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Radiative seesaw in left-right symmetric model
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There are some radiative origins for the neutrino masses in the conventional left-right symmetric
models with the usual bi-doublet and triplet Higgs scalars. These radiative contributions could
dominate over the tree-level seesaw and could explain the observed neutrino masses.
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Introduction: Strong evidence from the neutrino os-
cillation experiments has confirmed the tiny but nonzero
neutrino masses. This phenomenon is elegantly explained
by the seesaw mechanism [1] in some extensions of the
standard model (SM). The seesaw scenario can be natu-
rally embedded into the left-right symmetric models [2]
and also the grand unified theories (GUTs).

In this paper, we discuss the neutrino mass generation
in a general class of left-right symmetric models with the
Higgs sector including one bi-doublet, one left-handed
triplet and one right-handed triplet Higgs fields. Our
analysis shows that the neutrino masses can originate
from some loop diagrams in addition to the tree-level
seesaw. We also demonstrate that the radiative neutrino
masses could explain the experimental results for some
choice of parameters.

The left-right symmetric model: We consider the left-
right symmetric extension of the SM with the gauge
group SU(2)L × SU(2)R × U(1)B−L and the following
Higgs content:

φ(2,2∗, 0) , ∆L(3,1,−2) , ∆R(1,3,−2) . (1)

A convenient representation of these fields is given by the
2 × 2 matrices:

φ =

[

φ0
1 φ+

2

φ−1 φ0
2

]

, ∆L,R =

[

δ+/
√

2 δ++

δ0 −δ+/
√

2

]

L,R

. (2)

As for the fermion sector, it includes the left- and right-
handed quarks:

qL(2,1,
1

3
) =

[

u
d

]

L

, qR(1,2,
1

3
) =

[

u
d

]

R

(3)

and the left- and right-handed leptons:

ψL(2,1,−1) =

[

ν
ℓ

]

L

, ψR(1,2,−1) =

[

ν
ℓ

]

R

. (4)

Under the left-right (parity) symmetry, we have φ ↔
φ†, ∆L ↔ ∆R, qL ↔ qR and ψL ↔ ψR. The parity
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invariant Yukawa couplings are then given by

L ⊃ −ỹqij
qL

i
φ̃qRj

− yqij
qL

i
φqRj

− ỹψij
ψL

i
φ̃ψRj

−yψ
ij
ψL

i
φψR

j
− 1

2
fij

(

ψcL
i
iτ2∆LψL

j

+ψcR
i
iτ2∆RψR

j

)

+ h.c. , (5)

where φ̃ = τ2φ
∗τ2, yq = y†q, ỹq = ỹ†q, yψ = y†ψ, ỹψ =

ỹ†ψ and f = fT . For simplicity, we do not present the
most general renormalizable and parity invariant scalar
potential which can be found in many early works [3, 4].

The seesaw mechanism: We now review the seesaw
mechanism of the neutrino masses in the left-right sym-
metric model with the choice of Higgs scalars we con-
sidered. In this case, the left-right symmetry is broken
down to the SM SU(2)L × U(1)Y symmetry after the
right-handed triplet Higgs scalar develops its vacuum ex-
pectation value (vev) vR ≡ 〈∆R〉. From Eq. (5), we thus
have the following Yukawa couplings and Majorana mass
term:

L ⊃ −yd
ij
qL

i
ϕ̃dR

j
− yu

ij
qL

i
ϕuR

j
− yℓ

ij
ψL

i
ϕ̃ℓR

j

−yν
ij
ψL

i
ϕνR

j
− 1

2
fijvRν

c
R

i
νR

j

−1

2
fijψ

c
L

i
iτ2∆LψL

j
+ h.c. . (6)

Here we have defined

φ1 =

[

φ0
1

φ−1

]

, φ2 =

[

φ0∗
2

−φ+∗
2

]

, (7)

and then

ϕ = φ1 cosβ + φ2 sinβ =

[

ϕ0

ϕ−

]

, (8)

yd = −yq sinβ − ỹq cosβ , (9)

yu = yq cosβ + ỹq sinβ , (10)

yℓ = −yψ sinβ − ỹψ cosβ , (11)

yν = yψ cosβ + ỹψ sinβ , (12)

where β = arctan

(

v2
v1

)

with v1 ≡ 〈φ1〉 and v2 ≡ 〈φ2〉.
Obviously, the doublet scalar ϕ is the SM Higgs. Note
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that yu = −yd and yν = −yℓ for β =
π

4
from v1 = v2. So

we will not consider the case of v1 = v2 due to the mass
differences between the up and down type quarks.

The first line in Eq. (6) will give the masses to the
charged fermions after the electroweak symmetry is bro-
ken by v ≡ 〈ϕ〉 ≃ 174 GeV. As for the second line,
the first and the second terms generate the Dirac masses
of the neutrinos and the Majorana masses of the right-
handed neutrinos, respectively:

mD = yνv , (13)

MR = fvR . (14)

For MR ≫ mD, the left-handed neutrinos can naturally
acquire the small Majorana masses,

mI
tree = −m∗

D

1

M †
R

m†
D ∼ O

(

y2
ν

f

)

v2

vR
, (15)

i.e. the type-I seesaw formula. The third line will also
give the left-handed neutrinos a Majorana mass term,

mII
tree = fvL with vL ≡ 〈∆L〉 . (16)

Here vL can be determined by minimizing the complete
scalar potential [3],

vL ≃ − µ v2

M2
δ0

L

∼ −µv
2

v2
R

, (17)

where µ . vR is a product of vR and some combination of
couplings entering in the parity invariant scalar potential.
So, we have

mII
tree ∼ −f µv

2

v2
R

, (18)

which can be comparable to the type-I seesaw contribu-
tion. The generation of the small vL (17) and then the
tiny neutrino masses (18) is named as the type-II seesaw.

The radiative generation of neutrino masses: The bi-
doublet Higgs scalar contains two iso-doublet scalars: the
SM Higgs ϕ (8) and

η = −φ1 sinβ + φ2 cosβ =

[

η0

η−

]

. (19)

η couples to the fermions, but it cannot contribute to any
fermion mass at the tree level since it has no vev. We
shall show that η gives new radiative seesaw contribution
to the neutrino masses through some loop diagrams.

For the purpose of demonstration, we deduce the
Yukawa couplings of η to the leptons from Eq. (5),

L ⊃ −hν
ij
ψL

i
ηνR

j
− hℓ

ij
ψL

i
η̃ℓR

j
+ h.c. , (20)

where

hν = −yψ sinβ + ỹψ cosβ

= −
(

yℓ sec 2β +
1

2
yν tan 2β

)

for β 6= π

4
, (21)

hℓ = −yψ cosβ + ỹψ sinβ

= −
(

yν sec 2β +
1

2
yℓ tan 2β

)

for β 6= π

4
. (22)

As shown in Fig. 1, the quartic coupling between ϕ and
η,

L ⊃ −λ(ϕ†η)2 + h.c. , (23)

where λ . O(1) is some combination of couplings en-
tering in the parity invariant scalar potential, will gen-
erate the radiative neutrino masses associated with the
first term in Eq. (20) and the Majorana masses of the
right-handed neutrinos. We choose the basis in which
the Majorana mass matrix (14) of the right-handed neu-
trinos are real and diagonal and then explicitly calculate
the radiative neutrino masses, which have the same forms
with those in the two Higgs doublet model [5],

(

mI
1−loop

)

ij
=

3
∑

k=1

h∗ν
ik
h∗ν

jk

16π2
MR

k

×
[

M2
η0

R

M2
η0

R

−M2
R

k

ln

(

M2
η0

R

M2
R

k

)

−
M2
η0

I

M2
η0

I

−M2
R

k

ln

(

M2
η0

I

M2
R

k

)]

. (24)

Here η0
R and η0

I are defined by η0 =
1√
2

(

η0
R + iη0

I

)

. Note

the quartic coupling (23) guarantees the mass difference
between η0

R and η0
I ,

M2
η0

R
−M2

η0
I

= 4λv2 , (25)

where λ has been chosen to be real by the proper phase
rotation, so that the radiative neutrino masses (24) will
not vanish.

The mass splitting between the two doublet scalars
φ and η are of the order of vR, since they belong to
the same representation of SU(2)R. Therefore, M

η0
R,I

are of the order of vR for the mass of φ is much below
vR. In general, MR

k
is smaller than vR, so we can take

M2
R

k
≪ M2

η0
R,I

and then simplify the mass formula (24)
as

(

mI
1 -loop

)

ij
≃

3
∑

k=1

h∗ν
ik
h∗ν

jk

16π2
MR

k
ln

(

M2
η0

R

M2
η0

I

)

≃
3
∑

k=1

h∗ν
ik
h∗ν

jk

16π2
MR

k
ln

[

1 + O
(

λ
v2

v2
R

)]

∼ 1

16π2
O
(

λh2
νf
) v2

vR
. (26)
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νR νcR

ψcL

η η
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FIG. 1: The one-loop diagram mediated by the right-handed
neutrinos for generating the radiative neutrino masses.

ψL
ℓR ψL

ψcL

η ∆L

〈ϕ〉

〈ϕ〉

FIG. 2: The one-loop diagram mediated by the left-handed
triplet Higgs for generating the radiative neutrino masses.

Now we discuss the contribution from the left-handed
triplet Higgs to the radiative neutrino masses. There is
a cubic coupling among ∆L, ϕ and η,

L ⊃ −µ′ηT iτ2∆Lϕ+ h.c. , (27)

where µ′ . vR is a product of vR and some combination
of couplings entering in the parity invariant scalar poten-
tial. Therefore, associated with the third term in Eq. (6)
and the second term in Eq. (20), the cubic coupling (27)
can generate the radiative neutrino masses as shown in
Fig. 2.

For illustration, we write down the mass matrix of δ+L
and η−,

L ⊃ −
[

δ+∗
L , η−

]

[

M2

δ
+

L

− 1√
2
µ′v

− 1√
2
µ′v M2

η−

]

[

δ+L
η−∗

]

,(28)

Here µ′ has been chosen to be real by the proper phase
rotation. There are two mass eigenstates S1 and S2,

(

S1

S2

)

=

(

cosϑ − sinϑ
sinϑ cosϑ

)(

δ+L
η−∗

)

, (29)

with the mixing angle

tan 2ϑ =

√
2µ′v

M2

δ
+

L

−M2
η−

, (30)

and the masses

M2
S1,2

=
1

2

[

M2

δ
+

L

+M2
η−

±
√

(

M2

δ
+

L

−M2
η−

)2

+ 2µ′2v2

]

. (31)

For M2

δ
+

L

∼ M2
η−

∼ M2

δ
+

L

−M2
η−

= O(v2
R) and µ′v ≪ v2

R,

we have

ϑ = O(
µ′v

v2
R

) , (32)

M2
S

1,2
∼M2

S
2
−M2

S
1

= O(v2
R) . (33)

We then calculate the formula of the radiative neutrino
masses induced by Fig. 2,

(

mII
1−loop

)

ij
=

1

16π2

sin 2ϑ√
2

∑

k=e,µ,τ

fikh
†
ℓ

kj
mk

×
[

M2
S

1

M2
S

1
−m2

k

ln

(

M2
S

1

m2
k

)

−
M2
S

2

M2
S

2
−m2

k

ln

(

M2
S

2

m2
k

)]

. (34)

Here we have chosen the basis in which the Yukawa cou-
plings (11) of the charged leptons are real and diago-
nal and have referred mk to the masses of the charged
leptons. Note the above mass formula is different from
that of the Zee model [6] becaue f is symmetric. For
M2
S

1,2
≫ m2

k, we simplify Eq. (34) as

(

mII
1−loop

)

ij

≃ 1

16π2

sin 2ϑ√
2

∑

k=e,µ τ

fikh
†
ℓ

kj
mk ln

(

M2
S

2

M2
S

1

)

≃ 1

16π2
O
(

µ′v

v2
R

)

ln [1 + O (1)]
∑

k=e,µ,τ

fikh
†
ℓkj
mk

∼ 1

16π2

µ′v2

v2
R

O (yℓhℓf) (35)

by using Eqs. (32) and (33).
In addition to the two one-loop diagrams, i.e. Figs. 1

and 2, there is a two-loop diagram as shown in Fig. 3
contributing to the radiative neutrino masses due to the
following cubic coupling,

L ⊃ −µ′′ηT iτ2∆Lη + h.c. , (36)

where µ′′ . vR is a product of vR and some combina-
tion of couplings entering in the parity invariant scalar
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ψL
ℓR ψL ψcL ℓcR

ψcL

η η
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FIG. 3: The two-loop diagram for generating the radiative
neutrino masses.

potential. For simplicity, we choose µ′′ to be real by the
proper phase rotation. Similar to the Zee-Babu model
[7], we calculate the two-loop induced neutrino masses as
below,

(

m
2−loop

)

ij

=
1

64π4

∑

k,n=e,µ,τ

h∗ℓ
ik
fknh

†
ℓ

nj

µ′′mkmn

M2

δ
++

L

×







sin4 ϑ

[

ln

(

1 +
M2

δ
++

L

M2
S

1

)]2

+
1

2
sin2 2ϑ ln

(

1 +
M2

δ
++

L

M2
S

1

)

ln

(

1 +
M2

δ
++

L

M2
S

2

)

+ cos4 ϑ

[

ln

(

1 +
M2

δ
++

L

M2
S

2

)]2






≃ 1

64π4

∑

k,n=e,µ,τ

h∗ℓ
ik
fknh

†
ℓ

nj

µ′′mkmn

M2

δ
++

L

O (1)

∼ 1

64π4

µ′′v2

v2
R

O(y2
ℓh

2
ℓf) . (37)

Here we have taken M2

δ
++

L

∼ M2
S

1,2
∼ v2

R ≫ m2
e,µ,τ and

ϑ ≪ 1 into account. Unlike the Zee-Babu model [7], we
needn’t constrain the Yukawa couplings hℓ to be asym-
metric.

The radiative neutrino masses versus the tree-level

neutrino masses: Now the complete neutrino masses
should include five parts,

mν = mI
tree +mII

tree +mI
1−loop +mII

1−loop +m
2−loop

∼ v2

vR

[

O
(

y2
ν

f

)

+
µ

vR
O (f) +

1

16π2
O
(

λh2
νf
)

+
1

16π2

µ′

vR
O (yℓhℓf) +

1

64π4

µ′′

vR
O(y2

ℓh
2
ℓf)

]

,(38)

where v ≃ 174 GeV, vR > O(TeV) and yℓ . O(10−2)
have been known. In the following, we shall show that
the five parts can have different weight depending on
the choice of the parameters. In particular, for some
choice, the radiative contributions could dominate over
the tree-level seesaw and could explain the observed neu-
trino masses.

We now demonstrate that the loop-induced neutrino
masses could dominate over the tree-level seesaw for some
choice of the parameters. For naturalness, we further
assume that there is no cancelation in Eqs. (9) and (10)
to generate a quark mass hierarchy so that v1 and v2
should not be at the same order since the top quark is
much heavier than the bottom quark. For example, we

will take
v2
v1

= O(10−2) and hence hν ∼ yℓ + 10−2yν and

hℓ ∼ yν + 10−2yℓ in the quantitative estimation. We
then find: (a) mI

1−loop & mI
tree for f = O(0.1), λ . O(1)

and yν . O(10−4); (b) mII
1−loop & mI

tree for f = O(0.1),

µ′ . vR and yν . O(10−5); (c) m
2−loop & mI

tree for

f = O(0.1), µ′′ . vR and yν . O(10−9). Obviously, we

can have mI,II
1−loop & mII

tree and m
2−loop & mII

tree for the
proper µ and other parameters.

We then choose some values of the unknown parame-
ters to show that the loop contributions can match the
observed neutrino masses: (i) mI

1−loop ∼ O(10−2 eV) ≫
mI

tree ∼ mII
tree ∼ mII

1−loop ≫ m
2−loop for vR =

O(108 GeV), µ = O(GeV), µ′ . vR, µ′′ . vR, λ = O(1),
f = O(0.1) and yν = O(10−5); (ii) mI

tree ∼ mII
tree ∼

mI
1−loop ∼ mII

1−loop ∼ O(10−2 eV) ≫ m
2−loop for vR =

O(104 GeV), µ = O(10−6 GeV), µ′ = O(102 GeV), µ′′ .
vR, λ = O(10−4), f = O(0.1) and yν = O(10−6); (iii)
mI

1−loop ∼ mII
1−loop ∼ m

2−loop ∼ O(10−2 eV) ≪ mI
tree ∼

mII
tree for vR = O(104 GeV), µ ∼ vR, µ′ = O(0.1 GeV),

µ′′ ∼ vR, λ = O(10−4), f = O(0.1) and yν = O(0.1). In
the last case, we need the fine-tuned cancelation of mI

tree

and mII
tree to ensure the complete neutrino masses below

the experimental limit.

Summary: We find the new radiative seesaw mecha-
nism for the neutrino masses in the conventional left-right
symmetric model with one bi-doublet, one left-handed
triplet and one right-handed triplet Higgs scalars. Specif-
ically the neutrino masses can be generated not only by
the tree-level seesaw but also by two one-loop diagrams
and one two-loop diagram. For some choice of the pa-
rameters, the observed neutrino masses can be explained
by these loop contributions.
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