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Abstract. Let 7 C R be a countable set, not necessarily discrete. Let f,,t € T, be a
family of real-valued functions defined on a set 2. We discuss conditions which imply
that there is a probability measure on €2 under which the family f;, ¢ € T, is a martingale.
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0. Introduction

The purpose of this paper is to discuss measure free martingales when the indexing set is
an arbitrary countable subset of the positive real numbers. Measure free martingales were
considered in [4], where the case when the functions take finite number of distinct values
and the indexing set is the set of natural numbers was discussed. The case of general Borel
measurable functions, but with natural numbers as the indexing set was discussed in [1].
The method of these papers does not carry over to the case of continuous parameter, and,
weak convergence has to be considered before a measure is constructed with respect to
which the the measure free martingale is a martingale.

Let 2 be a non-empty set, and 7 a non-empty subset of [0, 00). Let f;,t € T, be
a family of real-valued functions on €2 indexed by T. For each t € T, the collection
{ ft_1 (a): a € f;(K2)} is a partition of 2 which we denote by Q. For each linearly ordered
finitesubsett] <t < --- <ty of T',1et Qy, 1,.....s, denote the superposition of the partitions
Qq.i =1,2,...k. If ¢ € Q4 1,,...4» then the functions fi, f,, ..., fi, are constant on
q. In particular f;, is constant on g. We will write this constant as f;, (g). Note that if
t ¢ {t1,t,..., 1}, in particular if r > #, then f; need not be constant on g. We say that
fi.t € T, is a measure free martingale if for any ordered subset #; < t» < --- < tx41 of
T and for any g € Qy, 4.1, the value f;, (g) is in the convex hull of the values assumed
by fi.,, on g, equivalently, if f;  , does not assume value f;, (g) as one of its values on g,
then on g, f;, assumes values both less than and greater than f; (q).

The following theorem is a consequence of our considerations in this paper.

Theorem. Let 2, f;,t € T, be a measure free martingale where T is countable and each
[t is bounded. Assume that the functions f;,t € T, separate points of Q2. Then there is
a compact metric space Q' in which Q is densely embedded, and there exist continuous
functions f].t € T, defined on ', such that (i) for each t, f extends f, (i) f/,t € T, is
a measure free martingale, (iii) there exists a probability measure |1 on Borel subsets of Q'
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with respect to which f/,t € T, is amartingale, i.e., for any finite subsett| <ty < --- < I
of T,

E/L(ftk|f11’ f129 ] ftkfl) = flkfl a.ce.

Let M denote the set of probability measures u on €' such that f/, r € T, is a martingale
with respect to i Note that we have not assumed any continuity properties for f; (w), ¢ € T,
or f,/ (w),t € T, as a function of t. However, it follows as a consequence of martingale
property of f/,t € T (with respect to any u € M), that there is a set N, null with
respect to every i € M, such that for all o € Q@ — N, f/(w),t € T, as a function
of ¢, admits left and right limits at all limit points of 7 where these limits make sense,
and at points where left and right limits exist they agree ouside possibly a countable set
(see [2,3]).

It is understood here that we speak of left limit of the function, fl’ (w),t € T, only at
those points in the topological closure 7 of T, which are limit points of 7' from the left.
Similarly the right limit of f/(w), t € T, makes sense only at those points in T which are
limit points of T’ from the right. Also the equality of left and right limit of f/(w),t € T,
makes sense only at those points in 7 which are limit points of T from both left and right.
Let €29 denote the set of points @ € Q' for which the left limit f; (@) and right limit ft/+ (w)

exist at each point ¢t € T where these limits make sense. Then w(Qo) = 1forall u e M.
For each w € Qq, for t € T — T which is a limit point of T from the right we define
f{(w) to be equal to lims—; 5> ser fi(w). If t € T is a limit point of 7 from the right we
redefine f/(w) to be equal to the right limit limg— s> se7 fy (). If t € T — T is a limit
point of T from left but not from the right then we define f,’ (w) = limg_5; st seT fs’ (w).
This extends function f/(w),t € T, to T and modifies it at those points in T which are
limit points of T from the right. The resulting function, which we continue to denote by
f,/ (w),t € T, is right continuous and also admits left limit where they make sense. This
modified and extended function is called the right continuous modification of the original
function. In case T is the set of rational numbers then f[’ ,t € T = R, is a continuous
parameter martingale for every u € M.

Assume that T is the set of rationals in a bounded closed interval [a, b] with a, b rationals.
Let (1'[,,);’10=1 be a refining system of partitions of [a, b], [1, = {a =ton < t1.n < 2y <

- < tg,.n}, such that maxi<;<k, (4, » — ti—1,,) — 0. Let @ be in Qp. Write

k71
g, T,) =Y (ff (@) = f, | (@)

i=1

Although each g(w, I1,) is finite, it is not a priori obvious that lim sup,,_, ., g (w, I1,)
is finite for a ‘large’ set of points @ € €. However, the right continuous modifica-
tion f/,t € [a,b] discussed above is a square integrable martingale with respect to
every 4 € M, and it follows by a theorem of C Doleans-Dade that the sum ¢(-, IT,)
converges in L norm with respect to every u € M (see [2]). Hence the set of points
Q0 = {w € Qp: limsup,_, , g(w, I1,) < oo} has full measure with respect to every
nweM.

In §1 we define filtration as a refining system of partitions on a set €2, and neat filtration is
one where each decreasing system of non-empty elements from the filtration has non-empty
intersection. In §2 we define analytic filtration and the associated system of o -algebras
and show that if such a filtration is also neat then the union o -algebra is also of analytic



Measure free martingales and martingale measures 657

type. Every analytic filtration can be embedded in a neat analytic filtration, and there is
a related result ‘embedding’ a finitely additive measure in a countably additive measure.
In §3 a natural extension of the domain of measure free martingale is discussed. In §§4 and
5 martingale measures are constructed for a measure free martingale when the indexing
parameter set is finite or discrete. Section 6 discusses weak limits of martingale measures
and then the main result is proved in §7 where a martingale measure is exhibitted when
the parameter set is arbitrary countable subset of [0, 00).

1. Filtrations

Let 2 be a non-empty set. Any collection Q of subsets of €2 such that any two distinct
elements of QQ are disjoint and the union of elements of Q is all of 2 is called a partition
of Q.

It is clear that a partition of a set 2 can not contain more non-empty elements than the
cardinality of €.

Let {A], As, ...} be a countable number of non-empty sets in 2. Write A = A, A! =
Q — A. For each sequence € = (€1, €3, . ..) of zeros and ones consider the set

A(e) = N2 A,

It is easy to see that if € # €/, then A(¢) N A(¢’) = . For a given w € L, write €, (w) =0
or €;,(w) = 1 according as w € A, or w ¢ A,. Then, clearly w € A(e(w)), where €(w) is
the sequence (€, (w)); . Thus the collection {A(€): € € {0, 13N} forms a partition of 2.

A partition Q of €2 is said to be countably generated if there exist countable number of
subsets A1, As, ... of Q such that Q = {A(e): € € {0, 1}IV}.

The partition of the real line into singleton sets is countably generated, for example, by
intervals with rational end points. Consequently, any partition QQ of a set €2 into ¢ many or
fewer sets is countably generated. Simply define a real-valued function, say f, on 2 which
is constant on non-empty members of the partition and assumes distinct values on distinct
non-empty elements of Q. Then the collection { f ~! (1)} where I runs over intervals with
rational end points generates the partition Q. It is also clear that if 2 has cardinality ¢ or
less, then any partition of €2 is countably generated.

Given partitions Q1 and Q;, Q, is said to be a refinement of Q if every element Q; is
contained in some element of Q.

DEFINITION 1.1

Let T be a non-empty subset of [0, 00). A family {Q;,? € T}, of countably generated
partitions of 2 is called a filtration on Q if s, € T, s < ¢, implies that Q; is a refinement

of Q.

Remark. This definition of filtration is different from the usual one where one calls a
family F;,t € T, of o-algebras a filtration if F; C JF;, whenever s < ¢. If each F; is
countably generated and if Q; is the partition of €2 given by a countable set of generators
of F;, then Q;, t € T, is a filtration in our sense.

DEFINITION 1.2

Foreacht € T, letq; € Q;. The family ¢;, t € T, is said to be decreasing if s < 7 implies
q: C g5 and the filtration is said to be neat if for every such decreasing family of non-empty
sets Nrerqr 7 0.
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Given a filtration Q;, ¢ € T, one can embed 2 in a bigger set &’ in a certain minimal
way, and equip Q" with a neat filtration Q;, € T, such that for each ¢, Q| = Q;. One
simply adds to 2 as new elements each decreasing family (g;), t € T, of non-empty sets
with empty intersetion and calls the new set Q. If we add the new element (g;);c7 to each
g1, and call the new set g;, then Q; = {g;: g, € Q,} is a partition of €’ and the family

', t € T, is aneat filtration on Q' which satisfies Q}|q = Q; for all t € T. We will call
this embedding the minimal neat embedding of the filtration Q;, ¢ € T.

2. Filtrations and analytic Borel spaces

Let [0, 1] be equipped with its Borel o -algebra, denoted by B. A subset A of [0, 1] is called
analytic if it is the image of a Borel measurable function from [0, 1] into [0, 1]. Analytic
subsets of [0, 1] have the following interesting property: Let A C [0, 1] be analytic. Restrict
B to A. Denote it by B4. Let Aj, A, ... be a countable collection of sets in B4 which
generates the partition of A into singletons. Then the o -algebra generated by Ay, Ag, ...,
is same as 34. This observation is independently due to David Blackwell and G W Mackey
(see [6]).

Let Q be a partition of a set €2 into c-many or countably many sets. Let f be a function
on 2 whose image is an analytic subset A of [0, 1], which is constant on members of Q
and assumes distinct values on distinct members of Q. In other words, f is such that

Q={f"(xh: x € A}

Consider the o-algebra f~!(B,) on Q. In view of the result of Blackwell and Mackey
mentioned above, it is clear that any countable collection of subsets in f~!(B4) which
generates (Q also generates f~!(B4). The o-algebra £~ (B4) on Qs called analytic type,
where f: Q — [0, 1] is such that its image A = f(2) is an analytic subset of [0, 1]. The
elements of Q are called atoms of the o-algebra f~!(B,).

DEFINITION 2.1

Afiltration Qy, ¢t € T, is said to be of analytic type if there is an increasing family 7;, t € T,
of o-algebras on €2, each of analytic type and such that for each ¢t € T, any countable set
of generators for F; also generates the partition Q;.

If we have an increasing family 7;, ¢ € T, of countably generated o -algebras on a set
Q, and if Q; is the partition of €2 into atoms of F;, then we call the filtration Q;,¢ € T,
the filtration associated to the family F;,t € T.

Theorem 2.1. Let T C [0, 00) be countable. Let F;,t € T, be an increasing family of
o-algebras on Q each of analytic type. For each t € T, let Q; denote the set of atoms
of F;. If the filtration Q;,t € T, is neat, then the o-algebra generated by U;c1 F; is of
analytic type.

Proof. We will assume that € is a subset of R and for each ¢ € T, F; is the o-algebra
generated on 2 by the co-ordinate maps mg, s < t. The general case can be reduced to
this. The assertion that F; is of analytic type means that the canonical projection of 2 onto
RIOAOT say A, is analytic. Let J; denote the canonical projection from R” onto RI%-/INT
The hypothesis that the filtration is neat is equivalent to saying that

NerJ7 1A, = Q.



Measure free martingales and martingale measures 659

Now each A; is analytic, hence J,_IAI is analytic in R”". Since countable intersection of
analytic sets is analytic we see that the left-hand side of the above equality is analytic,
hence the right-hand side is also analytic. This completes the proof of the theorem.

Example 2.1. The requirement in the above theorem that the Q;,¢t € T, be neat can
not be dropped as the following example shows. Let 2 be a non-analytic subset of
{0, 1} equipped with the o-algebra C|q. Let f; denote the projection map to the i-th
co-ordinate space of {0, 1} restricted to € and let F; be the o-algebra on Q generated by
fi, fa, ..., fi.-NowletT = {1,2,...}. Theneach F;, t € T,1is of analytic type since each
F;: has only finitely many elements, while U;c7 F; generates C|q which is not of analytic

type.

Let 7;,t € T, be an increasing family of o-algebras on a set €2, each of analytic type.
For eacht € T, let Q; denote the set of atoms of F;. Since Fy; C F; whenever s < ¢, we
have Q; refines Qs whenever s < . For each r € T, let u, be a probability measure on
Fi, such that p;| 7, = ps, whenever s < ¢. On the algebra Ay, = User F; one can define
a finitely additive measure u by setting £t (A) = u;(A) whenever A € F;.

Kolmogorov consistency theorem (Descriptive set theoretic version). If the filtration
Qr,t € T, is neat, then p is countably additive on Ao, so it extends to a countably additive
measure [Loo to the o-algebra F generated by Acc.

We refer the reader to [5] for a proof of this theorem.

If the filtration Q;, t € T, associated to F;, t € T, is not neat, then we can enlarge Q2 to
a set ' as described above in a certain minimal way and obtain a new filtration Q;, teT,
on €', such that foreach r € T, Q)| = Q. Note that for each ¢, ¢; C ¢/ and the mapping
which sends ¢; € Q; to ¢; € Q; is a bijection which defines a natural o -algebra F, on Q'
which is isomorphic to F;, hence of analytic type. The measure u; gives rise to a measure
w; on F such that u;|q = .. We also have F/|q = F;. Also ju;| 77 = p§ whenevers < t.
Since the filtration Q;, t € T, is neat, the naturally defined finitely additive measure '
defined on A/, = U,erF] is countably additive and so has a countably additive extension
Mo, to the o-algebra F. generated by A . For any A € Ay, there is an F; to which
A belongs. The set A is a union of certain set of elements g; € Q. The union of the
corresponding ¢, € Q is the set A’ € F' associated in a unique manner to A, and we
have u(A) = /(A’). With these notations in mind, we have proved the following.

Theorem 2.2. Let (2, F;, us), t € T, be a family of probability measures indexed by a
countable set T C [0, 00) such that (i) F;,t € T, is an increasing family o-algebras
of analytic type, (ii) the family of measures ;,t € T, is consistent in the sense that
WelF, = s, whenever s < t. Then there is a unique countably additive probability
measure u, on (', F..) such that for each A € Ao, t(A) = pl (A). (', FL) is of
analytic type.

Example 2.2. Let Q2 = the set of rational numbersr, 0 <r < 1,Q, = {[25,,, "Z#)msz: 0<
k<2"—1}, Mn([zﬁn’ kztl)ﬂQ) = 2%,0 <k < 2" —1.Let F, be the o-algebra generated
by Q,. Then the sequence (2, F,,, un), n = 1, 2, ... satisfies the hypothesis of the above
theorem. The measure 11 on Ay = U2 | F, is only finitely additive and has no countably
additive extension to Q. However, Q' = [0, 1], }"éo is the Borel o -algebra of [0, 1], and
1l = Lebesgue measure on [0, 1].
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Let S be a subset of RT. Let A be countable ordered set and for each a € A, let T, be
a subset of T such that (i) 7, C T whenever a < b, (ii) Uy,caT, = T. Let 7, denote the
canonical projection from R onto R’«, and let S, denote 7, S.

Theorem 2.3. Nyecam, IS)=S.In particular, if S is closed then Nyeam, 1 (Ea) =S.

Proof. Clearly S c T, 1(S2), s0 S C Nge AT, 1(S,). To show the reverse inclusion,
let w € ﬂaeAna_l(S_a). We show that w is in S or a limit point of S. Fix #1, %, ..., %
in T. Let U; be a neighbourhood of wy,, the #;-th co-ordinate of w, 1 < i < k. Then
Up x Uy x - x Uy x RTon.8d — 7 (say) is a neighbourhood of w. Let a be such
that T, contains 1, 72, . . . , . Since T, € Sy, there exists @’ € S such that 7,0’ € 7, U.
Since 7, l7,U = U, ' € U. Since U is an arbitrary basic neighbourhood of w, we see
that @ € S, and the proposition is proved.

Let Qg4, F4, a € A, be respectively the partition and the o-algebra generated on S by
the co-ordinate functions f;,t € T,. If S is closed in RT then the filtration Qu,a € A,is
neat. This is a consequence of Proposition 2.3.

Suppose (€2, B) is a standard Borel space and F;,t € T, is an increasing family of
countably generated sub-o algebras of B. Then the partitions Q;, r € T, is a filtration on
Q, Q; being the set of atoms of F;, t € T. Moreover, for each t € T, the collection of sets
A € B which are unions of atoms in Q; is precisely the o algebra F;. So, in such a case,
where all the F;,¢ € T, are countably generated and contained in B, they are uniquely
determined by partitions their atoms generate, and so there is a one-to-one correspondence
between F; <> Q;,t € T, and one can call F;,t € T, a filtration on 2.

3. Measure free martingales

Let 2 be a non-empty set, and 7" a non-empty subset of [0, 00). Let f;, t € T, be ameasure
free martingale indexed by T (see Introduction). We will make the simplifying assumption
that the measure free martingale f;, ¢t € T, separates the points of 2 which means that
given w1, wy € Q there is at € T such that f;(w1) # fi(w2). As a consequence the

mapping ¢:
¢ () = (fi(@)ier, €,

is a one-to-one mapping from € into R”. Without loss of generality we can replace 2 by
$(Q)and f; by fiop™ ! =m, lp(),t € T, where 7, is the canonical projection from RT
onto the ¢-th co-ordinate space. Unless otherwise mentioned, €2 will be a subset of RT and
/¢ will mean the restriction of m; to 2. The system (2, f;, ¢ € T) will be assumed to be a
measure free martingale.

Let (2, f;,t € T) be a measure free martingale, with T assumed to be countable. Let
Q(r) denote the partition of 2 generated by the functions fy, s < r. Then Q(¢),t € T,
is a filtration on Q. For each t € T, let J; denote the canonical projection of R” onto
RIs* s=15€T} Ttis easy to see thatif g, € Q(t),¢ € T, adecreasing family with each ¢; non-
empty, then Nyer J,_1 {g;} is a point of R7 which may or may not be in Q2. We enlarge 2 by
adding to €2 all such intersections N;e7 J[l {g:} of decreasing family g; € Q;, t € T, each
q: being non-empty. Call the new set € which embeds Q. We define f](N;er Jt_1 {g:}) =
f5(gs). This extends f; to €. It is easy to check that (2, f/, ¢ € T) is a measure free
martingale whose restriction to €2 is the original measure free martingale, and the filtration
associated to f/, ¢ € T is neat.
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DEFINITION 3.1

A measure free martingale f;, t € T, is said to be bounded if each f; is bounded, although
the bound may be vary with 7.

Theorem 3.1. If (X2, fi,t € T)isa bound_ed measure free martingale, then (5, fi,teT)
is also a measure free martingale, where S is the closure of Q in RT under the Tychonoff
topology and where f;,t € T, are to be regarded as the maps m;,t € T, restricted to 2.

Proof. Lett) <th < - <ty <tfry1inT, q € @tl,tz,...tk be given, where ©ll>12y-»-lk is
the partition of & generated by the functions Sfus foos o5 fy- Let @ be a point in g. Then
there exists two sequences (wy, ,');’o: 1»1 =1,2 of points in €2 such that

flon) > fy@),1<j<ki=12

while ftk+1 (a)n,l) = ftk (wn,1)9 ftk+1 (wn,Z) = ftk (wn,Z)'

Any limit point # (which exists, since the measure free martingale f;, r € T, is bounded)
of (w1 )20:1 will be in g and satisfy f;, ., (u) < fy, (u), while any limit point v of (a),,,z)fl‘”:1
will be in g and satisfy f;, ., (v) > f;, (v).

Thus f3,(g) is in the convex hull of the values assumed by f;,,, ong. This proves the
theorem.

This proves a part of the theorem stated in the Introduction.

4. Measure free martingales and martingale measures (The case of finite 7')

Let (X, B3, ) be a probability space. Let T C [0, co) be non-empty. A family f;, ¢ € T,
of random variables defined on this space is said to be a martingale if £, (f;) < oo for
each t € T and for each finite subsett; <th < --- <, of T,

En(fulfus froroos fuoy) = fuoy ae.

This definition of martingale is equivalent to the usual one in which the conditional
expectation is taken with respect to an increasing family £;, t € T of o-algebras.

When T is countable it is easy to see using regular conditional probabilities that there is
a pu-null set N such that the martingale f;, r € T, is a measure free martingale on X — N.
The rest of the discussion in this paper is devoted to proving a converse of this.

PROPOSITION 4.1

Let (2, B) be a standard Borel space and let QQ, C be respectively the partition and
the o-algebra generated by a countable collection of sets in B. Let A be the o-algebra
generated by analytic subsets of 2 which are unions of elements of Q. Let f and g be
respectively B and C measurable real valued functions on Q such that for each q € Q,
g(q) is in the convex hull of the values assumed by f on q. Then there exists a transition
probability v(-, -) on B x Q such that for each A € B, the functionv(A, -) is A measurable,
while v(-, q) is a probability measure on 1B supported on at most two points of q satisfying

4@ =ff(w>v(dw,q>, Vg € Q.
q
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Proof. The sets
Si={w e f(o) =g(@)}, $H={we g = flo),

are in B. For each g € Q, since g(g) is in the convex hull of the values assumed by f on
g, both §1 and $> have non-empty intersections with g. By the von-Neumann selection
theorem (see p. 199 of [6]) there exist coanalytic sets C; C S;, C2 C > which intersect
each ¢ € Q in exactly one point. For each ¢ € Q, let

wi(q) = CiNg,w(q) =C2Ng.

Then

fw1(g) = 8(q) = fwaA(q)),

so that the middle real number g (g) is aunique convex combination of f(w1(q)), f(w2(q)).
If f(w1(q)) = f(w2(q)) = g(g) write pi(q) = 1, p2(g) = 0, otherwise write

flon(g) — g(g) pa(q) = g(q) — fwi(q))
@) — floiq) f@2(9) — f(wi1(q)

pi(q) =
Then

p1(q) f(w1(q)) + p2(q) f(w2(q)) = g(q).

For each ¢ € Q, let v(-, g) be the probability measure on g with masses p(q), p2(q)
at w1(q), wz2(q) respectively. The sets Cy, C, are co-analytic and functions f|c,, flc,
are B|c,, Blc, measurable respectively, whence p1(-), p2(-) are A measurable. For any
A€ B,and g € Q,

v(A, q) = pi(@1a(wi(q)) + p2(g)1a(w2(q)),
whence, for each A € B, v(A, -) is A measurable. The proposition is proved.

The above proposition is borrowed from [1]. It is reproduced here with proof since we
need the considerations in the sequel.
Let v be a probability measure on C and let u be the measure on B defined by

p) = [ v ).
Q
The expected value of f with respect to w is the expected value of g with respect to v
which is the same as the expected value of g with respect to u, since | = v and g is C

measurable.
Now

variance( f) = /Q(f(a)) — E(9))*n(dw)
- /Q ( / (F(@) — 2@+ (2(q) — E(g))?
q

+2(f(w) — g(@))(g(q) — E(g)))V(dw, q)u(dg)
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Since fq(f(w) — g(g))v(dw, g) = 0, for each g € Q, we see that

variance( ) = variance(g) —i—/ </ (f(w) — g(q))2v(da), q),u(dq)) .
Q2 \Jgq

Thus, the variance of f with respect to u exists if and only if the variance of g exists and

/Q ( / (f (@) — g(@)*v(do, q)u(dq)>
q

is finite, which is the case, for example, if w;(q), w2(g) can be chosen such that g(g) —

f(w1(q)), f(w2(q)) — g(g) remain bounded as ¢ varies over Q.
Note that with respect to the measure v(-, ¢) constructed in Proposition 4.1, above,

/(f(w) — (@)’ v(dw, q) = (f (@2) — g@))(8(q) — f(@1(9))).
q

If for each ¢ € Q, the points w(g), w2(q) can be chosen in such a way that
(f(@2(q)) — 8(@))(g(g) — f(@1(q)))

is a constant, say ¢, independent of g, then
variance( f) = variance(g) + c.

We will use the above discussion in a while.

Let 2, f;,t € T, be a measure free martingale, where 7 = {t] < tp < --- < fr4+1} 18
a finite set. Assume that 2 is a Borel subset of R7. For 1 < i < k, let Q;, C; denote the
partition and the o-algebra generated by f;,, fi,, ..., f;. These are of analytic type since

fi,t € T are Borel measurable functions on a standard Borel space. Fix a probability
measure w1 on Cy, and let v (-, -) be a transition probability on C; x QQ; such that for each
q €Q,

/ftz(w)vl(dst) = f,(q) ae.
q

This is possible by Proposition 4.1, since, by hypothesis, the value f;, (¢) lies in the convex
hull of the values assumed by f;, on g. For A € C>, write

u2(A) = / vi(A, g)p1(dg).
Q
Then ., is a measure on Cy, such that u2le, = m1, and

E}Lz(ffz|cl) = ftl-

Again, since f;,t € T, is a measure free martingale, for any ¢ € Qa, f,(g) lies in the
convex hull of the values assumed by f;; on g. Hence by Proposition 4.1, there exists a
transition probability v, (-, -) on C3 x Q7 such that if

s = fg b2, I pa(dg),
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then w3 is defined on C3 and

EMS(ff3|C2) = ftz a.c., H‘3|Cz = 3.

Proceeding thus, after k steps we get a measure k| defined on Cr4 with respect to
which the measure free martingale f;, ¢t € T, is a martingale.

Let us continue with the setup of the above paragraph. Let u; denote the measure defined
on C; with respect to which the functions f;,, fi,, ..., f;, form a martingale and let v; (-, -)
be the transition probability on C;+1 x Q; satisfying

/ft,‘+1(a))vi(dwv Q) = fl,‘(q)v q € Qi'
q
Suppose for each i, 1 <i <k, and for each g € Q;,
/(ﬁ,-+1(w) — fi(@)vi(dw, q) = tiy1 — 1.
q

Such is the case, for example, if for each i and for each ¢ € Q;, f; 41 assumes two
values on g, say a and b, such thata < f;,(q) < b,

(fu(@) —a)(b = f1,(q)) = tit1 — ti,

and v; (-, g) is defined using these values. With such a choice of v; (-, ), 1 <i <k, and if
the variance of f;, exists with respect to w1, then the variance of f;, exists for each i and

variance(fy,,, — fi;) = tiv1 — t;, variance( f;) = variance(f;,) +t; — t1.

DEFINITION 4.1

Let f;,t € T, be a measure free martingale, where 7' C [0, 00), not necessarily finite or
countable. We will say that f;,r € T,isniceif foreachk tupler; <tr < --- <t of T,
foreachi,1 <i < k — 1, for each ¢ € Q; (= partition given by f;,, fi,, ..., fi;,) St
assumes two values a;, b; on g, a; < f1,(q) < b; such that

(fi(q@) —ai))(bi — f1, (@) < P(tiy1 — 1),

where ¢ is a function on positive real numbers such that

k
D b —tin)
i=2

admits a finite upper bound depending only on #; — #; and not on k.

If for each i, 1 < i < k, the values assumed by f;,,, on distinct elements g of Q; are
disjoint, then any ¢ € Q; is completely determined by f;, (¢) and so every martingale
measure g, for fy, fi,, ..., fy,, is also a Markov measure in the sense that functions
fus fos ooy fi,, Torma Markov chain. (Indeed, f;;, 1 <i < k+ 1, forms a Markov chain
with respect to any probability measure on Cy1.)
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‘We now give a less trivial condition under which a martingale measure for f, f5,, ...,
S, can be chosen to be Markov. Fix i, fix ¢ € Q;, and write a = f;,(¢). Let

Ag=1{p € Q: fi,(p) = fi(q) = a}.
Sa, = Npea, iy (P) N (=00, al}, $% = Npea, { fir,, () Na, 00)}}.

Ifforeachi, 1 <i < k,foreachq € Q;, SAq and $44 are non-empty, then one can choose
transition probability v; (-, p) in such a way that f;, |, induces the same distribution on
R for all p € Ay, so that this distribution depends only on f;, (¢), and not on g. With such
achoice of v;(-,¢), 1 <i <k,q € Q;, f1,, frs .- -+ ft,41 1s a Markov chain with respect
to (41, apart from being a martingale. In particular, if for each i, there is an open interval
I containing a = f;,(g) such that I C f,  (p) for all p € Ay, the above condition will
be satisfied.

5. Measure free martingales and martingale measures (Discrete parameter case)

Let (2, f;,t € T), be ameasure free martingale, where T = {f; < f, < ...} is an infinite
subset of [0, 00) without any limit points. Assume that 2 is a Borel subset of R”. For
1 <i < 00,letQ;, C; denote the partition and the o -algebra generated by f,, fi,, ..., fi-
The filtration Q;,i = 1,2, ... and the o-algebras C;,i = 1,2, ... are of analytic type.
By the discussion of the last section, for each i we get a probability measure u; on C;
such that f,, fi,, ..., f;; is a martingale with respect to u;. Moreover, uit1le, = Wi,
so that the family of measures u;, 1 < i < oo is consistent. Assume any one of the
following: (i) filtration Q;, t € T, is neat (otherwise we could replace €2 by its minimal neat
embedding, and modify f;,t € T, accordingly), (ii) €2 is a closed subset of R7 (so that by
Theorem 2.3, the filtration Q;,7 = 1,2, ... is neat). Then by Kolmogorov’s consistency
theorem there is a probability measure (o, on o-algebra Co, generated by U;c7C;, such
that ueole, = wi. Thus the measure free martingale f;,t € T, with T discrete, admits a
measure with respect to which it is martingale. Further the discussion of the last section
as to when the variances exist, or when the process is a Markov process carries over.

6. Weak convergence of martingale measures

If 14, a € A, be a family of probability measures on Borel subsets of R¥ such that means
and variances of the co-ordinate random variables exist with respect to each 1, and remain
bounded as functions of a, then the family 14, a € A, is tight. This is an easy consequence
of Chebyshev’s inequality. Further if X,,a € A, is a system of random variables with
values in R¥ defined on a probability space (Y, B, 1) such that for each a € A, X, has
distribution p,, then, since the means and variances of u,,a € A, remain bounded, the
family X,, a € A, is uniformly integrable (p. 629 of [3]).

Let (un)52 ; be a weakly convergent sequence from this family whose limit we denote
by 1. Then the sequence of marginal measures of 1, on a given subspace of R¥ converges
to the corresponding marginal of p. Assume that the co-ordinate functions

fixr,x2, .o ) =X, (1, %2, .., x0) €RN i =1,2,.00k

form a martingale with respect to each p,,. Then they form a martingale with respect to .
We see this as follows: Since for each i, the expectation and variance of f; with respect to
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U, remain bounded as a function of n, and since w, converges weakly to u, using uniform
integrability mentioned above it can be shown that

/fidun—>/ fidpu.
R Rk

So the expectation with respect to u exists for each co-ordinate random variable f;.
To verify the martingale property of the co-ordinate random variables with respect to u, let
C; be the o -algebra generated by f1, f2, ..., fi, 1 <i < k.Let B be a Borel set of positive
(1 measure in this o -algebra whose boundary has u measure zero. Then, p,(B) — w(B),
and LB (gg' converges weakly to le“ . Since the co-ordinate functions obviously have

bounded means and variances with respect to these measures also, we see that

1
i (B) /ﬂ;k fixr1lpdp, — m/ﬂak Sir11pdpu, )]

1 1
1pduy, _— i1pdpu. 2
;mm@fB“ﬁmmAJB“ @

Since the co-ordinate functions form a martingale with respect to each w,,, we have

[hﬂw=/ﬁ%=/1MMMﬁ/le=/ﬁW-G)
B B Rk Rk B

Since the collection of sets B in C; whose boundaries have © measure zero generate C;,
we see that (1), (2) and (3) together imply that the co-ordinate functions form a martingale
with respect to ;. We have proved:

Theorem 6.1. Let iy, a € A, be a family of probability measures on R* such that the
co-ordinate random variables have mean and variance with respect to each g, a € A,
and these means and variances remain bounded. Assume further that the co-ordinate
functions form a martingale with respect to each (,. Then the co-ordinate functions form
a martingale with respect to every measure in the weak closure of the family i , a € A.

7. Measure free martingales and martingale measures (The general case)

Let T be a countable subset of [0, 00), not necessarily discrete. We will assume that0 € T'.
Let  be a closed subset of R” equipped with the Tychonoff topology, and assume that the
canonical projection maps f;, t € T, restricted to 2 form a measure free martingale. Our
aim is to obtain a probability measure on Borel subsets of 2 under which f;,# € T,is a
martingale. Since T is no more assumed to be discrete, the method of §5 does not work, and
weak convergence of martingale measures has to be brought into consideration. Further,
some conditions which guarantee tightness of measures constructed need to be imposed.

Let T, T», ... be an increasing family of finite subsets of 7' with their union equal to T'.
Foreachk,assumethat0 € Ti. Let Ty = {tc,1 < tx2 < -+ < Iy, }. Let uy be aprobability
measure on the o-algebra generated by f;, ¢ € Ti, such that f; . fi,, ..., fy,, 1s a
martingale with respect to it. This is possible as discussed in §4. We will assume that the
distribution of fj is same under all measures 1y and that its variance exists. Let Cy denote
the o-algebra generated by f;, ¢ € Tj. For each k and foreach r >k, fi, . fi». -+, fuy,
is a martingale with respect to p,. Assume that for each k, the functions f;, r € Tj, have
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expectation and variance with respect to the measures u,, r > k, and that these remain
bounded as functions of . This holds true, for example, if each f;,t € T, is bounded or
more generally if the measure free martingale f;, t € T, is nice (see Definition 4.1). Let
k.1, k < [ denote the canonical projection from R7” onto Rk, Similarly 7y~ denotes the
canonical projection from R” onto R7*.

The measures w,,r > 1, when restricted C;, are tight, hence they admit a weakly
convergent sequence [i| 1, f41,2, 11,3, ... converging to a measure, say vy, which will
be supported on nf’;o(m,oo(fz)). From 1,1, ®1,2,... we can extract a further subse-
quence (o 1, 42,2, 42,3 - - -, such that uo lc,, k = 1,2, ... converges weakly to a proba-
bility measure v supported on 7, éo (72,00 (€2)). Proceeding thus we will get a sequence
Mn,1, Mn,2s - - ., Which is a subsequence of (41,1, n—1,2, ... such that w,ilc,,. k =
1,2, ... converges weakly to a measure v, supported on . éo((nn,oo (£2)). Following Can-
tor we consider the diagonal sequence ik, k = 1,2, ..., and observe that uy «lc,, k =
n,n+1,..., being a subsequence of u, x, k = 1,2, ..., converges weakly to v, which
is supported on 7, éo(n,,,oo(Q)). Clearly vy = v, o 771,_,11 for I < n. The measures
vu,n = 1,2, ... therefore form a consistent family of measures on R”. By Kolmogorov
consistency theorem there is a unique measure v, on Borel subsets of R” such that for
each n, vy © T, éo = vy,. Clearly, v is supported on each of the sets T, éo(nn,oo(ﬂ)),
hence on their intersection

N0 17T o (Tn.00 ().

Since €2 is assumed to be closed, by Theorem 2.3, the intersection is €2. By Theorem 6.1,
for each n the functions f;, t € T,, form a martingale with respect to v,. Clearly v, is a
measure on €2 under which f;, ¢t € T, form a martingale. We have proved:

Theorem 7.1. Let Q2 be a closed subset of RT, where T is a countable subset of 10, 00),
not necessarily discrete. Assume that f;, t € T, the co-ordinate projections in R restricted
to Q2 form a measure free martingale. If each f;,t € T, is bounded, more generally, if the
system f;,t € T, is nice (see Definition 4.1), then there is a probability measure | on Q2
under which the measure free martingale f;,t € T, is a martingale.

This proves the remaining part of the theorem stated in the Introduction.
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