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1. The object of the present paper is to define an invariant which is a
generalization of the expression for the normal curvature of a curve in V,,,

and to obtain generalizations of some known results.

2. Consider a Riemannian space Vy of co-ordinates x}, ; — 1,2,....n
and metric

ds? = gi;dxidx? , @.1)
imbedded in a Vy4, of co-ordinates y?, o = 1,2,....n+1 and metric
ds® = aqpdy*dy". (2.2)
We have the relation
8ij = dagy™si>P; , (2.3)
where comma denotes covariant differentiation.
Let N denote the contravariant components of the unit normal to Van, then
AupNENE = 1, ‘ (2.9
and
AogN*YB; =0, (i=1,2,....n) (2.5

where (;) followed by an index denotes generalized covariant derivative
(or tensor derivative) with respect to the x with that index.

'We have
Ney = — Qyglhya; , m (2.6)

where £;; are the components of a symmetric covariant tensor of the second
order given by

Qi = ¥®.50,gNF- 2.7
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From (2.6) we have

Negel o eyt . (2.8)
where ¢ are the components of wumit vector i the hyperarface

The resobved part of the denved vector N et the shirection of another
unit vector a in the hypersurface w piven by

{ - e**ﬁ,};g,;g”‘j‘“.;g} iy f{&"’”,gwg; W’MV Mgﬁ
SRR (2.9
and therefore the resolved purt of the derved vegtor N* e alony
etis o -f?a?ggf?ii*j . {21

3. bLet A be the components of o unit vectsr us the direction of a curve
of a congruence such that one curve of the congruence passes thiough eae iwh
point of V.

A% can be expressed in termy of voy and N* us
Aoyt pNe, (3.0
Since A® gre the components of o umt vector,
booaggMAT g gt 1 eNS O NG
gyttt 1ord (1.

The tensor derivative of (3. 1) with mmz{ to v yields

D P TTANR N L AN B2 s LIPS B L
Ne [yt r;ﬂ RS (AR A (3.3
From (3.3) we have
It
i ﬁ‘r, th‘ )
a (1 if*a oy
, Lyt dy U
o (2 T IT . 14
t i f‘jl ds v (3.4
If the congruence be one of normals to the hypersurface, then ¢f 0,
r = 1, and the right-hand member of (3.4) reduces to (2,103, The expression

. el dxl
(r-ﬁ’mw 1) fﬁé (.ig
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may therefore be considered as a generalization of the normal curvature of
the curve whose unit tangent has components dx*/ds. 'We shall call it the
generalized normal curvature of the curve relative to the congruence. This
quantity depends only on the direction of the curve C at the point consi-
dered, and is the same for all curves tangent to C at the point. We may
therefore call it the generalized normal curvature of the hypersurface relative
to the congruence for the given direction.

4. Generalization of Dupin’s Theorem on normal curvature. If e are
the components in the x’s of a unit vector e at a point P in V,,, the generalized
normal curvature of the hypersurface at P in the direction of e has the value

by = (r2y; — t1) €lel. 4.1

Consequently if ey, (A =1, 2,....n) are the unit tangents at P to the curves
of an orthogonal ennuple in Vn, the sum of the generahzed normal curvatures
of Vy, for the directions of the ennuple is

2 (rQi5 — tiyg) €'nieln) = (15 — ;) gY. 4.2)

Since the expression on the right is an invariant, we have the theorem:
The sum of the generalized normal curvatures of a hypersurface V,, relative to
@ given congruence, for n mutually orthogonal directions at a point is invariant
and is equal to (rQ;; — t;;5)g¥.  This sum may be called the mean generalized
curvature of the hypersurface at the point considered, relative to the given
congruence. 'We shall denote it by M,. Thus

M, = (rQy — tiz) g 4.3)

If the congruence be one of normals to the hypersurface we have the known
result:

The sum of the normal curvatures of a hypersurface Vn for n mutually
orthogonal directions at a point is invariant and equal to ;;8 (Weatherburn,
1950).

From the definition of the generalized normal curvature it also follows
that the generalized normal curvature of a hypersurface for any direction is
the negative tendancy of the unit tangent to the curve of the congruence through
the point in that direction. But the sum of the tendancies of A for n
mutually orthogonal directions in V, is equal to divyA.
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Hence
Mh R t;ﬁvu‘\&g {-&* '@}

which may be stated as follows

The mean generalized curvature of o hypersurface relative o a given
congruence at any point iy equal to the negative of the divervense of e unie
rtangemt to the curve of the congruence through the poing,

If the congruence be one of nommals to the hypersurfuce, we huve the
known result:

The mean curvature of a hypersucfoce i equal to the semaiive of the
divergence of the unit normal (Weatherburn, 1950,

5. Principal generalized curvarures.  Lines of generalized curvature,
The generalized normal curvature of ¥V, for a vanable direction p i
given by

koo U e
ayr'p

The stationary values of &y are those determined by the directions for which

de,
dp}} e 0 (.f e 1! “?ﬂw [ .N},

(5.1

Writing (5.1) in the form
(r$dij - tiy) pipt - /mm;wg;ﬂ -

and differentiating with respect to p/, we see that the directions vorresponding
to the maximum and minimum values of &, are those which satsfy the
equations '

and the maximum and minimum values of 4, are the roots of the equation
VPS5~ & (tiyg 1 ti) — kagyg] < 0 (5.3)

The directions satisfying (5.2) are the principal directions in V, determined
by the symmetric part of the covariant tensor (18 1340, We shall therefore
call the directions determined by (5.2) as the principal gencralizoid diveetions
and the maximum and minimum values of (5,1) [which are the W@m«“;m&
curvatures of Vy in the principal gencralized directions and are the roots
of the equation (5.3)] as the principal generalized curvatures, A curve W}mw
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direction at each point iy a principal generalized direction is a line of gene-
ralized curvature o Voo There are thus » congruences of lines of generalized
eurvature oV, corresponding o a given congruence A in V,. If the roots
of (5.3 are all smple, the principal gencralized directions relative to a given
congruciee e unnjuely determined and are mutually orthogonal.  Corres-
ponding e multiple root of order a1 it is possible in a multiply-infinite num-
ber of wavs, o choose o mutuadly orthogonad principal generalized directions.,
These wre orthogonal to the principal peneralized directions determined by
the other roots of (5310 Abo the principal generalized directions satisfy

the cquations

bty Mg gl puphe O 2 k) (5.4)

Let ey, be the unit tangents to the 2 congruences of lines of generalized cur-
vature.  Then the principal generalized curvitures are given by

"%M?E {‘?”f*gig fi,j} w%u‘”fﬁ“ (}‘? lw 2’,,,. .. -”)‘s (5~5)
Any ather wmt vector a1V, is expressible in the form
A ey, cosay, (5.6)
#

where
DL RN B YRR

a' bomyg the eomntravariant components of a and «), being the inclination of

# o ey, The generabized nornal curvidure of V,, for the direction of a
relative to the congruence 15 given by

%

Ay ekl ) ala!

Substituting 1 the second member the vilues of o corresponding to (5.6)
we obtain,

Ry o Mk cos?ay, (5.7)
£

The sum of the prmapal generalized curvatures, being the sum of the gene-
ralized normal curvatures for # mutually orthogonal directions in V,, is equal
to the mean generalized curvature,

Thus
Xhonw o My divgh (5.8)

&

For the congruence of normals 1oV, the principal generalized directions,
the principal generalized curvatures, and the lines of generalized curvature
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are the principal directions, the principal curvatures, and the lines of cur-
vature respectively. In this case (5.7) reduces to Euler’s formula for the

normal curvature of a hypersurface V,, imbedded in Vj,, (Weatherburn,
1950).

6. Generalized conjugate directions and generalized asymptotic direc-
tions. The directions of two vectors, a and b, at a point in Vj, may be said
to be generalized conjugate relative to a congruence of curves in Vi, if

[rQs5 — § (ti5 + 1501’07 = 0 (6.1)

and two congruences of curves in the hypersurface may be said to be gene-
ralized conjugate relative to a congruence of curvesin V,,, if the directions
of the two curves through any point are generalized conjugate. It follows
from (5.4) that the principal generalized directions at a point of a hypersurface
are generalized conjugate.

Also we have the following more general theorem :

A vector at a point of a hypersurface V., whose components are linear
combinations of the components of p vectors tangent to lines of generalized
curvature relative to a given congruence in Vo, is generalized conjugate to the
vector whose components are linear combinations of the remaining n-p vectors
tangent to lines of generalized curvature.

For the congruence of normals to the hypersurface these reduce to the
following known results:

L. The directions of two lmes of curvature at a point of a hypersurface
are conjugate.

2. A vector at a point of a hypersurface whose components are linear
combinations of the components of p vectors tangent to the lines of curvature
is conjugate to the vector whose components are linear combinations of the
remaining n—p vectors tangent to lines of curvature (Eisenhart, 1949).

A direction in Vy, which is generalized self-conjugate, is said to be gene-
ralized asymptotic. Thus the condition that the direction of the vector a at
a point’ of V,, be generalized asymptotic is

rQi — % (ti + 1)1 d'dd =0,
which may be put in the form

(s — tiyy) da’ = 0. 6.2)
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A ;\g«fzwmifmi asymptotic line in o hypersurface relative (0 a given congru-
ence in Voo is o curve, whose direction at every point is generalized asympto-
tic.  The differentia) equation of such a line is |

8y 1y 5y dldxd o0, (6.3)

| From (6.2 and (4.1} it follows thatl the generalized normal curvature
of & ypersurface ina gencralized aspmprotic direction is zero.  Relative
to the congruence of normals to the hypersurface, the generalized conjugate
directions are the conjugate directions and the generalized asymptotic direc-
tions reduce to asymptotic directions,

1*“1‘;7:;1\(3&) we see that i a and b be unit veetors in V,, the resolved part
along b of the derived vector of A ulong a is

[rid; fi)ath! (6.4)

Using (6. 1) and (6.4) we find that a pair of generalized conjugate directions
in Vy relative to o congruence iV, is such that the resolved part in one
direction of the devived veetor of the unit tangent to the CONEIUCHEe in the other
direction is the negative of the resolved pare in the second direction, of the
derived vectar of the wnit tangent to the congruence in the first direction.  For
the particulur case m which the direction is generalized self-conjugate, we
may state the theorem as follows

The derived vector of the unit tangent o« congruence in Vi along a curve
of the hypersurfuce will he orthogonal o the curve provided the curve be a
gencralized asvanptotic line in the hypersurface, relative to the CONgruence.

If the congruence be one of normals to V,,, these reduce to the follow-
ing known results:

L. Conjugate directions i a hypersurface are such that the derived veetor
af the unit pormal in cither direction is orthogonal to the other direction
{Weatherburn, 1950},

2. The derived vector of the unit normal along a curve of the hypersurface
will be orthogonal 1o the curve provided the curve be an asympitotic line in the
hypersurface (Weatherburn, 1950),

SUMMARY

In the present paper a congruence of curves through points of o hyper-
surface Vy, imbedded ina Riemannian Yy, has been considered.  In analogy
with the normal curvature of a curve C in V,, the generalized normal curva-
ture of C at any point of it, relative to the curve of the congruence through
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that point, has been defined as the ne wative of the resolved part along C,
aff the derived veetor of the unit tangent to the curve of the congruence through
the point along ¢, The concepts of normal curvature of a hypersurface,
principal  directions, principal curvatures,  lines of curvature, conjugate
directions, asymptotic directions and asymptotic lines have been generalized
and generalizations of seve 4l known theorems on the curvature of a hyper-
surface Vg in Vi have been obtained.
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