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Abstract

Using a moving space curve formalism, geometrical as well as gauge equiv-
alence between a (2+1) dimensional spin equation (M-I equation) and the
(241) dimensional nonlinear Schréodinger equation (NLSE) originally discov-
ered by Calogero, discussed then by Zakharov and recently rederived by Stra-
chan, have been estabilished. A compatible set of three linear equations are
obtained and integrals of motion are discussed. Through stereographic pro-
jection, the M-I equation has been bilinearized and different types of solutions

such as line and curved solitons, breaking solitons, induced dromions, and do-
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main wall type solutions are presented. Breaking soliton solutions of (2+1)
dimensional NLSE have also been reported. Generalizations of the above spin

equation are discussed.
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I. INTRODUCTION

The two dimensional sigma-models with nontrivial topological structures are known to
play a useful role in modern field theory. This set of models constitute a laboratory for
studying two dimensional analogues of elementary particles within the framework of classical
field theory|[1]. In this context, important case studies concern with the existence of localized
coherent structures (dromions, lumps, etc.) and other types of soliton-like solutions of some
classical nonlinear field models such as, for example, the Ishimori and the other (2+1)
dimensional spin systems[1-3].

Generally speaking, in (2+1) dimensions we have a number of remarkable properties,
which may not exist in (141) dimensionsal counterparts. For example,

1°. These equations possess the so called localized coherent structures (such as dromions,
lumps and so on), which may undergo both elastic and inelastic scattering depending upon
the initial conditions.

2°.The corresponding spectral parameter (eigenvalue) of the associated linear problem
(the Lax representation) can be dependent on the ¢ (time) and y (space) variables and
satisfy even nonlinear equations (see, for instance, [3-4]). As a consequence, the original
soliton equation can have breaking solutions[4-6]. Besides, in this case, for finding solutions
one even needs to use non-isospectral Inverse Scattering Transform(IST)[5].

3°. Each integrable (141) dimensional equation may admit several integrable (and nonin-
tegrable) extensions[2,3] in (2+1) dimensions. For example, the KdV equation has integrable
extensions such as KP, NNV and breaking soliton equations|6].

4°. Regarding the subject of the present paper, many of the (241) dimensional spin

equations possess the topological invariant-with the so called topological charge

= ﬁ /dxdy§~ S. NS, (1)

and their solutions are classified by the integer values of Qn, N = 0,4+1,4+2,... Here,
S =(51,5,5;) and | S |*P= S2+52+52=1and S, = (%), §y = (g—j). This property



can be realised, for example, in the (241) dimensional analogues of the well known (1+41)
dimensional Heisenberg ferromagnet model (or the (1+1) dimensional isotropic Landau -

Lifshitz equation (LLE))[7-9]

S, =SAS,.. (2)
The Heisenberg ferromagnetic spin equation (2) possesses many useful (2+1) dimensional
extensions: Some of them are as follows.
a) The Ishimori equation[10]

— —

Sy =S5A (gm + E25@/@/) + uxgy + Uy Sz, (3a)

Uy — gy = =265 - (S, A S,). (3b)

b) The M - I equation[5]

c) The (2+1) dimensional isotropic LLE[11]

— —

Sy =S A (S +S,y). (5)

Here u is a scalar function and €* = +1. It turns out that eqs. (3) and (4) are integrable,
while Eq. (5) is apparently nonintegrable. All the three Egs. (3) - (5) describe the nonlinear
dynamics of the classical spin systems in the plane and in the (1+1) dimensional case reduce
to one and the same Eq. (2). Properties of Eqs. (3) are relatively well studied (see, for

example, [3,10]). In this paper we wish to concentrate on studying the M-I equation(4). In



particular, we wish to identify the geometrically equivalent (2+1) dimensional NLSE for (4)
and study the nature of the nonlinear excitations admitted by the spin system.

The paper is organized as follows. In Sec.Il we briefly review some necessary informations
about (4) relevant to this paper. The geometrical and gauge equivalent counterpart of Eq.
(4) is constructed in Sec.IIT and Sec.IV, respectively. Integrals of motion are discussed in
Sec.V. In Sec.VI the Hirota bilinear form of Eq. (4) is derived. The solitons (line and curved),
domain walls and dromion-like solutions as well as their breaking analogues are obtained
in Sec.VII and breaking solitons and dromions for its equivalent counterpart are obtained

in Sec.VIII. In Sec.IX we comment on the possible further extensions and we conclude in

Sec.X.

II. THE M-I EQUATION

The Lax representation of Eq. (4) can be shown to take the form[5]

b1z = Ui, (6a)
O1 = Vi1 + Ay, (60)
with
v =g, (7a)
2
A .
Vi= Z([S’ Syl + 2iuS). (7b)
Here
Sg rS—
S = , (8)
T’S+ —53



S* = S; S, and ) is the eigenvalue parameter, which satisfies the following nonlinear

equation

Ae = ANy (9)

Hence, using the compatibility of Eqs. (6a) and (6b), we get

iS, = (S, S,] + 2iuS)_, (10a)

wy = —%tr(SSmSy), (100)

where tr denotes the trace of the matrix. This system is obviously the matrix form of Eq.
(4).

Thus, for solving equation(4), we must use the non-isospectral extension of IST [5]. As a
consequence, FEq. (4) admits besides the usual solutions, corresponding to constant solution
of Eq. (9), breaking analogues related to the ¢ and y dependence of A. Note that Eq. (9)

itself is the compatibility condition of the following system of the linear equations,

fo = %f, (11a)

fe=Afy. (11b)

Another useful form of Eq. (4), can be obtained by using the complex (stereographic)

variable w(z, y,t) defined through the relations

_ 2w - |wl?
St=5+iSg=———, S3=—"——. 12
1+ 202 4w P 3 o (12)
In this case, Eq. (4) takes the form
( )+ 2w*wxwy 0 (]_3@)
(W — Uwy) + Wy — ——— =0,
' Vol w ]



2i(waw; — wiwy)
(1+ [ w [?)?

Uy +

We will use this form also frequently in our following analysis.

III. L - EQUIVALENT COUNTERPART

= 0.

(13b)

It is well known that in (141) dimensions there exists geometrical equivalence between

spin systems and nonlinear Schrodinger type equations|7,12], which in ref.[5] was called the

Lakshmanan eqivalence or shortly the L-equivalence (see also [12-14]). In refs.[5,13-15] a

(2+1) dimensional generalization of the L-equivalence was presented. In this section we find

the L-equivalent counterpart of Eq. (4). For this purpose, we will extend the geometrical

method applicable to (141) dimensional systems suitably to the (241) dimensional case.

We now associate a moving space curve parametrised by the arclength z, and endowed with

an additional coordinate y, with the spin system[12,16]. Then the Serret-Frenet equation

associated with the curve has the form

where

[j = Tgl + Hgg
and €;’s, 1 = 1, 2, 3, form the orthogonal trihedral.

Mapping the spin variable on the unit tangent vector

g(xvyvt) = gla

the curvature and the torsion are given by

K(z,y,t) = (52)3,

(16)

(17a)



—

T(z,y,t) = k29 - (S, A S,y). (17b)

Due to the orthonormality nature of the trihedral, €;.¢; = 0, €,.¢; = 0, 4,7 = 1,2,3 and

using the compatibility condition €, = €., we find the equation for the y-part

Cy =T N &, (18)
where 7 = (71,72, 73) and
Y1 =u-+ 8;17'y, (19a)
Uy
Yo = ;7 (19b)
_ TUy
'73:ax1(”€y_ . ) (19¢)

Alternatively the trihedral €;(x,y,t), i = 1,2, 3 could be thought of as defining a suitable
surface in E3, (so that Eqgs. (14) and (18) represent the Gauss - Weingarten equations in
orthogonal coordinates and that the compatibility condition €j,, = €j,, gives rise to the
Codazzi -Mainardi equations), which is then set in motion. Now, from Eq. (4) and using

Egs. (14) and (18), we can easily find the time evolution of the trihedral as

& =QNE, (20)
with

—

Q= (w1, ws,ws) = <% — 7'8;1@, — Ky, —Ka_lTy) ) (21)

T

Ultimately, the compatibility condition €;,; = €;;,, which is also consistent with the relation

€iyt = €1y, © = 1,2, 3 yields the following evolution equations for the curvature and torsion,



ke = —(KT)y — /ﬁxﬁx_lTy, (22a)

T, = [@ - 7'8;17'@,] + Khy. (220)
K x

On making the complex transformation|7]

vl t) = VD o [0 [ ety i, (23)

the set of equations (22) reduces to the following (2+1) dimensional NLSE
Z.,lvbt = wxy + T2V¢> (240')

V, =29, o °. (24b)

Here, r? = +1, that is, we have the attractive type NLSE (The case > = —1 corresponds
to the repulsive case). Eq. (24) belongs to the class of equations discovered by Calogero[17]
and then discussed by Zakharov[18] and recently rederived by Strachan (for 72 = +1)[19].
Its Painlevé property and some exact solutions were also obtained [20]. N-soliton solutions
of Eq. (24) for both the cases (r? = £1) can be found in ref.[21]. Thus, we have proved that

Eq. (24) is equivalent to Eq. (4) in the geometrical sense.

A. LINEARIZATION

Introducing now the complex variable corresponding to an orthogonal rotation

eq; + 1e3
zlzil , e%l%—egl%—egl:l, [=1,2,3
— €11

the spatial and temporal evolution of the trihedral (eqs. 14, 18 and 20) can be rewritten as

a set of the following three Riccati equations:



2 = —1TZ + g [1 + zﬂ , (25a)

_ 1 _ 1 .

Ziy =~z Tt 5 [ys + iva] 27 + 2 [vs — 7], (25b)
. 1 . 5 1 .

Zip = —wi12) + 3 [ws + dws] 27 + B ws — dws] . (25¢)

It is easy to check that Eq. (25a) is equivalent to the Serret-Frenet equations (14), (25b) is
equivalent to the y-variation of the trihedral Eq. (18), while the temporal evolution (25¢) is
equivalent to (20).

Further introducing the transformation

2 = % (26)

)

(%1

Eq. (25) can be written as a system of three coupled two component first order equations,

R [

(U1y> _ ( =5 _7(73'4‘ Z"Y2)) (Ul) | 27)
Vay (v — i) —5 Uy

O T T
Vot %(w;; — ’éWQ) # (%)

Once again one can check that the compatibility of the three sets of equations (27) gives

[N PN

rise to the evolution equation (22).

IV. GAUGE EQUIVALENT COUNTERPART

Next, it is also of interest to note that Eqs. (4) and (12) are gauge equivalent to each other
in the sense of Zakharov and Takhtajan[22]. To obtain the gauge equivalent counterpart of

Eq. (4), in the usual way we consider the following gauge transformation

9



¢1 =g "¢,

(28)

where g(z,y,t) and ¢9(x,y,t,\) are arbitrary (2 x 2) matrix functions of the type defined

on a compact manifold S? = SU(2)/U(1). Substituting Eq. (28) into Eq. (6), after some

algebra we get the following system of linear equations for ¢o,

with

G2z = Usp,

Par = Vaha + Aoy

UQZZ—Ug—FG, G= s 7“2:—|—1,
2 —7’2¢* 0

I
Vo = —io3 (V_

- +Gy>, T = diag(1,1),

Vv =20.'9,(|v ).

(29a)

(29b)

(30a)

(300)

(30c)

The compatibility condition of Eq. (29) along with (9) becomes (24), that is, Eq. (4) and

Eq. (24) are gauge equivalent to each other. The above transformation is in fact reversible

and we can similarly prove that Eq. (24) is gauge equivalent to Eq. (4).

It is also of

interest to note that the set of linear Eqs. (27) can be recast in the form (29) after suitable

transformations.

Next, we present some important formulae which are just consequences of the geometri-

cal /gauge equivalence of Eqgs. (4) and (24). We have

tr(S2) =8| ¢ [’= 252

In a similar manner we find that

10

(31a)



~2iS - (S, A Spi) = tr(88,S00) = 4(*thy — Yi5). (31b)

These relations are obviously equivalent to Eq. (23). One notes that these are of the same

form as in the case of (141) dimensional Heisenberg spin chain [7,8].

V. INTEGRALS OF MOTION

The spin Eq. (4) allows an infinite number of integrals of motion as a consequence of
integrability. These integrals can be consructed using for example the Lax representation(6).
However some of the integrals can be constructed using that L-equivalence property. Now

from (22a), it follows that

(K%); =[R20, 1) )0 + [—KP7],. (32a)
Hence we get the first integral
K, = /Kdedy. (320)
Similarly (22b) leads to
K, = /nszxdy. (33)

In terms of the spin vector the corresponding two conservation laws are

(2), + 0. +0y[S+ e A Sua| =0, (34)

53

)

2 53
G2)2 g gx gxz i 5_2 G4

11



Note that these integrals have the same forms as in the (141) dimensional case. More

interesting integrals of purely (241) dimensional nature can be obtained from the condition

Cjzy = Cjyax-

Making use of the various relations in Sec.III and after some algebra we have

(=r72)e = (=71t)x + (T2)y,

(=772)e = (V3t)a + (—Hr)y-

These equations give two integrals

K; = /(—/wg)dxdy,

and

Ky = /(—772)dxdy~

In terms of the spin vector S these integrals of motion take the forms

K, = /(S_’E)dxdy,

Ky = /§ gx A gmdxdy,

and

(36)

(39)

(40)

(41)

(42)

(43)

(44)



Note that K3 is the topological charge given by Eq. (1) to within a constant. One can

proceed to find the other integrals of motion using the eigenvalue problem(29).

VI. HIROTA BILINEAR FORM

In order to solve the Cauchy initial value problem of Eq. (4), it will be of interest
to investigate the system in the framework of the inverse spectral transform method, for
example, by the d-bar dressing method|[2,3]. However, for our present purpose we concentrate
on exact analytic solutions of Eq. (4). In doing so, it is convenient to rewrite Eq. (4) or its

equivalent stereographic form (13) in the Hirota bilinear form. On writing

g
w= =, 45
7 (45)
Eq. (4) or Eq. (13) becomes
(iDy = Dy Dy)(f* 0 g) =0, (46a)
(iDy — Do Dy)(f* o f — g7 0g) =0, (460)
Dy(f*of+g 0g)=0, (46¢)
while the potential u takes the form
ule,y,t) = D oS * g 0g) (464)

f[rof+gtog
where g and f are complex valued functions. Here D, is the Hirota bilinear operator, defined

by

DiD?D?(f 0g)=(0: — a’cl)k(ay = Oy)™ (O — 0u)" [ (2, y, ) g(2, Y, t) lamarymyri=er  (47)

13



Using the above definition of the D-operator, we get from (31d) that

Uy = —2i[Dy(f o g)Dy(f"0g") —c.c]. (48a)

In terms of g and f, the spin field takes the form

_ 29 o ISPl F
[ fPP+1gl* [ fP+1gl?

Eq. (46) represents the starting point to obtain interesting classes of solutions for the spin

St Ss (48b)

system (4).The construction of the solutions is standard. One expands the functions g and

f as a series

g=€q + g5+ g5+ - , (49a)

f=14+€fo+efi+eSfs+..... (49b)

Substituting these expansions into (46 a,b,c) and equating the coefficients of €, one

obtains the following system of equations from (46a):

61 : igu + Jizy = 0, (50@)

e [i0; + 0,0, g3 = [iDy — Dy Dy (f5.01), (500)

"0, + 0.0, gonr = D [iDy — DDy (fo-Goms1), (50¢)
k+m=n

and from (46b):

14



€ i0y(f3 — fo) — 020y (f3 + f2) = [iDy — DDy (97-91), (51a)

' i0(f — f1) — 0.0,(f5 + f1) = [iDy — D, D) (¢5.95 + 95.91 — f3-f2), (51b)

€2n : Zat(f;n - f2n) - 8x8y(f2*n + f2n) == (ZDt - Dchy) ( Z g;n1+1’92n2+1)

ni+ns=n—1

~0-D0) (X fiofins). (510

mi1+mo=n

Further from (46¢), we have the following:

62 : ax(f; - f2) = _Dm(gikgl)u (52@)

€' 0,(f1 — f1) = —Du(91.95 + g5.91 + [5.f2), (520)

€2n . ax(f;n - f2n) - _D:C Z (g§n1+l‘g2n(2+l) + Z f;nl‘f2n2) . (526)
ni+ns=n—1 ni+ng=n

Solving recursively the above equations, we obtain many interesting classes of solutions to
Eq. (4).

15



VII. SOLUTIONS OF THE SPIN SYSTEM

Using the results of the previous section, we are in a position to construct many exact
solutions such as solitons, domain walls, breaking solitons and induced dromions of Eq. (4).

To obtain such solutions, we can use Eqgs. (46) as the starting point.

A. The 1-line soliton and curved soliton solutions

On solving Eq. (50a), we obtain

N

g1=Y expx;, X; = a;x+bi(y,t)+c¢j, (53a)
=1

where b;(y,t) is an arbitrary function of (y,t) satisfying the relation

bj(y,t) = bj(p) = b;(y +iajt), (53b)

and a; and c¢; are complex constants. In order to construct the one soliton solution, we take

the case of N =1 in (53a) and substitute it in Eq. (51a). We obtain

fa=exp(x1+ X7 + ). (54a)

Using Egs. (5la) and (52a), it is found that

2

_ ay
XPY = T

(54b)
If we use the above forms of g; and f, in Egs. (50b), (51b) and (52b), we can see that g; = 0
for j > 3 and f; = 0 for j > 4. By substituting the values of g; and f; in Egs. (48a) and
(48b), we obtain the expressions for the 1-soliton solution for the spin components and for
the potential for example with the choice exp ¢y = 2‘;—13 as
1
2@1

R . .
S+($a y,t) = 5 5 CXPIXus liair — a1rtanhxig] sechx1r, (55a)
ajp T a1g

16



2

2a
Ssy(z,y,t) =1 — = _sech?y1p, 55b
3(7,y,1) ptad X1R (550)

and the potential as

2a1R
u(z,y,t) = 5—— (a17bi g — a1rb}) sech®x1g. (55¢)
arg T aig

It follows from Eqs. (55) that one can identify two types of solitons:

1. Line solitons:

If we choose the function b (y,t) in Eq. (53b) as
bi(y,t) = biy +ibiait, (56a)

then

X1 = a1+ bly + ialblt “+ (56())

where by is now a complex constant, and Eqs. (55) correspond to the line solitons. In this

case the spin vector S — (0,0,1) for fixed t as x, y — £00, except along the line
X1R = @1rT + biry — (a1rb1s + a17b1r)t + c1r = 0, (57)

where it is still bounded.

2. Curved solitons:

However for arbitrary form of by(p) = by(y + ia1t) in Eq. (53b) and for fixed (y,1), it
follows from (55) that S - (0,0,1) as z,y — +oo and the wavefront itself is defined by the

equation

X1k = a1rT + bir(p) + cir = 0. (58)
We may call such solitons (which do not decay along the curve(58) ) as curved solitons|23].

17



B. The 2-soliton and N-soliton solutions

To generate a 2 line or curved soliton solution (2-SS), we take N = 2 in (53a) and hence

g1 takes the form

g1 = exp X1 + exp Xo. (59)

Substituting (59) in (50)-(52), after some calculation we obtain

fo=Nurexp (x1+ x7) + Nizexp (x1 + x5) + Narexp (x] + x2)+

Nagexp (x2 + X35), (60a)
93 = LiaN1iNigexp (x1 + X7 + X2) + L12Noa Nay exp (X1 + X2 + X3), (60)
fa = L12Li5 N11 N1a Noy Nog exp (X1 + X7 + X2 + X3), (60c)
where
Ny = —ﬁ Ly, = —“‘;72“)2 (60d)

and g; =0 for j > 5 and f; = 0 for j > 6. Inserting (60) into (48b) we get

e |1+ fot+ fa2+ g1 +93 7
:|1+f2+f4\2—\91+93 &
|1+ fo+fal2+ g1 +93 >

and similarly the expression for the potential can also be obtained from (48a) or (46d).

S3(£7yvt) (61b)

Finally by taking g, as

N
a1 = Z eXP X
j=1

and extending the above procedure, one can obtain the N-SS also.

18



C. The domain wall type solution

The soliton solutions of (55) and (61) correspond to the boundary condition

—

S(xz,y,t) =(0.0,1), as z, y — £oo. (62)
Another class of physically interesting solutions are the domain wall type solutions, which

have the asymptotic form

—

S(Z’,y,t) = (O>Oai1)aas T, Yy — +00 (63)

In order to obtain domain wall solutions in the present model, we make the choice

w(z,y,t) =g(z,y,t), [flz,y,t)=1 (64)
Then, Eq. (46) reduces to
19t + guy = 0, (65a)
929y + 9,9: = 0, (65b)
929 = 9"9: =0, (65¢)

which is consistent with Eq. (13). Alternately, we can use another substitution

w%%wzf(l ooy t) = 1 (66)

z,y,t)’
Here also it follows from (46) that

iff—f1,=0 (67a)

19



ity + fof =0 (67b)

fof =1 f=0. (67¢)

Comparing Egs. (65) and (67), we see that if w(x,y,t) is a solution of Eq. (13), so also

w'(:):,y,t) = im (68)

are solutions of Eq. (13). This is an obvious consequence of the fact that Eq. (13) is
invariant under inversion.
Now, we find the simplest non-trivial solutions for example of Eq. (65). Let us take the

ansatz

g = exp (azx + iby — abt) (69)

where a, b are real constants. The components of the spin vector S are given by

n exp tby
t) = 70
57 (@, y.1) coshla(x — bt — xg)]’ (70a)
Ss(z,y,t) = —tanhla(x — bt — x0)]. (700)
We can also have a more general solution of the form
g = exp [ax +im(y, )], (71)

where a is a real constant and m(y,t) is an arbitrary function of y and ¢. From Eq. (65a),

it follows that

m = m(p) = m(y + iat), p = y + iat. (72)
Expressions for the spin components are then given by

20



expliRe(m(p))]

57 (@,9,1) = coshlax — Im(m(p))]’ (73a)
S3(z,y,t) = —tanhlax + Re(m(p))], (73b)

and the potential is
u(z,y,t) = —2mp{1 + exp [~2(ax — m;)]} 1, (74)

where the 7 denotes the differentiation with respect to the real part of the argument. Natu-
rally even more general solutions can be obtained by taking more general forms for g(z,y, t)

than (69) or (71).

D. The breaking soliton solution

We have already noted in Sec.II that for the present system (4), we have a non-isospectral
problem, as the spectral parameter A satisfies Eq. (9). The above presented solutions all
correspond to the constant solution of Eq. (9), namely A = A\; = constant. One may consider

other interesting solutions of Eq. (9). For example, one can have a special solution

_y+k+in

A=\ =0(y,t) +i&(y, t) —t

(75)

where ¢, k and 7 are real constants. Corresponding to this case, we may call the resulting
solutions of Egs. (4) and (24) as breaking solitons[4]. Using the Hirota method, one can
also construct the breaking 1-SS of Eq. (4) associated with (75). For this purpose, we take

g1 in the form

g=gi=expX, X=ar+m+c=xg+ix, (76)

21



where a = a(y,t), m = m(y,t) and ¢ = ¢(t) are functions to be determined. Substituting

(76) into the first of Eq. (53), we get

ia; +aa, =0, imy +am, =0, iA, + Aa, =0, (77)

where A = exp(c). Particular solutions of Eqgs. (77) have the forms

—1 k k+1 A
q—t q—t q—1
where 7, k, ¢ and Ay are some constants. From Egs. (50)-(52), we obtain
+ k4 in)?
fo=Bexp2xg, B= % (79)
Now, we can write the breaking 1-SS of Eq. (4) (using equations (48b), (76)-(79)),
exp ixi +In —]sech[x1r + In y+k+”7
ST(x,y,t) = o y+k+ | +k+z[ - | Th—in]’ (80a)
1+ (y+k) zsech[le +1In¥ "]sech[le + ln ¥ o gr
1— —Tsech[yig + In 5 sech[x 15 + In Ykt
Sy(z,y,t) = (y+k)2+n? [X1r y+k+m] [X1r y+k m] (80b)
1 + Wé’ech[)ﬁ}z —+ In ] h[XlR + In ]

where x; = x as defined in Eq. (76). We see that the solution (80) corresponds to an

algebraically decaying solution for large x, y.

E. Localized coherent structures (dromions)

Next, we present the dromion type localized solutions of Eq. (4), the so-called induced
localized structures/or induced dromions|23] for the potential u(x,y,t). This is possible by
utilising the freedom in the choice of the arbitrary functions bz and by; of b; in Eq. (55¢)

and (53b). For example, if we make the ansatz

bir(pr) = kbir(pr) = tanh(pr), (81)
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u=2n(&— nk)secthRsech[nx + tanhpr — Ny, (82)

where pr = y — ay;t and k is a constant. Similarly, the expressions for the spin can be
obtained from Egs. (55 a,b). The solution (82) for u(z,y,t) decays exponentially in all the
directions, eventhough the spin S itself is not fully localized. Analogously we can construct
another type of “induced dromion” solution with the choice

dpr

i = B = / (prtpl+1 bo, (83)

where py and by are constants, so that

2n(€ — ky) > dpr
oy, t) = B2 |z + — naol . 84
ula 5 ) (or+po)2+ 17 |17 / (or+po)2+1 10 (84)

Proceeding in this way we can construct even more general solutions and multidromions for

the potential.

VIII. SOLUTIONS OF (2+1) DIMENSIONAL NLSE

In this section, we wish to consider briefly the corresponding solutions of the equivalent
generalized NLSE Eq. (24). Already this equation has received some attention in the
literature. The following types of solutions are available[23,24]:

a) Line solitons,

b) Induced dromions.

Now, we can construct the N-breaking soliton solutions of Eq. (24) as well. As an example,
let us obtain the 1-breaking soliton solution of Eq. (24). The Hirota bilinear form of Eq.

(24) can be obtained by using the transformation.

< >

as [20,24]
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[iD, + D,D,](ho ¢) =0, (86a)

D?(¢p o ¢) = 2hh*. (860)

We look for the 1-breaking soliton solution in the following form:

h = exp X, (87a)

wherex = b(y, t)x + n(y,t) + c(t). Substituting (87) into (86), we get

ibt + bby = 07 (88@)
z’nt + bny - Oa (88b)
’iBt + Bby = 07 (880>
and
1 ¥
o = ———expx + X" = exp2(brr + ng + Xo), (89)

(b+b%)?

where exp 2y = B = expc(t) and br = br(t) = Re(b). Now, the formula (85) provides

1
40%

us the 1-breaking soliton solution of Eq. (24),

br(t) expi [br(y, t)x + nr(y,t) + co
cosh [brzx + ng(y,t) + Xxol

where b(y,t) = bg + ibr, n(y,t) = ng + in; and B(t) are the solutions of Egs. (88). Just as

Y(x,y,t) =

, (90)

in the case of Eq. (77), if we take the following particular solutions of the system of Egs.
(88);
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—1 k k+1 B
b:_i)\:w’n:y_'_ "‘ZW’B: 0 (91)
q—t q—t (q—1)

then the 1-breaking soliton solution of Eq. (24) takes the form

k
i Lo+ nr(y,t) + co | sechZ, (92)

Y
expt | —

n
w(% Y, t) = -
q JR—
where Z = ﬁx +nr(y,t) + xo and ¢, xo are constants.

Similarly, we obtain the breaking N-SS of (24). In this case we can take the ansatz

N
g1 =) expy; (93)
j=1

with x; = 0;(y,t)xr +n,;(y,t) + ¢;(¢). Inserting mto , one 1s lead to
ith x; = b; y j I i 93) 1 92 is lead

'ibjt + bjbjy = 0, (94(1,)
injt + bjnjy = 0, (94b)
iBjt + ijjy = 0, (940)

Proceeding as before, one can obtain breaking N-soliton solution.

IX. SIMPLEST INTEGRABLE EXTENSIONS

As mentioned above in ref.[5] (see also [25,26]) a new class of (2+1) dimensional integrable
spin equations was proposed. In particular, Eq. (4) is a particular reduction of the following

so called M-IIT equation (according to the notations of ref.[5])

— —

S, = (SAS, 4+ uS), +2(cl +d)S, —4¢V S, + S A AS, (95a)

up = —5- (S, A S, (95b)



1 Q2

Ve = m(sx)ya (95¢)

where [, ¢ and d are constants and A is the anisotropy tensor. This equation possesses some
integrable reductions. For example, one obtains

a) the isotropic M - I equation (4), when ¢ = 0, A = 0;

b) the isotropic M - IT equation, when d = 0, A = 0;

¢) the isotropic M - III equation, when ¢ # 0 # d, A = 0;

d) the anisotropic M - I equation, when ¢ = 0

and so on. All these equations are integrable in the sense that each one of such reduction
has a Lax representation[5]. As an example, let us present the associated linear problem for

the isotropic M - III equation[5],

V1 = Uy, (96a)
V1 = Vit + (2eA? + 2d\)iy, (960b)
with
Uy = [ic(A* — 1?) +id(A = 1)]S + A —1) SS, (97a)
! 2l +d """
Vi = [2¢(A\? = I?) + 2d(\ — )| B + N2 Fy + \Fy + Fy, (97b)
where
Fy = —4ic*V' S,
_ 4c2V ic
F) = —4icdV S — T dVSSx ~5a 7 dS{(SSx)y — 88, B]}, (98)
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Fy= —lF, — I’F,.

Here

1 ,
B =1([S.5,) +2ius), S = § -

From these equations one can deduce the corresponding Lax representations of the isotropic
M -T and M - II equations by choosing ¢ = 0 and d = 0, respectively. We note that Eq.
(95) for the isotropic M-IIT equation reduction case is gauge[27] and L-equivalent[14] to the

following equation

iy = Gy — dic(V @), + 2d°V ¢, (99a)

Vo= (¢ 1%y (990)

This equation has two integrable cases: a) if c=0, Eq. (99) reduces to Eq. (24); b) if d=0,

we get the Strachan equation[19]. The Lax representations corresponding to (99) is obtained

as follows.
Yoy = Uatha, (100a)
Vor = Vathg + (2¢A? + 2d\ )1y, (1000)
with
Us = i[(cA? 4 dN\)os + (2c) + d)Q), (101a)
Vo = A*By + AB; + By. (101b)
Here
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By = —4ic*V oy,

By = —4idcV o3 + 2c03Q,, — 8ic*V Q, (102)
d d?
By=—B, — —B

0 ¢
Q= .
_¢* 0
X. CONCLUSIONS

In this paper we have obtained many interesting classes of exact solutions of Eq. (4)
and its equivalent counterpart Eq. (24), after estabilishing their L- equivalence and gauge
equivalence. The equivalence concept was also extended to more general cases in Sec.IX.

Another interesting class of solutions are the periodic solutions which for Eq. (4) are given

by
Syt = G0 (103
where
Az@(z—g—gn'), Bz@(z—l—g—gn‘),
C:H(z—ngg,r), DzH(z—l—ngg,T). (104)

Here, 6(z, ) is the Riemann 6 functions and r,  are some constants. More detailed inves-

tigation of the periodic solution(103) will be considered elsewhere.
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Also we would like to note that the extended version of the L-equivalence method which
we used in section III works out for many other (2+1) dimensional spin equations as well,
for instance, to the Ishimori equation[14]. In the later case, the unit vectors éy, k = 1,2, 3,
satisfy the Eqs. (14) and (18), while the vector & = S satisfies the Ishimori equation

— —

ey =€ A\ (glxx + 6251@/3;) + uxgly + uyglmv (105@)

Upy — e2uyy = 262 - (€1 A €1y)- (105b)

Proceeding as in sec.III, we can obtain an evolution equation for the curvature x and torsion

7 in the form

Kt = Wsg + Twa, (106a)
Tt = Wigp — KWwa, (106b)
where
TWs — Wy 2
wi = o Wo = UzY2 — Kz — € Y3y T V172,

(Uge — 62uyy)

W3 = —KT + KUy + UgYs + €2y — V173, V2 = S

and the values of 7, and 73 can be obtained from the relations (19a) and (19¢) respectively.

Then the complex transformation

¢ = aexpib, (107)

where

=

1
a =3[ +5 + 75 = 2677, (108a)
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_ U Y2V3z — V3V2x — K3z
b=0'(r— 2L 108b
U S TS (1086)

satisfies the Davey-Stewartson equation for €2 = —1,
iy = yy — Gua + 290, (109a)
Uyy + e = (| ¢ )7s — ([ 0 )5 (1090)

where u is a function of x, y and t. Here x and 7 have the forms(17). Thus the geometrical
equivalence between (105) and (109) can be estabilished using the generalized transformation
(107).

To summarize, in this paper, we have shown the equivalence of the (2+1) dimensional
spin equation (4) and the generalized (2+1) dimensional NLSE (24). Besides we have found
interesting classes of exact solutions for Eq. (4) and NLSE(24). However, many questions
remain open and deserve further investigation. These include the existence of, for example
of localized coherent structures (other than the induced dromion-like solution presented
here), the determination of the Hamiltonian structure and the finding of possible physical
applications of the solutions obtained above. Another interesting problem is the classification

of solitons by the values of the topological charge. These questions are being pursued further.
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