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Paul traps are increasingly being used in a wide variety of applications in biology including study of protein
dynamics and DNA sequencing. In this paper, statistical properties of a macromolecule chain in a Paul trap
are theoretically analyzed using a simple model of charged particles connected by rigid rods. It is found that
the mean displacement of chain varies linearly with the chain length, showing properties of enhanced diffusion,
compared to the normal diffusion relation which exists for the case of a macromolecule chain in a force-free
region. The dependence of the mean displacement on the chain length and trap parameters is also found to be
very different for the case of pure dc operation and pure ac operation of the Paul trap.
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I. INTRODUCTION

Protein folding and DNA sequencing are two very impor-
tant areas of research in biology currently. Protein folding
has been studied using many different models over the past
few decades. Similarly, there are various mechanisms avail-
able to sequence a DNA molecule. One common factor that
brings these two disparate fields together is the Paul trap [1–
5]. A Paul trap uses a combination of dc and ac fields to trap
charged particles and was invented by Wolfgang Paul in 1953.
Paul traps have immense applications in mass spectrometry
and quantum computation. Over the last two decades, Paul
traps have started being extensively used in structural studies
of proteins [6–8] and also sequencing of DNA strands [9].

Traditionally, protein structure has been studied using
NMR [10] and X-ray crystallography [11]. However, one lim-
itation of NMR is that it can only produce an ensemble av-
eraged image of protein molecules at a given time. Though
X-ray crystallography can produce high resolution image of
protein molecules, it can only be used to study static structures
and not dynamic processes. Using Paul traps, researchers have
been able to circumvent both these limitations of NMR and
X-ray methods [7]. Apart from this, Paul traps have also been
used in the identification of protein sequences [12, 13].

One of the current methods being developed for sequenc-
ing of DNA molecules is by using nanopores [14, 15]. In this
technique, it is very important to be able to control the orien-
tation and position of the macromolecule as it passes through
the nanopore. It has been recently proposed that a Paul trap
can be used to enhance the controllability of a DNA sequence
in such a nano-device [9, 16]. This has the potential to sig-
nificantly reduce the cost and enhance the speed of DNA se-
quencing.

In light of the emerging applications of Paul traps in bio-
logical problems, it becomes imporant to theoretically analyze
the dynamics of a macromolecule chain in this device. A sim-
ple model of a protein or DNA sequence is a chain of charged
point-particles connected by rigid rods. Though the details of
the exact motion of the macromolecule would be interesting
to know, an analysis of the statistical properties of the mean
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displacement of this simple chain model [18] can give useful
information from the point of view of applications. Such an
analysis has been extensively done previously for the case of a
macromolecule chain in a force-free region [17, 19]. The ba-
sic idea used in these previous studies was that of a random-
walk leading to results same as that obtained for Brownian
motion [20]. However, as is shown in this paper, the statistical
properties of a macromolecule in a Paul trap are very different
from that of a macromolecule in a force-free region.

II. METHODS

The electrostatic potential in a Paul trap is given by the ex-
pression

Φ(x,y,z, t) = (U +V cosωt)
(
x2 + y2−2z2) (1)

where U,V are the parameters governing the dc and ac poten-
tials respectively and ω is the frequency of the ac potential.
Thus, the equations of motion of a free particle in a Paul trap
are

ẍ = [−px +2qx cos2t]x
ÿ = [−py +2qy cos2t]y
z̈ = [−pz +2qz cos2t]z (2)

where px = py = 8U
/

ω2 = 0.5pz = p (say) and qx = qy =
4V
/

ω2 = 0.5qz = q (say) (for the sake of simplicity, mass and
charge of all particles are taken to be unity). The frequency
has been normalized to ω = 2 keeping in view the standard
Mathieu equation [21].

A simple model for a macromolecule chain is a collection
of charged particles held together by rigid rods (see Fig. 1).
This model has earlier been used extensively in analysis of
protein and DNA dynamics. As shown in Fig. 1, the charged
particles of the chain are not completely free to move in any
direction. They are contrained by the fact that the distance
between two adjacent particles on the chain is a constant.

Consider the macromolecule as a sequence of points,
{(xi,yi,zi) : i = 0,1,2, ...,N}. For the sake of simplicity, we
consider (x0,y0,z0) to be fixed at the origin and that the
molecule is moving in the x− z plane (so that yi = 0 for all
i = 0,1,2, ...,N). To solve the equations of motion for the
macromolecule, we need to transform to a coordinate system
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without constraints. Let ηi = xi−xi−1 and ξi = zi−zi−1. Thus,
the constraint on the system is

r2
i = η

2
i +ξ

2
i = constant = r2 ∀i = 1,2,3, ...,N (3)

The system can thus be completely defined by a knowledge of
{θi}, which is given by

tanθi =
ξi

ηi
(4)

In cylindrical coordinates, the radial acceleration is given by
ar = r̈− rθ̇ 2 and angular acceleration by aθ = rθ̈ + 2ṙθ̇ . In
our system, since r = constant, we have aθ = rθ̈ , which gives

θ̈i =
ηiξ̈i−ξiη̈i

r2
i

(5)

Substituting Eq. (2) in Eq. (5), we get

θ̈i =
1
2

[−pz + px +2(qz−qx)cos2t]sin2θi (6)

=
1
2

[−px +2qx cos2t]sin2θi

It should be observed that substituting py instead of pz in Eq.
(6) and using the fact that py = px justifies our earlier simpli-
fication that the macromolecule chain is moving only in the
x− z plane. The charged particles of the polymer chain also
interact among themselves electrostatically. However, in this
paper, such interactions have been neglected and only the ef-
fect of the externally applied electric field of the Paul trap has
been considered.

The displacement of the chain can now be given by

d (t) =
√

d2
c (t)+d2

s (t) (7)

where

dc (t) = r
N

∑
i=1

cosθi (t)

ds (t) = r
N

∑
i=1

sinθi (t) (8)

A measure of d in Eq. (7) gives a measure of the extent of
folding in the chain as a result of its motion inside the Paul
trap. For practical purposes, a knowledge of the full time-
variation of d is not required. It is enough to know the time-
average of this displacement. Thus, the quantity that we are
interested in is the mean displacement,

〈d〉= lim
T→∞

1
T

ˆ T

0
d(t)dt (9)

III. RESULTS

To analyze the dependence of the mean displacement in Eq.
(9) on p,q,N, Eqs. (6) and (7) (with r = 1, without loss of
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Figure 1: Schematic of a portion of the macromolecule chain.
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Figure 2: Plot of the displacement given by Eq. (7) with respect to
time for various values of p.

generality) are solved numerically and the results are now pre-
sented. Figure 2 shows the time-variation of d in Eq. (7) for
p = 0.0,0.2,1.0,−1.0, q = 0.0 and N = 25. As can be seen
in this figure, the behavior of d is very different for p > 0 and
p≤ 0 (when q = 0). For p > 0, the macromolecule chain dis-
placement tends to be close to its chain length. For p≤ 0, the
macromolecule chain exists in a folded state with the mean
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Figure 3: Plot of the displacement given by Eq. (7) with respect to
time for various values of q.
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Figure 4: Plot of the ensemble averaged mean displacement in Eq.
(9) with respect to chain length for particular values of p,q.
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Figure 5: Plot of the ensemble averaged mean displacement in Eq.
(9) with respect to p,q for a particular value of N = 25.

displacement very small compared to the chain length.
Figure 3 shows the variation of d for p = 0.0, q =

0.2,0.4,1.0,−1.0 and N = 25. As can be seen, the mean dis-
placement of the macromolecule chain is small compared to
the chain length for all values of q (when p = 0). Thus, the
macromolecule chain exists as a folded structure for all values
of q. Thus, the behavior of d for p ≤ 0,q = 0 is qualitatively
similar to that obtained for various values of q (with p = 0).

Figure 4 shows the mean displacement, 〈d〉, in Eq. (9) for
various values of N and given values of p,q. As can be seen,
〈d〉 varies linearly with the chain length, N, enabling us to
conjecture

〈d〉 ∼ N

for all values of p,q. Thus, the dependence of 〈d〉 on N for
the case of a Paul trap is similar to that of a system hav-
ing super-diffusion [22, 23]. This is very different from that

of a macromolecule chain in a force-free region, where the
mean displacement scales as square-root of the chain length,
N (〈d〉 f ree ∼N0.5, which is usual diffusion) [19]. For a macro-
molecule in a Paul trap, the slope (γ) of the linear variation of
〈d〉 with N will, however, depend on the choice of values for
p,q. For p = 0,q = 0.4 the slope of the line is γ ≈ 0.30 and for
p = 0.4,q = 0, the slope has a much higher value of γ ≈ 0.92.

Figure 5 shows the variation of the mean displacemnt, 〈d〉,
for various values of p,q for a fixed value of N = 25. As can be
clearly seen, the behavior of 〈d〉 is very different for p > 0 and
p≤ 0. However, the dependence of 〈d〉 is qualitatively similar
for positive and negative values of q even though the curve is
not exactly symmetric about q = 0. As shown in Fig. 5, for
higher values of |p|, the mean displacement saturates to a cer-
tain value for a given chain length. This value of 〈d〉sat can be
empirically approximated to be equal to the chain length, N,
for p� 1 and half of the chain length, N

/
2 for p�−1 (see

Fig. 4(b)). Thus, there is a clear asymmetry in the behavior of
the macromolecule chain for positive and negative values of
p. However, for larger values of |q|, the mean displacement
keeps fluctuating about a certain value which is much smaller
than the chain length. To average out the deviation and ana-
lyze the mean trend in the curve, the plots in Figs. 4 and 5 are
shown for an ensemble of 20 macromolecule chains.

IV. DISCUSSION AND CONCLUSION

In this paper, the statistical properties of a macromolecule
chain in a Paul trap have been analyzed and it has been
found that the mean displacement, 〈d〉, of the chain varies lin-
early with chain length, N, which is a sign of super-diffusion.
This is very different from the dependence on square-root of
chain length (normal diffusion) which is known for a macro-
molecule in a force-free region.

The dependence of 〈d〉 on N has been found to be very
different for the case of dc operation (q = 0) and ac opera-
tion (p = 0). For the case of ac operation, the macromolecule
chain is found to exist in a small folded structure. For the
case of dc operation, the chain is found to exist in an unfolded
state. This can have important consequences for study of pro-
tein structures in Paul traps since protein folding can be as-
sisted or inhibited depending on the values of p,q used in the
trap. Also, the protein structure for the case of ac operation
needs further analysis since the folded structure of a protein
in a Paul trap can be very different from that in solution.

The finding of an unfolded state of the macromolecule
chain for dc operation can be very important for DNA se-
quencing. This is because, in a Paul nano-device, DNA se-
quences are trapped using pure ac potential. However, when
they are to be passed through the nano-pore, dc potential is
switched on. And since it is easier to sequence a chain when
it exists in its unfolded state, the presence of dc potential can
assist in the sequencing of the DNA molecule.
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