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This paper deals with the reconfiguration analysis of a 3-DOF (degrees-of-freedom) parallel
mechanism (PM)withmultiple operation modes – a disassembly-free reconfigurable PM – using
the Euler parameter quaternions and algebraic geometry approach. At first, Euler parameter
quaternions are classified into 15 cases based on the number of constant zero components and the
kinematic interpretation of different cases of Euler parameter quaternions is presented. A set of
constraint equations of a 3-RER PM with orthogonal platforms is derived with the orientation
of the moving platform represented using a Euler parameter quaternion and then solved using
the algebraic geometry method. It is found that this 3-RER PM has 15 3-DOF operation modes,
including four translational modes, six planar modes, four zero-torsion-rate motion modes and
one spherical mode. The transition configurations, which are singular configurations, among
different operation modes are also presented. Especially, the transition configurations in which
the PM can switch among eight operation modes are revealed for the first time.

© 2013 The Author. Published by Elsevier Ltd. All rights reserved.
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1. Introduction

Parallel mechanisms (PMs) with multiple operation modes [1,2] (also called PMs that change their group of motion [3], PMs
with bifurcation of motion [4–6], or disassembly-free reconfigurable PMs [2]) are a novel class of reconfigurable PMs which need
fewer actuators and less time for changeover than the existing reconfigurable PMs. Several classes of PMs with multiple operation
modes have been proposed in the past decade.

A PM with multiple operation modes was first applied in a constant-velocity coupling to connect intersecting axes in one
mode or parallel axes in another mode [7]. Since DYMO – a PM with multiple operation modes –was proposed in [8], several new
PMs with multiple operation modes have been proposed [1–6,9]. How to switch a PM with multiple operation modes from one
configuration to another requires reconfiguration analysis in order to fully understand all the operation modes that the PM has
and the transition configurations between different operation modes. This requires solving polynomial equations with sets
of positive dimensional solutions. Recent advances in algebraic geometry [10,11] and numerical algebraic geometry [12] as well as
computer algebra systems [13] provide effective tools to the reconfiguration analysis.

This paper aims to fully investigate the operation modes of a 3-RER PM and the transition configurations to switch from
one operation mode to another. Here, R and E denote revolute and planar joints respectively. In Section 2, Euler parameter
quaternions will be classified based on the number of constant zero components. The kinematic interpretation of different cases
of Euler parameter quaternions will be discussed. In Section 3, the description of a 3-RER PM with orthogonal platforms will be
presented. In Section 4, by representing the position and orientation of the moving platform using the Cartesian coordinates of a

Mechanism and Machine Theory 74 (2014) 188–201

☆ This is an open-access article distributed under the terms of the Creative Commons Attribution License, which permits unrestricted use, distribution, and
reproduction in any medium, provided the original author and source are credited.
⁎ Tel.: +44 1314513688.

E-mail address: X.Kong@hw.ac.uk.

0094-114X/$ – see front matter © 2013 The Author. Published by Elsevier Ltd. All rights reserved.
http://dx.doi.org/10.1016/j.mechmachtheory.2013.12.010

Contents lists available at ScienceDirect

Mechanism and Machine Theory

j ourna l homepage: www.e lsev ie r .com/ locate /mechmt

http://crossmark.crossref.org/dialog/?doi=10.1016/j.mechmachtheory.2013.12.010&domain=pdf
http://dx.doi.org/10.1016/j.mechmachtheory.2013.12.010
mailto:X.Kong@hw.ac.uk
http://dx.doi.org/10.1016/j.mechmachtheory.2013.12.010
http://www.sciencedirect.com/science/journal/0094114X


point on the moving platform and a Euler parameter quaternion respectively, a set of kinematic equations of the 3-RER PMwill be
derived and then solved using the algebraic geometry method to obtain all the operation modes of the PM. The transition
configurations among different operation modes will be obtained in Section 5. Finally, conclusions will be drawn.

2. Classification of Euler parameter quaternions

Euler parameter quaternions, which are more computationally efficient than the transformation matrices, have been used in
kinematics, computer visualization and animation, and aircraft navigation [14,15]. In this section, we will first recall the definition
and operation of the Euler parameter quaternions and then discuss the classification and kinematic interpretation of the Euler
parameter quaternions.

The Euler parameter quaternion is defined as (Fig. 1)

q ¼ e0 þ e1iþ e2 jþ e3k ¼ cos θ=2ð Þ þ u sin θ=2ð Þ ð1Þ

where u and θ represent respectively the axis1 and angle of rotation. The Euler parameters satisfy

e20 þ e21 þ e22 þ e23 ¼ 1: ð2Þ

Let q = e0 + e1i + e2j + e3k, the conjugate of q is

q� ¼ e0−e1i−e2 j−e3k: ð3Þ

The product of two Euler parameter quaternions satisfies the following rules:

i2 ¼ j2 ¼ k2 ¼ ijk ¼ −1
ij ¼ k ¼ −ji
jk ¼ i ¼ −kj
ki ¼ j ¼ −ik:

ð4Þ

A vector r = {rxryrz}T can be written in quaternion form as r = rxi + ryj + rzk. Let r′ = rx′i + ry′ j + rz′k denotes the vector
obtained from a vector r = rxi + ry j + rzk by rotating it about the axis u by θ. We have

r′ ¼ qrq� : ð5Þ

The compositional rotation composed of rotation q1 followed by rotation q2 can be representedusing the following quaternion

q ¼ q2q1: ð6Þ

From Eq. (2), one learns that e0, e1, e2 and e3 cannot be equal to zero simultaneously. Euler parameter quaternions can then be
classified into the following 15 cases according to the number of their constant 0 components:

e0;0;0;0f g; 0; e1;0;0f g; 0;0; e2;0f g; 0;0;0; e3f g; e0; e1;0;0f g; e0;0; e2;0f g;
e0;0;0; e3f g; 0;0; e2; e3f g; 0; e1;0; e3f g; 0; e1; e2;0f g; 0; e1; e2; e3f g; e0;0; e2; e3f g
e0; e1;0; e3f g; e0; e1; e2;0f gand e0; e1; e2; e3f g:

Using Eq. (1), we can identify the kinematic meaning of nine cases of Euler parameter quaternions (Nos. 1–7, 11 and 15 in
Table 1) directly. For example, the Euler parameter quaternion of case {0, e1, 0, 0} is q = i (No. 2 in Table 1), which represents a
half-turn rotation about the X-axis. The DOF of the abovemotion is 0 and the angular velocity is 0. The Euler parameter quaternion
of case {e0, e1, 0, 0} is q = e0 + e1i (No. 2 in Table 1), which represents a rotation by 2atan(e1, e0) about the X-axis. The DOF
of the above motion is 1 and the axis of the angular velocity is the X-axis. The Euler parameter quaternion of case {0, e1, e2, e3} is
q = e1i + e2j + e3k (No. 11 in Table 1). Kinematically, it refers to a half-turn rotation about the axis u = {e1 e2 e3}T. Since the
angle of rotation about the axis u = {e1 e2 e3}T is a constant, the component of the angular velocity along this axis is zero. The above
motion can therefore be called a 2-DOF zero-torsion-rate rotation. It is noted that such a rotation is called a zero-torsion rotation in
[16]. However, the torsion angle under the above motion is a constant and may not be zero depending on the mathematical
representation of rotation.

For the remaining six cases of Euler parameter quaternions (Nos. 8–10 and 12–14 in Table 1), we cannot obtain explicitly the
axis of angular velocity for a 1-DOF rotation and the axis along which the component of the angular velocity is zero for a 2-DOF
rotation by using Eq. (1) directly. By factoring each of these six cases of Euler parameter quaternions as the product of two cases
of Euler parameter quaternions (Nos. 1–7 and 11 in Table 1), one can identify their kinematic interpretation which reflects the
motion characteristics using Eqs. (1) and (6).

1 Throughout this paper, the axis u passes through the origin O of the reference coordinate system O-XYZ of a mechanism.
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The rotation associated with a Euler parameter quaternion with two constant 0 components including a zero first component
(Nos. 8–10 in Table 1) is a 1-DOF rotation. In order to reflect explicitly the axis of angular velocity, the Euler parameter quaternion
should be decomposed as the product of a unit quaternion with two constant 0 components and a non-zero first component
(Nos. 5–7 in Table 1) and a constant quaternion (see Nos. 2–4 in Table 1). For example, the Euler parameter quaternion of case {0,
0, e2, e3} is q = e2j + e3k. Although the quaternion can be interpreted as half-turn rotation about the axis u = {0 e2 e3}T using
Eq. (1), the axis of angular velocity is not indicated explicitly. To better reflect the motion characteristics of this quaternion, q is
factored as

q ¼ e2 jþ e3k ¼ e2 þ e3ið Þ j: ð7Þ

Equation (7) shows that q = e2j + e3k represents kinematically a half-turn rotation about the Y-axis followed by a rotation by
2atan(e3, e2) about the X-axis. The axis of the angular velocity associated with q is the X-axis.

Table 1
Classification of Euler parameter quaternions and their kinematic interpretation.

No Case Euler parametric quaternion DOF Motion description

1 {e0, 0, 0, 0} q = 1 0 No rotation
2 {0, e1, 0, 0} q = i Half-turn rotation about the X-axis
3 {0, 0, e2, 0} q = j Half-turn rotation about the Y-axis
4 {0, 0, 0, e3} q = k Half-turn rotation about the Z-axis
5 {e0, e1, 0, 0} q = e0 + e1i 1 Rotation by 2atan (e1, e0) about the X-axis
6 {e0, 0, e2, 0} q = e0 + e2j Rotation by 2atan(e2, e0) about the Y-axis
7 {e0, 0, 0, e3} q = e0 + e3k Rotation by 2atan(e3, e0) about the Z-axis
8 {0, 0, e2, e3} q ¼ e2 jþ e3k

¼ e2 þ e3ið Þ j
Half-turn rotation about the Y-axis followed by a rotation by 2atan(e3, e2) about the X-axis

q ¼ e2 jþ e3k
¼ e3−e2ið Þk

Half-turn rotation about the Z-axis followed by a rotation by 2atan(−e2, e3) about the X-axis

9 {0, e1, 0, e3} q ¼ e1iþ e3k
¼ e1−e3 jð Þi

Half-turn rotation about the X-axis followed by a rotation by 2atan(−e3, e1) about the Y-axis

q ¼ e1iþ e3k
¼ e3 þ e1 jð Þk

Half-turn rotation about the Z-axis followed by a rotation by 2atan(e1, e3) about the Y-axis

10 {0, e1, e2, 0} q ¼ e1iþ e2 j
¼ e1 þ e2kð Þi

Half-turn rotation about the X-axis followed by a rotation by 2atan(e2, e1) about the Z-axis

q ¼ e1iþ e2 j
¼ e2−e1kð Þ j

Half-turn rotation about the Y-axis followed by a rotation by 2atan(−e1, e2) about the Z-axis

11 {0, e1, e2, e3} q = e1i + e2j + e3k 2 Half-turn rotation about the axis u = {e1 e2 e3}T

12 {e0, 0, e2, e3} q ¼ e0 þ e2 jþ e3k
¼ −e0i−e3 jþ e2kð Þi

Half-turn rotation about the X-axis followed by a half-turn rotation about the axis u = {−e0 −e3 e2}T

13 {e0, e1, 0, e3} q ¼ e0 þ e1iþ e3k
¼ e3i−e0 j−e1kð Þ j

Half-turn rotation about the Y-axis followed by a half-turn rotation about the axis u = {e3 −e0 −e1}T

14 {e0, e1, e2, 0} q ¼ e0 þ e1iþ e2 j
¼ −e2iþ e1 j−e0kð Þk

Half-turn rotation about the Z-axis followed by a half-turn rotation about the axis u = {−e2 e1 −e0}T

15 {e0, e1, e2, e3} q = e0 + e1i + e2j + e3k 3 Spherical motion

Fig. 1. Rotation by theta about axis u.
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The rotation associated with a Euler parameter quaternion with one constant 0 component which is not the first component
(Nos. 12–14 in Table 1) is a 2-DOF rotation. In order to reflect explicitly the axis along which the component of the angular
velocity is zero, the Euler parameter quaternion should be decomposed as the product of a unit quaternion with a constant 0
component which is the first component (No. 11 in Table 1) and a constant quaternion (see Nos. 2–4 in Table 1). For example, the
Euler parameter quaternion of case {e0, 0, e2, e3} is q = e0 + e2j + e3k. Although the quaternion can be interpreted as a rotation
about the axis u = {0 e2 e3}T using Eq. (1), the axis along which the component of the angular velocity is zero is not indicated
explicitly. To better reflect the motion characteristics of this quaternion, q is factored as

q ¼ −e0i−e3 jþ e2kð Þi: ð8Þ

Eq. (8) shows that q = e0 + e2j + e3k represents kinematically a half-turn rotation about the X-axis followed by a half-turn
rotation about the axis u = {−e0 −e3 e2}T. The component of the angular velocity associated with q along the axis u = {−e0 −e3 e2}T

is zero.
The kinematic interpretation of all the 15 cases of Euler parameter quaternions is given in Table 1.
As it will be shown in Section 4, each case of Euler parameter quaternions is associated with one operation mode of the 3-RER

PM studied in this paper.

3. Description of a 3-DOF 3-RER PM with orthogonal platforms

A 3-DOF 3-RER PM with orthogonal platforms (Fig. 2) is composed of a moving platform connected to the base by three RER
legs. The axes of the three R joints on the moving platform (base) are orthogonal and have a common point. Each leg is a serial
kinematic chain composed of R, E and R joints in sequence in such a way that the axes of these two R joints are always coplanar.
An E joint can be any planar kinematic chain such as RRR (Fig. 2) and RPR kinematic chains. Here P denotes a prismatic joint. Fig. 3
shows a configuration of the RER leg in which the structure characteristics of the leg can be easily observed: the axes of R joints 1
and 5 are collinear, the axes of the remaining three R joints within the E joint are perpendicular to the axes of R joints 1 and 5
(Fig. 3(a) and (b)). The special RER leg also satisfies the following conditions: Two pairs of R joints, joints 1 and 2 as well as joints
4 and 5, have perpendicular and intersecting joint axes, and links 2 and 3 have equal link lengths (Fig. 3(b)). In addition, the axis
of joint 2(4) of each special RER leg in the 3-RER PM passes through the intersection of the joint axes of three R joints on the base
(moving platform). As it will be shown later, the introduction of the special RER leg (Fig. 3(b)) facilitates the reconfiguration of
the 3-RER PM from one operation mode to another manually and does not affect the operation modes of the moving platform.
Links 1 and 4 in each leg are curved in order to avoid link interference during reconfiguration.

LetO–XYZ andOp−XpYpZpdenote the coordinate frames fixed on the base and themoving platform respectively. TheX-, Y- and Z-axes
are, respectively, along the axes of the three R joints on the base. The Xp-, Yp- and Zp-axes are, respectively, along the axes of the three R
joints on the moving platform. The X- and Xp-axes, Y- and Yp-axes and Z- and Zp-axes are connected by legs 1, 2 and 3 respectively.

Let vi and wi denote the unit vectors along the axes of the bottom and top R joints of leg i in the coordinate system O–XYZ and
wPi denote the unit vector along the top R joint of leg i in the coordinate system Op−XpYpZp. We have

v1 ¼ 1 0 0f gT ; v2 ¼ 0 1 0f gT ; v3 ¼ 0 0 1f gT ; wP1 ¼ 1 0 0f gT ; wP2 ¼ 0 1 0f gT and wP3 ¼ 0 0 1f gT :

In the reference configuration, the coordinate systems Op−XpYpZp and O–XYZ coincide with each other. Let the location
of the coordinate system Op−XpYpZp in the coordinate system O–XYZ be represented by the position of Op, denoted by

Fig. 2. 3-RER PM with orthogonal platforms.
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Op = {x y z}T, and the orientation of themoving platform, denoted by the Euler parameter quaternion q (see Eq. (1)). From Eq. (5),
we obtain

w1 ¼ qiq�

w2 ¼ qjq�

w3 ¼ qkq� :

8<
: ð9Þ

Substituting Eqs. (1) and (4) into Eq. (9), we have

w1 ¼ e20 þ e21−e22−e23
� �

iþ 2 e1e2 þ e0e3ð Þ jþ 2 e1e3−e0e2ð Þk
w2 ¼ 2 e1e2−e0e3ð Þiþ e20−e21 þ e22−e23

� �
jþ 2 e2e3 þ e0e1ð Þk

w3 ¼ 2 e1e3 þ e0e2ð Þiþ 2 e2e3−e0e1ð Þ jþ e20−e21−e22 þ e23
� �

k:

8>>><
>>>:

Rewriting the above equation in the Cartesian vector form, we have

w1 ¼ e20 þ e21−e22−e232 e1e2 þ e0e3ð Þ2 e1e3−e0e2ð Þ
n oT

w2 ¼ 2 e1e2−e0e3ð Þe20−e21 þ e22−e232 e2e3 þ e0e1ð Þ
n oT

w3 ¼ 2 e1e3 þ e0e2ð Þ2 e2e3−e0e1ð Þe20−e21−e22 þ e23
n oT

:

8>>>><
>>>>:

ð10Þ

In each RER leg, the axes of the two R joints are always coplanar due to the constraint imposed by the E joint, i.e., the triple
product of the two unit vectors along the axes of the bottom and top R joints of leg i and vector Op is equal to zero. The set of
constraint equations of leg i (i = 1, 2 and 3) is then obtained as

wi � vi � Op ¼ 0:

Expanding the above equation in scalar form, we have

−e1e3yþ e0e2yþ e1e2zþ e0e3z ¼ 0
e2e3xþ e0e1x−e1e2zþ e0e3z ¼ 0
−e2e3xþ e0e1xþ e1e3yþ e0e2y ¼ 0:

8<
: ð11Þ

Eqs. (11) and (2) are the equations for the reconfiguration analysis of the 3-RER PM.

4. Operation modes analysis of the 3-RER PM with orthogonal platforms

In the type synthesis of PMs with multiple operation modes [1,2,3,4,5,6], a PM with multiple operation modes is obtained in
a transition configuration that the PM can transit between two operation modes. Therefore, there must be at least two sets of
positive dimension solutions, each corresponding to one operation mode, to the set of constraint equations of the PM. In order to
reconfigure the PM, one needs to fully understand all the operation modes and the transition configurations of the PM. The
methods based on algebraic geometry [10,11] or numerical algebraic geometry [12] as well as computer algebra systems [13]

(a) General case. (b) Special case.

Fig. 3. RER leg.
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provide effective tools to find all the sets of positive dimension solutions to a set of constraint (polynomial) equations and to solve
the above reconfiguration analysis problem.

The operation mode analysis of the 3-RER PM can be carried out by the prime decomposition of the ideal associated with the
set of constraint equations (Eq. (11)) for the 3-RER PM. All the operation modes satisfy Eq. (2), which will be omitted in the
representation of operation modes and transition configurations of the 3-RER PM for brevity reasons.

The ideal associated with Eq. (11) for the 3-RER PM with orthogonal base and platform is

I ¼ b−e1e3yþ e0e2yþ e1e2zþ e0e3z; e2e3xþ e0e1x−e1e2zþ e0e3z;−e2e3xþ e0e1xþ e1e3yþ e0e2yN:

Since this ideal is rather simple, we can obtain its prime decomposition directly using the software SINGULAR [13] as follows:

I ¼ ∩
15

j¼1
I j ð12Þ

where

I1 ¼ be1; e2; e3N; I2 ¼ be0; e2; e3N; I3 ¼ be0; e1; e3N; I4 ¼ b e0; e1; e2N;
I5 ¼ b e2; e3; xN; I6 ¼ b e0; e1; xN; I7 ¼ b e1; e3; yN; I8 ¼ b e0; e2; yN;
I9 ¼ b e1; e2; zN; I10 ¼ b e0; e3; zN; I11 ¼ b e0;−e3yþ e2z;−e3xþ e1z;−e2xþ e1yN
I12 ¼ b e1; e2yþ e3z; e2xþ e0z;−e3xþ e0yN; I13 ¼ b e2; e1xþ e3z;−e1yþ e0z; e0xþ e3yN
I14 ¼ b e3; e1xþ e2y; e0yþ e1z; e0x−e2zNand I15 ¼ b x; y; zN:

Then, we can obtain 15 sets of positive-dimension solutions, each corresponding to one operation mode, that satisfy both
Eqs. (11) and (2). These 15 sets of positive-dimension solutions are listed in the third column in Table 2.

With the aid of the classification and kinematic interpretation of Euler parameter quaternions (Table 1), we can reveal the
motion characteristics in each operation mode of the 3-RER PM with orthogonal platforms.

Let us take theNo. 11 operationmode in Table 2 as an example. The set of constraint equations of theNo. 11 operationmode is

e0 ¼ 0
−e3yþ e2z ¼ 0
−e3xþ e1z ¼ 0
−e2xþ e1y ¼ 0:

8>><
>>:

ð13Þ

It is apparent that the first equation in Eq. (13) is in fact Case 11 of the Euler parameter quaternions. This means that the
moving platform will undergo a half-turn rotation about the axis u = {e1 e2 e3}T. The last three equations in Eq. (13) is in fact
Op × u = 0, which means that the moving platform can translate along the direction u. The motion in this mode is called a 3-DOF
zero-torsion-rate motion considering that the component of angular velocity of the moving platform along u is zero. Figure 4
shows the prototype of a 3-RER PM fabricated at Heriot-Watt University in the No. 11 operation mode. Please note that the extra
holes on the base and moving platform are used for assembling PM models other than the 3-RER PM with orthogonal platforms.

The above example shows that the classification and kinematic interpretation of Euler parameter quaternions provide an
efficient way for revealing the motion characteristics of different operation modes of the 3-RER PM. Unlike the method presented
in [11], there is no need to compute the rotation matrix and the associated eigenspace for each operation mode.

A description of motion of the moving platform in each of the 15 modes has been obtained and given in Table 2. Figs. 5–8 show
the configurations, each in one of the 15 operation modes, of the 3-RER PM. Most of the motion described in Table 2 in each
operation mode can be verified readily using the results in the literature. In operation modes Nos. 1–4 (Fig. 5(a) and (b)), the axes
of joints 1 and 5 in each leg are parallel to each other, and axes of joints 2–4 in each leg are parallel. The PM in these operation
modes satisfies the conditions for translational PMs [1]. Therefore, the moving platform undergoes 3-DOF spatial translation. In
operationmodes Nos. 5–10 (Fig. 6(a) and (b)), the axes of joints 1 and 5 in one leg are parallel to the axes of joints 2, 3 and 4 in the
other two legs. Since the PM in these operation modes satisfies the conditions for planar PMs [2], the moving platform undergoes
3-DOF planar motion. In operationmode No. 15 (Fig. 8), the axes of joints 1, 2, 4 and 5 in all the three legs have a common point for
the PMwith the special legs, and the axes of joints 1 and 5 in all the three legs have a common point while the axes of joints 2, 3 and
4 in each leg are parallel for the PM with three general legs. The moving platform can thus undergo 3-DOF spherical motion [1].

It is noted that in the 3-RER PM with the special legs (Fig. 8), the axes of joints 2 and 4 in each leg coincide in operation mode
No. 15. Links 2 and 3 in each leg can rotate freely about the axes of joints 2 and 4 within the same leg. The total DOF of the PM in
operation mode No. 15 is 6 although the moving platform has 3 DOFs.

5. Transition configuration analysis

Transition configuration analysis is an important issue in the design and control of PMs with multiple operation modes. To
find the transition configurations among nm operation modes is to solve the set of constraint equations composed of the nm sets
of constraint equations associated with these operation modes. Due to space limitation, the transition configurations for cases
nm = 2 and nm = 8 will be presented in this section.
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5.1. Case nm = 2

To identify the transition configurations of the operation modes Nos. 11 and 15, T(11 ⋀ 15), one needs to solve the following
set of constraint equations, which is obtained by combining the two sets of constraint equations associated with these two
operation modes (Table 2), as

e0 ¼ 0
−e3yþ e2z ¼ 0
−e3xþ e1z ¼ 0
−e2xþ e1y ¼ 0
x ¼ 0
y ¼ 0
z ¼ 0:

8>>>>>>>><
>>>>>>>>:

ð14Þ

Table 2
Fifteen operation modes of the 3-RER PM with orthogonal platforms.

No Class Constraint equations Description

1 3-DOF spatial translation e1 ¼ 0
e2 ¼ 0
e3 ¼ 0

8<
:

Spatial translation

2 e0 ¼ 0
e2 ¼ 0
e3 ¼ 0

8<
:

Spatial translation following a half-turn rotation about the X-axis

3 e0 ¼ 0
e1 ¼ 0
e3 ¼ 0

8<
:

Spatial translation following a half-turn rotation about the Y-axis

4 e0 ¼ 0
e1 ¼ 0
e2 ¼ 0

8<
:

Spatial translation following a half-turn rotation about the Z-axis

5 3-DOF planar motion e2 ¼ 0
e3 ¼ 0
x ¼ 0

8<
:

3-DOF planar motion along the O–YZ plane

6 e0 ¼ 0
e1 ¼ 0
x ¼ 0

8<
:

Planar motion along the O–YZ plane following a half-turn rotation about the Y-axis or Z-axis

7 e1 ¼ 0
e3 ¼ 0
y ¼ 0

8<
:

Planar motion along the O–XZ plane

8 e0 ¼ 0
e2 ¼ 0
y ¼ 0

8<
:

Planar motion along the O–XZ plane following a half-turn rotation about the X-axis or Z-axis

9 e1 ¼ 0
e2 ¼ 0
z ¼ 0

8<
:

Planar motion along the O–XY plane

10 e0 ¼ 0
e3 ¼ 0
z ¼ 0

8<
:

Planar motion along the O–XY plane following a half-turn rotation about the X-axis or Y-axis

11 3-DOF zero-torsion-rate
motion

e0 ¼ 0
−e3yþ e2z ¼ 0
−e3xþ e1z ¼ 0
−e2xþ e1y ¼ 0

8>><
>>:

Half-turn rotation about the axis u = {e1 e2 e3}T followed by a translation along the
direction u = {e1 e2 e3}T.

12 e1 ¼ 0
e2yþ e3z ¼ 0
e2x þ e0z ¼ 0
−e3xþ e0y ¼ 0

8>><
>>:

Half-turn rotation about the X-axis followed by a half-turn rotation about the
axis u = {−e0 −e3 e2}T and subsequent translation along the direction u = {−e0 −e3 e2}T.

13 e2 ¼ 0
e1xþ e3z ¼ 0
−e1yþ e0z ¼ 0
e0xþ e3y ¼ 0

8>><
>>:

Half-turn rotation about the Y-axis followed by a half-turn rotation about the
axis u = {e3 −e0 −e1}T and subsequent translation along the direction u = {e3 −e0 −e1}T.

14 e3 ¼ 0
e1xþ e2y ¼ 0
e0yþ e1z ¼ 0
e0x−e2z ¼ 0

8>><
>>:

Half-turn rotation about the Z-axis followed by a half-turn rotation about the
axis u = {−e2 e1 −e0}T and subsequent translation along the direction u = {−e2 e1 −e0}T.

15 3-DOF spherical motion x ¼ 0
y ¼ 0
z ¼ 0

8<
:

Spherical motion
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Simplifying Eq. (2), we obtain the transition configurations T(11 ⋀ 15) as

e0 ¼ 0
x ¼ 0
y ¼ 0
z ¼ 0:

8>><
>>:

ð15Þ

The above equation represents all the configurations obtained through a 2-DOF zero-torsion-rate rotation about the axis
u = {e1 e2 e3}T.

All the transition configurations between two operation modes have been obtained. Due to space limitation, only those
involving operation modes Nos. 1, 5, 11 and 15 are given since these operation modes are of different types of motion
(Tables 3–6).

Fig. 4. A prototype of the 3-RER PM with orthogonal platforms in operation mode No. 11.

(b) Operation mode No. 2(3 or 4).(a) Operation mode No. 1.

Fig. 5. 3-RER parallel manipulator in four 3-DOF spatial translational motion modes: operation modes Nos. 1–4.
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It is noted from Table 6 that the 3-RER PM can switch between the 3-DOF spherical rotation mode (No. 15 operation mode)
and any of the remaining 14 operation modes. By aligning the axes of joints 2 and 4 in each leg of the 3-RER PM (Fig. 8), one can
easily switch the PM from any of the 14 operation modes, operation modes 1–14, to operational mode No. 15 (3-DOF spherical
rotationmode) manually. It is not straightforward to switch the PM from an operationmode to operationmode No. 15 manually if
a general RER leg (Fig. 3(a)) is used since it is not apparent when the axes of joints 1 and 5 in all the legs intersect at one point.
That is why we use the special legs in the prototype of the 3-RER PM.

(a) Operation mode No. 5(7 or 9). (b) Operation mode No. 6(8 or 10).

Fig. 6. 3-RER parallel manipulator in six 3-DOF planar motion modes: operation modes Nos. 5–10.

(a) Operation mode No. 11. (b) Operation mode No. 12(13 or 14).

Fig. 7. 3-RER parallel manipulator in four 3-DOF zero-torsion-rate motion modes: operation modes Nos. 11–14.

Fig. 8. 3-RER parallel manipulator in 3-DOF spherical motion mode: operation mode No. 15.
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5.2. Case nm = 8

Starting from the transition configurations between two operation modes that we have obtained in Subsection 5.1, we can
further find the transition configurations in which the 3-RER PM can switch among more than two operation modes.

From Table 3, we learn that the 3-RER PM can switch from operation mode No 1 to seven operation modes Nos. 5, 7,
9, 12, 13, 14 and 15 and cannot switch to the remaining seven operation modes. Then, we can find the transition
configurations among nm (3 ≤ nm ≤ 8) operation modes including operation mode No. 1. The transition configuration,
T(1 ⋀ 5 ⋀ 7 ⋀ 9 ⋀ 12 ⋀ 13 ⋀ 14 ⋀ 15), among the eight operationmodes Nos. 1, 5, 7, 9, 12, 13, 14 and 15 thatwe obtained is

e1 ¼ 0
e2 ¼ 0
e3 ¼ 0
x ¼ 0
y ¼ 0
z ¼ 0:

8>>>>>><
>>>>>>:

ð16Þ

Equation (16) indicates that T(1 ⋀ 5 ⋀ 7 ⋀ 9 ⋀ 12 ⋀ 13 ⋀ 14 ⋀ 15) is the reference configuration as shown in Fig. 9(a).
Similarly, three more transition configurations through which the 3-RER PM can switch among eight different operation

modes are identified as listed in Table 7 and shown in Fig. 9(b).

Table 3
Transition configurations between operation mode 1 and other operation modes T(1 ⋀ j).

No Constraint equations Description

T(1 ⋀ 2) – –

T(1 ⋀ 3) – –

T(1 ⋀ 4) – –

T(1 ⋀ 5) e1 ¼ 0
e2 ¼ 0
e3 ¼ 0
x ¼ 0

8>><
>>:

Configurations obtained through a translation along the O–YZ plane

T(1 ⋀ 6) – –

T(1 ⋀ 7) e1 ¼ 0
e2 ¼ 0
e3 ¼ 0
y ¼ 0

8>><
>>:

Configurations obtained through a translation along the O–XZ plane

T(1 ⋀ 8) – –

T(1 ⋀ 9) e1 ¼ 0
e2 ¼ 0
e3 ¼ 0
z ¼ 0

8>><
>>:

Configurations obtained through a translation along the O–XY plane

T(1 ⋀ 10) – –

T(1 ⋀ 11) – –

T(1 ⋀ 12) e1 ¼ 0
e2 ¼ 0
e3 ¼ 0
y ¼ 0
z ¼ 0

8>>>><
>>>>:

Configurations obtained through a translation along the X-axis

T(1 ⋀ 13) e1 ¼ 0
e2 ¼ 0
e3 ¼ 0
x ¼ 0
z ¼ 0

8>>>><
>>>>:

Configurations obtained through a translation along the Y-axis

T(1 ⋀ 14) e1 ¼ 0
e2 ¼ 0
e3 ¼ 0
x ¼ 0
y ¼ 0

8>>>><
>>>>:

Configurations obtained through a translation along the Z-axis

T(1 ⋀ 15) e1 ¼ 0
e2 ¼ 0
e3 ¼ 0
x ¼ 0
y ¼ 0
z ¼ 0

8>>>>>><
>>>>>>:

Reference configuration
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Table 4
Transition configurations, T(5 ⋀ j), between operation mode 5 and operation mode j(6 ≤ j ≤ 15).

No Constraint equations Description

T(5 ⋀ 6) – –

T(5 ⋀ 7) e1 ¼ 0
e2 ¼ 0
e3 ¼ 0
x ¼ 0
y ¼ 0

8>>>><
>>>>:

Configurations obtained through a translation along the Z-axis

T(5 ⋀ 8) e0 ¼ 0
e2 ¼ 0
e3 ¼ 0
x ¼ 0
y ¼ 0

8>>>><
>>>>:

Configurations obtained through a translation along the Z-axis following a half-turn rotation about the X-axis

T(5 ⋀ 9) e1 ¼ 0
e2 ¼ 0
e3 ¼ 0
x ¼ 0
z ¼ 0

8>>>><
>>>>:

Configurations obtained through a translation along the Y-axis

T(5 ⋀ 10) e0 ¼ 0
e2 ¼ 0
e3 ¼ 0
x ¼ 0
z ¼ 0

8>>>><
>>>>:

Configurations obtained through a translation along the Y-axis following a half-turn rotation about the X-axis

T(5 ⋀ 11) e0 ¼ 0
e2 ¼ 0
e3 ¼ 0
x ¼ 0
y ¼ 0
z ¼ 0

8>>>>>><
>>>>>>:

The configuration obtained through a half-turn rotation about the X-axis

T(5 ⋀ 12) e1 ¼ 0
e2 ¼ 0
e3 ¼ 0
y ¼ 0
z ¼ 0

8>>>><
>>>>:

Configurations obtained through a translation along the X-axis

T(5 ⋀ 13) e2 ¼ 0
e3 ¼ 0
x ¼ 0
−e1yþ e0z ¼ 0

8>><
>>:

Configurations obtained through a 2-DOF planar motion along the O–YZ plane

T(5 ⋀ 14) e2 ¼ 0
e3 ¼ 0
x ¼ 0
e0yþ e1z ¼ 0

8>><
>>:

Configurations obtained through a 2-DOF planar motion along the O–YZ plane

T(5 ⋀ 15) e2 ¼ 0
e3 ¼ 0
x ¼ 0
y ¼ 0
z ¼ 0

8>>>><
>>>>:

Configurations obtained through a rotation about the X-axis

Table 5
Transition configurations, T(11 ⋀ j), between operation mode 11 and operation mode j(12 ≤ j ≤ 15).

No Constraint equations Description

T(11 ⋀ 12) e0 ¼ 0
e1 ¼ 0
x ¼ 0
y ¼ 0
z ¼ 0

8>>>><
>>>>:

Configurations obtained through a rotation by θx = 2atan(e3, e2) (or θx = 2atan(−e2, e3)) about the X-axis
following a half-turn rotation about the Y-axis (or Z-axis)

T(11 ⋀ 13) e0 ¼ 0
e2 ¼ 0
x ¼ 0
y ¼ 0
z ¼ 0

8>>>><
>>>>:

Configurations obtained through a rotation by θy = 2atan(−e3, e1) (or θy = 2atan(e1, e3)) about the Y-axis
following a half-turn rotation about the X-axis (or Z-axis)

T(11 ⋀ 14) e0 ¼ 0
e3 ¼ 0
x ¼ 0
y ¼ 0
z ¼ 0

8>>>><
>>>>:

Configurations obtained through a rotation by θz = 2atan(e2, e1) (or θz = 2atan(−e1, e2)) about the Z-axis
following a half-turn rotation about the X-axis (or Y-axis)

T(11 ⋀ 15) e0 ¼ 0
x ¼ 0
y ¼ 0
z ¼ 0

8>><
>>:

Configurations obtained through a half-turn rotation about the axis u = {e1 e2 e3}T
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Table 6
Transition configurations, T(j ⋀ 15), between operation mode j(1 ≤ j ≤ 14) and operation mode 15.

No Constraint equations Description

T(1 ⋀ 15) e1 ¼ 0
e2 ¼ 0
e3 ¼ 0
x ¼ 0
y ¼ 0
z ¼ 0

8>>>>>><
>>>>>>:

Reference configuration

T(2 ⋀ 15) e0 ¼ 0
e2 ¼ 0
e3 ¼ 0
x ¼ 0
y ¼ 0
z ¼ 0

8>>>>>><
>>>>>>:

Configuration obtained through a half-turn rotation about the X-axis

T(3 ⋀ 15) e0 ¼ 0
e1 ¼ 0
e3 ¼ 0
x ¼ 0
y ¼ 0
z ¼ 0

8>>>>>><
>>>>>>:

Configuration obtained through a half-turn rotation about the Y-axis

T(4 ⋀ 15) e0 ¼ 0
e1 ¼ 0
e2 ¼ 0
x ¼ 0
y ¼ 0
z ¼ 0

8>>>>>><
>>>>>>:

Configuration obtained through a half-turn rotation about the Z-axis

T(5 ⋀ 15) e2 ¼ 0
e3 ¼ 0
x ¼ 0
y ¼ 0
z ¼ 0

8>>>><
>>>>:

Configurations obtained through a rotation about the X-axis

T(6 ⋀ 15) e0 ¼ 0
e1 ¼ 0
x ¼ 0
y ¼ 0
z ¼ 0

8>>>><
>>>>:

Configurations obtained through a rotation about the X-axis following a half-turn rotation about the Y-axis or Z-axis

T(7 ⋀ 15) e1 ¼ 0
e3 ¼ 0
x ¼ 0
y ¼ 0
z ¼ 0

8>>>><
>>>>:

Configurations obtained through a rotation about the Y-axis

T(8 ⋀ 15) e0 ¼ 0
e2 ¼ 0
x ¼ 0
y ¼ 0
z ¼ 0

8>>>><
>>>>:

Configurations obtained through a rotation about the Y-axis following a half-turn rotation about the X-axis or Z-axis

T(9 ⋀ 15) e1 ¼ 0
e2 ¼ 0
x ¼ 0
y ¼ 0
z ¼ 0

8>>>><
>>>>:

Configurations obtained through a rotation about the Z-axis

T(10 ⋀ 15) e0 ¼ 0
e3 ¼ 0
z ¼ 0

8<
:

Configurations obtained through a rotation about the Z-axis following a half-turn rotation about the X-axis or Y-axis

T(11 ⋀ 15) e0 ¼ 0
x ¼ 0
y ¼ 0
z ¼ 0

8>><
>>:

Configurations obtained through a half-turn rotation about the axis u = {e1 e2 e3}T

T(12 ⋀ 15) e1 ¼ 0
x ¼ 0
y ¼ 0
z ¼ 0

8>><
>>:

Configurations obtained through a half-turn rotation about the X-axis followed by a half-turn rotation about the
axis u = {−e0 −e3 e2}T

T(13 ⋀ 15) e2 ¼ 0
x ¼ 0
y ¼ 0
z ¼ 0

8>><
>>:

Configurations obtained through a half-turn rotation about the Y-axis followed by a half-turn rotation about the
axis u = {e3 −e0 −e1}T

T(14 ⋀ 15) e3 ¼ 0
x ¼ 0
y ¼ 0
z ¼ 0

8>><
>>:

Configurations obtained through a half-turn rotation about the Z-axis followed by a half-turn rotation about the
axis u = {−e2 e1 −e0}T

199X. Kong / Mechanism and Machine Theory 74 (2014) 188–201



It is noted that in the above four transition configurations of a 3-RER PM, the axes of joints 1 and 5 in each leg coincide. Each
leg can rotate about the axes of joints 1 and 5. The DOF of the moving platform varies from 0 to 1 with the configuration of the
legs. Therefore, the PM has 3 to 4 DOFs in total in these configurations. For a 3-RER PM with special legs in these transition
configurations, the axes of joints 2 and 4 in each leg also coincide, and links 2 and 3 of a leg can rotate about the axes of joints 2
and 4. Therefore, the 3-RER PM with special legs has 6 to 7 DOFs in total in these transition configurations.

6. Conclusions

The Euler parameter quaternions have been classified into 15 cases based on the number of constant zero components and the
kinematic interpretation of different cases of Euler parameter quaternions has been presented. The results have been used to the
reconfiguration analysis of a 3-DOF 3-RER parallel mechanism with orthogonal platforms. It has been found that the parallel
mechanism has 15 3-DOF operation modes, including one spherical mode, four translational modes, six planar modes and four
zero-torsion-rate motion modes. The transition configurations among different operation modes have been obtained. Four

Table 7
Transition configurations in which the 3-RER parallel mechanism can switch among eight operation modes.

No Type Constraint equations Description

1 T(1 ⋀ 5 ⋀ 7 ⋀ 9 ⋀ 12 ⋀ 13 ⋀ 14 ⋀ 15) e1 ¼ 0
e2 ¼ 0
e3 ¼ 0
x ¼ 0
y ¼ 0
z ¼ 0

8>>>>>><
>>>>>>:

Reference configuration (Fig. 9 (a))

2 T(2 ⋀ 5 ⋀ 8 ⋀ 10 ⋀ 11 ⋀ 13 ⋀ 14 ⋀ 15) e0 ¼ 0
e2 ¼ 0
e3 ¼ 0
x ¼ 0
y ¼ 0
z ¼ 0

8>>>>>><
>>>>>>:

Configuration obtained through a half-turn rotation about the X-axis (Fig. 9 (b))

3 T(3 ⋀ 6 ⋀ 7 ⋀ 10 ⋀ 11 ⋀ 12 ⋀ 14 ⋀ 15) e0 ¼ 0
e1 ¼ 0
e3 ¼ 0
x ¼ 0
y ¼ 0
z ¼ 0

8>>>>>><
>>>>>>:

Configuration obtained through a half-turn rotation about the Y-axis (Fig. 9 (b))

4 T(4 ⋀ 6 ⋀ 8 ⋀ 9 ⋀ 11 ⋀ 12 ⋀ 13 ⋀ 15) e0 ¼ 0
e1 ¼ 0
e2 ¼ 0
x ¼ 0
y ¼ 0
z ¼ 0

8>>>>>><
>>>>>>:

Configuration obtained through a half-turn rotation about the Z-axis (Fig. 9 (b))

(a) (b)

Fig. 9. Four configurations through which the 3-RER PM can switch among eight different operation modes: (a) T(1 ⋀ 5 ⋀ 7 ⋀ 9 ⋀ 12 ⋀ 13 ⋀ 14 ⋀ 15), and
(b) T(2 ⋀ 5 ⋀ 8 ⋀ 10 ⋀ 11 ⋀ 13 ⋀ 14 ⋀ 15)(T(3 ⋀ 6 ⋀ 7 ⋀ 10 ⋀ 11 ⋀ 12 ⋀ 14 ⋀ 15) or T(4 ⋀ 6 ⋀ 8 ⋀ 9 ⋀ 11 ⋀ 12 ⋀ 13 ⋀ 15)).
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transition configurations have also been identified in which the parallel mechanism can switch among 8 operation modes. To the
best knowledge of the author of this paper, this is the first report on the finding that a parallel mechanism can switch among
8 operation modes in a transition configuration.

Although the 3-RER parallel mechanism with orthogonal platforms is not of practical industrial use due to the limited
workspace in each operation mode, it is valuable for teaching robot kinematics since this PM covers four different types of 3-DOF
motion and can also be used to demonstrate concepts of constraint singularity and kinematic singularity in different operation
modes. A prototype has been fabricated and used in teaching robot kinematics at Heriot-Watt University.

The classification and kinematic interpretation of Euler parameter quaternions presented in this paper may help further
promote the application of Euler parameter quaternions in the analysis and design of parallel mechanisms, especially parallel
mechanisms with multiple operation modes.
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