J. Phys. II France 7 (1997) 583-601 APRIL 1997, PAGE 583

On Some Elastic Instabilities in Biaxial Nematics
Sreejith Sukumaran and G.S. Ranganath (*)

Raman Research Institute, C.V. Raman Avenue, Sadashivanagar, Bangalore 560080, India
{Received 19 June 1996, revised 15 October 1996, accepted 7 January 1997)

PACS.61.30.-v — Liquid crystals

™

Abstract. — Within the framework of the continuum elastic theory of biaxial nematic liquid
crystals, we have addressed ourselves to the structure, stability and energetics of some sin-
gular and non-singular topological defects. and certain director configurations. We find that
certain non-singular hybrid disclinations could be energetically favourable relative to certain
half-strength disclinations. The interaction between singular hybrids depends strongly on the
biaxial elastic anisotropy. We suggest possible defect structures that can exist in spherical
droplets of biaxial nematics. Further we find structural instabilities, in confined geometries,
arising due to the inherent biaxiality of the system.

1. Introduction

In 1970, Freiser [1] theoretically predicted the possibility of a biaxial nematic (BN) phase.
Following this, Toulouse [2] used topological methods to show that there are four stable line
defects, viz. three distinct disclinations of half-integral strength and a disclination of odd-
integral strength. He speculated that such a phase with many defects may have a polymer—
type structure and “topological rigidity” observable in elastic and flow properties. Immediately
thereafter, Yu and Saupe [3] discovered a biaxial nematic liquid crystalline state in a lyotropic
system. It is only recently that some of these theoretical predictions about defects in BN have
been experimentally verified by De’Neve et ol. [4]. There has also been theoretical interest
in the phase ordering kinetics of BN films [5] and statistical-mechanical properties of defects
in this system [6]. Continuum theories to describe the elastic and hydrodynamic behaviour
of BN [7-10] have also been developed. Many unusual and interesting elastic instabilities
are possible in this system and they can be described effectively within the framework of the
continuum theory.

In this paper, we have worked out the structure and energetics of certain singular and non-
singular disclinations. In the escaped configuration, the energy of a certain hybrid disclination
can become comparable to that of some disclinations of half strength. The nature of the
interaction between wedge and hybrid disclinations is found to depend not only on the sign
and strength of the defects, but also on the inherent elastic anisotropy due to biaxiality. We
have also studied structures of defects associated with a spherical drop with one of the di-
rectors normal to the surface. We find that a transformation of a tetrahedral arrangement
of four disclination lines of half strength emanating from the centre of the drop to that of a
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boojum is possible as drop size increases. Incidentally, the transformation of certain defects
into non—singular structures through an escape into the “third dimension”, the interaction of
disclinations leading to energetically stable states, and the conversion of line defects associ-
ated with droplets into boojums can be all viewed as examples of elastic instabilities. Further
we consider instabilities in a director configuration between two parallel plates with different
boundary conditions. Some of these instabilities are typical of biaxiality. Lastly we study field
induced instabilities in a uniformly aligned state and find that there are structural transitions
which are inherently due to the biaxial symmetry.

2. Elasticity of Biaxial Nematics

The most symmetric BN has orthorhombic symmetry. It can be described by a mutually
orthonormal triad of directors (a, b, ¢), each of which is a two—fold axis of symmetry, whose
orientations vary smoothly and slowly in space. The elasticity of such a BN is described by
15 elastic constants — twelve of these correspond to director distortions in the bulk [7-10].
The elastic free energy density, as given in [7], is

1
F = Fp+ ). 5 [(Kaa(a Vb - ¢)? + Kup(a-Va-b)? + K,e(a- Va - c)?]
a,b,c

+Cu(a-Va): - (b-Vb) +ky,V:-(a-Va—aV -a) (1)

where the summation is over a cyclic permutation of the three directors and indices. Here K,,,
Ky and K. are twist elastic constants associated with twist of the orthonormal triad about
the directors a, b and ¢ respectively. The elastic constants K. and K., are associated with
bend and splay deformations in (b, ¢) with a undistorted. Similarly, Kop, Ko [or Koo, Kac
correspond to splay or bend in (a,b) [or (¢,a)] with ¢ [or b] undistorted. Cgp, Co. and C¢,
are coupling constants. The last three terms involving ko 4, ko5 and &g are surface terms.

As in the case of uniaxial nematics, in BN, we can have an equivalent “one-constant” ap-
proximation whereby elastic anisotropy concerned with twist, bend and splay distortions are
neglected. In this approximation, these distortions in (b,c), (c,a) and (a,b) fields involve
three constants K,, K and K, respectively. These three elastic constants are given by

K, = Ky :Kbcchb
K, = Kbb:KcazKac
K. = Ke=Kg = Ky,

Generally, the twist elastic constants could be expected to be half as small as the curvature
constants. In the same spirit as that of the “one—constant” approximation, we do not consider
such details in the “three—constants” approximation. In Appendix we have argued in favour of
this “three—constants” approximation on the basis of an elasticity theory of BN incorporating
Ericksen’s [11] idea of variable degree of orientation. This simple formulation gives insight into
the elasticity of BN. There we have brought out the dependences of the various constants on the
order parameters and, the connection between the coupling constants and elastic anisotropy.
This gives a proper extension to continuum theory allowing a more complete description of
defects. It also gives a framework within which approximations on the relative magnitudes of
the elastic constants can be given a physical basis.

In spite of this “three-constants” approximation, elastic anisotropy due to inherent biaxiality
is still preserved. To reduce this simplified theory to that of uniaxial nematics (say, ¢ goes over
to the uniaxial director m) with “one—constant” approximation. we have to take K. = 0 and
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K, = Kj. Further, it should be noted that the coupling constants are not really peculiar to
BN. It can be shown [7] that the Frank elastic constants of a uniaxial nematic are related to
the elastic constants of BN in the following manner, assuming c¢ goes over to n:

Kll = KaCa 1{22 - Kam K33 = Kcaa K24 = 2K0,C + Kaa - 2KD.C + Kac - Caba
Ky, = Kpp, Koo = cby K, = KbCa KO,a = KO.b>
Kee =Coa = Cbc = KO,a = KO,IJ =0.

Here K11, Kaq, K33, K24 are the splay, twist, bend and saddle-splay Frank elastic constants.
From this it can be seen that Cpp = (K71 — Ka2).

Throughout this study we work in the “three—constants” approximation and also ignore the
coupling constants Cgp, Cpe and C,,. The model considered in Appendix supports these two
assumptions. We ignore all surface contributions including the ones similar to that which
appears naturally in the standard Frank free energy density for a general non—planar distor-
tion. We consider only the bulk contributions to the energy in all the problems that we have
discussed. It should also be pointed out that the equations and solutions will certainly be
different when one works in a different approximation or with the complete free energy density
but we hope that the “three—constants” approximation is as instructive as the “one—constant”
approximation in uniaxial nematics. We emphasize that this theory explores the effects of
elastic anisotropy due to inherent biaxiality.

3. Non-Singular Defect Structures

In uniaxial nematics, we know that a non-singular line disclination of integral strength can
exist. In BN also. non-singular disclinations are permitted [12]. They are of two types.
The first type is a wedge or twist disclination of even integral strength, as in uniaxial nematics
and, the second is a hybrid disclination — with both wedge and twist components — of total
even integral strength.

The Volterra process for creating a hybrid disclination explicitly incorporates the orthorhom-
bic symmetry of the a, b, ¢ director fields. Here the plane of cut is limited by a line L parallel
to any one of the directors, say b, and perpendicular to the other two, viz. ¢ and a. The two
faces of the cut are relatively rotated through an integral multiple of +7, say, £27s; about
L. These faces are further rotated about a or ¢, through an integral multiple of 4, that is,
+27s9. The empty space is filled up with uniform material or overlapping regions are removed
and the system is allowed to relax. This Volterra process describes a hybrid disclination by
a pair of numbers (s1,s2) where s; represents the strength of thé wedge component and s»
represents the strength of the twist component. We have given an example of a wedge defect of
strength s; in (a,c) but with a cyclic permutation of a. b and ¢ we can describe such a defect
in (a, b) and (b, c) fields, too. It is important to note that s; and s, can be either integral or
half—integral numbers. When s» = 0, we get a pure wedge disclination and when s; = 0, we
get a pure twist disclination. It can be shown that the singularity in the case of disclinations
of total strength |s; + s2| = 2 can be removed by the escape into the third dimension of a
director [12]. Here we work out the energetics of the hybrid disclinations, (2,0) and (1,1). In
the case of (2, 0), we consider a line defect in (a, b) with ¢ undistorted.

Using (e, e4,€e,) as the unit basis vectors of a cylindrical coordinate system (r,, z), we
describe the orthonormal triad of directors (a, b, ¢) by

a = sinsinfe, + cosye, + siny cosfe,
b cos ¢ sinfe, — sine, + cosy cosfe,

c = cosfe, —sinfe,.
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Here 8 is the angle that ¢ makes with the radial direction and ¢ describes the angle of rotation
of (a,b) about c. With this parametrization, ¢ is always in the (r, 2) plane which suits the
description of the removal of singularity in (1, 1) and (2, 0), by turning ¢ through ¥ and =
respectively in the (r, z) plane. For ¥y = ¢(¢) and 8 = 8(r), the free energy density is given by

i 2
_ (Kacos® ¢ + Kysin®¢) (df 2 (Kasin®¢ + Kycos?dh) K. (dy
F= 5 I + o2 cos* 0 + 2z \ dp sin 6
(2)

Without any loss of generality, we consider a particular situation where the director described
by ¢ goes over to the uniaxial nematic director n in the absence of biaxiality. In the weak—
biaxiality limit, K, ~ K, the free energy density (2) reduces to

Ka d9 z Ka 2 KC d’()b : ?
F——(&> +WCOS 0+ﬁ(———sme> (3)

The equations of equilibrium obtained by the minimization of the total energy are

d2y

ag=0 (4)

_I&i ( dH) (K, _Kc)sm90059 K, cos@ dy —o. (5)

r dr T& r2 * 2 ag_

It niay be noted that the permitted solution (¢ = ¢, § = —7/2) describes a singular wedge
disclination of strength (2,0) while () = ¢, # = 0) which describes a singular hybrid disclination
(1,1) — all radial in ¢ and a uniform twist of (a, b) about ¢ does not satisfy the equations of
equilibrium. However, both these disclinations, with a three—dimensional escape of ¢, described
by ¥ = ¢ and 8 = 8(r) are solutions provided

d d9 Kc . KC —_
E<T5> + (1———K—a> smOcosG-i—EcosH—O. (6)

To solve this equation, we consider the sample to be confined in a tube of radius ro with ¢
aligned along the tube axis at » = 0.

3.1. (2,0) DISCLINATION LINE. — In this case the boundary conditions are § = T at r = 0

and § = —% at r = ro, that is, ¢ is parallel to the tube axis both at 7 = 0 and r = rg and
these two states get connected by a smooth bend of ¢ through 7. The a and b directors are in
a s = 2 disclination configuration. Then it can be shown that

r .
()2 =2y /g2 -1 o
()2 42, /Eare 1|

If ¢ is identified as the uniaxial director n, K, < K,. Then the energy per unit length is

¢ = 2arctan

K, 1+4/1- &
E =4rK, |1 K “31 .
nK, |1+ 1_§c n( \/._EZ ) (8)
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Xy

Fig. 1. — Removal of singularity in a hybrid disclination with s1 = sz = 1 by an escape of the ¢
director through /2. The nail representation shows a director going out of the plane of the paper.

3.2. (1,1) HYBRID DISCLINATION LINE. — In this case, the boundary conditions are § = %
at r = 0 and # = 0 at r = rg, that is, ¢ is homeotropically aligned on the cylinder while a and
b describe a twist about ¢ through 27 as we go round the axis. In this case we get

/e sinh(in(z8) + sinh ™ (/%)) -
\/—Esmh(ln( ) + sinh™ (\/—)

The energy per unit length (again with K, < K,) is

1+ Ee K. V201 + )
E =drK, [1-+— A # . (10)
K. w—c+w+4

The geometry of the removal of the singularity in the case of (1, 1) hybrid disclination is shown
in Figure 1. We get the known result, that is, £ = 27K, [13] for a (1, 0) defect in uniaxial
nematics if we set K, = 0 . This is exactly the volume contribution to the energy per unit
length.

In this context, we point out that for 0 < C < 0.9, the energy per unit length of an escaped
hybrid disclination (1, 1), 27K, < Ey, < 2. 3127TK We know that the energy of a singular
wedge disclination of strength s = 1 in (a,c) o (b c) fields is B, = 17k, ln + Ecore-
Even without considering FEcore, relatively, the hybrld is energetically favourable “when the
ratio of the sample size, R. to the core radius, 7., that is, ﬁ > 10*. This condition is easily
realized in usual samples. It should be noted that a half strength disclination in (a,b) is the
most favourable energetically since it does not involve distortion of the corresponding uniaxial

director with which one would associate the largest elastic constant. Our analvsis implies that

)

# = 2arctan
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a non-singular hybrid disclination would probably be preferred to a half strength disclination
in (a,c) or (b,c) fields. It may be noted that even s = +1 disclinations in (a,c) or (b,c)
can also be favoured relative to the latter since energy can be lowered if ¢ escapes into the
third dimension. However, this will continue to be singular. In the case of (a,c) or (b,c)
disclinations cases, the core will be in the isotropic phase for —J:%, and in the uniaxial phase for
+1 disclinations.

4. Singular Hybrid Disclinations

In this section we shall study the effect of inherent biaxiality on the structure and energy of
singular hybrid disclinations and their mutual interactions. For the quantitative analysis of a
single defect or a pair of defects, we describe the orthonormal triad of directors by

a = sinfsinge; —sinf cosge, + cosbe,
b = - cos#singe, + cosfcospey + sinfe,
c = cos¢e; + sin de,

where (e,, ey, e.) are the orthonormal basis vectors of a Cartesian coordinate system (z,y, z),
and 8 = 6(x,y) and ¢ = ¢(x, y). Here ¢ is the angle that ¢ makes with the z axis and 8 describes
the twist of (a,b) about ¢. The director ¢ lies in the (z,y) plane. This parametrization is
convenient to describe the geometry of hybrid disclinations. We shall denote by [c,b,a] a
singular hybrid disclination of strength (s1,s2) with ¢ in the z — y plane and the other two
directors twisting about c. Similarly, [b, a, ¢] describes a singular hybrid disclination with b in
the z — y plane and (a, c) twisting about b. The free energy density of [¢, b, a] is

P Kewop o B Ko g w,0m

The equations of equilibrium (for {¢, b, a]) are
K.V%0 ~ (K, — K,)sinfcos (V)% =0 (12)
(Kpsin® 0 + K, cos? 0) V3¢ + 2(Kp — K,) sinfcos (V) - (V) = 0. (13)

To describe [b,a,¢] the following transformations will have to be made: K, — K,
K, - K,, K, -+ K.. Firstly, we will describe single defects and then consider the inter-
action of a pair of hybrid disclinations.

4.1. SINGLE HYBRID DISCLINATIONS. — For a single defect, we can take § = #(a) and
¢ = ¢(a) where o is the azimuthal angle in cylindrical coordinate system. Then, from (11),

the free energy density is
K. (0N  g(8) (dg)”
F_Er—z(aa> +W 1o (14)

g(8) = Kpsin? 8 + K, cos® 6. (15)

where
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Table I. — The values of B (in units of 107¢ dynes) for the various defect states.

(s1,82) KKK,
1:1:1 ' 6:5:1
Defect State
All | [¢,b,a] | [¢,a,b] | [b,c,a] | [bya,e] | [a,¢,b] | [a,b,¢]
(0.5, 0) 0.25 1.5 1.25 1.5 0.25 1.25 0.25
(0, 0.5) 0.25 0.25 0.25 1.25 1.25 1.5 1.5
(1,0o) | 10 | 6.0 5.0 6.0 1.0 5.0 1.0
0, 1) 1.0 1.0 1.0 5.0 5.0 6.0 6.0
(0.5, 0.5) 0.5 1.612 1.612 1.832 1.832 2.042 2.042
(0.5, 1) 1.25 | 2.367 2.367 5.604 5.604 6.555 6.535
(1, 1) 2.0 6.447 6.447 7.328 7.328 8.167 8.167
(1, 0.5) 1.25 | 5.621 5.621 3.315 3.315 3.497 3.497
(1, 1.5) 3.25 | 7.713 7.713 | 13.644 | 13.644 | 15.705 | 15.705
(1.5, 1) 3.25 | 13.176 | 13.176 | 9.953 9.953 | 10.702 | 10.702

On integrating once the equations of equilibrium, (12) and (13), we get

d¢ _
g(G)aa =const. = k

AN =
K. | — — = t. = 0.
() + s = o=
Using this, the free energy density (14) is
_ B

92

and the energy per unit length excluding that of the core is

E=7Tﬁln§

Tc

589

(16)

(17)

(18)

(19)

where R and r. are respectively the outer and inner limits of integration in the radial direction.
We give in Table I the values of 3 (in units of 10~% dynes) calculated numerically for various
structures for certain elastic anisotropies. Incidentally values of § are not dependent on the
sign of s; and s;. We have also considered for pedagogic reasons, the case K, = K = K,
where we get analytical solutions. The differential equations with the appropriate boundary
conditions i.e. at @« = 0,¢ = 0,0 = 0, and at a = 27,¢ = 27s1,60 = 27sa, have been solved
using the shooting method incorporating Runge-Kutta—Fehlberg method. We have shown the
# and ¢ profiles in Figures 2a and 2b and it is apparent that the nonlinear profiles are distinct
from the linear profiles usually expected for pure wedge and twist disclinations in uniaxial

nematics in the “one—constant” approximation.
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Fig. 2. — 8 (bold line) and ¢ (dotted line) profiles, as functions of a, for (a) K.:Ky:K, = 6:4:1
(b) Ko:Kp:K. = 4:6:1 — all angles are given in radians.
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4.2. INTERACTION BETWEEN HYBRID DISCLINATIONS. — We can use scaling arguments [14]
to find the energy of interaction between singular hybrids. We note that if ¢(z,y) and 6(z,y)
are solutions, then ¢(%,%) and 6(%, %) are also solutions of (12) and (13). Consider two
hybrid disclinations (s, s2) and (s3, s4) located at (£,0) and (—£,0) respectively. Near (£,0)
the director pattern reduces to that of the hybrid (s1, s2) and near (—— 0) to that of (s3,54).
At distances large compared to d we have the configuration of a (31 + 53,82 + s4) hybrid
disclination.

To compute the force between the two defects, we consider the change in energy when the
disclinations which are originally at a separation d are moved to a separation Ad. The functions
#'(z,y) = ¢(5, £) and 0'(z,y) = 6(%, ¥) describe the same two defects separated by a distance
Ad. The elastic energy density associated with (¢',6') is given by

Fy g = A2F, 4. (20)

However a given area in the solution (¢',8’) is dilated by a factor A%, of course, by taking
A > 1. Hence the total energy is the same as that of (¢,8) solution. The scaling process does
not change the energy per unit length but increases the size of the cores and pushes out the
boundary. But we want the energy of the configuration where the defects move apart but the
cores and boundary remain unaltered in size. Then we can show [14] that the energy per unit
length required to separate two defects is

E=FE + Ey — Eyp (21)

where E; and E, are the elastic energies per unit length of the individual (s, s2) and (s3,84)
defects obtained for the volume between the boundary of its core radius, €, to Ae. Eis is the
energy per unit length of the (s; + s3,52 + s4) defect from an outer cutoff R to AR.

In view of (19), the energy to separate two defects is

E = ﬁ(,@l + By — )812) In A (22)

where 8 and 3 are values of 3 for the individual (s1,s2) and (s3, s4) defects while B, is that
of the (s; + 83,52 + 84) defect. If E > 0. we can say that the defects attract while for £ < 0
they will repel and when E = 0, they do not interact. From the values of 3 given in Table I,
we have come to the following conclusions.

The interaction between pure wedge (or pure twist) disclinations can be deduced from Ta-
ble L. It is the same as that in uniaxial nematics.

A pure wedge and a pure twist do not interact in the case of K :Kp:K. = 1:1:1. However,
for K,:Ky:K, = 6:5:1, such a pair of defects attract if they are in the state [c, b, a], [b, ¢, a] or
[a,c,b] and repel if they are in [c,a,b], [b,a,c] or [a, b, c] state. These results are independent
of the sign of the defects. Figure 3 depicts schematically a pure wedge disclination and a pure
twist disclination and, the bound state they can form — a hybrid disclination with both wedge
and twist components.

In the case of the interaction between a pure wedge disclination and a hybrid disclination,
we find attraction if the wedge components are of the opposite sign. But if these components
are of the same sign the answer is not so straightforward. From Table I, it can be seen that
for the case of (1.0) and (3,3), there is repuls1on in all cases except for the state [b,c,al.
Whereas in the interaction between (1,0) and (3,1), it is always repulsion. But in the case of
the defects (1,0) and (1,1), they repel in all states except [b, ¢, a] and [a, c,b].

Within the range of our investigation, the interaction between pure twist and hybrid discli-
nations seem to depend entirely on the sign of the twist components — with opposite signs
they attract and with the same sign they repel.
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Fig. 3. — (i) A pure wedge disclination which combines with a pure twist disclination shown in (ii)
to give the hybrid s1 = s = 1 depicted in (iii). The nail representation shows a director going out of
the plane of the paper.

Finally, hybrids which have the same sign for both wedge and twist components repel. If
the respective components are of opposite sign, then they attract. When only one of the
components are of opposite sign, then they may attract or repel. For example, in the case of
(3,3) and (-3, 3), for K,:Kp:K, = 1:1:1 there is no interaction. But with K,:Ky:K, = 6:5:1,
the defects attract each other when they are in the state [¢, b, a] or [c,a, b]; and in the other
states they repel. For (3, 3) and (%, —3), there is no interaction for K,:Kp:K, = 1:1:1; while
for Kq:Ky:K. = 6:5:1 there is attraction in the states [b,a,c] and [a, b, ¢]. and repulsion in the
other states.

From what has been said it is clear that the interaction between hybrids are determined not
only by the sign and strength of the defects but also by the elastic anisotropy. In view of these
results we make the following remarks. The Schlieren texture of hybrid disclinations will be
no different from that of disclinations in uniaxial nematics but the underlying structure can
manifest itself in peculiar ways. For example, two two-brush defects of the same strength in the
wedge component may even attract since they could be hybrids with opposite strengths in the
twist component. Under crossed polarizers, a pure twist disclination as described above would
be invisible when the polarization of light is either parallel or perpendicular to the uniform
director. But at an angle a contrast would show up.
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5. Defects in Droplets

We now consider drops of BN with ¢ normal to the surface at the boundary of the drop.
Topological constraints [15] require the (a,b) configuration to have surface singularities of
combined strength, s = 2. If c¢ is in a radial configuration, then there will be (a, b) disclination
lines satisfying the above requirement. An equivalent problem has been discussed by Lubensky
and Prost [16]. From their analysis we can conclude that four (a,b) disclination lines of
strength +% arranged in a tetrahedral configuration is of the least energy. Without considering
core energies, the total energy is due to splay in ¢ and distortions associated with the four
disclinations. In the weak biaxiality limit, K, = Ky = K, Eiota =~ 47KR + ﬂKchn(%).
With K. = 0, that is, in the uniaxial limit we get the bulk energy of a radial hedgehog.

For the same boundary condition, there is another possible structure called the boojum [17].
In this case, there are no singular defect lines in the (a,b) field but there is a singularity in
the director fields at a point on the surface of the drop. We describe the orthonormal triad in
spherical polar coordinates:

a = sinf' cosa’e, + cos 3 cosa’ey +sina'e,
b = —singd'sina’e, —cos sina’es + cosa’ey
¢ = cosfle, ~sinfeg

where we assume 3 = §'(f) and o' = o'(¢). Here, ' describes the angle ¢, makes with the
radial direction, and o' is the twist of (a, b) about c¢. The origin of the coordinate system is at
the point singularity of the boojum. This problem cannot be solved exactly even in the weak
biaxiality limit. However, in the one—constant limit, viz. K, = K, = K, = K, it is solvable.
The free energy density is

K[14d8 ., 1 o o K . da']?
= — | —({ — — —_— — = — —_ —_— 2
5 rz(dﬁ 1) +r2(cot0s1n,8 COSﬂ)]+2T2Sin20 [cos(e 8"+ a5 (23)
The equations of equilibrium are
o’y 24
@~ 24
and with 8" =6 - g3,
d,. 45" . pdd
inf— ) = — — 25
81n9d€(sm9 7] sin 8 P (25)
This has a simple analytical solution: 3" = 26 and o' = —¢. This describes the standard

boojum configuration with ¢ radiating out like a “fountain” from a point on the surface of the
drop. The (a.b) directors are in a singular s = 2 disclination configuration with the singularity
at the point from where ¢ emanates. The structure is depicted in Figures 4a and 4b. The total

volume energy of this structure is
E =87KR. (26)

It may be noted that we do not have an analytical solution for the boojum in the case of uniaxial
nematics even in the “one-constant” approximation. With weak biaxial elastic anisotropy, we
can expect the energy of the boojum to be a few times # KR. It is then possible that for
small droplets, with % < 103, the tetrahedral structure of defect lines could be the lower
energy state. But for larger drops the boojum would be of lower energy for the same boundary
conditions. However, proper estimate of the radius at which such an instability occurs would
have to include the core energies and the elastic anisotropy. In this context it may be noted
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Fig. 4. — Structure of a boojum: (a) the c director in the “fountain” configuration within the droplet.
The point singularity is at O. (b} The b director configuration around the point singularity, at O, on
the surface of the droplet. The a director configuration will be orthogonal to b.

that according to Kurik et al. [18] a boojum can exist with any kind of boundary condition.
Since surface anchoring is proportional to R?, anchoring could be weak for smaller drops and
the tetrahedral structure would develop only as the drop size increases (1).

6. Director Distortions Due to Rigid Anchoring

When the orthonormal triad of directors spontaneously undergo distortions due to anchoring
at the walls, the inherent biaxiality of BN will lead to a coupling between the different field
distortions. This is apart from the effects of elastic anisotropy of the splay, bend and twist
constants of any pair of the orthonormal triad of directors, and the coupling constants. Here
both of them have been neglected.

We consider a particular geometry which imposes twist in a. Let a be anchored homoge-
neously on two parallel plates. Let b be anchored homeotropically on the lower plate and
homogeneously on the upper plate. In the Cartesian coordinate system let

a = cosge; + singe,
b = —cosfsinde; + cosfcos e, + sinfe,
¢ = sinfdsinge; — sinfcos pey, + cosbe,.

Here ¢ describes the angle made by ¢ with the z—axis, and 8 describes the angle of rotation of
(b, c) about a. The free energy density in this case is

F = J[K, (j—q) T 1) (%)2] (27)

f(8) = (Kysin® 8 + K, cos? 6). (28)

where

(*) We thank O.D. Lavrentovich for bringing to our notice this aspect.
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The equations of equilibrium are
d
Sr@P=o (29)

2 2

Ka% = (K, — K.)sinfcosd (%) (30)

These differential equations can be integrated once to get equations similar to (16) and (17)

respectively. Hence, the 6 and ¢ profiles will have the two general features shown in Figures 2a

and 2b. Firstly, the profiles will be nonlinear. Secondly, while variations in @ are fast, the
variations in ¢ are slow and wvice—versa.

Elastic anisotropy due to inherent biaxiality can also cause instabilities in simpler geometries
such as a twisted nematic cell. We consider a pure twist of the (a, b) pair by proper anchoring.
A uniform twist is a solution of the equations of equilibrium. In uniaxial nematics, Leslie [19]
has shown that there could be an instability resulting in the director lifting out of the plane of
the plates. This happens at a relative twist of nearly 7 between the plates provided 2Ks5 > K33.
This is unattainable in the laboratory. But, in a BN, we find an instability which occurs at
a much lesser relative twist. Let us consider ¢ = (goz + ¢1) and § = 8; where ¢; and 6; are
small perturbations. Then to a first approximation

d26,

R
=\ (31)

where \' = —°—(K — K_.). When X < 0 there is an instability which will lift the b director out
of the plane of the plates. This exactly follows Leslie’s analysis but what is interesting is that
the threshold of relative twist gets lowered. In the general case, without the three—constants
approximation, the threshold for relative twist is

ch
=/ . 2
¢ i 2 ’cc - I{ca - A'ba (3 )

7. Instabilities in the Presence of a Magnetic Field

Freedericksz transitions in biaxial nematics have been studied by others [20,21] in geometries
with strong anchoring of one of the directors and no anchoring of the other two. We consider
a sample with strong anchoring in all the directors and the free energy density includes both
elastic deformations and diamagnetic contributions described by

mos = 5 3 xa(H-a)? (33)

a,b.c

where xq, x» and x. are the principal diamagnetic susceptibilities along a, b and c respectively
for the orthorhombic symmetry. In the undeformed state, we consider a, b and ¢ to be along
the reference axes z, y and z respectively. Deformations in the orthonormal triad of directors
are described by Eulerian angles (4, ¢,%) [22] which are position dependent. The director
representation in terms of (8, $,%) is shown in Figure 5. Let H be along y axis and director
distortions are assumed to vary in the z direction with strong anchoring at z = 0 and z = d.
Just above the threshold field. we assume the deformations to be small and to be of the form

T2

f = fmsin ad (34)
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Fig. 5. — The orientations of a, b and c along with the Eulerian angles, 8, ¢ and .

where fi, = 0 (Or ¢, O Yy ) is the maximum value of the function f = @ (or ¢ or ). After
averaging over the sample thickness and collecting terms up to the quartic, the free energy
density is

Kb7l'2

o @0 big b2y Cop € g 2
°F 2C+219+4C+419+2C19+2n19 + e (35)

where 2¢ = ém + P, 20 = dm — P, 9 = O, k2 = %’ﬁ and

2

a = T — Wk
az = Ty —wyk®
1
by = ~2—w1n2
1
b2 = §u.)2h',2
1
e = 7(m—2m 43w + w1 J62)
1 2
Cy = 1(4 — 31 + 3wak )
1
s = 1(7'2 — 7 + 3wz — wy)K?)
With T1 = Iéb, Ty = IK{:-, wp = gXﬂI;bXb) aund Wy = (XLI;IJX}‘E
The equations of equilibrium show that n can be expressed as = —%:-C, Then the free
energy density is
_ Kyn? [ay

: b b o
F— 2, 3242 01y 0204 0,540
s |38 TRt O+ + 5670 (36)
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2
where § = (¢ — %) In this form the free energy density is the Lifshitz expression and the
possible phase diagrams have been already studied [23]. However, this theory is only valid
when § > —+/b1by. There are four possible states and their stability conditions are:

(a) (=¥ =00rf=¢=1=0is stable when a; > 0 and a» > 0.

(b) (=0,9#00r¢ =1 =0,0# 0is stable when az < 0,b; > 0,¢, > 0, and (a; — %2) > 0.

In this state, 92 = 5.

(¢) 9=0,{#00r8=0,0,9 # 0isstable whena; <0, b; > 0and (ag—%lﬁ) >0. (%= ~3

(d) ¢#0,9#0o0r 8 #0,¢#0, ¢ #0 is stable when b > 0, by > 0, (a1bs — a26) < 0,
(a2by — a1d) < 0, (b1by — 8% > 0. In this state, the deformations are described by

2
¢ =~ Ry and 9* = - (Ghoal)
From what is known of the structural phase transitions allowed by the Lifshitz expression, we
can say that there are second order phase transitions from state (a) to either state (b) or state
(c). There can be a first order phase transition from (b) to (c). On the other hand, there could
be second order transitions from (b) to (d) to (¢).
Without loss of generality let us assume that ¢ describes the uniaxial director or the direction
of the long axis. Then the states described by (c) and (d) are unique to biaxial nematics.

8. Conclusion

Within the framework of a continuum elastic theory of BN, we have studied the effect of
biaxiality on the structure, instability and properties of singular and non-singular defects,
and instabilities in certain static director configurations. From the energetics of non—singular
defect structures, we find that certain non-singular hybrid disclinations could be energetically
more favourable relative to some singular half-strength disclinations. We have studied in
detail singular hybrid disclinations since they are allowed by BN symmetry and not by that
of uniaxial nematics. Elastic anisotropy due to inherent biaxiality is shown to have non-linear
effects on the structure of these defects. We have studied the interaction energies between pure
wedge, pure twist and hybrid disclinations. The nature of interaction depends not only on the
signs of the topological strength of these defects but also strongly on the elastic anisotropy.
In droplets of BN, for homeotropic boundary condition at the surface, we find that there can
be a transformation, as the drop size increases. from a tetrahedral arrangement of four half-
strength disclination lines to a boojum. Elastic anisotropy also produces nonlinear effects on
the structure of distortions involving the three directors simultaneously. In a twisted nematic
cell, we find that an instability, similar to that found in uniaxial nematics, could occur at a
lower twist threshold. New instabilities in a confined system are possible in the presence of a
magnetic field. We find that the free energy density reduces to the Lifshitz expression whereby
a rich phase diagram for the structural transitions is possible.
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Appendix

Formulation of a Theory of Elasticity of BN

We follow the procedure of Ericksen developed for uniaxial nematics [11]. It must be remarked
that Govers and Vertogen [10] have used similar tensor order representation to formulate their
elastic theory of BN but without allowing a variable degree of orientation. We have incorpo-
rated this feature since this theory is more suited to describe defects. The orientational order
parameter tensor (Jop is symmetric and traceless and it is given in terms of the orthonormal
triad a, b, ¢

1
Qag = S(Ca05 - 560“8) + T(aaag - babg) (37)
where S is the orientational order parameter of uniaxial nematics, 7' describes the biaxiality

and d,p is the Kronecker delta. When S = T = 0, we get the isotropic state. The combined
thermal and elastic free energy density in the absence of external fields may be written as

F=V(Q) + Fuist (38)

where V(@) describes the homogeneous part of the free energy that describes isotropic-
uniaxial-biaxial phase transitions while Fyis is the free energy density due to director dis-
tortions and order parameter variations in space. V(Q) can be taken in the form [24]

V(Q) = STH(@) + S THQY) + S(TH(Q), (39)
On expanding we get
V(Q) = a(S) + @’ﬂ + %S)T“ (40)
where
ofS) = %aSg + %bS?’ + %cS“

_ 9,4 4 2
B(S) = 2a 3bS+ 3cS
v(5) = d4ec

We generalize Ericksen’s expression [11] to get Fyis, that is,

L L L
Faist = 5 0aQ8+0aQpy + 5 0001 06Qay + 5 05,0+ Qs0- (41)

We want to compare the elastic constants of a BN with these three constants and the two order
parameters S and T. Fy;s+ can be written as

Faist = Fsr + Fy (42)

where Fst is due to order parameter variations and their coupling with the orthonormal triad
of directors. Fy contains contributions solely from gradients in the directors. The explicit
expressions for Fgp and F; are:

L,

1 L 1
Fsr = (Lt 2+ 2) (VS + (La + Ly)(c - VS)?

+ Ly (VT)? + %(L2 + L3)[(a- VT)? + (b - VT)?]
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(VS2) - [(Ls — %)cv e+ (L3 — %)c - Ve)]

Lo =

+

45 (Ls + L)l(b- VS)(b- VT) - (a- VS)(a- VT)]
+TVS-[Ly(c(a-Va-c~b-Vb-¢))
+%(Lg+L3)(bV-b+b-Vb—aV-a—a-Va)
+ Lz(—a({c-c-Va) +b(c-c- Vb))

+ SVT -[La(a(a-c-Ve) —b(b-c-Vc))

+ Lz(c(b-Vb-c) —c(a- Va-c))]

+%(VT2)-[Lg(aV~a+bV-b—a(a-b-Vb)—b(b~a-Va))
+ L3z(a-Va+b-Vb+b(a-a-Vb)+a(b-b-Va))] (43)

Li(S+T)*(a-Vb-c)2 + Li(S - T)*(b-Vc - a)®
+4L,T%c-Va-b)®
+ (4L 4 2Ly + 2L3)T%[(a- Va-b)? + (b- Vb - a)?]

= ;—Lg) (S -T)[(a-Va-¢)’ +(c- Ve - a)’]

+[Li(S+T)* + M(s +T)?)[(b-Vb-c)? + (c-Vc-b)?]

2
N (_L2_J2FL_3)(52 —27%)(a-Va) - (b-Vb)

— (Ly + L3)(ST — 2T%)(b - Vb) - (¢ - V)
+ (Ly + L3)(ST + 2T?)(c - Vc) - (a- Va)
L

+ [(7 —1,)8*+ L, T?V - (c- Ve — ¢V - ¢)

L
+ (2L, ST - 2L, T? + ?STQ)V (a-Va—aV-a)

%TQ)V-(b-Vb—bV-b)

+ L3T?[V - (b(a-Va-b) +a(b- Vb -a))]
+ L3ST[V - (b{c-Ve-b)+e(b-Vb-c)
—a(c-Ve-a)—c(a-Va-c))l (44)

+[Li(S-T)* +

+ (—2L,ST — 2L, T? +

Hence, comparison of (44) with (1) implies that:

Kaa = 2L1(S+T)2

Ky = 2L(5-T)°

K.. = 8LT?

Ko = Kp, =2(4L) + 2Ly + 2L3)T?
Ly+ L

Ki = Ke=2(+ 2281y
Lo+ L

K = Kup=2(+ 2059y 1y

2
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Co = L2t (g op)
Cye = —(La2+ L3)(ST —2T?)

Cea (Lz +L3)(ST+ 2T2)

It can be seen that the “three—constants” approximation used to describe the elastic distortions
of BN is reasonably correct and in the limit of weak biaxiality, our further approximation to
work with just two constants is also justified. It should also be noted that the coupling constants
do come out to be proportional to the elastic anisotropy between the twist and curvature elastic
constants. It should be remembered that such an exercise in uniaxial nematics [25] gave similar
results, viz. the Frank twist constant, Ka9, is different from the bend, K33, and splay, Ki;.
constants which are themselves equal in the second-order theory.

As an exercise for this theory, we consider its implications in the structure of a disclination
in a, b director field. In cylindrical coordinate system

a = cosae,+sinaey
b = -—sinae, + cosaey
c = e,

We take a = a(¢), T = T(r), S = Sp; So being a constant. Then the free energy reduces to

Bro Vs dr\? T2 da\?
F = F =T =T K|— h— —
o-f-2 +4 + ar +4Kr2 1+d¢
TdT da cos 2a do
2(Ly — L3)=—— + 4L, ST——=°2
+2(Ly 3)Tdrd¢+ 1 ST g (45)
where K = L, + (Lz—;Laz We have the equations of equilibrium:
d2a
8KT da\? cos2ada 2K d , dT
—BT — T3 = 14+ — 40,8 ——— T (r2). 47
Z i 72 ( dqb) it r2  d¢ T dr(rdr) (47)

It can be seen that this reduces to the Ginzburg-Pitaevskii equation [26] for the s = 1 disclina-
tion where a = const. The solution has the features: S = Sy, o = const., and (r = 0,T = 0),

(r=o00, T =Ty = _Tﬁ)
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