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Abstract. Bright plane soliton solutions of an integrable (2+1) dimensional (n+ 1)-
wave system are obtained by applying Hirota’s bilinearization method. First, the
soliton solutions of a 3-wave system consisting of two short wave components and
one long wave component are found and then the results are generalized to the
corresponding integrable (n+ 1)-wave system with n short waves and single long wave.
It is shown that the solitons in the short wave components (say S and S(?)) can
be amplified by merely reducing the pulse width of the long wave component (say
L). The study on the collision dynamics reveals the interesting behaviour that the
solitons which split up in the short wave components undergo shape changing collisions
with intensity redistribution and amplitude-dependent phase shifts. Even though
similar type of collision is possible in (1+1) dimensional multicomponent integrable
systems, to our knowledge for the first time we report this kind of collisions in (2+1)
dimensions. However, solitons which appear in the long wave component exhibit only
elastic collision though they undergo amplitude-dependent phase shifts.
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1. Introduction

One of the main emphasis of current research in the area of integrable systems and their
applications is the study on multicomponent nonlinear systems admitting soliton type
solutions [1-17]. In (141) dimensions, it has been shown that the multicomponent bright
solitons of the integrable N-coupled nonlinear Schrédinger (CNLS) equations undergo
fascinating shape changing collisions with intensity redistribution which have no single
component counterpart [4-8|. This interesting behaviour found applications in nonlinear
switching devices [12], matter wave switches [13] and more importantly in the context
of optical computing in bulk media [14,15]. There is a natural tendency to look for such
kind of collisions in higher dimensions. From this point of view, we have considered the
following recently studied integrable coupled (2+1) dimensional ((241)D) system, which
is a two component analogue of the two dimensional long wave-short wave resonance
interaction (LSRI) system [16], in dimensionless form,

(S +50) = 88 + LS =0, j=1,2 (10
2

Li=2) [SY2, (10)
j=1

where the subscripts denote partial derivatives. (Note that in the above two components
mean two short wave (S) components). The one component (7 = 1) version of the above
equations corresponds to the interaction of a long interfacial wave (L) and a short surface
wave (S) in a two layer fluid [18]. Also in ref. [19], the existence of dromion like solution
was established for the j = 1 case. In their very recent interesting work, Ohta, Maruno
and Oikawa [16] have derived equation (1) as the governing equations for the interaction
of three nonlinear dispersive waves by applying a reductive perturbation method. Here,
among these three waves, two waves are propagating in the anomalous dispersion region
and the third wave is propagating in the normal dispersion regime. In the context of
long wave-short wave interaction, the first two components can be viewed as the two
components of the short surface waves while the last component corresponds to the
long interfacial wave. Note that the presence of the long interfacial wave induces the
nonlinear interaction between the two short wave components which leads to nontrivial
collision behaviour as will be shown in this paper. Here onwards we call equation (1) as
the 3-wave LSRI system in which the first two components correspond to short waves
and the last one is a long wave.

Apart from deriving the governing equation (1) in ref. [16], Ohta et al have also
given Wronskian type soliton solutions of a specific type where the components S™,
S and L comprise of N solitons, M solitons, and (M + N) solitons, respectively. In
this context, however, it is of considerable interest to study the collision behaviour if the
same number of solitons are split up in all the three components and to check whether
nontrivial shape changing collisions of solitons as in the case of CNLS systems [4, 5]
occur here also and to look for the possibilities of construction of logic gates based on
soliton collisions. For the one component case the interaction of two solitons in both
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short wave and long wave components have been studied in detail in ref. [18] and certain
interesting features such as fusion and fission processes have been revealed. In this study,
we consider the multicomponent (2+1)D LSRI system admitting the same number of
bright solitons in all the three components and obtain the multisoliton solutions. Our
analysis on their collision properties shows that the solitons appearing in the short wave
components exhibit a shape changing collision scenario resulting in a redistribution of
intensity as well as amplitude-dependent phase shift whereas the long wave component
solitons undergo standard elastic collisions only but with amplitude-dependent phase
shifts. We also point out that the (N, M, N + M) soliton solutions obtained in ref. [16]
follow as special cases of the (m, m, m) multisoliton solution obtained here when some of
the soliton parameters are restricted to very special values. The study is also extended
to the (n + 1) wave system as well, where n is arbitrary.

The plan of the paper is as follows: In section 2, we briefly present the bilinearization
procedure for the three wave system. Multisoliton solution of the three wave system
is discussed in section 3. Explicit one-soliton and two-soliton solutions are analysed in
section 4. The asymptotic analysis of the two-soliton solution of the three wave system is
given in section 5. The interesting collision scenario of two solitons is discussed in detail
in section 6. Sections 7 and 8 deal with three- and four-soliton solutions, respectively.
Multicomponent case with j > 2 in equation (1) is studied in section 9. Section 10 is
allotted for conclusion.

2. (2+41)D bright soliton solutions

The soliton solutions of equation (1) are obtained by using Hirota’s direct method
[20,21]. By performing the bilinearizing transformations
, () 52
sO=2_ = _2° ( i =1,2 2
f ) axz( Og f)? ._7 Y 7 ( )
where ¢)’s are complex functions while f is a real function, equation (1) can be
decoupled into the following bilinear equations

(i(Di+ Dy) = D3) (g9 - f)=0, j=1,2 (3a)

where * denotes the complex conjugate. The Hirota’s bilinear operators D,, D, and D;
are defined as
0 0 \P/ 0 0\ 0 o\"
DeDiD;(a-b) = (= o) (52— ) (5 = 77 ) ale,y, 00y, ¢ .
DyDa-0) =5 —a0) 5, ~ay) \ar ~ o) @w 00|
Expanding ¢)’s and f formally as power series expansions in terms of a small arbitrary
real parameter Yy,

9" =xg” + e+, =12, (4a)

fo=1+xXf+x"fit. .., (40)
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and solving the resultant set of linear partial differential equations recursively, one can

obtain the explicit forms of g¢) and f. Then by substituting their expressions in (2)
one can write down the soliton solutions. The procedure has been successfully used to
unearth several interesting properties of soliton collisions associated with CNLS system
in Refs. [4-8]. We have used a similar procedure here and obtained the one-soliton (1,
1, 1), two-soliton (2, 2, 2), three-soliton (3, 3, 3) and four-soliton (4, 4, 4) solutions
explicitly. This can be generalized to the arbitrary m-soliton (m,m,m) solution, in a
Gram determinant form. From this one may claim that in the general case the number
of solitons which split up in the short wave components (S and S®)) as well as in
the long wave component (L) are the same. However, we also point out that the (1,
1, 2), (2, 2, 4) and (N, M, N + M) soliton solutions obtained by Ohta et al [16] can
be deduced as special cases of our (m,m,m) soliton solution with m = 2,m = 4 and
m = N + M, respectively, for particular choices of parameters in the solutions.

3. Arbitrary m-soliton solution

We first present the general form of (m,m,m) soliton solution for arbitrary m in the
following Gram determinant form. In order to write down the multisoliton (m-soliton)
solution of the three wave LSRI system (1), we define the following (1 x m) row matrix

Cs, s = 1,2, (m x 1) column matrices ¢;, and ¢, j = 1,2,...,m, and the (m x m)
identity matrix I:

08=—<a§5),a§5>,...,a§,i>>, 0=(0,0,...,0), (5a)

e 10 --- 0

all e 01 --- 0
e I N P = R I = R (5b)

Q; : o T

e'm 00 --- 1
Here a§s), s = 1,2, j = 1,2,...,m, are arbitrary complex parameters and 7, =
kix — (ik? + w;)y +wit, i = 1,2,...,m, and k; and w; are complex parameters. Then we

can write down the multisoliton solution of the three wave LSRI system in the form of
equation (2), with
g 52

S(S) = f ) s = 172a L= _2@ 10g(f)7 (6)
where
A I ¢
A T
¢®=|-1 B 0T |, f= I Bl (7Ta)
0o C, 0
in which s denotes the short wave components. Here the matrices A and B are defined
as
ni+n; —lp, oMoV 4 oo
Aijzeij Bij = kji = Vi % :_(J . ] ),i,j:1,2,...,m. (70)
ki + K (Wi + wj) (wf + wj)
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In equation (7)), T represents the transpose conjugate and the real parts of w;’s (or
k;’s) should be chosen as negative quantities in order to obtain nonsingular solutions,
which are necessary conditions. Sufficiency condition requires the choice of parameters
such that f is real and nonzero (see below sections 4, 7 and 8 for details in the case of
m=1,2,3, and 4).

3.1. Proof of multisoliton solution of the three wave LSRI system

We now prove that the Gram determinant forms of ¢®) and f given above indeed satisfy
the bilinear equations (3). By applying the derivative formula for the determinants, that
is,

oD Oa; ; 0D oa;
Dy DD g Dy 80
8x — 8x 8@2‘]‘ — 81‘ ’
1<4,5<n ’ 1<4,5<n
ailz Qi - Qip
a21 Q22 - Qg . ..
where D = ] o ™| and A;; is the cofactor of the (’L,j)th element
Anp1 Ap2 -+ App

and making use of the properties of bordered determinants and also the elementary

properties of determinants [21,22], the derivatives 9, For for forn 98, 68 f. and fra,

o _ (o . o : )
where 5~ = < 5 T 8y)7 can be derived as below:

A I ¢ &

A I 6
B T AT
g =| 7! BoOm 0 sl B oor |, (8b)
0 C., 0 0 40 o
0 0 -1 0
A I 0’
2 A I 07 2| _; g Oqép ot
fi==Y | -1 g ~CH|,  fa=->_ s 0 0 0| (8¢)
s=1 s=1
0 ¢ 0 0 C., 0 0
A T ¢ ¢p A T ¢ o,
I B of o7 I B o7 o
(5) _ _ : 8d
9z "o .0 o l|T o o 0 ol (84)
0O 0 -1 0 of 0 0 0
A T D A I ¢ o,
7 B o o I B ol o
(s) — 8
Jaa o c. o ol ]o ¢ 0| (8¢)
0 0 -1 0 o 0 0 0
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A I ¢, A I ¢
f.=—i| =T B 0T |+i| -1 B 0T |, (8)
—¢1 0 0 —¢l 0 0
and
A I ¢, A I ¢
fee=| -1 B 0T |+| -1 B 0T ]. (89)
—¢f 0 0 —¢ 0 0
The conjugate of ¢*) can be written as
A I oF
g =—| -1 B —Ct|. (8h)
_¢T 0 0

Substituting for ¢, ¢, ¢{%), .. fu, and f, in equation (3a), we find

A AT ¢ || A T ¢
-1 B 0" 0 A I b .
=| -1 B O -1 B 0
0o C, 0 0|~ B oo ollo c
-t 0 0 0 .

A I ¢, A I ¢
—| -1 B 0F —I B 07 |(89)

0 C, 0 ot 0 0
This is nothing but a Jacobian identity and hence ¢'® and f satisfy the first bilinear
equation (3a). In a similar way one can also check that the second bilinear equation

(3b) gives rise to the following Jacobian identity for the Gram determinant forms of ¢(*)
and f:

A T ¢ o

2| 1 B of _ct AT 2 | A I 0F A I ¢
S T
_Z—¢T000 B =-> |-1 B -Cl|| -1 B o
s=1 s=1| 0 Oy 0 - 0 0

0o ¢, 0 0

2 | A I ¢ A 1 oF
+Y | -1 B 0" || -I B -Ci|. (8))
s=1| 0 Cy 0 ||—¢" 0 0

Thus equations (8i) and (8j) clearly show that the given Gram determinants ¢'® and f
satisfy the bilinear equations (3), which completes the proof of (6) with (7).
3.2. (N,M,N + M) soliton solution

We now point out that the (N, M, N + M) soliton solution (for NV even) given in ref. [16]
can be obtained as a special case of the above (m,m, m) soliton solution for the specific
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choice of parameters a? =0,2=1,2,...,N, and Oél(l) =0,l=N+1,N+2,...,m(=

N + M) along with the parametric restrictions
O [T52, (ki + K5)
' HT:l,i;éj(kj - ki)7
"k +k
al? = E{ﬂ—l( 1+ k) , I=N+1,N+2 ....,m(=N+M).
Hj:l,l;éj(kj - kl)

In the following sections, we will consider the explicit cases of m = 1,2, 3, and 4 soliton

i=1,2,...,N,

solutions and the nature of the soliton interactions therein.

4. One-soliton (1, 1, 1) and two-soliton (2, 2, 2) solutions

Specializing to the case of m = 1 in equation (6) so that the Gram determinants take

the form
AH 1 emn
. A 1
gV=| -1 Buo 0 =T g | i=L2, (9)
0 —a 0
m+n; (1,12 (2)12
where Ay = h, and By = ki1 = (Jos | ++ |?1 | ) One can write down the
1 1 W1 T Wy
explicit one-soliton solution as
() m
B _ M
SU) — e 1=1,2, (10a)
0? .
L =—25- (log (1 + Mt (100)
where
2 (), ()*
-7 (o«
m = kix — (k3 +w)y +wit, eff = 2= (o1 oy ), (10¢)
4k1pwir
]{31 :k1R+ik511, w1 :wlR+iw11. (10d)

Here ozgl), a§2>, wy and kp are all complex parameters. In equation (10) the suffixes

R and I denote the real and imaginary parts, respectively. It may be noted that this
bright soliton solution is nonsingular only when kigwir < 0, otherwise equation (10)
becomes singular. In this work, the main focus will be on nonsingular solutions as they
are of physical importance. The above one-soliton solution can also be rewritten as

. . R
S(J) — Aj‘ /klRwlRemllseCh <771R + 5) 5 ] = 1,2, (110)

L = —2k?psech? (an + g) ; (11b)

where

mr = kir® + (2k1rk1r — wir)y +wipt and A; =
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The complex quantities A;v/kirwir, j = 1,2, represent the amplitude of the soliton in
the SU) components whereas thy real quantity 2k?, gives the amplitude of the soliton
in the component —L. Note that the complex quantities A; and A, satisfy the relation
|A1]? + |43/ = 1, which is a reflection of the fact that the set of equation (1) is
rotationally symmetric in the (S, S®)) space.

For illustrative purpose, let us obtain the soliton solution for the special choice of

parameters w; = —ik? /2. In this case, the above soliton solution (11) becomes
: , R
SV = Ajkip\/ kire" sech (7]1}2 + 5) , J=12, (12a)
2 2 R

L = —2k{psech (mR + 5) , (12b)

where
ik 2o at”) .
n1:k1x—71(t+y), et == 14]{;21]{; ! . k1 =kig + ik, (12¢)
—EhphI

The above soliton solution is nonsingular only when k;; < 0, otherwise the parameter R
in equation (IZd) becomes complex and the solution (12) becomes singular. Interestingly,
we observe that by just reducing the width of the soliton in the L. component (which
is proportional to ki;) without affecting its amplitude, the soliton in the SM) and
S®?) components can be amplified with a proportionate pulse compression, a desirable
property for a pulse in nonlinear optics.

4.1. Two-soliton (2, 2, 2) solution

To obtain the two soliton solution, we take m = 2 in equation (7) and deduce the Gram
determinant forms as

A A 1 0 m
oo ‘ An Awp 10

A21 A22 0 1 e'r
. Ay A 0 1
g =] -1 0 By B 0 |, f= _211 022 B B | (13)
0 -1 By By 0 o
. . 0 -1 By B
0 0 —af —af o o
it (ozg-l)ozgl)* + ozf)ozgz)*) .
where A;; = e and B;; = kj; = — @ o) , 1,7 =1,2. We can
i Ji Wi T W
then write the explicit form of the (2, 2, 2) soliton solution as
g — %( gj)em + agj)em 4 emtnitmtoy 6772—i-77§+771—i-52j>7 7 =12, (14a)
82
L= —2@ log(f), (140)
where

f =14+ en1+n{+R1 + en1+n§+5o + 6172—1-17{—1-63 + enz-i-n;-i-Rz

* * ;
4 eMmAni+nztis Ry (14c)
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The various quantities found in equation (14) are defined as below:
K11

o = kll' — (Zk? + wz)y + Wit, 1= 1, 2, €R1 = m, (15(1,)
1 1
Ry _ _ K2 s _ 12 o — M 150
‘ ko + k3)’ ‘ ki + k%)’ ‘ [ (155)
2 2 1
by _ (k1 — k2) G, ()
el = Tt B + KD (o7 ko1 — a5’ K11), (15¢)
625 (kQ _ kl) () ENC)) = 1.9 1
€ (]{32 +k;)(k’1 + k;)(a2 R12 Qg '%22)’ J ) &y ( 5d)
Rs __ ‘kl - k2‘2
= (K11k22 — Ki2ka1), (15€)

(k1 + k7)) (ko + k3)| k1 + K32

<a(1)al(1)* +a(2)ozl(2)*>
il = ) .7l = 17 2.
il (w; +wp) !

The two-soliton solution is characterized by eight arbitrary complex parameters agl),

a§2>, ozgl), a§2>, ki, ko, wy and wy. The above solution features both singular and
nonsingular solutions. The nonsingular solution can be obtained by requiring the
denominator f in (14) to be real and nonzero. The expression (14c) for f can be

rewritten as

f = 2eMRTME (e(R1+R2)/2 cosh (mr —mer + (R1 + Rs)/2) + %R cos (M1 — nar + dor)
+ef3/2 cosh (an+ngR+R3/2)) ) (15f)

To get regular solutions, e and ef? should be positive which can be obtained only
for kipwir < 0 and kyrwor < 0, respectively. Otherwise, that is for negative values,
the solution is not regular as in this case R, and R, appearing in the argument of cosh
in first term become complex. So the condition kjrw;jr < 0,7 = 1,2 is a necessary
condition to obtain regular solution. In a similar way, in the third term, the quantity
R3/2 becomes real and positive for the condition s1k9 — k12> > 0, as may be seen
from equation (15e). Still the middle term cos(n1; — 12y + dor) can lead to a singularity
as it oscillates between -1 and 1. This can be eliminated by choosing the coefficients
of the remaining two terms as e(f152)/2 1 efs/2 > ¢dor in order to ensure that f will
not be zero at any point in space and time. The last condition is a sufficient one. As
an illustration, the interaction of two solitons in system (1) is shown in figure [l The
parameters are chosen as k; = 1 — 2i, kg = 1.5 —1.05, w; = —1 — 1, wy = —1.3 — 0.5¢,
agl) = 2, agl) = a@ =1, af) = 0.01. One observes that the solitons in the S and
S components undergo shape changing (energy redistribution) collisions while there
is only elastic collision in the L component. More details are given in section 6 below.

4.2. (1, 1, 2) soliton solution of Ohta et al

Now we show that the (1, 1, 2) soliton solution obtained by Ohta et al [16] is a special
case of the above two-soliton (2, 2, 2) solution (14). Specifically, for the special choice
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of the parameters o’ = oy~ = 0, the above two-soliton solution becomes
sw_ 1 <oz§1)6”1 + e”2+’75+’71+521) (16a)
f Y
1 *
S® = 7 <oz§2)6772 + e’71+’71+"2+5”) : (16b)
82
L=-255 (log(f)) (16¢)
where
f=1+ eMtni+hy | ptny+Re | omtni+nz+n;+Rs (16d)

The various other parameters defined in equations (14) now take the forms

i i Rz 22 e =t = P2 = (16e)
)

7 € 1 1%\
(k1 + k) (k2 + k3)

o —Oééz)ffn(k?l — ko) oo —Oégl)lim(kg — ky)

012
e’’? = , e = , 16
(k1 + k7)) (ko + k7) (ko + k3) (k1 + k3) (16
Rs _ |k‘1 - k2|2/‘€11/€22 (16g)
(kv 4 k) (ko 4 E3)[kr + k3]
(1)2 (2) 2
Pl i ol (16h)
(w1 +wy) (wa + w3)

Solution (16a-h) is nothing but the (1, 1, 2) soliton solution obtained by Ohta et al in
ref. [16] when the parameters in (16a-h) are further restricted to the special choice
ol (k1 + k7)) (k1 + K3) and o — (ko + k3) (ko + kT)
(k2 — k1) (k2 — k1)

(164)

5. Asymptotic analysis of the two soliton solution (14) of the three wave
system

We now consider the collision properties associated with the general two-soliton solution
(14) of the three wave system. For this purpose we carry out the analysis, for k;jr > 0,

w2r| and korkor

. = kar
wir < 0,7 = 1,2. Also we choose > | L

kir
Similar analysis can be performed for other choices of k;z’s and w;r’s also by keeping

Zﬁf—ﬁ) for convenience.
kir > 0, wjr < 0, which is the necessary condition for nonsingular solutions. We
now define the soliton wave variables as mgr = kigx + (2k1gk1r — wir)y + wigt and
Mor = kort + (2korkar — wor)y + woprt. In the limit x,y — 4oo and a fixed ¢ the
two-soliton solution (14) takes the following asymptotic forms.

a) Before collision (limit z,y — —o0):

(i) Soliton 1 (g =~ 0,72r — —00):
5 Al

o~ V kipwir sech (7713 + &) emn, (17q)

e Al- 2

L ~ —2k? sech?® <mR + %) : (17b)
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where
Al aﬁl) o~ R1/2
~ : (17¢)
n o | Gt R+ o)
2 Qq
(ii) Soliton 2 (nar = 0,mr — 00):
S A%
o~ V kapwar sech (7723 + @) e (18a)
S(2) A5
L -2ty seat? (o + L)), (180
where
A%— edu

6_(R1 +R3)/2

12

. 18¢
e o | t B+ )7 )
2 €

The various quantities in the above expressions are defined in equation (15).

b) After collision (limit x,y — oo):

(i) Soliton 1 (g = 0,795 — 00):

S(l) A1+
! (B3 — Ra)\ 4
s V kipwir sech 771R+f e, (19a)
S(2) ALT
L <oty seat? (i + LB, (190)
where
AT e

e~ (Ra+R3)/2

o . 19¢
A1+ 622 ((kl + kﬁ)(wl + wf))lm ( )
2 e
(ii) Soliton 2 (12 =~ 0,m1r — —00):
1 24
S A? R\
~ v/ kopwapr sech (7723 + 7) e'mrr, (20a)
5@ A3t
2 2 Ry
L ~ —2k35, sech <7]QR + 7) : (200)
where
1
A%Jr aé : o—R2/2
~ (20¢)

]\ e | R )
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Note that in all the above expressions }A{i}2 + ‘Agi‘z =1, 7 = 1,2. Our above
analysis reveals the fact that due to collision the amplitude of the colliding solitons,
say s and sy in the S and S® components, change from (A]~, A}”) Vkirwig and
(AT, A57) Vkopwor to (A1T, AYY) VEigwig and  (A7T, A3T) Vkagwar, respectively.
Here the superscripts in Agi’s with ¢,7 = 1,2 denote the solitons s; and s, while
the subscripts represent the components S® and S® and the “+ 7 signs stand for
“r,y — Fo00”. In addition to this change in the amplitudes, the solitons also undergo
amplitude-dependent phase shifts due to the collision and they can be determined
straightforwardly from the above asymptotic expressions. From equations ((17) and
(19)) and equations ((18) and (20)), one can easily check that the phase shift suffered
by the soliton s; (say ®;) = — Phase shift of soliton sy (say —®y = ®;) = & and is
given by

(&—?—&{ 1)

where Ry, Rs and Ry are as defined in equation (15) and depends on the amplitudes.

b —

6. Soliton Interaction

Now it is of further interest to analyze the interaction properties of the solitons depicted
in figure [ for the specific set of values of the parameters given in section 4.1. Figure
[ shows typical spatial collision of two solitons for ¢ = —4 corresponding to the exact
expression (14). The interesting collision scenario depicted in figure [ clearly indicates
that there is a redistribution of intensity among the two SV) components resulting in
an enhancement (suppression) of intensity of solitons s, (s1) in the S component and
a suppression (enhancement) of soliton sy (s1) in the S component. The solitons
also undergo amplitude-dependent phase shifts along with this energy redistribution.
However, the solitons appearing in the long wave component (L) exhibit the standard
elastic collision as shown in the third figure of figure [l though the phase shift here
is also amplitude-dependent. Interestingly, if the parameters are so chosen such that

(1) (2)
the condition %5 = %45 is satisfied, there occurs only elastic collision in all the three
Ay )

components SY) and L. The underlying collision dynamics can be well understood by
using the asymptotic analysis of the two-soliton solution (14) discussed in section 5 and
is further described below.

6.1. Collision behaviour of solitons in the short wave components

The asymptotic analysis presented in the previous section also results in the following
expressions relating the intensities of solitons s; and s, in the S and S® components
before and after interaction,

AT = TP AP, 4,5 =12, (224)
where the superscripts j=4 represent the solitons designated as s; and ss at “z,y — +o0”.
The expression for the transition intensities for the solitons in the short wave components
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can be written down using the results in equations (I7d), (I8d), (I9d) and (20d) as
11— (el /af)?

TH? = 225

7l TSV WEE (226)

T7* = '1_?].1)“‘(].) . i=12 (22¢)
|1_)\1(O‘1 /a2 )‘2

o=y, =2 (22d)
K11 K22

In general }T;} # 1 and so an intensity (energy) redistribution of the solitons in the

SM and S@ components occurs as shown in figure Il One can notice that the standard
(1) o
elastic collision takes place for the specific parametric choice % = (2), as \T’P =1
)

and hence |A77|> = |AJF[?, i, j = 1,2, for this choice. However the two colhdlng solitons
s1 and s suffer amplitude-dependent phase shifts ®; and ®,, respectively, as given in

equation (21]).

6.2. Collision scenario in the long wave component

In the L component, there occurs only elastic collision for any parametric choice. This
is evident from the asymptotic analysis, vide equations (17b), (18b), (19b) and (20b).
One finds that the amplitudes of the solitons s; and s, before and after interaction are
the same which are —2k%, and —2k2p, respectively, while there occurs an amplitude-
dependent phase shift as given by equation (2I]).

6.3. Shape changing collisions and Linear fractional transformations

It is instructive to notice that the intensity redistribution in the short wave components
characterized by the transition matrices (equation (22)) can also be viewed as a linear
fractional transformation (LFT). To realize this, we re-express the amplitude changes
in the short wave components of soliton s; after interaction as

ATt =TCL AT +TCRAY, (23a)
ALt =T Oy Al +TCxpA; . (23b)
Here
= (2)c[@af’ +aPa@) 0ol +aPa®)] ", (230
Cur = [(@ ) - wn) + (@) wn +5)] (234)
Cha = (04”0 (w2 + wj), (23¢)
Cor = (a5 o) (wn + wj), (23/)
Co = — | (08Pl (w1 + ) + (@ o) wn — wn)] | (239)
where

1 1 -1/2
= - 23h
¢ <|/€12‘2 /<&11/<622) ’ ( )
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a = |=(k = k)2 + )z + w0 " + afPa)| (231)

Note that the coefficients Cj;’s, 4,7 = 1,2, are independent of ozgj)’s and so of A} and
AL~ that is the o parameters of soliton s;. From equations ([23d) and (238),

At Chiprg + Cho

1+ :
Prh = = = : (235)

B2AYY T Caipls + Coo
where P%_z = %, in which the superscripts represent the underlying soliton and

the subscripts represent the corresponding short wave components. Thus the state
of s; before and after interaction is characterized by the complex quantities pi‘z and
,ofg, respectively. The direct consequence of the above LFT representation is the
identification of a binary logic using soliton collisions as in the case of CNLS equations
(6,14, 15] and hence the LET can be profitably used to construct logic gates associated
with the binary logic. A similar analysis can be made for the soliton sy also.

7. Three-soliton (3, 3, 3) solution

From the general form (7), and restricting m = 3, one can write down the explicit
three-soliton (3, 3, 3) solution as

agj)em + Ozéj)em + aéj)em + em+ni+n2+d1; + e +ni+n3+d2; + eM2+nz+m+33;

f

et tnstoa; 4 emstuztnitds; 4 emstnztnztde; | oniHietustory | oty +is+ds;

f

6771+772+77§+59j + 6771+771‘+772+77§+773+le + €ﬁ1+ﬁf+ﬁ3+ﬁ§+ﬁ2+72j

f
en? +n5+n3+n3+n1+73;5
+ 7 . j=1,2, (24q)

SU) —

+

+

where
f =1+ em+771‘+R1 + enz+n§+Rz + 6n3+n§+R3 + em+n§+6lo + 6171‘+n2+61‘0
+ 6171+n§+620 + eni‘-ﬁ-ng—i—&’go + 6172+17§+630 + 6175-1-773—1-6;0 + en1+n{+n2+n§+R4
4 emtnitnstns+Rs  ometnstnstni+Re 4 omAnitnztni+Tio 4 omni+as+ng+ri
+ 6772+77§+771 +n3+720 + 67724-775 +n7+n3+754 + 6773+77§+771 +n5+730 + 6773+77§ +n31 +n2+75,

4 M s s +ni+ Ry (24b)

Here
n = kv — (ik} +w)y +wit,i=1,2,3, (24c)

61 (/ﬁ - k2)(04§j)/€21 - agj)’ﬁl) 662j _ (k?l — k3)(04§j)/€31 — ozéj)nn)
(k1 + k7)) (kT + ko) ’ (k1 + k) (kT + ks3) ’
(k1 — k) (af Kz — 0 kina) 5y _ (k2 — ks) (0 kg2 — 0 ko)

’ € - * * )
(k1 + k3) (k2 + k3) (ko + k3) (k3 + k3)

% =
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55, _ \F1 T 3 al H3s—a3 K13 Se; _ \h2 — A3 042'/@33—043'/‘623
o (B — Ky)( Vi) gy (k= ky)(af) () 1)
(ks + k:*)(k* + k1) ’ (k3 + ko) (k3 + k3) ’
oy (k2 — ks) (af k31 — af kian) oy R~ ks) (af kg0 — af ko)
(kT + k2)(k + ks) ’ (k1 + k3) (k5 + k3) ’
oy (k1= k2) (e Vs — 0 ki1s)
(k1 + k3) (ko + k3) ’
o (ko — k1) (ks — k1) (ks — ko) (k3 — k7)
(kY + ko) (k] + ko) (k7 + k3) (k3 + k) (K5 + ko) (K5 + ks3)
X [aij)(nzmgz — Kaskis1) + 05 (K1aks1 — Ksaknn) + af (K1 — fﬁz/ﬂzl)] ,
e (k2 — k1)(ks — k1)(ks — ko) (K5 — k)
(K + ko) (BT + ko) (K + k3) (k3 + k1) (k5 + ko) (k5 + ks3)
X [agj)(fizasfim — Kg1kis) + 05 (ka1 k13 — Kkss) + af (Kagky — fﬁs/ﬂzl)] ,
o (ko — k1) (ks — k1) (ks — ko) (k3 — k3)
(k5 + K1) (k3 + ko) (k5 + k) (K3 + k1) (k3 + ko) (k5 + k3)
X [Oégj)(f€22f<&33 — Koskaz) + Oégj)(ff13f<é32 — K33k12) + Oé;(),j)(/im@?, - /<022f‘€13)] )
(244)
R Rmm 5 R12 5 K13 5- Ra3
m o _ i —1.2 10 — 20 — 30
P e oy~ Ay A ery
. (ks — o) (k5 — k) )
T k)G krg)(kzl ) (K3 + ko) sz = Fratin]
Ry (ks — ki) (k5 — k) B
Tk k) R (RS + kl)(kz* ¥ k) [Ragtin = Faghia]
ks — ko) (k3 — k3)
efe = ( 2 Kook33 — Kozk3a) ,
(k3 + ko) (k3 + k;g)(k;g + k;2)(k;3 TRy h — Raaie]
ko — k
e = ” ( " 1)( " ) " [ff11/<623 — ff21/<613]7
(K5 + ko) (BT + ko) (K3 + kl)(kg + k2)
(k1 — ko) (k3 — k3)
T20 _ _
e (k,; + k,l)(k,; + k,2)(k,* + k,l)(k,* 4 ]{32) [KQQ’%IS 512'%23]7
f (ks — k1) (k3 — k3)
er = K33K12 — K13k3a]
R e e Lk
Ry k1 — ko|?[ko — ks|?|ks — kq]?

(kA kD) (R + k3) (ks + K3) 1k + k3 [2 ko + K3[2[ks + k5]
X [(K11/€22/€33 - 511/123%32) + (/112/123%31 - /112%21/133)
+(Ko1K13K32 — Kaok13kal)], (24e)

and

2 (n) _ (n)x
R = _Zn 1% A ) 7’7l = 1727 3. (24f)
(wi +wy)




Bright solitons in multicomponent LSRI system 16

The explicit form of L can be obtained by substituting the expression for f in
L = —Qw(logf). Here ozgl), ozgl), ozél), 0452), ozf), a§2), k1, ko, k3, wi, we, and ws
are the twelve complex parameters which characterize the above three-soliton solution.

Following the arguments of ref. [8] (see equations (28) and (29) there) and the discussion
in section 4 one can show that the necessary conditions for nonsingular solution are

ei >0, i=1,2,...7, (249)

which is automatically taken care by the choice kjrw;r < 0,7 = 1,2,3. One can also
easily show that the inequality

€(R1+R6)/27 e(R2+Rs)/2 €(R3+R4)/27 e(B7)/2 > 4max (6(5103+T3OR), 6(520R+7’20R)’ 6(530R+710R)) (24h)

)

is the sufficient condition in order to ensure that the solution is regular. Typical shape
changing collision of the three-soliton solution is shown in figure 2] for the parametric
choices ky = 0.240.3¢, ky = 0.64-0.4%, k3 = 0.7+0.2¢, w; = —0.5+0.47, wy = —0.740.17,
wy=—03+03i, ol =05—4, al’ =05+, o) =0.3+0.2i, o{” =0.39+ 0.2, and
a? = ozéz) = 1. The above three soliton solution (24) represents the interaction of three
solitons and their collision scenario can be well understood by making an asymptotic
analysis following the procedure given in section 5 for the two soliton solution.

We have identified from the asymptotic analysis that for the three interacting
solitons (say, s1, s2 and s3), as in the case of CNLS equations [6,8], the total transition
amplitude of a particular soliton (say s;) can be expressed as the product of two
transition amplitudes which result respectively during the first collision of s; with s
and during the collision of the outcoming soliton (say s}) with soliton s3. In a similar
manner the net phase shift acquired by a particular soliton (say s;) during the complete
collision process is equal to the addition of phase shifts experienced by that soliton
during its cascaded collisions with s, and sz, respectively. Thus the analysis clearly
shows that the multi-soliton collision process indeed occurs in a pair-wise manner in
the multicomponent (2+1)D LSRI system and there exists no multiparticle effects. The
details are similar to the CNLS system [6,8] and so we do not present them here.

8. Four-soliton (4, 4, 4) solution

Again to obtain the explicit four-soliton solution, we substitute m = 4 in the Gram
determinant form (7) and obtain an expression involving exponentials. Since it is too
lengthy, we do not present the explicit form here. However we note that the four-soliton
solution is characterized by sixteen complex parameters, k;, w;, a§1), 045-2), 7=1234.
The nonsingular solution results for the choice kjrwjr < 0, j = 1,2,3,4. One can
check that kjrwjr < 0, j =1,2,3,4, are the necessary conditions for the existence of
nonsingular solution and the sufficient condition can be obtained following the procedure

mentioned in sections 4 and 7.
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8.1. (2, 2, 4) soliton solution of Ohta et al
1 _ 1 _ (2 _

In the above discussed four-soliton solution, we make the choice a3’ = a’ = oy~ =
a§2> = 0, and also introduce the parametric restrictions
o (Rt k) (ks + K3) (R + k5) (ks + K7) (250)
' (k2 — k) (ks — k1) (ks — k1)
o) _ ot k) (ks ) a4 K5)(hs ) 50)

(k1 — k) (k3 — ko) (ks — k)
@ (ks +k3)(ks + k5) (ks + k3) (ks + k7)

T (o Ay Ty (25¢)
9 (ka + k5) (kg + k5) (kg + E3) (kg + K3)
0" = (k3 — ka) (ko — k) (k1 — ka) 7 (254)

then one can show that it is exactly equivalent to the (2, 2, 4) soliton expression given
by Ohta et al [16]. This can be verified by expanding the determinant form with
the above parametric restrictions and comparing it with the expanded version of the
(2,2,4) solution of ref. [16]. The interaction of solitons for the above special case of the
four-soliton solution is shown in figure [3 for the choice of parameters k; = 0.5 — 0.27,
ky =044 0.14, k3 = 0.3 — 0.44, ky = 0.4 4+ 0.67, w; = —0.5 + 0.47, wy = —0.7 + 0.14,
w3z = —0.3 4+ 0.37, wy = —0.2 + 0.2i. This is similar to the interaction shown in ref. [16].

9. Soliton solutions of (n + 1)-wave system

We now extend our study to obtain multisoliton solutions of the multicomponent system
with arbitrary (n + 1) waves, in which we consider n short wave components and single
long wave component. The (n 4+ 1)-wave system in this case is given by

i(S9 4+ 89) = 89 + 18D =0, j=1,2,...n, (26a)
L=2%" S0P (260)
j=1

(1) One soliton solution:

Following the procedure discussed in section 4, we can obtain the one soliton solution

as
(4 m
G) - M ¢€ -
SU) — [ o TR 1=1,2,...n, (27a)
0? .
L = — Qw (10g (1 + 6771+771+R)) s (27b)
where

p_ —2ga(afal”)
4k1pwir '

m = kir — (ik} +w)y +wit, e (27¢)

(ii) Two soliton solution:

Similar procedure results in the two soliton solution for the multicomponent case with
arbitrary (n + 1) waves whose expression can be obtained from equations (14) by just
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allowing j to run from 1,2, ... n and redefining x; as k; = — Z?Zl(agj)al(j)*)/(wi +wy),
1,1 = 1,2. Now it is straightforward to extend the bilinearization procedure of obtaining
one and two soliton solutions to obtain multisoliton solutions as in the 1D integrable
CNLS equations [8]. Similarly, three- and four soliton solutions of equation (26) can be
obtained by suitably redefining x;’s with 7,0l = 1,2,3 and i, = 1,2, 3, 4, respectively,
and fixing the upper limit of the index j, corresponding to the short wave components
as n. The multisoliton solution of the multicomponent case (26) can be written down
from equation (6) by allowing s to run from 1 to n and redefining the column matrix

1); as

T
1 2 n
Y = (ag- ),a§- ),...,a§- )> )
Likewise the proof of the multisoliton solution of the multicomponent system also follows
the three wave system discussed in section 3.

10. Conclusion

To conclude, we have obtained explicitly the multi bright plane soliton solutions of
recently reported physically interesting integrable (2+1) dimensional (n+1)-wave system
by applying Hirota’s bilinearization procedure. We have also presented the results in
a Gram determinant form for the multisoliton solutions of the multicomponent LSRI
system along with the necessary proof. We observe that the solitons in the short wave
components can be amplified by merely reducing the pulse width of the long wave
component. The study on collision dynamics shows that the solitons appearing in the
short wave components undergo shape changing collisions with intensity redistribution
and amplitude-dependent phase shift. This gives the exciting possibility of soliton
collision based computing in higher dimensional integrable systems also. However, the
solitons in the long wave component always undergo elastic collision.
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Figure 1. Shape changing collision of solitons in the three wave system with the
& )
parametric choice “y # “45. Here the two soliton solution (14) is plotted for a fixed
X A2
value of ¢ and the associated parameters are given in the text (below equation (15)).
Note that intensity redistribution occurs only in the S and S® components, while

elastic collision only occurs in the L component.
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Figure 2. Shape changing collision of the three solitons of the three wave system,
equation (24). The chosen soliton parameters are given in the text. Again note that

intensity redistribution occurs only in the S and S® components, while elastic
collision only occurs in the L component.
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