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1. In two papers entitled “ A Theorem on Congruence” I have
proved the theorem :

if p be an odd prime, then

5 nt- 1_p—(p—1)! =0 (mod p?)

t=1

and its generalization:

if ny, ny,...., ne [ = ¢ (m)] be a reduced residue system, (mod m), then

¢
2n? +¢. nyn,. ...n, =0 (mod m?,
r=1
where the positive sign is to be chosen when m = 4, p” or 2 p”, p being an
odd prime, and the negative sign when m has any other value.

The first of these results has been previously obtained by M. Lerch
in a paper entitled ““ Zur Theorie des Fermatschen Quotienten > by a method
which is practically the same as that employed to obtain the second result.
In thé same paper Lerch proves a number of other Congruence relations
some of which are similar to those proved in this paper.

The results of this paper are obtained by the same method as that by
which the second of the above results was obtained.

2. Let the numbers p; (i=1, 2,...... , k) satisfy the following con-

ditions :
pp=ri(modm) (=1, 2,....k)

pP: Ds- - - -pp = a (mod m).
Then we have

THEOREM 1.

Ed

(1—-k+ > pyr) I r, = d- {a—-n a+1ﬁpi},‘(mod m?)
=1

i=1 i=1
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PROOF :

k k
II (x +p) = II (x+r,+pi—r)

=1

=14+ 228 o & m
- [ ™ i=1 x+ri:] s=1 (x4, (mod m?).

Putting x= 0 we get

)] ¢ k k
fi p;) = [1—- k+ & pé,/'ri] IT r, (mod m?).

=1 =1

But
Il pi=Am-+a

i=1
A being an integer, so that
{1 p}= (Am—+ a)
= d'+ Dm d-%, (mod m?)

=d (1—D)+1d"* I p, (mod m?),

whence we get the required result.

THEOREM 2. If e be the exponent of p modulo the prime m,

ef{e~—1)

(P'= D/~ =(=1¥"1ep =, (mod m?).

PrOOF : Take p,= p’~! and k= [= e in Theorem 1. Then
\ e~—1) e
I p=p * =(—1F"*(mod m)
so that a=(—1)""1, and r,= 1.
Therefore
pf*__l . ele—1)
1_e+pe___1 = 1—-€+(—— 1) -1 ep 2 ,‘(modm2)

from which we get the required result.

Let (;) be Legendre’s symbol equal to + 1if i be a quadratic residue
of the prime p and to — 1 if i be a quadratic non-residue of p. Then we have

THEOREM 3. If p be prime and x be prime to p,

(0= jG? 1= 1) = (3) (p— ) %P1 =213, (mod p)
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ProOF : Take p;= x*~'and k=1!=p— 1 in Theorem 1. Then

1t 2-2
IT p.— x2-2@-12 = (x) = (5), mod p),
a 2 p F; ( P)

so that a= (g)

Also, by Fermat’s Theorem, r;,= 1. Therefore

(?-) 1 =1 . .
1= (- D+5 o7 = 1—(p—1)+(g) (p— )T ¥, (mod p?),

whence the theorem follows.
THeOREM 4. If p be an odd prime, then

B(5) 7 = 21 (= 1} (mod p

Proor : Take p;=1, lzp:zll, k=p—1 in Theorem 1.
Then we have

pi = ;) (mod )

and

%ﬂl p; =— 1 (mod p), by Wilson’s Theorem.
so that .,( ) a=—1and D= (=15
Therefore

[1-p-1+'2 ( )iE (=D =

-5 [(1-25) =B 0= 1)1, (mod )

From this we get the required result.
THEOREM 5. If p be an odd prime and o runs through the quadratic
residues of p, then
2T+ (— )T Ta = 0 (mod p.

PrROOF : In Theorem 1 take the p,’s to be the a’s so that

_p—1 _p—1
k———-—2—— and / 5 Then

"% =1 (mod p)
and | ITa =(— I)D;—Q (mod p).
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Therefore
(1 ——pw—-z 1 + X aL}—)

from Which the theorem follows.

1._..

]

1 Ha (mod p?)

In a similar manner we may prove

THEOREM 6. If B runs through the quadratic non-residues of an odd
prime p, then ‘

ZET (-

= 0 (mod p?)

From Theorems 4, 5 and 6 we get

THeOREM 7. If a, B run through the quadratic residues and the quadra-
tic non-residues respectively of an odd prime p, then

(p—D'!=14+(— 1) [Ha——HB] (mod p?).
3. We require the following

Lemma—Let a, ay...., a; be all divisible by m. Then
l—a) (I1—ay....(1—ay = 1—-23'61, (mod m?).

TueoreM 8. If p be an odd prime,

p—1

{1121 3!....@-1)!}2 5%2'172“’ mod p2.
PrOOF : We know that
1+ (=77 =0 (mod p) (i=1,2,...., p—1).
(p—0)! (G—1)! > ’
(—1y-2 -
Take a,=1 +(p—— DTG=D 7 k= p in the lemma.

Then we have

b (— 1y

H o= a=11 = —# (mod p?,
i & (=1
. since 2 oo hTo= _o.
ie.,
ﬂ(p+1)
(‘_ ) — e d p?
{ara2r. - (p—l)!}2" —p, mod p

from which the required result follows.

) ot s A 1 4% o P £ RS
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It will be noticed that Theorem 8 gives a necessary and sufficient condi-
tion for p to be an odd prime.

~ Theorem 8§ may also be proved as follows :—
1120L..(p=-D!=(p-1) (p—2)% (p—3)2....22-2 1?1
Now p—1=1(p—1) (mod p?
(p2)*= —24(p—1) (mod p?)
(p—if = (=117 (p—1) (mod p?

. (i=1)i
sothat (p—1)(p—2)>%....(p—if =(—1) =z 1:22:3%, .,

‘ | i (p— 1Y (mod | 29,
-1 (p-22...(p—i)}? =

(1-22:33....7)2 (p— 1)¥ (mod p?)
Taking i =£—-’2_—-1- and multiplying both sides by

{1?—1.225—2‘_“ (!)%_1_)@.3;2}2

- 2
[112t...(p=D 2= (f’—’—~1 !) (p—1Y"%(mod p?).
If p be an odd prime

we get

(l_’_g_l 1)2+ (- 1)'F = 0 (mod p),

so that (ﬂ_}l !)2;" = [(P_*z"_l_ .)2 L= 1)@_72.&_ (— l)p:';‘l]p

= (-1

r

:o]+

" (mod p?)
and (p—1)-1 = ﬁ}ll (mod p?),
whence we get Theorem 8.
From Theorem 8 we readily get

THeEOREM 9. The necessary and sufficient condition that p be an odd

prime of the form 1 +x*is 1! 2!....(p—1! = V% mod p2

If a; = 0 (mod m) (i=1,2, ....k) we have II (1—qa)=1-2 g,
+ Z a; a;, (mod m®).
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1V -1 ‘
Therefore taking a; = 1+ (= 1) —» We get, as for Theorem 8,

(p—0'i
THEOREM 10. If p be an odd prime
p=—1
(=12 p=1(p=D_ @Gp=2! g s
— y = - - 49 D )'
{1!2!3!....(2-—2-1)1} 2 (=01
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