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1. Introduction

The study of Calabi-Yau orientifold compactifications of type II string theory (or F-
theory compactifications on Calabi-Yau fourfolds), with nontrivial background RR and NS
fluxes through compact cycles of the Calabi-Yau manifold, is of interest for several reasons.

Conventional compactifications give rise to models which typically have many mod-
uli. Understanding how these flat directions are lifted is important, both from the point
of view of phenomenology and of cosmology. One expects the moduli to be lifted once
supersymmetry is broken, but studying this in a calculable way in conventional compacti-
fications has proved challenging so far. In contrast, compactifications with background RR
and NS fluxes turned on give rise to a nontrivial low energy potential which freezes many
of the Calabi-Yau moduli. Moreover, the potential is often calculable and as a result one
can hope to study the stabilization of many moduli in a controlled manner in this setting.
Flux-induced potentials for moduli have been discussed before in e.g. [1.B,8,H5.8,7 (while
a complementary “stringy” means of freezing moduli, by considering asymmetric orbifolds,
has been discussed in, for example, [{]).

Compactifications with fluxes have also been proposed as a natural setting for warped
solutions to the hierarchy problem [f], along the lines of the proposal of Randall and
Sundrum [[0]. The combination of fluxes and space filling D-branes which often need to
be introduced for tadpole cancellation in these models leads to a nontrivial warped metric,
with the scale of 4d Minkowski space varying over the compact dimensions. Examples of
such models, with almost all moduli stabilized and exponentially large warping giving rise
to a hierarchy, appeared in [[]. (See also [[LT])).

Finally, compactifications with fluxes also have interesting (and relatively unexplored)
dual descriptions, via mirror symmetry and heterotic/type Il duality. Some examples of
these dualities have been discussed in [[,[[7].

In this paper, we explore in detail the simplest such compactification which admits
supersymmetric vacua with nontrivial NS and RR fluxes: the compactification of type 1B
string theory on the T°/Z, orientifold. The most familiar avatar of this model includes 16
D3-branes which cancel the RR charge of the 64 O3-planes at the 2° fixed points of the
Z5 action. However, one is free to replace some (or all) of the D3-branes with appropriate
integral RR and NS 3-form fluxes F(3) and H(3y. Given such a choice of integral fluxes,
one can compute the low-energy superpotential governing the light fields. In a generic

Calabi-Yau orientifold in IIB string theory, the periods which are required to determine
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W would only be computable as approximate expansions about various extreme points in
moduli space, making any global and tractable expression for W difficult to obtain. A nice
feature of the T /Z, case is that W is easily computable.

With the superpotential in control we can ask if there are N' = 1 supersymmetry
preserving minima. It turns out that for generic choices of the fluxes supersymmetry is
broken. By suitably choosing the fluxes, however, we find several examples which give rise
to stable, A/ = 1 supersymmetric ground states. In these minima, typically, the dilaton-
axion, all complex structure moduli, and some of the Kéhler moduli are stabilized. In
addition, since some or all of the O3-plane charge is cancelled by the flux, fewer D3-branes
are present, and the number of moduli coming from the open string sector is also reduced.
The conventional IIB compactification on this T /Z, orientifold has 67 (complex) modulil.
Once fluxes are turned on, it is easy to find examples with far fewer moduli (~ 3 in the
models we discuss here, and fewer in the class of models described in [f]).

The organization of this paper is as follows. In §2, we review basic facts about vacua
with flux and about the moduli of the T°/Z, orientifold, and parametrize the possible
choices of flux. In §3, we discuss the constraints that must be imposed to find a super-
symmetric vacuum, following [[3[14], and write down a formula for the superpotential as a
function of the 76 moduli. In §4, we exhibit many examples which lead to A" = 1 supersym-
metric solutions. We also analyze some cases which turn out to have N' = 3 supersymmetry
and make some comments about finding the most general supersymmetric solution. In §5
we discuss the conditions under which two apparently distinct solutions are nevertheless
equivalent (using the reparametrization symmetries of the torus and U-duality). In §6 we
describe how, starting from a supersymmetric solution, additional physically distinct ones
can be found using rescalings and GL(2,Z) x GL(6,Z) transformations. In §7, we derive
the conditions which must be imposed on the G(3) flux to find N' = 2 supersymmetric
solutions, and consider one illustrative example. §8 contains some examples of nonsuper-
symmetric solutions. In §9 we discuss the dynamics on the D3 branes which one should
insert into many of our vacua, to saturate the D3 tadpole. We close with a brief descrip-
tion of directions for future research in §10, and some important details are relegated to
appendices A-D.

While this work was in progress, we learned of a related work exploring novel 4d N = 3

supersymmetric vacua which can be found from special flux configurations on T°/Z5 [j].

I The model has 16 D3-branes each of which give rise to 3 moduli, in addition there are 19

moduli coming from the closed string sector.



We are grateful to the authors of [[§] for providing us with an early version of their paper,

and for helpful comments.

2. Preliminaries
2.1. D3-brane charge from 3-form flux

The type IIB supergravity action in Einstein frame is [I6]

St = 2;102 / dlox\/__’J(R B %ﬁf - Gz(ggvli(;) - Z(~5)5T) o1
1 /0(4) A G(g) AGs) S, (21)
2K102 4ilme
Here,
¢ = Coy +1/9s, G(3) = Fi3) — ¢H(3), (2.2)
and
Fs) = Fi5) — 5C2) N Hiz) + 3F(3) A Bz, with « Fg) = Fs), (2.3)

where F(3y = dC(2y and H(3y = dB ). If one compactifies on a six dimensional compact
manifold, Mg, and includes the possibility of space-filling D3-branes and O3-planes, then
the equation of motion/Bianchi identity for the 5-form field strength is

dF(g,) =d=x* F(g,) = H(3) A F(3) + 2/{102M3p£ocal. (24)

Here 13 is the charge density of a D3-brane and p°® is the number density of local sources

of D3-brane charge on the compact manifold. We can integrate this equation over Mg to

give the condition
1

PRI /M6 Hs) A Fis) + Q3™ = 0. (2.5)
In condition (), Q¥ is the sum of contibutions +1 for each D3-brane and —1/4 for
each normal O3-plane. As discussed in [[7] and [I§], there are actually three other types
of O3-plane, each characterized by the presence of discrete RR and/or NS flux at the
orientifold plane. These exotic O3-planes each contribute +1/4 to QY.

We will be interested in the case that Mg is the T°/Z, orientifold. There are 26 O3-

planes in this compactification, with a total contribution of —16+ %Nogl units of D3-brane
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charge to Q¥ where Noa is the number of exotic O3-planes. Therefore, (2:5) takes the

form

1 1
§Nﬂux + Nps + §NO3’ = 16. (2.6a)
Here 1
Nogux = ————— Hisy A Fiay. 2.6b
o = T 0 2

The factor of % multiplying Na.x compensates for the fact that the integration is over 7°
rather than T°/Z,. We have also replaced the prefactor, 1/(2r10%u3), with its explicit
value in terms of /. Tt is clear from (2.6) that appropriately chosen three-form fluxes can

carry D3-brane charge. The fluxes obey a quantization condition

m [yF(:),) =m, € Z, m /yH(:),) =n, € Z, (2.7)
where 7 is an arbitrary class in H3(T°, Z). There is a subtlety in arguing that these are the
correct quantization conditions for T /Z, E[@] This is because there are additional three
cycles in T°/Z,, which are not present in the covering space T°. If some of the integers
m., (n,) are odd, additional discrete RR (NS) flux needs to be turned on at appropriately
chosen orientifold planes to meet the quantization condition on these additional cycles.
(See Appendix A for more discussion of this condition). In practice it is quite non-trivial
to turn on the required discrete flux in a consistent manner without violating the charge
conservation condition (R.6). We will avoid these complications in this paper, by restricting
ourselves to cases where m.,,n. are even integers, and by not including any discrete flux
at the orientifold planes.

Finally, G(3) obeys an imaginary self-duality (ISD) condition, *sG (3) = iG 3, as will
be shown in the next section. This condition implies that the 3-form flux contributes
positively to the total D3-brane charge. To see this note that the ISD condition implies
that

*6H(3)/9s = —(F(3) — Clo)H(3))- (2.8)
Since H(zy A F(3y = Hg) N (F(3y — Co)H(s)), we learn thatl

1
/ H(3)/\F(3) :——/ H(g)/\*GH(g,)
Me 9s J Mg

(2.9)
11 9
= ;g Mﬁ\/MH(g,) > 0.
2 We are indebted to A. Frey and J. Polchinski for pointing out this subtlety.
3 In the conventions of [{], Hy A *6Hz) = — 3 HimnpH™"? Vol, where m, n,p are real coordi-

nates on Mg and Vol is the volume form.



Therefore, in the presence of nontrivial RR and NS fluxes which carry nonzero Nguy, the
number of D3 branes required to saturate (B.§) will always be fewer than 168, fact, in

some models, one can entirely cancel the tadpole with fluxes.

2.2. The Scalar Potential from 3-form flux

Turning on three-form fluxes gives rise to a potential for some of the moduli. The

four dimensional effective theory has a term of the form [f]

1 G3) A *6Gs)
Lo = oy~ T 2.10
6= o [, A, (2.10)

which arises from the G 3y - @(3) term in the ten dimensional action (B.I]). To understand

why this term gives rise to a potential for some moduli it is useful to write

Gy = G'P + G'SP, (2.11)
where
>|<6GISD — +iGISD,
(2.12)
*6GIASD — —iGIASD.
Then,
1 - ) _
Lo = — — GIASD/\* GIASD_7/ G AG
“ 7 2k102Imé M ° 4r102Img Jp,, DT (2.13)

= Vscalar + topological.

The second term in (R.13) is topological. It is proportional to Nguy (B.6) and independent
of moduli. One expects on general grounds that three-form flux configurations, which
give rise to D3-brane charge, should also lead to D3-brane tension. This contribution to
D3-brane tension is accounted for by the second term.

The first term in (R.13) gives rise to the scalar potential and is central to this paper.
It is positive semidefinite and vanishes when the flux meets the imaginary self-duality
condition. The moduli dependence enters in two ways. First, G(3) depends on the axion-
dilaton (B.3). Second, the decomposition of G'(3) into ISD and IASD parts, depends on

some metric moduli. Requiring that G(3) is imaginary self dual fixes many of these moduli.

4 We do not allow the presence of anti D3-branes, since our main interest is SUSY solutions.

Some aspects of non-supersymmetric vacua with anti D3-branes and fluxes have recently been
described in [[Ig]



2.8. IIB on the orientifold T®/Z,

Let us now focus on IIB string theory compactified on a T%/Z, orientifold. The
six transverse directions will be denoted as z*,y%, i = 1,...,3. The orientifold action
can be denoted as QR(—1)f%, where R stands for a reflection of all of the compactified
dimensions (2%, y%) — —(2%,y%),i = 1,---,3. In fact the model is related to the Type
I theory compactified on T by six T-dualities along all the compactified directions. It
preserves N = 4 supersymmetry, i.e., 16 supercharges.

The massless fields after compactification arise from the massless fields in the IIB ten
dimensional supergravity theory. The bosonic fields in the ten dimensional theory are the
metric gy, the NS 2-form B(y), the RR fields C(3),C(4), and the dilaton-axion ¢, C(g).

Their transformation properties under Q(—1)fZ are as follows:

Q (=it
gun + +
B - +
Co + — (2.14)
Cuy - -
Coy - -
¢+ +

The resulting massless bosonic fields are then:

9w 1 graviton
gab 21 scalars
(B2))au 6 gauge bosons
(0(2))(1“ 6 gauge bosons (2.15)
(0(4))abcd 15 scalars
Cy 1 scalar
¢ 1 scalar

We see that the massless fields which survive the orientifold projection are the graviton,
12 gauge bosons and 38 scalars, plus their fermionic partners. These are organized into
representations of N/ = 4 supergravity as follows. The graviton, six gauge bosons and
the axion-dilaton along with their fermionic partners, lie in a supergravity multiplet [[Lq].
In addition there are six vector multiplets each containing a gauge boson, six scalars and
their fermionic partners. Thus, in the absence of 3-form flux, the moduli space of T°/Z,
compactifications is parametrized by 38 scalars. When 3-form flux is turned on, some of
the scalars from C'(4) become charged, which means that they obtain Stuckelberg type

kinetic terms ~ (9,\ + mA,)?, where m is determined by the flux. For generic N' = 1
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solutions, one can show that twelve of these scalars are eaten by gauge fields though the
Higgs mechanism. (See, for example, [BQ] or [[J] for related discussions in somewhat
different contexts). Six of these twelve scalars are partners of metric Kédhler moduli which
also get heavy. The remaining three scalars from C(4) pair up with three metric Kahler
moduli to form three N’ = 1 chiral multiplets which survive in the low-energy theory.

In the T-dual of Type I theory on T, one would also include 16 D3-branes, each with
a worldvolume N = 4 vector multiplet. We will ignore any brane worldvolume fields for
now, and briefly discuss the physics on the branes we must introduce in §9.

We discussed above that turning on fluxes leads to a potential on moduli space. It is
important to note that although some of the moduli will gain a mass from this potential,
the effective field theory keeping only the fields (B.15) from the closed string sector (plus
any massless open string fields, if branes are introduced) is valid. This is because the
masses generated by the flux-induced potential will scale like m ~ g—;, where we have
assumed an isotropic torus of size ~ R. The KK modes on the Calabi-Yau geometry have
masses that scale like mgg ~ %, so if we work at sufficiently large radius (where our
supergravity considerations are most valid in any case), m << mg g, and we are justified
in truncating to the field theory of the modes (B.17).

It is helpful to regard the torus as a complex manifold and organize the various
moduli accordingly. Nine of the twenty-one scalars that arise from the ten-dimensional
metric correspond to Kéhler deformations, while the remaining twelve scalars correspond
to complex structure deformations.

An essential difference between the six-torus and a Calabi-Yau three-fold is the fol-
lowing. For a generic CY3, Yau’s theorem implies that any complex structure or Kéahler
deformation corresponds to a nontrivial deformation of the Ricci-flat metric. This is not
true for the six-torus or the 7°/Z5 case at hand. In this case, as we will see below, the

complex structure is specified by nine complex parameters. Three of these parameters

correspond to deformations of the complex structure at fixed metric.

2.4. The Complex Structure of a Torus

Nine complex coordinates are needed to describe the complex structure of 7°. We will
use the explicit parametrization discussed in [21], which is summarized below. Let z°,y’,

i =1,...,3 be six real coordinates on 7% which are periodic, ' = z' + 1, y* = y* + 1,
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and take the holomorphic 1-forms to be dz* = dz* + 7%dy’. The complex structure is

completely specified by the period matrix 7%. We choose the orientationB
/da:l Adx?® Adx® Ady' Ady? A dy? =1, (2.16)
and use the following basis of H3(T°, Z):

ao = dzt Adz? A da®,

1 .
Qj = §eilmdxl ANdx™ Ndy, 1<1,7<3,

1 (2.17)
BY = —iejlmdyl ANdy™ Ndxt, 1<1,7<3,
Bo = dy* A dy? A dy?.
This basis satisfies the property
/ ar A3 =61. (2.18)
Mg
Finally, we choose a normalization so that the holomorphic three-form 2 is
Q =dzt Nd2? N d2P. (2.19)
One can show that
Q= oq + OéijTij - ﬂij (COfT)ij + ﬂo (det T), (220)
where
1
(cofr)i; = (det 7)7~ 1T = ieikmequTkamq. (2.21)

2.5. The RR and NS flux

The flux that we turn on must be even under the Z5 orientifold symmetry. The
intrinsic parity, under Q(—1)%, of the various fields is given in (R.14). One sees that the
3-form field strengths F{3y, H(s) that are excited must be proportional to 3-forms of odd
intrinsic parity. However, the quantity that must be even is the total parity, which for a
p-form on the internal space is the product of this intrinsic parity and an explicit (—1)?

from the reflection action on the indices [f]. Therefore, the 3-form field strengths must

® This choice of orientation is different that in [PT] and is chosen to be consistent with the

conventions of [{].



transform as (F(3))abe — (F(3))abe, (H(3))abe — (H(3))abe under the Zs action. Similarly,
the field strength F{5) must be proportional to a 5-form of even intrinsic parity. We will
ensure below that the three-forms which are excited have the correct symmetry properties.
The resulting 5-form field strength is then determined by the equations of motion (£-4),
and automatically satisfies the correct symmetry properties.

Note that the Bianchi identities for F(3y and H sy require that they be closed. They
should thus be expressible as a linear combination of the basis vectors of H3(T° Z). All
the basis elements, (R.17), are three forms of odd parity under the Z, action which takes
' y" — —z', —y’. So the symmetry constraint mentioned above is automatically taken
care of by expressing the three-forms in this manner. Finally, taking into account the

quantization conditions (B.7), F3) and H(3y can be expressed as

1 g g
(27T)2a_/ Fiy = a’ag + a’a;; + b8 + b,
(2.22)
1 . .
e Heo = oo+ Moy +digfY + dof5

Here a°, a;;, 3, % and °, ¢, d;;, dy are all integers. We will search for vacua maintaining

the ansatz of constant fluxes (2:23) on the T° throughout the paper.

3. Supersymmetry
3.1. Spinor conditions

In the discussion below our conventions are as follows: The v;,7 = 0,---,9 matrices
are all real and satisfy the algebra {v%,77} = n%. The matrix, 7°, is anti-hermitian and

the others are hermitian. Also,
T = in0y1y2? (3.1)
and
I'® = iygvs76777870- (3.2)

Both T'®  T'®) are hermitian with eigenvalues 1. For the rest we follow the conventions
of [[4]. Denote the spinor € as
€ = €, + i€R. (3.3)

Here, €1, is a Majorana spinor in ten dimensions. We can write
€L =u®x+u"@x", (3.4)
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where * denotes complex conjugation, and Iy = u, I'6)y = —y. The complex conjugate
spinors have opposite 4 and 6 dimensional helicity.

Since we are working on a T /Z, orientifold, the spinor must be invariant with respect
to the Zs symmetry. The Z5 action corresponds to QR456789(—1)F L where Ry56789 stands

for a reflection in the six directions. This means that

€ER = —Y4Y5Y6 V7T VRVIEL- (3.5)
That is
iep=-T%e, =u®x —u" ®@x", (3.6)
which gives from (B.3)
€e=2u® Y. (3.7)

So, the spinor consistent with the Zs orientifolding symmetry is of Type B(ecker).

Now following [[4] we are lead to the conditions
G@ax =0, Gax* =0, and Gzy'x* =0, (3-8)

where we have introduced complex coordinates such that

v'x = 0. (3.9)
The first condition in (B.§) gives
(G3))ije =0, (Gz))’; =0. (3.10)
The second that:
(G = 0,(G))y; =0, (3.11)

note the second condition in (B.IT)) kills off the (1,2) terms of the kind J A dz®. Finally
the third condition in (B.§) gives:
(G3))m =0 (3.12)

Putting all this together only primitive (2,1) terms in G(3) survive. Primitivity means
that
JN G(g) = 0. (3.13)

For a (2,1) form this is equivalent to requiring that
97(G3))iz = 0. (3.14)

We turn next to analyzing the requirement that G's) is of (2, 1) type and then discuss

the requirements imposed by primitivity in §3.4.
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3.2. Gz of type (2,1)

Another way to phrase the condition that G 3) be of type (2,1) is that the (0,3), (3,0),
and (1,2) terms in G(3) must vanish. We saw above that the moduli space of complex

structures for T° can be parametrized by the period matrix 7%. One can show that
aTijQ = kUQ —|— Xij7 (315)

where x;j,1 < 4,7 < 3 are a complete set of (2,1) forms. The condition that G s is of
(2,1) type is then equivalent to requiring that

/G(g)/\Q:O
/G(g) AQ=0 (3.16)
/G(g)/\xi]’:o, 1<4,5 <3.

A convenient way to impose the requirements (B.16), is by constructing the superpo-

tential
W = /G(g) A €. (3.17)
From (B.15) we find that
0;is W = ]ﬁ'UW + /G N Xij - (318)
Similarly,
1 _
BW:—H/\Q:i_/G — G3)) \Q (3.19)
b -9 (G — G3)

Thus (B.14) is equivalent to demanding that

W =0 (3.20a)
OW =0 (3.200)
BTUW =0 (3.206)

3.3. The Superpotential and Equations for SUSY Vacua

Using (2.22) it follows that the superpotential (B.I7), is:

7(27:)20/1/[/ = (a® — ¢®) det T — (a” — ¢pcT)(cof T)ij — (bij — ddi; )T — (by — pdy). (3.21)
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We see from (B.21]), that it depends on ten complex variables—¢ and the nine compo-
nents of 7. But, equations (B.20) give rise to eleven equations in these variables. Thus,
generically all the equations (B:20a—d) cannot be met and supersymmetry is broken.

The explicit equations of motion that follow from (B.20) and (B.21]) are

a®det T — a" (cof7);; — by TV — by = 0, (3.22a)
A det T — ¢ (cofT);; — dijm —d° =0, (3.22b)
(a® — ¢ ) (cof )y — (a7 — qbcij)qkmejme” — (bij — gbdij)é,ié‘lj = 0. (3.22¢)

Here, the first equation comes from (B.20d) minus (B.20J), the second, from (B.20), and
the third from (@)H The equations (B.27) are coupled non-linear equations in several
variables and are difficult to solve in full generality.

It might seem odd at first glance that all nine scalars parametrizing the complex struc-
ture can be fixed, even though, as was argued in section 2.3, only six of them correspond
to components of the metric and enter in the supergravity equations of motion. This hap-
pens because the requirements for A/ = 1 supersymmetric solutions are stronger than the
requirements which would follow from searching for generic solutions to the equations of

motion.

3.4. Primitivity

Once the complex structure is chosen such that G(s) is of (2,1) type, (B.14), imposes
the requirement of primitivity. Note that in (B.I4) the index [ can take values {1, 2,3}, so
primitivity gives rise to three complex equations or equivalently six real equations. The
space of Kahler forms is 9 dimensional to begin with so generically this will leave a three
dimensional moduli space of Kahler deformationsfl.

Equation (B.I4) can be thought of as 6 linear equations in the 9 metric components
¢". Solving these is relatively straightforward. In contrast we saw above that requiring G

to be of type (2, 1) results in coupled non-linear equations which are considerably harder

6 In deriving the third equation, it is useful to note the relations det 7 = %GikmﬁjlnTikalen,

and (cof7),; = %EikmﬁjlnTlemn
" The surviving Kéhler moduli have axionic partners which come from the Cj field, together
these give rise to three chiral superfields at low energies. The six Kahler moduli which get heavy

also have partners, these obtain a mass due to Chern-Simons couplings (2.1), (B.3).

12



to work with. In practice, in the examples below, it will sometimes be easier to ensure
primitivity by directly imposing the condition (B.13) on the Kéhler two-form.

It is worth making one more comment at this stage. We mentioned in section 2.1
that the equations of motion can be solved if GG(3) is an imaginary self-dual three form.
This allows G/(3) to be of three types: primitive (2,1), (0,3), or (1,2) of the kind J A dz°.
We also saw in section 2.2 that in all these cases, the scalar potential for the moduli was
minimized and equal to zero. Supersymmetry on the other hand is preserved if G(3) is
purely a primitive (2,1) form. Thus for choices of complex structure and Kahler class
where G(3 has (0, 3) or (1,2) terms, some auxilary F' or D term must get a vev. However,
since the potential continues to vanish in these cases, these F- and D-terms cannot be
present in the scalar potential. Part of this discussion is already familiar from the study of
a generic Calabi Yau manifold [{]. If G sy has a (0, 3) term the F-component of the volume
modulus gets a vacuum expectation value, however this F-component does not enter the
potential because of the no-scale structure of the four-dimensional supergravity theory.
Similarly when (1, 2) terms are present auxiliary D-terms must acquire expectation values
in general. The absence of these terms in the potential can probably best be understood
in the context of the underlying N' = 4 supersymmetry present in the T°/Z5 case. We
leave a more systematic analysis of the low-energy supergravity theory along the lines of
[B3,23,R0] for future work; such analyses for the case of generic Calabi-Yau threefolds with
fluxes have appeared in e.g. [B,2425].

4. Some Supersymmetric Solutions

The equations which determine the value of the moduli are dificult to solve in gen-
eral. The main challenge are the coupled non-linear equations (B.29) which determine the
complex structure of the torus.

We do not solve these equations in their full generality below. Instead in section
4.1 we discuss some examples, where the fluxes take simple values that allow for analytic
solutions. Already these simpler cases are quite interesting. As we will see, in many cases,
stable minima exist where all the complex structure moduli and some of the Kahler moduli
are stabilized. Section 4.2 deals with the inverse problem: we start with some values for
the moduli and ask for fluxes which stabilize the moduli at these values consistent with
supersymmetry. The inverse problem is sometimes easier to solve. The solutions in section

4.1 have N/ = 1 supersymmetry. With a few possible exceptions this should be true of the
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vacua in section 4.2 as well. Section 4.3 analyses some additional cases where the fluxes lead
to tractable solutions. These examples turn out to have N/ = 3 supersymmetry. Finally,
some comments related to obtaining a general supersymmetric solution are in section 4.4.

Not all of the solutions studied in this section are physically distinct. Section 5
discusses how solutions related by SL(2,Z)x SL(6,Z) transformations should be identified.
Starting with some of solutions found in this section, other physically distinct solutions can
be obtained by rescaling the fluxes, or carrying out GL(2,Z) x GL(6,Z) transformations.
This is illustrated in some examples here and discussed more fully in section 6.

One final comment before turning to examples. One would like to know if the analysis
of N = 1 supersymmetric vacua in this section, receives significant o and g4 corrections.
We have not discussed an explicit N/ = 1 superspace description of the the low-energy
effective theory in the presence of fluxes in this paper. But it is clear that such a description
would involve both a superpotential (B.I7), and D-terms H. The superpotential must be
exact in the o expansion since the partner of volume modulus is an axion which cannot
occur in the o (or string loop) corrections to the superpotential. Quite plausibly, in this
case, this is true of the D terms as well, since they are related by the underlying N’ = 4
symmetry to the F-terms. The dilaton in the examples below is typically stabilized at a
value of order one. One can be hopeful that the resulting g5 corrections (e.g. to the Kéhler
potential of the low-energy field theory) do not qualitatively alter our conclusions, at least

in some of the examples studied here.

4.1. Example 1: Fluxes proportional to the identity

We begin by studying the case where,
(a7, bij, ¢V, dij) = (a,b,¢,d) by, (4.1)

that is all the flux matrices are diagonal and proportional to the identity.
The equations determining the complex structure, (B.22) will be considered first, fol-
lowed by the conditions for primitivity.
With the flux matrices of the form ([L.1]), it is easy to see from (B.29), that the period
matrix must be diagonal,
T = 769, (4.2)

8 These play a role in ensuring primitivity of G 3y for example.
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(In fact this is more generally true if the flux matrices are all diagonal).

The equations of motion (B.22) then take the form

Py (1) = a73 — 3a7® — 3b7 — by = 0, (4.3)
Py(7) = 13 — 3¢r? — 3dT — do = 0, (4.4)
(a® =) 7? —2(a— )t — (b—od) =0. (4.5)

We are only interested in solutions in which 7 is complex (since solutions with Im(7) =0

lie at boundaries of the moduli space). It is straightforward to show that in this CaseE,
Pi(1)=(fr+9)P(7), Py(1)=(ht+k)P(7), (4.6a)

for some

P(r)=1r*+mr+n, f,g,hkl,mmn¢cZ. (4.6b)

Thus, 7 is a root of P(7) and ¢ is determined from equation (). Note that not every

septuple (f, g, h, k,l, m,n) corresponds to integral flux. From the relations

fm+gl=-3a, hm+kl=—3c,

(4.7)
fn+gm=-3b, hn+km = —3d,
we have consistency conditions modulo 3.
The D3-brane charge of the flux in this solution is given by
1
Nux = 7/1&13 A Figy = (boc® — ady) + 3(bc — ad)
@iz | P M e = ( ) s

_ _%(fk — gh)(m® — 4ln),

9 Py and P; are cubic polynomials with real coefficients, that share a common complex root, 7.
Therefore, T is also a root, and the two equations share a common quadratic factor. This common
factor is proportional to P = AP —a° P>, which has integer coefficients. Since P; and P also have
integer coefficients, it follows that P1/P and P»>/P are each binomials with rational coefficients.
But, a polynomial with integer coefficients that factorizes over the rationals also factorizes over

the integers.
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which has the property that it is always 0 (mod 3)@ One can also show that the result
(E.9) is explicitly positive in our conventions.H

In summary, starting with fluxes of the form (§.1]), the neccessary and sufficient condi-
tion for a non-singular solution, is the existence of integers (f, g, h, k,, m,n) which satisfy
the conditions, (1), and which give rise to nonzero three brane charge, ([.g).

In practice, determining polynomials of the form (f.6)), by direct scrutiny is often
easier than finding appropriate septuples (f, g, h, k,l,m,n).

As a concrete example, consider the case
P(r)=7-1=0 (4.9)

Py(T) =7 +3r+31+2=0 (4.10)

Both polynomials share a common factor P(7) = 72 4+ 7 + 1 and can be expressed as:

P=(r—1)P(r)=0 (4.11)
P,=(r+2)P(1)=0. (4.12)

Solving P(7) = 0 with the condition Im(7) > 0, gives

T=e%. (4.13)

¢ is obtained from ({.5]), and given by

(4.14)

We see that the moduli are fixed at a very symmetric point. Since the period matrix
is diagonal, the torus factorizes as T® = T? x T? x T? with respect to complex structure.
In fact, when viewed in F-theory, this factorization becomes T® = T? x T? x T? x T?2.
Since the eigenvalues of the period matrix are all equal to one another, and to value of the

dilaton-axion, all the four 2-tori have the same modular parameter.

10" To see this, note that (E7) can be written as ({Lg)(T r) = —3(‘22). Since (') =
(™, 72") (mod 3), this means that (£ 9)( ™, 2") =0 (mod3). Taking the determinant of both

sides then gives (fk — gh)(m?® — 4ln) = 0 (mod 9).
11 Our conventions are Im7,Im¢ > 0. One can show that the factor (fk — gh) in (fg) satisfies
sign(fk — gh) = sign(Im¢/Im7). Therefore it is positive. The other factor, (m* — 4ln), is the

discriminant of P(7). It is negative since the roots are complex.
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From ([.17]), (E:19), we see that the septuple

(f,g9,h,k,l,m,n) = (1,-1,1,2,1,1,1). (4.15)

Also from ([.9), (EI0), and (f3), (E4), we see that the integers
(a®,a,b,bo) = (1,0,0,1) (% ¢,d,do) = (1,-1,-1,-2) (4.16)

Either way, we find that the three-brane charge carried by the flux is given by

1

Notice that most of the non-zero fluxes in (f.16) are odd integer. We discussed in
Section 2.1 why consistency on the 7°/Z, orientifold requires additional discrete flux to
be turned on when odd integer flux is present.

To avoid this complication we can simply choose the fluxes to be twice the values
indicated in (£.16). That is

(a®,a,b,bp) = (2,0,0,2) (¥ ¢, d,dp) = (2,2, -2, —4), (4.18)

and,

(f,g9,h,k,l,m,n) = (2,-2,2,4,1,1,1). (4.19)

No discrete flux in needed now. Since doubling all fluxes simply rescales the superpotential
by an overall factor, the equations determining the moduli (B.23), remain the same and
therefore the solutions for the moduli are still given by ([E13), (E14).

From ([.§), we see that after doubling the fluxes

Niux = 12. (4.20)

Eq. (E:8), now implies that for a consistent solution we need to add ten wandering branes
in addition, i.e., Np3 = 10.

This completes our discussion of how the complex structure moduli are determined,
in this case. To complete our analysis we must next impose the requirement that the three

flux G(3) is primitive. Before doing so though, let us pause to make two comments.
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First, other closely related examples can be obtained by starting with the fluxes (f.14),
and doing other rescalings. For example, one can double the Hs) flux while increasing the

F3y flux by a factor of four so that the resulting values for the fluxes are:
(a®,a,b,b0) = (4,0,0,4) (¢, d, do) = (2, -2, —2, —4). (4.21)

Now, it is straightforward to see from (f.3), (#.4), that the resulting value for 7, ¢, are:

T=e3, ¢=23 (4.22)
The resulting contribution to three brane charge is given by:
Nux = 24, (4.23)

so that the Nps = 4. The rescalings discussed in ([1.2]]), illustrate a more general feature
which will be dealt with in more generality in section 6: given a solution, additional ones
can be obtained by carrying out GL(6,Z) x GL(2,Z) transformations on the fluxes and
the moduli, provided the resulting contribution to D3-brane charge is within bounds.
Second, one would like to know whether there are other solutions with fluxes of the
form, (£.J]), which are not related to those discussed above by GL(6,Z) x GL(2,Z) trans-
formations or rescalings. While we do not give all the details here, it is straightforward
to tabulate all choices of fluxes (or equivalently choices of the septuple (f, g, h, k,l,m,n))
which meet the requirements for the existence of N' = 1 supersymmetric solutions. In
all these cases one finds that the resulting values for the moduli are related to (fI3),
(E14), by a rescaling or GL(6,Z) x GL(2,Z) transformations. We have not studied the
corresponding fluxes exhaustively, but in several cases they too are related to (f.16), by

the same rescaling or GL(6,Z) x GL(2,Z) transformation.
Primitivity

We must also verify that (at least on some subspace of the Kéhler moduli space), the
G(3) flux found from the superpotential above is primitive. We will go through this for
the flux in Example 1. A similar analysis (without substantially more complexity) would

apply to our other examples.
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In the case at hand, the flux takes the form ([.1]). More explicitly,

F = adz! A da?® Ada® + a(dxl A dx? A dy3 + cyc. perms of 123),
— b(dgc1 Ady® A dy® + cyc. perms of 123) + body A dy? A dy?, ( )
4.24

H = Adat Ada? A da® + c(dajl Adz? Ady® + cyc. perms of 123),

— d(dml Ady? A dy® + cyc. perms of 123) + dody* A dy? A dy?.

In the present example, it is convenient to impose the requirement of primitivity in

the form of (B.13),
J N G(g) =0. (4.25)

We are interested in the subspace of Kahler forms for which this requirement is met.
Take J to be of the form

3 3
J=> r2dz" Ndz" ~ Y irg dag Ady, (4.26)
a=1 a=1
where the second expression uses the fact that the complex structure 7 of all the three T2s,
as given in (f.13), are equal. Now, notice that each term in F and H as given in (f.24)
contains no repeat superscripts: one either chooses dz® or dy® for each of a = 1,2, 3, and
then wedges the three one-forms together. But the Kéhler form in (£.24) contains a sum of
two-forms, each of which looks like dz® A dy®. The wedge product of each such term with
G 3) will clearly vanish, because it hits either another dz® or another dy® in each term in
F and H. Therefore, J A G(3y = 0 for the most general J of the form (£.26).
Is there a larger subspace of Kahler moduli space that preserves the primitivity? Since
G isof type (2,1) and Jis a (1,1) form, JAG is a (3,2) form. There are three nontrivial (3,2)
forms on the 7%, so we expect that requiring J A G = 0 will yield three nontrivial complex
equations. The space of Kahler forms has real dimension 9, so generically we expect only
a three-dimensional subspace of the Kéhler moduli space (suitably complexified by the
addition of axions in the relevant chiral multiplets) to parametrize flat directions of this
N = 1 theory. However, in the case at hand, the G(3) flux is particularly simple and
non-generic, and the number of flat directions parametrized by Kahler moduli is 6 instead
of 3. One can see the three “extra” flat directions by inspection. For instance, consider
the two-form

w ~i(dx' Ady? + dx® A dy") (4.27)
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One can easily check from (f.24) that w A G = 0. Further, since the complex structure of

all three T?’s is the same, it is easy to check that
w~ dzt ANdZ? 4 d2? A dE (4.28)

so that w is of type (1,1). Analogous perturbations with {1,2} replaced by {1,3} and
{2,3} similarly maintain the primitivity of G(3y. So the N' = 1 vacua persist along a
six-dimensional slice of the Kahler moduli space.

One final comment is in order. Our analysis has ensured that the solutions discussed
above have at least N/ = 1 supersymmetry, but it does not preclude the possibility of
enhanced supersymmetry. A simple check is the following: enhanced supersymmetry re-
quires that additional choices of complex structure are possible, in which G3) is still of
the kind (2,1) (and primitive). N’ = 2 and N = 3 require one and two additional choices
of complex structure respectively. In the solutions above, with 76 = T? x T? x T?, there
is a complete permutation symmetry among the three two-tori. This ensures that, upto

an overall constant, GG(3) must have the form,
Gy ~ (dz' Ndz? NdZ° + d2® N d2® Ndz' + d2® A d2t A dZ?). (4.29)

Other choices of complex structure can be made, by taking 2 — 2 for some or all of
the three T%’s, but none of them preserve the (2, 1) nature of G(3). So we see that these
examples have only N' = 1 supersymmetry. A detailed examination of the conditions for
N = 2 supersymmetry is presented in Section 7, and some more comments on this matter

can be found there.

4.2. The inverse problem: fluxes from moduli

In the previous section we started with some fluxes and asked what are the resulting
values for moduli in an A/ = 1 susy vacuum. In this section we address the inverse problem,
namely: start with some values for the moduli and ask if there are fluxes which can be
turned on such that the resulting potential stabilizes the moduli at the values we begin
with, while preserving N' = 1 susy. The inverse problem is sometimes easier to solve and
helpful in understanding the full set of consistent vacuua.

Our discussion will not be exhaustive. Instead we will consider one illustrative case.

In section 4.1 we started with flux matrices which were all proportional to the identity
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(E), then argued that the period matrix must be a multiple of the identity. Here, we
start by fixing the period matrix to be a multiple of the identity:

T = diag(r, T, 7), (4.30)

then ask what values of the fluxes can yield such a solution while preserving N' = 1
supersymmetry. Our notation in this section will be chosen to be consistent with Section
4.1.
We begin by writing
a¥ =ad” +a¥, tra=0, (4.31)

with similar relations for b, ¢, d. Equations (B.22d) and (B.22f) then become

a®73 — 3ar? — 3b7 — by = 0, (4.32)

A7 — 3er? — 3dr —dy =0, (4.33)
and 0, W = 0 becomes
(@® =) 7? = 2(a—¢c)r — (b—¢d) =0,
) g . i (4.34)
(@ — @)1 — (bij — ¢ dij) = 0.

Eq. (B.34) arises by taking the trace and traceless parts of the third equation in (B.22). It

can be be summarized as

a®r?® —2ar —b @it — bi;

C07_2 —2ct —d EJ'LT — J’L] '

¢ = (4.35)

In the notation of (.3), (£.4), and ([.§), the first expression for ¢ in ([.35) is

Pi(r) _ ((fm+ 9)P(7))’ (4.36)

Py(7) ((h7 + k)P(7))

where a prime denotes differentiation with respect to 7. At P(7) = 0, this reduces to

(fT+g)/(hT + k) and ([.35) becomes

_fT'i‘g_CNLjiT—Z;ij

— = < 4.37
hr+k  @ir—d; (4.37)

¢
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So, given a solution with a*, bij,cij ,d;; proportional to the identity, we can generate a

new solution with the same 7 by, for example, turning on
dji = fnij, Bji = —gnyj, 6ij = hnij, dij = —knij, (438)

with n;; an arbitrary traceless integer-valued matrix. This is still not the most general solu-
tion. For each i, j, equation (f-37) is two real equations in the four integers a’*, l;ij, &, ciij,
for which we have found a Z’s worth of solutions parametrized by n;; € Z. More com-
plicated solutions will fill out a Z2?’s worth for each 4,j. In addition, the requirement
that, for example, a and @ each be integer valued is too strict. We really only require
ad” + a" = a¥ to be integer valued, and similarly for b, c, d.

Finally, the D3-brane charge from flux in this solution can be shown to generalize

from (E.§) to

1 1 1
Nﬂux = W /H(g) AN F(g) = —g(l + g %:nwz)(fk — gh)(m2 — 4ZTL) (439)

As a concrete example consider starting with the values:
(a®,a,b,bp) = (2,0,0,2), (¢, d,do) = (2,2, —2,4), (4.40)
which were considered in (£.1§), of section 4.1. In this case,
(f,g,h,k,l,m,n)=(2,-2,2,4,1,1,1). (4.41)

Since ({.33) and (E.33), are the same as ([L3)and ([4), 7 is given by (E.I13). Also, since

the first equation in (f334), is the same as ([[.3), ¢ is given by ([I4).
The D3-brane charge is given by, (£.39),

Nux =12+4> n3;. (4.42)
ij

Now it is easy to find many non-diagonal matrices where Zij n?j = 1,2,3,4,5. Each
of them gives a consistent solution, with Ng. taking values, Ngu.x = 12,16, 20, 24, 28, 32
respectively. Also, we should point out that since, (f, g, h, k) are even ([.41]), the resulting

values of a¥/, I;ij, ¢, Jij are all even as well, (.3§), and thus all the fluxes are even.
One last comment. We argued towards the end of the previous section 4.1 that the
examples discussed in it had N' = 1 supersymmetry, and no more. The examples in
this section are closely related to those in section 4.1, and we expect that they too will

generically have only N' = 1 supersymmetry.
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4.3. More general fluzes

Section 4.1, discussed the case where the flux matrices (a*/,b;;,c",d;;) are propor-
tional to the identity matrix. Here we would like to consider flux matrices which are
diagonal but with unequal eigenvalues. In these cases one can still argue that the period
matrix is diagonal, 7% = diag(m,72,73). As viewed from F-theory then, the resulting
compactification is a product of four two-tori, but the modular parameters are in general
unequal. Unfortunately, solving the equations for the most general set of diagonal flux
matrices is a difficult task.

To proceed we need to place additional restrictions on the flux matrices. Let us begin

by considering fluxes of the form:

a” = diag(ay, az,az), 7 = diag(a’,c,c),

bij = diag(by,b2,b2),  d;; = —diag(dy, az, az), (4.43)
do = —by

Setting 7% = diag(71, T2, 73), the superpotential (BZ1]), is now given by

W =~ Porimars + a’ (11 + ¢)ma73 + (12 + T3) 71
— a17eT3 — d1¢11 — as(T + @) (T2 + T3) (4.44)
—bi(p+ 1) —ba(ma+713) — bo
One can see that the superpotential is symmetric between ¢ < 7 and 1 < 73. Thus, for
the restricted choice, ([.43), one can consistently seek solutions where the four modular
parameters take at most two distinct values.

We now turn to describing two examples where additional restrictions lead to tractable

solutions.
Ezxample 2

In the first example, we set all trilinear and linear terms in the superpotential, (£.44),
to be zero, i.e.,
a®=c=b =by=0. (4.45)

In this case the superpotential takes the form

W = —c¢r172m3 — a17ams — didpm1 — az(1 + @) (72 + 73) — bo. (4.46)
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Setting d,W = 0,0, W = 0 shows that
T = ¢7 T2 = T3, (447>

(as expected) and in addtion leads to two equations:

—607'17'22 — d17'1 - 2CL2T2 = 0, (448)
—7iTy — a1y — 2a9m1 = 0, (4.49)

where in both equations we have substituted for ¢, 73, using ([.47).

These lead to the relation,

d
2 =272 (4.50)
a1
ie.,
d
Ty =+ =7y (4.51)
ai

Substituting in (£.43) gives

p] 1/2
.l ar /a1
1 =1 @ (dl + 2@2 a_1 ) . (452)

Setting W = 0 then leads to a condition determining by in terms of the other flux integers,

2
bo a“ (dl + 2&2 ﬁ) . (453)

- dlco a1
Finally, the contribution to the three brane charge is then given by
Naux = 2a1dy + 6a3 + 4az+\/a1d;. (4.54)

To find a consistent non-singular solution we need to choose integers ¢, a1, d; and as
such that 71,79 are complex, by is an integer, and the total flux Ngyuy is within bounds.

One solution to these conditions is obtained by taking
(a1,d1,as,c%) = (1,1, -1, 1), (4.55)
and choosing the positive sign in (f.51)), so that

/d
Ty =y T =11 (4.56)
a1
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Then from ({.52)), we find
™ = 1 (457>

and from ([.54),
Niwe = 4. (4.58)

Also, from (£.53), bp = —1 and is indeed an integer.
Notice that the integers (-55]) are odd. As in example 1, Section 4.1, to avoid com-
plications related to adding discrete flux we can obtain a consistent solution by doubling

all the fluxes so that
(a1,dy,as,c®,0°%) = (2,2, -2, -2, -2). (4.59)

The modular parameters are unchanged and given by (£.57), (E59), (E-47). The total flux

is

Niux = 16, (4.60)

which means 8 dynamical D3-branes need to be added for a consistent solution.

It turns out that the solution above has N = 3 supersymmetry. Vacua with N' = 3 are
analysed in generality in the recent paper [[F]. The possibility of N' = 3 supersymmetry
was also mentioned in []. The solution above is in fact a special case of the examples
found in [[§]. To see that it has N' = 3 supersymmetry, we note that with the flux (f59)
and the moduli, ¢ = 7% = 1, G (3) takes the form

1 i
WG(?,) = 27,le A d22 A dZs. (461)

It then follows that two additional complex structures in which G sy is still of type (2,1)

can be defined by taking the complex coordinates on the three T?’s to be (w!, w?, w?)
(21,22, 23) or (w',w? w3) = (2!, 2%, 2%). Thus, as per the general discussion in [[[F](see
also section 4.1 above), the solution has N' = 3 supersymmetry.

Let us also add that additional solutions can be obtained by starting with the ([£.57),
(£.56), (£.57), and doing GL(6,Z)x GL(2, Z) transformations. In particular one can obtain
a solution in which Ng. = 32, as will be discussed in more detail in the examples of section

6.
Ezxample 3
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In the next example we again start with flux matrices and superpotential of the form

(E43), (B.44), respectively, but now set the following additional restrictions on the fluxes:

0

c :O,c:—aO

sag =0,dy = —a1, by = —b1.
The superpotential (f-49) then takes the form

W=+ CLO(T1 + ¢)TaT3 — CLO(TQ + 73) 71
— a1T2T3 + a1

— b1(¢+T1) —|—b1(7'2 —|—7'3) — b().

Solving the equations 0yW = 0,0, W = 0, it is easy to see that
TN =0=Ty=T3 =T,

with 7 given by

a; + /a2 — 4a%;
N 2a0 ’
is a solution. Setting W = 0 yields the condition that

by = 0.
Finally the D3-brane charge contribution is
Naux = 4b1a — a%.
Consistent solutions can be found by taking
0 _ _ _
a = 2,b1 = 2,CL1 = 2.
This yields

1+iV3
2

T

and
Naux = 12.

Alternatively, one can take
0 _ _ _
a’ =2,bp =4,a1 = 2.
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(4.66)

(4.67)

(4.68)

(4.69)

(4.70)

(4.71)



In this case,
1T
T2

T

(4.72)

and
Naux = 28. (4.73)

Note that unlike Example 2 above, the two-tori in (£.69) and (£.73) are not square.

Once again, doing general rescalings and GL(6,Z) x GL(2,Z) transformations leads
to additional solutions in each of these cases.

As in the previous example, the solutions discussed here have N' = 3 supersymmetry

as well. This follows by the same argument as in the previous example, after noting that
in both the cases ({.6§) and ({.71]), G(3) can be expressed as

1 _
WG(?,) = CLO(dZ1 A d22 A dZs) (474)
4.4. Toward a general supersymmetric solution

Solving the supersymmetric equations of motion (B.22) without any simplifying as-
sumptions is a difficult task. However, a couple of observations can make the task easier.

First, note that it is possible to re-write equation (B.29) as

1 1 1
(cof <7‘ — EA)) = F(cofA)ij + EBij : (4.75)
ij

This determines 7% in terms of the flux matrices and the dilaton ¢, since if cof = = v,
then z = cofy/+/det y.

Next, we note that one can actually eliminate the 7% from the W = 0 and 0, W = 0
equations to obtain a quartic equation for ¢. The quartic is derived in Appendix B, and

takes the form

(det A)By — (det B)A° + (cof A);j(cof B)” + 1(A°By + A B;;)* = 0, (4.76)

where A° = a®—¢c?, AY = " —pc¥ | and By, B;; are defined similarly. A quartic equation
is soluble, so one can solve ([.76) for the allowed values of ¢.

This leaves only the equation d4W = 0, which upon substitution for ¢ and 7% gives
one nonlinear equation in integers. The integer equation is a consistency condition that
determines whether the choice of flux can lead to a supersymmetric solution. The hard part
is solving this equation. An additional complication is that for each solution to the integer
equation, one must determine all consistent configurations of exotic orientifold planes (as

described in [[3]), if one is to find all supersymmetric solutions.
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5. Distinctness of solutions

Not all solutions with different values of ¢ or 7% are physically distinct. There is an
SL(2,Z) symmetry that relates equivalent values of the dilaton-axion, and an SL(6,Z)

symmetry that relates equivalent values of the period matrix 7.

5.1. SL(2,7Z) equivalence

The type IIB supergravity action (R.1)) is invariant under the SL(2, R) symmetry,

F<3>)_><F</3>) (F(S))
= m s
(H(S) H{s H )

¢+ b b (5.1)
;@ _[a
¢— ¢ = ora M7 (C d) € SL(2,R)
Under this symmetry, the complex 3-form flux transforms as
G(g) — G,(3) = F(,g) — ¢,H63), (52)
which one can check is equivalent to
G

At the quantum level, only an SL(2,Z) C SL(2,R) survives. Solutions that differ only by
SL(2,Z) transformations are equivalent. It is therefore customary to take ¢ to be in the

fundamental domain F, of the upper half plane modulo PSL(2,Z):
F={¢pecC|Imp>0,—3 <Rep < 3, |¢| >1}. (5.4)

The examples were not chosen in such a way that the solutions would necessarily give

¢ € F. However it is a simple matter to transform them to the fundamental domain using

(b-1), where now

(Cc‘ Z) € SL(2, 7). (5.5)
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5.2. SL(6,Z) equivalence

Following [2§], let
803 = (e(l), 6(2), 6(3)) (56)

denote a basis of C3, and consider a T° in which the lattice basis is

Brs = (e), e@): €@m), €T 1, em)T'2, €T 3) (5.7a)

=Bas A, A= (1, 7‘). (5.7b)
Under a change of lattice basis,
BTG - Br_,]we == BTGM, M e SL(6, Z), (58)

SO
A= AN'=AM, M € SL(6,Z). (5.9)

The change of lattice basis does not produce A” in the standard form (1,x). However,
under a change of C3 basis,
AN — N =NAN'"=NAM, N eGL(3,C). (5.10)
We can choose N = N (M, ), so that A’ is in standard form,
A =NAM = (1,7). (5.11)

Two period matrices 7 and 7’ related by (5.70) and (B.17]), are equivalent. Also, under
an SL(6,Z) coordinate transformation M, the fluxes F{3), H ), (when regarded as three-
forms) must stay the same [, This means that two solutions with period matrices 7 and
7’ related by (.78) and (b.11), and which are otherwise identical, are equivalent.

We should make one more comment before turning to an example. In Section 7 we

discuss solutions which break supersymmetry. The analysis above, identifying solutions

related by SL(2,Z) x SL(6,Z) transformations, applies to these cases as well.

12 Under the SL(6,Z) transformation, (p.§), the two coordinate systems are related as:

M(y,):(y) (5.12)

The transformation of (F(3))ijx, (Hs))ij» then follow by requiring that the three forms, Fisy, Hs)

stay invariant.
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5.3. Example
To illustrate the equivalences, consider Example 1 from Section 4. Suppose instead of
choosing the two polynomials ([.9), (.10), we made the following choices:

P (r)=—(*+1) =0, (5.13)

Py(1) =27 - 372+ 37 -1 =0. (5.14)

2

These two polynomials have a common factor P(7) = 7 — 7 + 1, and the corresponding

values of integers are
((a®),a’, b, b)) = (—1,0,0,1) ((Y,,d,d})) = (2,1,—1,1), (5.15)

where the prime superscripts are being used to distinguish the present case from Example 1,
in Section 4. Solving P(7) = 0 and choosing the solution with Im(7’) > 0 gives
T =e7. (5.16)

127

3 . Finally the total three brane charge in this

Also, solving ([.H) with (B.15) gives ¢/ = e
case is Npux = 3, as follows from (.§), (b.15).

This solution is in fact related to the one corresponding to flux, (.16)), by an SL(6, Z)
transformation.

The SL(6, Z) transformation has the form, S ® S ® S where, each S € SL(2,Z), acts

on the one of the three T?’s as:

1
T = ——. Nl
S:T - (5.17)

27i

To see this we note first that under (5:I7), the modular parameter 7/ = 5 — 5", which

agrees with (.13). Second, one can show that the corresponding matrix M, in (f.13),

_01 (1]) From this it follows

that in order to be related by the same SL(6,Z) transformation, the flux integers, (£.16),
(B.15), must satisfy the conditions:

acting on the coordinates of each 7?2 has the form M = (

((a®)’,a’, b, b)) = (—bo, —b,a,a’), (5.18)

((CO>,7C,7d,7d6) (_d07_d7 c, CO)- (519)

Comparing, (£.16), and (5.15), we see that these conditions are in fact true. Finally, the
two solutions have the same value for the dilaton and agree in the value for Ng,.x. Thus,

as per our general discussion above, they are identical.
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6. New Solutions using GL(2,Z) x GL(6,Z) Transformations

In various examples of Section 4 we have seen that starting with a given solution,
additional ones can be generated by appropriately rescaling the fluxes. Here we discuss this
in more generality and show how additional solutions can be obtained by using GL(2,Z) x
GL(6,Z) transformations. The resulting solutions are physically distinct in general, with
a different flux contribution to three brane charge. Solving the tadpole condition (2-0)
without anti-branes requires that the value of Ng,y for the new solutions is < 32, and that
the required number of wandering D3-branes are added in each case.

The general discussion in this section is applied to some examples at the end. These
illustrate that starting with a diagonal period matrix physically distinct solutions can
be obtained with a non-diagonal period matrix using the GL(Z) transformations. The
examples also yield solutions where all the three brane charge is cancelled by fluxes alone,
leaving in one instance, four flat directions in Kahler moduli space. These solutions are of
the kind mentioned in the introduction and are good illustrations of the reduced number

of moduli that survive once fluxes are turned on.

6.1. GL(2,Z) Transformations

Consider a solution to the N' = 1 susy equations which has flux, F| (3),H(3), and moduli

fixed at values ¢,7%. Now transform the fluxes as follows:

F(S))H<F(/3)) <F<3>>
=m , (6.1)
<H<3> His Hs)

where the matrix m € GL(2, Z)E
One can show that a solution to the the supersymmetry conditions for the new fluxes
is obtained by taking the moduli to be at the values

o = ap+b

A e (6:2)

To see this note that under the transformation (6.1]),

Gs)
G(s) — Glg) = det(m) o+d (6.3)

b
13 By this we mean that m = (CCL d) where a, b, ¢,d € Z. In particular det(m) need not be 1.
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The resulting superpotential, (B.17), transforms to

Wi, 7]
cop+d-

W — W ¢, 7] = /Q A Gigy = det(m) (6.4)

where the dependence of the superpotential on the moduli has been explicitly indicated
above.

It now follows that if W satisfied the supersymmetry equations, (B.20), when the
moduli take values ¢, 7%, then W’ will also meet the susy eqautions for the transformed
values, (p.2).

Finally, note that under the transformation of the fluxes, (p.I]), the flux contribution

to three brane charge becames
Naux — Néux = det(m)Nﬁux. (6.5)

Starting with a solution, where Ngux > 0 we are therefore restricted to GL(2,Z) transfor-

mations with det(m) > 0. Also as mentioned above, we need to ensure that N} < 32,

(2.6).

6.2. GL(6,Z) Transformations

Our starting point is once again a A/ = 1 susy preserving solution with flux, Fsy, Hz)
and moduli fixed at values ¢, 7%. But this time we consider transforming the flux by a
GL(6,Z) transformation. The transformation can be described explicitly as follows. We
fix a basis of one forms (dz?, dy’) as in section 2.4. The components of F3y in this basis
then transform as

(F(?;))abc - (F(Ig))abc = (F(S))defMng?Mcf7 (66)

and similarly for Hs). As a result the components of G'3) in this basis also then transform
under GL(6,Z) as :

(G(3))abc - (G,(?,))abc = (G(B))defMngfMg- (6-7)

In (B.6), 6.7), M are the elements of a matrix, M € GL(6,Z).
We will see that the new fluxes lead to the moduli being stabilized at values ¢', 7’
where ¢ = ¢ and
(1,7) = N(1,7)M. (6.8)
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In (B.§), M is the same matrix that appears in (6.1), and N € GL(3,C) is a matrix that
is chosen so that the left hand side has the form (1,x*). In Appendix C, we show that the
superpotential for the transformed flux, (B.7), is related to the original superpotential by

W't ¢] = det(N) det(M)W|r, ¢ (6.9)

where 7/, 7 are related as in (B.§). It then follows that if 7, ¢ solve the supersymmetry
equations (B.2() for the original fluxes, 7/, ¢’ are the solutions for the transformed fluxes.
Let us also note that under the transformation (.7), the contribution to the three

brane charge for the new flux is given by
Nux — Njux = det(M) Ngux. (6.10)

Once again we must ensure that the resulting value of three brane charge meets the con-
sistency checks.

Two more comments are worth making at this stage. First, suppose the solution one
began with had a diagonal period matrix 7. Then it is possible by an appropriate choice of
the matrix M to obtain other solutions where the resulting period matrix 7/, (6.§), is non-
diagonal. A specific example will be given in the next section. Second, in the discussion
above we took M € GL(6,Z). In fact, this is not necessary. All that is required is that
the transformed fluxes (.7), have integer components in the cohomology basis (B.17) |Z
For example choosing M = Aoy, where A\* = 2 is perfectly acceptable. In this case, we
learn from (B.§), that N = A31343, and 7/ = 7. We have already encountered this case in

Section 4.1: doubling the flux rescales the superpotential and leaves the moduli fixed.

6.3. An Example

For an example we start with the a solution discussed in Example 2 of section 4.3.

The fluxes are given by ([.59), and the resulting moduli are stabilized at ¢ = ¢ and
T =6 (6.11)

(E.57), (B.56), and ([£.47). The solution has Ny, = 16.
Now take the matrix M, (6.7), to be

M:<(1) g) (6.12)

14 In fact, the coefficients should be even integers if discrete flux is not being turned on.
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Here M € GL(6,Z), 1 is the 3 x 3 identity matrix and D € GL(3,Z). The resulting values
for the fluxes can be worked out using (b.7), but we will not do so explcitly here.

The general discussion of the previous section then tells us that the moduli are stabi-
lized at ¢’ = ¢ =i and 7/, where 7’ is given in terms of the original period matrix (5.17])
as discussed in (p.§). Given M in (b.12), and 7 in (B.11)), it is easy to show that the matrix
N in (B§) is

N = 1343. (6.13)

Therefore,
7' =iD. (6.14)
The flux contribution to the three brane charge in this case is given by (b.10),
N = det(D)Npyux = 16 det(D). (6.15)

Since Njj,, < 32, we learn that det(D) = 2 is the only possibility (cases with det(D) =1
give rise to solutions related to the original one by SL(6,Z) transformations, which by the
discussion in section 5.2 are not physically distinct).

As examples for D, two possibilities are

D= (6.16)

O O N
S = O
—_= o O

in which case the resulting period matrix is still diagonal (f.14), but the eigenvalues are

unequal. Or,

1 -3 0
D=1 -1 0], (6.17)
0 0 1

in which case the resulting period matrix is not diagonal. In the latter case we see that
starting with a diagonal period matrix we have found an example where 7 is fixed at a
non-diagonal value.

It is also useful to briefly revisit the primitivity constraint in the example (b.1G). Since
the complex structure is diagonal, it is straightforward to verify that three Kahler defor-
mations of the type ([.2§), survive as flat directions. In addition to these deformations,
the deformation with w ~ dz? A dy® + da3 A dy? is also now of type (1,1). Thus, altogether
there are four Kahler flat directions. This is an example of the kind mentioned in the
introduction. The fluxes contribute Ng,.x = 32, so no extra D3 branes are needed to soak
up the orientifold three plane charge. The dilaton-axion and all complex structure moduli

are lifted, leaving four surviving moduli which are Kahler deformations.
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7. Solutions with N/ =2 Supersymmetry.

In this section we discuss the conditions which the G 3) flux must satisfy to preserve
N = 2 supersymmetry. We will illustrate the discussion with one example at the end of
this section. A more extensive study of N = 2 preserving vacua is left for the future.

An N = 2 theory has an SU(2)r R-symmetry. SU(2)g is embedded in SO(6), the

group of rotations along the six dimensional compactified directions, as follows (g .
SU2)r € SU(2), x SU((2)r C SO(4) x U(1) C SO(6). (7.1)

We choose conventions so that the spinor representation, 4, of SO(6) transforms as a
(2,1)414+(1,2)_1 under SU(2)gp x SU(2)1, xU(1), and the 6 of SO(6) as (2,2)o+(1,1)42+
(1,1)_2. In the discussion below we will use indices a, b to denote an element of the 6 which
transforms as (2,2)o and indices [, m to denote elements transforming as (1,1)s, (1,1)_o.

Since SU(2)gr is a symmetry of the N' = 2 theory, it must be left unbroken by the
compactification. This means in particular that G(3y must leave an SU(2) subgroup of
SO(6) unbroken. G 3) transforms as [6 x 6 X 6] 4 under SO(6). With respect to SU(2)g x
SU(2)r x U(1) this decomposes as

[6 X6 x6la=1(2,2)0+(2,2)0+ (3,0)2+ (3,0)—2+ (0,3)2 + (0,3) _2. (7.2)

For G(3) to preserve SU(2)r it can only have components along the (0, 3) L2 representations.
A little thought shows that this means G(3y has index structure (G (s))asi, in the notation
introduced above.

A detailed analysis of the spinor conditions will be presented in Appendix D. The
conclusion is the following: in order to preserve N’ = 2 supersymmetry G(3y must only
take values in the (0, 3)3 representation of SU(2)g x SU(2)r x U(1). In other words, the
(0,3)_2 representation, which would have also preserved SU(2)g, must be absent.

Let us check that this condition on G3) leads to a solution of the equations of motion.

The ISD condition (B.I3), can be written in the present case as

Eabmclef?C,l)l = Z.(C"Y(3)>abm: (7?))

15 This embedding follows by noting that the spinor €, under which the dilatino and gravitino

variations vanish, must be a doublet of SU(2)r.
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which can also be expressed as

eabcdemle?C,l)l = Z.(C"Y(B))otbm- (74>

The two e symbols above refer to the four directions on which the SO(4) acts and the
two directions on which the U(1) acts respectively. Since G(3) is a tensor transforming as
a (0,3) representation of SU(2)r x SU(2)r it corresponds to the self dual representation
of SO(4) and therefore satisfies the condition €qpca(G(3))°¥ = GY,. Further, one can
show, in our choice of conventions, that a charge 2 representation of the U(1) satisfies
emi(Gs))" = i(G(3))59. From this, we see that if Gz is of the (0, 3) kind, it satisfies the
ISD requirement.

It is useful to relate the discussion above to that in section 3.1 where we saw that G/3)
must be primitive and (2,1) to preserve N = 1 susy. Requiring N' = 2 supersymmetry
must impose extra conditions on the G(3) flux. The requirements for N = 1 supersymmetry
mean that under an SU(3) C SO(6), G(3) transforms as a 6. The SU(2), discussed above
is a subgroup of this SU(3) (since € is a singlet under it), so the 6 representation of SU(3)
transforms under SU(2)r as 3+ 2+ 1. As a result , we learn that N' = 1 susy alone
allows G(3) to take values in the 3 4 24 1 representations of SU(2)r. N = 2 susy imposes
the additional requirement that the doublet and singlet components are missing and G 3)
transforms purely as a triplet under SU(2)r. For completeness let us also mention that
for unbroken A = 3 one must impose yet a further restriction: G 3y must have only one
non-zero component proportional to a highest weight state of the triplet representation.

These conditions can be visualised as follows. The weight diagram of the 6 representa-
tion is a triangle. (See, e.g., (IX.iii) of [B7]). Each state in the 6 representation is denoted
by a point in this diagram. N = 3 supersymmetry requires G(3) to be proportional to any
one of the three vertices of the triangle, N” = 2 requires that the components of G 3y all lie
along an edge of the triangle, and finally, N' = 1 supersymmetry allows components along
all six points in the diagram.

In the example below it will be useful to first impose the conditions for NV = 1

supersymmetry, then check if the extra restrictions for A/ = 2 supersymmetry are met.
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7.1. An N =2 Ezample

As an example choose the fluxes to be:

Hiss = Haus =Fi36 = Fosg = (2m)%a’a’ 75)
Figs = Foys = — Hyyg = —Hizg = (2m)%a’a’,

where we are working in the coordinates z‘,y’ introduced in section 2.4. Each index
above takes six possible values; i = 1,3, 5, denote components along z', 22, 23 directions,
i =2,4,6, along y',y2 33, Also in ([-5), a® is an integer. In the cohomology basis, (B-17),

the fluxes can be expressed as

1

(2r)2a/ Fg) = a%ag + a’B° — a”5% + a®ags (7.6)
and
1
(2m)2a/ Hg) = a’ag — a’° — a?6% — a®ass. (7.7)

The superpotential is then given by
W =a’(1— ¢)det T — a®(1 + ¢)(cof7)s3 + a’(1 — )73 — (1 + ). (7.8)
One can show that the equations for A' = 1 supersymmetry (B:29), have the solution
T = §6%, ¢ =i, (7.9)
The contribution to three brane flux is
Naux = 4(a”)% (7.10)

Choosing a® = 2 we have Ny, = 16 which is within the acceptable bound, (2.).

With the choice of complex structure in ([.9), G'(3) can now be expressed as

L g = M(d,zl AdZ? A dz® + dzt A d2? A d2P) (7.11)
(27m)2a/ 3) 2 : :

It is clear that the primitivity condition is satisfied if one chooses the Kéhler form to
be of the form

J=iY ridz* ndzt. (7.12)
A
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In addition the perturbation
6J =i(dx' Ady? +dz* Ady') ~ dzt AdE + d2? A dE (7.13)

satisfies 0J A G = 0. The remaining 5 Kéahler moduli are lifted.

So far we have ensured that there is N/ = 1 supersymmetry. We will now argue that
the solution above in fact preserves N' = 2 supersymmetry.

Start by first taking the Kéhler metric to be g;; = ;7. The coordinates z’,y" then
define a flat coordinate system. Consider an SO(4) x U(1) subgroup of SO(6) where the
SO(4) acts on the 21, 22, y!, y2, indices and the U(1) refers to rotations in the 23, 43, plane.
It is easy to see that for the values ([1§), G(3) satisfies the relation, €abch€g§ = (G3))ps
and therefore transforms as a self dual representation of SO(4) (here we are following the

L2 oyt y?, while I,m

notation of the previous section and the indices a, b take values x
range over x°,4%). Since we have already verified that G (3) satsifies the N =1 conditions,
it is ISD, and it follows that it must have charge 2 under the U(1). Putting all this
together, in the example above we find that G (3 transforms as a (0, 3)2 representation
under SU(2)r x SU(2)r, x U(1). As per our discussion above, it therefore meets the
requirements for AV = 2 supersymmetry.

Alternatively, working in the complex coordinates 2! = x + iy?, ' = 2! — iy’, let us
define Az; = (G(g))ijEG;j . We see that A77 and As; have nonzero values in the above exam-
ple. Under the SU(3) symmetry, (2%, 22, 23), transforms as a 3 representation. Consider
an SU(2) C SU(3) which acts on the z!, 22, coordinates and leaves z° invariant. Ag; or
equivalently G'3) transforms as a triplet of this SU(2).

An additional check, also mentioned in section 4.1, is the following: in an N = 2
supersymmetric theory one should be able to define another inequivalent complex structure
which keeps G 3) of kind (2, 1). In the example above it is easy to see that this corresponds
to choosing holomorphic coordinates (w!, w?, w3) = (2!, 22, 23).

Finally, some thought shows that under Kéhler deformations of the form ([(:13), ([-13),

the conditions for N’ = 2 supersymmetry continue to hold.

8. Non-supersymmetric Solutions

For generic (non-supersymmetric) solutions, we require only that the scalar potential

vanish, or equivalently by (B.13), that G3y be ISD. However, it is computationally simpler
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to consider the subclass of solutions in which G 3y is also primitive. In this case G(3) can

only have pieces of type (2,1) and (0,3). The equations that one needs to solve are then

D.i;W =0.5W + (ang]C)W =0,

(8.1)
DgW = 9yW + (9,K)W = 0,

along with the primitivity condition,

J N G(g) =0. (8.2)

The first set of equations in (B-]]) imposes the third set of equations appearing in (B-IG),
and forbids type (1,2) pieces of G(3). The second equation in (B.1)) is the second equation
in (B.16), i.e. forbids a (3,0) piece in G3y. Then, equation (8.2) kills the possibility of
(2,1) TASD pieces in the three-form flux (7°, unlike a generic Calabi-Yau, has a three-
dimensional space of IASD non-primitive (2,1) forms). More generic non-supersymmetric
solutions could be found by relaxing the requirement that the (1,2) ISD forms be absent
from G (3), but we will not pursue them here.

Fluxes which obey the equations (B.1]) and (B.4) will break supersymmetry iff G s
contains a nontrivial component of type (0,3). This is easily interpreted in the low-energy
supergravity: Since we are looking for solutions which are not necessarily supersymmetric,
we no longer need to impose D, W oc W = 0 for the Kéhler moduli, p. Precisely when
G (3) has a non-vanishing (0,3) piece, W # 0 and supersymmetry is broken, but still with
vanishing potential (at leading order in o’ and g,). Examples of such vacua were discussed
in [{,2§. Such vacua will suffer a variety of instabilities in perturbation theory (as the
“no-scale” structure of the potential will be violated by o’ and gs corrections), which is
why we only discuss them briefly here.

The Kihler potential for the 7% is

K= ]Cdilaton + ]Ccpx~ (83)

Here,

’Cdilaton = - ln(—z(gb - Qg))v (84>

and
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Ko = —ln(—i/ QA Q)
T6
:—lndet( 7'—7‘) (8.5)
= — ln(zemk(T — ) (r = 7)Y (r - %)k?’).
Since both 7% and 7% enter into (B.]), it is in general difficult to solve the resulting

non-holomorphic equations. However, in an ansatz with enough symmetry, the problem

becomes tractable.

8.1. A non-supersymmetric example

Let us make a simple flux ansatz which is a subcase of the ansatz made in Example
1 of §4. We take a¥ = ad¥ , dij = —ad;j, and by, cyp to be nonzero, with all other fluxes
vanishing. Then we find that the superpotential takes the form

1

WW = —c¢det T — a"(cofT);; + di; TV — by. (8.6)

It is easy to compute the D3-charge carried by the fluxes with this ansatz,

Nux = /H(g) VAN F(3) = boCO — aijdij = bOCO + 3a>. (8.7)

(2m)4(a)2

From the symmetry of the problem, one can show that 7% = 76%. Let us further

assume that

7‘:—’77', d):’T. (88>
Then,
3 1
67—’C——Z, 3(]5 ——E, (8 9)
so that 3
DW= 0. W + (0. K)W = —— ("% — by) = 0,
2T
7 (8.10)
DyW = 9uW + (0,K)W = —Z(COT4 —by) = 0.

The equations are both satisfied if

T(=¢) = i<b—°)l/4, (8.11)

o

therefore our assumption was consistent. Finally, since the flux ansatz is a special case of

64 Example 1, we can solve (B.Z) by taking J to be in the same space that led to G s
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primitive in Section 4.1. We can also check that the conditions for supersymmetry here
are the same as those found earlier. The solution will be supersymmetric if W = 0. In the

present example,

W = —6ar? — 20 = 20 | 25 _1 (8.12)
So, the solutions are non-supersymmetric as long as 9a? # byc®. In fact, it turns out there

are no solutions which have even fluxes, 9a® = byc® and Npux < 32 in any case.

9. Brane Dynamics

In many of the examples of N/ = 1 vacua with flux, one finds that the number of

space-filling D3 branes needed to satisfy the tadpole cancellation requirement (B.0) is

Np3 =16 — %Nogl — W /H(3) A F(g) > 0 (9.1)

(Nps > 0 is needed for supersymmetry). Therefore, in addition to the background 3-form
flux, one must introduce space-filling D3 branes.

Following the work of Myers [BJ], it has been recognized that background p-form fields

can have interesting effects on brane dynamics. It follows from [R9] that the worldvolume

potential (working at vanishing RR axion Cj) is given by

1 o o
Vopen ~ g—HijkTr(X’XJXk) — (k6 F(3)) i Tr (X' XIXF) 4. (9.2)
where - - - includes the usual N = 4 field theory potential. When G 3 is ISD,
1

and the first two terms in (P-3) exactly cancel.

This is in keeping with the fact that the ISD fluxes mock up D3 brane charge and
tension, and satisfy a “no force” condition with the D3 branes [[]. Therefore, at least at
large radius (where supergravity intuition applies), the D3 point sources are free to live
at arbitrary positions on the 7°. When k < Nps branes meet at a generic point, the
low-energy physics is that of SU(k) N' =4 SYM theory, while k branes meeting at an O3
plane will give rise to an SO(2N) theory, as usual. It would be interesting to determine the
leading nontrivial effects of the fluxes on the D-branes, and to find more elaborate types
of models where phenomena reminiscent of those observed in [BQ] can occur. Inclusion of
anti-branes in the flux background might also lead to interesting phenomena, as in [[J].

It follows from this discussion that inclusion of Np3 branes in one of our models adds
3Nps complex moduli to the low energy theory. From this perspective, the models with

Naux =~ 32 and Np3 >~ 0 are the most satisfying.
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10. Discussion

II1B compactifications on Calabi-Yau spaces with both RR and NS 3-form fluxes turned
on provide a rich class of vacua which are amenable to detailed study. It should be clear
that the techniques used here to compute W and study vacua of the T°/Z, orientifold
would generalize to many other examples. The main novelty of these examples is that
they provide a setting where the stabilization of Calabi-Yau moduli becomes a concrete
and tractable problem. These models are also of interest because they give rise to warped
compactifications of string theory, and in some cases the low-energy physics has a holo-
graphic interpretation via variants of the AdS/CFT duality [BH].

Several natural questions about the T°¢/Zs models studied here would be suitable
for further study. A complete classification of supersymmetric vacua may be possible
(although, especially in cases where the additional complications of discrete RR and NS
flux arise [[3], it could be very difficult to achieve). It is also interesting to ask whether
there are any cases where, with a fixed topological class for the fluxes, one finds multiple
vacua. Finally, various dual descriptions of these models should exist, and fleshing out
these dualities (and in particular, understanding any analogues of mirror symmetry for

vacua with nonzero H-flux) seems worthwhile.
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Appendix A. Flux quantization

We follow the conventions of [f] and [[[6]. A Dp-brane couples to the (p+ 2)-form RR
field strength via the action
1 1
267y 2(p +2)!

/M d"xy/=g Fipia)® +Mp/0p+1' (A1)
6
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The usual quantization condition that follows from this action is

1 ,_ pt1

/Fp+2 = (2k10%06—p)10ys Ny €Ly pp = o IR (A.2)
Y

for an arbitrary 3-cycle v € Hgz(Meg,Z). Here p, is the electric charge of a Dp-brane
and f6—p is the charge of the dual magnetic D(6 — p)-brane. The product of these two
charges is related to the factor 1/2k19% = (27)"a’* that multiplies the action, via the Dirac

quantization condition

2w
= ———. A.
HpHe—p 2/{\:102 ( 3)
From (A.2) and (A.3),
,up/Ferg =2mn, nclZ, (A4)
which, in the case p = 1, becomes
L / Py =2 €z (A5)
ored 3 = &Tn, n . .

Similarly, we know that the electric NS charge of a fundamental string is up1 = 1/27¢/.

So, using pr1pnss = 2m/2k102 together with the analog of the first equation in (AJ),

1
2ro!

/H3 =2mn, necZ. (A.6)

This equation can also be obtained from ([A-5) by S-duality.
For compactification on T°/Z,, it can be shown that the quantization condition is
exactly (AZ), with Mg = T° HE]@ The 3-cycles on T°/Z5 include both the 3-cycles on

T and also new cycles, such as

’yo:ngl,ngl, 0< 23 < , yi:0, (A.7)

N —

which are “half-cycles” on T°. Naively, this would seem to lead to a problem with the

quantization condition ([A.9). Define v; by
y:0 <zt 2?23 <1, ¢y =0. (A.8)

_ 1 . . .
Then, one has n,, = 5n,,, so that n,, ¢ Z when n,, is odd. However, as discussed in

[[3], the quantization condition is still satisfied in this case, if a half unit of discrete RR

16 We are indebted to A. Frey and J. Polchinski for providing us with a preliminary draft of their

preprint[[[§]. The remainder of this section summarizes an analogous section in their preprint.
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flux is turned on at an odd number of the O3-planes that intersect 1. Similarly, when
m., is odd, a half unit of NS flux must be turned on at an odd number of the O3-plane
that intersects 79,1. When n., (m.,,) is even, it is also permissible to turn on RR (NS)
flux at some of the O3-planes that intersect 7o 1, but we require that the total number of
such O3-planes be even. Because the construction of vacua with these exotic O3 planes
is somewhat involved except in the simplest examples, we have focused in this paper on
cases where all of the fluxes in the covering space are even integers, and the naive problem

does not arise.

Appendix B. Derivation of equation (4.76])
Write 79 = T + AU /A? = T + Aid | where a tilde denotes division by A°. Here,
AW = — ¢, and B;;, A° and By are defined similarly. Then, equation (B:22d) becomes
W = det T — AY(cofr);; — Bij7" — By, (B.1)
which, after some algebra can be shown to have the T% expansion
W =detT — ((cof;{v)ij + Eij)Tij — (EZJEZJ + EO 4 2det E)
The analog of equation (B.22d) has already been obtained in equation ([.77),
(cofT)s; = (cofA)s; + Bij. (B.2)
By virtue of this equation, the previous result becomes
W =—2detT + (EUEU + By + 2detg).
When W = 0, L N N
detT = —§(AUBZ~J~ + B+ 2det A). (B.3)
Since we have independent expressions ([B.9) and (B.3) for cofT and det T, respectively,

the equality

det cof T = (det T)? (B.4)
gives a quartic equation for ¢. Explicitly, we have
det cof T' = det C(ifg—f— (cofcgf;{}ij?ij + (cof;{}ij (coféjij + det §~ (B.5)
= (det A)? + (det A)(A" By;) + (cof A);;(cof B)¥ + det B,

and

(det T)* = (det A)? + (det A)(A¥ B;; + Bo) + 1(A°By + AV By;)?, (B.6)
so, equating the two and multiplying by (A%)%,
(det A)By — (det B)A? + (cof A);;(cof B) + 1(A°By + A" B;;)* = 0, (B.7)

which is equation ([L.76).
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Appendix C. Derivation of Equation (6.9)

To establish that (B.9), is correct, notice first that the transformed superpotential for

the new fluxes is given by
Wl = /Gg3) A Q. (1)

where we have explicitly indicated that the dependence on the complex structure moduli
arises from € on the right hand side. Using, (b.7), (C.1]), can also be expressed as

W’[T] = (G(g))th[T]defMngfMgeadeef. (CQ)
Now,
Q7] = dz' Adz? A d2?, (C.3)
where,
dz! dai
A2 | =(1,7)- (d ) (C.4)
d2’3 Y

Under a change of complex structure, 7 — 7’ (where 7’ is given by (6.§))

dz? (dz1) dd
dz2 | = [ (d2?)" | =N, 7)M - (d 1) . (C.5)
dz3 (dz3)’ Y
As a result one finds thatld
Q') (ges) = det(N)QUT|uwow Mg My MF . (C.6)
Substituting in (C-3), then leads to
W'[r'] = det(N) det(M)W|r]. (C.7)

Appendix D. The spinor conditions for N = 2 Supersymmetry

Throughout this appendix the components for all tensors will be evaluated in a vielbein
frame. We will also use the notation introduced in section 7. The SO(6) group of rotations

in the 6 compactified directions has an SO(4) x U(1) subgroup. In our notation, indices

17 This follows, for example, by noting from ([C.5)) that, up to an overall normalization of det(N),

Q[7'] in the basis (dmi) , =M da:i has the same components as Q[7] in the basis dmi .
(dy") dy dy
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a, b which take four values refer to directions which transform under the SO(4) and indices
[, m which take two values refer to directions which are acted on by the U(1) subgroup.
The metric in the vielbein frame has components gup = dab, im = Oim, gar = 0. Also the ~

matrices satisfy the relation

{r}=o0. (D.1)

Using the fact that an SU(2)r symmetry group must be left unbroken we argued in
section 7 that the flux must have the index structure, (G (s)) ), and further that G s
must transform as (0, 3)1o under the SU(2)g x SU(2)r x U(1) C SO(6) group. Here we
will show that the spinor conditions imply that the (0, 3)_, terms must be absent and G 3)
must only transform as a (0, 3)2 representation under this group.

The spinor conditions are given in [[4] and (B-§),
G(3)€ = G(3)E* = G(g)’yle* = G(g)’y“e* = 0. (D.Q)

In our choice of conventions, the spinor 4 representation of SO(6) transforms as
(2,1)1 + (1,2)—1 under SU(2)g x SU(2)p x U(1l). In the N' = 2 supersymmetry
case, € is a doublet of SU(2)r and therefore transforms as a (2,1); representation of
SU(2)g x SU(2)r, x U(1). We are now ready to ask what conditions ([D-7) imposes on the
flux G (3).

We noted above that the flux has index structure Ggp;. Using (D)), the first condition
in (D-3) can be explicitly written as

(G [, 7"le = 0. (D.3)

If Gs) transforms as (0,3)+2 under SU(2)g x SU(2)L x U(1) it is easy to see that
(G 3))iab[7",7"] is a generator of SU(2), and therefore must annihilate €, which is a singlet

of SU(2)r. So (D-J) is met.

Similarly, since €* is also a singlet under SU(2)r, it is also true that G(3)e* = 0. The
third condition in ([D.2), can be written as

1 *
Q(G(?)))mabvlehaﬁb]G =0. (D.4)

Once again the same argument leading to the first two conditions being met ensures that
(D-3) is also satisfied.
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Finally we come to the last condition in ([D.3). This can be expressed as
(Ga))pay" vy e = 0. (D.5)

One can show that (D.5) is not met if G(3y has a (0,3)_2 component. If this component
is absent though, and G 3y is entirely of the (0,3)2 kind, one can show that

(G3))bery' € = 0. (D.6)

Condition (D.5) then follows.

To show that ([D.G) is satisfied when G (3) transforms as a (0, 3)2 state we first note,
as was pointed out above, that e has charge +1 with respect to the U(1). So €* has charge
—1. As aresult, if G(3) is of (0, 3)2 kind, (G (3))ari7'€", has charge —3 under the U(1). Also
note that the state (G(3))abryle* transforms as a 4 spinor under the SO(6) symmetry. But
the 4 representation does not have any state with —3 charge under the U(1) symmetry.
Thus the left hand side of (D-§) must vanish.

In summary, the spinor conditions show that G gy must transform under SU(2)r x

SU(2), x U(1) as a (0, 3)2 representation, in order to preserve N/ = 2 supersymmetry.

47



[

3]

References

J. Polchinski and A. Strominger, “New Vacua for Type II String Theory,” Phys. Lett.
B388, 736 (1996) [prXiv:hep-th/9510227].

J. Michelson, “Compactification of Type IIB Strings to Four-Dimensions with Non-
trivial Classical Potential,” Nucl. Phys. B495, 127 (1997) [hrXiv:hep-th/9610151].
S. Gukov, C. Vafa and E. Witten, “CFTs from Calabi-Yau Fourfolds,” Nucl. Phys.
B584, 69 (2000) [prXiv:hep-th/9906070;

B. Greene, K. Schalm and G. Shiu, “Warped Compactifications in M and F-theory,”
Nucl. Phys. B584, 480 (2000) [prXiv:hep-th/0004107].

K. Dasgupta, G. Rajesh and S. Sethi, “M-theory, Orientifolds and G-flux,” JHEP
9908, 023 (1999) [prXiv:hep-th/990808§].

S. B. Giddings, S. Kachru and J. Polchinski, “Hierarchies from fluxes in string com-
pactifications,” [prXiv:hep-th/0105097].

E. Silverstein, “(A)dS Backgrounds from Asymmetric Orientifolds,” [prX D

th/0106209)].

G. Curio, A. Klemm, D. Lust and S. Theisen, “On the Vacuum Structure of Type II
String Compactifications on Calabi-Yau Spaces with H Fluxes,” Nucl. Phys. B609, 3
(2001) [arXiv: hep-th/0012213].

J. Harvey, G. Moore and C. Vafa, “Quasicrystalline Compactification,” Nucl. Phys.
B304, 269 (1988);

M. Dine and E. Silverstein, “New M Theory Backgrounds with Frozen Moduli,”
[er Xiv:hep-th/9712166];

A. Dabholkar and J. Harvey, “String Islands,” JHEP 9902, 006 (1999) [prXiv:hep]

th/9809127).

[10]

[11]

[12]

[13]

H. Verlinde, “Holography and Compactification,” Nucl. Phys. B580, 264 (2000)
lar Xiv:hep-th /9906182];

C. Chan, P. Paul and H. Verlinde, “A Note on Warped String Compactification,”
Nucl. Phys. B581, 156 (2000) [prXiv:hep-th/0003234].

L. Randall and R. Sundrum, “A Large Mass Hierarchy from a Small Extra Dimension,”
Phys. Rev. Lett. 83, 3370 (1999) [arXiv:hep-th/9905227].

P. Mayr, “On Supersymmetry Breaking in String Theory and its Realization in Brane
Worlds,” Nucl. Phys. B593, 99 (2001) [arXiv:hep-th/000319§];

P. Mayr, “Stringy Brane Worlds and Exponential Hierarchies,” JHEP 0011, 013
(2000), [prXiv:hep-th/0006204].

G. Curio, A. Klemm, B. Kors and D. Lust, “Fluxes in Heterotic and Type II String
Compactifications,” [arXiv:hep-th/0106155].

K. Becker and M. Becker, “M-theory on Eight Manifolds,” Nucl. Phys. B477, 155
(1996) [prXiv:hep-th/9605053).

48


http://arXiv.org/abs/hep-th/9510227
http://arXiv.org/abs/hep-th/9610151
http://arXiv.org/abs/hep-th/9906070
http://arXiv.org/abs/hep-th/0004103
http://arXiv.org/abs/hep-th/9908088
http://arXiv.org/abs/hep-th/0105097
http://arXiv.org/abs/hep-th/0106209
http://arXiv.org/abs/hep-th/0106209
http://arXiv.org/abs/hep-th/0012213
http://arXiv.org/abs/hep-th/9712166
http://arXiv.org/abs/hep-th/9809122
http://arXiv.org/abs/hep-th/9809122
http://arXiv.org/abs/hep-th/9906182
http://arXiv.org/abs/hep-th/0003236
http://arXiv.org/abs/hep-th/9905221
http://arXiv.org/abs/hep-th/0003198
http://arXiv.org/abs/hep-th/0006204
http://arXiv.org/abs/hep-th/0106155
http://arXiv.org/abs/hep-th/9605053

[14] M. Grana and J. Polchinski, “Gauge/gravity duals with holomorphic dilaton,”
[BrXiv:hep-th/0106014)].

[15] A. Frey and J. Polchinski, “A/ = 3 Warped Compactifications,” preprint to appear.

[16] J. Polchinski, “String Theory. Vol. 2: Superstring Theory And Beyond,” Cambridge,
UK: Univ. Pr. (1998) 531 p.

[17] A. Hanany and B. Kol, “On orientifolds, discrete torsion, branes and M theory,” JHEP
0006, 013 (2000) [prXiv:hep-th/0003025].

[18] E. Witten, “Toroidal Compactification without Vector Structure,” JHEP 9802, 006
(1998) [prXiv:hep-th/971202§].

[19] S. Kachru, J. Pearson and H. Verlinde, “Brane/Flux Annihilation and the String Dual
of a Non-Supersymmetric Field Theory,” [arXiv:hep-th/0112197].

[20] E. Bergshoeff, M. de Roo and E. Eyras, “Gauged Supergravity from Dimensional
Reduction,” Phys. Lett. B413, 70 (1997) [hrXiv:hep-th/970713(].

[21] G. W. Moore, “Arithmetic and attractors,” [prXiv:hep-th/9807087).

[22] J. Louis and A. Micu, “Heterotic String Theory with Background Fluxes,” [arX D

[ th/0T10187.

[23] N. Kaloper and R. Myers, “The O(d,d) Story of Massive Supergravity,” JHEP 9905,
010 (1999) [prXiv:hep-th/990104F].

[24] G. Dall’Agata, “Type IIB supergravity compactified on a Calabi-Yau manifold with
H-fluxes,” [arXiv:hep-th/0107264].

[25] L. Andrianopoli, R. D’Auria and S. Ferrara, “Consistent reduction of ' =2 — N =1
four-dimensional supergravity coupled to matter,” [prXiv:hep-th/0112193].

[26] M. Schlichenmaier “An Introduction to Riemann Surfaces, Algebraic Curves and Mod-
uli Spaces,” Berlin: Springer-Verlag (1989) 148 p, (Lecture Notes in Physics, 322).

[27] H. Georgi, “Lie Algebras in Particle Physics,” Frontiers in Physics, ISBN 0-8053-3153-
0.

[28] K. Becker and M. Becker, “Supersymmetry Breaking, M-theory and Fluxes,” JHEP
0107, 038 (2001) [prXiv:hep-th/0107044].

[29] R. Myers, “Dielectric Branes,” JHEP 9912, 022 (1999) [arXiv:hep-th/9910053.

[30] J. Polchinski and M. Strassler, “The String Dual of a Confining Four-Dimensional
Gauge Theory,” [arXiv:hep-th/0003136].

[31] N. Hitchin, “The geometry of three-forms in six and seven dimensions,” [arXiv:DG/0010054].

49


http://arXiv.org/abs/hep-th/0106014
http://arXiv.org/abs/hep-th/0003025
http://arXiv.org/abs/hep-th/9712028
http://arXiv.org/abs/hep-th/0112197
http://arXiv.org/abs/hep-th/9707130
http://arXiv.org/abs/hep-th/9807087
http://arXiv.org/abs/hep-th/0110187
http://arXiv.org/abs/hep-th/0110187
http://arXiv.org/abs/hep-th/9901045
http://arXiv.org/abs/hep-th/0107264
http://arXiv.org/abs/hep-th/0112192
http://arXiv.org/abs/hep-th/0107044
http://arXiv.org/abs/hep-th/9910053
http://arXiv.org/abs/hep-th/0003136

