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Majorana-Oppenheimer approach to Maxwell
electrodynamics in Riemannian space-time

Bogush A., Red’kov V., Tokarevskaya N., Spix G.*
Institute of Physics, National Academy of Sciences of Belarus

The Riemann — Silberstein — Majorana — Oppengeimer approach to the Maxwell electro-
dynamics in presence of electrical sources and arbitrary media is investigated within the
matrix formalism. The symmetry of the matrix Maxwell equation under transformations of
the complex rotation group SO(3.C) is demonstrated explicitly. In vacuum case, the matrix
form includes four real 4 x 4 matrices a’. In presence of media matrix form requires two
sets of 4 x 4 matrices, a® and $° — simple and symmetrical realization of which is given.
Relation of a® and 3° to the Dirac matrices in spinor basis is found. Minkowski constitutive
relations in case of any linear media are given in a short algebraic form based on the use of
complex 3-vector fields and complex orthogonal rotations from SO(3.C) group. The matrix
complex formulation in the Esposito’s form, based on the use of two electromagnetic 4-vector,
is studied and discussed. Extension of the 3-vector complex matrix formalism to arbitrary
Riemannian space-time in accordance with tetrad method by Tetrode-Weyl-Fock-Ivanenko
is performed.

Keywords: Riemann — Silberstein — Majorana — Oppengeimer approach, Maxwell equations,
Minkowski constitutive relations, SO(3.C) group

1. Introduction

Special relativity arose from study of the symmetry properties of the Maxwell equations with
respect to motion of references frames: Lorentz [2], Poincar’e [3], Einstein [4] Naturally, an analysis
of the Maxwell equations with respect to Lorentz transformations was the first objects of relativity
theory: Minkowski [5], Silberstein [6],[7], Marcolongo [8], Bateman [9], and Lanczos [10], Gordon [11],
Mandel’stam — Tamm [12],[13],[14].

After discovering the relativistic equation for a particle with spin 1/2 — Dirac [15] — much work was
done to study spinor and vectors within the Lorentz group theory: Moglich [16], Ivanenko — Landau
[17], Neumann [18], van der Waerden [19], Juvet [24]. As was shown any quantity which transforms
linearly under Lorentz transformations is a spinor. For that reason spinor quantities are considered as
fundamental in quantum field theory and basic equations for such quantities should be written in a
spinor form. A spinor formulation of Maxwell equations was studied by Laporte and Uhlenbeck [25],
also see Rumer [33]. In 1931, Majorana [27] and Oppenheimer [26] proposed to consider the Maxwell
theory of electromagnetism as the wave mechanics of the photon. They introduced a complex 3-vector
wave function satisfying the massless Dirac-like equations. Before Majorana and Oppenheimer, the
most crucial steps were made by Silberstein [6], he showed the possibility to have formulated Maxwell
equation in term of complex 3-vector entities. Silberstein in his second paper [7] writes that the
complex form of Maxwell equations has been known before; he refers there to the second volume of the
lecture notes on the differential equations of mathematical physics by B. Riemann that were edited and
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published by H. Weber in 1901 [1]. This not widely used fact is noted by Bialynicki-Birula [118]).

Maxwell equations in the matrix Dirac-like form considered during long time by many authors,
the interest to the Majorana-Oppenheimer formulation of electrodynamics has grown in recent years:

Luis de Broglie [28],[29],[35],[41], Mercier [30], Petiau [31], Proca [32], [51], Duffin [34], Kemmer
[36],48],[73], Bhabha [37], Belinfante [38],[39], Taub [40], Sakata — Taketani [43], Schrodinger [42],
[46],[47], Tonnelat cite1941-Tonnelat, Heitler [49], [52],[53], Hoffmann [54], Utiyama [55], Mercier [56],
Imaeda [57], Fujiwara [58], Giirsey [59], Gupta [60], Lichnerowicz [61], , Ohmura [62], Borgardt [63],[70],
Fedorov [64], Kuohsien [65], Bludman [66], Good [67], Moses [68]-[71]-[90], Silveira [72], [100], Lomont
[69], Kibble [76], Post [78], Bogush — Fedorov [79], Sachs — Schwebel [81], Ellis [82], Oliver [84], Beckers
— Pirotte [85], Casanova [86], Carmeli [87], Bogush [88], Lord [89], Weingarten [91], Mignani — Recami
— Baldo [92], [94], [96], Edmonds [97], Strazhev — Tomil’chik [98], Silveira [100], Jena — Naik — Pradhan
[101], Venuri [102], Chow [103], Fushchich — Nikitin [104], Cook [106]-[107], Giannetto [109], — Yépez,
Brito — Vargas [110], Kidd — Ardini — Anton [111], Recami [112], Krivsky — Simulik [114], Hillion
[115], Baylis [116], Inagaki [117], Bialynicki-Birula [118]-[119]-[144], Sipe [120], [121], Esposito [123],
Dvoeglazov [124], [125] (see a big list of relevant references therein)-[126], Gersten [122], Gsponer [127],
[128],[133],[129],[130],[134], [140],[141],[142],[143], Donev — Tashkova [136], [137], [138], Armour [139)].

Our treatment will be with a quite definite accent: the main attention is given to technical aspect
of classical electrodynamics based on the theory of rotation complex group SO(3.C) (isomorphic to the
Lorentz group — see Kursunoglu [75], Macfarlane cite[80]-[83], Fedorov [99]).

2. Complex matrix form of Maxwell theory in vacuum

Let us start with Maxwell equations in a uniform (e, )-media in presence of external sources
[45]-[77]-196]:

diveB =0, rotE:—ac—B
Jct
OE
divE = L, rot ¢B = ppuped + ep— . (1)
€€ Oct

With the use of usual notation for current 4-vector j¢ = (p,J/c) , ¢ = 1/eouo , eqs. (1) read (first,
consider the vacuum case):

diveB =0, rot E = —aCB

Oct

. p j OE
divE = — teB = >~ 4+ — 2
v e’ rot c - + Det (2)

Let us introduce 3-dimensional complex vector 1% = EF 4+ icB*, with the help of which the above
equations can be combined into (see Zilberschtein [6]-[7], Bateman [9], Majorana [27], Oppenheimer
[26], and many others)

N 4 000 + 9303 = 0/eq , —idop! + (0a)® — D390%) =i 51 /eo
—idop? + (939" — ) =i §2/en , —iO0Y + (O1h? — Bab) =i 53 /eq .

let ©g = ct, Oy = ¢ 0¢. These four relations can be rewritten in a matrix form using a 4-dimensional
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column V¥ with one additional zero-element [Fuschich — Nikitin [104]:

0 ap 000

1
0 jig. _ :w 0 _ ClllOO
(—ia"0y + &’ 0;)V = J , N 02| « 45 010
P> az 0 0 1
bp 10 O co 010 do 0 01
ol — by 00 O J2o |G 001 o — d 0-10
b 00 =17 e 00017 |do1 00
bs 01 0 c3 =100 d3 0 00

Here, there arise four ambiguously determined matrices; numerical parameters ay, by, ci, di are
arbitrary. Our choice for the matrix form of eight Maxwell equations is the following;:

01 jol
: : Y Lojiyg
—1i0, o)W = J U= J=—1." 3
(—id + ]) ) w? ) € z‘72 (3)
¥ i
where
010 O 0 010 00 01
g_|-100 0 |0 001 5 | 00-10
] 000 -1 |-1 000 | 01 00
001 O 0-100 -10 00
( 1)2 = -1, (a2)2 = -1, (042 =1
ala? = —a?al =a?, o?a® = —ada? =l adal = —alad =a? .

Let us consider the problem of relativistic invariance of this equation. The lack of manifest
invariance of 3-vector complex form of Maxwell theory has been intensively discussed in various aspects:
for instance, see Esposito [123], Ivezic [128], [133], [129], [130], [134], [140], [141], [142], [143]). Let us
start with relations:

0 59

. ; Pt 1 |4t
—1i0, JONW = J U = J=—1."
( Z()+Ol ]) ’ ¢2 ) o 1]2
3 i j

Arbitrary Lorentz transformation over the function W is given by (take notice that one may
introduce four undefined parameters s, ..., s3, but we will take so =1,5; =0 )

00 0 0

s r_ _ o1y

S = o oW | V=5V, U=51V, (4)
S3 .

where O(k) stands for a (3 x 3-rotation complex matrix from SO(3, C'), isomorphic to the Lorentz group
— more detail see in [99] and below in the present text. Equation for a primed function ¥’ is

(=i + Sa?S™10;) ¥ =S J .
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When working with matrices o/ we will use vectors e; and (3 x 3)-matrices 7;, then the structure
SalS™1 s

o 0 e;0O~ (k)
Jjg—1 _ J _ . m )
SIS = oyl o(k)r0 (k) | =@ Omilk) - (5)
Therefore, the matrix Maxwell equation becomes
(—iao +a™ a;n)‘l’/ =5J, Omj(?j = 8;71 . (6)

Now, one should give special attention to the following: the symmetry properties given by (6)
look satisfactory only at real values of parameter a — in this case it describes symmetry of the Maxwell
equations under Euclidean rotations. However, if the values of a are imaginary the above transformation
S gives a Lorentzian boost; for instance, in the plane 0 — 3 the boost is

1 0 0 0
0 chb —ishb 0
0 ishb chb 0
0 0 0 1

and the formulas (5) will take the form
Sa'S™' =chba' +ishba’
Sa?S™t = —ishbal +chba?, Sas™t =a?. (8)
Correspondingly, the Maxwell matrix equation after transformation (1.15a,b) will look asymmetric
[ (=i + a3d3) + (ch b o' + ish b a?) 05
+ (—ishba +chba?) 93|V =57 . (9)
One can note an identity
(ch b —ish b a®)(—idy + a>s)
= —i(chb 8y —shbds) +a®(—shbdy+chbds) =—id) + % , (10)
where derivatives are changed in accordance with the Lorentzian rule:
Chbao—shbagzaé, —shb60+chb63:8§.
It remains to determine the action of the operator
A=chb—ishba? (11)
on two other terms in eq. (9) — one might expect two relations:
(chb—ishba?®)(chba' +ishba?) = a?
(chb—ishba®)(—ishba' +chba?)=0a?. (12)
As easily verified they hold indeed. We should calculate the term AS J:
chbj%+shbj3
ijt
ij?
i(sh b %+ ch b j3)

AS J =
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it is what needed. Thus, the symmetry of the matrix Maxwell equation under the Lorentzian boost in
the plane 0 — 3 is described by relations:

A(b) (—idy + SalST1o) W' = AS T =T, (—idy + d IV =]’
1 0 0 0
0 chb —ishb O

0 sshb chbd 0]’
0 0 0 1

S(b) = A(b)=chb—ishba®. (14)

For the general case, one can think that for an arbitrary oriented boost the operator A should be
of the form:

A:Aa:chb—ishbnjaj.

To verify this, one should obtain mathematical description of that general boost. We will start
with the known parametrization of the real 3-dimension group [99])

O)=T+2[coe™+(c™ )], (e )= —enja
1—2(c3+c3) —2cocs+2c1c2 +2coca + 2¢1c3
O(c) = | +2cocs +2c1c2 1 —2(c3 +¢3)  —2cper + 2cacs | (15)

—2cqcy + 2c163 +2c0c1 + 2¢2¢3 1 —2(c2 + c2)

Transition to a general boost is achieved by the change

b b
c():>ch§, cj=>ish§ n;, ninj =1
thus we arrive at
O(b,n)
1— F(n2+ ng) —ish bng + Fning ishbng + Fnins
= | dshbng+ F)ning 1— F(n%+n3) —ishbny + Fnang |. (16)

—ish b ng + Fnins  ish b ny + Fnona 1 — F(n?+n2)
where F' = (1 — ch b). We need to examine relation
A(b,n) ( —idy + a'O;j(b,1n)9; ) ¥' = A(b,n)SJ .

After rather long calculation we can indeed prove the general statement: the matrix Maxwell
equation

(=i 0p + a'0;) U =J
is invariant under an arbitrary Lorentzian boost:

A(—i 0 + Sa'iS™19;) ST = ASJ — (D) +a'd) v =J

. 1
S(ibm) = O(z’(z,n)
t'=chfBt+shfBnx, x'=4nshft+x+(chf—1)n (nx)
9y =chbdy— shb(nV), V'=-shbndy+ [V + (chb—1)n(nV)
j9=chbj%4+shb(mj), j=+shbn;+j+(chb—1)n (nj).
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Invariance of the matrix equation under Euclidean rotations is achieved in a simpler way:

(—i Op + Sa'S™19;) SU = SJ — (—i O + ') U =]
1 0
0 O(a,n)

=0, V' =RV, j°=;"  j=R(a,n)j. (18)

Sta.m) =

Lt =t x' = R(a)x

3. On the Maxwell-Minkowski electrodynamics in media

In agrement with Minkowski approach [5], in presence of a uniform media we should introduce
two electromagnetic tensors F'*° and H that transform independently under the Lorentz group. At
this, the known constitutive (or material) relations change their form in the moving reference frame.
In the rest media reference frame the Maxwell equations are

ocB
F® = (E, ¢B), divB=0, rotE=_-""
Jdct
H J 0D
H® = (D, H divD = t— ==+ —. 19
(D, Hfe), divD=p, xot— =S40 (19)
Quantities with simple transformation laws under the Lorentz group are
1
f=E+icB, h=—(D+iH/c), j*=("=p j=3/0); (20)

€0

where f, h are complex 3-vector under complex orthogonal group SO(3.C), the latter is isomorphic to
the Lorentz group. One can combine eqs. (19) into following ones

D 1
div(—+icB)=—p
€0 €0

D H '
—i0p(— +icB) +rot (E + zi) = ij . (21)
€0 €0 €0

Eqgs. (21) can be rewritten in the form

h+h* f—-f* 1

di = —

iv ( 2 + 2 ) eop

h+h* f—f* f+f* h-—h* i .
—1 t =—j. 22
() ot (g ) = (22)

It has a sense to define two quantities:
h+f h* — f*

M:——; LoON= (23)

which are different 3-vectors under the group SO(3.C'): M’ = O M , N’ = O* N . With respect to
Fuclidean rotations, the identity O* = O holds; whereas for Lorentzian boosts we have quite other
identity O* = O~!. In terms of M, N, eqs. (22) look

X .
divM+divN=—p,  —idM +rot M — idN —rot N = — j
€0 €0
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or in a matrix form

(—idy + &'0;) M + (—idy + 5'0;) N = J

10 10 1 |p
we|ol w=|8] a=Ln). -
The matrices o’ and 3° are taken in the form
010 O 0 010 00 01
ol — -100 Oag_ 0 001 ob — 00-10
] 000 -1 |-1 0000 | 01 00
001 0 0-100 -10 00
01 00 001 0 0 001
1 _|—-10 00 2 | 000 -1 3 | 0 010
g = 00 Ol’ﬁ_—100 O’ﬂ_ 0-100
00 -10 010 O -1 000
All of them after squaring give —1, and o; commute with 3; .
4. Minkowski constitutive relations in a complex 3-vector form

Let us examine how the constitutive relations for an uniform media behave under the Lorentz
transformations. One should start with these relation in the rest reference frame

H 1 1
D=—¢eE, —=——B=2(B. (25)
¢ popc 1
They can be rewritten as
h + h* f+f* h - h* 1 f—f*
+ =€ + ) = - ) (26)
2 2 2 no 2
from whence it follows
Dh= (e L) F+(e— L) F, 20" = (e 4+ 1) F 4 (e— L) F (27)
= (e + — €— — , =(e+ — e——)f.
I I I 1

This is a complex form of the constitutive relations (25). It should be noted that constitutive relations
can be resolved under f, f* as well:

A=(_+ph+(c—p)h", 2" =(-+p)h"+ (- —ph; (28)

these are the same constitutive equations (27) in other form. Now let us take into account the Lorentz
transformations:

f=0f, f*=0"f", HW=0h, h*=0"h";
then egs. (26) will become

O—lh/+(0—1)*h*’ B O—lf/+(0—1)*f*’
2 — € 2
O—lhl o (O—l)*h*’ B l O—lf/ o (O—l)*f*’
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Multiplying both equations by O and summing (or subtracting) the results we get

oh' = (e + ;) /4 (e— =) OO~ 1) £

/ 1 / 1 /
2h*:(e+;)f*+(e—;)0*0_1f. (29)

Analogously, starting from (28) we can produce

!/

1 1
2f = (= +p) W' + (= —p) O(0OH)* h*
€ €
/ 1 / 1
2 = (=+p)h*+(=—p) OO 'h. (30)
€ €
Equations (29)-(30) represent the constitutive relations after changing the reference frame. In this

point one should distinguish between two cases: Euclidean rotation and Lorentzian boosts. Indeed, for
any Euclidean rotations

O* =0, — o0 hH =1, o0 l=r1;

and therefore egs. (29)-(30) take the form of (27)-(28); in other words, at Euclidean rotations the con-
stitutive relations do not change their form. However, for any pseudo-Euclidean rotations (Lorentzian
boosts)

OF = Ofl’ — O(Ofl)* _ 02’ O*Ofl _ 0*2 :
and egs. (29)-(30) look

1 1 . . 1. 1 ,
oh' = (e+ )f' + (e— =)O*f*, 2h* = (e + —)f * + (e — —)O*f
( M) ( u) ( u) ( u)

1 1 / / 1 / 1
2f = (- + )b’ + (- PO, 2f * = (C+mwh™+ (-~ ek
(31)
In complex 3-vector form these relations seem to be shorter than in real 3-vector form:
00 + 0*0O* 00 — O*O*
2D’:eoe[(l+%)E' —I—TCB,]
+e£ (- 00 + 0*0 VB - OO—Q (0] B']
I 2 27
2H’/c:eoe[(I— M) cB’ +w E']
i
€0 00 + O0*0* , 00-00* _,
- {I+——)B —— E']. 2
+ (1 ) e 4 (32)
They can be written differently
1 1 1
D=L+ )4(c —-)ReO*|E +(c —~)ImO?* B
5 1« u) ( u) ] ( u) I}
H o 1 1 9 1
=2 {e+=)—(e —==)ReO?] B 4+ (¢ ——)ImO*E']}.
S =G+ )~ (e — ) Re OB +(c — ) 1}
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The matrix O? can be presented differently with the help of double angle variable:
ch2b+Gn% G ning —ish 2bng G ngny + 1 sh 2b noy
0? = | G ning + i sh 2b ng ch2b+Gn% G nong —ish 2bnq |,
G ngny —ish 2bny G nong + 1 sh 2b ny Cth+Gn§

where G = (1 — ch 2b).
The previous result can be easily extended to more generale medias, let us restrict ourselves to
linear medias. Indeed, arbitrary linear media is characterized by the following constitutive equations:

D =¢ye(x) E+eycalx) B, H = eyc f(x) E+ ul u(z) B, (33)
0

where €(z), u(x), a(x), 5(x) are 3 x 3 dimensionless matrices. Eqgs. (33) should be rewritten in terms
of complex vectors f, h:

h + h* £ 4 £ £ g
- +alr) —;

(34)

From (33) it follows

x))] [O* (O~ H)f. (36)
For Euclidean rotation, the constitutive relations preserve their form. For Lorentz boosts we have

h' = [ (e(z) + p(2)) +i (B(z) — a2)) If’
e(x) — p(x)) +i (B(x) + (w))]Ozf*

h™ = [ (e(@) + p(x)) — i (B(z) — a(2)) J£"

+H (e(@) — (@) — i (B(z) + az)) JO*f'.

x

(37)

They are the constitutive equations for arbitrary linear medias in a moving reference frame (similar
formulas were produced in quaternion formalism in [108], [113]).
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5. Symmetry the matrix Maxwell equation in a uniform media

As noted, Maxwell equations in any media can be presented in the matrix form:
(=0 + a'0;) M + (—ido + 5'0;) N = J . (38)

We are to study symmetry properties of this equation under complex rotation group SO(3.C). The
terms with o/ matrices were examined in Section 2), the terms with 3/ matrix are new. We restrict
ourselves to demonstrating the Lorentz symmetry of eq. (38) under two simplest transformations.

First, let us consider the Euclidean rotation in the plane (1 —2), we examine additionally only the
term with G-matrices:

SBS™! = cosa B! —sina B% = ,BjOjl
(%2571 =sina B + cosa 3 = ﬁjOjg
SBPST =50 = 303 . (39)

Therefore, we conclude that eq. (38) is symmetrical under Euclidean rotations in accordance with the
relations

(—ido + SatS™10;) M’ + (—idy + SBFS™10;) N' = +SJ, —
(=0 + '0)) M’ + (—idy + B'0)) N' = +J' . (40)

For the Lorentz boost in the plane (0 — 3) we have
M =SM, N'=S*N =S~!N, St =671,

and eq. (38) takes the form (note that the additional transformation A = A, is combined in terms
of a’; see Sec. 2)

Aw)S [ (=iby + a'8;) ST'M' + (—idy + 3'0;) SN' | = ASJ
or
Aoy [(—i00 + Sa’'S™10;) M + S*(—ido + 57" 8'S0;) N'| = J'
and further
(i) + o'0)) M' + Ny S*(—i0o + S7'6'S0;) N' = J' . (41)
It remains to prove the relationship
A(a)52 (—ido +S13'80;) N' = (—id) + 3'0}) N’ . (42)
By simplicity reason one may expect two identities:
AS*=8p = AgS=2pST, (43)
and

Ay (—i0o + S7'3'S9;) N’ = (—idy + 5'0;) N' . (44)
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Let us prove them for a Lorentzian boost in the plane 0 — 3:

1 0 0 0 1 0 0 0
g 0 chb —ishb 0 g1 _ 0 chb —ishb 0|

0ishb chb 0}’ 0ishb chb 0}’

0 0 0 1 0 0 0 1

we readily get

SRS =chb Bt —ishb B =0,

SIS =ishbB' +chb* = FO5 , SIS =5 =505 . (45)
To verify identity A,)S = A(B)S_l )
(chb—ishba®)S = (chb—ishbp>)S™!,

let us calculate separately the left and right parts:

chb 00 —ishb

. e . ser | 0O 10 0
(chb—ishba’)S = (chb—ishbp)S " = 0 01 0
tshb 00 chb

they coincide with each other, so eq. (43) holds. It remains to prove relation (44). Allowing for the
properties of S—matrices

(50)2 =—1I, (/31)2 =1, p'8%* = - 3, 526 = + 3% and so on
we readily find

Ag) (=100 + S™'B'89;) N’ = (ch b —ish b %) [ —idy + 3°0s
+(ch b B —ishb(?) 0+ (ishbB+chbp?) dy] N
= [—i(chbdy—shbds)+ 3> (—shbdy+chbds)+ B0+ 328, | N',

that is
Ay (—idy + ST 3'S0;) N' = (—idy + 301 + %02 + 3°05) N’ ; (46)

the relation (44) holds. Thus, the symmetry of the matrix Maxwell equation in media under the Lorentz
group is proved.

6. Maxwell theory, Dirac matrices and electromagnetic 4-vectors

Let us shortly discuss two points relevant to the above matrix formulation of the Maxwell theory.
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First, let us write down explicit form for Dirac matrices in spinor basis:

0010 ~1.0 00
0001 0 —100

0_ 5_ ;. 0.1.2.3_
T =l1000] T TTOYTTY 0 0 10
0100 1 001
00 0 —1 00 0 i 00 —10
L Jloo-1 0] 5 |00 —i ., |00 01
T=lo1 0 o]’ Tlo=ioo0]’ 7|10 00
100 0 i 0 00 0-10 0

Taking in mind expressions for of, 5°, we immediately see the identities
al = in02, a? = 045, o = inon?
gl=- B=—4  B=-, (47)
so the Maxwell matrix equation in media takes the form

(—i0 + i7"v20n + "7 02 + iy y?03) M
+ (—i0p — 737161 — 7382 — ’}/1(93) N=J. (48)
This Dirac matrix-based form does not seem to be very useful to apply in the Maxwell theory, it does
not prove much similarity with ordinary Dirac equation (though that analogy was often discussed in

the literature).
Now starting from electromagnetic 2-tensor and dual to it:

3 1 1
Fpo =35 €poap P’ Fap=—35 €appo F7°

let us introduce two electromagnetic 4-vectors (below u® is any 4-vector that in general may not coincide
with 4-velocity)

e = ugF“ﬁ , b = ugﬁaﬁ , uug =1; (49)
inverse formulas are
FoP — (e” u’ — e’ u®) — Bra by Uy
FoB = (b uf — b8 u®) + %P7 ¢, u, . (50)

Such electromagnetic 4-vector are presented always in the literature on the electrodynamics of moving
bodies, from the very beginning of relativistic tensor form of electrodynamics — see Minkowski [5],
Gordon [11], Mandel’stam — Tamm [12], [13], [14]; for instance see Yépez — Brito — Vargas [110]. The
interest to these field variables gets renewed after Esposito paper [123] in 1998.

In 3-dimensional notation

E'=—F, =F1 , ¢B'=¢B; = F10 = —Fy3, and so on
the formulas (49) take the form
e =uE, e=uw"E+cuxB

W=cuB, b=cuwB-uxE, (51)
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or symbolically (e,b) = U(u) (E,B); and inverse the formulas (50) look

E=euw—c"u+bxu
cB=bu’'-1t"u—exu. (52)

or in symbolical form (E,B) = U~1(u) (e, b).
The above possibility is often used to produce a special form of the Maxwell equations. For
simplicity, let us consider the vacuum case:
OaFay + 05Fya + 0y Fapg =0,  9,FP =¢;'5°
or differently with the help of the dual tensor:
OpF ™ =0, 9, F* =¢'5° (53)
These can be transformed to variables b, b*:

0o (b uP? — b8y 4 eBro ep Ug) =0
D (e uP — P u® — PP, uy) = 5157 . (54)

They can be combined into equations for complex field function

¥ =" +ib", o [P — DU + i D uy | = ¢t j0
or differently
Oa | 5$uﬁ - 55ua + €7 g 1y ] DY = ey tiP (55)

This is Esposito’s representation [123] of the Maxwell equations. One may introduce four matrices,
functions of 4-vector u:

(I‘O‘)ﬂv = 5§‘uﬂ - 55ua +ie*PP7g gy (56)
then eq. (55) becomes
Oa(T) @ =¢,'57 ., or T, =¢'y. (57)

In the ’rest reference frame’ when u® = (1,0,0,0), the matrices I'* become simpler and ¢ = ¥:

00 0 O 01 00
0-1 0 O 00 0O

0 _ 1_
I‘_O()—l()’r_OOOi
0 0 0 -1 00 -2 0
001 0 0 001
000 —¢ 0 ?

2 _ 3 _
F_OOOO’F_O—zOO
0:00 0000
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and eq. (57) takes the form

0 o 0O O3 0 P

0 —0y 05 —idy || E ' +icBY| || 1.

0 —i03 —0y 01 || E*>+icB?| o j2 =€ J; (58)
0 0y =i —0o || E®+icB? IE

or

div (E+icB) =¢ " p,
~0o(E +icB) —irot (E+icB) = ¢ .

From whence we get equations

B
diveB =0, rotE:—aL
Oct
j E
diVEZﬁ, rotcB:i—i—a—,
€0 e Oct
which coincides with egs. (2).
Relations (58) correspond to a special choice of a-matrices:
1 0 0 O
; ; 00— 0 O
—ia%) =10 J =TV =
B (—ia”)=T", Baod =17, where Ié; 0 0 —i 0 (59)
0 0 0 —i

Esposito’s representation of the Maxwell equation at any 4-vector u® can be easily related to the
matrix equation of Riemann — Silberstein — Majorana — Oppenheimer:

(—ia 0y + a?9;)V = J , (60)
indeed
(—ia%dy + 78, U~ (UW) = J

- Ut =317, JdU =517, U =o
B (M9 +170) @ =J, [ 1J=¢'0GY
-1

(F080 + Fjaj)(b =€ j . (61)
Eq. (61) is a matrix representation of the Maxwell equations in Esposito’s form
Ou | 5;%5 — 55u0‘ +i€PP7g 1y ] BT = €5 t5” (62)

Evidently, egs. (60) and (62) are equivalent to each other. There is no ground to consider the
form (62) obtained through the trivial use of identity I = U~!(u)U(u) as having certain especially
profound sense. Our point of view contrasts with the claim by Ivezi¢ [128]-[133]-[129]-[130]-[134]- [140]-
[141]-[142]-[143] that eq. (62) has a status of a true Maxwell equation in a moving reference frame (at
this u® is identified with 4-velocity).
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7. Maxwell equation in a curved space-time, no media case

Now the main question is how the above Maxwell matrix equation (first consider the no-media
case)

(%0 +?0)) ¥ =0, =il
_ 0 _ L
‘P_‘E—i-icB ’ J_eo ij

can be generalized to the case of a curved space-time background. We should expect existence of an
extended equation in the frame of general Tetrode-Weyl-Fock-Ivanenko tetrad approach [20], [21], [17],
[23]. Such an equation might be of the following form

a’(x) [0, + Ap(x) | (z) = J(2)

1 .
af(z) = a° efc) (x), Ay(x) = 5]“ e*(ga) Vem)s - (63)
4% stands for generators of 3-vector field under complex orthogonal group SO(3.C), their explicit form
will be given later. Tetrad represents four covariant vectors related to metric tensor by means of a
bilinear function g,g(z) = nabe(a)ae(b)ﬁ, so that all tetrads referred by local Lorentz transformations

correspond to the same metric gog(x): e’(a)a(x) =L,0(x) ew)a(z) . Eq. (63) can be rewritten as

C 1 el
a ( efc)ap + 5 b yape ) ¥ = J(z) , (64)
where Ricci rotation coefficients are used: Ypoe = —Vape = —€(b)ﬂ;ae?a)e‘()‘c) . With regard to eq. (63),
one should expect symmetry properties of the equation under local gauge transformations:
V(2) = S@)W(z),  €p,(@) = L (@) epyal)
o’ (z) [0p + Ap(2)] ¥(z) = J(2), =
a?(x) [0, + A(2)] ¥'(z) = J'(2) . (65)

We should consider separately Euclidean and Lorentzian tetrad rotations. In the case of Euclidean
rotations we may expect the following symmetry:

S = Sla(z), n(z)]

v =SV, =51 Sja)=J
Sa?S71 (9, + 84,87 + 89,571 W' (z) = SJ(x)
SaPST'=a'",  SA,ST 489,57 =4,. (66)

In the case of Lorentzian rotations we may expect other symmetry realized in accordance with
relations

S = S[ib(z),n(z)], A= Afib(z),n(z)]

U = ST, U =51, A SJ(z)=J
ASa”S™ (9y + SALS™! + 50,87 W' (x) = ASJ(x)
A SaPS Tt =0a?, SA5' 450,87t = A, . (67)
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Symmetry properties of the local matrices a”(x) can be found quite straightforwardly on the base
of analysis performed for the flat Minkowski space. Indeed, for local Euclidean rotations, the rule for
Saf(z)S™1 s

pa—1 _ o, 0.p -1 1p o—1

SalS™ = Sa e(O)S + Sa e(Z)S
_ 0_p k o _ 0.p ko _ 'p
= a’eq, + « Okle(l) = a’eq, + « ey =’
For local Lorentzian rotations, we can easily prove a symmetry relation:
A Saf(z)S7! = A Sa%e? S

_ -1y _ b po_ b))
=[A Sa®S™7] €l = L,* €l = €

The transformation law for the complex 3-vector connection A,(x) will be proved in Section 8.

8. On tetrad transformation for complex 3-vector connection

First, let us list six elementary rotations from the local group SO(3.C):

10 0 0 10 0 0
G — 01 0 0 g — 00 0 0
27100 cosa —sina |’ =100 «chb —ishb
0 0 sina cosa 00 +ishd ch b
00 00
1 .93 2 _ 01 _
5 =J - ’ 0 T1 ’ N"= =t 0 T1
1 00 0 1 00 0
G — 0 cosa O sina g — 0 chdb 0 +ishd
31700 01 o0} 2710 00 0
0 —sina 0 cosa 0 —shb O ch b
00 00
2 .31 _ 2 02 _
S _] B 0 TQ ’ N —.7 _+Z 0 7-2
1 0 00 1 0 00
g 0 cosa —sina 0 g 0 chb —ishb 0
12710 sina cosa 0’ =10 4ishb chb 0
0 0 01 0 0 01
00 00
3 12 3 .03 .
= - N3 — _ .
S J 'O 3|’ J + 0 m|’
they obey the commutative relations:
5152_5251253, N1N2—N2N1:—SS, SINQ_N251:+N3;

and remaining ones written be cyclic symmetry. Let us turn to some properties of the connection
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Aq(x):

1.,
Aa(z) = 5] ’ e(ﬁa) Voze(b)ﬁ

= Sle(y Ve + 5%y Vacs + 5 Vacg
+N1e?
©)

Taking in mind the identity N = +iSk, and introducing new complex variables

Vae)s + N%(ﬁo) Vae)ys + N%fo) Vaer)ys) - (68)

_ B - B
Aya = €y Vae@)g + 1€y Vae(1)

_ B - B
A@)a = €3y Vae)s T ¢4y Vac(a)g

_ B . B
Aja = €1y Vae@2)s T ¢ Vae(s)s

one can read the above connection as
Aa(x) = S* Agya - (69)
With the use of notation

1 -ab 3 1 -ab
Aa(z) = 577 Vaepys = 55" A ®)a » A@ba = ~Ap) @0 (70)

the above definition for Ay), can be rewritten differently:

Ane = A)E)a T i40)1)a

A = Ap) e T i40)2)0a

Aga = An@a i @) -
In other words, the 3-quantity A, with respect to 3-index (k) is constructed in terms of ”tensor”
A(a)(b)a Dy the same rule that used at constructing 3-dimensional complex vector —i(E+1icB) in terms
of component of tensor Fy.

It is readily verified that such 3-dimensional complex vectors can be built in terms of a skew-
symmetric 2-rank real tensor through a simple and symmetrical algebraic construction:

O’aﬁbA(a)(b)a = JkA?k)a . (71)

N | .

i —a
57 " Aayb)a = 0" Ay

From the above it follows covariant formulas for A, and A:k)oz:

i _ { _
A(k)a = 1 Sp [UanA(a)(b)a] 5 A(k)a = Zsp [UkUanA(a)(b)a] . (72)
Now, starting from relations between any two tetrads by a local Lorentz transformation:
! b -1y b/
ea)=La'elyy €y =L )a e
let us derive a rule to transform 3-vector connection when changing the tetrad:

A@)b)a = 6’(6@) Vaews = (L1, me(m)va(L_l)b "€l

me'ﬂ '8 8(L_1)bn /

_ -1 -1\ n -1\ m
= (L7 "y (L7 " Vaclys + (L7 )0 ey —5a — €y s

a
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that is
1y mr-1y n 1 m (L"), "
A@pa = LML), Al mya + (L), g(m)(n)Tab : (73)
Let us act on this relation from the left by an operator % Sp [15%? ...] ; it results in
i —a
A(kya = 7 Sp [ox0 0" Ay )l
i —a - m(r— n
= Splowo " (L7 ™ML ™ Al myal)
4 —a brr—1y m a(Lil)b "
+Z Sp [0k0“0" (L) ™ 9im)(n) 87] . (74)
One may expect eq. (74) to be equivalent to
— i —a - m 0 - n
A(k)a = OimlA/(n)a + ESP loyo Ub(L )a 9(m)(n) %(L l)b 15 (75)
it is so if an identity holds
i — - m(r— n —
Zsp [Uko-ao-b(L l)a (L l)b /(m)(n)a ] = OkllAl(l)a : (76)

which is proved by direct calculation (all details are omitted). Now, we are ready to prove the following

relationships:
-1 -1
OA, 07" +00,0™" = A;, .
Taking into account the linear decomposition Ay = A 1)o7k, €q. (77) can be rewritten as
TOnAg)a + 00,071 =784l .

Substituting expression for A, through A/(k)oc (see (75))

— 7’ —a — m — n
Akya = O Alpya + 1 Sp [ (050" (L™)0 ™ Gom)(n) pye (L™
we get

— 1’ —a — m 8 - n
TlOZk{O;mlA'(n)aJrZSp [0k5°0" (L) ™ Gim)(n) e (L Dy "1}

- k
+ 00,071 =" Al -
From whence we conclude that an identity must hold:
O 7P [ 450" Capa | + 00,071 =0,

where

— m a — n
Caba = (L™1)a™ Gim)(n) 5aa (L D"

(77)

(78)

(79)

The identity (79) holds indeed which can be proved with the use of simplest transformations — all details
are omitted. Thus, generally covariant Maxwell matrix equation in a Riemannian space-time possesses

all needed symmetry properties under local tetrad transformations and therefore it is correct.
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9. Maxwell equation in a curved space-time, in media

Now we are to extend the Maxwell matrix equation in media to a curved space-time background:
starting from the equation
(—i0p + a'0;) M + (—idy + B'0;) N = J
M' = SM , N' =S*N; (80)
we may propose the following one
a,(x)(10, + Ap) M + B,(x)(i0, + By) N = J (81)
where A(z), B, = A*(x) stand connections related to the fields M (z) and N(z) respectively. We should
consider separately Euclidean and Lorentzian tetrad rotations.
In the case of Euclidean rotations we may expect the following symmetry:
S*=9, S(x)J(x) =J
M'(z) = S(z)M(z) , N’(w) (w)N
SarfS—1 (0p +SA S—1 +59,5° )M’(
+83°PS™1 (9, + SB,S™! + 89,871 N'(z) = SJ(z
SafSt=a'*,  SprSTi=4
SA,S7 480,97 =4, SB,ST'+59,5'=B,. (82)

In the case of Lorentzian rotations we may expect other symmetry realized in accordance with
relations

S* =871, Ay (z) Ay(z) S(z) J(z) = J'
M(z)' = S(x)M(x) , N'(z) = S*(x)N'(z) = S~ («)N' ()
AoSaPS™ (0y 4+ SALS™! + 50,571 M (x)
+A,S? S713°S (04 + ST1B,S 4+ 5710, 5) N'(z) = ASJ(x)
Ay SaPS7 T =a'” | SALS™ 450,87 = A,
NS> S71prs =47, S'B,S+57'0,5 =B, . (83)

In addition to calculation performed in Sections 8,9, we need to consider only relations involving
matrices 3 and connection B,. For Euclidean rotation:

§3rS1 — ﬁOPS +Sﬁl”5—
= By + B Ouef)y = 8¢, +ﬂk =37
For local Lorentzian rotations
AS? S71pP(2)S = AS? S _lﬁ“e'(”a)S
=[AS* (57'a"S) | f,) = a"L," ¢f, Bb = 3"(x) .
Transformation laws for two connections

SASTh+ 50,8 =4, ST'B,S+5'9,5=8B,,
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in fact are complex conjugated relations, because of identities
St=5%  S=(S)"Y  (Ba) =Aa,

so we need not any additional calculation.

10. Matrix equation in explicit component form

Now we are going to derive tensor generally covariant Maxwell equations when starting with the

matrix form

‘ 1., 1.,
—i ( efo)ap + 5 o yapo ) + a ( efk)ap + 57 Oy V¥ = J(z) . (84)

Taking in mind

1. ) ) )
ijab%bo = [s' (7230 + #Y010) + 52 (310 + i7020) + 5% (7120 + 17030) ]
1. . . .
3 Doy = [s' (vazk + iv01k) + 52 (3318 + iv026) + 5% (126 + i7038) |

and introducing notation
14 _ 4 —
¢(0)% = %0) » €)% = (k)
(Y0145 Y0245 V03a) = Va (234> ¥31as V12a) = Pa 5 a=0,1,2,3

eq. (84) can be transformed to the form

(a® Oy +8vo + o sp ) ‘ E +Oz'cB )
—i ( (o) +sPo — oFsvy,) ‘ E —|—Oz'cB ‘ = 610 zp_] ‘ : (85)
Let us divide equation (85) into real and imaginary parts:
(aka(k) + svo 4 a*spy) ](E)} ‘ + (0(0) + sPo — oaFsvy) B ’ 1 g ’
c €0
(0" ) +svo +aspy) | 1, ‘ ~ (00 +spo — atsvi) | ‘ :610 ; ‘ |
From whence we produce explicit equations (for shortness let ¢ = 1):
Ok Ex — [(p23 — p32) E1 + (p31 — p13) B2 + (p12 — p21) 3]
+[(ve3 — vs32)B1 + (vs1 — v13) B2 + (vi2 — v21) B3 = 6100 ; (86)
Ok Br. — [(p23 — p32)B1 + (p31 — p13) B2 + (p12 — p21) B3]
—[(v23 — v32) E1 + (v31 — v13) B + (v12 — v21) E(3) = 0, (87)
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(Or2) B3 — O3y E2) + (v20 3030 £2)
+[—(p22 + p33) E1 + p12E2 + p13F3]
+0(0)B1 + (p20B3 — p3oB2)

—[—(va2 +v33) By +v12 By +v13B3] = 0, (88)

(8(2)33 — 8(3)32) + (v20B3 — v30B2)
+[—(p22 + p33) B1 + p12 B2 + p13 B3]
—00)E1 — (p20E3 — p3oFo)

1.
+[—(v22 + v33) E1 + vi2E2 + vi3E3] = %]1 3 (89)

(O3 E1 — 01y E3) + (v30E1 — v10E3)
+[p21E1 — (p11 + p33) B2 + pa3E3]
+0(0yB2 + (p30B1 — p10B1)

—[va1B1 — (v11 + v33) B2 +v23 B3] =0, (90)

(03yB1 — 010y B3) + (v30B1 — v10B3)
+[+p31B1 — (p11 + p33) Ba + pa3cBs]
—0(0)E2 — (psoF1 — proFs)

1 .
+[v21 Er — (v11 + v33) B2 + vaz B3] = 5’72 , (91)

(0qyEa2 — 02y E1) + (vioEa — v20Eh)
+[p31E1 + p32 B2 — (p11 + p22) E3]
+00)Bs + (p10B2 — poB1)

—[v31B1 + v32B2 — (v11 + v22) B3] =0, (92)
(0q)B2 — 92y B1) + (v10B2 — va0B1)
+[+p31B1 + p32 B2 — (p11 + p22) B3]
=00y E3 — (p1oE2 — p20kh)

1.
+[v31 B + v32E — (v11 + v22) B3] = 5]3 . (93)

We have obtained rather complicated system of eight equations, in next Section we will prove its
equivalence to tensor generally covariant Maxwell equations.

11. Relations between matrix and tensor Maxwell equations

In the generally covariant tensor Maxwell equations

1
VeFA £ VAR f VIFYP =0,  VaFfer=_ ;@ (94)
€0
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let us introduce tetrad field variables, then they take the form
(b (b
Oy Elmy @y + Ymbm F" 3y — viom F~ )
(b) (b)
+ a(m) F(l)(n) + Yiom F (n) — Vnbm F' )
+ 0y Fn)(m) + Ynbl F(?Zn) — Ymbl F(l()zl) =0, (95)
® B (b) B _ 1
Oy F' ey + €fayg oy + vear FO = =gy (96)
Now we are to detail egs. (95) and (96) at
nom,l=1,2.3, 0,23, 0,3,1, 0,1,2; and ¢=0,1,2, 3.
Let it be n,m,l = 1,2, 3:
(b) (b)
Oy Fi2)(3) + 7201 F 3y — v3m1 F 3
(b) (b)
+02) Fia)(1) +sv2 F ) — vz F5)
+03)F1)(2) + 1103 F(I(’%) — Y263 F(lg) =0,
or
91)yF2)@m) + 7201F(?§) + 7211F((1?),) - 7301F(?%) - 7311F(8)
+02) Fizy1) + 7302F((()z) + 7322F(2) - ’7102F((()3),) — ’7122F(??))) )
+ O3 F(1)(2) + 7103F(((2) + 7133F(2) - 7203F((()i) - ’Y233F(?i) =0
which with notation
(Foe: Foa, Foe) = (€Byp) . (Fow, Foe Foe) = (Ee)
reads (again let ¢ = 1)
=0y By + [ (p23 — p32)B1y + (P31 — p13) B2y + (P12 — p21) B3 |
—[ (va3 — w32) E(1) + (v31 — v13) E(2) + (v12 —v21)E3) | = 0,
which coincides with eq. (87), if
Ey=Ew=E, By,=-By=B. (97)
Let it be n,m,l =0,1,2:
(b) (b)
8(O)F(l)(2) + v F (2) — 200 F (1)
(b) (b)
+ 0y Fioy0) + 7201 F ) = om1 £ 3
+02)Floy(1) + Yob2 F(Ia) - 71b2F(?())) =0, (98)
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and further
90ycB(3) — v10E(2) — p20cB(1) + v20E(1) + procB(z)
—0n)y @) —ps1Eq) + p1iEs) +viieBg) — vsieB)
+ O(2)E(1) + v22¢B(3) — v32¢B 9y — p3aE(a) + p2eki3y =0,
which coincides with (92) multiplied by —1.
Let it be ¢ = 0 in (96):
® L B p® b)(a) _ 1
Ay F' o) + €y F' o) + 0as FOW = o (99)
Allowing for the identity
b ¢k k
€(ﬁb);5 F((())) = ~Vke F((Q) = — (k00 — VK11 — Vk22 — ’Yk33)F((()0)
= —’YkooFU(Cg) + 7211F(?())) + 7311F(:(3()))
+7122F(8) + 7322F(?3) + 7133F(8) + 7233F(?0)) ;
we get
Oy Eqy — ps1E@) + p21E3) + ps2E1) — p12E3) — pasEqy + pisE(e) —
1
—v12B(3) + v13B(2) + v21B(3) — v23B1) — v31B(2) + v32B1) = ol
the latter coincides with (88).
Now, let ¢ = 3 in (96):
® 4 B g0 D@ _ 1
Iy I 3) T €w)s F 3) 1 V3ab FO@ = . J@3) s (100)

from whence it follows

=00 E@3) — 91yB2) + 92)B)

—v10B(2) + v20B(1) — vi1E(3) — p31B(1) — v22E(3) — p32B2)

1
v E(1) + v32E(2) + p20E1) + p22B(3) — p1oE2) + puBs) = T @)

the latter coincides with (93) multiplied by (—1). In the same manner one can verify all remaining
equations. Thus, the matrix and tensor forms of the Maxwell equations are equivalent to each other:

a®(z) [0, + Aa(z) | ¥ = J(2)

1
VRS 4 VPE1e L VIFP = | VFho = = jo.
€0
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12. Relations between matrix and tensor equations in media

Let us find detailed tetrad component form for generally covariant matrix Maxwell equation in
presence of a media:

ap(x)(9p + Ap) M + B,(x)(9p +B)N J
0 j—
M o N _606 Z
h+f 1D H
M=—— E B+ —
7 —alg TE 5l T ad
h*—f* 1D H
N = —(——-E cB - — 102
5 ol Bt 2( ) (102)
For a time we will use shortening notation:
D H
— =D, cB= B, —=H.
) €oc

Eq. (102) can be rewritten as follows:

, 1. 1.
*Z(efg)ap + *Jab’YabO)M + ak(el(ok)ap + §Jab7abk )M

~i(efyy @y + 57 tas0)N + B4l Bp + 37k IN = T(a) (103)
Eq. (103) can be transformed to the form
—i[0(0) + s(Po + ivo)|M + o [0y + s(pk, + ivi)| M
—i[0(0) + s(Po — iv0)IN + B¥[0k) + s(pr — ivi)|N = J () .

Let us divide it into real and imaginary parts:

1 0
k k
(a 8(k)+SV0+Oé Spk)§ DL E
1 0
k
+(8(0) +spg — « svk)§ B+H
1 0
+(/3ka(k) —svg + ﬂkspk)§ D-E
+(@0)5p0 + Bsvi) = p (104)
© 2B - H T el|0]
1 0
(aka(k) +svo + akspk)§ B
+H
1 0
k
—(00) +spo — a svk)§ ‘ D+E
1 0
(/Bk78 _Svﬂ+ﬂkspk)2'B_H
1 0 110
k
- — 1
(O0) +spo + svk)2‘D—E‘ - j' (105)
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From these one can derive the following explicit equations:
Let us detail egs. (104) — we will specify only two cases:

Oy Dr, — (p23 — p32) D1 — (p31 — p13) D2 — (p12 — p21) D3

+(ve3 — v32) H1 + (v31 — vi3)Ha + (vi2 — va1)H3z = p

0@y Es — 03y 2 + vao B3 — v30 B2 — (p22 + p33) Er + p12Ba + p13FEs +
p20B3 — p3oBa + (v22 + v33) By — v12B2 —v13B3 = 0.

Now let us consider two equations from (105):
Ok Bk — (P23 — p32)eB1 — (ps1 — p13) B2 — (p12 — p21) B3
—(ve3 — v32) E1 — (v31 — v13) B2 — (vi2 — v21) B3 =0
O2yH3 — O(3)Ha + v2oH3z — v3oHa — (p22 + p33) H1 + p12Ha + p13H3
—p20D3 + psoD2 — (v22 + v33) D1 + v12 Dy + v13Dsg = 5 .

Evidently, these equations (and their cyclic counterparts) are equivalent to tensor generally co-
variant Maxwell equations

VOFP VAP ¢ VIFF =0,  VaHP = j° (106)
in tetrad representation
(Fye) Fon, Foye) = (€Be) . Foe = Ea)
(He2)3), Heyy Hy@) = (Hg /o), Hoye) = eDg -
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