the arithmetic geometric mean inequality,
we get | '

9Af1 >4a,,a,,5(a,, + a3y +2a,5)./d(f)
>8a,,a,,(y/ 42293+ a33)/d(f)
= 8‘122‘133\/“11 azzassA(\/azzasa +a,3)

=8y a;,A(a,,a,,)%%( Ay,0,3 + ay,),

8/a,;A< 9(ay,a55 — ais)z/(azzaas)slz( Q32833 + dy3)
a2, )2 a
-yt et
922923 43293
=9(1-B3,)°/1-8,,) '
= 9(1 - ﬂ23)(1 + ﬂi3)2’ and

. 9 ’ - .
BV anA ‘<~“8'(1 - 323)(1 + ﬂz;;)z- (9)

S0 that

Similarly, (2), (3) give

VA S-z—(l—ﬂsl)(l + B3,)% . (10)
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and

as;3A< Z ﬂlz) 14+ 8,,) ' (11)

Multiplying (9), (10), and '(11) we get

JA) =/a,,8,,8,,A<(9/8)*(1 = B, )(1 — B,3)(1 = By3)
(L+ B, (L + By’ (1 + Byy)*/A
“hﬂj,zsﬁzyﬂm): say . (D)

44 Our object now is to use (D) above to show that the condition (B) of §4.2 (i.e.

B,y + B,s + B,5 < 1) implies \/d(f) <4. (This will, of course, prove theorem IC in
case I). '

We note that if §,, + B,; + B,; < 1, one of the f’s must be <1/3. Increasing the
f increases the numerator of h and decreases its denominator

A=(1- 2ﬁ1zﬁ23ﬁ13 12 13 3)
because

—(1(1 —x)(1 +x?=—(1+x)*+2(1 —x?)
dx '

=(1+x)(1-3x)20if x<1/3. .
Increasing the f’s appropriately, we can assume
Biat+hrst+Bis=1 | ‘ (E)
Putting 3;3 =1-—p§,,— B,5, we have | |

Zﬂuﬁmﬂzs 12 %3" 33 ’
= "2ﬂ1zﬂ13(1 Bia— 513)”‘3%2— f3—(1-—/312—ﬁ13)2
=1_2:3121313+251zﬂ13(ﬁ12+ﬁ13)‘.ﬁ§2" 13
— 14208y, + By) — By + B
=2(By,+ By3)1+B1,B13—Bi2—B13)
=2(8,,+ B, )1 —B1)(1 = B1a), . W

while ,
(1 = B1)(1 =B )A = B)(L+ By, (L + By (1 + ﬁvz3)2
=(1-5,,)1- ﬁla)(ﬁlz + Blg)(l + ﬁlz)z(l + 8,2~ By, — By
so that (D) gives '

' v d(f) g(9/3)3(1 - ﬁu)(l _ﬁla)(ﬁn + ﬂu)(l + ﬁm)z(l + ﬁm)z'
' (z—ﬁlz—'ﬁ13)2/2(ﬂ12+ﬁ13)(1_ﬂ12)(1—ﬂ13) .

=(9%/2"°)1 + BL,)(A + BL3)2 — B, — Bis) ‘ - (F)
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Also (7) gives 0< §,,<1/2,0< B,, <1/2. We now observe

Lemma. The maximum of f(x,y)=(1 + x)(1 + y)}(2 — x — y), subject to 0< x, y< 1 is
attained only when x = y = 1/3 and has the value (4/3)%.

Proof. By the inequality of arithmetic geometric mean

e =1 +x)1+)2-x—y)<

(1+x+1+y+2—x—y
3

3
) = (4/3)°,

and the equality occurs if 1 +x=1+y=2—x—y=4/3,ie. x=y= 1/3.
Using the Lemma in (F), we get

3
JAD < %(4/3)6 —22 =4,

which proves Theorem I1(C) in this case.
We also note that d(f) can be 16 only if

ﬂ1z= 1/3, ﬂ13 = 1/3, B23 =1/3,

222
A=2222=2(2/3),
333~ 2P

and by (9), (10), (11)

Ja A= 22/3 (4/3)?

‘233
a,=(4/3)*—=3,
i (/) 16
ie.,
f(xl,xzax':i) =3 x? —2 Z XX ;
| 1<i<3 1<i<j<3

5. Proof of Theorem IC, Case II

5.1 In this case f = Za, x;x;, a,;=a;; and

Jt

0<a,,<a,,<a,,

0<2a,,,2a,,<4a,,,0<24,,<a,,.

;= Byy/ 00y i ]

riting

We have

.

0< By <

B | =
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We divide this case into two subcases:

(a) at least one B;; <0459, i ],
(b) 0459<,B <1/2for i,j, i #].

6. Proof of Theorem IC Case II (a)

6.1 Asin §4.1, considering the partial sums £(0,x,,x3), f(x;,0,%,), f(x,, X,,0), and

noting a;, > 0, we get

4a,,a,,(a,, + 35 —24,,)/d (f) < 9Af1,

4a55a,,(a5; +a, —2a,5)/d(f) < 9A§2’
and

4a, azz(ali +a,, —2a,,)/d(f) <9AL,
Also

d(f)=a,,0,,a,, + 2a,,a,,a,; — a11a23 azza13

=4a, ‘122423(1+2ﬂ12ﬁ32.333 e 23

=0,,0,,d4, N, say

from (1') and (C') we get, applying A-G mean inequality,

9A§1 2 8a,,a,,(/a,,8,; — a,3)/d(f) '
= 8./a,,A'a,,a,,)% (1~ B23),

so that

8 anA'<9(a22a33—a§3)2/(a22a33)?(1——[)’23) '

= 9(1 - 323)2/(1 - ﬂza)
‘ “9(i 523 (1 +ﬂ23)
Similarly, (2'), (3') and (C’) give
| 8\/a,,A'<9(1 — B )1+ B,,)
8a33A'<9(1—B,,)1+ B,,)%
Multiplying (4'), (5'), (6'), we get
8/d(NA <9 (1—B,,)(1 —B,,)(1 =B33)
, (A + B, (L + 8,321 +8,,)%
and

VA <O/8P (1= B,)(1 = B13)(1~ B,,)

(L4 B12)* (A + By V(L + Bp3)*/1 +2B,, B, 58,5 — B2

=F, say.

- (C)

@)

(%)
(6

fs - /3:2!3
F)

.gf'
e

Byl
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Make the substitution

X1=1+,312, x2=1+ﬂ13, X3=1+/323-_
¥ Then
. ' 1< x; <3/2, and at least one x; < 1.459.
Noting

2%y %53 — (x5 + x5 + x5 —2)% ‘
=201+ B, N1+ By3)1+ Byy) —(L+ By, + By + By
‘ '—_‘1+2ﬁ12513323‘ fz_“ f3~—ﬁ§3=A’,
We get, from (F ),

V)< O/8(2—x1)(2— x,)2 — x3)x] x5 x3/
- 2xyxpx5 — (g +xp + X3 —2)%

= F(xlax2:x3)’ say.

=R

It is, therefore, enough to prove that if 1 <x;<3/2 and at least one x; < 1-459,
then F(x,,x,,x;)<4.
Now 0F/dx, has the same sign as

(dx; — 3x2)(2x, X3 %3 — (X1 + X5 + X3 — 2)?)
— (2% — 2(xy + X3 + X3 — 2)x3(2 —x,),
which has the same sign as |
(4= 3% )(2x, x5 %3 — (X1 + x5 + X3 —2)%)
—2x,(2—x)(x3x3 —X; — X3 — X3+ 2)
=4%; X X3(1 — X1 )+ (g + X5 + X3 —2)
{4x, — 2x% — (4 — 3x,)(%; + X, + X3 — 2)}
=4x;%x,%X3(1 — %)+ (xy + x5 + X3 —2)
{x2—(4—3x;)(x; +x3—2)}
= G(x,,X,,X3), say.
Writing x = ((x, + x3)/2), and noting,
xy%3 < (%2 +%3)/2)* = x% 1—x, <0,
G(x,, x2,3c3) >4x,x2(1 —x,) + (561 +2x—2)
{x} - (@4 -3x;)(2x—2)}
(xy —2)*{x; —4(x — 1)*}
%y — 22 {xy — 1+ 1—4(x — 1)}
Xy —2)*(x; — 1), (because 0 <x—1 Q%).

0.

(
(

A2\
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Therefore, (0F/0x,) > 0. Similarly (0F/0x,) >0, (0F/0x3) 2 0, and the maximum of
Fwill occur at x, =1459, x, = 1-5, x5 = 15, so that F < F(1-459, 1-5, 1-5) = 3-99... < 4,
and the Theorem is proved in this case.

7. Proof of Theorem IC Case II (b)

7.1 In this case 0459 < B, < 0'5 for all i, j, i #j. We first note that the inequality (1°),
(2"), (3") of §6.1 is valid in this case also.
Since

Sx1, %, %3) ~ f(xy — X3,X3,X3),
The form

g(x25x3) = f(_ x2,’x2,x3) = (a11 + Ay, — 2a12)x§ + 2((123 —als)x2x3 + a33x§

is a partial sum of f.
Since
g%z, X3) ~g(x2, — X3),
g(xzsx3)~(a11 +a,,— 2a12)x§ - 2Ia23 — a4, |x2%3 + 033X§ =g'(x,X3), say.

Then R(g) = R(g).

Since

0<2lay; —a,,| <max(2a,;,2a,,) < a,, S 4y, + a;—2ay,,
and

12(a,5 —a,5)| < ay, < Q33,

Rl =R(g)=ayla,, +a,,— 2a,,)

(a,, +a,, —2a,,+a,,— 2|a,, — a,,|)/4d(g),
where

d(g)=(a,, +a,, - 2a,,)a,5~(a,5—a,,)

=A; +A,,+ 2(ay3a,5,—a,a,;)
: =A11+A22+2A12.
Since ’
9

R(9) <—d@)\/20),

we have

ayslay +ay, — 2a,,)(ag, +a,, +ay,— 2a,,-2|a,, —ay,])
) ,
\ /d(f)sZ(Au +A,,+24A,,) (13)

Permuting x,, x,,x;, we get two similar inequalities.
Using

Bijlaya) P =ay,t,=/a, ja,,, t, = /a,,/a,,, we have

(a4 +_a22 —2a,)= (a11a22)1/2(t1 +it— 2B,,)
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(@y; +a5,+ 0855 —2a,a,—2la,; —a, )

. _ 1 : 2 i
= (anazz)m{tl +t, T+ — 2B, ——— By, "Bmtl!}»
12 tit,

Ay t+Ay,+2A =050, a3, +a,,0,,— a3,
+2(ay,a,, —a,,a,,) |
=a,,853(1 — B3;) +a;,855(1 = B,)
+2(a;,8,,)"?(By3 813855 — By2a55)
=ay3(a,,a,,)" " {t; (1 = B33) + t:(1 = B33) + 2(B,3 8,5 — By5) )

and (13) becomes
9 -
\/d(f)szaisanazz[tl(l‘ 1)+ (- B3)

| _ L1
+2(B 13825 — B12))/agsa a5, (t +077 —2ﬂ12)(t1 + +t~72.
‘ N

2
_2ﬁ1z‘_‘ﬂ23ﬂ13t1|>
13423
or
9 .
\/dU)<2a33[t1(1_ f3)+t1_1(1'— %3)
+2(ﬁ13ﬂ23 "'ﬂlz)]z/(tl + t1.1 —zﬂlz)
_ 1 -2
(tl +t1 1 +‘t"?"'2ﬁ12—‘t1—tz—lﬂ23—ﬁ13tll). (14)

1%2

Now (3’) can be written as

9
Vi) <ZAgs/auaz:c(an +a,,—2a,,)

9

= Z(anazz'— a%z)z/auaz'z(au +ay,—2a,,)
42(a a, ) 21— B2/, +t7r -2
"4 11%22 12 1 1 ﬂu),
using (C'), we have
\/—'_—"A':<9 1/2 Vz 2 | -1
Q11853835 \Z(auazz) (1= BL)" M+t —28,,),

so that

G35 < (O/4 (1 — B2,)* /e, + 47— 2B,,)* A




150 R P Bambah and A C Woods

Substituting in (14), we get

S SO (L= B3, [ (1 — B2,)
+ t1—1(I = %3) + 2(1813B23 "512)]2/
2

- _ 1
A+t —2ﬂ12)3(t1 + 71 +}—?—2ﬂ12__

145 tit;

lﬁ23 —ﬁ13t1|)'
Since , ‘
1 < 1; |ﬂ23 ~ﬁ13t1‘ < 19 l/tz 2 15

. 1
2x——2|BZ3—B13t1|>01fx=—t—>1,
. 2

RV d(f) <(9/4)3(1 - fz)4tt1 (1— :1Z3) + tfl(l - %3)
+2(8,3855 — Bi ) PIA{( + 671 — 28, — 217!
o |B23—ﬁ13tll(t1+t;1-2ﬂ12)3}t

Writing ¢ for t, for convenience, we have

(15)

(16)

17

0<t<],
and
VA <OM4PA =BT [t 4+t =28, ~ B2, —t ™1 B2, +28,,8,,1%
A’(t + t—l - 2/312)3(t + 2t—1 - 2B12 - 2t—1w23 - ﬁ13t|)-
Since ,
1
0<ﬁ1ssﬂza’ﬁ1z QE’

t(i_ is)'*"t—l(l_ 33)*‘2(/313»323"1312)
23/4t+t71)-28,,
=23/2—-1>0,

2ﬁ13323<tﬁ§3+t-1 %3’

we have, from (17),

V) OMAPA— B2 ) e+t —2B,)Y

At +t71 =28, )3 +2t7 — 2B, —2t71B,, — Bt

= (9/4)3(1 —B1.)Y
Now, let

2 2
F(t)= f+;—2ﬁ12—;|ﬂ23 "613tl-

N+t ' —2B,)+2t71 28, — 2t74B,, — B, 4t

a8

oA
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Ifﬁ23>ﬂl3t’

, 2 2B 2 1
F=1-5+—3<1-5+5

1
=1 —FQO, because t < 1,
while, if §,, < B, 51,

Foy=1-2-Zn1 24

2 - 2 12
Therefore, in all cases,

F(r) = F(1)
=3-2B,,—2IB,; — Bisl
=3-2p,,—2x0041
=2918—28,,,

because |f,, — f,5] < 05— 0459 = 0-041.
Also

. ,
r+;—2ﬂ12>2~2ﬂ12.

Therefore, (18) implies
VAU <9741 - B3,)*/(2918 — 28,,)(2 — 28,,)A". (19)

Now
A'=1+ 2ﬂ12ﬂ13ﬂ23 - fz - ?3 - gs’
aAl .
—=2B,,8,,—28
aﬂls 1'2. 23 13
1
< 2—1-— —2(0-459)
22
<0.
Similarly
JA 0,
9B,
therefore,
, 11 1 1
A >1+2ﬁ1255— :112"2"2

1
=5(1 + Blz - 2.B§2)

= %(1 —Bi)(1+2B,,). (205.
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Writing 8 for B,,, for convenience, (19) gives

VAU < O/4P° 1 - B2)* /(2918 — 2B)(1 + 2B)(1 — p)?

Lo Q=P+ p*
=20 ase - B(L+28)
1

_ s 1= ({d-pB(t+p*
=304 ‘1-459-ﬂ 1428

= OMPgBhp. sy, 1)

Now -
1—-8 1 0459

9()= 1459—B 1459—p

is a decreasing function of B. Therefore,
9(B) < g(0-459). | (22)

R(B) =(1 = B)(L + B)*/(1 + 2),
K@) -1 4 2
BB 1—B 1+p 1428
_444B—8F 138242 2 4 2p?
- (1= By (1+2p) |
__BF-p-1 _
(1—BR(1+2)

Again

0,
because
82 —f—1> 8(0:459) — (0-459) — 1
> 8(0:459)? — (0-459) — 1

=162 — 1-459 > 0.
Therefore

h(B) < h(0-459), and
AT <914 9(0-455)h(0-459)

_729(1 — 0-459)2(1 + 0-459)*
128 1(1+0918)

=393...<4,

Thus d(f) < 16 in this case also and the proof of Theorem IC is complete.

8. Proof of Theorem 1T’

8.1 Let K be the sphere |x| <3/4 and A the lattice generated by (1, 1,0), (0,1, 1),
(1,0,1). We have to show that every straight line / meets a k + A, AeA.
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We divide the proof into two parts:

() The lines ! are parallel to “lattice lines” OA, AeA,
(b) Iis not parallel to any lattice line.

9. Proof of Theorem II' Case (a)

9.1 The quadratic form
JOers X2, x3) = (%; 4 x3)% + (33 + x3)% + (x5 + x, )

=2xx2+2 )  xx

ij
1€i<j<3

is the quadratic form of A corresponding to the given basis. The adjoint of f is

F(xy,%5,%3)=3Ex2 -2 ) xx;.
1<i<j<3

As explained in §2.3, Theorem II' in case (a) will follow if we can show that for
every partial sum G of F, R(G) < d(G)/\/d(F). We note that F(xy,x5,x3)=
(%1 + Xz =x3)* + (X3 + X3 — X;)* + (X3 + x; — x,)°. For integers X, X; + X, — X,
Xz + X3 — X1, X3+ Xy — x, are all even or all odd. Therefore, the possible non-zero
values of F for integers x; are 3, 4, 8, 11,... in ascending order, i.e. the values can
be 3, 4 or > 8.

Let G'(x,, x,) be a partial sum of F and G (x,, x,) = ax? + 2bx, x, + ex2,0<2b <
asc¢, a>0, be the reduced form equivalent to G'. Then

R(G") =R(G) = ac(a + ¢ — 2b)/4(ac — b?)
and we have to prove
ac(a + c— 2b) < 9/16 (ac — b*)?, | @

because d(F) = 16.
We shall prove this by contradiction, i.e. we shall show that

ac(a + ¢ —2b) > 9/16(ac — b*)?

is not possiblé.
Since the values of G for integers x; are a subset of the values of F for integers
x;, we have the following possibilities: '

G) a=3, (i) a=4, (iii) a> 8.
(i) a=3,s0o thatb=0or 1, c>3.
If b=0, ac(a + ¢ — 2b) > 9/16(ac — b*)?, then
3ac(3 + ¢) > 9/16(3c)* .

1e.
112 —48¢ <0
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ie.

c(llc —48) <0,
and

c=3orc=4, and

G(xl, xz) = 3X§ + 3X§ O!’ 3x’1' + 4x§

takes the value 6 or 7 for integers x;. Since 6, 7 are not possible values of F, this case
is not possible. If

b=1, ac(a+ c—2b)>9/16(ac — b?)?,

then

16¢(1 +¢)>3Bc—1)?
1.e.

11¢* ~34c+3<0
ie.

(c—3)(11c—1) <0,

which is impossible, because ¢ > 3.
(i) Let a=4,so thatb=0,1 or 2 and ¢ > 4.
Then ac(a + ¢ — 2b) > 9/16(ac — b*)* implies

64c(4 + ¢ — 2b) > 9(4c — b2)?
or

80c? — ¢(72b* — 128b + 256) + 9b* < 0.
b =0 gives

80c? < 256¢

and ¢ <4, which is impossible,
b=1 gives

80c? — 200c + 9 = 80c(c — 4) + 120c + 9 <0,

which is not possible, because ¢ > 4,
and b =2 gives

80c* — 288¢ + 144 = 80c(c — 4) + 32c + 144 <0,

which is again nbt possible.
(iii) a = 8. :
By the Theorem of Lagrange, since G is reduced,

ac < 4/3d(G) =4/3(ac — b?),

so that

(aC - b2) = 3/4ac9
and

ac(a + ¢ —2b) > 9/16(ac — b?)?
implies

ac(a+ ¢ —2b)>9/16 9/16ac?

e
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and
(a+c)> 81ac
256
so that
1 1 81
oz,
a c¢ 256
But

a=8,c¢>8, and
1_|_1<l+1_1< 81
a ¢ 8 8 4 256
which shows that this case is also impossible.
We have thus completed the proof of Theorem II in case (a).

10. Proof of Theorem IT' Case (b)

10.1  Let ! be a straight line not parallel to a lattice line. Let IT be the plane through
O perpendicular to . Let A, be the projection of A on I Then the lines parallel to
I meet the spheres K + A, AeA if and only if the circles C + A, AeA; cover I1, where
C is the circle K11, ie. C is the circle of radius 3/4. We have then to show that
every point of IT is within the distance 3/4 from some point of A,.

If Proj A = projection of the point A of R? on II, then Proj (A —B)=Proj A —
Proj B, and it follows that A, is an additive subgroup of the group IT under addition.
Also, since A is “three-dimensional”, A, is “two-dimensional”. One can easily see that
for A,, we have the following possibilities:

() If O is not a limit point of A,, then A, is a two-dimensional lattice, and since
Proj (mA + nB) = m Proj A + n Proj B, one can easily see that [ is parallel to a lattice
line OA of A, and this case does not arise,

(1) If O is a limit point of A,, and all points of A; near enough to O lie on a straight
line a through O, then A, is dense on «, and consists of points lying dense on lines
parallel to « at-the same distance & say, between consecutive ones, and ’
(i) A, is dense everywhere in II, in which case there is nothing to prove.

We have, therefore, to consider case (ii) only. In this case A is distributed in the
planes orthogonal to IT through the lines parallel to « of A;. These planes are at a
distance & apart (i.e. consecutive planes are at a distance & from each other). The
part of A in the plane through « is a two dimensional lattice A, and the parts in
other planes are its translates. The determinant d(A)=4. d(A,), where d(A,) is the
determinant of A,.

We notice that the squares of the distances between lattice points of A are the
values of f =27~sz —2Zx;x;, so that these squared distances are at least 2, and A

provides a packing for spheres of radius (1/2)\/5. Therefore, A, provides a packing
for circles of radius 1/\/5.. Since the density of the closest lattice packings of circles

is 7z/2\/§, we get

n/2d(A,) < m/2./3
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and
d(Ay) = /3.
Since ‘

d(A) =2, §<2//3<3/2

Thus the distance § between consecutive lines parallel to !/ on which A, is dense is
<3/2. Let Pell, then P is at a distance < J/2 < 3/4 from one of these lines and at a
distance < 3/4 from some point of A,, which completes the proof.
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