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Think It Over

This section of Resonance presents thought-provoking questions, and dis-

cusses answers a few months later. Readers are invited to send new questions,

solutions to old ones and comments, to ‘Think It Over’, Resonance, Indian

Academy of Sciences, Bangalore 560 080. Items illustrating ideas and concepts

will generally be chosen.
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T h e co n cep ts of on e, tw o a n d th ree d im en sion s a re fam il-
iar to u s. W e th in k of a stra igh tlin e as o n e d im en sion al,
a p lan e a s tw o d im en sion al an d sp ace as th ree d im en -
sion a l. It is n o t ea sy to v isu alise o b jects in fo u r or h igh er
d im en sion a l sp aces. T h ere a re m a n y resu lts a b ou t h igh

d im en sion a l sp aces th at are so m ew h a t co u n terin tu itiv e.
H ere is o n e su ch resu lt.

F or an in teg er n ¸ 1, let R n b e th e n -d im en sio n al E u clid -
ean sp ace. T h at is, R n is th e co llection o f all o rd ered
n -tu p les ~x = (x 1 ;x 2 ;:::x n ) w h ere ea ch x i is a real n u m -
b er. T h en S n ´ f ~x : ~x 2 R n ;

P n
1 x

2
i · 1g is called th e

un it ball in n -sp ace. It is th e set o f all p o in ts w ith in a
d istan ce of o n e u n it from th e origin .

T h u s S 1 is th e lin e segm en t [¡ 1;+ 1] in R 1 , S 2 is th e u n it
d isc f (x 1 ;x 2 ) : x 21 + x 22 · 1 g in R 2 a n d S 3 is th e u n it b all
in R 3 .

L et V n b e th e v̀ o lu m e' o f S n in R
n . F or ex am p le, V 1 = 2 ,

th e len g th of S 1 ; V 2 = ¼ , th e a rea of S 2 ; V 3 =
4 ¼
3 , th e
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vo lu m e of S 3 . N otin g th at

V 1 =

Z
S 1

1 d x ;

V 2 =

Z Z
S 2

1 d x 1 d x 2 ;

V 3 =

Z Z Z
S 3

1 d x 1 d x 2 d x 3 ;

i.e., th e in tegral of th e fu n ctio n f (x ) ´ 1 over S 1 , S 2
an d S 3 resp ectively, on e ca n d e¯ n e V n as

V n ´
Z Z Z

S n

1 d x 1 d x 2 :::d x n ;

th e R iem an n in teg ral of f (x ) ´ 1 over th e set S n in R n .
S eein g th at V 1 = 2 < V 2 = ¼ < V 3 =

4 ¼
3 on e is tem p ted

to con clu d e th at V n is in crea sin g in n . It tu rn s ou t th at
V n ! 0 as n ! 1 . C an you sh ow th is?
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