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Abstract

This paper is the continuation of a study into the information
paradox problem started by the author in his earlier works. As pre-
viously, the key instrument is a deformed density matrix in Quan-
tum Mechanics of the Early Universe. It is assumed that the latter
represents Quantum Mechanics with Fundamental Length. It is
demonstrated that the obtained results agree well with the canoni-
cal viewpoint that in the processes involving black holes pure states
go to the mixed ones in the assumption that all measurements are
performed by the observer in a well-known Quantum Mechanics.
Also it is shown that high entropy for Planck’s remnants of black
holes appearing in the assumption of the Generalized Uncertainty
Relations may be explained within the scope of the density matrix
entropy introduced by the author previously. It is noted that the
suggested paradigm is consistent with the Holographic Principle.
Because of this, a conjecture is made about the possibility for ob-
taining the Generalized Uncertainty Relations from the covariant
entropy bound at high energies in the same way as R.Bousso has
derived Heisenberg’s uncertainty principle for the flat space.
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1 Introduction

The present paper is a continuation of analysis of the Hawking informa-
tion paradox started by the author in [1]-[3].In these works the above
problem has been considered using a new object introduced by the author
in [4] – a deformed density matrix in Quantum Mechanics of the Early
Universe (at Planck scale). The principal idea is as follows: there is dif-
ference between Quantum Mechanics on the conventional scales and that
at Planck’s. In the first case we have a well-known Quantum Mechanics
(QM), and in the second case we consider Quantum Mechanics with Fun-
damental Length (QMFL). And hence in the second case a density matrix
differs from the standard quantum-mechanical one, being a deformation
of the latter through the dimensionless quantity α = l2min/x

2, where lmin

is a minimal length, x is the measurement scale and the variation interval
α is finite 0 < α ≤ 1/4 [5]-[8],[4]. The deformation is understood as an
extension of a particular theory by inclusion of one or several additional
parameters in such a way that the initial theory appears in the limiting
transition.
In the above-mentioned works an asymmetrical entropy density matrix de-
pending on two values of the parameter α: α1 and α2 for the observer and
for the observed has been introduced naturally. Introduction of such a ma-
trix is important in two ways: first, it enables demonstration of a possible
drastic increase in the entropy density close to the singularity, providing
a new approach to solution of the information paradox problem [9]-[11];
and second, it indicates that entropy is a relative notion in a sense that
it depends both on the energies at which an observed object is measured
and on the fact to what scale, associated with α, belongs the observer.
And in [3] the author holds the viewpoint, similar to that of R.Penrose
[12], concerning an increase in entropy close to the singularity: as the en-
tropy density is the same for the origin (Big Bang) and final (singularity
of Black Hole or Big Crunch) singularities, there is no information loss at
all, i.e. Hawking’s problem is solvable positively.
In the present paper it is demonstrated that with the developed formalism
the information paradox problem may be solved in principle positively us-
ing S.Hawking [9]-[11] approach as well, when information is lost during
the processes associated with the horizon of events of a black hole. And
with the use of the proposed approaches it is shown that in processes in-
volving black holes the initial pure states are always replaced by the mixed
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ones near the horizon of events of the black hole. As this takes place, the
results [9] for thermal radiation of black holes are not used. (Note that
these results have been open to question recently(for example [13])). In
this case it is assumed that all measurements are made by the observer
within QM, i.e. by the observer whose deformation parameter takes the
only value α1 = 0 in conformity with the canonical viewpoint [9], as the
primary result of [9] has been formulated in a semiclassical approximation
corresponding to this value α1.
In the second section some tentative results are given together with impor-
tant refinements needed later on. The third section presents the primary
result that within the generalized Quantum Mechanics Hawking’s problem
in a canonical formulation [9]-[11] may be solved positively. In the last
section the author attempts at elucidation of the problem put forward by
J.Bekenstein [15] in regard to entropy for Planck’s remnants of black holes
within the proposed paradigm that is adequately consistent with the holo-
graphic principle. Just in this paper [15] the problem is stated as follows:
provided in the process of the black hole evaporation the masses of the
formed remnants are on the order of Planck’s mass Mp, these remnants
are hardly characterized by high entropy. Whereas in the developed for-
malism this is possible due to a high entropy density at Planck scales, that
is measured with the entropy density matrix Sα1

α2
for α2 close to 1/4. As

shown in [4], the relevant matrix element acts as a density of entropy per
unit minimum area depending on the scales for the observer and observ-
able. In this way for all the results obtained the principal object under
study is the entropy density matrix introduced previously in [1],[3] and
considered in Section 3 of the present work. In conclusion, as regards the
holographic principle, a conjecture is made about the possibility for deriva-
tion of the Generalized Uncertainty Relations from the covariant entropy
bound at high energies in the same way as R.Bousso [32] has obtained the
Heisenberg uncertainty principle for the flat space.

2 Quantum Mechanics with Fundamental Length

and Density Matrix

It should be recalled that in [4]-[8] a new object has been introduced –
a deformation of the density matrix ρ(α) in QMFL. Here parameter α =
l2min/x

2, where lmin , is a minimal length, x is the scale of measurement.
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The primary properties of ρ(α) are as follows [4].
Definition

Any system in QMFL is described by a density pro-matrix of the form

ρ(α) =
∑

i

ωi(α)|i >< i|,

where

1. 0 < α ≤ 1/4.

2. The vectors |i > form a full orthonormal system;

3. ωi(α) ≥ 0 and for all i the finite limit lim
α→0

ωi(α) = ωi exists;

4. Sp[ρ(α)] =
∑

i
ωi(α) < 1,

∑

i
ωi = 1.

5. For every operator B and any α there is a mean operator B depend-
ing on α:

< B >α=
∑

i

ωi(α) < i|B|i > .

6. the following condition must be fulfilled:

Sp[ρ(α)] − Sp2[ρ(α)] ≈ α. (1)

7. This suggests limitation for the parameter α:

Sp[ρ(α)] ≈
1

2
+

√

1

4
− α. (2)

In the limit lim
α→0

ρ(α) = ρ a well-known QM density matrix appears.

It should be noted that in [4]-[8] the problems have been considered with
reference to the Generalized Uncertainty Relations (GUR) [16]-[21], since
based on the latter one arrives to the presence of the fundamental length
in a quantum theory [21],[22]. However, there is no necessity to use GUR
directly for studies of QMFL as all modern approaches to quantum gravity
in some or other way lead to the availability of a minimal length [22].
Besides, at least heuristically, a theory of Big Bang should lead to the
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notion of a minimal length. The reasoning is as follows: since for its real-
ization the Big Bang should possess some maximum energy Emax (which
may be theoretically calculated for any specific inflation model), this en-
ergy places an upper limit for the particle momentum and hence some lower
limit for the length lmin even on the basis of the conventional Heisenberg’s
Uncertainty Relations [23]. Introduction of GUR [16]-[21] just renders this
limit more precise, fixing it at Planck’s level lmin ∼ lp.

3 Entropy Density Matrix, Pure and Mixed

States

By the proposed approach, in QMFL there are no pure states in a sense
[4] that the states with a unit probability can appear only in the limit
α → 0, when all ωi(α) except one are equal to zero or when they tend to
zero in this limit. In our treatment pure states are the states which can be
represented in the form |ψ >< ψ|, where < ψ|ψ >= 1. That is pure states
may appear in the limiting transition from QMFL to QM only, when the
density matrix is lim

α→0

ρ(α) = ρ.

At the same time, for every solution of equation (1) one can describe the
states going in this limit to the pure ones in QM. These states may be
referred to as prototypes of pure states. Specifically, such states have been
used in [4] for the derivation of a well-known Bekenstein-Hawking formula
of the black hole entropy in a semiclassical approximation. In the process
for one of the solutions of equation (1) the author has used exponential

ansatz:
ρ∗(α) =

∑

i

αiexp(−α)|i >< i|, (3)

where all αi > 0 are independent of α and their sum is equal to 1. In
this case the prototype of a pure state ρ = |ψ >< ψ| in QM is a density
pro-matrix ρ(α) = exp(−α)|ψ >< ψ| in QMFL. Similarly, the prototype
of any mixed state in QM with the use of an exponential ansatz is a density
pro-matrix, the general form of which is given by (3).
In [1],[3]the following entropy density matrix has been introduced:

Sα1

α2
= −Sp[ρ(α1) ln(ρ(α2))] = − < ln(ρ(α2)) >α1

, (4)

where 0 < α1, α2 ≤ 1/4..
As indicated in [1],[3], Sα1

α2
has a clear physical meaning: the entropy den-
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sity is computed on the scale associated with the deformation parameter
α2 by the observer who is at a scale corresponding to the deformation
parameter α1. Also note that the matrix Sα1

α2
is always meaningful irre-

spective of the fact, whether ρ(α1) and ρ(α2) form a prototype of pure or
mixed state in QM.
Different approaches are taken to the information loss problem and unitar-
ity violation in the black holes. Specifically, R.Penroze in [12] has demon-
strated that information in the black hole may be lost and unitarity may
be violated because of the singularity. In paper [3] it has been stated that
in this case the information loss problem is solved positively. In the process
the entropy density matrix Sα1

α2
has been primarily used for the situations

when ρ(α2 = 1/4 is the case(being associated with the singularity). Also
in this section we point to a possibility for solving the problem in princi-
ple positively with the use of the canonical Hawking approach [9]-[11], i.e.
for information losses near the horizon of events of the black hole.
And independently of the results presented in [9]-[11], from the developed
formalism it follows that the state measured near the horizon of events is
always mixed. In [9]-[11] this is established in view of thermal radiation
exhibited by the black hole. However, in the last few years the fact of
the existence of such a radiation is open to dispute (e.g., see [13]). There-
fore, we exclude this fact from our consideration. Using the developed
formalism, one is enabled to arrive to this result with the above-mentioned
entropy density matrix. Actually, in recent works (e.g., [13],[14]), it has
been shown that near the horizon of events the quantum-gravitational ef-
fects are considerable. Proceeding from the entropy density matrix, this
means that for the matrix element Sα1

α2
we always have α2 > 0 as the

quantum-gravitational effects are affecting small scales only.
Now we analyze a random matrix element Sα1

α2
. Obviously, this element

may be zero only for the case when ρ(α2) is a pure state measured in QM,
i.e. α2 ≈ 0. A partial case of this situation has been considered in [9],
where α1 = α2 ≈ 0 and hence ρ(α1) = ρ(α2) = ρin with zero entropy

S0

0
= −Sp[ρin ln(ρin)] = 0. (5)

Actually, this is the initial state entropy measured in the original statement
of the information paradox problem [9]-[11]:

Sin = S0

0
= −Sp[ρin ln(ρin)] = −Sp[ρpure ln(ρpure)] = 0. (6)

The question is, what can be measured by an observer at the exit for ρout,
when all measurements are performed in QM, i.e. when we have at hand
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only one deformation parameter α1 ≈ 0? Simply this means that in QMFL
due to the quantum-gravitational effects at a horizon of the above events
in the black hole [13],[14] leads to:

Sout = Sα2

α2
= −Sp[ρout ln(ρout)] = −Sp[ρα2

ln(ρα2
)] 6= 0 (7)

for some α2 > 0,unapproachable in QM, is conforming to a particular
mixed state in QM with the same entropy

Sout = −Sp[ρout ln(ρout)] = −Sp[ρmix ln(ρmix)] 6= 0. (8)

It should be emphasized that a mixed state in (8) will be not uniquely
defined. Of course, in this statement there is information loss, since

∆S = Sout − Sin > 0. (9)

However, as shown in [1],[3], it will be more correct to consider the state
close to the origin singularity (or in the early Universe where the quantum-
gravitational effects should be also included) as an initial state for which
Sin is calculated, naturally with certain α > 0 and with entropy

Sin = Sα
α = −Sp[ρin ln(ρin)] = −Sp[ρα ln(ρα)] > 0. (10)

Again for the observer making measurements in QM and having no access
to any α > 0 (i.e. having access to α ≈ 0 only) this is associated with a
certain mixed state

Sin = −Sp[ρin ln(ρin)] = −Sp[ρmix ln(ρmix)] > 0 (11)

that is also ambiguously determined. In this way the superscattering op-
erator determined in [9]-[11]

$ : ρin → ρout or $ : ρpure → ρmix

in case under consideration will be of the form

$ : ρmix → ρmix.

Since in this case Sin > 0 and Sout > 0, may be no information loss, then

∆S = Sout − Sin = 0. (12)
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The following points of particular importance should be taken into consid-
eration:
1) A study of the information paradox problem in the generalized Quan-
tum Mechanics (QMFL) provides extended possibilities for interpretation
of the notion of entropy. Indeed, in the classical problem statement [9]-
[11] Sin = −Sp[ρin ln(ρin)] is compared with Sout = −Sp[ρout ln(ρout)],i.e.
within the scope of the above-mentioned entropy density Sα1

α2
, introduced

in [1], [3], two different diagonal elements S0

0
and Sα

α are compared. How-
ever, in the paradigm under consideration one is free to compare S0

0
to S0

α

or Sin
in = −Sp[ρin ln(ρin)] to Sin

out = −Sp[ρin ln(ρout)].

2)Proceeding from this observation and from the results of [1],[3], we come
to the conclusion that the notion of entropy is relative within the gen-
eralized Quantum Mechanics (QMFL) in a sense that it is dependent on
two parameters α1 and α2 characterizing the positions of observer and ob-
servable, respectively. Certainly, as projected to QM, it becomes absolute
since in this case only one parameter α ≈ 0; is measured.

3) As indicated above, within the scope of QMFL it is obvious that the
states close to the origin singularity are always mixed, being associated
with the parameter α > 0 and hence with nonzero entropy. At the same
time, within QM one can have an understanding (at least heuristically),
in what way mixed states are generated by the origin singularity. Actu-
ally, in the vicinity of the origin singularity, i.e. at Planck’s scale (where
the quantum-gravitational effects are considerable) the space-time foam is
formed [25],[26] that from the quantum-mechanical viewpoint is capable
of generating only a mixed state, the components of which are associated
with metrics from the space-time foam with certain probabilities arising
from the partition function for quantum gravitation [25],[27].

4 Entropy Bounds and Entropy Density

In the last few years Quantum Mechanics of black holes has been studied
under the assumption that GUR are valid [21],[24],[28]. As a result of
this approach, it is indicated that the evaporation process of a black hole
gives a stable remnant with a mass on the order of the Planck’s Mp. How-
ever, J.Bekenstein in [15] has credited such an approach as problematic,
since then the objects with dimensions on the order of the Planck length
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∼ 10−33cm should have very great entropy thus making problems in regard
to the entropy bounds of the black hole remnants [29].
In connection with this remark of J.Bekenstein [15] the following points
should be emphasized:
I. An approach proposed in [1],[3] and in the present paper gives a deeper
insight into the cause of high entropy for Planck’s black hole remnants,
namely: high entropy density that by this approach at Planck scales takes
place for every fixed observer including that on a customary scale, i.e. on
α ≈ 0. In [3] using the exponential ansatz (3) it has been demonstrated
how this density can increase in the vicinity of the singularities with

Sin = S0

0
≈ 0

up to

Sout = S0
1

4

= − < ln[exp(−1/4)]ρpure >= − < ln(ρ∗(1/4)) >=
1

4
.

when the initial state measured by the observer is pure.
As demonstrated in [1],[3], increase in the entropy density will be realized
also for the observer moving together with the information flow: Sout =

S
1

4

1

4

> S0

0
, though to a lesser extent than in the first case. Obviously,

provided the existing solutions for (1) are different from the exponential
ansatz (3), the entropy density for them S0

α2
will be increasing as compared

to S0

0
with a tendency of α2 to 1/4.

II. In works of J.Bekenstein, [29] in particular, a “universal entropy bound”
has been used [30]:

S ≤ 2πMR/~, (13)

where M is the total gravitational mass of the matter and R is the ra-
dius of the smallest sphere that barely fits around a system. This bound
is, however, valid for a weakly gravitating matter system only. In case
of black hole remnants under study it is impossible to assume that on
Planck scales we are concerned with a weakly gravitating matter system,
as in this case the transition to the Planck’s energies is realized where
quantum-gravitational effects are appreciable, and within the proposed
paradigm parameter α ≈ 0 is changed by the parameter α > 0 or equally
QM is changed by QMFL.
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III.This necessitates mentioning of the recent findings of R.Bousso [31],[32],
who has derived the Bekenstein’s ”universal entropy bound” for a weakly
gravitating matter system, and among other things in flat space, from the
covariant entropy bound [33] associated with the holographic principle of
Hooft-Susskind [34],[35],[36].
Also it should be noted that the approach proposed in [3],[4] and in the
present paper is consistent with the holographic principle [34]-[36]. Specif-
ically, with the use of this approach one is enabled to obtain the entropy
bounds for nonblack hole objects of L.Susskind [35]. Of course, in ([4],
section 6) and ([3], section 4) it has been demonstrated, how a well-known
semiclassical Bekenstein-Hawking formula for black hole entropy may be
obtained using the proposed paradigm. Then we can resort to reasoning
from [35]: “using gedanken experiment, take a neutral non-rotating spheri-
cal object containing entropy S which fits entirely inside a spherical surface
of the area A, and it to collapse to black hole”. Whence

S ≤
A

4l2p
. (14)

Note also that the entropy density matrix Sα1

α2
by its definition [1],[3] falls

into 2D objects, being associated with l2min ∼ l2p [4] and hence implicitly
pointing to the holographic principle.

5 Conclusion

Qualitative analysis performed in this work reveals that the Information
Loss Problem in black holes with the canonical problem statement [9]-[11]
suggests in principle positive solution within the scope of the proposed
method – high-energy density matrix deformation. Actually, this problem
necessitates further (now quantitative) analysis. Besides, it is interesting
to find direct relations between the described methods and the holographic
principle. Of particular importance seems a conjecture following from [32]:
is it possible to derive GUR for high energies (of strong gravitational field)
with the use of the covariant entropy bound [33] in much the same manner
as R.Bousso [32] has developed the Heisenberg uncertainty principle for
the flat space?
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