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E x p e rim e n ta l v e ri¯ c a tio n o f th e th e o re tic a l p re -
d ic tio n s m a d e b y A lb e rt E in ste in in h is p a p e r,
p u b lish e d in 1 9 0 5 , o n th e m o le c u la r m e ch a n ism s
o f B ro w n ia n m o tio n e sta b lish e d th e e x iste n c e o f
a to m s. In th e la st 1 0 0 y e a rs B ro w n ia n m o tio n
h a s n o t o n ly re v o lu tio n iz e d o u r fu n d a m e n ta l u n -
d e rsta n d in g o f th e n a tu re o f therm al ° uctuations
in p h y sic a l sy ste m s, b u t it h a s a lso e x p la in e d
m a n y c o u n te rin tu itiv e p h e n o m e n a in e a rth a n d
e n v iro n m e n ta l sc ie n c e s a s w e ll a s in life sc ie n c e s.
T h is 2 -p a rt a rtic le b e g in s w ith a b rie f h isto ri-
c a l su rv e y a n d a n in tro d u c tio n to th e c o n c e p ts
a n d th e o re tic a l te c h n iq u e s fo r stu d y in g B ro w n -
ia n m o tio n . T h e n , in P art 2 a d isc u ssio n o n ro -
ta tio n a l B ro w n ia n m o tio n a n d B ro w n ia n sh a p e
° u c tu a tio n s o f so ft m a te ria ls is fo llo w e d b y a n e l-
e m e n ta ry in tro d u c tio n to tw o o f th e h o tte st to p -
ic s in th is c o n te m p o ra ry a re a o f in te rd isc ip lin a ry
re se a rc h , n a m e ly , stochastic resonance a n d B row n ian
ratchet.
1 . In tro d u c tio n
T h e U n ited N a tio n s h a s d eclared th e y ea r 2 005 a s th e
Ẁ o rld Y ea r o f P h y sics' to co m m em o rate th e p u b lication
of th e th ree p ap ers of A lb ert E in stein in 190 5 on (i) sp e-
cia l th eory of relativ ity, (ii) p h oto electric e® ect an d (iii)
B row n ia n m otion [1]. T h ese th ree p a p ers n ot o n ly rev -
olu tio n ized p h y sics b u t also p rov id ed key s to o p en n ew
fron tiers in o th er b ran ch es of scien ce a n d a lm ost alla rea s
of m o d ern tech n o lo gy. In on e o f th ese th ree p ap ers [2],
en titled \O n th e m ovem en t of sm all p a rticles su sp en d ed
in a station a ry liq u id d em a n d ed b y th e m o lecu la r k in etic
th eory o f h ea t", E in stein d evelo p ed a q u an tita tiv e th e-
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ory of B row n ian m o tio n a ssu m in g an u n d erly in g m o le-
cu la r m ech a n ism . P op u la r scien ce w riters h ave w ritten
very little on th is rev olu tion ary con trib u tio n o f E in stein ;
m ost o f th e m ed ia a tten tion w a s attra cted b y h is th e-
ory of relativ ity alth ou g h h e received th e N ob el P rize for
h is th eory of p h oto electric e® ect w h ich stren gth en ed th e
fou n d a tio n o f q u a n tu m th eo ry laid d ow n som ew h at ea r-
lier b y M ax P la n ck . Is B row n ia n m otion , in an y sen se,
less im p orta n t th a n its tw o m o re g la m o u rou s cou sin s,
n am ely rela tiv ity a n d q u an tu m p h en om en a?
B a sed o n th e p rog ress o f scien ce a n d tech n ology over th e
la st 1 00 yea rs w e can assert th at B row n ian m otio n p lay s
an im p o rtan t ro le n o t o n ly in a w id e va riety of sy stem s
stu d ied w ith in th e trad ition al d iscip lin a ry b ou n d a ries of
p h y sical scien ces b u t also in sy stem s th at are su b jects
of in v estiga tio n in ea rth an d en v iron m en tal scien ces, life
scien ces as w ell a s in en g in eerin g an d tech n ology. S o m e
ex a m p les of th ese sy stem s a n d p h en om en a w ill b e given
in th is a rticle. H ow ev er th e greatest im p o rtan ce o f E in -
stein 's th eo ry o f B row n ia n m otion lies in th e fa ct th at
ex p erim en tal v erī cation of h is th eory silen ced a ll skep -
tics w h o d id n ot b eliev e in th e ex isten ce of atom s.
D id n 't p eo p le b elieve in th e ex isten ce of atom s till 1 90 5?
W ell, G reek p h iloso p h ers lik e, for ex am p le, D em o critu s
an d L eu cip p u s assu m ed d iscrete con stitu en ts o f m atter
[3 ], J oh n D a lton p ostu lated th e ex isten ce of atom s an d ,
b y th e en d of th e n in eteen th cen tu ry a m olecu lar k in etic
th eory o f ga ses w a s d evelop ed b y C la u siu s, M a x w ell a n d
B o ltzm an n . Y et, th e ex isten ce o f a tom s a n d m o lecu les
w as n ot u n iv ersally a ccep ted . F or ex a m p le, p h y sicist-
p h ilo sop h er E rn st M a ch b eliev ed th at a to m s h ave o n ly
a d id actic u tility, i.e., th ey a re u sefu l o n ly in d eriv in g
ex p erim en tally ob serva b le resu lts w h ile th ey th em selves
are p u rely ¯ ctitu ou s.
T h e con tin u in g d eb a te of th a t p erio d reg ard in g th e ex -
isten ce o f a tom s h a s b een b ea u tifu lly su m m a rized in th e
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follow in g w ord s b y J acob B ro n ow sk i in h is A scen t of
M an [4 ]: \W h o co u ld th in k th at, o n ly in 1 90 0, p eo -
p les w ere b a ttlin g, on e m igh t say to th e d eath , ov er th e
issu e w h eth er a tom s a re rea l or n o t. T h e great p h iloso -
p h er E rn st M ach in V ien n a sa id , N O . T h e great ch em ist
W ilh elm O stw ald sa id , N O . A n d yet o n e m a n , at th at
critica l tu rn of th e cen tu ry, sto o d u p for th e rea lity of
ato m s on fu n d am en ta l g rou n d s of th eo ry. H e w a s L u d -
w ig B oltzm a n n ... T h e a scen t of m an teetered o n a ¯ n e
in tellectu a l b a la n ce at th a t p o in t, b eca u se h ad th e an ti-
ato m ic d o ctrin es th en really w on th e d ay, o u r ad va n ce
w ou ld certain ly h av e b een set b ack b y d ecad es, a n d p er-
h ap s a h u n d red years." T h erefo re, on e m u st n ot u n d er-
estim ate th e im p orta n ce o f E in stein 's p a p er in 19 05 on
th e th eory of B row n ian m o tio n a s it p rov id ed a testin g
gro u n d for th e valid ity o f th e m olecu lar k in etic th eo ry.
It is an iron y of fate th at, ju st w h en a tom ic d o ctrin e w a s
on th e verge of in tellectu al v icto ry, L u d w ig B o ltzm a n n
felt d efeated an d com m itted su icid e in 19 06.
2 . P e rio d B e fo re E in ste in
In 18 28 R ob ert B row n , a fa m o u s n in eteen th cen tu ry
B o tan ist, p u b lish ed \ a b rief accou n t of th e m icro scop i-
cal ob serva tio n s m ad e in th e m on th s of J u n e, J u ly a n d
A u gu st, 18 27 on th e p articles co n ta in ed in th e p ollen
of p la n ts". C ou ld th e in cessan t ra n d om m o tio n o f th e
p articles th at h e ob serv ed u n d er h is m icroscop e b e a
con seq u en ce of th e fact th at th e p ollen s w ere co llected
from liv in g p la n ts? N atu ra lly, h e \ w as led n ex t to in -
q u ire w h eth er th is p rop erty con tin u ed a fter th e d eath
of th e p lan t, an d for w h a t len gth of tim e it w as re-
tain ed ." H e rep ea ted h is ex p erim en ts w ith p articles d e-
riv ed n ot on ly fro m d ead p lan ts b u t a lso from \ ro ck s of
all ag es,...a fragm en t of th e S p h in x ...v olca n ic a sh es, a n d
m eteorites from variou s lo calities". F rom th ese ex p eri-
m en ts h e co n clu d ed , \ ex trem ely m in u te p articles of so lid
m atter,w h eth er o b tain ed from orga n ic or in o rgan ic su b -
stan ces, w h en su sp en d ed in p u re w ater, o r in so m e oth er
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aq u eou s ° u id s, ex h ib it m o tion s for w h ich I am u n a b le
to acco u n t...".
B y th e tim e h e com p leted th ese in vestiga tion s, h e n o
lo n ger b eliev ed th e ran d o m m o tio n s to b e sig n atu res
of life. F o llow in g B row n 's w ork , several o th er in vesti-
ga tors stu d ied B row n ian m o tio n in fu rth er d etail. A ll
th ese in v estig ation s h elp ed in n a rrow in g d ow n th e p la u -
sib le ca u se(s) o f th e in cessan t m o tion of th e B row n ian
p articles. F o r ex am p le, tem p era tu re g rad ien ts, cap illary
actio n s, con vection cu rren ts, etc. co u ld b e ru led ou t.
In th e seco n d h a lf of th e n in eteen th cen tu ry, G iovan n i
C a n to n i, J osep h D elsau lx an d Ign ace C arb o n elle in d e-
p en d en tly sp ecu lated th at th e ran d o m m otio n o f th e
B row n ia n p articles w as ca u sed b y collision s w ith th e
m olecu les o f th e liq u id . H ow ever, C arl vo n N Äag eli a n d
W illia m R a m sey argu ed a ga in st th is p ossib ility. T h eir
arg u m en ts w ere b a sed on th e assu m p tio n th a t th e p a r-
ticle su ® ered n o collision alon g a lin ear segm en t o f its
tra jecto ry ex cep t th ose w ith tw o ° u id p a rticles a t th e
tw o en d s of th e seg m en t. If th is scen ario is tru e, th en ,
it lea d s to tw o p u zzles: (i) h ow can m olecu les of w a ter,
w h ich a re so sm all co m p a red to th e p ollen g rain , cau se
m ovem en ts o f th e latter th a t are larg e en ou gh to b e v is-
ib le u n d er a n ord in ary n in eteen th cen tu ry m icro scop e?
(ii) A m olecu le co llid es over 1 0 1 2 tim es p er secon d . O n
th e o th er h a n d , ou r eyes ca n resolv e even ts th at are sep -
ara ted in tim e b y m ore th a n 1= 30 seco n d . T h erefo re,
if each d isp la cem en t of th e p ollen gra in is cau sed b y a
sin gle collisio n w ith a w ater m olecu le, th en each su ch
d isp la cem en t w ou ld o ccu r at tim e in tervals o f 1 0¡1 2 sec-
on d s. B u t, th en , h ow d o o u r eyes resolve th ese even ts
an d see th em as d istin ct ra n d om d isp lacem en ts of th e
p o llen g rain ? O n th e b asis o f th ese arg u m en ts N Äa geli
an d R am sey tried to ru le o u t th e m ech a n ism b ased on
m olecu la r co llision s. W e sh a ll see h ow th is p a rad ox w a s
resolved later b y S m olu ch ow sk i, a con tem p ora ry of E in -
stein .
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D id B row n really d iscov er th e p h en om en on w h ich is
n am ed after h im ? N o. In fact, B row n h im self d id n ot
cla im to h ave d iscovered it. O n th e co n tra ry, h e w rote
\th e fa cts a scerta in ed resp ectin g th e m otion of th e p arti-
cles of th e p o llen w ere n ever co n sid ered b y m e as w h olly
origin al..." . B row n ian m o tio n h a d b een o b served a s
early a s in th e sev en teen th cen tu ry b y A n to n y va n L eeu -
w en h o ek u n d er sim p le op tica l m icrosco p e. It w as re-
p o rted b y J a n In g en h ou sz in th e eigh teen th cen tu ry. In
fact, B row n h im self critically rev iew ed th e w ork s o f sev -
eral of h is p red ecessors an d con tem p ora ries o n B row n ian
m otio n . O ver th e n ex t th ree q u arters of th e n in eteen th
cen tu ry, m an y in vestigato rs stu d ied th is p h en om en on
an d sp ecu lated o n th e p ossib le u n d erly in g m ech a n ism s,
m a jor con trib u to rs b ein g G u oy a n d E x n er. N everth e-
less, th is p h en o m en o n w as n a m ed after B row n ; th is re-
m in d s u s of S tiglers law of ep o n y m y : \ N o scien tī c d is-
covery is n am ed after its origin al d iscoverer" .
E in ste in a n d th e T h e o ry o f B ro w n ia n M o tio n
F or th e sake o f sim p licity, w e sh a ll w rite all th e eq u a tio n s
for B row n ian m o tio n in on e-d im en sion al sp ace; gen eral-
iza tion s to h ig h er d im en sion s is q u ite straigh tforw a rd .
E in ste in
E in stein p u b lish ed ¯ v e p ap ers before 1905 [5]. A ll of
th ese ¯ ve p ap ers w ere, in K u h n 's term in log y, \n orm al
scien ce" . H ow ever, th e last th ree of th ese, w h ich w ere
attem p ts to a d d ress som e fu n d am en tal q u estion s o n th e
m olecu la r-k in etic a p p roa ch to th erm a l p h y sics, p rep ared
h im fo r th e \ scien tī c revo lu tion " h e created th rou gh h is
p ap er o f 1 90 5 on B row n ian m otio n [2 ]. T h e title o f th at
p ap er, \ O n th e m ov em en t o f sm a ll p articles su sp en d ed
in a station ary liq u id d em an d ed b y th e m o lecu la r k i-
n etic th eory o f h ea t", d id n ot ev en m en tio n B row n ian
m otio n !! E in stein w a s aw are of th e p o ssib le releva n ce
of h is th eo ry in B row n ia n m otion b u t w as cau tiou s. H e
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\it is p ossib le th at th e m ov em en ts to b e d iscu ssed h ere
are id en tical w ith th e so -called B row n ian m olecu lar m o -
tio n ; h ow ev er, th e in fo rm a tion availa b le to m e reg ard in g
th e la tter is so la ck in g in p recision , th a t I can fo rm n o
ju d gm en t in th e m a tter" .
E in stein form u lated th e p rob lem as follow s: \W e m u st
assu m e th a t th e su sp en d ed p a rticles p erform an irreg -
u lar m ovem en t- ev en if a very slow o n e- in th e liq u id ,
on acco u n t of th e m o lecu la r m ov em en t of th e liq u id ".
T h is is, in d eed , a clearly stated a ssu m p tion reg ard in g
th e m ech an ism of th e irregu lar m ovem en t.
T h e m ain resu lt of E in stein 's p a p er o f 19 05 on B row n ian
m otio n can b e su m m arized as follow s: th e m ea n -sq u are
d isp la cem en t < x 2 > su ® ered b y a sp h erica l B row n ian
p article, of rad iu s a , in tim e t is given b y

< x 2 > =
µ R T
3¼ N a v a ´

¶

t; (1)

w h ere T is th e tem p era tu re, ´ is th e v iscosity o f th e ° u id ,
R is th e g as con sta n t a n d N a v is th e A v og ad ro n u m b er.
S in ce < x 2 > , t, a an d ´ a re m ea su rab le q u an tities, th e
A v og ad ro n u m b er can b e d eterm in ed b y u sin g (1).
E in stein h ad clea r id ea of th e ord ers of m agn itu d e th at
w ou ld m a ke th e m ov em en ts v isib le u n d er a m icroscop e.
H e w rote, \In th is p a p er it w ill b e sh ow n th a t acco rd -
in g to th e m olecu lar-k in etic th eo ry of h eat, b o d ies of
m icroscop ically -v isib le size su sp en d ed in a liq u id w ill
p erform m ovem en ts of su ch m ag n itu d e th a t th ey can
b e easily ob served in a m icrosco p e, on acco u n t of th e
m olecu la r m o tion s o f h ea t". T ak in g an ex p licit ex am p le
of a sp h erica l B row n ia n p article of rad iu s on e m icron , h e
sh ow ed th at th e ro o t-m ea n -sq u are d isp la cem en t w ou ld
b e of th e ord er o f a few m icro n s w h en ob serv ed over a
p erio d of o n e m in u te.
T w o in term ed ia te step s of h is calcu la tion in th is p ap er
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are a lso ex trem ely im p ortan t. F irst, h e ob tain ed
° D = k B T = R T =N a v ; (2)

w h ere ° is th e co e± cien t o f v iscou s d rag fo rce, D is
th e d i® u sio n co n sta n t an d T is th e tem p era tu re. N ote
th at D is a m easu re of th e ° u ctu atio n s in th e p ositio n s
of th e B row n ian p a rticle w h ile ° is a m ea su re of en ergy
d issip ation ; th erefore, th e form u la (2) is a sp ecial ca se of
th e m ore gen eral th eorem , called ° u ctu a tion -d issip ation
th eorem , w h ich w as d erived h a lf a cen tu ry later.
T h e seco n d im p orta n t resu lt w a s h is d eriva tio n o f th e
d i® u sion eq u a tion

@ P
@ t = D @ 2 P

d x 2 (3)

for P (x ;t), th e p rob a b ility d istrib u tion of th e p osition
x o f th e B row n ia n p article a t tim e t. A lth ou g h d i® u -
sion eq u a tio n w a s w id ely u sed a lread y in th e n in eteen th
cen tu ry in th e con tex t o f co n tin u u m th eo ries, E in stein 's
d eriva tio n esta b lish ed a lin k b etw een th e ra n d om w a lk
of a sin gle p article a n d th e d i® u sion of m a n y p articles
(see [6 ] fo r an elem en tary d iscu ssion o n th is lin k ).
F or th e in itial co n d ition P (x ;0 ) = ± (x ), w h ere ±(x ) is
th e so -called D irac d elta fu n ction (see [7 ] for a n elem en -
tary in tro d u ction to th e d elta fu n ction ), th e so lu tion of
th e d i® u sion eq u a tion (3) is g iv en b y

P (x ;t) = 1
[2¼ ¾ 2 (t)]1 = 2 e

¡x 2 = (2 ¾ 2 ); (4)

w h ere ¾ 2 (t) = 2 D t. T h u s, th e ro ot-m ean -sq u a re d is-
p lacem en t < x 2 > 1 = 2 , w h ich corresp o n d s to th e w id th of
th e G a u ssian s, is p ro p o rtion al to p t.
E in stein 's 19 05 p ap er on B row n ian m otion w a s n ot th e
on ly p a p er h e w ro te o n th is top ic. In fact, in th e op in ion
of lea d in g h isto ria n s of scien ce, E in stein 's P h D . th esis,

The root-mean-

square displacement

<x2>1/2, which

corresponds to the

width of the

Gaussians, is

proportional to 

esp o
o p t. .



70 RESONANCE  September   2005

GENERAL   ARTICLE

w h ich w as p u b lish ed in 19 06, is p erh ap s a m ore im p o r-
tan t co n trib u tion to th e th eo ry of B row n ia n m o tio n th an
h is 19 05 p ap er. B u t a d etailed d iscu ssion of h is later p a -
p ers on th is su b ject is b eyon d th e sco p e o f th is article.
E in stein also rea lized w h a t w o u ld b e th e fate of k in etic
th eory in case ex p erim en tal d a ta d isag reed w ith h is p re-
d iction s. h e w rote, \...h ad th e p red iction o f th is m ove-
m en t p rov ed to b e in co rrect, a w eigh ty arg u m en t w ou ld
b e p rov id ed a gain st th e m o lecu la r-k in etic con cep tio n of
h eat".
E in stein 's ap p roach h as b een gen era lized b y several of
h is con tem p oraries in clu d in g F ok ker, P lan ck , S m olu ch o -
w sk i an d oth ers. T h is g en era l th eoretica l fra m ew ork is
n ow ca lled th e F o k ker-P lan ck a p p roa ch [12 ]. In th is a p -
p roa ch , o n e d eals w ith a determ inistic p artial d i® eren tial
eq u a tio n for a p rob ab ility d en sity ; on e ex am p le of th e
F ok ker-P lan ck eq u ation is th at for P (~r ;~v ;t), th e p ro b -
ab ility th at, a t tim e t, th e B row n ian p article is lo cated
at ~r an d h as velo city ~v .
In 1 900 L ou is B ach elier's th esis en titled \T h eorie d e
la S p ecu la tio n " w as ex am in ed b y th ree o f th e g rea t-
est m a th em aticia n an d m ath em a tical p h y sicists, n am ely,
P au l A p p ell, J osep h B o u ssen esq a n d H en ri P oin ca re. It
w as P oin ca re w h o w rote th e rep ort o n th a t th esis w h ich
m ay b e rega rd ed as th e p ion eein g w ork on th e ap p li-
catio n of m ath em atica l th eory o f ¯ n an cia l m a rkets. In
h is th esis B ach elier p ostu la ted th at th e lo garith m of a
sto ck p rice ex ecu tes B row n ian m otion w ith d rift a n d h e
d evelo p ed a m ath em atica l th eo ry w h ich w a s, a t lea st in
sp irit, very sim ila r to th e th eory E in stein d ev elop ed ¯ ve
years la ter [8 ]!
S m o lu c h o w sk i
U n like E in stein , M a ria n S m olu ch ow sk i w as fam ilia r w ith
th e literatu re on th e ex p erim en tal stu d ies of B row n ian
m otio n . If h e h ad n ot w aited for testin g h is ow n th e-
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oretica l p red ictio n s, th e cred it for d evelo p in g th e ¯ rst
th eory o f B row n ian m otio n w o u ld g o to h im . H e d ev el-
op ed th e th eory m u ch b efo re E in stein b u t h e d ecid ed
to p u b lish it on ly after h e saw E in stein 's p ap er w h ich
con tain ed sim ila r id ea s. In h is ¯ rst p ap er, [9 ] p u b lish ed
in 1 906 , S m olu ch ow sk i also p oin ted ou t th e error in th e
N Äa geli-R a m sey o b jection ag ain st th e o rig in a l C an ton i-
D elsau lx -C arb on elle a rgu m en t. H e clarī ed th a t ea ch of
th e ap p a ren tly straig h t segm en ts o f th e B row n ian tra -
jecto ry is cau sed n o t b y a sin g le collisio n w ith a ° u id
p article, b u t b y an en orm ou sly la rge n u m b er of su cces-
sive k ick s it receives from d i® eren t ° u id p articles w h ich ,
b y ra re co in cid en ce, g iv e rise to a n et d isp la cem en t in
th e sa m e d irection .
P e rrin
J ean P errin , togth er w ith h is stu d en ts a n d co llab orato rs
em b ark ed o n th e ex p erim en ta l testin g of E in stein s th eo -
retical p red iction s. T h eir ¯ rst task w as to p rep are a col-
lo id a l su sp en sio n w ith d isp ersed p a rticles of a p p rop riate
size. T h ey u sed g am b og e, a gu m ex tra ct, w h ich form s
sp h erica l p a rticles w h en d isso lved in w a ter. W ith th e
sa m p les th u s p rep a red , P errin n o t on ly con ¯ rm ed th at
th e ro ot-m ean -sq u are d isp lacem en t o f th e d isp ersed p a r-
ticles grow w ith tim e t follow in g th e sq u a re-ro o t law (1)
b u t also m a d e a go o d estim ate of th e A vog ad ro n u m -
b er. E in stein h im self w a s su rp rised b y th e h ig h lev el
of a ccu ra cy a ch iev ed b y P errin an d in a letter to P er-
rin h e ad m itted \ I d id n ot b elieve th at it w a s p o ssib le
to stu d y th e B row n ian m otion w ith su ch a p recision ".
It is tru e th a t th e critics o f m olecu lar reality w ere si-
len ced n ot b y ju st on e set o f ex p erim en ts of P errin , b u t
b y th e ov erw h elm in g ev id en ce th at em erged from alm o st
id en tica l estim ates o f th e A vo gad ro n u m b er ob ta in ed b y
u sin g m an y d i® eren t m eth o d s. F o r h is o u tstan d in g co n -
trib u tion , J ea n P errin w as aw a rd ed th e N ob el p rize in
19 26.
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L a n ge v in
T h e L an g ev in ap p ro ach [13] is b a sed o n a stochastic d if-
feren tia l eq u a tio n (th a t is, on e in w h ich o n ly th e sta -
tistical p ro p erties o f th e so lu tion a re ca lcu lab le) for th e
in d iv id u al B row n ian p article an d is, in sp irit, closer to
N ew to n 's eq u a tion . In th e ¯rst approxim ation , w e can
ap p rox im a te th e ° u id b y a con tinuum . T h erefore, th e
cla ssica l eq u ation s of m otion of th e B row n ia n p a rticle
w ith m a ss M , p o sition x an d v elo city v a t tim e t, in an
ex tern al fo rce ¯ eld F e x t ca n b e w ritten a s

d x = d t = v (5)
M (d v = d t) = F ex t ¡ ¡ v ; (6)

w h ere, a t th is lev el o f d escrip tion , th e v iscou s friction al
d rag ¡ is trea ted as a p h en o m en olog ical p a ram eter.
H ow ever, on th e sca le of th e size o f a real B row n ian p a r-
ticle th e ° u id d o es n ot ap p ea r to b e a co n tin u u m . In
fact, a B row n ian p article \sees" th at th e ° u id is m ad e
of m olecu les th a t con stan tly, b u t discretely, strik e th is
B row n ia n p article, acceleratin g a n d decelerating it p er-
p etu ally. \W e w itn ess in B row n ian m ov em en t th e p h e-
n om en on o f m o lecu la r ag itation on a red u ced scale b y
p articles very larg e o n m o lecu la r sca le " [10]. A sin g le
collisio n h as very sm a ll e® ect o n th e B row n ian p article;
th e B row n ia n m o tio n ob serv ed u n d er a m icro scop e is
th e cum ulative e® ect of a rapid and ran dom sequen ce of
large n um ber of w eak im pulses. S in ce th e n u m b er o f col-
lision s su ® ered b y th e B row n ian p article is v ery larg e,
w e d o n o t in ten d to fo llow its p a th in an y d etail. In -
stead , w e w o u ld like to h ave a statistical d escrip tion of
its m ovem en t.
S in ce eq u ation (6) is a g o o d ¯ rst a p p rox im ation , w e as-
sum e th at (6 ) co rrectly d escrib es th e average m otion .
W e n ow in corp orate th e e® ects of th e d iscrete co llisio n s
in a sto ch a stic m an n er b y adding a ran d om ° uctuatin g
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force (w ith va n ish in g m ean ) to th e frictio n al force term :
M (d v = d t) = F ex t ¡ ¡ v + F br (t): (7)

S o far as th e °̀ u ctu a tin g fo rce' ( ǹ oise') F br (t) is co n -
cern ed , w e assum e:
(i) F br (t) is in d ep en d en t of v , a n d
(ii) F br (t) varies extrem ely rapidly as com p a red to th e
variation o f v . S in ce àverage m otion ' is still assu m ed to
b e g overn ed b y th e (6), w e m u st h ave

< F br (t) > = 0; (8)
th e op eratio n al m ean in g of th e sy m b o l < : > w ill b e ex -
p lain ed in th e n ex t p ara grap h . M oreover, th e assu m p -
tio n (ii) ab ove im p lies th a t d u rin g sm all tim e in tervals
¢ t, v a n d F br ch a n ge su ch th at v (t) an d v (t + ¢ t) d if-
fer in ¯ n itesim a lly b u t F br (t) a n d F br (t + ¢ t) h ave n o
correla tion :

< » (t)» (t0) > = 2B ±(t ¡ t0); (9)
w h ere » = F br =M a n d , at th is level of d escrip tio n , B is a
p h en om en ological p a ram eter. In ord er th a t th e B row n -
ia n p a rticle is in th erm al eq u ilib riu m w ith th e su rrou n d -
in g ° u id , th e con sta n t B ca n n ot b e a rb itra ry ; o n ly a
sp ecī c ch o ice B = ° k B T , w h ere ° = ¡ =M , g u ara n tees
th e a p p roach to th e ap p ro p ria te eq u ilib riu m G ib b sian
d istrib u tion .
W h at is th e o p eration a l m ean in g of th e sy m b ol < : >
of averag in g ? T h e av era gin g is to b e carried ou t over
th e d istrib u tion of th e n oise. T h is ca n b e im p lem en ted
p ractica lly in tw o altern a tiv e, b u t eq u ivalen t, w ay s:
either averag in g ov er a n en sem b le o f m an y sy stem s co n -
sistin g o f a sin g le B row n ian p a rticle in a su rro u n d in g
° u id , or av era gin g ov er a n u m b er o f B row n ia n p articles
in th e sam e ° u id , p rov id ed th ey are su ± cien tly far a p art
(p o ssib le a t low en ou g h d en sity of th e p a rticles) so as n ot
to in ° u en ce ea ch o th er.
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W h at is m ean t b y th e term s̀olu tion ' of a sto ch a stic
eq u a tio n like th e L a n gev in eq u ation ? S u p p ose, w e o b -
serve a B row n ian p article u n d er a m icro scop e ov er a
su ± cien tly lon g tim e in terval 0 · t · T a n d o b tain a
reco rd of its p osition ~r (t) a s a fu n ctio n of tim e t. If th e
ob serva tio n s a re m a d e rep eated ly, say N tim es, w e get
N tra jectories

~r 1 (t);~r 2 (t);:::~rN (t):
In gen eral, th ese tra jecto ries are all d i® eren t, i.e., for a
given t = t¤, ~r 1 (t¤);~r 2 (t¤);:::~r N (t¤) are all d i® eren t from
each o th er. In o th er w o rd s, th e m o tio n of th e B row n ian
p article is n ot rep ro d u cib le a n d , th erefore, n ot d eter-
m in istic. T h en , w h at can p h y sics p red ict ab ou t B row n -
ia n m otio n on th e b a sis of th e L an g ev in eq u a tio n ? A l-
th ou g h w e are u n a b le to m ake d eterm in istic p red iction s,
w e m a ke p ro b ab ilistic o n es.
If w e rep ea t th e ob serva tio n s a large n u m b er of tim es,
w e sh ou ld b e a b le to ¯ n d em p irically th e d istrib u tion
of ~r(t). In o th er w o rd s, w e can calcu la te th e p rob a b il-
ity P (~r;t;~r 0 ;~v 0 ), w h ich is th e p rob a b ility o f ¯ n d in g th e
p article a t p o sition ~r at tim e t, given th a t its in itial p osi-
tio n an d velo city w ere ~r 0 a n d ~v 0 , resp ectiv ely. M o reov er,
w e can also ca lcu late m ore d etailed p rob a b ility d istrib -
u tion s like, for ex am p le, P (~r;~v ;t;~r 0 ;~v 0 ). H ow ev er, w e
sh a ll lo ok a t th e m o m en ts of th ese d istrib u tion s, e.g.,
< ~v (t) > , < ~r 2 (t) > b y u sin g th e statistica l p rop erties
of n oise.
C a lcu la tio n o f th e m ean -sq u a re d isp lacem en t, w ith th e
given in itia l p o sition x = 0 at t = 0, lea d s to th e ¯ n al
resu lt (I leave it a s a n ex ercise for th e stu d en ts to g o
th rou g h th e step s of th e calcu lation fo llow in g sim ilar
calcu lation s given in [6])

< x 2 > =
µ2k B T

¡
¶·

t ¡ µ1
°
¶µ

1 ¡ e¡ ° t
¶¸

: (1 0)
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L et u s ex a m in e th e tw o lim itin g ca ses. W h en t ¿ ° ¡ 1 ,
< x 2 > ' (k B T =M )t2 : (1 1)

O n th e o th er h an d , w h en t À ° ¡ 1 ,
< x 2 > ' (2 k B T = ¡ )t: (1 2)

T h u s, th e B row n ia n p a rticle m oves, e® ectively, b̀ allisti-
cally ' for tim es t ¿ ° ¡ 1 w h ereas fo r tim es t À ° ¡1 it
m oves d̀ i® u siv ely ' w ith th e e® ective d i® u sio n co e± cien t
D = k B T = ¡ . N ote th a t (12 ) is id en tical to (1) d erived
earlier b y E in stein th rou gh h is d i® u sio n eq u atio n a p -
p roa ch .
T h u s, th e L a n gev in eq u a tio n (7 ) is a stochastic d y n a m i-
cal eq u a tio n th a t accou n ts fo r irreversible p ro cesses. O n
th e oth er h an d , in p rin cip le, o n e ca n w rite d ow n th e
N ew to n ia n eq u a tio n s o f m o tion for th e B row n ia n p arti-
cle as w ell a s th a t of all th e oth er p articles con stitu tin g
th e h ea t b ath ; each of th ese eq u a tio n s of m o tion w ill n ot
on ly b e determ inistic b u t w ill also ex h ib it tim e-reversal
sym m etry. N ote th at, in th e L a n gev in a p p roach , on e
w rites d ow n on ly th e eq u ation (7 ) for th e B row n ia n p a r-
ticle a n d d o es n o t ex p licitly d escrib e th e d y n am ics of th e
con stitu en ts of th e h eat b a th . T h erefore, a fu n d am en tal
q u estio n is: h ow d o th e v iscou s d a m p in g term (resp o n si-
b le fo r irrev ersib ility ) a n d th e ra n d om fo rce term (w h ich
gives rise to th e sto ch asticity ) a p p ear in th e eq u atio n of
m otio n of th e B row n ian p article w h en o n e p̀ ro jects ou t'
th e d egrees of freed om asso ciated w ith th e b a th vari-
ab les an d ob serves th e d y n a n ics in a tin y su b sp ace of
th e fu ll p h ase sp ace o f th e com p o site sy stem co n sistin g
of th e B row n ian p article + B a th ?
T o m y k n ow led g e, th e sim p lest d eriva tion o f th e sto ch as-
tic L a n gev in eq u a tio n fo r a B row n ian p article, startin g
from th e m u tu ally cou p led d eterm in istic eq u ation s of
m otio n (w h ich a re eq u ivalen t to N ew to n 's eq u ation ) for
th e B row n ian p article an d th e m olecu les o f th e ° u id ,
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w as given b y R ob ert Z w a n zig [1 1]. F o r th e sim p licity of
an a ly tica l calcu la tio n s, h e m o d elled th e h eat b a th as a
collection of h a rm o n ic oscillato rs (of u n it m ass, for sim -
p licity ) ea ch of w h ich is cou p led to th e B row n ia n p arti-
cle. T h e d i® eren tial eq u a tio n s sa tis¯ ed b y th e p osition
Q a n d th e m om en tu m P of th e B row n ian p a rticle h ave
th e gen eral form _Q = P =M (1 3)

_P = F ex t(Q ) + X

j
° j

µ

qj ¡ ° jQ
! 2j

¶

; (1 4)

w h ere F ex t is th e ex tern al force (n o t a risin g from th e
reserv oir), qj(t) an d p j (t) d en ote th e p o sitio n s an d m o -
m en ta, resp ectiv ely, o f th e j-th h a rm o n ic oscillato r co n -
stitu en t o f th e reservo ir w h ile th e d ot on a va ria b le d e-
n otes d erivativ e w ith resp ect to tim e. T h e m o tio n of
th e B row n ian p article is in ° u en ced b y th at o f th e b ath
variab les b eca u se o f th e co u p lin g term ° jq j on th e righ t
h an d sid e of (14 ). S im ilarly, th e eq u a tio n s o f m otion for
th e b ath variab les are

_q j = p j (1 5)

_p j = ¡ ! 2j
µ

q j ¡ ° j Q
! 2j

¶

= ¡ ! 2j q j + ° jQ ; (1 6)
w h ere th e m o tio n of th e b a th variab les are in ° u en ced b y
th e B row n ian p article th rou g h th eir cou p lin g in tro d u ced
b y th e la st term on th e righ t h a n d sid e of (1 6).
T h e sim p le an a ly tical calcu lation sh ow n in B ox 1 d em o n -
strates h ow b o th th e d issip a tiv e v iscou s d ra g term a n d
th e n o ise term ap p ea r in th e eq u ation of m o tio n o f th e
B row n ia n p a rticle in th is m o d el w h en th e b ath d egrees
of freed o m are p ro jected ou t. T h u s, th e m olecu les in
th e ° u id m ed iu m w h ich give th e ran d o m k̀ ick s' to th e
B row n ia n p article a re also resp on sib le for its en ergy d is-
sip ation b ecau se of v isco u s d ra g. T h e in cessa n t ra n -
d om m o tio n o f th e B row n ian p a rticle is m ain ta in ed for
ever b y th e d elicate b a la n ce o f th e ra n d om k ick s it gets
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B o x 1 .

Taking derivatives of the auxiliary variables x §j = p j § i! j q j w.r. t. time we get
_x §
j = _p j § i! j _q j = Q ° j § i! j x §

j :
The formal solutions of these two equations are

x §j (t) = e § i! j tx §
j (0) + ° j

Z t

0
d t0e § i! j(t¡ t0)Q (t0):

Subtracting one from the other, we get
2i! j q j = e i! jtf p j (0) + i! j q j (0) g ¡ e ¡ i! jtf p j (0) ¡ i! j qj (0)g

+2° j i
Z t

0
d t0[sinf ! j (t ¡ t0)g ] Q (t0):

Evaluating the integral on the right hand side by parts we get

I =
Z t

0
d t0[sinf! j (t ¡ t0)g ] Q (t0)

= Q (t)
! j

¡ Q (0)
! j

cos(! j t) ¡
Z t

0
d t0 _Q (t0)

·cosf ! j (t ¡ t0)g
! j

¸

and, hence,

qj (t) ¡ ° j
! 2j

Q (t) =
·p j (0)

! j

¸

sin(! j t) + fq j (0) ¡ ° j
! 2j

Q (0)gcos(! j t)

¡
µ ° j
! 2j

¶Z t

0
d t0 P (t0)

M cosf ! j (t ¡ t0)g :

Substituting this expression for qj (t) into the equation for _P we get
_P = F e x t(Q ) ¡

Z

K (t ¡ t0) _Q (t0)d t0 + ´ (t);

where
K (t ¡ t0) = X

j

µ° 2j
! 2j

¶·

cosf! j (t ¡ t0)g
¸

;

´ (t) = X

j
° j
·½

qj (0) ¡
µ ° j
! 2j

¶

Q (0)
¾

cos(! j t) +
½p j (0)

! j

¾

sin(! j t)
¸

:

           Box 1. continued...



78 RESONANCE  September   2005

GENERAL   ARTICLE

But, in practice, it is impossible (and unnecessary) to know the initial conditions of all
the oscillators as, by de¯nition, the number of degrees of freedom associated with the
bath is very large. Therefore, let us assume that o n ly sta tistica l p ro perties o f th ese in itia l
co n d itio n s a re kn o w n ; suppose, the distributions of

p j (0)andq j (0) ¡ (° j = ! 2j )Q (0);
are Gaussian and that the temperature of the bath is T such that

hp j (0)i = 0 = hq j (0) ¡
µ ° j
! 2j

¶

Q (0)i

hp i(0) p j (0)i = k B T ±ij h
·

q i(0) ¡
µ ° i
! 2i

¶

Q (0)
·̧

q j (0) ¡
µ ° j
! 2j

¶

Q (0)
¸

i =
µk B T

! 2j

¶

±ij :

Using these assumptions, it is straightforward to verify that h´ (t)i = 0 and
h´ (t)´ (t0)i = k B T K (t ¡ t0) :

Thus, the equation for _P becomes a generalized Langevin equation.
In order to correlate the original form of the Langevin equation proposed by Langevin
with the generalized Langevin equation derived above, we ¯rst convert the expression
K (t ¡ t0) into an integral:

K (t ¡ t0) =
Z 1

0

µ° 2
! 2

¶

cosf! (t ¡ t0)g P (! )d ! ;

where P (! )d ! is the number of frequencies in the interval between ! and ! + d ! : If we
now choose

P (! )
µ° 2
! 2

¶

= ¡;
we get

K (t ¡ t0) = ¡
Z 1

0
cosf ! (t ¡ t0)gd ! = ¡lim! ! 1

·sinf ! (t ¡ t0)g
t ¡ t0

¸

= ¡± (t ¡ t0)

and, in this case, the generalized Langevin equation reduces to the original form of the
Langevin equation.
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from th e ° u id p articles an d th e en ergy it d issip ates b ack
in to th e ° u id v ia v iscou s d rag . T h erefore, it sh ou ld n ot
b e su rp risin g th at th ese tw o m an ifestation s of th e ° u id
m ed iu m are rela ted th rou g h th e E in stein relation (2 ).


