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1. IN two papers published in the previous number of these Proceedings,
we solved the problem of determining the tetrahedron of maximum volume,
the areas of whose faces are given. It was proved that the maximum is
attained when the tetrahedron is orthogonal, and that—as one of us (K. S. K.
Iyengar) succeeded in proving—in the particular case of three dimensions
there is only one such tetrahedron. The analogous problem in any number
of dimensions was also solved partially. By an interesting transfcrmation
of the same problem we now prove the above results of our earlier papers
in a far more elegant way and we prove further that in the case of #» dimen-
sions also there is only omne such orthogonal simplex, with assigned values
for the (# — 1)-dimensional volumes of its face-simplexes. Finally, we solve
by these methods an isoperimetrical problem of Steinitz.

2. Let OP,P;: - - P, be a simplex in # dimensions and a, - - - a,,
a,+, the (n — 1)-dimensional volumes of the face-simplexes OP, - - - P,
op,P;- - -P, OP,P,: - - P,,_4, P;P, - - - P,. The problem is to determine

the extrema for the volume of the simplex when the a,’s are all given. We
first prove that a real simplex exists if and only if the sum of any »n of the
a,’s is greater than the remaining one. We also prove that the lower
bound of the volume is zero and that the maximum is attained when the
-simplex is orthogonal, which is uniquely determined when the a,’s are given.
For proving these results the following transformation into another which is
also an isoperimetric one is fundamental. The artifice employed is to
obtain another simplex, the (# -+ 1) sides of which, forming a one-dimen-
sional closed chain, are of lengths ay, a, + + - d,+; and whose volume is
a multiple of the (» — 1)th power of the volume of the original simplex.
It will be seen that by this means the solution of our problem becomes

i ) > = —>
almost immediate. ILet OP,, OP,, - - - OP, be represented by the vectors
> - -> ) )
A, A,, - -+ A, and let the (n — 1)-dimensional volumes of the faces
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OP,P;- - - P,, OP,Py- - - P,, -+ - PPy - - P,of the simplex OP,P, - -P,,

>

be ay, a, - - - a,, a,+, respectively. If we represent by A,  the vector
> > -> .

product (A,A; - - - A,) and similarly the other vector products, it is easy

to see that

>

,,,>
(l)lAll]:(%_l)‘al"' I I (% )'an
._)
(i1) if —-A>’,z+1 =A 4+ A + - -+ 44, then the vector An+1

will be perpendicular to the face P,P, - - - P, and |A’,,+1[ =n—1 a,+,.

If therefore we draw OT,, T,Ty, - - -+ T,-; T, to represent the vectors

.KQ’,. .. (7'{:1”1) _j&”’ respectively, then OT, will
-> nt1 >

m)“r A’”.;. 1 since ,.{1 A,,’ = 0.

Hence the mnecessary and sufficient condition for the existence of
simplexes having the given numbers a;, a,, - - + 4,,, for face-volumes is the
existence of a closed linkage (polygon) OT,T, - - - T,,O in space such that
[OT| =ay, | TyTy| =ay- + + |T)—1 Ty| = a,and |OT,| = a,+;. But this
means that the sum of any # of the numbers a;, a5, - - - @,,4, should be
greater than the remaining one; or, if a; <a, < - - - <4, < 4,4, then the
sole condition for the existence of simplexes with given (1 — 1)-dimensional
volumes of the facesis a; +a,+ -+ +4a,> a,,,.

represent the vector

3. Now the volume of the simplex OP,P,- - - P, is
1 > - >
V= ,;i"j ”ALA‘z T An”
and that of the simplex OT,T, - -+ T, is

-> > ->
V = _.’_l_ Al’ Aﬁl .. An/
Tallm -1V =01 T =)
. 1 -> , 6, ._)l
Vznl{(nhl)!}” A A, A%
1 > = > ftn-1
1 -1
= nl{n =157 {(” ) V}
— 1) !
whence V = {n ﬂ_lc,) Yy v,
n

so that the problem of finding the bounds of the volumes of all simplexes
having given face-volumes a,, a,, - - - a,., such as OP,P, - - - P, is
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completely equivalent to the problem of finding the bounds of the volumes
of all simplexes OT,T, - - - T, such that |OT,| =q,,
(I\Ty) = ay - -+ | Tyt Ty | =, |OT, | = a4,

T

N

T

Fi1G. 1.

Let ¢, be the angle between T,X,, and the perpendicular to the space
OT,T, - - - T,-, in the n-space, where T,X,, is the perpendicular to OT, -,
in the plane OT,, -, T,,.

Similarly let ¢,,—, be the angle between T,,-;X,,~; and the perpendicular
to the space OT,T, - - - T,—, in the (n — 1)-space defined by OT,T, -
T,-1, where T, _, X, is defined similarly to T,LX,,, and so on. Then the
volume of the simplex is given by

L T,X, - (n — 1)-dimensional volume of OT,T, - - - T,,_; - cos ¢, and

by repeated application of this result we find for the volume the expression

7—'1,1-' TXy - Tpoi Xy v - ToXa - OTy cOs ¢y O3 Gy« - - COS g,

Let us denote OT, by x,, OT; by %, - - - OT,-; by #x,-, and the area of
any triangle with sides «, b, ¢ by the symbol (e, b, ¢).

Then
X 2 (an-l- Ay, % )
1> Yy Va2 —2
TﬂXﬂ = X
7=-2
e, 2("%—2: X = 3 aﬂ“l)
T?ZIXﬂ" 1 X
-3
5 2 (ay a5 %y)
T,%, = 2
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The volume of the simplex OT,T, - - - T, 1s therefore given by
271——1 (f[_?f"_,'*'_lwiwaﬂ’ xu—z) (xn-—zr X~ 3> a?l“l) I (‘11’ g, xl) %
77/! .”Glx2 ¢t x”._.z
COS ¢, COS by q * * + COS P,
We see at once that the lower bound of the volumes of all such simplexes
is zero, because any one of the angles ¢, ¢4+ - + ¢, or all of them can be

made as nearly equal tog as we like. We also see at once that in the

maximum simplex, all the angles ¢,, ¢,y - - - ¢5 are zero. In other words,

-
going back to the vector notation, since OT, = A,’, etc.,, we see that
> > > > ->
(AAs T and [Ag', AT + AY]
are perpendicular to each other, the vector products being defined in the

. > > >
space given by A,’, A,’, A,

Instead of taking the simplex in the order OT,T, - - - I, where
> -> "
OT,=A,’, OT, = A,’, etc., we could form another simplex OT,"T," - - - T,/

> -
such that OT," = A,, OT, == A, etc., and it is easy to see that
Volume (OT," - - - T,/) = Volume (OT, - - - T})

and we get for the maximum simplex corresponding conditions. Therefore

for the maximum simplex, all the conditions are given by the following :-—
> > -> -> > '
The vectors [A,/A[], [A), A/ + A/} should be perpendicular to each

-

-
other, the vector-products being defined in the space given by A,’, A/, K 5 -

Vi

In the first papers of ours published in the previous number of these
Proceedings we showed that for the maximum simplex with given faces,
opposite edges are mutually perpendicular. This follows at once from the

) > ->
above if we go back from the vectors A,’ to the vectors A,.

4, We shall now prove that the maximum simplex OT,T, . - - T,
with given sides OT, = a,, etc., is unique.

Sufficient amount of complexity is introduced if we restrict ourselves
to b dimensions, the proof for #» dimensions being the same as for 5.
Let the maximum simplex be OT,T, - - - T; where OT, = a,, OT, = a;,
. OT5 = ae.
Let OT, =%, OT; =y, OT, =2. Then the volume of the simplex is

Vv — K- (a10,%) (%asy) (vasz) (zasaq)
XYz ’
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where X is a constant.

V2 oo ge. U8 gl — N {xt (@) —ap)) - -
xzyzza

N
.

Put x* = u, y* = v, 2> = w and designate (a,a,%)® by [a,a,u], etc. We shall
prove that log V is a convex function of (#, v, w).
Now 2 log V = constant + log [a;, a5, ] + log {{uasw]/u} + log {[va,w]/v}
+ log {[wasas)/w}.
It is easy to prove that if f (4, v, w) is convex so is also log f (u, v, w). We
now prove that [a,a,1] is convex ; for
[masu] = K {(a, + @) — u} {4 — (2, — a))*}, [K = 4] and so

by

-

- laq, aq, u] < 0.
ciuz[l’ 2

Similatly [wasae)/w = Kw™ {{a5 + ag* — w} {w — (a5 — ag)?}
. 2 _ 2
— A + Bw — _Ig_ggéi{[%)&_(fz_s - ?«G};.

9

&

dw?
Consider now f == u~1 [ua,v]
K {1 — (a5 — Yo} (e + VIR —u)

{[wa,,ad w*l} <0,

1
[t ey — VR ey + V) = (a2 =9 K
2
2 _ )2
= [~— w+ 2 (agt +v) — __(“s,uj{) ] K
Loy afef—or 192 L _ ety
Ko~ o Ko o’ Kouwdv u®

so that

¥ ¥ _ _bifﬁ,_)z

du® dv? dudv/ *
The quadratic form formed by the second partial differential coefficients
of the logarithm of each of the functions is therefore negative definite and
hence log V is a convex function of #, v, w. Now in the maximum simplex

V. dV v .
R e 2 S bx f .
S 5u  dw 0 (th= angles é;, B4, ¢5 being zero as before). The range of

admissible values of %, v, w forms a continuum X. If there are two
maxima in the continuum at P, and P, we can join P,P, by a curve I, lying
in K and in that curve there must be a2 minimum of log V for varia-
tions along I. But that is impossible since the quadratic form of the
second order differential coefficients of log V is negative defimite.
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This therefore proves that the maximum simplex is unique. Going

back from the simplex OT,T, - - - T, to the simplex OP,P, - - - P, we
can state the theorem as follows :—

(1) All the stationary simplexes OP,P, - - - P, having given volumes
[(n — 1)-dimensional] for its faces are orthogonal (vide also K. S. K. Iyengar’s
paper on this in the preceding number of the Proceedings).

(2) There is only one such orthogonal simplex which is the maximum.

5. We will now shew that, by this method of ours, we can prove
a result of Steinitz that if the sum of the four areas of a tetrahedron be
given then the tetrahedron has maximum volume when all the faces are
equal and it is regular (tncidentally orthogomal). This result could be easily

generalised to # dimensions. As the method is the same for all dimensions
we will give here a proof for 3 dimensions.

F1G. 2.

Adopting our old notation, if the volume of the tetrahedron OP,P,P,
with given areas a, b, ¢, d for its faces be V, then V2 = ¢ V,

where V = volume of (OT,T,T,) in our usual notation.
Let V be the volume of the maximum simplex with sides a, b, ¢, d.
Then
v — K. (area OT,T,)- (area OT,T,)
OT,
_x (@, b, x) (c, d, x) )
x
[Note that x is a function of a, b, ¢, d and that the angle between the
planes OT,;T,, OT,T, is 721]
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Let us now deform the triangle OT,T, to another OT,"T, such that
OT," =T,Ty and OT," + T,'T, =a + D,
(T, being in the same plane OTT,).
Then the volume of the simplex OT,"T,T,

(5L L ) (eas)
2 ) 2 ) ) "y

X

> Volume OT,T,T,

(a —I— Z)a 4 + b: x) } ((Z, b, x).

since

2 2

It therefore follows at once that of all the tetrahedra OT,T,T; such that
OT, + T,T, + T,T3 4+ T,0 = 4a, the one for which

(1) OT, =TT, = - - - =a,

(11) the angles between the planes (OT,T,, OT,T,) and also the angles

between the planes (OT,T;, T,T,T;) are right angles

is the maximum. Going back to the original tetrahedron OP,P,P, the
maximum tetrahedron is readily seen to be a regular one,



