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ABSTRACT '

The joint probability distribution of X-ray structure factors of a non-centrosymmetric
structure (true structure) and that of a centrosymmetric structure (assumed model) from which
it deviates slightly, are given. These are characterised by a parameter D = < cos 2 7 H.Ar>

where A tj

are the deviations of the N atoms from the centrosymmetric arrangement.

The

limiting forms of the distribution for D = 0, and D = 1 are respectively the acentric and centric

distributions of Wilson.
metry of the structure.

Intermediare values of D characterise different degrees of centrosym-
The parallelism of the results to another ‘approximately centrosym-

metric’ situation (Srinivasan, Indian ]. Pure Apbi. Phys. 1965, 3, 187), is pointed out.

1. INTRODUCTION

N a series of papers from this laboratory (Rama-

chandran et al., 1963 ; Srinivasan ef al., 1963 q, b ;
1964 ; Srinivasan and Ramachandran, 19654, b ;
1966 ; Srinivasan and Chandrasekharan, 1966 ;
Parthasarathy and Srinivasan, 1967) the statistical
distribution of a pair of structure factors have been
considered. The results obtained therein have been
shown to be applicable to different stages of
crystal structure refinement as weil as for testing
cf isomorphism between a pair of crystals. The
probability distributions established were for a pair
of structure factors, FN and F P where F g corres-
ponds to the true structure containing N atoms
and Fp° to the assumed model containing a part
(P atoms) of the structure whose ccordinates v
differ from the true p ;¢ by A, Broadly, two
cases have been considered so far namely («) when
both Fy, and F,¢ are non-centrosymmetric (case 1)
and (b) when both £ and F,° are centrosymmetric
(case IlI). The various results that have been
deduced are thus applicable to a crystal structure
which is known tc be either non-centrosymmetric
or centrosymmetric as the case may be.

The possibility that F ¢ could correspond to &
centrosymmetric model while FN is non-centrosym-
metric (we shall refer to this as case III) and vice
versu (case 1V) was not considered earlier since
it was thought that this might not have immediate
practical application. It has however been realised
now that these cases are also of interest since they
could lead to distributions for pseudosymmetric
structures.” Consider for simplicity the case P = N.

* Contribution No. 395 from the Centre of
Advanced Study in Physics, University of Madras,
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* Following Srinivasan (1965a) we use this term
pseudosymmetry in a very general sense to denote
the presence of any non-crystallographic symmetry
property associated with the “asymmetric part” or
“crystallographic unit” so as to invalidate the basic
Wilson conditions.

It is possible to imagine a structure which is in
reality non-centrosymmetric while the assumed
model is centrosymmetric. Following the basic
problem posed for cases I and II, we postulate that
the N atoms of the true structure are related to
the N atoms of the assumed model through the
given set of errors Aryj Since the assumed
model is centrosymmetric for the present case, this
would mean that the true model could better Dbe
described as “approximately  centrosymmetric”.
Thus one would expect that as Ary; tend to zero
the distribution would tend to be a centric one
while when A rg, tend to be large the distribution
would tend to the acentric one. For intermediate
values of A py; the distribution can be taken to
represent different degrees of centrosymmetry of a
non-centrosymmetric structure.

It would appear that the statistics of such a
situation was first considered by Luzzati (1953)
who applied his earlier analysis (1952) to the
above problem and worked out theoretically {hc
values to be expected for a type of discrepancy
index involving Fg and Fy¢ which would enable
one to use the results to deduce (|Ar,') for a
practical case. His treatment of the problem is
brief and is restricted to the statement of a few
results. Recently this aspect of the problem has
been considered in this laboratory in detail follow-
ing the type of analysis dome for cases 1 and 1L
The purpose of this paper is to outline briefly some
of the main steps involved in deducing the distri-
butions and the possible application of these to
develop other statistical criteria. Most of these
could be deduced following the same procedures
as for cases I and Il and in conjunction with
Luzzati’'s treatment (1953).

It may be mentioned that the problem of this
type of degree of centrosymmetry of a non-centro-
symmetric structure was also recently considered in

this laboratory (Srinivasan and Vijayalakshmi,
19724, b ; Srinivasan et al., 1974; Srinivasan,

Swaminathan and Chacko, 1972) and the present
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analysis forms, in part. an ex.ension of the above
studies.
2. Basic PromasiniTy DISTRIBUTIONS

Let p.. denow the z"'iae coordinates of ‘he
structure which is approaimately centrosymmeiric.
These muay te conszvjergd 10 have been obiained by
giving rundom und  independent  displacements
o Iy tc the ccordinates of a perfectly cemtrosym-
meiric assumed model. It is assumed that the
shifts Arpy; and Argy for the atoms j and [ which
are related by cenrosymmetry are random and
independent where n =N 2. We denote by Fr,
and Fx° the structure factors of the 1rue and
assumed struciures. It is also assumed that boih
ths :rue and assumed structures satisfy the ideal
Wilson conditions. namely, thev contain large
numbsr of similar atoms randomly distributed in
ihe unit cell.

The establishment of conditional distribution
P (Fs : Fr7) foliows closely the steps given earlier
(¢.o.. see Appendix ! of Srinivasan and Chandra-
sekharan. 1966) and is not detziled here.i The
conditional d'siribution P (F,,, F.”) takes the form

I}

1
Py By = he - 09 ©

where D = cos 2= H. _ry i o350 =

The joint
F.c) for a given Fr° i
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and o is the angle between F» and Fi°.
distribution P( Fyi, a3
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where @ = ay —zx°. In terms of normalised vari-
ables yx = Fx:on. Y= F»" ox we have
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t The number of atoms in :he model and true
structure are denoted here by N while in the paper
cited (Srinivasan and Chuandrasekharan, 1966} it was
denoted b‘v P.  Abo the only other difference is
that Fy® now corresponds 10 a cenirosymmetric
model.
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Science
I- is imporant t© uole that wille f. has both
ampiitude and phase. F.° is reui since it corres-

ponds 10 @ LCﬂLFDS\f’}H;CTi i

Thus assum-

Py =1 2=exp —ir- "2 {3
the joint distribution Pty ;.o Is rea idily deduced
10 be

. — ¥

P, 10y =+ 2 g D’-‘;“\“

_ l';'» = ‘:{1 — D*n —"’ /, P 2Dy vt
L 2(1 — D% 3770 - Dy

The distribution of a for a given Fg' 15,7 will
be useful. This is given by

e\p"’DF F. cosa
1 ol = DR }
Pla; F: i, Fxt)) = A - 3D Fo _[:‘,c)

1, [;\-—"‘7—1—— DZ)}

(7)

So also. the actual distribution of phases. a can be

deduced from (3) by substtuting for P{>.

corresponding to centric distribution and integrating

over ¥ and yy The expression is no: given here.
3. DiscussioN OF THE RESULTS

The above results form the basis for working
out a number of statistical results of interest. For
instance the availability of the joint distributions

P(yy, ¥y°) enables us to study distributions of
variables such as the difference y, = (¥, — )
(and also product, quotient. etc.). These will be

considered in detail in a later paper. However,
we shall deduce here one interesting resuit concern-
ing the distribution P(y,) alone. Thus integra-

tion over '«‘n;f in (6) leads to the marginal distri-
bution P(y,) t0 be
71’ D=3
P = exp — - D — N
) = =2 — bl ﬂh[_DJ
. @®)
This may be compared with the probability

distribution of the normalised amplitude for another
situation of “"an approximately centrosymmetric
structure” considered earlier in the literature
(Srinivasan, 1965 ¢a, b). This deals with the case
of a non-cenmtrosymmetric  structure  (space
group Pl) containing a centrosymmetric and a non-
centrosymmetric group. The distribution for such
a case turns out to beg

) = _.__g:)il_v_._,__ a2 1 0‘12 _\'N2
'P("N) - ,\1 — ot €xXp — [.VN f(l — ') I ‘[ 1= 0_14]

)

3 Although Srinivasan (1965«a) gave {for this
case P(m) as an mtcgzal his expression can be
reduced using standard integral tables (Gradshteyn
et al., 1965) to the above form.
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where ¢,2 stands for the ratio of the mean square
umplitudes corresponding 1o the ceniric group to
‘hat of the entire structure. A comparison of (8)
with (9) shows that the final distributions are
identical in form except for the appearance of D in
(8) in place of o, in (9). The paraliel roles of
o, and D arc now obvious. Thus the two limits
D=0 (or ¢,=0) and D=1 for wa;=1)
correspond to acentric and centric distributions.
Intermediate values of D (or ¢;) correspond to
different degees cf centrosymmetry. Thus D
(or ¢,) may be taken as a quantitative measure
of the degree of centrosymmetry of the structure.
In fact it may be pointed out that Srinivasan et al.
(1972) suggested earlier the use of D for this
purpcse and the present results only supply a sound
‘heoretical justification for the same. The curves
of P(y,) given as a function of ¢;2 in the earlier
paper (Srinivasan, 1965a, b) are applicable here.

It may be mentioned that D can be estimated
in practice by working out some of the statistical
parameters connected with yg. For instance, the
moments or variance of y, can be worked out which
turn out to be functions of D. However, these may
not be very sensitive especially when A ry,; are small.
It seems preferable to turn to other statistical para-
meters involving quantities ¥y and y,° such as say
the difference y, = v, — ¥g". Since it measures the
deviation of y, from that of the assumed model,
this and other related parameters such as relia-
bility indices based on it may be expected to be
more sensitive.

We may also mention here that since v, and yg°
now involve non-centrosymmetric and centrosym-
metric combination, distributions connected with
pair such as say the quotients yx [¥n°, Yn*/yx need

. e

Uptake and Metabolism of V'C-Labelled Glucose in . iliciictium 20

not show symmetry propertics such as were asso-
ciated with these wvariables for cases ! and 1L
These aspects as well as stalistics for case IV are
under detailed investigation and will be reported
later.

1. Gradshteyn, I. 8. and Ryzhik, I. M., Tables of
Integrals, Series and Products, Fourth
Edition, By Geronimus, Yu, V. and Tseytlin,
M. Yu., Academic Press, New York and
London, 1965. Egn. 6. 644, p. 721.

2. Luzzati, V., Acta Cryst., 1952, 5, 802.

3. —, Ibid., 1953, 6, 550.

4. Parthasarathy, S. and Srinivasan, R., Ind. J.
Pure and Appl. Phys., 1967, 5, 502.

5. Ramachandran, G. N., Srinivasan, R. and
Raghupathy Sarma, V., Acta Cryst., 1963,
16, 662.

6. Srinivasan, R., Ind. I. Pure and Appl. Phys.,
1965 a, 3, 187.

7. —, Curr. Sci. (India), 1965 b, 34, 529,

8. — and Chandrasekharan, R., Ind. J. Pure and
Appl. Phys., 1966, 4, 178.

9. — and Ramachandran, G. N., Acta Cryst., -
1965 4, 19, 1003.

10. — and —, Ibid., 1965 b, 19, 1008.

11. — and —, Ibid., 1966, 20, 570.

12. — and Vijayalakshmi, B. K., Ibid., 1972 a,
B 28, 2615.

13. — and —, L.U.Cr. Abstract, 1972 b, No. I,
18, p. S9.

14. —, Raghupathy Sarma, V. and Ramachandran,
G. N., Acta Cryst., 1963 a, 16, 1151,

15. —, — and —, In : Crvsiallography and Crvsial
Perfection, (Ed. Ramachandran, G. N.),
Academic Press, 1963 b, p. 83.

16. -—, Subramanian, E. and Ramachandran, G. N.,
Acta Cryst., 1964, 17, 1010.

17. —, Swaminathan, P. and Chacko, K. K., Curr.
Sci. (India), 1972, 41, 768.

18. —, Vijayalakshmi, B. K. and Parthasarathy, S.,
Acta Cryst., 1974, A 30, 535.




