View metadata, citation and similar papers at core.ac.uk brought to you by fCORE

provided by Publications of the IAS Fellows

ARITHMETIC FAKE PROJECTIVE SPACES AND ARITHMETIC
FAKE GRASSMANNIANS

GoPAL PrASAD AND SAI-KEE YEUNG

Dedicated to Robert P. Langlands on his 70th birthday

1. Introduction

Let r be a positive integer, and let Z be a compact Kéhler manifold of dimension
r whose Betti numbers are same as that of Pi but which is not isomorphic to Pg.
Then for r = 2, since ¢ = 9 = 3¢z, it follows from S.-T. Yau’s results on Calabi’s
conjecture that Z is uniformized by the open unit ball B2 in C?, i.e., it is the quotient
of B? by a cocompact torsion-free discrete subgroup II of the automorphism group
PU(2,1) of B2. In this case (i.e., if r = 2), it was proved further by Bruno Klingler
[K1], and the second author in [Y], that II is an arithmetic subgroup of PU(2,1).
Analogues for r > 2 of these results of Yau, Klingler and the second author are not
yet known. In this paper the quotient of the open unit ball B" in C" by a cocompact
torsion-free arithmetic subgroup of the group PU(r, 1) of automorphisms of B" will
be called an arith! metic fake P{. if it has the same Betti numbers as Pg.

We observe that B" is the symmetric space of PU(r,1), and P{. is its compact
dual. Now given a connected semi-simple real algebraic group G with trivial center,
let X be the symmetric space of G(R) (X is the space of maximal compact subgroups
of G(R)) and X, be the compact dual of X. We shall say that the quotient X/II
of X by a cocompact torsion-free irreducible arithmetic subgroup II of G(R) is an
arithmetic fake X, if its Betti numbers are same as that of X,. For example, the
Grassmann space Gr,, , of m-dimensional vector subspaces of C" is the compact
dual of the symmetric space of the group PU(n —m, m), and so the quotient of the
symmetric space of PU(n —m,m) by a cocompact torsion-free arithmetic subgroup
of PU(n —m,m), whose Betti numbers are same as that of Gry, 5, is an arithmetic

fake Gry, .

Let G, X and X, be as above, and let II be a cocompact torsion-free arithmetic
subgroup of G(R). Let Z = X/II. If Z is an (arithmetic) fake X,, then the Euler-
Poincaré characteristic x(Z) of Z = X/II, and so the Euler-Poincaré characteristic
x(II) of TI, equals that of X,,. Using the results of [BP], we can easily conclude that
there are only finitely many irreducible arithmetic fake X,, with x(X,) # 0 (in this
finiteness assertion, G is allowed to vary). It is of interest to determine them all. If
IT is contained in the identity component of G(R), then there is a natural embedding
of H*(X,,C) in H*(Z,C); see, for example, [B], 3.1 and 10.2. Thus Z = X/II is an
arithmetic fake X, if and only if the natural homomorphism H*(X,,C) — H*(Z,C)
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is an isomorphism. This latter property makes arithmetic fake X, very interesting
geometrically as well as for the theory of automorphic forms.

If the symmetric space X is hermitian, then Z is a smooth complex projective
algebraic variety. Hence, if X is hermitian, an arithmetic fake X, is a smooth
complex projective algebraic variety.

Let n be an integer > 1. The Euler-Poincaré characteristic of P%_l, and so
also of any arithmetic fake Pg_l, is n. It is an immediate consequence of the
Hirzebruch proportionality principle, see [Sel], Proposition 23, that the orbifold
Euler-Poincaré characteristic (i.e., the Euler-Poincaré characteristic in the sense of
C.T.C. Wall, see [Sel], §1.8) of any cocompact discrete subgroup of PU(n — 1,1),
for n even, is negative. This implies that if there exists an arithmetic fake P%_l,
then n is necessarily odd. The purpose of this paper is to determine all irreducible
cocompact torsion-free arithmetic subgroups I of a product G of r groups of the form
PU(n—m,m), with n > 3 odd, and 0 < m < n, whose Euler-Poincaré characteristic

x(I') is equal to the Euler-Poincaré characteristic x(Xy) of the compact dual X, of
the symmetric space X of G. (Note that yx(X,) > 0.)

Let T be an irreducible cocompact torsion-free arithmetic subgroup of G with
x(T') = x(X,). Let G be the connected semi-simple Lie group obtained by replacing
each of the r factors PU(n — m,m) of G by SU(n — m,m). As the kernel of the
natural surjective homomorphism G — G is a group of order n”, if [ is the full inverse
image of T in G, then I is an arithmetic subgroup whose orbifold Euler-Poincaré
characteristic is x(Xy)/n". Therefore, the orbifold Euler-Poincaré characteristic
of any arithmetic subgroup of G, which contains T, is a submultiple of X(Xy)/n'".
Assume, if possible, that G contains an irreducible maximal arithmetic subgroup
I whose orbifold Euler-Poincaré characteristic x(I') is a submultiple of x(X,)/n".
As T' is an irreducible maximal arithmetic subgroup of G, there exist a totally real
number field k of degree at least r over (Q, an absolutely simple simply connected
group G, of type 2A4,,_1, defined over k, r real places of k, say vj, j=1,..., r,such
that G = [[’_, G(ky,), and for every other real place v of k, G(k,) is isomorphic to
the compact real Lie group SU(n), and a “principal” arithmetic subgroup A of G (k)
such that T is the normalizer of A in G (we identify G with [[’_; G(ky;) and use this
identification to realize G(k) as a subgroup of G), see Proposition 1.4(iv) of [BP].

From the description of absolutely simple groups of type ?A,,_; (see, for example,
[T1]), we know that there exists a quadratic extension ¢ of k, a division algebra D
with center ¢ and of degree s = /[D : £], s|n, D given with an involution o of the
second kind such that k = {x € {|z = o(x)}, and a nondegenerate hermitian form
h on D™/* defined in terms of the involution o so that G is the special unitary group
SU(h) of h. It is obvious that ¢ is totally complex.

The main results: In terms of the normalized Haar-measure ppon G = [[_; G(k,)
used in [P] and [BP], and to be used in this paper, x(I') = x(X,)u(G/T") (see [BP],
4.2). Thus the condition that x(T') is a submultiple of x(X,)/n" is equivalent to the
condition that x(G/T") is a submultiple of 1/n". We will prove (Theorems 1 and 2)
that if n > 7, there does not exist an arithmetic subgroup of G whose covolume is
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< 1/n", and if n =7, there does not exist an arithmetic subgroup whose covolume is
a submultiple of 1/7". We will also prove that if n = 5, and there is an arithmetic
subgroup of G of covolume a submultiple of 1/5", then k = Q, so r < 1. Thus, in
particular, an arithmetic fake qu can exist only if n = 3 or 5, and an arithmetic
fake Gr,,,, can exist, with n > 3 odd, only if n = 5.

The first fake projective plane was constructed by David Mumford in [M] using
p-adic uniformization. We have constructed twenty three distinct (finite) classes
of arithmetic fake projective planes, and it has been proved that there can exist
at most three more (see [PY], and the addendum to [PY]). In §5 of this paper
we construct four distinct arithmetic fake P%, and four distinct arithmetic fake
Gry 5. We use certain results and computations of [PY] to exhibit five (irreducible)
arithmetic fake P% x P2 in §6. All these are connected smooth (complex projective)
Shimura varieties, and these are the first examples of fake Pé, fake Grassmannians,
and irreducible fake P?C X P(QC.

2. Preliminaries

A comprehensive survey of the basic definitions and the main results of the
Bruhat—Tits theory of reductive groups over nonarchimedean local fields is given
in [T2].

2.1. Throughout this paper we will use the notations introduced in the introduction.
n will always be an odd integer > 3, k a totally real number field of degree d, ¢ a
totally complex quadratic extension of k, and G = SU(h), where h is as in the
introduction. G is an absolutely simple simply connected k-group of type 24, _;.
All unexplained notations are as in [BP]| and [P]. Thus for a number field K, Dy
will denote the absolute value of its discriminant, hg its class number, i.e., the order
of its class group Cl(K'). We will denote by h , the order of the subgroup of CI(K)
consisting of the elements of order dividing n. Then hk , < hx. We will denote by
Uy the multiplicative-group of units of K, and by K, the subgroup of K* consisting
of the elements x such that for every normalized valuation v of K, v(x) € nZ.

Vi (resp. Vo) will denote the set of nonarchimedean (resp. archimedean) places
of k. As k admits at least r distinct real places, see the introduction, d > r. For
v € V¢, g, will denote the cardinality of the residue field f, of k.

For a parahoric subgroup P, of G(k,), we define e(P,) and €'(P,) by the following
formulae (cf. Theorem 3.7 of [P)):

q(dim M y+dim M,) /2
v

#M,(fo)

(1) e(Py) =

) #ﬁvgv) _ q(dimﬁu—dimﬂv)h. #ﬁv(fv).
qSimM@ ! #Mv(fv)
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If v splits in ¢, then

1
¢(P) =e(P) [T - —59),
j=1 Tv
and if v does not split in ¢, then
(n—1)/2 1 1
e'(Py) = e(P) H (11— =)0+ —577),
j=1 Qu Qv
or
(n—1)/2 1
Py =eP) [ (-
j=1 Qv

S

according as v does not or does ramify in It is obvious that ¢'(P,) < e(P,),
and it follows from Proposition 2.10 (iii) of [P] that for any parahoric subgroup P,
contained in P,, ¢/(P)) =[P, : P)le/(P,).

2.2. We note that if P, is a hyperspecial parahoric subgroup of G(k,), then the
f,-group M,, which in this case is just the “reduction mod p” of P,, is either SL,
or SU,, according as v does or does not split in ¢, and M, = M, . If v ramifies in
¢, then G is quasi-split over k,, and if P, is special, then M, is isogenous to either
SO,, or Sp,,_1, and so is M,. Hence, ¢/(P,) = 1 if either P, is hyperspecial, or v
ramifies in ¢ and P, is special.

2.3. (i) Let v be a nonarchimedean place of k which splits in ¢ and G splits at v.
Then G is isomorphic to SL,, over k,, and M, is fy-isomorphic to SL,. It can be
seen by a direct computation that for any nonhyperspecial parahoric subgroup P,
of G(ky), €'(P,) is an integer greater than n.

(ii) Let v be a nonarchimedean place of k which splits in ¢ but G does not split
at v. Then k, @1 D = (ky @ £) @ D = My, 4,(Dy) © 0(M,,/q,(Dy)), where D, is a
division algebra with center k,, of degree d, > 1, dy|n. Hence, G is k,-isomorphic
to SLy /4, ,- Let P, be a maximal parahoric subgroup of G(k,). Then M, is
fvziiomorphic to SL,, and M, is isogenous to the product of the norm-1 torus
rU

Fy/fv
sion of f, of degree d,. So

(GL1) and the semi-simple group Rp, /5, (SL,, /4, ), Where F}, is the field exten-

nz/dv n/dy

1
M,(f,) = = 1——),
and hence,
n/dy n
¢(P) =g @R T (- =) [T - 2)
j=1 @G5 Tv

n J
_ [[j—i(q —1) N q(nQ—Zn)(dv—l)/Qd
n/dy jdy v
Hj:l (@ —1)
The above computation shows also that e/(P,) is an integer.

v >n.
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(iii) Now let v be a nonarchimedean place of k which does not split in £. Then
being a group of type 2A4,_1, with n odd, G is quasi-split over k,,. It is not difficult to
see, using (2), the fact that the order of a subgroup of a finite group divides the order
of the latter, an obvious analogue for connected reductive algebraic groups defined
over a finite field of the results of Borel and de Siebenthal [BdS| on subgroups of
maximal rank of a compact connected Lie group, and the fact that for a finite field
f, the groups of f-rational points of connected absolutely simple f-groups of type B,
and C,,, for an arbitrary m, have equal order, that ¢/(P,) is an integer.

JFrom (i), (ii) and (iii) we gather that for all v € Vi, €/(P,) is an integer.

2.4. Let I' be a maximal arithmetic subgroup of G = [[j_; G(ky;) such that
n"u(G/T) < 1, see the introduction. Let A = T'N G(k). Then I is the normalizer of
Ain G, and A is a principal arithmetic subgroup (see [BP], Proposition 1.4(iv)), i.e.,
for every nonarchimedean place v of k, the closure P, of A in G(k,) is a parahoric
subgroup, and A = G(k) ﬂHver P,. Let T be the set of all nonarchimedean v which
split in £ and P, is not a hyperspecial parahoric subgroup of G(k,). Let T’ be the set
of all nonarchimedean v which do not split in ¢, and either P, is not a hyperspecial
parahoric subgroup of G(k,) but a hyperspecial parahoric exists (which is the case
if, and only if, v is unramified over ¢), or v is ramified in ¢ and P, is not a special
parahoric subgroup.

2.5. Let py, be the kernel of the endomorphism x — 2™ of GL;. Then the center C'
of G is k-isomorphic to the kernel of the norm map Ny from the algebraic group
Ry/i,(pn), obtained from p,, by Weil’s restriction of scalars, to fiy,.

As n is odd, the norm map Ny, : pn(€) — pn(k) is onto, py(k)/Nesi(pn(€))
is trivial, and hence, the Galois cohomology group H'(k,C) is isomorphic to the
kernel of the homomorphism ¢* /%" — Ek*/k*" induced by the norm map. We
shall denote this kernel by (£* /¢*™), in the sequel.

By Dirichlet’s unit theorem, Uy = {£1} x Z97!, and U, = u(f) x Z4 1, where
w(f) is the finite cyclic group of roots of unity in ¢. Hence, Uy /U = (Z/nZ)4!,
and Uy /U = pu(£),, x (Z/nZ)4~1, where p(£), is the group of n-th roots of unity in
¢. Now we observe that Ny/,(Up) D Ny (Ug) = U?, which implies that, as n is odd,
the homomorphism U,/U;* — Uy /U}}, induced by the norm map, is onto. Therefore,
the order of the kernel (U;/U}')s of this homomorphism equals #(€)y,.

The short exact sequence (4) in the proof of Proposition 0.12 of [BP] gives us the
following exact sequence:

L= (Ue/Up)e = (a/C)e — (PNI")/P",

where (£,/0%™")e = (£, /0*"™) N (€% /0*™)e, P is the group of all fractional principal
ideals of ¢, and Z the group of all fractional ideals (we use multiplicative notation
for the group operation in both Z and P). Since the order of the last group of the
above exact sequence is hyp, see (5) in the proof of Proposition 0.12 of [BP], we
conclude that

#(ln /O )e < #1(O)n - g
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Now we note that the order of the first term of the short exact sequence of
Proposition 2.9 of [BP], for G’ = G and S = Vi, is n" /#u(l),.

Using the above observations, together with Proposition 2.9 and Lemma 5.4 of
[BP], and a close look at the arguments in 5.3 and 5.5 of [BP] for § =V and G as
above, we can derive the following upper bound:

(3) [T: Al <™ hy,.
From this we obtain

w(G/A
(@ g/ >

2.6. Now we will use the volume formula of [P] to write down the precise value of
1(G/A). As the Tamagawa number 7;(G) of G equals 1, Theorem 3.7 of [P] (recalled
in 3.7 of [BP]), for S = V,, gives us for n odd,

) W(G/A) = "*Wwﬂ?”l“W%H T)'e

where & =[] e(P,), with e(P,) as in 2.1.

2.7. Let (x be the Dedekind zeta-function of k, and Ly, be the Hecke L-function
associated to the quadratic Dirichlet character of ¢/k. Then

UGVf

a6 = [Ta--"
veVy Qv
me:Hh—Q*H%+;ﬂ,

where H’ is the product over the nonarchimedean places v of k which split in ¢, and
1" is the product over all the other nonarchimedean places v which do not ramify
in £. Hence the Euler product & appearing in (5) can be rewritten as

—-1)/2
e= 1] € H (Ch(27) Lok (25 + 1))
veVy 7=1
Since €/(P,) =1,if v ¢ TUT’ (2.2), and €/'(P,) > n if v € T (2.1 and 2.3),
( 1)/2 (n—1)/2
© = J[ ¢@) ] (G@i)Lan(2i+1)) =n*T H (C(24) Lo (2 +1)).
veTUT’ J=1

2.8. Using the functional equations

_1)i92i- 172

G2) = o (! G ) =)

nd ) Dy \2j+1 (—1)7220 72 F1 1y
L0 = (5,7 g

Lyp(—25
DZ e\k( ])7
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we find that
n—1 -
n?— n—1)(n
(7) R:= D" V2D, D2) =1 +2>/4(H JH) H (Ce(27)Len(27 +1))
ji ¢ j=1

= 27D (1) Lypi (—2) G (—3) Lo (—4) - -+ Ce(2 = n) Lypo (1 — ).
Equations (5), (6) and (7) imply that
w(G/A) =R T €
TJUI’

As €/'(P,) is an integer for all v (see 2.3), we conclude that p(G/A) is an integral
multiple of R.

2.9. As x(A) = x(Xu)(G/A) ([BP], 4.2), we have the following

_ X)) x(Xw)u(G/A)
(®) W =F = A

Proposition 2.9 of [BP] applied to G’ = G and I" = I implies that any prime divisor
of the integer [I" : A] divides n. Now since u(G/A) is an integral multiple of R (the
latter as in (7)), we conclude from (8) that if x(I") is a submultiple of x(X,,), then
any prime which divides the numerator of the rational number R is a divisor of n.
We state this as the following proposition.

Proposition 1. If the orbifold Euler-Poincaré characteristic of I' is a submultiple
of x(X4), then any prime divisor of the numerator of the rational number R divides
n.

2.10. We know (cf. [P], Proposition 2.10(iv), and 2.3 above) that

9) for all v € V¢, e(P,) > 1, and for all v € T, e(P,) > € (P,) > n.
Now combining (4), (5) and (9), we obtain

D,(n=D(n+2)/4 "

Gl (M)

k :

(10) 1> n"u(G/T) >

It follows from Brauer-Siegel Theorem that for all real s > 1,
(11) heRy < wps(s — 1T (s)?((2m) 24 Dyg)*¢u(s),

where hy is the class number and R, is the regulator of £, and wy is the order of the
finite group of roots of unity contained in £. Using the lower bound R, > 0.02w, %1%
due to R.Zimmert [Z], we get

s,0.1
L1 002 (21)% ) 1

(12) hom = he ” s(s— 1)( I'(s D;¢u(s)
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Now from bound (10) we obtain
n—1

I \d
(13) 1> [1 W) .

D, (=D (n+2)/4 0.02 (2m)° 601)d(
D’g”_l)/zDz/ZCe(s) 8(8 — 1) (8

Letting s = 1+ 6, with § in the interval [1, 10], and using Dy > D?, and the obvious
bound ¢(1 +6) < ¢(1 + 6)%¢, we get

1+<5 1+6
a H

+1
1/d12/(n?~20-3)
@) 1+5601 }-{505(1+8) }1/4] .

(14) D" <D,/ < [{

‘!

We will now prove the following simple lemma.

Lemma 1. For every integer j = 2, (x(J )1/2Lg|k(] +1)>1.

Proof. The lemma follows from the product formula for (x(j) and Ly (j + 1) and
the following observation.
For any positive integer ¢ > 2,

1 1, . qg—2 2—-1 1
(l_qﬁ)(“rﬁ) =l T g T g

The above lemma implies that for every integer j > 2, (x(j) Lgx(j+1) > G (j )2 >
1. Also we have the following obvious bounds for any number field k£ of degree d
over Q, where, as usual, ((j) denotes (g(j). For every positive integer j,

1< ¢(df) < G(j) < CH)™

From this we obtain the following:

Lemma 2. Let & = [[\"7"" (Cu(25) Lgi(2j+1)). Then &0 > Eo = [1\7"7 ¢(2d5) /2.

2.11. To find restrictions on n and d, we will use the following three bounds for the
relative discriminant Dy/D? obtained from bounds (4)-(6), (11), (12), and Lemma
2.

(15) Dy/D? < pi(n,d, Dy, 9)
¢ 508(1+96) I'(1+6)¢C - 27r ﬂ+1 (n?+n—20-4)
- [EOD](JIZ_%_B)/z i (27) 1+5eo1 U
(16) Dy/ D < pa(n, d, Dy, Ry /wy, 6)
5(1+4) CERI R Hl 27rﬂ+1d4/(n+n 25-4)
(Rg/we)EoD(n2 26—3)/2 (Qﬂ 144 P ’

(17) Dy/Dj < p3(n,d, Dy, hey)
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hzn {H 271' }dD (n? —1)/2]4/(n71)(n+2).

Similarly, from bounds (4 )—(6), (11), and Lemma 2 we obtain the following:

1/d 1/2d
D,’" < D,

(18) < @(n,d, Ry/wy, 0)

_ R0+ 0)? (o ey (O0E0) a2/ e-25-9)
(2m)1+9 J! (Re/we)Eo '

j=1
3. Determining &

3.1. We define M, (d) = ming D%d, where the minimum is taken over all totally

real number fields K of degree d. Similarly, we define M.(d) = ming D}(/d, by taking
the minimum over all totally complex number fields K of degree d.

The precise values of M, (d), M.(d) for low values of d are given in the following
table (cf. [N]).

d 2 3 4 5 6 7 8
M,(d)? 5 49 725 14641 300125 20134393 282300416
My(d)? 3 117 9747 1257728.

We also need the following proposition which provides lower bounds for the dis-
criminant of a totally real number field in terms of its degree.

Proposition 2. Let k be a totally real number field of degree d, k # Q. Then
(a) DY/ > /5 > 2.23.

(b) D ”d > 4913 > 3.65 for all d > 3.

(c) D ”d > 72514 > 5.18 for all d > 4

(d) D ”d > 1464115 > 6.8 for all d > 5.

Proof. Let g(x,d) and xq be as in 6.2 of [PY]. Let M(d) = lim sup, >, g(z,d). It has
been observed in [PY], Lemma 6.3, that 91(d) is an increasing function of d, and it
follows from the estimates of Odlyzko [O] that M, (d) > D(d). We see by a direct
computation that ¢(2,9) > 9.1. Hence, M, (d) > 91(d) > M(9) > ¢(2,9) > 9.1, for
all d > 9. For 1 < d <7, from the values of M,(d) and M,(d + 1) listed above we
see that M, (d) < M,(d+1).

(a)—(d) now follow from the values of M, (d), for d < 8, and the above bound for
M,(d) for d > 9.

3.2. We note here for latter use that except for the totally complex sextic fields
with discriminants

—9747, —10051, —10571, —10816, —11691, —12167,
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and the totally complex quartic fields with discriminants
117, 125, 144,

Ry/w; > 1/8 for every number field ¢, see [F|, Theorem B’.
For r9 = d = 2, we have the unconditional bound R;/w,; > 0.09058, see Theorem
B’ and Table 3 in [F].

3.3. For d and n positive integers, and 6 > 0.02, denote by f(n,d,d) the expression
on the extreme right of bounds (14) i.e.,

+1 2
f(n.d,3) = [{ (1(;_7751%60 1 H -! }-{508(1 + 6)}1/9 2/(n"~20=8)

M

For fixed n and 0 (6 > 0.02), f(n,d,d) clearly decreases as d increases.

We now observe that for all n > 17, n! > (27)"*!. From this it is easy to see
that if for given d, §, and n > 17, f(n,d,d) > 1, then f(n+1,d,0) < f(n,d,?), and
if f(n,d,d) <1, then f(n+1,d,0) < 1. In particular, if for given d, and § > 0.02,
f(17,d,96) < ¢, with ¢ > 1, then f(n,d’,d§) < c for all n > 17 and d’ > d.

By a direct computation we see that for 13 < n < 17, f(n,2,3) < 2.2. From the
property of f mentioned above, we conclude that f(n,d,3) < 2.2 for alln > 13, and
all d > 2. Now Proposition 2(a) implies that for all odd n > 13, k = Q.

3.4. Now we will investigate the restriction on the degree d of k for n < 11 imposed
by bound (14). We get the following table by evaluating f(n,d, ), with n given in
the first column, d given in the second column, and  given in the third column

n d § f(ndd)<
11 3 2 2.6
9 3 1.7 3.2
7 4 1.5 4.1
5 5 1.2 6.2

Taking into account the upper bound in the last column of the above table,
Proposition 2 implies the following:

Ifn=11,d <2

Ifn=9, d<2
Ifn=7 d<3.
Ifn=5 d<4

We will now prove the following theorem by a case-by-case analysis.

Theorem 1. If n > 7 and the orbifold Euler-Poincaré characteristic of T' is <
X(Xy)/n", then d =1, i.e., k =Q. If n =17 or 5, and the orbifold Euler-Poincaré
characteristic of T' is a submultiple of x(X,)/n", then again k = Q.

Proof. (i) First of all, we will show that if n = 11, then d cannot be 2. A direct
computation shows that f(11,2,1.8) < 2.6. Hence, if n = 11 and d = 2, then
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Dy < 2.6* < 46. However, from the table in 3.1, we see that the smallest discriminant
of a totally complex quartic is 117. So we conclude that if n = 11, then d = 1.

(7i) Let us now consider the case n = 9. We will rule out the possibility that d = 2
using bound (18). Note that we can use the lower bound Ry/wy > 0.09058, see 3.2.
We see by a direct computation that (9,2,0.09058,1.5)* < 97. Hence, D, < 97
from bound (18). As M.(4)* = 117, d = 2 cannot occur. Hence, if n = 9, then
d=1.

(ii1) We now consider the case n = 7. We need to rule out the possibilities that
d is either 3 or 2. We see from a direct computation that f(7,2,1.2) < 4.3 and
f(7,3,1.4) < 4.14, where f(n,d,d) is as in 3.3.

Consider first the case where d = 3 (and n = 7). As D;/G < f(7,3,1.4) < 4.14,
Dy < 4.145 < 5036. This leads to a contradiction since according to the table in 3.1,
a lower bound for the absolute value of the discriminant of all totally complex sextic
fields is 9747. Hence, it is impossible to have d =3 if n = 7.

Consider now the case where n = 7 and d = 2. As mentioned above, f(7,2,1.2) <
4.3, and hence,

D}? < DY < f(7,2,1.2) < 4.3.
It follows that D, < 4.3% < 18.5. There are then the following five cases to discuss.

a) D =5, k=Q(V5)
(

Case (e): We will use bound (16). As R;/w,; > 0.09058 (see 3.2),
Dy/D? < p9(7,2,17,0.09058,1.26) < 1.1,

which implies that D, = D7 = 17%. From the table of totally complex quartics in [1],
we find that there does not exist a totally complex quartic with discriminant 172.

Case (d): Dy/D3? < 4.3%/132 < 2.1. Hence, D;/D? =1 or 2. So D; = 169 or 338.
From the table of totally complex quartics in [1], we see that neither of these two
numbers occurs as the discriminant of such a field. Therefore we conclude that case
(d) does not occur.

Case (c): Dy/Di < 4.3'/12% < 2.4. Hence, Dy/D? = 1 or 2, and D, = 144 or
288. Again, from the table of totally complex quartics in [1], we know that there
is no complex quartic with discriminant 288. Moreover, there is a unique totally
complex quartic £, namely £ = Q[z]/(z*—2%+1) = Q(v/—1, v/3), whose discriminant
equals 144. It clearly contains k¥ = Q(v/3). We will now eliminate this case using
Proposition 1 (whenever we use Proposition 1 in the sequel, we will assume that the
orbifold Euler-Poincaré characteristic of I' is a submultiple of x(X,)/n").

In this case, we have the following data.

Ce(=1) =1/6, G(=3) =23/60, u(=5) = 1681/126,
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Lyi(=2) =1/9, Lgi(—4) =5/3, Ly(—6) = 427/3.

(According to well-known results of Siegel and Klingen, for any positive integer
Js G(—=(2j — 1)) and Ly (—2j) are rational numbers . The denominators of these
rational numbers can be estimated. In this paper, we have used the functional
equations of the Dedekind zeta and Hecke L-functions and the software PARI to
compute the required values of these functions. The values have been rechecked
using MAGMA. This software provides precision up to more than 40 decimal places,
which, in view of the bounds for the denominators of the zeta and L-function values
provided to us by Shigeaki Tsuyumine, is sufficient to determine the precise values.)

Therefore, p1(G(ky,)/A) is an integral multiple of
272G (=1) Lok (=2) G (=3) Lagi (—4)Gr(=5) L (—6) = 23 - 417 61/210 - 3%

As the numerator of this number is not a power of 7, according to Proposition 1 this
case cannot occur.

Case (b): Dy/D? < 4.3*/8 < 5.4. Hence, Dy/D? = ¢ and D, = 64c, where c
is a positive integer < 5. As Dy > M.(4)* > 117, the possible values of D, are
128,192,256, 320. According to the tables in [1], the only possibilities are:

Dy = 256: { is obtained by adjoining a primitive 8-th root of unity to Q; the class
number of this field is 1.

D, = 320: / is obtained by adjoining a root of the polynomial z? — 223 4+ 2 to Q,
the class number of this field is also 1.

Now, as p3(7,2,8,1) < 3.1, from bound (17) we find that D, < 3 x 82 = 192. So
neither of the above two cases can occur.

Case (a): As Dy = 5, Dy is an integral multiple of 25. We will now use
bound (16) to find an upper bound for D,/D%, making use of the estimate of
Friedman [F] mentioned in 3.2 that Ry/w, > 1/8 if D, # 125. We find that
Dg/Di < p2(7,2,5,1/8,1.3) < 8.7. So Dy = 25¢, where ¢ is a positive integer < 8.
Since the smallest discriminant of a totally complex quartic is 117, ¢ > 5. Hence,
5 < ¢ < 8. The possible values of D, are therefore 125, 150, 175, 200. From the
tables in [1] we see that there is no totally complex quartic field with discriminant
150, 175 or 200, whereas the field ¢ obtained by adjoining a primitive 5th root of
unity to Q is the unique totally complex quartic field with Dy = 125. It is a cyclic
extension of Q, and it contains & = Q(v/5). We will use Proposition 1 to eliminate
this case. In this case, we have the following data.

Ce(—1) =1/30, G(=3) =1/60, Cx(—5)=67/630,
Lyp(—2) =4/5, Lygp(—4) = 1172/25, Ly (—6) = 84676/5.
Hence pu(G(ky,)/A) is an integral multiple of
272G (1) Lo (—2) G (—3) Ly (—4) o (—5) Lygi (—6) = 67 - 293 - 21169/2'0 - 3* - 57 - 7.

Again, as the numerator of this number is not a power of 7, according to Proposition
1 this case cannot occur.
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(iv) Finally we take-up the case n = 5. We will rule out the possibilities that
d=4,3 or 2.

(1) Consider first the case where n = 5 and d = 4. Bound (14) with § = 1 leads to

Dl}/g < f(5,4,1) < 6.4. Now from Table 2 of [F] we find that Ry/w, > 0.1482. Next

we use bound (18) to conclude that D;/* < D}/® < (5,4,0.1482,1.2) < 6.05. As

6.05* < 1340, D;, < 1340. From the list of quartics with small discriminants given
in [1], we see that the only integers smaller than 1340 which are the discriminant of
a totally real quartic k are 725 and 1125. Moreover, for either of these two integers,

there is a unique totally real quartic field k whose discriminant is that integer. Each
of these fields has class number 1. Now if D, = 1125,

Dy/D3? < 6.05°%/1125% < 2,

so Dy/D? = 1. This implies that D, = 1125 = 1265625. On the other hand, if
Dy, =725,

Dy/D? < 6.05°/725% < 4.
Hence, D, = 725%¢ with ¢ < 3. In particular, D, < 1576875.

Gunter Malle has determined that there is exactly one pair (k,¢) of number fields
with (Dg, Dy) among the four possiblities above. k (resp., £) is obtained by adjoining
aroot of 2 — 23 — 422 +4x+1 (resp., a primitive 15th root of unity which is a root of
28— 2"+ 2% —xt +2% —x+1) to Q. For this pair Dy = 1125, D, = 11252 = 1265625,
and the class number of £ is 1. We will now employ Proposition 1 to eliminate this
case. We have the following values of the Dedekind zeta and Dirichlet L-functions
for this pair (k,¢).

Ch(—1) = 4/15, Gu(—3) = 2522/15, Lyp(—2) = 128/45, Ly (—4) = 232524875
From which we conclude that u(G(ky,)/A) is an integral multiple of
2719¢ (= 1) Ly (—2)C(—3) Ly (—4) = 2% - 13- 31- 97 - 293/3° - 5.

As the numerator of this number is not a power of 5, Proposition 1 rules out this
case.

(2) We will consider now the case where n = 5 and d = 3. As ¢ is a totally
complex sextic field, from 3.2 we know that R;/w, > 1/8 unless ¢ is a totally
complex sextic field whose discriminant equals one of the six negative integers listed
in 3.2. Now using this lower bound for Ry/wy, we deduce from (18) that Dj <
D;/Q < ¢(5,3,1/8,1)3 < 6.243 < 243. On the other hand, if ¢ is a totally complex
sextic field whose discriminant equals one of the six negative integers listed in 3.2,
then Dy, < 12167'/2 < 111. Hence, if n = 5, d = 3, then D}, < 243. From Table B.4
in [Co] of discriminants of totally real cubic number fields we infer that Dj must
equal one of the following five integers: 49, 81, 148, 169, and 229.

o If Dy = 229, D;/D? < 6.245/229? < 1.2. Hence, D, = 229% = 52441. There are
however no such totally complex sextic fields according to [1].

o If Dy, = 169 or 148, Dy > D3 > 1482 > 12167, and hence Ry/w, > 1/8, see 3.2. We
will now use bound (16). As p2(5,3,169,1/8,1.1) < 1.9, and p2(5,3,148,1/8,1.1) <
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2.3, Dy must equal CD,% for some ¢ < 2. None of these appear in the table t60.001
of totally complex sextics in [1].

e If Dy = 81, then 81%|Dy, but none of the six negative integers listed in 3.2 are
divisible by 812. Hence, R;/wy, > 1/8. We will again use bound (16). We see by
a direct computation that pa(5,3,81,1/8,1.1) < 6.2. Therefore, if Dy = 81, then
Dy = ¢D3, with 1 < ¢ < 6. But from the table t60.001 in [1] we see that there is
no totally complex sextic field the absolute value of whose discriminant equals 81%¢,
with 1 < ¢ < 6, except for ¢ = 3. Thus D, can only be 3 x 81% = 19683.

Let k be the field obtained by adjoining a root of 23 — 3z — 1 to Q, and / its
totally complex quadratic extension obtained by adjoining a primitive 9th root of
unity to Q. Then k (resp., £) is the unique totally real cubic (resp., totally complex
sextic) field with Dy = 81 (resp., Dy = 19683). In this case, we have the following
data on the values of the zeta and L-functions.

G(—1) = —=1/9, ((—3) = 199/90, Lyp(—2) = —104/27, Lyx(—4) = 57608/9.
From which we conclude that ©(G(ky,)/A) is an integral multiple of

272G (—1) Ly (—2)Ce(—3) Ly (—4) = 13- 19199 - 379/27 - 37 . 5.

As the numerator of this rational number is not a power of 5, according to Propo-
sition 1 this case cannot occur.

o If D), = 49, then D, is divisible by 492, but none of the six negative integers
listed in 3.2 are divisible by 49%2. So Ry;/w,; > 1/8. We apply bound (16) to obtain
Dy/D? < pa(5,3,49,1/8,1.2) < 14.3. Hence, Dy = 49%¢, with 1 < ¢ < 14. On the
other hand, the table in 3.1 implies that ¢ > 9747/49% > 4. Therefore, we need only
consider 5 < ¢ < 14. From the table t60.001 in [1] we see that among these ten
integers, 7 x 492 = 16807 is the only one which equals D, of a totally complex sextic
£. This ¢ is obtained by adjoining a primitive 7th root of unity to Q and it contains
the totally real cubic field k obtained by adjoining a root of 2% — 22 — 2z + 1 to Q.
It is easy to see that Dy = 49 in this case. We have the following data on the values
of the zeta and L-functions.

G(—1) = —1/21, ((=3) = 79/210, Lyy(—2) = —64/7, Lyp(—4) = 2113287,
From which we conclude that ;(G(k,,)/A) is an integral multiple of

272 (1) Ly (—2)Ch(—3) Ly (—4) = 13- 79 - 127/3% - 5. 7%,

Again, as the numerator of this rational number is not a power of 5, according to
Proposition 1 this case cannot occur.

(3) We will consider now the case n = 5, d = 2. We recall the lower bound
Ry/wy > 0.09058 from 3.2. From bound (18) we obtain that Di/Q < Dl}/ll <
©(5,2,0.09058,1) < 6.7. Since 6.7% < 45, Dy < 44. It follows that the discrimi-
nant Dy, of the real quadratic field k£ can only be one of the following integers,

5, 8, 12, 13, 17, 21, 24, 28, 29, 33, 37, 40, 41, 44.
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o If Dy, > 37, then D;/D? < 6.7*/37% < 2. In these cases, D, = D? is one of the
following integers 1369, 1600, 1681, 1936. Of these only 1600 and 1936 appear as
the discriminant of a totally complex quartic ¢, check [1]. Moreover, there is a unique
totally complex quartic ¢ with Dy, = 1600 (resp., Dy = 1936). The class number of
both of these quartics is 1. Now we will use bound (17). Since p3(5,2,40,1) < 0.6 < 1
and p3(5,2,44,1) < 0.5 < 1, if either Dy = 40 or 44, then D;/D? < 1, which is
impossible.

e If D), = 33, then D, > 33% = 1089, and hence Ry/wy > 1/8, see 3.2. Now from
bound (16) we obtain that Dy/D3? < p2(5,2,33,1/8,1) < 2. Hence, Dy = Di = 1089.
There is a unique totally complex quartic £ whose discriminant is 1089. Its class
number is 1. Now we apply bound (17), 1 < Dy/D7 < p3(5,2,33,1) < 0.77, to reach
a contradiction.

o If D), = 29, then D,;/D3? < 6.71/29% < 3. Hence, Dy/D? = 1 or 2 . Therefore,
Dy = 29? = 841 or 1682. Neither of these two integers is the discriminant of a totally
complex quartic ([1]).

o If Dj = 17 or 13, then D, > 169, and hence Ry/wy > 1/8 from 3.2. Now we will
use bound (16). As ps(5,2,17,1/8,1) < 4.7, and p2(5,2,13,1/8,1) < 7.2, D, = 17%c,
with 1 < ¢ < 4, or Dy = 132%¢, with 1 < ¢ < 7. But of these eleven integers none
appears as the discriminant of a totally complex quartic field.

e To eliminate the remaining cases (namely, where Dy = 5, 8, 12, 21, 24 or 28),
we will use Proposition 1. Let us assume in the rest of this section that Dy, is one of
the following six integers: 5, 8, 12, 21, 24, 28. As Dy, is an integral multiple of Dz,
we conclude from 3.2 that unless D, = 125 or 144, Ry/w; > 1/8. We will now use
upper bounds (16) and (17) for D;/D? to make a list of the pairs (k,¢) which can
occur.

(i) As pa(5,2,28,1/8,1) < 2.1, if Dy, = 28, then D, = 28%¢, with ¢ = 1 or 2. We see
from [1] that the class number of any totally complex quartic £ with D, = 282 or
2 x 282 is 1. Now we note that p3(5,2,28,1) < 1.1. Hence D, can only be 282 = 784.
The corresponding quartic field is £ = Q[z]/(z* — 322 + 4) = Q(v/—1,+/7), which
contains k = Q(y/7). We shall denote this pair (k,¢) by ¢;.

(i) As pa(5,2,24,1/8,1) < 2.6, if D}, = 24, then D, = 24%¢, with 1 < ¢ < 2. Of these
integers, only 242 = 576 is the discriminant of a totally complex quartic. There are
two totally complex quartics with discriminant 576, but only one of them contains
k = Q(+/6). This quartic is £ = Q[z]/(z* — 222 4+4) = Q(v/—3,v/6). We shall denote
this pair (k, £) by &,.

(iii) As pa(5,2,21,1/8,1) < 3.3, if Dy = 21, then Dy, = 21%¢, with 1 < ¢ < 3. Of
these three integers, only 212 = 441 is the discriminant of a totally complex quartic
¢. This quartic is £ = Q[x]/(x* — 23 — 2% — 22 + 4) = Q(v/—-3,V/=7), and it clearly
contains k = Q(+/21). We shall denote this pair (k, ) by €3.

(iv) As p2(5,2,12,1/8,1) < 8.3, if D}, = 12, then D, = 12%¢, with 1 < ¢ < 8.
Among these, only for ¢ = 1, 3, 4, and 7, there exists a totally complex quartic
¢ with D, = 122¢, and all these quartics have the class number 1. Now we note
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that p3(5,2,12,1) < 4.4, which implies that ¢ < 4; i.e., c = 1, 3, or 4. The quartics
corresponding to ¢ = 3 and 4 do not contain Q(v/3). As we observed while dealing
with Case (c¢) in (ii7) above, there is a unique totally complex quartic ¢, namely
¢ = Qr]/(z* — 22+ 1) = Q(v/—1,+/3), whose discriminant equals 122 = 144. Tt
contains k = Q(v/3). The pair (Q(v/3),Q(v/—1,/3)) will be denoted by €;.

(v) As p2(5,2,8,1/8,1) < 16.2, if D, = 8, then Dy = 8%¢, with 1 < ¢ < 16. Among
these, only for ¢ =4, 5, 8, 9, and 13, there exists a totally complex quartic field with
discriminant 82¢, and all these quartics have the class number 1. Now we observe
that p3(5,2,8,1) < 8.7, which implies that ¢ = 4, 5 or 8. There is only one totally
complex quartic field ¢ containing k = Q(ﬂ), with discriminant as above. This is
¢ = Qlx]/(z* + 1) = Q(v/—1,v2) (with Dy, = 256). The corresponding pair (k, /)
will be denoted by €.

(vi) As p2(5,2,5,1/8,1) < 35.5, and Dy, > 117, see 3.1, if Dy = 5, then Dy = 25¢,
with 5 < ¢ < 35. Among these, only for ¢ = 5, 9 and 16, there exists a totally
complex quartic field with discriminant 25¢. Thus the possible values of Dy are 125,
225 and 400. There are precisely three totally complex quartic fields containing
k = Q(v/5) and with discriminant in {125, 225, 400}. These are ¢ = Q[z]/(z* —
23 4+ 22 — x + 1) (= the field obtained by adjoining a primitive 5th root of unity to
Q, its discriminant is 125), £ = Q[z]/(z* — 2® + 222 + = + 1) = Q(v/—3,V/5) (with
discriminant 225), and ¢ = Q[z]/(x* 4+ 322 + 1) = Q(v/—1,v/5) (with discriminant
400). The corresponding pairs (k, ¢) will be denoted by €4, €; and €g respectively.

We observe that in all the above cases, the conclusion of Proposition 1 is violated,
see the last column of the table below, where R = 2_8§k(—1)Lg|k(—2)Ck(—3)L€|k(—4)
is as in (7) for n = 5 and d = 2. Hence none of these cases can occur. We have thus
completely proved Theorem 1.

(k,6)  C(=1)  C(=3) Lgu(=2) Lyr(—4) R
¢ 2/3 113/15 8/7 80 113/3%2 -7
¢y 1/2 87/20 2/3 38 19-29/2° .5
¢3 1/3 77/30 32/63 64/3 22.11/3%-5
(o 1/6 23/60 1/9 5/3 23/2%1 .35
¢ /12 11/120 3/2 285/2 11-19/2%
@6 1/30 1/60 4/5 1172/25 293/27.32.5°
¢, 1/30 1/60 32/9 1984/3 31/3% .52
(o 1/30 1/60 15 8805 587211

4. Restrictions on ¢/ and the main result

4.1. We shall assume in the sequel that £ = Q. (We have proved in the preceding
section that this is the case if n > 7, or if n = 7 or 5 and the orbifold Euler-Poincaré
characteristic of I' is a submultiple of x(X,)/n".) Then ¢ = Q(v/—a) for some
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square-free positive integer a. By setting d = 1 and Dy = 1 in bound (13) we obtain

R e (N ) e
~ 5/2 Cs(s—1)  T(s) H
D, Ce(s) j=1

Using the obvious bound (,(s) < ((s)?, and by setting s = 1 + §, we derive from
the above that

@m0
(19) Dy < {505(1 + 8)e "'T(1 +8)(2m) " 2¢(1+6)* | T}4/<n +n—20-4),

j=1
4.2. Denote by 0(n,d) the right hand side of the above bound. We see, as in 3.3,
that for a fixed value of §, 9(n,d) decreases as n increases provided n > 19. We
obtain the following upper bound for d(n,d) for n listed in the first column and §
listed in the second column of the following table:

n § Dy<dn,d) <

19 2 2.2
17 2 2.7
15 2 3.4
13 2 4.5
11 2 6.2
9 2 9.4
7 1 15.7
5 0.5 374

The bound for D, given by the bound for d(n,d) in the above table restricts
the possibilities for n and £. In particular, since an imaginary quadratic field has
discriminant at least 3, we deduce from the above table and the monotonicity of
0(n, 0) for a fixed § that it is impossible for n to be larger than 15. We recall that for
¢ = Q(v/—a), where a is a square-free positive integer, Dy = a if a = 3 (mod 4), and
Dy = 4a otherwise. From the above table we now obtain the following enumeration
of all possible n and Z.

(a) n < 15.
(b) The number field ¢ equals Q(y/—a), where for all odd n, 5 < n < 15, the possible
values of a are listed below:

n a
15 3
13 1,3
11 1,3
9 1,2,3
7 1,2,3,

1

(11,1
5 1,2,3,5,6,7,11,15,19,23, 31, 35.

4.3. It is known that the class number of the fields ¢ appearing in the above table
is 1, except when a = 5, 6, 15, or 35, in which cases £ has the class number 2, or
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a = 23, or 31, in which cases ¢ has the class number 3. Hence from (10) we get the
following bound:

n—1 ;
o)1
(20) Dy < [hun [ | (])‘

j=1

]4/(n—1)(n+2)

)

where hy, can only be 1 or 3 since n is odd. Let A(n, hsy) be the function on the
right hand side of the above bound. Direct computation yields the following table.

n 15 13 11 9 7 5
A(n,3) < 3.3 8.1
An,1) < 33 42 55 7.7 11.2 176.

Using the above table, and upper bound (20) for D,, we conclude the following.

Proposition 3. The only possibilities for the number field ¢ = Q(v/—a) are those
listed in the following table.

n a
15 3
13 ,3
11 1,3
9 1,3,7

7 1,2,3,7,11
5 1,2,3,7,11,15.

4.4. In the considerations so far we did not need to assume that I' is cocompact.
We will henceforth assume that I' is cocompact, and make use of the description of
G given in the introduction. Let ¢, the division algebra D, and the hermitian form
h be as in there.

If D = ¢, then h is an hermitian form on ¢ and its signature over R is (n—m,m),
n > m > 0. The hermitian form h gives us a quadratic form ¢ on the 2n-dimensional
Q-vector space V = £ defined as follows:

q(v) = h(v,v) for veV.

The quadratic form g is isotropic over R, and hence by Meyer’s theorem it is isotropic
over Q (cf.[Se2]). This implies that A is isotropic, and hence so is G/Q. Then by
Godement’s compactness criterion, I' is noncocompact, which is contrary to our
hypothesis. We conclude therefore that D £ ¢, and so it is a nontrivial central
simple division algebra over £.

From the classification of central simple division algebras over ¢, which admit an
involution of the second kind, we know that the set Ty of rational primes p which
split in ¢, but the group G does not split over Q,, is nonempty. Note that Ty C 7,
where T is as in 2.4, and p € Ty if, and only if, Q, ®gp D = (Q) ®q ¥) ®¢ D is
isomorphic to M, (D,) @& M,(D;), where D) is a noncommutative central division
algebra over ), Dy is its opposite, and r is a positive integer. We shall denote the
degree of ©, by d, in the sequel.
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4.5. Now we will use the Euler product € appearing in the volume formula (5) to
eliminate all but the pair (n,a) = (5,7) appearing in Proposition 3. Recall from 2.7
that

(n— 1)/2
e = J] ¢ C(25)Leo(2j + 1))
peTUT’ 7j=1
= &18283,
where

& = H e/(Pp)a
pETUT
(n—1)/2

& = J] @i+,
J=1
(n—1)/2

_ S C(29)
& = H C(2j+1)

In the above we have used the simple fact that Lyq(j) = Ce(4)/C(5)-

4.6. Clearly, €5 > 1 since each factor in the product formula for (25 + 1), for
J > 0, is greater than 1. Also, €/(P,) is an integer for all p, and for p € T, €/(P,) > n
(see 2.1 and 2.3). Now from (4), (5), (6) and (9) we obtain

n#T i (2)it

De < (h&n / )4/(n71)(n+2)
e 4!
J=1
#T n-l J+1
< (hent (M) ) 4/(n-1)(n+2)
3133 J!

n—1

< @mrII 11 4%+1 I

pE€To j=1

27r J+1)4/ n—1)(n+2)

It follows from 2.1 and 2.3(ii) that for p € Tp, €/(P,) is an integral multiple of
[T -1)
IT2% (pie = 1)
where d,, > 1 and dp|n. Let ¢ be the largest prime belonging to Tp. Then

10 (B 1 @ =1
= - ° n/d B 9
peT oI (gide — 1)

which implies that
Dy < L(n,dg, q, hen),
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where for any divisor d of n,

[T @ 1) 22 ¢ 2] + ) T @y YD)
L(TL, dv Q7 hf,n) = (nh’g,n : W H H ]' ) )
j=1

Note that L(n,d,q, hey) is decreasing in ¢ if the other three arguments are fixed.
Also note that L(n,dq, q, hey) < L(n,d, q, hy ), where d is any divisor of dg.

Let a be a square-free positive integer. We recall now the following well-known
fact (cf. [BS]).

Lemma 3. (a) An odd prime p splits in ¢ = Q(v/—a) if, and only if, p does not
divide a, and —a is a square modulo p.

(b) 2 splits in £ if, and only if, a = —1 (mod 8).

(¢c) A prime p ramifies in € if, and only if, p|Dy.

As q € Ty, ¢ splits in £. Thus if p = p, is the smallest prime splitting in ¢ =
Q(v/—a), then g > p. Hence, Dy < L(n,dy, q, heyn) < L(n,dg, p, hey).

We easily see using Lemma 3 that the smallest prime splitting in ¢ = Q(v/—a) for
a=1,2,3,7, 11 and 15 are respectively 5, 3, 7, 2, 3 and 2. The class number h, of
{=Q(v/—a), fora=1,2,3,7 11 and 15 are 1, 1, 1, 1, 1 and 2 respectively. Now
we see by a simple computation that for the pairs (n,a) appearing in Proposition
3, L(n,d,p,hyy) < Dy, for any prime divisor d of n, except for (n,a) = (5,7).
Moreover, L(5,5,2,1) > DQ(ﬁ) = 7, but for any ¢ > 2, L(5,5,¢,1) < 7. We
conclude therefore the following.

Theorem 2. The only possibilities for £, n and Ty are £ = Q(v/=7), n = 5 and
To = {2}.

In particular, PU(n—m,m), with n odd, and 0 < m < n, can contain a cocompact
arithmetic subgroup whose orbifold Euler-Poincaré characteristic is x(X,)/n, where
Xy is the compact dual of the symmetric space of PU(n —m,m), only if n =3 or 5.

5. Four arithmetic fake Pé and four arithmetic fake Gry 5

5.1. Let now k = Q, £ = Q(v/—7), and D be a division algebra with center ¢ and
of degree 5 such that for every place v of ¢ not lying over 2, ¢, ®; D is the matrix
algebra M;5(¢,), and the invariant of D at v' is a/5 and at v” it is —a/5, where v’
and v” are the places of £ lying over 2, and a is a positive integer less than 5. Let
m =1 or 2. Then D admits an involution o of the second kind such that if G is the
simply connected simple algebraic Q-group with

G(Q)={z€D* | zo(x) =1 and Nrdz =1},

then G(R) is isomorphic to SU(5 — m,m). We note that by varying a, and for a
given m, varying the involution o of D, we get exactly two distinct groups G up to
Q-isomorphism.

Let G be as above. We fix a maximal compact-open subgroup P = [[ P, of
the group G(Ay) of finite adeles of G, where for all ¢ # 2, 7, P, is a hyperspecial
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parahoric subgroup of G(Qq), P> = G(Qz2), and P is a special maximal parahoric
subgroup of G(Q7) (we note that there are exactly two such parahoric subgroups
containing a given Iwahori subgroup of G(Q7) and they are nonisomorphic as topo-
logical groups, cf. [T2]). Let A = G(Q) N P. Then A, considered as a subgroup of
G(R), is a principal arithmetic subgroup. The following lemma implies that A is
torsion-free.

Lemma 4. Let ® be a division algebra of degree 5 with center £ = Q(v/—a), where
a 1s a square-free positive integer different from 11. Let T be an involution of ® of
the second kind. Then the subgroup H of ®* consisting of the elements x such that
x7(x) =1, and Nrd (z) = 1, is torsion-free.

Proof. Let x € H be a nontrivial element of finite order. Since the reduced norm of
—1in ® is —1, x # —1, and therefore the Q-subalgebra K := Q[z] of ® generated
by « is a nontrivial field extension of Q. If K = ¢, then x lies in the center of
©, and hence it is of order 5. However, a nontrivial fifth-root of unity cannot be
contained in a quadratic extension of Q and so we conclude that K # ¢. Then K
is an extension of Q of degree 5 or 10. As no extension of QQ of degree 5 contains
a root of unity other than —1, K must be of degree 10, and hence, in particular,
it contains £ = Q(yv/—a). Now we note that the only roots of unity which can be
contained in an extension of Q of degree 10 are the 11th and 22nd roots of unity. But
the only quadratic extension contained in the field extension generated by either of
these roots of unity is Q(v/—11). Since K D Q(y/—a), and, by hypothesis, a # 11,
we have arrived at a contradiction.

5.2. We shall now compute the covolume and the Euler-Poincaré characteristic of
the principal arithmetic subgroup A.

Let X be the symmetric space of G(R), X, be the compact dual of X, and
F = X/A. We note that if m = 1, G(R) = SU(4,1) and X,, = P¢; if m = 2,
G(R) = SU(3,2) and X, = Grap; § is a connected smooth complex projective
variety.

The volume formula (5) for n = 5 and k = Q, with the value of the Euler-product
€ determined in 2.7, gives us

4 .
uG®/n) = D[] gl e

= o] (27;’)'“ () L3 L) - [T (P,

veT
From the functional equation for the L-function we obtain

—5/2
LZ\Q(g) = _27T3DZ /La(@(—z),

210 _g/2
Log(5) = 5Dy "*Lyg(-4).
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The following values of zeta and L-functions have been obtained using the software
PARI.

72 md 16
€(2) = 5 C(4) = 90’ Lyg(=2) = — 0 Lyp(—4) = 32.
Note also that for the subgroup A under consideration, T = {2}, and dy = 5, so that
(2.3)
-1 &

[Te@ :25—_1)21_[(2"—1)-

veT j=1
Substituting all this in the above, we obtain

(—4rl) 4
H 271' T 3 590 Lael=DLaol-0) - ]I -1
]=1 j=1

9 (—4rlt) 16
= i2a 3.gog0 7)) 3235 =L
Therefore, x(A) = x(X.). Theorem 3.2 of [Cl] implies that H’ (A, C) vanishes for all
odd j. Also, there is a natural embedding of H*(X,,C) in H*(A, C); see [B], 3.1 and
10.2. Now since x(F) = x(A) = x(X.), and for all odd j, H’(F,C) (= HI(A,C))
vanishes, we conclude that § is an arithmetic fake P if m = 1, and is an arithmetic
fake Gra 5 if m = 2. Thus we have proved the following.

Theorem 3. There are at least four arithmetic fake Pk, and at least four arithmetic
fake Gra 5. There does not exist any arithmetic fake projective space of dimension
> 4, or an arithmetic fake Gry, ,, with n > 5 odd.

We next prove the following interesting result.

Theorem 4. The first integral homology group of any arithmetic fake Pk, and any
arithmetic fake Gro s, is nonzero.

Proof. Let § be either an arithmetic fake P4, or an arithmetic fake Gras. Let II
be its fundamental group. Then H;(§,Z) = II/[IL, I1].

It follows from Theorem 2 that II is a cocompact torsion-free arithmetic subgroup
of G(R), where G is as in 5.1, with m = 1 if § is an arithmetic fake P¢, and m = 2
if § is an arithmetic fake Gra5, and G is the adjoint group of G. Proposition 1.2 of
[BP] implies that II is actually contained in G(Q). We will view it as a subgroup of
G(Q2).

Let D and o be as in 5.1. Since Q2 ®g D = (Q2 ®g ¥) ¢ D =D ¢ D°, where D
is a division algebra with center Qq, of degree 5, D° is its opposite, and (D) = D°,
G(Q2) equals the group SL;(D) of elements of reduced norm 1 in ®, and G(Q2)
equals D% /Q. We now observe that G(Q2) = D*/Q5 is a pro-solvable group, i.e.,
if we define the decreasing sequence {G;} of subgroups of G := G(Q2) inductively as
follows: Go = G, and G; = [Gi—1, Gi—1], then (N G; is trivial; to see this use Theorem
7(i) of [Ri]. This implies that for any subgroup 3 of G, [H, H] is a proper subgroup
of H. In particular [IL,II] is a proper subgroup of II. This proves the theorem.
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6. Five irreducible arithmetic fake P(QC X P(QC

We will now use certain results and computations of [PY] to construct five irre-
ducible arithmetic fake P(% X P%. Let (3 be a primitive cube-root of unity, and let
the pair (k,¢) of number fields be one of the following three:

€y = (Q(V5), Q(V5, (3)),

Ci0 = (Q(V2),Q(\/ -7+ 4v2)),

C1s = (Q(V6),Q(V6, (3)).

Let v be the unique place of k lying over 2 if the pair is €3 or €19, and the unique
place of k lying over 3 if the pair is Cjg. For a given pair (k,¢), let g, be the
cardinality of the residue field of the completion ky, of k at v.

Let D be a cubic division algebra with center £ whose local invariants at the
two places of ¢ lying over v are nonzero and negative of each other, and whose local
invariants at all the other places of £ is zero. Then ky®y;D = (ky @) @D = DBD°,
where © is a cubic division algebra with center k,, and D° is its opposite. D admits
an involution of the second kind with k£ being the fixed field in £. We fix an involution
o of D/k of the second kind so that if G is the simple simply connected k-group
with

G(k)={2€ D" |z0o(2) =1 and Nrd(z) =1},
then G(k,) = SU(2,1) for every real place v of k.

As 0(D) = ©°, G(ky) is the compact group SL; (D) of elements of reduced norm
1in ®. Let (Pv)vevf, be a coherent collection of maximal parahoric subgroups P,
of G(ky), v € V¢, such that P, is hyperspecial whenever G(k,) contains such a
subgroup. Let A = G(k) N Hvevf P,. Let v" and v” be the two real places of k
and let G = G(ky) x G(kyr). Then G = SU(2,1) x SU(2,1). Let G be the adjoint
group of G. Let X be the symmetric space of G and X, its compact dual. Then
X, = PZ% x P%, and hence, x(X,) =9.

We will view A as a diagonally embedded arithmetic subgroup of G. Then, in
terms of the normalized Haar measure p on G used in [P], we see using the volume
formula given in that paper (see, also, [PY], 2.4, 2.11) that u(G/A) = pe'(P,) =
w(go — 1)%(go + 1), where the values of p and gy are as given in the table in section
9.1 of [PY]. Moreover, according to the result in section 4.2 of [BP], the orbifold
Euler-Poincaré characteristic x(A) of A equals x(Xy)u(G/A) = 9u(qo — 1)%(qo + 1).
Now using the values of p and ¢, given in the table in section 9.1 of [PY] we find
that x(A) = 3 if (k,£) is either Cg or Cig, and x(A) =9 if (k, ) = Cyo.

We now observe that Lemma 9.2 of [PY] holds for the group G(k) described
above (the proof of the lemma given in [PY] remains valid), i.e., G(k) is torsion-free
if (k,¢) = Cqp, and in case (k,{) is either Gy or Cig, the only nontrivial elements of
finite order of G(k) are central, and hence are of order 3. Let A be the image of
A in G. Then A is a torsion-free cocompact irreducible arithmetic subgroup of G.
Moreover, the natural homomorphism A — A is an isomorphism if (k,£) = C1q, and
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its kernel is of order 3 if (k,¢) is either Gy or C15. Hence, for each of the three pairs
(k,0), x(A) =9 = x(X4). Let P = X/A. Then B is a smooth projective variety,
and x(B) = x(A) = x(X,). It is known (see the remark following Theorem 15.3.1
in [Ro]) that H’(A,C) vanishes for all odd j. Also, there is a natural embedding
of H*(X,,C) in H*(A,C), [B], 3.1 and 10.2. As x(B) = x(Xu), we conclude that
the Betti numbers of 3 are same as that of X, = P% X P%, and hence P is an

irreducible arithmetic fake P(% X P%.

Remark. Theorem 10.1 of [PY] holds for 8 (with the same proof as in [PY]), i.e.,
Hy (B, Z) is nontrivial.

If (K, ) is either Co or Cpp, there is a unique nonarchimedean place, say v,, of k,
which ramifies in ¢. In G(k,,), up to conjugacy, there are two maximal parahoric
subgroups, and thus we get four distinct As. On the other hand, if (k,¢) = Cyg, as
Dy = D,%, every place of k is unramified in ¢, and so, up to conjugacy, we get only
one A. Thus all together we obtain five distinct s from the above construction and
we have proved the following:

Theorem 5. There ezist at least five distinct (irreducible) arithmetic fake P2 x P2.
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