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E X P E R D E N T A L  DETERMINATION OF THE E L A S T I C  CONSTANT 
k OF A NEMATIC L I Q U I D  CRYSTAL 

13 

N.V.MADHUSUDANA and R. PRATIBHA 
Raman Research Institute, Bangalore 560080, India 

Abstract 

The elastic constant kI3 is the coefficient of a 
divergence term in the free energy density and in- 
volves the second derivative of the director field. 
Thus its influence is felt only at the surface of 
the sample. We have analysed the optical path diffe- 
rence of a hybrid aligned nematic liquid crystal 
PCH7 taken in a cell which has a weak homeotropic 
alignment on one glass plate and a strong homo- 
geneous alignment on the other. We use the approxi- 
mation that solutions in the class of Euler-Lagrange 
equations are valid up to the boundaries and extract 
both k l  and the anchoring energy at the homeo- 
tropical?y aligned surface. In view of the recent 
argument by Oldano and Barbero that the k13 term by 
itself may lead to discontinuities in the director 
configuration near the surfaces our measurements may 
be taken to yield an 'effective' value which may 
have contributions from other terms influencing the 
director configuration at the surface. 

INTRODUCTION 

The symmetry of the uniaixal nematic liquid crystal 

which is characterised by an apolar director allows for 

curvature elasticity of the medium' ' 2 .  The usual expan- 

sion for the elastic energy density consists of quadra- 

tic terms of the curvature components describing splay, 
bend and twist of the director field, the corresponding 

1 1 ,  k22,  and k respectively. 33 elastic constants being k 

Terms which are l'inear in the second derivative of the 

director field are also of the same order as the above, 
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208 N . V .  MADHUSUDANA AND R.  PRATIBHA 

and in particular Nehring and Saupe3 have argued 

that the free energy density should cwtain the term 

k div(n div n). It is clear that such a term satisfies 

the Euler-Lagrange equ3tion identically, i.e., it does 

not contribute to th? bulk equilibrium configuration of 

th f?  .director. However, it does lead to a surface torque 

which is not important if ths anchoring at the surface 

is strong. If it is 'weak' k does influence the direc- 

tor configuration and cannot be ignored. For this reason 
kI3 is sometimes called 'surface-like volume elasti- 

city'. 4 , 5  If we confine our attention to configurations 
in which the director is confined to the vertical plane, 
the free energy density reads as 

13 

13 

1 2 2 
F = ?[kll(div n) + k (n x curl n) ] d 33 

+ k [div (n div n)] 13 

The possible consequenc2.s of the influence of kI3 in 

such configurations have been discussed by some 

Oldano snd Bsrbero8 have recently argued 

that the variation21 problem in such geometries 332s nst 

have a solution corresponding to the k term. Starting 

from the free energy density given by Eq. (I), and 

assuming that variation in 8 and that in d B  / d z  are 

independent variables at the boundaries, 

should have discontinuities near the boundaries in order 

to minimise the tots1 energy. In view of this mathe- 

matical difficulty the physical problem appears to be 

ill-defined. Inclusion of higher order elasticity' as 

well as other possible surface terms may restore a 

continuous variation of 8 in the sample. These new cons- 

13 

they find that 8 
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k,, OF A NEMATIC LIQUID CRYSTAL 

tants are unknown at present. k of course is a mate- 

rial parameter, dependent only on the chemical nature of 
the compound and the temperature, and of the same order 

Interestingly, Faetti' has found as k,,,, k22 and k 

that free standing MBBA films of-50 Dm thickness have a 

spontaneously splayed configuration. This can be under- 

stood if k has a negative value, and is sufficiently 

large so that the effect of k l l  and k which would 

prevent any spontaneous deformation is overcome. It is 

of considerable interest to get an experimental esti- 

even if it is based on a gross approxima- mate of k 

tion. We have chosen to assume that the solution in the 

class of Euler-Lagrange equation is valid right up to 

the boundary. The value of 8 satisfying this solution is 
then used in the surface energy which includes the 

contribution. The surface energy is then separately 

minimi~ed.~ The k value thus obtained could be taken 

as an 'effective' one which may be influenced by other 

terms, which are necessary to fully describe the direc- 

tor configuration at the boundaries. There have been a 

couple of earlier attempts 5 9  l 2  to estimate the magnitude 
k in some nematics by using other approximations. 

13 

33' 

13 
33 

13' 

k l  3 

13 

13 

Observations on a sample taken in a capillary tube 

show that PCH-7 (cyanohpetylphenyl cyclohexane) can be 

oriented homeotropically with a relatively 'weak' ancho- 

ring on a glass surface treated with a low percentage of 

ODSE (octadecyl triethoxy silane) in methyl alcohol. We 

have used the effect of an external magnetic field on 

the director configuration to estimate 'k ' at room 

temperature in this compound. 
13 
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210 N . V .  MAIIHUSUDANA AND R.  PRATIBHA 

EXPERIMENTAL METHOD 

The method makes use of a hybrid aligned cell. The 

director is parallel and strongly anchored at one of the 

surfaces. The other surface is treated for homeotropic 

alignment with weak anchoring. Consequently the dire::tor 

makes a small angle 8 with the normal to the plate at 

the second surface (Fig. 1 ) .  An external magnetic field 

perpendicular to the plates is used to vary the director 

profile. The value of 8 as a function of the magnetic 

field strength H can be determined by an 3ptical techni- 

que and the value of k can be extracted from the 

surface torque balance equation. 

0 

0 

13 

The bulk free energy is given by 

d 

[ k ( 1  - K sin2 8) (de/d~)~/2 - AXH2cos2 8/2]dz (2) 3 3  F =  

0 

where K = ( k  33 -k,,)/k33. Ax is the anisotropy of diamag- 
netic susceptibility per unit volume 

Planar A I ignment 

The k term has 13 

//////I////// 

. m i . -  

Weak Homeotropic alignment 

Z 

F i g .  1 .  Schematic dnawing 06 thc  expenirnznta! geomet.ry 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
0
9
:
1
5
 
2
0
 
J
a
n
u
a
r
y
 
2
0
1
1



k,, OF A NEMATIC LIQUID CRYSTAL 21 1 

been dropped since it contributes only to the surface 

torque. 

Minimising F using the Euler-Lagrange equation we can 
write 

2 2 1/2 
1 c - A X H  cos e = + [  

d 0  
dz k33(1 - Ksin2 8 
- ( 3 )  

where C is a constant of integration. As increrases 

with z the positive root is chosen. The thickness d of 

the sample 

A measurement of the optical path difference introduced 
by the sample can be used to obtain the variation of 0 
with the applied magnetic field. If no and n are the 

ordinary and extraordinary refractive indices of the 

sample, the effective extraordinary index n in :he 

sample with a tilted director is given by 

0 

e 

eff 

( 5 )  
2 1/2 0 )  

where R = (n - no) /ne . 

= n n /ne (1 -Rsin eff e o n 

2 2 2  
e 

The path difference is then given by 
d 
c 

AII = J (neff - no) dz 
0 

2 dz n/2 
[l/(l-Rsin l 1 ( ~ )  d e  no J ( 6 )  

Using the known values of n e ’  no, A X ,  kll’ k33 and o u r  
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212 N.V. MADHUSUDANA AND R .  PRATIBHA 

e x p e r i m e n t a l l y  measured v a l u e s  o f  t h e  t h i c k n e s s  d ,  t h e  

p a t h  d i f f e r e n c e  AR and magnetic f i e l d  H ,  e q n s .  (4) and  

( 6 )  c a n  be  s o l v e d  by a s u i t a b l e  i t e r a t i v e  p r o c e d u r e  t o  

o b t a i n  t h e  v a l u e s  o f  C and 8 . The v a l u e  o f  8 t h u s  

o b t a i n e d  s h o u l d  s a t i s f y  t h e  s u r f a c e  t o r q u e  b a l a n c e  

e q u a t i o n .  

0 0 

The s u r f a c e  a n c h o r i n g  e n e r g y  a t  t h e  weak ly  a n c h o r e d  

s u r f a c e ,  i . e .  , a t  z = 0 is  assumed 

W s i n 2  8 0 / 2 .  The s u r f a c e  t o r q u e  b a l a n c e  e q u a t i o n  a t  

z = 0 i s  g i v e n  by 

t o  b e  of t h e  fo rm 13 

d d 8  + k s i n  8 c o s  e0 - (-) 

k33 ( 1  - K s i n  2 e0) ( - )  d8 

- 
13 0 d e  dz  z=O - 

d z  z=O ( 7 )  

The v a l u e  of ( d 8 / d z ) z = 0  can be  o b t a i n e d  f rom Eqn. ( 3 ) .  
The p a t h  d i f f e r e : ? z e  A E i s  measured b o t h  w i t h o u t  and  w i t h  

an a p p l i e d  m a g n e t i c  f i e l d  H .  V a l u e s  o f  e 0  and  C a r e  

o b t a i n e d  by t h e  i t e r a t i v e  p r o c e d u r e .  These  d a t a  c a n  be  

used  i n  e q n .  (7) t o  estimate b o t h  t h e  a n c h o r i n g  e n e r g y  

W and  t h e  e l a s t i c  c o n s t a n t  k 73' 

The 'weak '  a n c h o r i n g  a t  t h e  h o m e o t r o p i c  s u r f a c e  is n o t  

v e r y  u n i f o r m  o v e r  t h e  en t i re  area of t h e  s a m p l e .  T h i s  

r e s u l t s  i n  a n o n - u n i f o r m i t y  o f  t h e  a l i g n m e n t .  However, 

small areas w i t h  good a l i g n m e n t  c o u l d  be  s e l e c t e d  for  

t h e  measurement  of t h e  p a t h  d i f f e r m c e .  

The t h i c k n e s s  o f  t h e  empty c e l l  was measured  u s i n g  a 

d o u b l e  beam u l t r a v i o l e t  s p e c t r a p h o t o m e t e r  ( H i t a c h i  

Model U-3200). The c e l l  was mounted between t h e  p o l e -  
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k,, OF A NEMATIC LIQUID CRYSTAL 

pieces of a n  e l e c t r o m a g n e t  (Cook and Sons  L t d . ) .  The 

p o l e  p i e c e s  have  holes  d r i l l e d  t h r o u g h  them t o  a l l o w  a 

l i g h t  beam t o  p a s s  t h r o u g h .  O p t i c a l  p a t h  d i f f e r e n c e  

measurements  were made u s i n g  a ( L e i t z )  t i l t i n g  compen- 

s a t o r .  I n  o r d e r  t o  i n c r e a s e  t h e  s e n s i t i v i t y  of t h e  

measu remen t s ,  a p h o t o  d i o d e  was u s e d  t o  detect  t h e  

e x a c t  c e n t r e  of t h e  c o m p e n s a t i n g  band.  The a c t u a l  e x p e r i -  

m e n t a l  a r r a n g e m e n t  i s  shown s c h e m a t i c a l l y  i n  F i g .  2 .  

RESULTS AND DISCUSSION 

A s  s e e n  from e q n s .  4 and  6 we need  t h e  f o l l o w i n g  p h y s i -  

c a l  parameters f o r  a n a l y s i n g  t h e  e x p e r i m e n t a l  da ta :  

and  AX which were o b t a i n e d  from t h e  measure-  
k l  1 k33 14 ments  o f  Schad e t  a l .  , . t h e  r e f r a c t i v e  i n d i c e s  n and  

n o b t a i n e d  from t h e  data o f  Poh l  e t  a d 5  and d,AR a n d  
0 

e 
H which were exp ,x - i rnen ta l ly  measured by u s  as d e s c r i b e d  

ear l ie r .  The e r r o r s  i n  t h e  measurements  of k 

and  A X  are  g i v e n  t o  Se 2‘4%’ 2% and  3% r e s p e c t i v e l y .  

From t h e  p l o t s  o f  n and n v e r s u s  t e m p e r a t u r e  i n  Ref. 

15 we estimate t h a t  t h e  e r r o r  i n  t h e  m e a s u r a n e n t  i s  

3 3 ’  k l l  

0 e 

D C T r  D 

213 

F i g .  2.  Block diag.ram oh t h e  expe.rimentd iset up. 1: bodium 
Famp, P:  PoPalrizelr, M: Pope-piecz oh ekctTomagnet, 
S: bampPe. TC: tilting compematolr, PQ : pho to  diode, 
LA : 1 ock-in-amplidier. 
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214 N.V. MADHUSUDANA AND R .  PRATIBHA 

Y O . l $ .  The errors in d and AR are = I % .  A significant 

change in OR , and hence 8 could be obtained only at 

field strengths >5000 Gauss which was also close to the 
highest msgrletic field that could be obtained with the 

electromagnet used in the experiment. In this range 

H could be measured with an accuracy af 225 Gauss. The 
alignment of the sample deteriorates as the temp- =rat ure 

is increased. Two independent measurements were made in 

different cells at temperatures much below the N-I tran- 

k l l  nol ne and Ax at sition point. The value3 3f k 

these temperatures are given in Table 1 and the values of 

k and W extracted from Zqn.  (7) are given in Table 2. 

0 

33' 

13 
Table 1 

AX 
CGS n n 33 k l  1 k 

t = T/TNI 0 e r 
(10-5) ( 1 0 9  units 
dynes dynes 

0.9088 0.171 0.99 1.485 1.599 0.346 
1.02 1.486 1.601 0.348 0.9014 0.177 

Table 2 

cm cm dynes ergs/ emL 

0.9088 0.1063 54" 0.795 9+ 4 2.2 +_ 0.4 

5480 0.6875 

0.9014 0.1323 54" 0.9185 14+ 4 1.5 k 0.4 
5450 0 -753  

* 
residual field of the magnet 
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k,, OF A NEMATIC LIQUID CRYSTAL 215 

Tak ing  i n t o  a c c o u n t  t h e  e r r o r s  i n  t h e  measurements  

o f  t h e  v a r i o u s  p a r a m e t e r s  t h a t  f i g u r e  i n  t h e  a n a l y s i s  

one  c a n  es t imate  t h a t  t h e  e r ror  i n  k i s  - 4 x 1 0 - ' (  

dyne  a n d  t h a t  i n  t h e  a n c h o r i n g  e n e r g y  W is  a b o u t  0.4 x 

ergs/cm . The t e m p e r a t u - 3 s  a t  which t h e  two i n d e -  

p e n d e n t  measu remen t s  were made d i f f e r  by a b o u t  2OC.  

However s i n c e  t h e  t e m p e r a t u r e s  are  3OoC below t h e  N-I 
t r a n s i t i o n  p o i n t ,  t h e  2' d i f f e r e n c e  c a n n o t  be e x p e c t e d  

t o  h a v e  a s t r o n g  i n f l u e n c e  on k and t h e  two v a l u e s  

agree w i t h i n  t h e  e r ror  l i m i t s .  

13 

2 

13 

The s i g n  of k o b t a i n e d  from t h e  a n a l y s i s  t u r n s  

o u t  t o  b e  p o s i t i v e .  The e l a s t i c  c o n s t a n t  k is  e s s e n -  

t i a l l y  t h e  c o e f f i c i e n t  of a l i n e a r  term i n  t h e  second  

d e r i v a t i v e  o f  n and hence  c a n  be  e i t h e r  p o s i t i v e  o r  
16 

n e g a t i v e .  The m o l e . i u l a r  model o f  N e h r i n g  and Saupe 

g i v e s  t h e  s i g n  of k t o  be  n e g a t i v e .  I n  t h i s  t h e o r y  

o n l y  a t t r a c t i v e  i n t e r a c t i o n s  have  been c o n s i d e r e d  and  

t h e  s h o r t  r a n g e  o r d e r  h s s  been i g n o r e d .  F u r k h e r ,  t h e  

s h a p e  a n i s o t r o p y  o f  t h e  m o l e c u l e s  has  a l s o  n o t  been 

t a k e n  i n t o  a c c o u n t .  These e f f ec t s  c a n  b e  e x p e c t e d  t o  

C o n s i d e r i n g  t h e  s h a p e  h a v e  a s t r o n g  i n f l u e n c e  on k 

f a c t o r ,  d e v i a t i o n s  from c y l i n d r i c a l  symmetry s h o u l d  

We c a n  e x p e c t  t h a t  banana 13' i n f l u e n c e  t h e '  s i g n  of k 

shaped  m o l e c u l e s  have  a p o s i t i v e  k and p e a r  shaped 

The compound PCH-7 h a s  m o l e c u l e s  h a v e  a n e g a t i v e  k 

t h e  s t r o n g l y  p o l a r  cyano end g r o u p  and hence  c a n  be  

e x p e c t e d  t o  form a n t i p a r a l l e l  p a i r s .  These  p a i r s  i n  

p r i n c i p l e  c a n  have  a banana shaped  c o n f o r m a t i o n .  T h i s  

c o u l d  p o s s i b l y  e x p l a i n  t h e  p o s i t i v e  s i g n  o f  k found i n  

t h i s  compound. 

13 
13 

13 

13' 

13 

1 3 '  
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216 N.V.  MADHUSUDANA A N D  R.  PRATIBHA 

Within the accuracy of measurements the value of 

k I 3  turns out to be of the same order as the other 

elastic constants in agreeme,nt with dimensional esti- 

mates. Careful measurements are required to obtain more 

accurate values of ‘ k  and attempts are being made to 

improve the measurements. We are a l s o  trying to extend 

this method to other systems. 

13 
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