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This paper deals with the reconfiguration analysis of a 3-DOF (degrees-of-freedom) parallel
mechanism (PM) with multiple operation modes - a disassembly-free reconfigurable PM - using
the Euler parameter quaternions and algebraic geometry approach. At first, Euler parameter
quaternions are classified into 15 cases based on the number of constant zero components and the
kinematic interpretation of different cases of Euler parameter quaternions is presented. A set of
constraint equations of a 3-RER PM with orthogonal platforms is derived with the orientation
of the moving platform represented using a Euler parameter quaternion and then solved using
the algebraic geometry method. It is found that this 3-RER PM has 15 3-DOF operation modes,
including four translational modes, six planar modes, four zero-torsion-rate motion modes and
one spherical mode. The transition configurations, which are singular configurations, among
different operation modes are also presented. Especially, the transition configurations in which
the PM can switch among eight operation modes are revealed for the first time.

© 2013 The Author. Published by Elsevier Ltd. All rights reserved.

1. Introduction

Parallel mechanisms (PMs) with multiple operation modes [1,2] (also called PMs that change their group of motion [3], PMs
with bifurcation of motion [4-6], or disassembly-free reconfigurable PMs [2]) are a novel class of reconfigurable PMs which need
fewer actuators and less time for changeover than the existing reconfigurable PMs. Several classes of PMs with multiple operation
modes have been proposed in the past decade.

A PM with multiple operation modes was first applied in a constant-velocity coupling to connect intersecting axes in one
mode or parallel axes in another mode [7]. Since DYMO - a PM with multiple operation modes - was proposed in [8], several new
PMs with multiple operation modes have been proposed [1-6,9]. How to switch a PM with multiple operation modes from one
configuration to another requires reconfiguration analysis in order to fully understand all the operation modes that the PM has
and the transition configurations between different operation modes. This requires solving polynomial equations with sets
of positive dimensional solutions. Recent advances in algebraic geometry [10,11] and numerical algebraic geometry [12] as well as
computer algebra systems [13] provide effective tools to the reconfiguration analysis.

This paper aims to fully investigate the operation modes of a 3-RER PM and the transition configurations to switch from
one operation mode to another. Here, R and E denote revolute and planar joints respectively. In Section 2, Euler parameter
quaternions will be classified based on the number of constant zero components. The kinematic interpretation of different cases
of Euler parameter quaternions will be discussed. In Section 3, the description of a 3-RER PM with orthogonal platforms will be
presented. In Section 4, by representing the position and orientation of the moving platform using the Cartesian coordinates of a
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point on the moving platform and a Euler parameter quaternion respectively, a set of kinematic equations of the 3-RER PM will be

derived and then solved using the algebraic geometry method to obtain all the operation modes of the PM. The transition
configurations among different operation modes will be obtained in Section 5. Finally, conclusions will be drawn.

2. Classification of Euler parameter quaternions

Euler parameter quaternions, which are more computationally efficient than the transformation matrices, have been used in
kinematics, computer visualization and animation, and aircraft navigation [14,15]. In this section, we will first recall the definition
and operation of the Euler parameter quaternions and then discuss the classification and kinematic interpretation of the Euler

parameter quaternions.
The Euler parameter quaternion is defined as (Fig. 1)

q=-ey+ejit+eyj+esk=cos6/2)+usin(6/2) (1)
where u and 0 represent respectively the axis' and angle of rotation. The Euler parameters satisfy
ep+ef+est+es=1. )
Let ¢ = eq + e;i + e5j + esk, the conjugate of q is
q =ey—eji—ej—esk 3)

The product of two Euler parameter quaternions satisfies the following rules:

PP =7 =K =ijk=—1

ij = k = —ji 4
jk=i=—Kj @
ki = j = —ik

A vectorr = {rxryrZ}T can be written in quaternion form as r = i + r,j + k. Let i’ = r4i + ryj + r;k denotes the vector
obtained from a vector r = r,i + r,j + 1K by rotating it about the axis u by 6. We have

r=qrq. (5)
The compositional rotation composed of rotation g, followed by rotation g, can be represented using the following quaternion
q=4q;. (6)

From Eq. (2), one learns that ey, 1, e; and e3 cannot be equal to zero simultaneously. Euler parameter quaternions can then be
classified into the following 15 cases according to the number of their constant 0 components:

{807 07070}7 {07 817070}7 {07076270}7 {07030763}7 {607817070}7 {60707 8270}7
{807 070763}7 {070762763}7 {Ovelaov 93}7 {0,817 9270}7 {0791782,83}, {80707627 93}
{eg,€1,0,e5},{ey,eq.e,,0}and {ey, e, e,,e5}.

Using Eq. (1), we can identify the kinematic meaning of nine cases of Euler parameter quaternions (Nos. 1-7, 11 and 15 in
Table 1) directly. For example, the Euler parameter quaternion of case {0, eq, 0, 0} is ¢ = i (No. 2 in Table 1), which represents a
half-turn rotation about the X-axis. The DOF of the above motion is 0 and the angular velocity is 0. The Euler parameter quaternion
of case {eo, €1, 0, 0} is ¢ = ep + e;i (No. 2 in Table 1), which represents a rotation by 2atan(e;, eg) about the X-axis. The DOF
of the above motion is 1 and the axis of the angular velocity is the X-axis. The Euler parameter quaternion of case {0, e, e, e3} is
q = eii + eyj + esk (No. 11 in Table 1). Kinematically, it refers to a half-turn rotation about the axis u = {e; e, es}". Since the
angle of rotation about the axisu = {e; e, e5}"is a constant, the component of the angular velocity along this axis is zero. The above
motion can therefore be called a 2-DOF zero-torsion-rate rotation. It is noted that such a rotation is called a zero-torsion rotation in
[16]. However, the torsion angle under the above motion is a constant and may not be zero depending on the mathematical
representation of rotation.

For the remaining six cases of Euler parameter quaternions (Nos. 8-10 and 12-14 in Table 1), we cannot obtain explicitly the
axis of angular velocity for a 1-DOF rotation and the axis along which the component of the angular velocity is zero for a 2-DOF
rotation by using Eq. (1) directly. By factoring each of these six cases of Euler parameter quaternions as the product of two cases
of Euler parameter quaternions (Nos. 1-7 and 11 in Table 1), one can identify their kinematic interpretation which reflects the
motion characteristics using Eqs. (1) and (6).

T Throughout this paper, the axis u passes through the origin O of the reference coordinate system 0-XYZ of a mechanism.
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The rotation associated with a Euler parameter quaternion with two constant 0 components including a zero first component
(Nos. 8-10 in Table 1) is a 1-DOF rotation. In order to reflect explicitly the axis of angular velocity, the Euler parameter quaternion
should be decomposed as the product of a unit quaternion with two constant 0 components and a non-zero first component
(Nos. 5-7 in Table 1) and a constant quaternion (see Nos. 2-4 in Table 1). For example, the Euler parameter quaternion of case {0,
0, e,, e3} is ¢ = e,j + esk. Although the quaternion can be interpreted as half-turn rotation about the axis u = {0 e, e3}" using
Eq. (1), the axis of angular velocity is not indicated explicitly. To better reflect the motion characteristics of this quaternion, q is

factored as

Equation (7) shows that g = e,j + esk represents kinematically a half-turn rotation about the Y-axis followed by a rotation by

q=-ej+ek=(e,+esi)j

X. Kong / Mechanism and Machine Theory 74 (2014) 188-201

X

Fig. 1. Rotation by theta about axis u.

2atan(es, e;) about the X-axis. The axis of the angular velocity associated with q is the X-axis.

Table 1
Classification of Euler parameter quaternions and their kinematic interpretation.

No Case Euler parametric quaternion DOF Motion description
1 {0,000} qg=1 0 No rotation
2 {0,e1,0,0} g=i Half-turn rotation about the X-axis
3 {0,0,e,0} q=j Half-turn rotation about the Y-axis
4 {0,0,0,e5} gqg=k Half-turn rotation about the Z-axis
5 {eoe1,0,0} q=-eo+ eii 1 Rotation by 2atan (e,, ep) about the X-axis
6 {ep,0,e5,0} q=-eo+ e Rotation by 2atan(e,, eg) about the Y-axis
7 {e0,0,0,e3} q=-eo+ esk Rotation by 2atan(es, eg) about the Z-axis
8 {0,0,e5,e3} g=erj+esk Half-turn rotation about the Y-axis followed by a rotation by 2atan(es, e;) about the X-axis
= (€2 +e3i)j
q=-eyj+esk Half-turn rotation about the Z-axis followed by a rotation by 2atan(— e, e3) about the X-axis
= (e3 7€zi)k
9 {0,e1,0,e3} g=ejit+esk Half-turn rotation about the X-axis followed by a rotation by 2atan(—es, e;) about the Y-axis
= (e1—e3j)i
q=eji+esk Half-turn rotation about the Z-axis followed by a rotation by 2atan(e,, es) about the Y-axis
= (e3 +ejk
10 {0,e1,e5,0} qg=ejit+erj Half-turn rotation about the X-axis followed by a rotation by 2atan(e,, e;) about the Z-axis
= (e1 +exk)i
q=eji+erj Half-turn rotation about the Y-axis followed by a rotation by 2atan(— ey, e») about the Z-axis
= (e2—e1k)j
11 {0,eq, ez €3} q=eqi+ e)j + esk 2 Half-turn rotation about the axis u = {e; e, e3}”
12 {eo, 0,ez€3} q=-¢ep+erj+esk Half-turn rotation about the X-axis followed by a half-turn rotation about the axis u = {—ey —es e,}"
= (—egi—esj + e;K)i
13 {eo, e1,0,e3} q=ep+eji+esk Half-turn rotation about the Y-axis followed by a half-turn rotation about the axis u = {e3 —ey —e;}"
= (esi—epj—eiKk)j
14 {eo, e1,e5,0} qg=ep+ejiterj Half-turn rotation about the Z-axis followed by a half-turn rotation about the axis u = {—e, e; —eo}"
= (—ei+erj—ek)k
15 {eo, €1,€2,€3} q =eo + eji + esj + esk 3 Spherical motion
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The rotation associated with a Euler parameter quaternion with one constant 0 component which is not the first component
(Nos. 12-14 in Table 1) is a 2-DOF rotation. In order to reflect explicitly the axis along which the component of the angular
velocity is zero, the Euler parameter quaternion should be decomposed as the product of a unit quaternion with a constant 0
component which is the first component (No. 11 in Table 1) and a constant quaternion (see Nos. 2-4 in Table 1). For example, the
Euler parameter quaternion of case {eg, 0, ez, €3} is ¢ = ep + e2j + esk. Although the quaternion can be interpreted as a rotation
about the axis u = {0 e, e3}" using Eq. (1), the axis along which the component of the angular velocity is zero is not indicated
explicitly. To better reflect the motion characteristics of this quaternion, q is factored as

q = (—egi—esj + e, K)i. (8)

Eq. (8) shows that ¢ = ey + e5j + esk represents kinematically a half-turn rotation about the X-axis followed by a half-turn
rotation about the axis u = {— ey —e e,}". The component of the angular velocity associated with g along the axisu = {—ey —e3 e;)"
is zero.

The kinematic interpretation of all the 15 cases of Euler parameter quaternions is given in Table 1.

As it will be shown in Section 4, each case of Euler parameter quaternions is associated with one operation mode of the 3-RER
PM studied in this paper.

3. Description of a 3-DOF 3-RER PM with orthogonal platforms

A 3-DOF 3-RER PM with orthogonal platforms (Fig. 2) is composed of a moving platform connected to the base by three RER
legs. The axes of the three R joints on the moving platform (base) are orthogonal and have a common point. Each leg is a serial
kinematic chain composed of R, E and R joints in sequence in such a way that the axes of these two R joints are always coplanar.
An E joint can be any planar kinematic chain such as RRR (Fig. 2) and RPR kinematic chains. Here P denotes a prismatic joint. Fig. 3
shows a configuration of the RER leg in which the structure characteristics of the leg can be easily observed: the axes of R joints 1
and 5 are collinear, the axes of the remaining three R joints within the E joint are perpendicular to the axes of R joints 1 and 5
(Fig. 3(a) and (b)). The special RER leg also satisfies the following conditions: Two pairs of R joints, joints 1 and 2 as well as joints
4 and 5, have perpendicular and intersecting joint axes, and links 2 and 3 have equal link lengths (Fig. 3(b)). In addition, the axis
of joint 2(4) of each special RER leg in the 3-RER PM passes through the intersection of the joint axes of three R joints on the base
(moving platform). As it will be shown later, the introduction of the special RER leg (Fig. 3(b)) facilitates the reconfiguration of
the 3-RER PM from one operation mode to another manually and does not affect the operation modes of the moving platform.
Links 1 and 4 in each leg are curved in order to avoid link interference during reconfiguration.

Let 0-XYZ and O,—X,Y,Z, denote the coordinate frames fixed on the base and the moving platform respectively. The X-, Y- and Z-axes
are, respectively, along the axes of the three R joints on the base. The X,-, Y- and Z,-axes are, respectively, along the axes of the three R
joints on the moving platform. The X- and X,-axes, Y- and Y,-axes and Z- and Z,-axes are connected by legs 1, 2 and 3 respectively.

Let v; and w; denote the unit vectors along the axes of the bottom and top R joints of leg i in the coordinate system 0-XYZ and
wp; denote the unit vector along the top R joint of leg i in the coordinate system 0,—X,Y,Z,. We have

v;={100}",v,={010}, v;={00 1}, wp, ={1 00}, wp,={0 10} and wp;={001}".

In the reference configuration, the coordinate systems Op,—X,YpZ, and O-XYZ coincide with each other. Let the location
of the coordinate system O,—X,Y,Z, in the coordinate system O-XYZ be represented by the position of O, denoted by

—Y,
—W2 Moving platform
\@® o E joint
_W]_ Op \‘
—Xp g W3
PN
19) Leg 3
Leg 2
Vo Y
Leg 1 R joint
Vi1 V3
A
Base

Fig. 2. 3-RER PM with orthogonal platforms.
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Link 3 Link 4

Link 2

Joint 2,

Link 1
Joint 1 7

Joint 1
(a) General case. (b) Special case.

Fig. 3. RER leg.

0, = {xy z)", and the orientation of the moving platform, denoted by the Euler parameter quaternion q (see Eq. (1)). From Eq. (5),
we obtain

W, =qiq.
W, = qjq 9)
w; =gkq".

Substituting Egs. (1) and (4) into Eq. (9), we have

Wy = (eé + e%—e%—e%)i +2(ere; + ege3)j + 2(e;e3—epey K
w, = 2(eje,—eges)i+ (eé—ef + e%—e%)j +2(eye3 + ege; k

W3 = 2(eje3 +epe,)i+ 2(e,e3—eqe;)j + (eé—ef—e% + eg)k.
Rewriting the above equation in the Cartesian vector form, we have

2 2 2 2 T
w; = {eo +ej—ey3—e32(eje; + 9093)2(9193_9032)}

T
w, = {Z(elez—eoe3)e§—ef +e3—e32(ee; + 6061)} (10)

2 2 2 T
W3 = {2(9163 + ege;y)2(ee3—eger )eg—ey—e; + 93} .

In each RER leg, the axes of the two R joints are always coplanar due to the constraint imposed by the E joint, i.e., the triple
product of the two unit vectors along the axes of the bottom and top R joints of leg i and vector O, is equal to zero. The set of
constraint equations of leg i (i = 1, 2 and 3) is then obtained as

w; x v;-0, =0.

Expanding the above equation in scalar form, we have

—eqe3y + €peyy +e1e,Z + egezz =0
€,63X + epe1X—ee,Z + epe3z =0 (11)
—e,e3X + egeX + ee3y + ege,y = 0.

Egs. (11) and (2) are the equations for the reconfiguration analysis of the 3-RER PM.
4. Operation modes analysis of the 3-RER PM with orthogonal platforms

In the type synthesis of PMs with multiple operation modes [1,2,3,4,5,6], a PM with multiple operation modes is obtained in
a transition configuration that the PM can transit between two operation modes. Therefore, there must be at least two sets of
positive dimension solutions, each corresponding to one operation mode, to the set of constraint equations of the PM. In order to
reconfigure the PM, one needs to fully understand all the operation modes and the transition configurations of the PM. The
methods based on algebraic geometry [10,11] or numerical algebraic geometry [12] as well as computer algebra systems [13]
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provide effective tools to find all the sets of positive dimension solutions to a set of constraint (polynomial) equations and to solve
the above reconfiguration analysis problem.

The operation mode analysis of the 3-RER PM can be carried out by the prime decomposition of the ideal associated with the
set of constraint equations (Eq. (11)) for the 3-RER PM. All the operation modes satisfy Eq. (2), which will be omitted in the
representation of operation modes and transition configurations of the 3-RER PM for brevity reasons.

The ideal associated with Eq. (11) for the 3-RER PM with orthogonal base and platform is

T =<—e1e3) + €yey) + €16,Z + €32, €,€3X + g8 1X—01€,Z + €32, —€,€3X + €(e1X + €,€3Y + ege,y>.

Since this ideal is rather simple, we can obtain its prime decomposition directly using the software SINGULAR [13] as follows:

T HI 12
= N7 (12)

where

T =<ey,ey,e3>,1, =<e€y,e,e3>, 13 = <€, €1,83>, 1, = <€, €1,8>,
I5=<ey,e3,X>1g=<ey,ey,X> 17 =<e,63,y>Tg =<€y,€,)>,

Tg =<€1,6,2> 1T g =<ey,e3,2>, 111 = <€y, —€3y + €,Z, —€3X + €12, —€,X + e;y>

Ty =<€q,83) + €3Z,8,X + €pZ, —e3X + gy >,T13 = <€y,81X + €32, —ey + €yZ, egX + e3y>
Ti4 =<e€3,81X+ey),e0y + €1Z,epX—eyz>and 715 = <x,y,z>.

Then, we can obtain 15 sets of positive-dimension solutions, each corresponding to one operation mode, that satisfy both
Eqgs. (11) and (2). These 15 sets of positive-dimension solutions are listed in the third column in Table 2.

With the aid of the classification and kinematic interpretation of Euler parameter quaternions (Table 1), we can reveal the
motion characteristics in each operation mode of the 3-RER PM with orthogonal platforms.

Let us take the No. 11 operation mode in Table 2 as an example. The set of constraint equations of the No. 11 operation mode is

eg=0

—e3y+e,z=0

—esx+e;z=0 (13)
—ex+ey=0.

It is apparent that the first equation in Eq. (13) is in fact Case 11 of the Euler parameter quaternions. This means that the
moving platform will undergo a half-turn rotation about the axis u = {e; e, es}". The last three equations in Eq. (13) is in fact
0, x u = 0, which means that the moving platform can translate along the direction u. The motion in this mode is called a 3-DOF
zero-torsion-rate motion considering that the component of angular velocity of the moving platform along u is zero. Figure 4
shows the prototype of a 3-RER PM fabricated at Heriot-Watt University in the No. 11 operation mode. Please note that the extra
holes on the base and moving platform are used for assembling PM models other than the 3-RER PM with orthogonal platforms.

The above example shows that the classification and kinematic interpretation of Euler parameter quaternions provide an
efficient way for revealing the motion characteristics of different operation modes of the 3-RER PM. Unlike the method presented
in [11], there is no need to compute the rotation matrix and the associated eigenspace for each operation mode.

A description of motion of the moving platform in each of the 15 modes has been obtained and given in Table 2. Figs. 5-8 show
the configurations, each in one of the 15 operation modes, of the 3-RER PM. Most of the motion described in Table 2 in each
operation mode can be verified readily using the results in the literature. In operation modes Nos. 1-4 (Fig. 5(a) and (b)), the axes
of joints 1 and 5 in each leg are parallel to each other, and axes of joints 2-4 in each leg are parallel. The PM in these operation
modes satisfies the conditions for translational PMs [1]. Therefore, the moving platform undergoes 3-DOF spatial translation. In
operation modes Nos. 5-10 (Fig. 6(a) and (b)), the axes of joints 1 and 5 in one leg are parallel to the axes of joints 2, 3 and 4 in the
other two legs. Since the PM in these operation modes satisfies the conditions for planar PMs [2], the moving platform undergoes
3-DOF planar motion. In operation mode No. 15 (Fig. 8), the axes of joints 1, 2, 4 and 5 in all the three legs have a common point for
the PM with the special legs, and the axes of joints 1 and 5 in all the three legs have a common point while the axes of joints 2, 3 and
4 in each leg are parallel for the PM with three general legs. The moving platform can thus undergo 3-DOF spherical motion [1].

It is noted that in the 3-RER PM with the special legs (Fig. 8), the axes of joints 2 and 4 in each leg coincide in operation mode
No. 15. Links 2 and 3 in each leg can rotate freely about the axes of joints 2 and 4 within the same leg. The total DOF of the PM in
operation mode No. 15 is 6 although the moving platform has 3 DOFs.

5. Transition configuration analysis

Transition configuration analysis is an important issue in the design and control of PMs with multiple operation modes. To
find the transition configurations among n,,, operation modes is to solve the set of constraint equations composed of the n,, sets
of constraint equations associated with these operation modes. Due to space limitation, the transition configurations for cases
n, = 2 and n,, = 8 will be presented in this section.
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Table 2
Fifteen operation modes of the 3-RER PM with orthogonal platforms.
No Class Constraint equations Description
1 3-DOF spatial translation Spatial translation
ez =
e3 =
2 ey = Spatial translation following a half-turn rotation about the X-axis
e =
e3 =
3 eg = Spatial translation following a half-turn rotation about the Y-axis
93 =
4 ep=0 Spatial translation following a half-turn rotation about the Z-axis
e; =0
e;=0
5 3-DOF planar motion e, =0 3-DOF planar motion along the O-YZ plane
e3 = 0
x=0
6 ep=0 Planar motion along the O-YZ plane following a half-turn rotation about the Y-axis or Z-axis
e; =0
x=0
7 =0 Planar motion along the 0-XZ plane
93 =0
y=0
8 ep=0 Planar motion along the 0-XZ plane following a half-turn rotation about the X-axis or Z-axis
e = 0
y=0
9 e =0 Planar motion along the O-XY plane
ey =0
z=0
10 ep=0 Planar motion along the O-XY plane following a half-turn rotation about the X-axis or Y-axis
e3 = 0
z=0
11 3-DOF zero-torsion-rate e =0 Half-turn rotation about the axis u = {e; e, es}” followed by a translation along the
motion —e3y+ez=0 direction u = {e; e, es}".
—e3x+ez=0
—ex+ey=0
12 e;=0 Half-turn rotation about the X-axis followed by a half-turn rotation about the
ey+e3z=0 axis u = {—ey —es e,}" and subsequent translation along the direction u = {—e, —e; e,}".
e)x+epz=0
—esx +epy =0
13 e;=0 Half-turn rotation about the Y-axis followed by a half-turn rotation about the
e1x+ez=0 axis u = {e; —ey —e;}" and subsequent translation along the direction u = {es —e; —e;}".
—e1y+ez=0
epx+e3y=0
14 e3=0 Half-turn rotation about the Z-axis followed by a half-turn rotation about the
e1x+ey =0 axis u = {—e, e; —eo)" and subsequent translation along the direction u = {—e, e; —eo}".
ey +e1z=0
epx—eyz =0
15 3-DOF spherical motion x=0 Spherical motion
y=0
z=0

5.1. Case ny, = 2

To identify the transition configurations of the operation modes Nos. 11 and 15, T(11 A 15), one needs to solve the following
set of constraint equations, which is obtained by combining the two sets of constraint equations associated with these two
operation modes (Table 2), as

ep=0

—e3y+e,z=0

—e3x+e;z=0

—ex+ey=0 (14)
x=0

y=0

z=0.
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Moving platform

Base

Fig. 4. A prototype of the 3-RER PM with orthogonal platforms in operation mode No. 11.

Simplifying Eq. (2), we obtain the transition configurations T(11 A 15) as

(15)

N< x D
oy
Sococo

The above equation represents all the configurations obtained through a 2-DOF zero-torsion-rate rotation about the axis
u = {e; ey es)".
All the transition configurations between two operation modes have been obtained. Due to space limitation, only those

involving operation modes Nos. 1, 5, 11 and 15 are given since these operation modes are of different types of motion
(Tables 3-6).

(a) Operation mode No. 1. (b) Operation mode No. 2(3 or 4).

Fig. 5. 3-RER parallel manipulator in four 3-DOF spatial translational motion modes: operation modes Nos. 1-4.
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X(Y, 7)
(a) Operation mode No. 5(7 or 9). (b) Operation mode No. 6(8 or 10).

Fig. 6. 3-RER parallel manipulator in six 3-DOF planar motion modes: operation modes Nos. 5-10.

It is noted from Table 6 that the 3-RER PM can switch between the 3-DOF spherical rotation mode (No. 15 operation mode)
and any of the remaining 14 operation modes. By aligning the axes of joints 2 and 4 in each leg of the 3-RER PM (Fig. 8), one can
easily switch the PM from any of the 14 operation modes, operation modes 1-14, to operational mode No. 15 (3-DOF spherical
rotation mode) manually. It is not straightforward to switch the PM from an operation mode to operation mode No. 15 manually if
a general RER leg (Fig. 3(a)) is used since it is not apparent when the axes of joints 1 and 5 in all the legs intersect at one point.
That is why we use the special legs in the prototype of the 3-RER PM.

(a) Operation mode No. 11. (b) Operation mode No. 12(13 or 14).

Fig. 7. 3-RER parallel manipulator in four 3-DOF zero-torsion-rate motion modes: operation modes Nos. 11-14.

Fig. 8. 3-RER parallel manipulator in 3-DOF spherical motion mode: operation mode No. 15.
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Transition configurations between operation mode 1 and other operation modes T(1 A j).

No Constraint equations Description
T(1 A 2) - -
T(1 A 3) - -
T(1 A 4) - -
T(1 A5) e; =0 Configurations obtained through a translation along the O-YZ plane
e;=0
e3=0
x=0
T(1 - -
T(1 e;=0 Configurations obtained through a translation along the 0-XZ plane
e = 0
e3=0
y=0
T(1 A8 - -
T(1 e; =0 Configurations obtained through a translation along the O-XY plane
e = 0
e3 = 0
z=0
T(1 A 10) - -
T(1 A 11) - -
T(1 A 12) e; =0 Configurations obtained through a translation along the X-axis
ey = 0
e3 = 0
y=0
z=0
T(1 A 13) e =0 Configurations obtained through a translation along the Y-axis
ey = 0
e3 = 0
x=0
z=0
T(1 A 14) e;=0 Configurations obtained through a translation along the Z-axis
e; =0
e3=0
x=0
y=0
T(1 A 15) e =0
0
0
0
0
0

&)
N\

()
w

N< X

Reference configuration

5.2. Case n, =8

Starting from the transition configurations between two operation modes that we have obtained in Subsection 5.1, we can

further find the transition configurations in which the 3-RER PM can switch among more than two operation modes.

From Table 3, we learn that the 3-RER PM can switch from operation mode No 1 to seven operation modes Nos. 5, 7,
9, 12, 13, 14 and 15 and cannot switch to the remaining seven operation modes. Then, we can find the transition
configurations among n, (3 <n,, <8) operation modes including operation mode No. 1. The transition configuration,

TAAS5A7A9A12 A 13 A 14 A 15),among the eight operation modes Nos. 1,5, 7,9, 12,13, 14 and 15 that we obtained is

e, =0
e, =0
e;=0
x=0
y=0
z=0.

Equation (16) indicates that T(1 A5 A7 A9 A 12 A 13 A 14 A 15) is the reference configuration as shown in Fig. 9(a).

Similarly, three more transition configurations through which the 3-RER PM can switch among eight different operation
modes are identified as listed in Table 7 and shown in Fig. 9(b).
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Table 4
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Transition configurations, T(5 A j), between operation mode 5 and operation mode j(6 < j < 15).

No

Constraint equations

Description

T(5 A 6)
T(5 A 7)

T(5 A 8)

T(5 A 9)

T(5 A 10)

T(5 A 11)

T(5 A 12)

T(5 A 13)

T(5 A 14)

T(5 A 15)

|
|
|
|
|
|
|
|
|

S «x&S2
1 | T T 1

Nx PP < x
O W

P Nl Cl2 e xP88 xS
| e | R T
CO OCO00O0O OCO000O0 OCO000 OCO000 OO000 ©O000O

DS
I

()

x=0

—e1y+epz=0

e;=0
e3=0
x=0

ey +e1z=0

N x &8
[ | I T
coococo

Configurations obtained through a translation along the Z-axis

Configurations obtained through a translation along the Z-axis following a half-turn rotation about the X-axis

Configurations obtained through a translation along the Y-axis

Configurations obtained through a translation along the Y-axis following a half-turn rotation about the X-axis

The configuration obtained through a half-turn rotation about the X-axis

Configurations obtained through a translation along the X-axis

Configurations obtained through a 2-DOF planar motion along the O-YZ plane

Configurations obtained through a 2-DOF planar motion along the O-YZ plane

Configurations obtained through a rotation about the X-axis

Table 5

Transition configurations, T(11 A j), between operation mode 11 and operation mode j(12 <j < 15).

No Constraint equations Description
T(11 A 12) e =0 Configurations obtained through a rotation by 6, = 2atan(es, e,) (or 6y = 2atan(— ey, e3)) about the X-axis
e =0 following a half-turn rotation about the Y-axis (or Z-axis)
x=0
y=0
z=0
T(11 A 13) e =0 Configurations obtained through a rotation by 6, = 2atan(—es, e;) (or 6, = 2atan(e,, e3)) about the Y-axis
e =0 following a half-turn rotation about the X-axis (or Z-axis)
x=0
y=0
z=0
T(11 A 14) e =0 Configurations obtained through a rotation by 6, = 2atan(e,, e;) (or 6, = 2atan(—ey, e,)) about the Z-axis
e3=0 following a half-turn rotation about the X-axis (or Y-axis)
x=0
y=0
z=0
T(11 A 15) e =0 Configurations obtained through a half-turn rotation about the axis u = {e; e, e5}"
x=0
y=0
z=0
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Transition configurations, T(j A 15), between operation mode j(1 <j < 14) and operation mode 15.

No Constraint equations  Description
T(1 A 15) e;=0 Reference configuration
ey = 0
e3 = 0
X =
y =
z=0
T(2 A 15) ey = Configuration obtained through a half-turn rotation about the X-axis
e; =0
e3 =
X =
y=0
z=0
T(3 A 15) e =0 Configuration obtained through a half-turn rotation about the Y-axis
e =
e3 =
x=0
y =
z=0
T(4 A 15) e =0 Configuration obtained through a half-turn rotation about the Z-axis
e =
ey =
x=0
y =
zZ=
T(5 A 15) e, =0 Configurations obtained through a rotation about the X-axis
e3=0
X =
y =
zZ=
T(6 A 15) e =0 Configurations obtained through a rotation about the X-axis following a half-turn rotation about the Y-axis or Z-axis
e =
x=0
y=0
z=0
T(7 A 15) e = Configurations obtained through a rotation about the Y-axis
e3 =
x=0
y =
Z=
T(8 A 15) e =0 Configurations obtained through a rotation about the Y-axis following a half-turn rotation about the X-axis or Z-axis
ey =
X =
y=0
z=0
T(9 A 15) e = Configurations obtained through a rotation about the Z-axis
ey =
x=0
y =
zZ=
T(10 A 15) e =0 Configurations obtained through a rotation about the Z-axis following a half-turn rotation about the X-axis or Y-axis
e3 = 0
z=0
T(11 A 15) e =0 Configurations obtained through a half-turn rotation about the axis u = {e; e, e3}"
x=0
y=0
z=0
T(12 A 15) e;=0 Configurations obtained through a half-turn rotation about the X-axis followed by a half-turn rotation about the
x=0 axis u = {—eg —e3 ex}"
y=0
z=0
T(13 A 15) e, =0 Configurations obtained through a half-turn rotation about the Y-axis followed by a half-turn rotation about the
x=0 axis u = {es —eq —e;}’
y=0
z=0
T(14 A 15) e3 =0 Configurations obtained through a half-turn rotation about the Z-axis followed by a half-turn rotation about the
x=0 axisu = {—e e; —eo}’
y=0
z=0
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(b)

Fig. 9. Four configurations through which the 3-RER PM can switch among eight different operation modes: (a) T(1 A5A 7 A9 A 12 A 13 A 14 A 15), and
(B)T2AS5A8AT0OATTIAIBAT4ATIS)(T3AB6AT7TAIOATITATI2AT14A15)0rTAABAB8AIATLAT2AT3A15)).

It is noted that in the above four transition configurations of a 3-RER PM, the axes of joints 1 and 5 in each leg coincide. Each
leg can rotate about the axes of joints 1 and 5. The DOF of the moving platform varies from 0 to 1 with the configuration of the
legs. Therefore, the PM has 3 to 4 DOFs in total in these configurations. For a 3-RER PM with special legs in these transition
configurations, the axes of joints 2 and 4 in each leg also coincide, and links 2 and 3 of a leg can rotate about the axes of joints 2
and 4. Therefore, the 3-RER PM with special legs has 6 to 7 DOFs in total in these transition configurations.

6. Conclusions

The Euler parameter quaternions have been classified into 15 cases based on the number of constant zero components and the
kinematic interpretation of different cases of Euler parameter quaternions has been presented. The results have been used to the
reconfiguration analysis of a 3-DOF 3-RER parallel mechanism with orthogonal platforms. It has been found that the parallel
mechanism has 15 3-DOF operation modes, including one spherical mode, four translational modes, six planar modes and four
zero-torsion-rate motion modes. The transition configurations among different operation modes have been obtained. Four

Table 7
Transition configurations in which the 3-RER parallel mechanism can switch among eight operation modes.

No Type Constraint equations  Description
1 TAIAS5A7A9ATI2A13 A14A15) e; =0 Reference configuration (Fig. 9 (a))
ey = 0
e3 = 0
x=0
y=0
z=0
2 TR2AS5A8A10A11 A13 A 14 A 15) e =0 Configuration obtained through a half-turn rotation about the X-axis (Fig. 9 (b))
e;=0
e3=0
x=0
y=0
z=0
3 TBA6AT7ATI0ATTI A12 A 14 A15) e =0 Configuration obtained through a half-turn rotation about the Y-axis (Fig. 9 (b))
e; =0
e3=0
x=0
y=0
z=0
4 TAAGAB8AIATLATI2AT3A15) e =0 Configuration obtained through a half-turn rotation about the Z-axis (Fig. 9 (b))
e = 0
e;=0
x=0
y=0
z=0
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transition configurations have also been identified in which the parallel mechanism can switch among 8 operation modes. To the
best knowledge of the author of this paper, this is the first report on the finding that a parallel mechanism can switch among
8 operation modes in a transition configuration.

Although the 3-RER parallel mechanism with orthogonal platforms is not of practical industrial use due to the limited
workspace in each operation mode, it is valuable for teaching robot kinematics since this PM covers four different types of 3-DOF
motion and can also be used to demonstrate concepts of constraint singularity and kinematic singularity in different operation
modes. A prototype has been fabricated and used in teaching robot kinematics at Heriot-Watt University.

The classification and kinematic interpretation of Euler parameter quaternions presented in this paper may help further
promote the application of Euler parameter quaternions in the analysis and design of parallel mechanisms, especially parallel
mechanisms with multiple operation modes.
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