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1. Introduction

A locally compact group is said to have Wiener’s
property if every two sided ideal in the Banach
* algebra L'(G) is contained in the kernel of a
nondegenerate Banach  representation of L' (G)
on a Hilbert space. It is well known from the work of
Leptin [7] that semidirect product of abelian groups
and connected nilpotent groups have the Wiener’s
property. On the other hand it was established by
M. Duflo that no semisimple Lie group has this
property [7].

If G is compact extension of a nilpotent group
then it it is of polynomial growth [4] and G has
a symmetric group algebra. These two properties
together imply that G has Wiener’s property [8]. For
the case of general locally compact motion groups
see the work of Gangolli [3].

We consider one such group G=T">< H",
the semidirect product of the n-dimensional torus
T" and 2n+ 1 dimensioanl Heisenberg group H".
The above theory points out that it has Wiener’s
property. However this far reaching general theory
related to the groups of polynomial growth involves
heavy machinary and hence not easily accessible.

We offer here a direct and independent proof
of the fact for G as above, starting from a result of
Hulanicki and Ricci [5]. We interpret the result in
[5] on H™ as a Wiener’s theorem for T"-biinvariant
functions on G. Using elementary arguments
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Abstract | We show that the Wiener Tauberian property holds for the Heisenberg Motion
group T">< H". This is a special case of the same result for a wider class of groups. However,
our exposition is almost self contained and the techniques used in the proof are relatively

we extend this result to a Wiener’s theorem for
the full group G. Going towards the proof we
find the representations in G and establish the
Plancherel theorem. Then we obtain the Wiener’s
theorem explicitly in terms of the representations.
Precisely, we find the sufficient condition that an
L'-function on G generates a dense ideal in L!(G).
This condition is also necessary. We may conjecture
that this method of extending the theorem from
the biinvariant functions in L' (G) to the full L' (G)
would work for other compact extensions.

This exposition is almost self contained and
techniques are simple. Our group G is a subgroup
of the so called Heisenberg Motion group, which
is the semidirect product of the Heisenberg group
H" and the unitary group U (n). This latter group
acts on H" as automorphisms and the semidirect
product U(n)>< H" turns out to be the natural
group of isometries for the Heisenberg geometry;
see the works of Koranyi [6] and Strichartz [10]. In
[9] R. Rawat has studied a Wiener’s theorem for the
action of U(n)r>< H" on H".

2. Notation and Preliminaries
Let H" = C" x R, with group law

1
(z,t)o(Z,t) = (z—i—z/, t41t — EIm Z’.E),
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denote the (2n + 1)-dimensional Heisenberg
group. Let T" = S! x --- x S! (n times) be the n-
dimensioanl Torus. The group T" acts naturally
on H"” by automorphisms and (H"”,T") forms a
Gelfand pair. Let G =T">< H" be the semidirect
product of H” and T". Let us denote the elements
of Gby (0,z,t) where o = (ei(’1 s eien) €T"and
(z,t) € H". The group law of G is given by:

(o,z,t).(t,w,s)

1
= <at,z—|—ow, t+s— EIm JW.Z).

As T" is a subgroup of G through the identification
of 0 and (0,0,0), it acts on G from left and right
through the group law as:

(0,0,0).(t,w,s) =(ot,0W,s)

and

(t,w,s).(0,0,0) =(ot,w,s).

The Heisenberg group H" can also be
identified naturally both as a subgroup of G
and as the quotient G/T". For an element
(0,2,1) €G, (0,z,t) L= (67!, —07 2z, —1t) =
(0_1,0,0)(1, —z,—t).

We use R for Ry x -+ x Ry (n times)
where Ry is the set of positive reals. The n-
dimesional Euclidean space is denoted by R".
For this article ‘" is the usual bilinear inner
product. For ® = (01, ...6,) €[0,27)" we denote
(eiel, e ei(’") e T" by ¢'®. A function f on
H" is called polyradial if f (z,t) = f (¢'®z, t) for
all ¢© € T", where z = (z1,...,2,) € C" and
e®z= (eielzl, e, eieﬂzn). We consider C2°(G) to
be the space of compactly supported C*°-functions.
For a function f € C2°(G) we define a function
fo on H" by fo(z,t) =f(1,z,t) and a polyradial
function foo on H" by foo(r,t) =f(1,r,t), where
r=(r1,...,7), rj > 0. For p = (u1,..., un) €Z"
the character x,, of T" is defined by XM(ei(")) =
et ® =it ... eitnbn Suppose w, ' € Z". A
complex valued function f on G is called spherical
of right (resp. left) type w (resp. u') if

f(xky) = f(x)xu (ki) (resp. f (kax)
= X (k2)f (x))

for all x € G and k;, k, € T". A function of left
type ' and right type p is called spherical of type
(¢, w). For a function f € C2°(G)

[ Trtorekodi and [ ks danat

R. P. Sarkar

respectively are its projections on the space of right
w and left u’ type functions in C°(G). For a
suitable function space S , by S,/ ,, we denote
the projection of S on the subspace of left w’
and right p type functions of S. The polyradial
functions in L' (H") (denoted by A in [5]) is under
obvious identification the same as L' (G)y,o, the bi-
T" invariant functions in L' (G). The right and left
G-translates of f for x € G, are denoted respectively
by f* and *f. Precisely, f*(y) = f(yx~!) and
*f(y) =f(x"'y). By * we mean convolution in
G while xg» denotes the convolution in H". For
two elements m, n € R”, m — n is the component-
wise subtraction. By m > n we mean m; > n; for
everyj=1,...,n.

We conclude this section with the following
proposition.

Proposition 2.1. Let f,g € C°(G). Then,

(i) left type of f x g is the left type of f and the right
type of f x g is right type of g.

(ii) if moreover f and g are of right m-type and left
n-type respectively, then, f xg=0if m % n and
ifm=mnthenfxg(l,z,t)=fo*un go(z,1)

Proof of this proposition follows easily considering
the fact that every element ¢ € G can be decomposed
as ¢ = xk = k;x; where x,x; € H" and k, k; € T".
By (i) above L'(G) ., is a subalgebra of L'(G)
under convolution .

3. Representations of G
We shall construct the representations of G from
that of H" and the Euclidean motion group M (2).
For details of the representations of these two groups
we refer to [12] and [11] respectively.

For k=0,1,2,..., and t € R the Hermite
polynomials are defined by

Hy(t) = (—)F (d—k{e—fz}e”)
dtk ’

The normalized Hermite functions are defined in
terms of the Hermite polynomials as

hi(£) = 28Tk "1 H(t)e 2"

These Hermite functions {h;: k=0,1,2,...} form
an orthonormal basis of L?(IR). For any multiindex
o and x € R" we define the higher dimensional
Hermite functions @ by taking tensor product:

Dy (x) = H;;ohaj (xj) .
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Wiener Tauberian Theorem

Then the family {®,} is an orthonormal basis of
L?(R™). For A5 0 we define the scaled Hermite
functions

(0 =121 g (1217x).
We also consider

5 (x) = (2m) 21212 (1, (2,0) @}, D),
which is essentially the matrix coefficient of the
Schrodinger representation m, at (z,0) of H".
They are the so called special Hermite functions
and {q):;t RS B € N"}is a complete orthonormal
system in L?(C"). For each o € T", (z,t) > (0z,t)
is an automorphism of H", because T" preserves the
symplectic form Im(z.w). If p is a representation
of H", then using this automorphism we can define
another representation ps by ps(z,t) = p(0z,t)
which coincides with p at the center. Therefore
by Stone-von Neumann theorem p, is unitarily
equivalent to p. If we take p to be the Schrodinger
representation 1,, then we have the unitary
intertwining operator w, (o), i.e.

7,(0z,t) = w,(0) 7, (2, t) u,(0)".

The operator valued function p, can be chosen
so that it becomes a unitary representation of
the double cover of the symplectic group and is
called metaplectic representation. For a detailed
description of these representations we refer to [2].
For each 1 # 0, m € Z" we consider the
representations (o7, L*(R™)) defined by

7im‘<1>n,1(z’ t)llq(ei(b)a

ph(e® z,t) =e
where p,(e'®) is the metaplectic representation
and 7, is the Schrodinger representation of H”.
The action of w,(e'®) on the Hermite basis
{®4 : a« € N"} is given by

10 ia. D g1
U (e°)PL, =T DL

Since p%,(1,2,t) =m,(z,t), these representations
are irreducible.

Theorem 3.1. Let 7w be any unitary representation of
G such that w(1, z, t) is irreducible as a representation
of H". If m(1,0,t) = eI with A#0 then m is
unitarily equivalent to p’, for some m € Z".

Rroof. Since (1, z, t) is irreducible and 7 (1,0, ¢) =
'] by Stone-von Neumann theorem 7 is unitarily
equivalent to 7, (z, t) on L?(R™). If H is the Hilbert

Journal of the Indian Institute of Science | VOL 87:4 | Oct-Dec 2007 | journal.library.iisc.ernet.in

space on which 7 is realised, we have a unitary
operator U, : H —> L?(R") such that

Uimi(z,) U, =7(1,2,t).
Now
n(eiq), z,t)y=mn(1,z, t)n(eiq) ,0,0)
and also

iz, t) = 1((€'®,0,0)(1,e7"®2,1))

= n(eiq),O, 0)m(1, eiicpz, ).

(e

Therefore,
Un(l,z,)m(e'®,0,0)U;

=U,n(e'®,0,0)m(1,e "z, 1)U}

and
(2. ) U,m(e'®,0,0) U
=U,7('®,0,0) Ua*n,‘(e_"(bz, t).

But 7,(e"'®z,t) is unitarily equivalent to
7,(z, t) via the metaplectic representation, i.e.

(e 2, 1) =, (e ), (2, (e TP

Defining p(el®) = U)‘n(eiq),O, 0)U; we have

7,(z, 1) p(e'®)

=p(e' ) (e ) m(z, £y, (e P)*.

Thus p(e!®)u(e*®) commutes with (2, t)
for all (z,t) and hence ,o(eiq’)uk(e_’q)) =
x(®)I. Thatis p(e'®) = x(®) u,(e'®). Therefore
X(®).x(®") = x(® + ®’). Thus x defines a
character of the group T". Hence, p(e'®) =

e ™% 11 (e'®) for some m € Z". Finally

U (e®, 2, Ur = ,(z,)e” "™ ® pu(e'®)

which proves the theorem.

We now consider the case when 1= 0. That is
7(e'®,z,t) = n(e’fb,z, 0).

Defining p(z, ¢'®) = w(e'®, z,0) we see that
©) = 7(e'®.2,0)m(e"®, w,0)

= n(ei(®+¢) ,Z+ eiq)w, 0)

o(z,e®)p(w, e

and hence p is a representation of the motion group
C'xT*"=M(Q2) x---x M(2) where M(2) =C x
U().

It is well known (see [11]) that all the irreducible
unitary representations of M (2) are given by the
following two families
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(i) for a> 0, p, realised on L?(T) and defined by

Oa (Z, ei¢>)g(9) — eiRe(aze*ie)g(e_qb).

(ii) for m € 7Z, the one-dimensional
representations x,, realised on C and defined
by

Am(€®)z=1e"?2.
From this we build the representations of M (2) x
- X M(2) as:
(I) for a = (ay,...ay) € R}, p, realised on

L?(T™) is given by

) ) . L —ib;
pa(z’eﬂb)g(el()) — l—I]nzlelRe(u]z]e 7)

Xg(ei(®7<b)),

where z=(z1,...2,) € C", ¢'©® € T".
(I) for meZ", xm realised on C is given by

xm (e P)w=e"Pw.

Hence we have,

Theorem 3.2. If 7 is a unitary representation of G
such that 7(1,0,t) =1 and 7 (1, z, t) is irreducible
then 7 is unitarily equivalent to either p, for some
aeRY or x for somemeZ".

We now show that the representations p’, are
enough for the Plancherel theorem. Given f € L' N
L?(G) consider the group Fourier transform

f,m) = /f(eiq>,z,t)pjn(ei¢,z,t)dCDdzdt
= /f"(eid’,Z)e_"mmﬂa(z,o)ua(e"q’)
xd®ddz
where f7(e!®,z) = [e"f(e!®, z,t)dt. We can

calculate the Hilbert-Schmidt operator norm of
f (A, m) by using the Hermite basis {7 }:

fO,mydL = /f*(e@,z)e*”"“’ei“-q’nl
X (z,0)®Ldddz
= /];*(m—a,z)nl(z,O)Cbgdz

where

f’~(z, m) =/‘fl(z,ei¢)e_im‘®dd>.

R. P. Sarkar
Thus
(f (2, m) @}, D)
= (Zﬂ)gIAI_%/f"(z,m—ot)d)gﬂ(z)dz
so that
If ) @713

= (zn)"ur"Dfﬁ(z,m—a)cbg,g(z)dzﬁ
B

and

IF Gom)lis = @m)" 147"
x;%]/ﬁx(z,m—a)cbfw(z)dzf.

This shows that

S IF G m) s = @m)" A"

xZZZ|/f~1(z,m—a)Cbgﬂ(z)dzf.
m o B

Making a change of variable in the summation
over m and noting that {Cnyﬁ ca, BeN"}is an
orthonormal basis for L?(C") we obtain

SO IF G m s
= (Zn)”ur"Z/W(z,m)sz
:(2n)2"|x|—”f/|f1(e"“>,z)|2dcbdz.

Therefore,

/ (Zufu,mﬂ&s) a1 da
:(2n)2"//f|f*(e"¢,z)|2dq>dz
:(2n)2”+1/|f(€i®,z,t)lzdd>dzdt.

Theorem 3.3. (Plancherel) For f € L'NL%*(G)

/|f(€iq>,z,t)|2dd>dzdt

=(Q@m ! / (Zn?u, m)||2> A" d2.
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Wiener Tauberian Theorem

Remark 3.4. Note that if f (e'®z,t) is right T"-  Proof.

invariant then (f (A, m) @}, Q%) =0 unless m =

o>0. Thus?(k, m) =0 for mj <0 for some j and
form=>0

F O, m) 13

="y ‘(f(x,m)%,@jg)‘z.
BeZn

We also use the notation p?, (f) for ?(A, m).

4. Wiener's Theorem
We begin with a theorem of Hulanicki and Ricci [5]

Theorem 4.1. Let ] be a proper closed ideal
of L'(H"/T™). Suppose for every non-zero
multiplicative functional Ay, of L' (H"/T"), given
by the bounded spherical function v, there is a
function f € J such that

Ay(f) = /f(z, Y (z, t)dzdt £0.

Then ] =L'(H"/T").

The actual Theorem of Hulanicki and Ricci is little
stronger than this as it says that L' (H") s ] is
dense in L' (H"). We have quoted the part which
we are going to use. A detailed proof of this can be
found in [1]. Note that in our notation L' (H" /T")
is L' (G)o.0. In the language of representations this
theorem can be restated as: for J as above, suppose

(i) for every (A,m) € R\ {0} x Z" there is a
function f, ,, € J such that p?, (f, m) #0
(ii) for every a= (ay,...,a,) with a; > 0 there is
a f, € ] such that p,(fz) #0
(iii) thereis f € J such that [, fdzdt #0.

Then | = LI(G)OVO. For z=(zy,...,z,) € C" we
consider its multi-polar decomposition

z=eClz| = (r1e™, .. rpe),
where ¢/© € T", ||z|| = (11, ..., 74) and zj = rje’®i
for j=1,...,n. Notice that condition (ii) is then

equivalent to this: the Euclidean Fourier transform
of f, at a € R} is not equal to zero. That is

faC. B (a) #0.

Proposition 4.2. Let f € L'(G). If right (resp. left)
type of f is p (resp. ') then f (A, m) =0if mj < u;
(resp. mj < wj) for some j,j’. For f € L'(G)
of type (' 10)s (03 (F) )y, B) # 0 only when
wj=mj—ajand y,; =mj— B for all j.
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(P ()P, D)

=/f(ei®,z,t)<q>g,p;n

G

x(e'9,2,0) 7' @})dOdzdt
=/f(e"®,z,t)(q>g“p;n

G

x(e7'%, 792, —1) ) dOdzdt
=/f(€i®,ei@e—i@z, t)(CIDI.}“e—i(,s)_m)@nZ

G

x(=e 19z, —1) ®})dOdzdt
2/eml'@f(l,e_"@z,t)ei(ﬂ—m)@

G

x(@, 7,(—¢ Oz, —1) D)) dOdzdt.

Therefore, (pi, (f) P2, CI>j3) =0unless ' =m—
B in which case,

(P () Dl @)

= f(l,z,t)(CDfx,nA(—z,—t)dﬂﬂ)dzdt.
Hn

The other result will follow similarly.

Lemma 4.3. Suppose for f € L'(G), ?(A, m) 0 for
some A€ R\ {0}, m € Z" and p,(f) # 0 for some
a e R, Assume also that p € 2" satisfies ;1 < m.
Then there exist functions g and g’ of type (., 1) in
the closure of span of (left and right) G-translates of
f such that' g(A,m) # 0 and p,(g') #0.

Proof. Let v=m — jt. As the Qperator?(l, m) #0
there exist o« and B such that (f (2, m) @, Cl>j3) £0.
Since p?, is irreducible, for every & > 0 there exist
ci€eCandx;€G,i=1,2,...,sfor some s such that

S
I Zcipin(xi)CI)fJ -} <e.
i=1
This implies
N
| D il (1) 03 i) @ = 0} (N D% [| < ell 23 (D
i=1
and hence

| 02 (1) @4 — 03y (YL || < el ol (D

where g1 =5, cif ¥i.
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As (D, # 0 and [} (H)] < oo,
04, (g1) @} # 0. By the above proposition this
also shows that g; has right © component. Let
g be the right p-th projection of g;. Then
04 (1) P4 = ph (g2) P} # 0, because Fourier
transforms of other right projections of g; will kill
®7. There exists y such that (o}, (g2) P4, %) #0.
For ¢ > 0, there are c]’-e(Candyje G,j=1,2,...¢
for some s’ such that

S/
I ol Ho— @ | <e.
j:l

Applying p?,(g2)* on both sides and using that p?,
is unitary we get,

S/
1> cipn(g)* ok (i) * @7
j:l

—P (€)@, | < ellp}, (g2)*I.

That implies

5/
|3 cioin 072" @} =} (820" @} | < ell oy (e2)".

j=1
Let g3 = Z;;lc_; Yig,. Then we have
107, (83)" @7, — 07, (82)" @, || < ell p},, (82) -

As pl, (gz)*di';/ #0, p},(g3)* P4 #£0. Since g3 is
a finite linear combination of the left G-translates
of g, right type of g3 continues to be . Hence
(@} 03, (83)" PL) = (0l (g3) B}, D) #0. Let g be
the left w-th projection of gs. Then g is of type
(1, 1) and (p}, (g3) B, B3) 0.

By similar method we can show that there is
a g’ of type (i, i) in the closure of the span of
G-translates of f such that p,(g") #0.

Suppose f is a function in L'(G), . Let
z=1¢'9||z|| where ||z|| = (11, ..., 1) and €'© € T".
Then

f@®.z.0) = f(&®.eOzl. 1)
= " Pf (1. ezl 1),
Since (1,¢e"@||z]l,t) = (¢'©,0,0)(e7®, |1z]|, t) we
also have

f(1,e®z, 1) = e*OF (e, ||z|l, 1)

= f(L |zl 0).

Thus we have

f(e®,z,)=e"®foo(llzll, 1).

R. P. Sarkar

By the above proposition for f € L'(G) . 1>
P4, (f) =0 whenever m; < u; for some j. If m > u
then

o) = /f(ei(b,z,t)p’;n(eiq’,z, HYdddzdt
G

= /Gfoo(IIZII,t)ei“‘<1>e_i”"‘l’nl(z,t);LA
x (e!®)dDdzdt

= fG foo(llzll 0) 0y (€ 2, 1) d Dz,

This shows that 7, (f) = 03,—, (foo)-
Now suppose for some f € L' (G)

Xm(f) =ff(ei¢,z,t)e—iM~¢dzdtdq> #0.
G
Let f,, is the right w-th projection of f. That is
f;l. (ei(b, z, t) — /f(ei(@-i-q)) , Z, t)e—iu.(")d®
G
- ei“'q)/f(ei@,z, t)e "9de.
G
Then

Xm(f) = Sm,u/f(ei@),z,t)e_i"'@d@dzdt
G
= 8m,uX;L(f)

where &, , is the Kronecker 6 and hence if
w =m then x,(f,) # 0. Similarly we can show
that if , f is the left u-th projection of f, then
Xm (uwf) = 8m, u X (f). Therefore if x,, (f) # 0 for
all m e Z", then x,, (g) # 0 where g is the (u, p)-
the projection f. By the above computation that
means [y, 80,0 (|2, t)dzdt #0.

Proposition 4.4. Let SC L'(G),,, Suppose

(1) forevery A€ R\{0} and m > p, thereisf, ,, €S
such that p}, (f,.m) #0,

(2) forall aeR”, p,(fa) #O0 for some function
fa€Sand

(3) xu(f) #0 for some function f € S.

Then the span of the ideal (under convolution *)
generated by elements of S in L' (G) ., is dense in
LYG)

Proof. Let So .0 ={fo.0: f € S}. If fe L! (G) > then

O} (f) # 0 for some m > w implies 7, , (fo.0) #O.
Also p,(f) # 0 implies the Euclidean Fourier
transform fo o(., £)(a) # 0. Notice also that

Xu(f) # 0 implies [, foo(lzll, )dzdt # 0.
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Wiener Tauberian Theorem

Therefore by Theorem 4.1 span of the ideal
generated by the elements of Sp o in L'(G)g o
is dense in L'(G)g,o. Let us take an arbitrary
he Ll(G)H’M. For & > 0, there exist ¢; € (C,fj €S

and gj €L'(G)o.0,j=1,2,...s for some s such that

|| Zijg,O kpyn g] — hO*OHLl(H") <Eé. (4.1)

J

Let us define ‘g:j(ei@ z,t) =gl (||z]], t) e ©. Clearly
¢/ € LY(G) 4, - Then,

2/(\;|ZC]f]*g~](el®,Z, t)_h(eiG,Z,t)|
xd®dzdt.

Since fj * ‘g;j and h are functions of type (w, ), the
above expression equals to

fG|ZCj<ff*éf>)o,o<||z||,r>eiﬂ-®
—ho.o(|lzll, t)e*?|dOdzdr

:/Hn|2Cj(fj*§j))o,o(||2||,t)
—ho,o(llzl, t)|dzdt.

Again using the fact that f7 % g~f and h are (pu, ®)-
functions we have

= flxgi(1,2.1)

= (flxun giy) (lzll. 1)

(Fxgho.0(lzl, 1)

by Proposition 2.1. Also,

oz =gi(l.z,t) =g/ (lzll.t) =g/ (z. 1)

and

fie =z =flzl.) =13 o (z.1).

Therefore,

(f+gho.o(lzll ) = fj o1 g (2, 1).

Hence
” chfj*éj_h”Ll(G)

Z/Hn|ch(fg,o*H"g~j)(||Z||,t)
—ho o (]l ) ldzd.
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The proposition follows now from (4.1).

We now state and prove a Wiener Tauberian
theorem for the action of G on itself.

Theorem 4.5. If for a function f € L'(G), ?(A, m)
#0 forall x40, meZ", f(a) #0 for all a e R}
and xm(f) #0 for all m € Z" then the span of the
(left and right) G-translates of f is dense in L' (Gx).

Proof. Fix pu € Z". From lemma 4.3 and the
subsequent computations we see that using the given
nonvanishing condition on f, we can find functions
of type (1, p) in the closure of G-translates of f
such that they satisfy the hypothesis of proposition
4.4. Hence they can generate L'(G) ;. The proof
now follows from the fact that any ideal I in L' (G)
which contains L! (G, p forall peZis LY(G)
itself.

Note that instead of a single function f we can
also take a subset S C L'(G) such that Fourier
transforms of the elements of S have no common
zero in the set of above representations parametrized
by R* x Z" UR!} UZ", where R* is the set of
nonzero reals.

Received 18 September 2007; revised 03 December 2007.
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