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In 1932 Mahler [6], following his fundamental study of the theory of
transcendental numbers, formulated the conjecture that for any ε > 0 the
inequality

|P (x)| < H(P )−n−ε

has at most a finite number of solutions in integer polynomials P of degree
n for almost all x ∈ R, where H(P ) is the height of P (that is, H(P ) is
the maximum of the moduli of the coefficients of P ). This was proved by
Sprindžuk [7]. In 1965 Sprindžuk [8] also considered the p-adic analogue of
Mahler’s conjecture and proved Theorem 1 below. Throughout this paper Qp
denotes the p-adic field with p-adic metric | · |p and Zp = {w ∈ Qp : |w|p ≤ 1}
denotes the p-adic integers. A ball B(a; δ) in Qp is defined as

B(a; δ) = {x ∈ Qp : |x− a|p ≤ δ}.
It has diameter diam(B) = δ and measure ν(B) = δ, where ν is the unique
Haar measure on the locally compact abelian group Qp such that ν(Zp) = 1.

Theorem 1 (Mahler–Sprindžuk). The inequality

|P (w)|p < H(P )−n−1−ε

has only a finite number of solutions in rational integer polynomials P of
degree n for almost all w ∈ Qp (with respect to Haar measure).

A proof of this theorem can be found in [8, Part II, Chapter 2]. Similar
inhomogeneous problems can be considered and for n = 1 the following in-
homogeneous question has been solved [5, Chapter 2, Theorem 4.11]. Indeed
it is not difficult to prove that for every d ∈ Qp and almost all w ∈ Qp the
inequality

(1) |q1w + q0 + d|p < |q|−2−ε
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where q = max(q0, q1), has only a finite number of solutions in rational
integers q1 and q0 for every ε > 0.

Inhomogeneous questions are rather different in character to the homo-
geneous ones in that they concern questions of how points are distributed
rather than how close it is possible to get to the integers. It is often the
case that, due to the properties of the p-adic metric, a problem looked at
in the p-adic setting is easier to solve than a similar one considered for Eu-
clidean space. In this article we will prove the inhomogeneous analogue of
Theorem 1, that is, we will consider inequality (1) for polynomials of higher
degree.

Theorem 2. For every d ∈ Qp the inequality

(2) |P (w) + d|p < H(P )−n−1−ε

has only a finite number of solutions in rational integer polynomials P of
degree n for almost all w ∈ Qp.

It is hoped that the methods used in this paper can be generalised to
prove a similar result for the usual Euclidean metric.

In what follows the Vinogradov symbols � and � will be used to avoid
specifying unimportant constants (A� B means that there exists a constant
c such that A ≤ cB with a similar definition for A � B); if A � B and
A� B then we write A � B.

The proof of Theorem 2 will involve repeated applications of the Borel–
Cantelli lemma; that is, if the sum of measures of a sequence of sets converges
then the measure of the set of points lying in infinitely many such sets is
zero. Before proving Theorem 2 some preliminary results are obtained.

Lemma 1. Let

(3) P (w) = anw
n + . . .+ a1w + a0

be a polynomial with rational integer coefficients. Then

(4) max
0≤m≤n

|P (m)| � max
0≤i≤n

|ai|.

We denote the smallest m for which (4) is true by m0. This is Lemma 7
of [7, p. 19].

Lemma 2. Let P be a polynomial of the form (3) with |an|p > c1, where
c1 is a constant depending only on n. Then

(5) |κi|p ≤ max(1/c1, 1)

for every root κi, i = 1, . . . , n, of P .
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P r o o f. If |κi|p ≤ 1 then inequality (5) is true. Assume therefore that
|κi|p > 1. Evidently anκni = −an−1κ

n−1
i − . . .− a1κi − a0, so that

κi = −an−1

an
− . . .− a1

anκ
n−2
i

− a0

anκ
n−1
i

further implying that

|κi|p ≤ max
0≤j≤n−1

∣∣∣∣
aj

anκ
n−1−j
i

∣∣∣∣
p

≤ 1
c1
.

If inequality (2) holds infinitely often for a set of positive measure it can
be readily verified that the set of solutions of the inequality

|Q(w)|p < H(P )−n−1−ε

where Q(w) = wn(P (w−1 + m0) + d) also has positive measure, where m0

is the fixed integer from Lemma 1 (see [1, Lemma 5] for details). It is easy
to show that Q has the form

Q(w) = (P (m0) + d)wn + bn−1w
n−1 + . . .+ b1w + b0

where bi ∈ Z for i = 0, . . . , n− 1. If |P (m0) + d|p is very small then consider
instead the case P (m0) + d + 1 (or P (m0) + d − 1) which will have p-adic
modulus 1. If the set of w for which inequality (2) holds for d+1 for infinitely
many P is of measure zero then so is the set of w for which inequality (2)
holds for d as otherwise we obtain a contradiction (replacing P (w) + d by
(P (w)− 1) + d+ 1). Hence, we may assume without loss of generality that
|bn|p = |P (m0) + d|p > c2, where c2 is a constant depending only on n and
d; therefore the roots of Q are bounded from Lemma 2. Thus, instead of
inequality (2), we can consider the inequality

(6) |Pd(w)|p < H(Pd)−n−1−ε,

where

(7) Pd(w) = (an + d)wn + . . .+ a1w + a0 = N1w
n + an−1w

n−1 + . . .+ a0

and the roots of Pd lie in the ball |w|p � 1. Note that N1 is not necessarily
an integer. Let

Pn(N) = {Pd(w) : an = N, |ai| � N, |κi|p � 1}
where N depends on the height of the polynomial P associated with Pd.

Let ε > 0 be sufficiently small, T be a large fixed number depending on
ε and let ε1 = 1/T (ε1 is much smaller than ε). The roots κ1, . . . , κn of the
polynomials Pd can be ordered (by changing indices if necessary) so that

|κ1 − κ2|p ≤ |κ1 − κ3|p ≤ . . . ≤ |κ1 − κn|p.
For each i = 2, . . . , n define µi = µi(Pd) in R by the relation

(8) |κ1 − κi|p = H(Pd)−µi ,
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and integers li = li(Pd) as follows: if µi > n write li = ∞; otherwise li is
the unique integer such that

(9) (li − 1)/T ≤ µi < li/T.

It is easy to show that li ≥ −1 for large N since |κ1−κi|p � 1 and that l2 ≥
l3 ≥ . . . ≥ ln. Thus every number li can take the values −1, 0, 1, . . . , nT,∞.
Since the number of different vectors l = (l2, . . . , ln) is at most (nT + 3)n−1,
we can fix the vector l and the class Pn(l) as the set of polynomials with
l(Pd) = l. We define Pn(N, l) as the set Pn(N) ∩ Pn(l) so that

Pn(l) =
∞⋃

N=1

Pn(N, l).

It is also useful to define the numbers ri as

ri =
li+1 + . . .+ ln

T
, i = 1, . . . , n− 1.

Finally we define the set S(κi) as follows:

S(κi) = {w ∈ Qp : min
1≤j≤n

|w − κj |p = |w − κi|p}.

Thus S(κi) is the set of w which are closer to κi than any other root. Plainly⋃
S(κi) = Qp. It is possible that some of the S(κi) are empty.
Now we need some subsidiary results regarding polynomials and their

derivatives. For simplicity the lemmas are set up using κ1, they could also
have been done for any other root κi.

Lemma 3. Let P be a polynomial with distinct roots and w be in S(κ1).
Then

|w − κ1|p ≤ |P (w)|p
|P ′(κ1)|p

and

(10) |w − κ1|p ≤
( |P (w)|p
|P ′(κ1)|p |κ1 − κ2|p . . . |κ1 − κj |p

)1/j

for j = 2, . . . , n.

Thus as |κi|p � 1 inequality (6) can only hold on a ball A such that
diam(A)� 1. Hence from now on we assume without loss of generality that
w ∈ A.

P r o o f (of Lemma 3). If w ∈ S(κ1), then

|κ1 − κi|p = |(w − κi)− (w − κ1)|p(11)

≤ max(|w − κi|p, |w − κ1|p) = |w − κi|p.
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From the identity

|w − κ1|p =
|P (w)|p

|an(w − κ2) . . . (w − κn)|p ,

and (11) we have

|w − κ1|p ≤ |P (w)|p
|an(κ1 − κ2) . . . (κ1 − κn)|p =

|P (w)|p
|P ′(κ1)|p .

Also

|w − κ1|jp ≤ |(w − κ1) . . . (w − κj)|p =
|P (w)|p

|an(w − κj+1) . . . (w − κn)|p
≤ |P (w)|p
|an(κ1 − κj+1) . . . (κ1 − κn)|p

=
|P (w)|p
|P ′(κ1)|p |(κ1 − κ2) . . . (κ1 − κj)|p

from which we obtain (10).

Lemma 4. Let Pd ∈ Pn(N, l). Then if li 6=∞ for any i > j

(12) |P (j)
d (κ1)|p � |(κ1 − κj+1) . . . (κ1 − κn)|p � N−rj+(n−j)ε1

for j = 1, . . . , n − 1. If on the other hand l2 = l3 = . . . = li = ∞ for some
i > j then

(13) |P (j)
d (κ1)|p � N−(i−j)n−ri+(n−i)ε1

(define rn to be 0).

P r o o f. As Pd(w) = N1(w−κ1) . . . (w−κn), P (j)
d (w) is the sum of terms

c3N1(w−κi1) . . . (w−κin−j ), where {i1, . . . , in−j} is any subset of {1, . . . , n}
and c3 is a constant depending on j. If κ1 is substituted for w then most of
the terms vanish and P

(j)
d (κ1) is the sum of terms c3N1(κ1 − κi1) . . . (κ1 −

κin−j ). Owing to the root ordering the term with largest p-adic norm is
c3N1(κ1 − κj+1) . . . (κ1 − κn). Therefore

|P (j)
d (κ1)|p =

∣∣∣c3N1

∑

{i1,...,in−j}⊂{1,...,n}
(κ1 − κi1)(κ1 − κi2) . . . (κ1 − κin−j )

∣∣∣
p
,

which, as |N1|p � 1, is

� |(κ1 − κj+1) . . . (κ1 − κn)|p = N
−
∑n

i=j+1
µi

from equation (8). Using (9) this gives (12); if li =∞ for some i then µt ≥ n
for t = 2, . . . , i, which gives (13).

The next lemma is proved in [3] which is in Russian and difficult to
obtain. For convenience we refer the reader to Lemma 12 of [2], in which
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the same lemma is proved for the real case. A sketch of the main ideas will
follow the statement.

Lemma 5. Let δ > 0, η > 0 be real numbers, n ≥ 2 a natural number and
N = N(δ, n) a sufficiently large real number. Further let P,Q in Z[w] be two
relatively prime polynomials of degree at most n with max(H(P ),H(Q)) ≤
N . Let B(ξ; p−s) be a ball in Qp where s is defined by the inequalities p−s ≤
N−η < p−s+1. If there exists τ > 0 such that for all w ∈ B(ξ; p−s),

(14) max(|P (w)|p, |Q(w)|p) < N−τ ,

then

τ + 2 max(τ − η, 0) < 2n+ δ.

With reference to the notation in Lemma 12 of [2], for our case µ = 0.
By following the proof exactly it can be shown that for w ∈ ν1(P ),

|w − κ1(P )|p � N−(τ−rj(P ))/j ,

and for w ∈ ν1(Q),

|w − κ1(Q)|p � N−(τ−rj(Q))/j ,

for j = 1, . . . , n. Let the minimum of the right hand sides of these two
equations be at j = j′ and j = j′′ respectively. Then following the arguments
of [2] to obtain results analogous to inequalities (28) to (36) of [2] we have
for i < j′ and k < j′′ respectively

li+1(P ) ≥ τ − rj′(P )
j′

and lk+1(Q) ≥ τ − rj′′(Q)
j′′

.

Also for i > j′ and k > j′′ respectively

li(P ) ≤ τ − ri(P )
i

≤ τ − rj′(P )
j′

, lk(Q) ≤ τ − ri(Q)
i

≤ τ − rj′′(Q)
j′′

,

and finally we obtain

η ≥ max
1≤i,j≤n

{
τ − ri(P )

i
,
τ − rj(Q)

j

}
.

Using these estimates it is not difficult to obtain the following inequality
analogous to (42) of [2]:

∏

1≤i≤j′′

∏

1≤j≤j′
|κi(Q)− κj(P )|p � N−j

′′(τ−rj′ (P ))

for j′, j′′ ≥ 1. Using the same arguments that follow inequality (42) until
inequalities (45) in [2], it can be shown that 1� N2n−j′′τ , i.e., that j′′τ ≤
2n + δ. If j′′ ≥ 3 then the lemma is proved. Thus we only need to obtain
better estimates for the cases j′′ = 1 and j′′ = 2 as in [2]. The line of
reasoning is the same as in that paper and will therefore not be given.
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Lemma 6. If P1, . . . , Pk are given polynomials then

H(P1 . . . Pk) � H(P1) . . . H(Pk).

This is Lemma 8 from [8, Chapter 1]. A refined version with explicit
constants was obtained by Gel’fond in [4].

Finally, the following lemma is required regarding reducible polynomials.

Lemma 7. Let P be a reducible polynomial with rational integer coef-
ficients and degree at most n and let δ be any positive number. Then for
almost all w ∈ Qp the inequality

(15) |P (w)|p < H(P )−n−δ

has only a finite number of solutions.

P r o o f. The argument is similar to one used by Sprindžuk in [8] which
uses the sup norm rather than the p-adic metric. Any reducible rational
integer polynomial P of degree at most n can be expressed as a product

P (w) = P1(w)P2(w)

where P1 and P2 are rational integer polynomials of degree at most n − 1.
Suppose that (15) holds on a set S say of positive measure for infinitely
many reducible polynomials P of degree at most n. Then for any δ > 0 and
each w ∈ S, there exist infinitely many P1, P2 such that, by Lemma 6,

|P1(w)P2(w)|p < H(P )−n−δ ≤ cH(P1)−n−δH(P2)−n−δ

for some constant c > 0. Without loss of generality we can suppose that w is
transcendental so that P (w) 6= 0 for any P . By Theorem 1, for Haar almost
all w ∈ S, the inequalities

|P1(w)|p ≥ H(P1)−n−δ
′
, |P2(w)|p ≥ H(P2)−n−δ

′

hold for all δ′ > 0 and all but finitely many P1, P2. Choose one such w. For
those polynomials P1, . . . , Pl for which the above equation does not hold let
c(w) = min{P1(w), . . . , Pn(w)}. Then

|P1(w)|p ≥ c(w)H(P1)−n−δ
′
, |P2(w)|p ≥ c(w)H(P2)−n−δ

′

for all P1, P2. On multiplying, we get

|P1(w)P2(w)|p ≥ H(P1)−n−δ
′
H(P2)−n−δ

′

for all pairs P1, P2, which contradicts w being in S for δ′ < δ.

Proof of Theorem 2. The proof of the theorem is in two parts. A class
Pn(l) will be described as being of the first or second kind according as

l2T
−1 + r1 ≤ n or > n.

For classes of the first kind (l2T−1 +r1 ≤ n) we consider the class of polyno-
mials Pn(N, l) and prove the theorem with the help of Sprindžuk’s method
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of essential and inessential domains [8, Part II, Chapter 2]. The proof for
the inhomogeneous case is the same as that for the homogeneous case in [8]
and will not be repeated. This case is where the roots of the polynomials
are “far” apart so that the derivative at the roots is not too small.

For classes of the second kind

(16) l2T
−1 + r1 > n.

In this case the roots can be very close together. This is the major difference
between the inhomogeneous and homogeneous questions. When considering
the homogeneous case one can use the discriminant to show that the roots
are always a certain distance apart (with respect to the height) and that
there are only finitely many bounded vectors l. Because the polynomials Pd
are no longer integer polynomials due to the first coefficient being N + d it
is not possible to use the discriminant, and the roots can be arbitrarily close
together.

First the ball A is divided into � Nσ subballs Sk having the same
diameter N−σ where

(17) σ = max
1≤i≤n−1

n− ri
i

+ nε1,

for li 6= ∞ for all i = 2, . . . , n. In the event that li = ∞ for all i, we have
σ = 1 + ε/(2n); this case will be dealt with at the end. Assume that the
maximum on the right hand side of (17) is at i = j0 and define

(18) Ptn(l) =
⋃

2t≤N<2t+1

Pn(N, l).

Note that j0 ≥ 2 since if j0 = 1, then (16) and (17) give a contradiction. The
polynomial Pd will be said to belong to the ball Sk if there exists w ∈ Sk such
that (6) holds. Assume that there are no more than 2t(1/j0−ε/2) polynomials
Pd ∈ Ptn(l) belonging to each ball Sk. Then the number K(P) of polynomials
in the class Ptn(l) satisfying (6) is

(19) K(P)� 2t((n−rj0 )/j0+nε1)2t(1/j0−ε/2).

By Lemma 3 the measure of the set I(Pd) for which inequality (6) holds for
a fixed polynomial Pd is

ν(I(Pd))� 2−t((n+1−rj0+ε)/j0),

whence

K(P)ν(I(Pd))� 2−t(ε/2+ε/j0−nε1) � 2−tε/2.
Since the series

∑
t 2−tε/2 converges the proof can be completed by using

the Borel–Cantelli lemma.
Now, we assume that there are more than 2t(1/j0−ε/2) polynomials in

Ptn(l) belonging to some ball S. The Taylor series for the polynomials Pd
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belonging to S in the neighbourhood of the root κ1 = κ1(Pd) is

Pd(w) = P ′d(κ1)(w − κ1) + . . .(20)

. . .+
P

(n−1)
d (κ1)
(n− 1)!

(w − κ1)n−1 +
P

(n)
d (κ1)
n!

(w − κ1)n.

As there exists a point w0 ∈ S such that |Pd(w0)|p < 2−t(n+1+ε) we deduce
from (10) that

(21) |w0 − κ1|p � 2−t((n+1−rj0+ε)/j0).

For each w ∈ S we have |w − w0|p < diam(S) and by (21),

(22) |w − κ1|p ≤ max(|w − w0|p, |w0 − κ1|p)� 2−t((n−rj0 )/j0+nε1).

From (20),

|Pd(w)|p � max
1≤j≤n

|P (j)
d (κ1)(w − κ1)j |p,

and together, Lemma 4 and (22) imply that if li 6=∞ for some i, then

|P (j)
d (κ1)(w − κ1)j |p � 2t(−rj+(n−j)ε1)2−tj((n−rj0 )/j0+nε1)

≤ 2t(−rj+(n−j)ε1)2−tj((n−rj)/j+nε1)

� 2−t(n+ε1).

The last term in the Taylor expansion can be estimated using (10). For the
case of l2, . . . , li being infinity, (13) can be used to obtain the same (in fact
better) estimate. Thus, for w ∈ S,

(23) |Pd(w)|p � 2−t(n+ε1).

Let the polynomials belonging to S be denoted by P1, . . . , PK where
K > 2t(1/j0−ε/2), and define the distinct rational integer polynomials Ri(w)
for i = 1, . . . ,K − 1 by

R1(w) = P2(w)− P1(w), . . . , RK−1(w) = PK(w)− P1(w).

These have the form

Ri(w) = aniw
n + . . .+ a1iw + a0i

with |aki | < 2t+2 for i = 1, . . . ,K − 1 and k = 0, 1, . . . , n and obey the
inequality

(24) |Ri(w)|p � 2−t(n+ε1).

There are three different subcases to consider.

Case 1. Suppose that for each i, Ri(w) = biR(w) with bi ∈ Z. Since the
Ri are all different so are the bi. Let b be the maximum of the bi, so that |b| ≥
K/2. Then the polynomial Q(w) = bR(w) has height H(Q) = |b|H(R). Thus
H(R) = H(Q)/|b| < H(Q)2−t(1/j0−ε/2)+1 and since H(Q) ≤ 2H(Pi) ≤ 2t+2
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for some 1 ≤ i ≤ K this implies that H(R) � 2t(1−1/j0+ε/2). Therefore
2−t � H(R)−1/(1−1/j0+ε/2) and inequality (24) implies that

(25) |R(w)|p � H(R)−µ,

where

µ =
n+ ε1

1− 1/j0 + ε/2
≥ n+ ε1

1− 1/n+ ε/2
> n+ 1.

By Theorem 1 the set of w for which there are infinitely many polynomials
R satisfying (25) has measure zero.

Case 2. Suppose now that some of the polynomials Ri are reducible.
Then, Lemma 7 and (24) show that the set of w for which there exist in-
finitely many such polynomials is of measure zero.

Case 3. Suppose that all the polynomials Ri are irreducible and that at
least two are relatively prime (otherwise use Case 1). Then Lemma 5 can
be used on two of the polynomials, R1 and R2 say. Here

τ = n+ ε1, η = σ =
n− rj0
j0

+ nε1,

and by Lemma 5,

(26) n+ ε1 + 2 max
(
n+ ε1 − n− rj0

j0
− nε1, 0

)
< 2n+ δ.

If j0 ≥ 3 then the inequality (26) cannot hold for sufficiently small δ since
rj0 ≥ 0. If j0 = 2 a more accurate estimate of (23) (the estimate for the
term P ′d(κ1)|w − κ1| comes from Lemma 3) gives that

|Pd(w)|p � 2−t(n+nε1)

further implying that

|Ri(w)|p � 2−t(n+nε1).

Now τ = n+ nε1 and inequality (26) will not hold if δ < nε1.
Finally, the case l2 = . . . = ln = ∞ is considered. Let σ = 1 + ε/(2n).

The argument of the proof is exactly the same so only the differences will
be pointed out. First assume that there are no more than 2t(1/n−ε/n) poly-
nomials Pd ∈ Ptn(l). Then quantity (19) becomes

K(P)� 2t(1+ε/(2n))2t(1/n−ε/n).

The measure of the set I(Pd) for which inequality (6) holds for a fixed
polynomial Pd is

ν(I(Pd))� 2−t(1+(1+ε)/n)

giving that
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K(P)ν(I(Pd))� 2−t(2ε/n−ε/(2n)) = 2−3tε/(2n),

which converges when summed over t.
Now assume that there are more than K = 2t(1/n−ε/n) polynomials in

Ptn(l) belonging to some ball S, and making the necessary modifications,
follow the proof until inequality (21) which becomes

|w0 − κ1|p � 2−t(1+(1+ε)/n),

and inequalities (22) which become

|w − κ1|p � 2−t(1+ε/(2n)).

To obtain inequality (23) use the facts that, for j = 1, . . . , n − 1, all the
derivatives satisfy |P (j)

d (κ1)|p � N−n(n−j) from Lemma 4 and that the
last term (for the nth derivative) can be estimated using (10) to obtain
|Pd(w)|p � 2−t(n+1+ε/(2n)). Using these new estimates Cases 1, 2 and 3
follow in exactly the same way as before, proving the theorem.
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Sci. Indust. 1224, Hermann, 1955.

[6] K. Mahler, Über das Mass der Menge aller s-Zahlen, Math. Ann. 106 (1932), 131–
139.
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