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Abstract—This paper attempts to present an algorithm (as a set of conditions and equations) for the
correction of stresses of both strain-hardening and perfectly-plastic materials, for the analysis of frames
under transient dynamic loadings. The validity of the proposed conditions and equations is verified

through numerical experiments.

1. INTRODUCTION

Frames subjected to dynamic loads, such as earth-
quake, blast, etc., undergo inelastic deformations well
into the plastic range. The study of the response of
frames, in such conditions, would be more realistic,
only if the nonlinearities due to material behaviour
are taken into account. As these loads are likely to act
once or twice on a structure during its life span,
design of structures based on elasto-plastic behaviour
would be more economical. Thus, nonlinear dynamic
analysis is a prelude to achieving both accuracy and
economy in the structural design.

In any elasto-plastic analysis, the initiation of
yielding in a cross-section can be governed by a yield
criterion, formulated either in terms of cross-section
stress resultants or Gauss point stresses.

The yield criteria, expressed in terms of axial force
and bending moment, generally require an algorithm
to bring the drifting force point back to the closed
convex yield surface. Toridis and Khozeimeh [1] used
von Mises yield criterion based on stress resultants to
study the plastic behaviour of each end cross-section
of elements of frames subjected to transient loads.
And they had to resort to an alogrithm to correct the
values of the stress resultants (evaluated based on
elastic increments) of elements, deforming plastically.
Similarly, Hilmy and Abel[2] made use of a yield
criterion, in terms of member end axial force and
bending moment, to analyse the nonlinear dynamic
behaviour of frames which also required an iterative
procedure to control the force point drift from the
loading surface. Similarly many algorithms have been
reported in the past[3-5] to force the stress point
back to the yield surface.

The yield criterion for a plane frame element can
also be expressed in terms of its axial and bending
stresses (as they are uniaxial in nature) and the yield

stress of the material. The shear stress—strain relation,
if transverse shear deformation is taken into account,
is considered to be elastic[6]. In such a case, the
stress point drift will have to be brought back to the
stress-strain curve of the material rather than to
the yield surface, as in the previous case.

The well-known mechanical sublayer model
by White[7] and Besseling[8], models strain-
hardening behaviour by assuming each Gauss point
to consist of a specified number of sublayers of
perfectly-plastic material, which are equally strained,
with same elastic modulus but each with a different
yield stress. Morris and Fenves [9] used the von Mises
yield criterion, in terms of stresses, to determine
the initiation of plastic yielding at any point of an
element.

Likewise, Nigam [10] applied the same criterion to
monitor the starting of plastic flow, within an element
of a frame under dynamic loadings. Later on the
mechanical sublayer model was adopted by Wu and
Witmer [11] for the nonlinear dynamic analysis of
structures. Kam and Lin [12] modelled the perfectly-
plastic behaviour, in terms of Gauss point stresses,
for frames subjected to transient loadings.

When the material is assumed to be perfectly-plas-
tic bringing the stress point back to the stress-strain
curve, becomes much simpler, with the conditions
used in [11] (Fig. 1). But modelling strain-hardening
behaviour is hardly that explicit (Fig. 2).

The sublayer model adopts different yield stresses
and a constant known as the ‘mechanical sublayer
weighing factor’ for each perfectly-plastic sublayer in
order to model strain-hardening. The concept of a
universal stress—strain curve was used in [1] to model
the strain-hardening behaviour, wherein the stress is
plotted against the plastic component of the strain,
evaluated from the actual stress—strain curve of the
material.
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Fig. 1. Stress-strain diagram of a perfectly-plastic material.

If the sublayer model is to be used, then the yield
stress and the ‘mechanical sublayer weighing factor’
for each sublayer of all Gauss points are required
at every time-step to calculate the actual member
end stress resultants. Again, if the universal stress—
strain diagram is to be used, for modelling the
strain-hardening effects, it has to be prepared for
different kinds of material, from their actual
stress—strain diagrams.

Thus, if the formulation of a yield criterion in
terms of stress resultants, requires an iterative stress
correction algorithm, expressing the same, in terms of
Gauss point stresses, on the other hand, involves
additional modelling work, as discussed above.

While the interative schemes increase the overall
computational effort manyfold, particularly for non-
linear transient dynamic analysis using the direct
integration schemes, the available methods in terms
of stresses, require extra effort for each new type of
material likely to be modelled.
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Fig. 2. Stress-strain diagram of a linear strain-hardening
material.
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Hence, an attempt is made in this study towards
a stress correction algorithm in terms of Gauss
point stresses (as a set of conditions and correcting
equations), which would require neither an iterative
stress correction algorithm nor any additional com-
putation, towards evaluating the material dependent
parameter(s), would also model both the strain-
hardening and perfectly-plastic behaviour and finally,
would easily fit into any general purpose finite ele-
ment code, by incorporating the following features:

(a) the plastic deformations will be measured using
only the yield stress (5,), Young’s modulus (£) and
the tangential modulus (E;) of the material;

(b) the state of stress at any Gauss point will be
evaluated by direct comparison with the yield stress
of the material; and

(c) a direct and simple procedure will be adopted,
to bring the drifting stress point back to the stress—
strain curve.

2. THE NEED FOR STRESS CORRECTION

The discrete (with finite elements for spatial
discretization) governing equation of dynamic
equilibrium

(MU}, +ICHdY i+ {Phucr = {S urrn (D)
where {p},,, and {f},,  are the internal and exter-

nal force vectors, respectively, at timet =1, (,can be
expressed in the incremental form as

IMKAd},,  +[CHAY . 4+ {Ap}ui = {AS Luss

2
where the incremental acceleration is
{ad},, = {d},,. ~{d}, (22)
the incremental velocity is
{Ad}, = {d},. ~ {d}a, (2b)

and the incremental internal and external forces are

{Ap}ui={Pthi1— {r} (2¢)

and

{Af}n+l = {f}n+l - {f}n' (Zd)

Using the direct integration schemes for the sol-
ution of eqn (2), the displacements at any required
time-step can be obtained and the incremental local
displacement vector of an element at # =1, can be
given as

{Ade }n+l = {dc}n+ [ {de}n' (3)
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Fig. 3. Elastic loading phase in tension (Case 1).

The strain at any Gauss point (£, n) in a natural
coordinate system can be expressed as

Ae(€, 1)nrr={B(& n).}{Ad,}, 1 C))
where {B(&, n).} is the strain—displacement matrix.

The elastic incremental stress at ¢ =¢,,, can be
calculated as

Aa(&, n) sy = EAe(,N)yy1s &)
where the superscript e/ denotes that the incremental
stress has been calculated based on elastic consider-
ations.

The total stress at ¢t =1, is initially given as

o€ )1 =Ac ) +a(E M), (6)

where o(£,n), is the corrected stress at =1,
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Fig. 5. Yieiding in a yielded material in tension (Case 3).

the next time step, evaluated based on an assumed
elastic behaviour of the material between ¢ = ¢, and
Los1-

During this time interval, however, the material
actually could either have remained elastic or gone
plastic or become elastic during unloading. So,
a(& n),, is to be corrected, so as to make it rep-
resent the actual state of the material, during that
time interval. In other words, the drifting stress point
is to be brought back to the stress—strain curve of the
material.

If the corrected stress at t=¢,,, can be rep-
resented as o(&,n),,, where the superscript ¢
stands for the corrected quantity (the cor-
rection procedure is presented later on), then
the corrected incremental stress at ¢ =1,,, can be
evaluated as

and o (&, n)7, | is the total stress at the same point at Aa(En)s =0 ) —a(én), @)
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Fig. 4. Initial yielding in tension (Case 2).
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Fig. 6. Elastic unloading in tension (Case 4).

which might be used for evaluating the internal
resisting force vector as

{Ape}n+s=fy {BC. m)} Ao(C,n)y de (8)

which in turn can be used to evaluate vector of
displacements at the next time step.

3. PROPOSED STRESS CORRECTION CONDITIONS AND
EQUATIONS FOR BOTH THE STRAIN-HARDENING
AND PERFECTLY-PLASTIC MATERIAL MODELS

Along the lines of the concepts, available in {11}
for a perfectly-plastic material, at any Gauss point
sublayer under dynamic loadings and in [6}, for
strain-hardening materials under static loadings
only, a set of conditions and equations for both
types of material models under dynamic loadings are
proposed.

For the sake of simplicity, the stress at a point may
be denoted as g%, , and o,, the strain as ¢,,, and

-3

'y

A€at

3=

]
S a1

ol
Ta+t

——————————— (~oy)

Eq

Fig. 7. Elastic loading in compression (Case 5).
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Fig. 8. Initial yielding in compression (Case 6).

the incremental stress as Ac?,,, dropping (£, 1) in
the following discussion.

The complete cycle of loading, strain-hardening
and unloading in both tension and compression due
to bending, is taken in to account while deriving the
conditions.

Case 1: elastic loading in tension

The elastic loading conditions as shown in Fig. 3
can be said to exist during a particular time interval,
if

0,>0, ¢,<0,, ¢ <o, and o, >0, (9)
and the corrected stress can be expressed as
(10

3 — oyt
Crp1 =0y

Case 2: strain hardening in tension—initial yielding.

If the yielding takes place during the time interval
between ¢ = #,,, and ¢ = t,, known as initial yielding,
then it can be expressed by the condition

0,>0, 0,<0,, o\ >0, and ¢y, >0, (1)
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Fig. 9. Yielding in a yielded material in compression
(Case 7).
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Fig. 10. Elastic unloading in compression (Case 8).

The stress 6, |, denoted in Fig. 4 by the point L is
to be brought back to the point M on the stress—strain
curve, in order to make it represent the true state of
the material stress. A constant R can be defined with
respect to the above figure as

R =LP/LQ =(a/,, —0,)/(0],,~0,). (12)

The plastic component of incremental strain at
t=1t,,,is given as
Ae? =TP = RA¢, ., (13)

q()
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and the corresponding incremental plastic stress com-
ponent is evaluated as

Ao, ,=PM = E;RAec,, . (19
The difference between ¢, and a,, denoted by PQ can
be given as

PQ =(1 - R)Ady, . (15)
Using eqns (14) and (15), the corrected stress at
t=t,,, can be expressed as

0h1=0,+(—R)Act, + REfA¢,, (. (16)

Case 3. strain hardening in tension—previously
yielded.

When the material yields before the time step ¢t = ¢,
as shown in Fig. 5, the state of stress can be expressed
by the condition

6,20, ol >0, and ¢ >0,
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Fig. 11. A simply supported beam with loading functions and material models.
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It can be seen from Fig. 5 that for a yielded material,
the constant R becomes unity and the corrected stress
can be expressed as

a:+l =GII+ETA6II+I'

18
Case 4: elastic unloading in tension

The unloading takes place elastically as shown in
Fig. 6 and can be expressed mathematically as

0n>0’ an>(—0_r)’ 0:1+l 2(_6}‘)’ and J:I-H <o,
(19
and the corrected stress can be given by eqn (10).

Case §: elastic loading in compression

The elastic loading in compression as shown in
Fig. 7 can be expressed as

g, < 09 0, > (_ay)’ 0'21+ 12 (— o._v)a
and ¢?,,<a, (20)

and the corrected stress can be given by eqn (10).

Case 6: strain hardening in compression—initial yield-
ing

When the yielding in compression takes place as
shown in Fig. 8, during the particular time interval,
between 7, and ¢, |, the state of stress can be given
as

0'"<0, 0',,>(—0'),), G':I+| <(_a-_v)s
ando?,, <0, (21)
and the corrected stress is given by eqn (16).

0.75 P,

0.75 P, |
Time
G, = 50,000 psi
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Case 7. strain hardening in compression—previously
yielded

When the material has yielded before t =1, as in
Fig. 9, the state of stress can be expressed as

6, < (—’Uy )s o-fll+ 1 < (_0'_\') and ofrl+ 1 <0, (22)

and the corrected stress is given by eqn (18).
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Fig. 13. Elasto-plastic midpsan deflections of a simply supported beam.
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Case 8: elastic unloading in compression

The unloading which takes place elastically, after
yielding in compression as shown in Fig. 10 can be
expressed as

0,<0, 0,<0,, o, <0, and ¢, >0, (23)
and the corresponding corrected stress by eqn (10).

The stress at any point representing the actual state
of the material at r =¢,,_, could be obtained from
eqns (9)(23), which cover all the possible phases of
the stress—strain curve.

Moreover, it can be seen that, by making the
value of E; equal to zero in the eqns (16) and (18),
the corrected stresses for the perfectly plastic material
can directly be obtained. Thus, the proposed con-
ditions and equations can effectively be used for
both strain-hardening and perfectly-plastic material
models.

4. NUMERICAL EXPERIMENTS

In order to validate, the proposed conditions
and equations through numerical experiments, some
examples of beams and frames with different material
models and loadings are analysed, on an IBM-com-
patible 386 graphic work-station, on a DOS platform
using double precision.

Example 1

A simply supported beam analysed by Bathe
et al. [13] using von Mises yield criterion and later on
by Liu and Lin [14] is considered here to verify the
proposed conditions and equations for different types
of material models.

The beam is subjected to a uniformly distributed
dynamic step pressure of 0.625p,, where p, is the
static collapse load. The mass of the beam is taken to
be 0.733 x 10~31b sec?/in*, while Poisson’s ratio vy is
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0.3 and the depth and breadth of a 30 in long beam
are 2in and 1in respectively. The beam has been
discretized by 12, two-noded linear eiements of
Hughes et al. [15].

The cross-section of the beam is split into eight
layers of equal thickness for evaluating the stesses.
The explicit central difference technique is used for
the time history analysis. The yield stress of the
material is taken to be 50,000 psi and the tangential
modulus is set equal to one fourth of the value of
Young’s modulus of 3 x 107 psi.

The solution using the proposed conditions along
with that of {14} is plotted in Fig. 12 and the close
agreement between the two can be observed. This
beam for another load of 0.75p,, with the perfectly-
plastic material and von Mises criterion has been
analysed earlier [13]. That result is plotted with that
obtained from the proposed conditions, in Fig. 13.
The agreement between the two results validates the
applicability of the proposed conditions for both
types of materials.

The same beam, with perfectly-plastic and strain-
hardening material models, is again subjected to
0.75p, load varying as an uniform pulse as well as a
triangularly varying pulse as shown in Fig. 11. The
distribution of stresses across the depth at different
time-steps are shown in Tables 1-4. The numbers
given in parentheses, referred to as the index values
in the following discussion, correspond to different
cases of material states as discussed in the previous
section.

From Table 1, let us consider a layer, say 4. It
remains elastic until 0.0035 sec, then becomes plastic
and then unloading sets in at 0.00475 sec. The stress
increases again elastically at 0.00575 sec, followed by
unloading and again an increase at 0.0075 sec. Simi-
larly the chronological change in the material state of
different layers can be observed, using the indices of
this table.

Table 1. Cross-sectional stress distribution of a beam with perfectly-plastic material, subjected to uniform pulse

Stress in psi at time (in sec)

Layer

Nﬁ. 0500E—3 O0.150E—2 0350E-2 0475E—2 0575E—2 0675E—2 0.750E—2 0.800E —2

8 —09391E4 —0.5000ES —0.5000ES —0.4415E5 —0.2473E5 -0.1766ES —0.2787E5 —0.3702E5
) o ) ® ) ®) 5) (5)

7 —0.6708E4 —0.4860ES —0.5000ES —04582E5 —0.3195E5 —0.2690E5 —0.3419E5 -—0.4073E5
(5) 5} M ® ) @) ] )

6 —04025E4 —-0.2916E5 —0.5000ES —0.4749E5 —0.3917E5 —0.3614E5 —0.4052E5 —0.4444E5
) 5 o ®) &) ® %) 5)

5 —0.1342E4 —0.9721E4 —0.3789E5 —0.3872E5 —0.3594E5 —0.3493E5 —0.3639ES ~0.3770ES5
&) &) (%) (®) (5) ®) ) (5)

4 0.1342E4 0.9721E4 0.3789E5 0.3872E5 0.3594E5 0.3493ES 0.3639E5 0.3770ES
ey 1) )] “) ) ) )] )

3 0.4025E4 0.2916E5 0.5000E5 0.4749E5 0.3917ES5 0.3614ES 0.4052E5 0.4444E5
m 1) 3) @ 1 @ 1) 1)

2 0.6708E4 0.4860E5 0.5000E5 0.4582E5 0.3195E5 0.2690E5 0.3419E5 0.4073ES
m ¢)) 3 4 ) C)] M ey

1 0.9391E4 0.5000E5 0.5000E5 0.4415E5 0.2473ES5 0.1766ES5 0.2787ES 0.3702ES
(1) (3) (3) “) (1) ) (N (1)
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Table 4. Cross-sectional stress distribution of a beam with strain-hardening material, subjected to triangular pulse

Stress in psi at time (in sec)

0.600E~2 0650E—2 0700E—2 0.725E—2 0.800E —2

0.27SE—2 0.325E—-2 0.375E—2 0425E-2 0.500E —2

—0.3693E5

0.100E-2 0.200E —2

—0.1088ES5

0.250E-3

No.

Layer

0.6869ES 0.6164E5 —0.1881E5 —0.5408E5 —0.6230E5 —0.6235ES —0.3677ES
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The stress distribution for the triangular load
is given in Table 2. In layer 1, the material
becomes plastic at 0.002 sec followed by unloading.
Due to the variation in the direction of the triangular
load, the stresses are also bound to reverse
from tension to compression and vice cersa. This
can be observed from the index value of 5
at 0.00325 sec, and subsequently the material be-
comes plastic and then the unloading sets in.
The stress at 0.006 sec, shows the elastic phase in
tension again and goes on to become plastic at
0.007 sec.

From Table 3, if any specific layer, say 3 is
considered, it can be seen that the stresses become
plastic at 0.00225 sec (as represented by index value
of 2), remain plastic until 0.003 sec, followed by
unloading and subsequent reloading at 0.00625 sec.
A similar pattern can be observed for other layers
as well.

For the top layer 8, in Table 4, the material from
elastic loading at 0.001 sec in compression, trans-
forms to plastic at 0.002 sec and then the unloading
phase follows. The material enters into tensile region
at 0.00325 sec, due to the change in the direction
of the triangular pulse. After becoming plastic at
0.00425 sec, it unloads and enters the compressive
loading at 0.006 sec.

Thus it can be seen that, using the proposed
conditions/indices, the different states of material—
elastic loading, plastification and unloading in both
tension and compression, can clearly be identified and
monitored as these conditions correspond to eight
distinct material states.

Example 2

Toridis and Khozeimeh [1] had studied a single
storeyed frame, with the masses lumped at
eight points as shown in Fig. 14, with the actual
lumped masses multiplied by a factor of 625, to
make the fundamental frequency of the frame
very close to that of actual buildings and used
von Mises—Hencky vyield criterion along with the
Reuss—von Mises plastic flow rule. The frame dis-
cretized by nine ¢' elements, keeping the position
of lumped mass of the reference frame as the nodes,
has been analysed here using central difference
scheme. The yield stress is taken to be 68,000 psi,
Young’s modulus as 0.3 x 108 psi and the tangent
modulus as 0.3 x 107 psi.

The response history using the proposed con-
ditions along with the output of the reference authors
in Fig. 15, shows the close agreement between the
two.

5. CONCLUSIONS

A set of conditions and equations are proposed for
the stress correction of both the strain-hardening and
perfectly-plastic materials, for the analysis of beams
and frames. These were found to yield results very
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much closer to those available in the literature,
after the numerical experiments. These conditions
and equations can be directly incorporated into
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Fig. 14. Rectangular frame with lateral load and strain hardening material model.
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an existing computer source code for materially
nonlinear transient dynamic analysis of framed
structures.
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Fig. 15. Time history of elasto-plastic deflection of point of application of load.
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