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The academy fellowship problem

The problem

A science academy elects new fellows
every year. In order to improve the
overall quality of its fellowship, it de-
cides to impose a new criterion that
every new fellow elected shall be better
than the median level of the existing
population of fellows*. How fast
will the quality of the fellowship im-
prove?

*This criterion was proposed for the Indian
Academy of Sciences by Professor
V. Radhakrishnan in the mid-seventies.

A toy model

The above problem needs to be recast in
a quantitative form. It is difficult to
quantify ‘quality’ of a scientist but sup-
pose in a toy model we use a variable x
to measure it on a scale ranging from 0
to 1, with 1 being the mark of perfec-
tion. Let us measure the time in years
with ¢ = 0 denoting a starting year when
this criterion is announced to be imple-
mented in all subsequent years. Let
fa (x) denote the cumulative quality dis-
tribution of fellowship in the year t = n,
n=0,1,2, ... In the starting year the
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total number of fellows was N,, say and
suppose that by statutes, every year N
fellows must be elected.

Denote by M, the median of the dis-
tribution f;, (x). Thus

M) =3 £ = 5(No+nN), (1)

and while electing in year n, care is
taken that all new addi*ions shall have
the quality parameter x> M,_,. Im-
provement in quality will then be indi-
cated by how the median M, steadily
increases in value year by year.

We still need to specify-the quality
distribution of the pool of scientists
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from which the new fellows are chosen.
We denote by g(x) the cumulative prob-
ability that a scientist selected at ran-
dom from this pool will not have the
quality parameter exceeding x. Thus

g@=0, g)=1 2

In this toy model we have ignored the
reduction in the total population of fel-
lows due to death or resignation (or
even eviction).

With these specifications we can now
pose the question more precisely: Given
the functions fy(x) and g(x), how does
M, increase with n?

Solution

First note that for ¢ = n, the median cri-
terion implies

Ja(x) = fori (x) for x < M. ©)

For x > M,_,, there will be addition of N
fellows whose distribution will be as-
sumed to be proportional to the function
g(x) over M, <x<1. Therefore, we
have for x 2 M,_,

gx)—g(M,_,)
Sax) = fra () +_N M) 4)

Since for the distribution f,(x) there are
"+ (Np +nN) members with x <M,
these comprise of the +{Ny+
(n—-1)N} members with x<M, ; to-
gether with the number f,_(M,)-
fu1(M,_y) from the earlier distribution
and the new addition as per (4) above.
Carrying out this book-keeping we have

foot(My) = foi (M)
M)-gM,_) 1
M8 M) L N. 5
1-g(M,_}) 2
Next we consider the number f,_j(M,) -
fa1(M,,_1) which has arisen from steady
addition to fy(M,) — fo(M,_1) over all the
preceding years following the rule (4).
Therefore,

Jot (M) = furt (M)

K (M) - g(M,,_y)
=N 2 T-gM,)

+ fo(M,,) — fo(M_y). (6)

From (5) and (6) we have the final relation

Sfo(M,) — fo(M,_y) + N{g(M,) — g(M,1)}
N 1 1
Xz:‘—_—l—g(Mr_l)ziN’ @)

This iterative relation determines the
sequence {M,} in a step by step fashion
starting with M, since for determining
M, we have all other quantities known
from the preceding application of this
relation.

A simple example

We will illustrate the above solution
with a simple example in which both
the initial distribution and the general
population distribution are uniform
with respect to the attribute x. In this
case

folx) =Nox,  gx)=x. ®

and the relation (7) gives
1
&1 2N,
22 1M YN

r-1

M, =M,  +

r=1
®

Even with this simple example we can-
not find a solution in closed form, but
Figure 1 illustrates the march of M, for
0<n<25 Ny=500 and N=20 ob-
tained by numerical methods. The me-
dian value rises from 0.5 to 0.75 over
twenty-five years.

The continuum version

The solution, however, becomes tracta-
ble even for the general case if we
modify the problem by having a con-
tinuous input of fellows at all times
instead of the discrete annual input. A
simple analysis shows that the relation
(7) is changed to an integro-differential
equation

amMY'_29f(xn)
dd) N ox

x=M(t), 1,

J" g'(M(t)))dy (10)

2) = M)y

where the prime denotes derivative with
respect to the argument. Here the rate of
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Figure 1. The figure shows how the median
value of the fellowship quality improves
with successive elections over 25 years in
the simple toy model.

fellowship input is N, that is Nt to be
added in a time interval &¢. Also, the
fellowship distribution at time ¢ is now
denoted by f(x,f) and its- median by
M().

The equation (10) is solvable in
closed form and in the general case we
have

da 2
dM - (1- g(M)}?
M(@)
xU a'(M){l—g(M)}sz+A},
M (0)
(11)

_19f(x0)
N ot

o(M) , (12)

x=M,t=0

where A is a constant of integration. For
the simple case of uniform distributions
discussed earlier the solution is very
simple:

1 1+(QN/Ny)

MO=3 TraNIN,)

13)

and it fits the curve of Figure 1 very
well. In fact an approximate discrete
solution based on equation (13), viz.

1
M, =1-5(1+nN/Ng)™ (14)

satisfies the iterative relation (7) with a
good approximation.
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