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Force-induced triple point for interacting polymers
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We show the existence of a force induced triple point in an interacting polymer problem that allows two
zero-force thermal phase transitions. The phase diagrams for two different models of mutually attracting but
self-avoiding polymers are presented. One of these models has an intermediate phase and it shows a triple
point. A general phase diagram with multicritical points in an extended parameter space is also discussed.
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Soon after the discovery of the double helical structure ofhature of the mutual interaction of the two strands. These
double-stranded DNAdsDNA), its melting by change of models are general enough to be defined indittyough, for
temperature or thegH of the solvent was recognizdd]. computational limitations, we consider the two-dimensional
Only recently it has been realized that there can be a forcesquare lattice version only. Let us consider two linear poly-
induced unzipping transitiof?] of a DNA with a force ap- mer chains which are mutually attracting self-avoid[ig)]
plied solely at one end. In both the thermal and the forcedn nature. On a square lattice, the polymers are not allowed
cases, the phase transition takes a double-stranded form @ cross each other as shown in Fig. 1. Monomgiso
two single strands. The prediction of the unzipping transitioncalled basesare the sites occupied by the polymers and the
based on interacting Gaussian chaj@$ was immediately interactions are among the “bases” so that an interacting pair
reconfirmed by a dynamical approa¢8]. Results on the may also be called a base pair. There is an attractive interac-
unzipping transition are now available from extensive exaction between monomers or bases only if they are of opposite
solutions of lattice models[4—-6], simple models of strands and are nearest neighbors on the lattice. The nearest
quenched-averaged DNIA], Monte Carlo simulations of a neighbor interaction mimics the short range nature of the
three-dimensional model with self- and mutually avoidinghydrogen bonds. In model A, any monomer of one strand can
walks [8], etc., on the theoretical front, and for real DNA interact with any monomer of the other strand. In model B,
from experiment$9]. From the theoretical results, it emerges monomeri of one strand can interact only with tith mono-
that the qualitative features of the unzipping transition aremer of the other strand. This model is similar to the models
insensitive to the dimensionalityd) of the models and are of DNA studied earlier[11] though it does not take into
seen even in two-dimensional models. These results includgccount the directional nature of the hydrogen bonds. A more
a re-entrancg4—6] in the low temperature region. realistic model incorporating this feature, similar to models

In the systems studied so far, there is only one zero forcén the context of relative stabilities of DNA hairpin structures
thermal phase transition. In such cases, with two intensivg12], has also been studied but the results of interest in this
variables, temperatur€ and forceg, there is an unzipping paper turn out to be similar to model B. Such modifications
transition line,g=g.(T), in the g-T plane, demarcating the are therefore not discussed in detail. The interaction energy
bound or zipped phase from the unzipped phase. This gives all the cases is taken as(=>0) and we shall choose
the unzipping phase boundary. In case there are more thanl. In all cases the monomers at one ¢imdiex=1) of each
one transition, the phase diagram will be influenced by the
intermediate phases. A special situation corresponds to the ¢ ——
case where the intermediate phase is stabilized by entropy Y I_IJ’J:IJ

. 3 g

and cannot be produced by a force in the ground state. Our 2h

aim is to determine the global phase diagram for the unzip- 1

ping transition where the existence of such an intermediate @ O () @

phase leads to a triple point in tlgeT plane.

We consider two models, A and B, which differ in the FIG. 1. (a)<(d) represent the possible conformations of models

A and B. For model A@) and(b) are two possible states wiflc)
representing a possible ground state. For modéhBgepresents the
ground state an@d) represents a partial bound state. Note ot

*Electronic address: yashankit@yahoo.com differs from (b) in the nature of interactions represented by the
"Electronic address: dgiri@bhu.ac.in dotted lines. In model B(c) has no valid interaction and would
*Electronic address: somen@iopb.res.in represent an open state.
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FIG. 2. Schematic figures for a for¢a) applied at one end, and
(b) applied at the middle. Fixed endpoints are indicated by stars.

strand are always kept fixed occupying nearest neighbor sites ; 15F _ ;’:g:g ]
on the lattice. £1.0 i
For model A the ground state is a spiral of the type shown 2 (Model B)

in Fig. 1(c) while for model B it is a zipped state as in Fig. 1:'30.5 7
1(a). Because of the constraint of holding the monomers with

index 1 at nearest neighbor sites, model A is also equivalent - 0‘?),4 018 1.2 116 2.0
to a diblock copolymer mod€]l13] which has two phase T
transitions in zero force with increasing temperature. The W7
polymers go from a compact spiral-like phase to a zipped 0.8 ) ]

; e . | — T=0.4]| |
phase(a first order transitionand the zipped phase then 506 -- T=0.8] ]
melts (continuous transitionat a still higher temperature. It /é T (Model A)f
is this intermediate phase that is of interest to us. By intro- v 0.4 \ 1
ducing a three-body interaction the intermediate phase in 0.2'_ .
model A can be made to disappear so that a multicritical o, :
point emerges in the extended parameter space. This case is 0'3,0 0.5 1.0 1.5
also considered in the paper. In view of the simple ground g
state in models B, no such intermediate phases are expected

FIG. 3. Variations in fluctuation o with temperaturgT) for
g=0.0 and 0.1 are shown for model @ and model B(b). (c)
shows the sharp drop of the fraction of bound base gains/N)

for model A (N=16) as the force exceeds the critical force at a
constant temperature.

or known.

A force is applied at one endFig. 2(a)] or at the middle
[Fig. 2(b)] of the chains, in the direction. The contribution
to energy by this force is gy wherey is the absolute dis-
tance in they direction between the two strands at the point
of application of the force. A recent studi§] showed a rich ) . )
phase diagram when a force is applied somewhere in thave obtained>(m,y) for N=16 monomers in two dimen-
interior. Furthermore, such situations occur in many pro_S|on(d:2) and analyzed the partition function through series
cesses like gene expression where RNA is formed in bubblegnalysis. We prefer this technique because in this case the
or eye-type configurations on DNA. Motivated by these, wescaling correcti.ons are qorrectly takep into account by suit-
consider the case of a force applied at the midpoint. A lon@ble extrapolation technique. To achieve the same accuracy
temperature analysis shows that the phase diagram is eRY the Monte Carlo method, a chain of about two orders of
pected to be different from the end case. We compare theagnitude larger than in the exact enumeration method must
g-T phase diagrams of model A vs model B. In the proces®e considered14].
we identify the unzipping force as a relevant variable re- The reduced free energy per base pair is found from the
quired for complete characterization of the critical and therelation G(w,u)=limy_..(1/N)log Z(w,u). The limit N— o
multicritical points of model A. is found by using the ratio methdd5] for extrapolation.

The thermodynamic properties associated with the unzipThe transition point for zero forcg.e., thermal meltingcan
ping transition are obtained from the partition function whichbe obtained from the plot 0&(w,u) versusw or from the
can be written as a sum over all possible configurations  peak value 0f*G/d(In w)?. For self-avoiding walk ati=1,

we find T,;=1.1£0.1 and 0.61+0.08 for models A and B,

Zy(w,u) = > C(my)o™. (1)  Trespectively. With a forcéu# 1), the phase boundary is ob-
ny tained from the fluctuation im. Figure 3 shows the variation
of fluctuation ofm with temperature for model A and B.
Here N is the chain length of each of the two strands, For model A, we see two peaks in the temperature depen-

=exp(1/T) is the Boltzmann weight associated with eachdence of the fluctuation im for small g (Fig. 3). The low
base paiftaking the Boltzmann constakg=1) andmis the  temperature peak is the transition where the spiral state goes
total number of intact base pairs in the chain. Finalig the  over to the zipped state while the second peak is the unzip-
Boltzmann weight, ex@@/T) associated with forceC(m,y) ping transition. The transition can be seen in Fig) 3vhere
is the number of distinct configurations havimgoound base the fraction of the number of bound base p&in®/N are
pairs whose enéor mid) points are at a distangeapart. We  shown to vanish as the force increases. One therefore finds
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3.0 energy balance argument. The spiral state has an efgrgy
i (a) =-2N with negligible entropy while the zipped state has the
20 free energy=N-NTIn u,, where Inu, is the entropy per
g 7 " * End base pair of the zipped phase. Equating these two we get
1.0 " Mid Ta=1/Inuy—O(NY?), where the surface correction has

0.?)‘

also been shown. If we ugg,=2.6382, the connectivity con-
stant for the square lattice self-avoiding wallQ], we find
T, =~ 1.04 which is close to the value known from other es-

0.6 timates[13]. Our value of T,;=0.5 is consistent with the
g 0.4 a;)ove form since the surface correction lowers the estimate
of T¢1.
0.2 The zipped state for model A cannot be obtained by en-
ergy minimization only nor can it be produced by force at
0'8,50 T=0 because the end separation remains subextensive going
1.5 from O(JN) in the spiral phase t®(1) in the zipped phase.
It is the gain in entropy(with respect to spiralthat gives
1.0 stability to the zipped phase in the intermediate temperature
g range (“entropy-stabilized” phasge Since this spiral-zipped
0.5 ey, =, phase boundary cannot meet theO force axis and since,
- ®on for large N, the force term cannot affect this transition, one
0.(60 L 0'3 L :)16 L 0.9 would expect a phase boundary parallel to ghexis. It also
) ) T ) ) follows that the spiral to the zipped state transition remains

first order as it is for the zero-force case. It should however

FIG. 4. Force-temperatufg-T) phase diagrams for the end and P€ noted that the surface contribution in the spiral state in the
the midcase, fofa), (b) model A, and(c) model B. The spiral to form of the extra energy-gyVN actually helps in the stabili-
zipped transition is shown only for the end cage). shows the Zzation of the spiral structure over the zipped phase for small
region near the triple point. The crossing point is the location of thed, at least for smalN. As a result, the phase boundary ob-
triple point. tained for finiteN has a finite slope as shown in Figgay

and 4b).
three transition lines, spiral-unzipped, spiral-zipped, and To determine the nature of the spiral-unzipped transition,
zipped-unzipped. The unzipped phase is thermodynamicallwe use a low temperature expansion. ’t0, the critical
identical to the zero force swollen phase except for stretchingorce can be found from a matching of the ground state en-
by the force. The phase diagrams are shown in Fig. 4. Sincergy with the energy of the completely unzipped state. If the
the two peaks in Fig. @) approach each other as the force force stretches the strands completely, the unzipped state has
increases, it becomes difficult to locate the spiral to zippedhe energy=-Rg taking the bond length to be unity. Com-
phase boundary at higher force. Therefore, we have highgraring this with the bound state energy, we seeg.(T=0)
uncertainities ~0.04) in locating the spiral to zipped transi- =Ey/2N. For largeN, E;=2N and so we gef.(T=0)=1,
tion at higher force and so this part of the line is not shownwhile it is 0.5 for models B. For finiteN, if the surface
in Fig. 4. It is to be noted that without force the spiral com- correction is taken into account, theg.=1-(1/+2N)
pact phase cannot be directly transformed into the unzippeds 0.8232 forN=16. The value shown in Fig. 4 is very close
swollen phase. We argue that each of these lines are firgd this estimate rather than the lariyevalue. In absence of
order in nature so that the meeting point of the three lines isarge N data, extrapolations have not been attempted for
atriple point From thermodynamic stability analydis6], it model A. Since the fraction of bound pairs shows a jump
is known that the angle between two coexistence lines at fom a finite value to 0 as the force exceegls the T=0
triple point in a phase diagram must be less tharThere-  force induced transition is first order.
fore, a discontinuity in the slope in the unzipping phase The low temperature phase boundary for the mid-case can
boundary in theg-T plane is expected at the potential triple be obtained by an extension of thie=0 argument given
point. Figure 4b) shows the meeting of the two unzipping above. Following Ref[6], let us consider the situation with
boundaries. From the intersection of the boundaries, our eshe force applied at a positiosN(0<s<1), from the fixed
timate of the location of the triple point ig;=0.35+0.02, end. The unzipped state has the energysiN@taking the
T;=0.75+0.02. bond length to be unity. This needs to be compared with the

Our results are based on the=16 (32 monomersenu-  bound state energ,=—aeN wherea=2 for model A but
merations. For this length there is significant surface contria=1 for model B. We therefore sag(T=0)=a/2s. A factor
bution. The ground state energy B=-[2N-O(VN)] for  of 2 difference in the end case vs mid-case and model Avs B
model A andE,=-Ne for model B for a DNA ofN mono-  are seen in Fig. 4.
mers(bases The O(YN) correction for model A only comes The phase boundary close =0 can be obtained by
from the monomers on the boundary. If we ignore the surfaceonsidering configurations whera base pairs for the end
contribution (valid for large N) the spiral to zipped state case or a bubble ofr@ base pairs for the mid-case have been
transition temperatur@,; may be estimated from a simple unzipped. AtT close to zero, the unzipped part of the chains
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remain completely stretched with negligible entropy. Conse- (a) g=0
quently the free energy of such configurations with respect to )
the completely bound state iAF=om(a+TIn ug)—gm, /\5 ggl;;glact,,,-»f"
whereo=1 for the end case or 2 for the mid-case, anggn //7\\
is the entropy per base pair of the bound state which is lost sfM
on unzipping the base pairs. For the mid-case a lange §-znaut S 18<0
A
favorable(m=<N/2) if L
A\é/ ;g T

9> gi(T) =2(a+Tin pp) & §§ o
while for the end case, the critical force is given gyT) 8 ,"
=a+TIn ug. In either case, a reentrance is possible if i
In ug>0. For both the models studied here,udp=0, and \/
therefore, unlike other DNA problenig—6|, no reentrance is
expected. The free energy expression also shows a jump or (b)

discontinuity in the number of unzipped pairs across the
phase boundary just as Bt 0. The transition line in the low
temperature region is therefore first order.

For the transition in the small force region at temperatures
close to the melting poirfbut away from the critical region
the entropies of the unzipped single strands need to be con-
sidered. This can be done by using polymer statistics. The
unbound region is like a two-dimensional SAW of length 2
under a stretching force. The probabilit§0] that a SAW
will have an end-to-end separatigris

P(y,m) ~ exg - c(ym™)?],

wherev is the polymer size exponent=(1-v)"t andcis a "
constant. This gives an extra contribution to the entropy so ,§’ ¥
that the free energy can be written as QOS ’

compact
spiral

AF(N,m,y,g) = AFo(N,m) - gy - c(yn™*)°, FIG. 5. (Color onlin® (a) Schematic phase diagram in theT
plane in zero force. The& contact is also shown for the region
where it dominates. The dotted line is a crossover line for the two

AF(N,m) =m[2f (T) = f(T)] compact configurations distinguished by the nature of contacts as

. . . . indicated. M is the multicritical point(at zero forceé where the

IS thg free energy in zero forCéZ%l_J belng- the free energlgs of zipped phase vanishes. The thick line is the first order line while the

the zipped and the swollen chaifs=0) in zero force. Since  genaturation of the zipped phase is a continuous transidashed

the zipped state is the thermodynamically stable phase, We). (b) Proposed phase diagram in tiges-T space. The line

have f,(T) <2f,(T). Minimization with respect toy then  connecting the triangles is a line of triple points endingnThe

givesy ~mg“>b. Using this, we obtain shaded surface separates the compact phase from the zipped phase
AF(N,m,g) = AF(N,m) - clmgl”’ and is parallel to th&=0 plane(also shaded for clarijy

using the relation between and 8. A further minimization Let us first consider the zero force phase diagram. For
with respect tom then givesg(T) ~ |2f(T)-f(T)|” with a  large negatives, strong attractive three-body interaction
jump in m. It is therefore a first order transition. This argu- yields a compact spiral ground state dominated bysthen-
ment is valid away from the critical region if the melting is tacts. In this regime, there is only one thermal denaturation
continuous, as in model A, because of the bubble formationgransition from the compact spiral phase to the swollen
of all length scales by thermal fluctuations. But by continuityphase. However, fo6>0, i.e., repulsive three-body interac-
the transition is to remain first order becoming continuous otion, there is an intermediate zipped phase formed via the
critical only at the terminal point in zero field. pairwise attraction. For such, the ground state configura-
The results for model A can be extended to a case with &on is a compact but nonspiral phase, mostly devoidsof
three-body interaction that stabilizes the spiral phikd. contacts. The three phases are similar to what we have seen
Let there be an interactiofithat favors a configuration with for 6=0. Therefore, in the>-T plane atg=0, a multicritical
a monomer of one strand sandwiched between the monomepsint[M in Fig. 5a)] occurs withd= 8y < 0. This pointM is
of the other strand on the two nearest neighbors on the santbe meeting of the line of continuous thermal denaturation
axis as shown in Fig.(8). Let us call such a contact aséa transition of the zipped phase and the first-order compact-
contact. This is a three-body interaction so that eontact  zipped transition. In the compact case without @wgontact,
has energy @+ 6. For corner sharing configuratiofan ex- a mean field estimate of the ground state energy, assuming
ample shown in Fig. ®)] there is no three-body interaction. equal proportion of double and single contacts, gives

where
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E=-(3/2)N. By comparing with the energy of the spiral sal behavior at such a multicritical poilt remains a major
state, namely —19+2Né for N— o0, one finds the crossover open issue.
at T=0 to be at6=0.5. In thesT phase diagranm such a To summarize, we have determined the phase diagram of
crossover lingdotted line in Fig. )] should end aM. two polymer models under a force and have shown the ex-
Let us now consider the effect of a force at one end. Ouistence of a force induced triple point when the interactions
results for thes=0 case suggest that so long as the zippediliow an entropy-stabilized phase before melting. The unzip-
phase is thermodynamically stable, there is a triple point unping force is a relevant term at the continuous meltinglike
der a force. Hence, there is a line of triple points in thetansition and is therefore important for a complete charac-
region 6= 4y terminating on M Theg-T-5 phase diagram is  terization of the critical behavior. Our results open up the
schematically shown in Fig.(6). The shaded surface sepa- possibility of much richer phase transitions and multicritical
rates the compact phase from the zipped phase and has tBéhaviors in polymeric systems when subjected to an unzip-
line of triple points at its edge. The zipped phase is inside th%ing force. We hope that single molecule experiments would

pencil shaped region witM at its tip. Even though in zero e aple to explore experimentally this area in polymers.
force, M resembles a critical endpoita second order line

ending on a first-order line actually there is an additional The authorgS.K. and D.G). would like to thank Y. Singh
line of triple points ending there. This line exists only when for many helpful discussions on the subject and acknowledge
there is a force. We are not aware of any other such multifinancial assistance from INS@Wew Delh) and DST(New
critical point, especially in polymers. The scaling or univer- Delhi).
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