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Groups of S-units in hyperelliptic
fields and continued fractions

V. V. Benyash-Krivets and V.P. Platonov

Abstract. New methods for calculating fundamental S-units in hyper-

elliptic fields are found. Continued fractions in function fields are inves-

tigated. As an application, it is proved that if a valuation is defined by

a linear polynomial, then a fundamental S-unit in a hyperelliptic field can

be found by expanding certain elements into continued fractions.
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§1. Introduction

In [1]-[4] several results were presented related to solving the problem of calculat-
ing the groups of S-units in hyperelliptic fields, developing the theory of continued
fractions in function fields, and their connections with the calculation of fund-
amental S-units. The present paper contains an extended exposition of the results
announced in [1]-[4].

Two new methods for calculating fundamental S-units in hyperelliptic fields are
proposed. The first method is based on a new effective procedure of linearization
of the search for solutions of the natural norm equation. In the elliptic case, which
is important for applications, where the valuations in S are induced by points on
an elliptic curve, a new interesting connection with Hankel matrices is discovered.

The second method is of a different nature. First we obtain some results on
continued fractions in function fields, which are of a certain independent interest,
and then we apply them for solving the norm equation. In the case where the val-
uations in S are defined by linear polynomials, the method of continued fractions
gives the fastest algorithms for calculating fundamental S-units. However, in con-
trast to the first method, the method of continued fractions loses its effectiveness
in the case where S contains valuations of a more general nature.

Let k = Fy(x) be the field of rational functions in one variable over a finite
field F, of characteristic p > 2. For an irreducible polynomial v € F,[x], we denote
by |- |, the valuation of the field & given by the equation

m
=m,

v
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where a,b € Fylz], v { a, v + b. We denote by ||~ the valuation |a/blec =
degb — dega.

We denote by &, = {z € k | |z|, > 0} the valuation ring of |- |,, and by
po = {z € k | [zl > 0} the valuation ideal of |-[,. Then the residue field
ky, = O, /p, coincides with F,[z]/(v) and is a finite extension of F,. Let k be the
completion of the field k with respect to the valuation | - |,. We denote the extension
of the valuation | - |, to k as before by | - |,. We choose in F,[z] a fixed system ¥ of
representatives of cosets of the ideal (v) consisting of all the polynomials of degree
less than degv. Then each element z € k can be uniquely represented as a formal

power series:
o0
z= g a;v',
i=s

where a; € ¥. If degv = 1, then the field k can be identified with the field of formal
power series F,((v)).
Let

d(x) = agz® ™ + 12" + - + agny1 € Fyla]

be a square-free polynomial with ag # 0, let K = k(\/?i), and let = be the image
of z in the residue field k,. If d(Z) = 3° for some 0 # 3 € k, (and this means
that the point (Z,() is a k,-point of the hyperelliptic curve y?> = d(z)), then
the valuation |- |, has two non-equivalent extensions to the field K. We denote
these valuations by |- |, and |- |,~. Note that in this case v { d, Vd € k, and
|f +9Vd|, = |f—gVd|, for an element f+gv/d € K. But if d(Z) = 0 or d(Z) # 0
and d(T) is not a square in k,, then the valuation |- |, has a unique extension to
the field K. In order not to complicate the notation, we denote this extension by
|- |», as before. In this case we have |f + gvd|, = (1/2)|f? — ¢*d|, for an element
f+gVd € K. Since the polynomial d(z) has odd degree, the valuation | - |, has
a unique extension to K, and we also denote it by | - |-

Let S be an arbitrary finite set of non-equivalent valuations of the field K con-
taining | - |oo, and S1 = {| - |co, | * lvgs---» | v, } the set of restrictions of valuations
in S to the field k. We denote by Og the ring of S-integer elements in K, that is,
elements z € K such that |z|, > 0 for all the valuations |- |, of the field K that do
not belong to the set S. The set of invertible elements Ug of the ring g is called
the group of S-units of the field K. By the generalized Dirichlet unit theorem
(see [5], Ch. IV, Theorem 9), the group Us is the direct product of the group F
and a free Abelian group G of rank |S| — 1. Independent generators of the group G
are called fundamental S-units.

§ 2. Some properties of S-units

Let S be an arbitrary finite set of non-equivalent valuations of the field K con-
taining |- |, let s = |S| — 1, and let S1 = {| - ooy | loys--+» | |v,} be the set of
restrictions of valuations in S to the field k.

Proposition 2.1. Let y = f + gVd, where f,g € Fylz], f #0, g #0, (f,g) =1,
and let v € Fy[x] be an irreducible polynomial. Then the following assertions hold.
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1. If | - |» has two extensions ||, and |- |,» to K, then either |y|l,, = 0 or
|y|v” =0.

2. Ifvtd and |- |, has a unique extension to K, then |y|, = 0.

3. If v | d, then |- |, has a unique extension to K. In this case, if v { f, then
lylo = 0. If v | f, then |y|, = 1/2.

Proof. 1. Since | - [, has two extensions to K, we have v { d and Vd € k. Let the
elements f, g, and Vd be represented in the completion % as formal power series:

f= ZT: fiv', g = igwﬁ Vd = idivi, (2.1)
=0 =0 =0

where f;,g:,d; € ¥. Suppose that |y|, > 0 and |y|,» > 0. Since |f + gv/d|,» =
|f — gV/d|,, we obtain

|f+g\/g|v/ > 07 |f_g\/g|v’ > 0. (22)

We observe that
fHgvd=> ha', f—gVd=> tiv,
i=0 i=0

where h;,t; € X and hg, tg are the remainders after division of fo+gody and fo—gody
by v. It follows from inequalities (2.2) that hg =ty = 0. Therefore v divides fy.
Since deg fo <degw, it follows that fo=0. We now obtain that v divides ggdy. Since
vt d, it follows that dg # 0 and v does not divide dy. Therefore v divides gy, whence
go = 0. Thus, v | f and v | g, which contradicts the fact that f and g are coprime.

2. Let d = Y., h;jv', where h; € ¥ and hg # 0 by hypothesis. Since |- |, has
a unique extension to K, the image of hy in the residue field k, is not a square.

Then
Lo o
v— A - d v
vl = 517 -~ gd
Let the elements f, g, v/d be represented in the completion & in the form of the
formal power series (2.1). We write

m
f?—g*d= qui,
i=0

where ¢; € ¥ and ¢ is the remainder after division of fZ — g2ho by v. We observe
that qo # 0, since otherwise hy would be a square in the residue field k,. Thus,
v does not divide f? — g2d and |y|, = 0.

3. Since v | d and d is a square-free polynomial, it follows that | - |, has a unique

extension to K. Then
1

v = 5162 — g,

If v does not divide f, then v does not divide f? — g2d and, consequently, |y|, = 0.
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Now suppose that f = vf; and d = vd;. Then v does not divide d; and by
hypothesis v does not divide g. Then

1 1 1
lylo = §|f2 —g%d|, = §|v(f12v — ¢*d1)|, = 3

since v does not divide fZv — g%d;.
Proposition 2.1 is proved.

The following proposition characterizes the S-integer elements in K.
Proposition 2.2. Any element y € Os has the form

f+gVd

mi me 0
vl .../Ut

where f,g € Fylz], v; € S1, and m; > 0. Furthermore, if m; > 0 and the valuation
| - o, has two extensions to K one of which does not belong to S, then v; does not
divide f and v; does not divide g.

Proof. Let y = (f +gVd)/h, where f, g, h € Fy[z]. Suppose that h = v"hy, where v
is an irreducible polynomial that does not belong to S; and r > 0. We can assume
without loss of generality that v does not divide both f and g. By Proposition 2.1,

[Ylor = |f + gVl =7 <0

for some extension |- |, of the valuation |- |,. Consequently, h ¢ Os.

Now suppose that m; > 0 and the valuation |- [,, has two extensions | - |v} and
| - |v;/ to K of which | - |vj’ does not belong to S. Then v; { d. We can assume without
loss of generality that v; does not divide both f and g (otherwise the numerator
and denominator can be divided by v;). Suppose that v; | f and v; { g. Then v;
does not divide f2 — g2d. Consequently,

0= |f2 - QQd‘Uj = ‘f2 - g2d|1)} = |f + g\/gh); + |f - g\/g|v;7

whence |f +g\/g|v;_ = 0. Thus, |y,, = —m; < 0; a contradiction with the fact that
y € Os.
Proposition 2.2 is proved.

We point out that not every element of the form y = (f + gv/d)/(v]"* ---v}™) is
an S-integer. For example, if the valuation | - |,, € S; has two extensions to K and
| - |v;_ does not belong to S, then the element 1/v; is not an S-integer.

We denote by N/, the norm map from K into k. For what follows it is important
for us to know which values the norm map can take on S-units.

Proposition 2.3. Ife € Ug, then Ngi(c) = avy* ---v;*, where a € F} andr; € Z.

Proof. By Proposition 2.2,
~ f+gVd

- ma me *
Ul e ’Ut
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Then Ng/i(e) = (f% - de)vam1 ’U;th. Suppose that f2 — g?d = u*h, where
u,h € Fylz], u ¢ Sy is an irreducible polynomial, s > 0, and u does not divide h.
Then

1 (f _ g\/(j)v?“ .. .Uzm
ush '
Since ¢! € Oy, it follows by Proposition 2.2 that u* divides f and g. But then
u?® divides f2 — ¢g2d; a contradiction.
Proposition 2.3 is proved.

As in the case of S-integer elements, if an element ¢ € K has the property
Nk i(e) = avi™ ---v{™, then it does not follow that € is an S-unit. For example,
if the valuation | - |,, has two extensions to K and |- |v; does not belong to S, then
Ngi(vj) = UJ2- but v; is not an S-unit.

If e = (f + gVd)/(v]" - v}*) € Ug, then it follows from Proposition 2.3 that

2= g%d=av™ v, (2.3)
where a € Fj and my,...,m; are non-negative integers. The following proposi-
tion shows that if the norm equation (2.3) for fixed mq,..., m; has a solution in

polynomials f, g € Fylz], g # 0, then we can easily construct some S-unit.

Proposition 2.4. Let z = f 4+ gV/d € K, where f,g € F,lz], g # 0, and suppose
that

Ni(2) = 2 — g?d = av™ - 0],

where a € F; and m; > 0. Let Sz = {| - |v;,...,| |0} denote the set of valuations
in S1 satisfying the following conditions:

1) | |o; has two extensions | - |, and |- |, to K;

2) |- |v;’ ¢ 5;

3) |zlvy > 0.

Then e = z/(v]"* ---v") € Ug. If Sy is the empty set, then z is an S-unit.

Proof. Let us prove that ¢ € 0g. For an arbitrary valuation |- |,,, 1 < i < r, we
have

|f? = g%dly = |f — gVdloy +|f + gVl =m; >0 (2.4)

by the construction of the set Sy. Since |f+ gﬁ|vgf > 0, by Proposition 2.1 we have
|f — g\/8|vgl =0, and then |f + g\/g|v;/ = m,. Consequently, |5|U;/ =m; —m; =0,
i=1,...,r. Therefore, € € Os.

Next,
el = = 9\/;1
S L

Suppose that a valuation |- |,, for r +1 < 4 < t has two extensions to K and
| - |oy ¢ S. Then |z|,» =0 by hypothesis, and from (2.4) we obtain |f —g\/EM =m;.
Consequently, |5*1\U£/ =m; —m; =0and e ! € Og.

Proposition 2.4 is proved.
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We now consider the following natural question: how will a system of indepen-
dent fundamental S-units expand if we add a new valuation | - |, to the set S? The
answer to this question is given by the following theorem.

Theorem 2.5. Let e1,...,&5 be independent fundamental S-units of the field K,
and suppose that v € F[z] is an irreducible polynomial such that at least one of
the extensions of the valuation | - |, to K does not belong to S. Then the following
assertions hold.

1. Suppose that the valuation |- |, has two extensions |- |, and |- |, to K.
Furthermore, suppose that ||, € S and ||y ¢ S. Let 8" = SU{|-|,v}. Then
€1,...,Es,V 18 a system of independent fundamental S’-units.

2. Suppose that the valuation | - |, has two extensions |- |, and |- |, to K which
do not belong to S. Let " = S U{|- |, }. Suppose that € is an S'-unit such that

Nk i(e) = av™ - - v o™+

with the least possible positive integer exponent myy1. Then ey, ..., €5, € is a system
of independent fundamental S’-units.

3. Suppose that the valuation |-|, has a unique extension to K. Let S =
SUA{|-|o}. Ifd/v € Fy, then eq,...,e5,v is a system of independent fundamental
S’-units. But if d/v € Fy, then e1,...,&s, Vd is a system of independent funda-
mental S’-units.

Proof. 1. Suppose that the units 1, ...,e,,v are dependent. Then

mi Ms M
gy e v =1,

where m; € Z and m # 0. Consequently, v € Ug, but [v™],» = m # 0; a contra-
diction.

Let €1,...,€5,€541 be a system of independent fundamental S’-units. Then
v=aey ---elre, (2.5)
where a € Fy, r; € Z, and 7541 # 0, since v ¢ Ug. Since ¢; € Ug for i = 1,...,s,
it follows that |&;|,» = 0. From (2.5) we obtain 1 = |v|, = ryy1]|€s41|0, Whence

rs+1 = +1. Thus, in view of (2.5), the fundamental S’-unit 541 can be replaced
by v.

2. We now show that the units €1, ...,e4,e are independent. If e]* ---el=0v" =1,
where r; € Z and r # 0, then ¢” € Ug. Therefore, "], = r|e|,, = 0, whence
le|, = 0. Similarly, ||, = 0. Consequently, ¢ € Ug; a contradiction with Propo-
sition 2.3.

Let €1,...,65,€5+1 be a system of independent fundamental S’-units. We claim
that €541 can be replaced by e. Let

_ 71 rs Ts+1
€=acy' - €760 (2.6)

wy i € Z, and mgy 1 # 0. Let Ng/p(es1) = bvlfl ---vftvkt“, where
b € F,. We observe that by Proposition 2.3 we have Nk /(e;) = cvlt - vt for
i=1,...,s. We now calculate the norms of the left- and right-hand sides in (2.6)

where a € F*
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and compare the exponents with which v occurs on the left- and right-hand sides.
We obtain
Mit1 = Tsp1ket1-

Since |kiy1| = myy1 by hypothesis, 511 = £1 and we can use (2.6) to replace €541
by €.

3. If d/v ¢ Fy, then the proof is completely similar to part 1. Let d/v € F,. As
in part 1, it is easy to show that e1,...,e,,V/d are independent S’-units. Suppose
that 1,..., 5,511 18 a system of independent fundamental S’-units. As in part 2,
we prove that e,,; can be replaced by v/d.

Theorem 2.5 is proved.

It follows from Theorem 2.5 that the key case for finding a system of independent

fundamental S-units is the following. Let v1,...,v; € Fy[z] be irreducible polynom-
ials such that each of the valuations |- [,, has two extensions | - [,, and | - [, to K.
As the set S we take the following set of valuations: S = {[ - [oc, | |urs-- 5| o}

that is, we include into S exactly one of the two extensions of the valuation |- |,,
to K. In what follows we consider separately the cases where S contains two ele-
ments and where S contains more than two elements.

§3. Case |S| = 2

3.1. The general case. Let S={||s,| |} and e€Us. Then e=(f +gV/d)/v"
by Proposition 2.2 and Ng ,(c) = av®, where a € [, by Proposition 2.3. Conse-

quently, Ng /i (f + gVd) = f? — g>d = av™ for some positive integer m.

Proposition 3.1. Suppose that m is the minimal positive integer such that the
norm equation
f?—g*d = av™, (3.1)

where a € Fy, has a solution in polynomials f,g € F,lx], g # 0. Then either
f+gVd or f—gVd is a fundamental S-unit.

Proof. By Proposition 2.1, either |f + gv/d|,» = 0 or |f — gV/d|,» = 0. This means
that either f+gv/d or f—gv/d is an S-unit. For example, suppose that f+gvd € Us,
and let ¢ be a fundamental S-unit. Then by Proposition 2.3 Nk /i (e) = bv¥, where
b € F;. Furthermore, we can assume that k > 0, if necessary replacing € by e~ L

Then k > m by the hypothesis of the proposition. We have
fgvd=ce,

where ¢ € F;. By considering the norms of both parts, we obtain the equation

v™ = v"% whence m = rk. Consequently, » = 1 and f 4+ gv/d = ce.
Proposition 3.1 is proved.

In what follows we propose a method for solving the norm equation (3.1). Each
element in the completion k can be represented as a formal power series with
coefficients in 3. However, in the case degv > 1, corresponding to the product
of two elements in the completion k& we do not have the ordinary product of the
corresponding formal power series. The fact is that when formal power series are
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multiplied, the coefficients of the product may be polynomials of degree > degwv.
Therefore we need to rewrite the resulting formal power series in such a form that
all the coefficients belong to ¥ (that is, perform the operation of ‘shift of digits’).
We introduce the following notation. If f(z) = fo + frz +--- + fr2" € F,[z], then
we denote by f: (fo,---, fr)! the column vector of coefficients of f. We have the
following proposition.

Proposition 3.2. Let v(z) = vg + vz + - + vzl vy # 0, be a fized irreducible
polynomial, and let a(x) = ag + arx + -+ ap_12"1 and b(x) = by + brx + -+ +
br_12"~1 be polynomials in F,[x]. We divide ab by v with remainder: ab = gv+r,
where g = go+g1x+ -+ gh_ox" 2 and r = rog + x4 +rp_12" L. Then there
exist (h x h)-matrices A,(a) and B,(a) whose coefficients are linear functions of
ag, ..., an—1 with coefficients in ¥, such that

7= Au(a)b, (g) = B,(a)b. (3.2)

Remark. In equation (3.2) we add 0 to the column g in order that the matrices
A,(a) and B, (a) have the same size, which is convenient for further calculations.

Proof of Proposition 3.2. Let @, b, 7, T be the images of a, b, r,  in the residue
field k,. Then @b = 7. Let ¢ be the linear operator on k, given by z — az, and let
A,(a) be the matrix of the operator  in the basis 1,7,...,Z" . Then 7 = A, (a)b.

In order to find the matrix B,(a) we consider the equation ab = gv + r. By
comparing the coefficients of 2, ..., 22"~2 on the left- and right-hand sides of this
equation we obtain

S ogwe= Y avbe,  j=01,....h-2

l+e=h+j Ute'=h+j

This system of h — 1 equations can be written in the matrix form

Tyg = Tob, (3.3)
where
Up  Uh—1 V2 ap—1 QAp—2 ai
T = 0 U, V3 7 T, = 0 ap—1 as
0 0 Uh 0 0 ap—1

Consequently, g = T} ITyb. By setting B, (a) = (8 Tf;T?) we obtain the second of
equations (3.2).
Proposition 3.2 is proved.

The matrix B,(a) in Proposition 3.2 is responsible for the ‘shift of digits’ when
formal power series are multiplied. From Proposition 3.2 it is easy to obtain the
following proposition.
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Proposition 3.3. Let uy = > .o

1=81

1595

a;v" and uy = Z;’isz b;v* be two elements in

the completion k. We set C,(as,) ; Ay(as,) and Cy(a;) = Ay(a;) + By(ai—1) for

1> 51. Then ujuy = ZJ o148y Ljv?, where

= Z CU (ai )/b\s

i+s=j

Proof. We write the product ujus in the form

00
Uiy = E J\fj’l)]7

(3.4)

Jj=s1+s2
where M; = EHS = a;bs. We divide a;bs by v with remainder: a;bs = g;sv + 75-
Then
M; = MJ’-v + M'—’,
where M} =37, gis and M =37, . ris. Consequently,

oo

wuy = Mo S (M + M

j=s1+s2+1

where M

Ss1+s827

M;_y + M} € %. Therefore,

L, = MY s, if j = s1+ s2,
M]{_l—‘rM]{/ ifj>81+82.

It follows from Proposition 3.2 that

<965> = Bv(ai)/b\sy ?is = A'u(a'i)gs-

For j = s1 + so we obtain

~

le+52 - Tslsz - A (a51)b S2 T C (asl)b527

since A, (as,) = Cy(as,) by hypothesis. If j > s1 + so, then
Li=Mj +M/= 3 giut Y Tis
1+s=5—1 i+s=j

Consequently,

Li= > <§0> + 3 Fiu= > Bylabi+ > Ay(ai)bs

i+s=j5—1 1+s=j 1+s=5—1 i+s=j

Z (Bv(ai—l) + Av(ai))/l;s == Z Ov(ai)/gs

i+s=j 1+s=j

Proposition 3.3 is proved.
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Suppose that for a given m the norm equation (3.1) has a solution in polynomials
f.g € Fylz], g # 0. Since the valuation |- |, has two extensions to K, we have
Vd € k. We represent f, g, v/d as formal power series:

f=fo+ fivt+-+ [0, g=9go+t v+ +ges, ‘/gzzdi”iv (3.5)
i=0

where f;, g;,d; € ¥. A comparison of the degrees of the left- and right-hand sides
in (3.1) shows that

m>degd7 . @, o mdegv—degd7 (3.6)
degv 2 2degv

where [z] denotes the integer part of a number z. Furthermore, the degrees of the
polynomials f,. and g. must satisfy the following relations:

£
ry =deg f, = Kn; - 7’> degfu} = {0 s ever, (3.7)

[%] if m is odd,
1
e; = degge = [ZR}’ (3-8)

where R is the remainder after division of mdegv — degd by 2degv. We set
Cy(d;) = C; and consider the matrix

Crfe CrfeJrl cee C’r
Em _ CrfeJrl CT7€+2 (R CrJrl ) (39)
Cin—e—1 Cm—e Cm-1

Let D,, be the matrix obtained from D,, by crossing out the first 7 + 1 rows and
the columns with numbers e; +2, ..., degwv (if e; +2 > deg v, then columns are not
crossed out). The following theorem gives an algorithm for finding a fundamental
S-unit.

Theorem 3.4. For a positive integer m > degd/degv, the norm equation (3.1)

has a solution in polynomials f,g € Fylz], g # 0, if and only if the rank of the
matriz D, is less than edegv + e + 1.

Proof. Suppose that for a given m the norm equation (3.1) has a solution in poly-
nomials f,g € Fy[z], g # 0. Then by Proposition 2.1 either |f + gv/d|,» = m or
|f — gV/d|,» = m. Consequently, one of the elements f + gv/d or f — gv/d when
expanded into a formal power series has the form > ° ~L;v’, where L; € . Sup-
pose that f + gvd = Zfim L;v*. By using Proposition 3.3 for calculating the
coeflicients L; we obtain the following equations:

Li=fi+ Y Cgy=0 0<i<r (3.10)

d+i'=i,j'<e

Ei = ZC’i_]@j =0, r<i<m. (3.11)
=0
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We consider equation (3.10) for ¢ = r. Let f, = fro+ -+ + frr 2™ and g =
G0+ + e, . Then

e—1
(fT,07 sy fT,T1507 sy O)t + Z CT*]./g\] + C’r‘fe(ge,()a e 7ge,€1a07 ey O)t =0. (312)
=0
We set
. fr,O ge,O /g\gel
f'r‘: ) Je = ) F(g): e
fr,m Ye,eq 9

Let a be the matrix consisting of the first r; + 1 rows of the matrix C;. We point
out that F(g) is a column vector of length edegv + e; + 1. From (3.10), (3.12) we
obtain

fi = - Z Cj/g\]'7 0 < 1< r, f'r‘ = - ZéT*P./g\P' (313)
p=0

jHi'=i,j'<e

By considering the last degv — 71 — 1 equations in (3.12) and equations (3.11) we
obtain

Dy F(g) = 0. (3.14)

Thus, the homogeneous system of linear equations (3.14) with matrix D, has
a nonzero solution F(g). Consequently, the rank of the matrix D,, is less than
edegv +e; + 1.

Now suppose that the rank of the matrix D,, is less than edeg v+e;+1. Then the
homogeneous system of linear equations (3.14) with matrix D,, has a nonzero solu-
tion F'(g). When we know the column vector F(g), we find a nonzero polynomial g.
Then by formulae (3.13) we find the coefficients of the polynomial f. By construc-
tion, the polynomials f and g have the property that deg(f? — g%d) < degv™ and
v"™ divides f? — g°d. Consequently, f* — g>d = av™, where a € F}.

Theorem 3.4 is proved.

Thus, in order to find a fundamental S-unit of the field K, first we need to
expand v/d into a formal power series. Then, calculating consecutively the rank
of the matrix D,,, starting from m > degd/degv, we find the minimal positive
integer m such that the rank of D,, is less than edegv 4+ e; + 1. After that,
by solving the homogeneous system of linear equations with matrix D,, we find
a nonzero polynomial g, and by formulae (3.13) the polynomial f. The sought-for
fundamental S-unit has the form f + gv/d.

The following proposition sharpens Theorem 3.4 for the case where d is an irred-
ucible polynomial.

Proposition 3.5. Suppose that the polynomial d is irreducible. Then the least
positive integer m such that the norm equation (3.1) has a solution in polynomials
frg € k[x], g #0, is an odd number.
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Proof. Suppose that m = 2¢t. Since a in (3.1) must be a square, it follows that
after dividing both sides by a we can assume without loss of generality that a = 1,
that is, f, g are solutions of the norm equation f? — g?d = v?*. We write this
equation in the form

(f =o")(f +2") = g°d. (3.15)
Since d is irreducible, it divides one of the factors on the left-hand side of equa-
tion (3.15). For example, suppose that f —v' = df;. Then f = o' + df;. By
substituting this expression into (3.15) we obtain

[0 +dfy) = g7, (3.16)

whence f; divides g?. Consequently, the polynomials g and f; can be represented
in the form g = fohgs and f1 = f3h for some fa,go, h € F,[z]. By substituting g
and f; into (3.16) we obtain

' + dfih = g3h. (3.17)

It follows from (3.17) that h divides v* and therefore h = bv" for some b € F};. By

dividing both parts of (3.17) by h we obtain that the norm equation g2 — f2d =
2b~ '™ has a solution in polynomials f2, g2 € Fy[z], go # 0, and t — r < 2t = m,
which contradicts the minimality of m.

Proposition 3.5 is proved.

3.2. Case of elliptic curve. We consider in more detail the case where deg d = 3.
We claim that then the matrix D,,, in Theorem 3.4 is a square matrix.
Suppose that m = 2m; is even. Then it follows from equations (3.6)—(3.8) that

3 ]_{ml—Z if degv = 1,

r=myq, e=|myp — .
! [ ! 2degv mp — 1 if degv > 2,

r1 =0, 61—[degv—g} =degv — 2.

Then

and, obviously, D,, is a square matrix. The matrix D,,, is obtained from D,, by
crossing out the first row and the column with number degv.

Now suppose that m = 2m; —1 is odd. Then it follows from equations (3.6)—(3.8)
that

{ degv—l—S} my —2 if degv < 2,
r=mq — 1, e=|my ————| = .
2degv mp — 1 if degv > 3,
d 0 if degv =1,
7'1—[ eégv], e1 =<1 if degv = 2,

[%] if degv > 3.
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In the case degv < 2,

The matrix D,, is obtained from D,,, by crossing out the first deg v rows (no columns
are crossed out). Consequently, for degv < 2,

Dpo= .o (3.18)

is a square matrix of order (m; — 1) degv.
If, however, degv > 3, then

and D,, is a square matrix. The matrix D,, is obtained from D,,, by crossing out
the first [deg v/2]+ 1 rows and the columns with numbers [(degv+1)/2],. .., degv.
It is easy to verify that the number of rows and columns being crossed out coincide.
Therefore, D,, is a square matrix.

Thus, in the case of elliptic curves we can state Theorem 3.4 as follows.

Theorem 3.6. For a positive integer m > 3/degv the norm equation (3.1) has
a solution in polynomials f,g € Fyz], g # 0, if and only if det D,,, = 0.

Ezample 3.7. Let k = F3(z), v= 2% +1 € k[z], and let
d=2®+22% +2+1= (x4 2)v+2 € klz]

which is an irreducible polynomial. In our case, for the polynomial v = ug+uix € X

we have
(U0 — U7 o 0 Uy
Ay(u) = <u1 "o ) , B,(u) = (O 0) .

Since 2 is a square in the residue field Fz[z]/(v), it follows that v/d € k and the
element v/d can be represented as a formal power series:

Vd=z+ (z+2)v+ (. + 1) + 20° + z0* + 220° + 22+ 1) + - - .

Then the first five matrices C; are as follows:

0 2 2 0 10
C():(l O)a 01:(1 2>a 02:(1 1>7
0 0 0 0
C3:<1 0)’ 04:(1 0)'
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Since the polynomial d is irreducible, by Proposition 3.5 the sought-for m is odd.
We have

m 2m —3
m > 2, T|:2:|, e[ 1 ], ep =ry = 1.

Since m is odd, the matrix D,, has the form (3.18).
Let m = 3. Then D3 = (5 is a nonsingular matrix.
Let m = 5. Then

_(C2 C3\ _
=(g @)=

We have det D5 = 0. The homogeneous system of linear equations DsF(g) = 0 has

the solution F(g) = (0,0, 1,0)!, whence g = x. We now obtain f = 1 —2zv —xv? =

225 + 223 + 1. Thus, a fundamental S-unit of the field K has the form

=
O O = O
—_o = o
o O OO

6:2x5+2x3+1—|—a:\/x3+2x2+x+1.

3.3. Case degv = 1. Let v = 2 — a. We can identify the completion k with the
field of formal power series F,((v)). In this case, A,(f) = (0) and B,(f) = f for
any f € F,. If Vd = Yoy div® is the expansion of V/d into a formal power series
in k, then C; = d;. From (3.6)-(3.8) we obtain that in the case of even m = 2I
we have r = [; but if m = 2l — 1, then r = [ — 1. In both cases, 11 = e; = 0 and
e =1 —n — 1. Then the matrix D,, in Theorem 3.4 has the form

Ao dpss oo di doii  dpro ... dy
Doy — dnys  dpya ... digo D | dnt2 dpys oo dig
21 — ) 20—1 —

diyn digns1 .. dy—1 diyn—1 dign ... do_2

We obtain the following corollary of Theorem 3.4.

Corollary 3.8. Let m > 2n+ 1. If m = 2l (respectively, m = 2l — 1), then the
norm equation (3.1) has a solution in polynomials f,g € Fylx], g # 0, if and only if
the rank of the matriz Dy (respectively, Doj—1) defined in (3.19) is less than | —n.

If K is the field of functions of an elliptic curve, that is, deg d = 3, then Dy; and
Dy, are square matrices and we obtain the following result.

Corollary 3.9. Suppose that degd = 3 and m > 3. If m = 2l (respectively,
m = 2l—1), then the norm equation (3.1) has a solution in polynomials f, g € Fq[z],
g # 0, if and only if det Dy = 0 (respectively, det Do;—1 = 0).

The matrices of special form that appear in Corollary 3.9 are known as Hankel
matrices (for a different numbering of the unknown coefficients of the polynomial
g we obtain Toeplitz matrices). These matrices have numerous applications in
algebra, theory of functions, harmonic analysis, probability theory, coding theory,
and in many other areas (see the monograph [6] and survey [7]).
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Ezample 3.10. Let d = 23+ 2%+ +1 € F5[z] and v = 2. Then in the completion k
we have the following expansion of v/d into a formal power series:

Vd=14+3z+22+0-2°+224+ ... .

The valuation | - |, has two extensions to k(v/d). Let S = {| |0, |- |o/}. We have
D3 = (1) and Dy = (0). As a solution of the homogeneous system of linear
equations with matrix Dy we take g = 1. Then from the conditions |f + V/d|,» = 4
and deg f < 2 we obtain f = —1 — 3z — 22, Thus, ¢ = —22 — 3z — 1 +Vd is

a fundamental S-unit and Ny /x(e) = z*.

§4. Case |S| > 2

Now let S = {| - |oc, | vfs---,| " [y}, Where £ > 1. By part 2 of Theorem 2.5,
a system of independent fundamental S-units can be constructed by induction. We
set Si = {|"loos | lvjs--s | oy} and ST = {] - |, | 7 }. Let §; be a fundamental
Sj-unit, which can be found by using Theorem 3.4. Let Ng,(0;) = b;jv;"", where
b; € Fy.

Now suppose that we have already constructed independent fundamental S;-units
€1,...,€;. By Theorem 2.5 we need to find an S;;1-unit ;41 such that

Niyr(€ip1) = aigrvy 00 iyt

where a; 1 € IFZ and the exponent m; ;41 > 0 is least possible. Then e4,...,
€i,€i+1 1s a system of independent fundamental S;1-units.

Let &1, ..., &¢ be independent fundamental S-units constructed in this way. Con-
sider the matrix

mi1 0 0
m m o 0

H(ey,...,e)= | 20 7 : (4.1)
mgr My2 Mt

We have the following proposition.

Proposition 4.1. There exists a system of independent fundamental S-units
€1,. .., such that the matriz H(ey, ..., &) defined in (4.1) has the following prop-
erties:

DOo<my <my, forr=1,...t—1,i=r+1,...,1;

2) g = fi + giVd, where f;,g; € Fylx], gi 0, i =1,...,t;

3) >oj—y mijdeguv; > degd;

4) my; divides my; fori=1,... t;

5) ’Lf my; = My, then mip = =Mjr—1 = 0,

6) the row (m;/mg;)(m1, ..., m;i—1) is a linear combination with integer coeffi-
cients of the rows (m11,0,...,0), ..., (Mi—1.1,...,Mi—1,i—1)-

Proof. 1) Let e1,...,e; be asystem of independent fundamental S-units constructed
by induction. If €], ...,¢} is another system of independent fundamental S-units,
then

g =gl ghit) i=1,...,t (4.2)
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Furthermore, B = (b;j) € GL(Z). Conversely, if B = (b;;) € GL{(Z) is an arbi-
trary matrix, then formulae (4.2) define a transition to a new system of independent
fundamental S-units. It is easy to see that, furthermore,

H(e),...,e;) = BH(e1, ... &)

Therefore, by multiplying H(eq,...,&¢) by a suitable matrix B € GL.(Z) we can
ensure that condition 1) holds.

2) Let e; = (fi + giv/d)/ (v} ---0l%), where f;, 9 € Fylz], gi # 0, and suppose,
for example, that [y > 0. Then

leiloy = I fi + giVd|oy — 1 = 0. (4.3)

Since Nigu(es) = (2 — g2d) /(6?1 - - v2"), we have

2

2 27 2l14+m4 2l;+my;
fi —gid=v B :

Since m;; > 0 by hypothesis, we have 2y +m;; > 0. Then |f; +gi\/a|vi/ =2l +m;1
by Proposition 2.1. It follows from (4.3) that 2I; +m;; = I3, whence we obtain the
equation m;; = —I; < 0; a contradiction.

3) Since ¢; = f; + giV/d by condition 2), we have f? — g?d = v{"" --- v, Since
g; # 0, by comparing the degrees of the left- and right-hand sides we obtain the
required assertion.

4) Since ¢; is an Si-unit, we have §; = c;e{* - - - £, where ¢; € F;. Then

NK/K(5Z) :NK/K(CiE?l "'6?), (44)

whence we obtain m; = a;m;;, which is what proves condition 4). If m;; = m;, then
a; = 1 and we can replace €; by ;. After this replacement, condition 5) holds.
6) It follows from (4.4) that

myg

- (mit,...,mii—1) = a1(ma1,0,...,0) + -+ ai(mi—11,...,mi—1;-1).
K22

Proposition 4.1 is proved.
Corollary 4.2. Let €1,...,61-1 be a system of independent fundamental Si_1-
units. Let myy be the least positive integer divisor of my with the following property:
there exist integers 0 < my; < mjj;, j =1,...,t—1, satisfying conditions 3), 5), 6)
of Proposition 4.1 such that the norm equation

f?—g*d= avy™ ot (4.5)

where a € ¥, has a solution in polynomials f,g € Fy[z], g # 0. Let &; be an S-unit
obtained from this solution by using Proposition 2.4. Then €1,...,&; is a system of
independent fundamental S-units.

As in the case of a single valuation, solving the norm equation (4.5) reduces to
solving a certain homogeneous system of linear equations. It follows from (4.5) that

1 t 1 t
deg f < [2 ;mij degv]} =r, degg < {2 (; m;; degv; — degd)] =1.
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Let f=fo+ fix+--+ fra" and g = go + g1z + - - - + giz'. We choose one of the
valuations |- |,;, 1 < j < ¢, and represent f + gV/d in the form of a formal power
series in v;:

f+gVd=> L},
i=0

where L; € X; here the coefficients of the polynomial L; are linear forms in
foy--+y [y oy -- -, g1- We require that the following conditions hold:

Lo=-=Lp,1=0. (4.6)

Then (4.6) gives a homogeneous system of linear equations with respect to the
coefficients fo, ..., fr, go, .-, g with some matrix M, :

M'Uj(f07' : '7.f7“7g()7' e 7gl)t = 0.
Having performed this construction for all the valuations |-|[,;, j = 1,...,t, we
obtain that fo,..., fr, go,..., g is a solution of the homogeneous system of linear
equations

M(an"'7fT7g07"'7gl)t:05 (47)

M,,
where M is a block matrix of the form M = < : )
M,

vt
Conversely, if fo,..., fr, go,--., g1 is a solution of (4.7) such that not all the g;
are equal to zero, then by construction the nonzero polynomial f2 — g2d is divis-

ible by the product v{*** ... v, Furthermore, deg f? — g>d < degov("* ---v;"*.
Consequently, f* — g°d = av("** - --v{"*, where a € F}.

Thus, we have proved the following theorem.

Theorem 4.3. The norm equation (4.5) has a solution f,g € Fy[x], g # 0, if and
only if the homogeneous system of linear equations (4.7) has a solution fo, ..., fr,
9o, - - - » g1 such that not all of the gy are equal to zero.

We also point out the following property of S-units, which holds for our choice
of S.

Proposition 4.4. Lete € Us. If Nk i(€) € F, then e € Fy.

Proof. Let e = (f + gV/d)/(v]"™ ---v™), where f,g € F,[z]. Suppose that m; > 0.
Then |f + g\/a\vi = my. By hypothesis, Nk i (e) = a; consequently,

f2 o 92d _ av%ml L. ,Ut27”t'
Hence we obtain that
|f+g\/g|vi + |f - g\/g‘vi =2my.

Since |f + g\/g|vi > 0, by Proposition 2.1 we have |f + g\/a|vi = 2my; a contra-
diction. Therefore, m; = --- =m; = 0. But then Nk (¢) ¢ Fy, which contradicts
the hypothesis.

Proposition 4.4 is proved.
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Remark. Proposition 4.4 ceases to be true in the case of an arbitrary S. Indeed,
let € be a fundamental unit in Example 3.10. We set S; = S U{| - |4~ }. Then the
clement £/2? is a nontrivial Sy-unit and N, (e/2?) = 1. Note that £/2? is not an
S-unit (and not even an S-integer element).

Example 4.5. Suppose that the conditions of Example 3.10 hold. Let u = x — 1.
The valuation |- |, has two extensions |- |, and |- |, to k(vd). We set §; =
{]“lsos | * lors] - | }- We now find a system of independent fundamental Sp-units.

First we set T = {| - |0, |- |-} and find a fundamental T-unit. Let k; be the
completion of k with respect to | - |,,. In the field k1 we have the following expansion
of V/d into a formal power series:

Vd=2+4x—-1)+2—1)?+0-(z - 13 +4(z—1)* + -

We have D3 = (2) and Dy = (0). As in Example 3.10, we obtain ¢ = 1 and
f=-2—4(x—1)—2(z—1)? = 322 Thus, &; = 32 +/d is a fundamental T-unit
and NK/k(El) = —((E — 1)4

If €, €5 is a system of independent fundamental S;-units, then by Proposition 4.1
the matrix H(e,e9) can have one of the following forms:

o) () Y e

We consider these cases consecutively, until we find a system of independent
fundamental S;-units.

1) We have the norm equation f? — g?d = az?(x — 1). Then deg f = 1 and
degg = 0. Let f = fo+ fiz. In the completion k with respect to the valuation | - |,
the element f + ¢gv/d has the form

fot+g+(H+3g)z+g2> +---.

Hence we obtain the equations fo + ¢ =0 and f; + 39 = 0.
In the completion of k; the element f + gv/d has the form

fo+fi+29+ (i +4g9)(x—1) +2g9(x —1)% 4 --- .

Hence we obtain the equation fy + f1 + 2¢g = 0. Thus, we have a homogeneous
(1) é), which is nonsingular. Therefore,

—=O

system of linear equations with the matrix

fo=f1 =9=0, and our norm equation has no nontrivial solutions.
2) We have the norm equation f? — g?d = ax®(x — 1). Then deg f = 2 and
degg =0. Let f = fo + fiz + fows. In this case we obtain a homogeneous system

1001
of linear equations with the matrix ( J§9 ?), which is also nonsingular. Therefore
1112

the norm equation also has no nontrivial solutions.
3) We have the norm equation f? — g?d = ax?(x — 1)2. Then, as in part 2),
deg f = 2 and deg g = 0. We obtain a homogeneous system of linear equations with

the matrix , the determinant of which is equal to zero. By solving this

1001
0103
1112
01214
system we obtain f = 4+2z+222 and g = 1. By Corollary 4.2, ¢ = —z2—3z—1+/d

and eo =222 + 22+ 4+ Vdis a system of independent fundamental S;-units.
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8§ 5. Continued fractions in function fields

5.1. Construction and properties of continued fractions. Continued frac-
tions in function fields in the case of the valuation |- | were for the first time
introduced by Artin (see [8]). We consider the general case of an arbitrary valu-
ation |- |, of the field k = L(z), where L is an arbitrary field. Let 3 € k. We
represent ( in the form of a formal power series:

o0
1=s
where d; € X, and set

Zdv if s <

0 if s > 0.
Let ag = [A]. If B — ap # 0, then we set
1 _
61:ﬁ—ao€k’ ar = [B1].
Next we define by induction elements a;, 3;: if 8;_1 —a;_1 # 0, then
1 _
Bi=——— €k, a; = [Bi].

Bic1 — ai—1
As a result we obtain the continued fraction

1
ap + (51)

a1 +
a2+

1
as + “ e
Proposition 5.1. The continued fraction (5.1) is finite if and only if 5 € k.

Proof. Suppose that 8 € k. Let 3; = b;/c;, where b;,¢; € Llx] and (b;,¢;) = 1.
Then |B;], = —s < 0 by construction. Let

ap + -+ -+ agv®
¢ = viciy, Bi] = —>—

where a; € ¥. Then

bi ao+ - +asv® by —cip1(ag+ -+ agv®
B — (8] = Qo _ +1(ao )

V941 Vs V9Ci41

Since |B; — [Bi]|v > 0, we have b; —¢;+1(ag+- - -+ asv®) = v%b; 41, where b1 € L[z].

Then
Ci+1

6@+1 -

Furthermore, degc;1 < M; and degb;y; < M;, where M; = max{degb;,degc;}.

The decreasing sequence of positive integers M; must terminate. This means that

the continued fraction (5.1) is finite. The converse assertion is obvious.
Proposition 5.1 is proved.

bz+1



1606 V. V. Benyash-Krivets and V. P. Platonov

We use the standard abbreviated notation [ag,a1,as,...] for the continued
fraction (5.1). By counstruction, 8, = [an, Gni1, - -]
We define by induction elements p;, ¢; € k. We set

b2 = 0) p-1= 1) q—2 = 1a q-1 = 07

and if n > 0, then

Pn = QnPn—1 + Pn-2, Gn = GnQn—1 + qn—2- (52)

Then p,/q, = [ao,a1,as2,...,a,] for n > 0. It can be shown in standard fashion
(see [9]) that for n > —1 the following relations hold:

dnPn—1 — Pn4n—1 = (*1)”‘7 (53)
(="
B —pn=———, 5.4
Qnﬂn—&-l + Gn—-1 ( )
8= pnﬁn+1 + Pn—1

. 5.5
Qnﬁn—i-l + dn—1 ( )

We call the fraction p, /g, the nth convergent to 3. By construction, |a,|, =
|Bnls < 0 for n > 1. From (5.2) it is easy to obtain by induction the relation

n
|QH|U = |an|v + |Qn—1‘v = Z |aj|v7 (56)

j=1

and from (5.4) we obtain

|Q7Lﬁ _pn|'u = _|Qn+1|v - _|an+1|v - |Qn‘v > _‘Qn|’ua (57)
or, which is equivalent,
D
',3 — = > =2|gy e (5.8)
an |,

Therefore, lim,, .« pn/q, = (3, that is, the convergents converge to .

As in the case of the field of real numbers, one can show in standard fashion
that if the continued fraction [ag, a1, .. .] for 3 is periodic, then 3 € k is a quadratic
irrationality. In the case of an infinite field L and the valuation | - |, the converse
assertion is not always true (see [10]). The following proposition holds.

Proposition 5.2. Let L = F, be the field of q elements, and let degv = 1. If
B € k = L((v)) is a quadratic irrationality, then the continued fraction for (3 is
periodic.

Proof. Let 3 € L((v)) be a root of a quadratic polynomial H(X) = rX2 + sX +t,
where r, s,t € L[v], and let 5 = [ag,a1,...] be the expansion of § into a continued
fraction. We set

D = s* — 4rt, H(X,Y)=rX?+sXY +tY2
Then from (5.5) we obtain

B, +
ﬂn-{-l - anﬁv (59)
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where

A, = (*]—)nJrlH(pna Qn)a B, = (71)n(7‘pn—1pn + SPn—1qn + tqn—lth)'

Clearly, for a sufficiently large n we have |p, /¢, — Blv > |3 — Bl., where 3 is the
second root of H(X). Then

B _7

= |ﬁ - B'v
qn

v

B _B+5-7B

n

v

Since 8 — 8 = 2v/D/r, we have |3 — 8|, = (1/2)|D|, — |r|,. Hence we obtain
— 1
|pn - ﬂqn‘v = |Qn|v + §‘D‘v - ‘T|v-
Since H(X,Y) = r(X — BY)(X — BY), by taking into account (5.7) we find

— 1
|An|v = |7'(pn - BQn)(pn - ﬁqn)‘v = §|D|v - |an+1|v > 0. (510)

Let us find a lower estimate for |B,|,. From (5.9) we find B,, = 4,,8,4+1 — r0.

It follows from equation S(rg + s) = —t that |r8|, > 0. By taking into account
(5.10) and the fact that |Bp+1]v = |@n+t1ly, we find
1

Z1D|, > 0.

|Anﬁn+1|v - |A7la”n+1|’l} - 2

Therefore,
‘Bn|v > min{|Anﬁn+1‘v; |T6|v} = 0.

Thus, A,,B, are polynomials in L[z]. Their degrees do not exceed
max{degr,degs,degt}. Since the field L is finite, there are finitely many such
polynomials. This means that for some ¢ and j we must have A; = A;; and
B; = B;iyj. Then 3; = B;4; and the continued fraction for 3 is periodic.

Proposition 5.2 is proved.

We point out that in the case degv > 1 the argument given above ceases to be
valid. Although A,,, B,, will be, as before, polynomials in L[z], we cannot claim
that their degrees are bounded above.

5.2. Best approximations. We introduce the notion of a best approximation to
an element 8 € k. If a/b € L(x), where a,b € L[z] are coprime polynomials, then
we expand a and b in powers of v:

a=ag+av+- -+ asv®, b=by+bv+---+ bt

where a;,0; € X, as # 0, by # 0. Then, after dividing a and b by v", where
r = max{s,t}, we represent the fraction a/b in the form

a _copU "+ F 0o
b d_v T+ +dy’

(5.11)

where ¢;,d; € 3, c_,, # 0, d_, # 0, and ¢y and dy are not simultaneously equal
to zero. In what follows we assume that all elements in L(z) are written in the
form (5.11).
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Definition 5.3. An irreducible fraction p/q € L(x) is a best approzimation to
0 € k if for any other irreducible fraction a/b # p/q such that |b|, > |q|, we have
the inequality

-
q

a
>‘5b

v v

Theorem 5.4. A fraction p/q is a best approzimation to ( if and only if one of
the following conditions holds.

1. Let degv = 1. The fraction p/q is a best approximation to 5 if and only if
18 —p/dle > —2|qlo-

2. Letdegv > 1. If|B—p/qlv > —2|q|u+1, then the fraction p/q is a best approxi-
mation to 8. If the fraction p/q is a best approximation to (3, then |3—p/qly, > —2|qls-

Proof. Suppose that the following condition holds for the fraction p/q:

-
q

- —2[qlv if degv =1,
. —2|gl, +1 if degv > 1.

Let ¢/d be a fraction such that ¢/d # p/q and |d|, > |g|,. Since

0 ifdegv =1,
lpd — cqlv < :
1 if degv > 1,
we have
p ¢ —2|q|v if degv =1,
2ot by ~lal -t < TS0
q " —2|qly +1 if degv > 1.

From the last inequality we obtain

& C C
Rl R el al,

‘pp
v

‘ P

<‘ﬂp

v v

Therefore, the fraction p/q is a best approximation to 3.
Now suppose that the fraction p/q is a best approximation to 5. Let h = degw.
We write the elements p, ¢, 8 in the form of formal power series in v:

0 0 e}
p=> an',  g= > b, B=D unt (5.12)

1=—T 1=—S

where a;,b;,u; € ¥, a_, # 0, b_g # 0. Suppose that |3 — p/q|l, < —2|g|,. Then
I = 1g8 —plv < —|qlv = s. Tt is easy to obtain from the definition of a best
approximation that [ > 0. Then we must have |p|, = |q|, + |50, that is, r = s —m.
We set
0 if j <m,
Cj = Au(um) lf.] =m,
Av(uj)+BU(uj—1) lf] > m,
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where the matrices A,, B, are defined in (3.2). Then g8 = Z;—imis djvj7 where
c@- = ZH_G:J- C;b,. Since

0

Z (di — a;)v" + idwi =1,
i=1 v

i=—r

lq/B - p‘v =

we obtain the following equations:

We set

a=1...|, coc=|(..................
b_s Cl_l Cs+l—1

It follows from (5.14) that g is a solution of the homogeneous system of linear

equations
CY =0, (5.15)

where Y = (y1,...,Yn(s+1))" is a column vector containing h(s + 1) variables. The
matrix C' with coefficients in the field L contains h(s + 1) columns and h(l — 1)
rows. Since | < s by our assumption, we have rank C' < h(l — 1). Consequently,
a general solution of (5.15) has the form

vi = Hi(z1,.. ., 2m), i=1,...,h(s+1), (5.16)
where H; is some linear form in the variables z1,..., z,, and
m=h(s+1) —rankC > h(s — 1 +2) > 2h.

Let V be the space of solutions of (5.15). By what was said above, dim V' = m > 2h.

We associate with each nonzero tuple (2{,...,20) € L™ the element g, =
(W2, Yn(arny)' € V. where y) = H; (27, ..., 2p,). In turn, for an arbitrary nonzero

element g, € V we can construct a fraction p; /¢ that has the following properties:
|Q1“ >|qh)and
‘qlﬂ _p1|v 2 |CI5 _p‘v' (517)

For that we construct the polynomials 0%, = y2i+1 + ygi”x 4+ y2i+hxh_1,

i=0,...,s. Next, we set

a)= > Cbd,  j=-r...,0,

i+e=j

and consider the elements

s—1 —r

0 ,—1 0o ,—i

q = E b, v, p1 = E a_;v .
i=0 i=0

The fraction p;/q; will be the required one.
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We distinguish in V' two subspaces U and W, which we shall now describe. Since
(5.15) has a solution g in which b_g # 0, not all of the forms Hgp11, ..., Hspin are
zero. Let T' C L™ be the space of solutions of the homogeneous system of linear
equations

Hopsr (31, 2m) = - = Hopgn(21, -, 2m) = 0.

Then dimT < m — 1. Let U be the set of those solutions of the system (5.15) that
correspond to elements of T'. Clearly, U is a proper subspace of V.

We now describe the set of those fractions pi/¢1 for which |q1], > |g], and
p/q = p1/q1 in the field L(x). Since the fraction p/q is irreducible, the fraction
p1/q1 is obtained from p/q as follows: we multiply p and ¢ by some polynomial
« € L[z], and then reduce the resulting fraction ap/(aq) to the form (5.11).

The polynomials ag, by in (5.12) are not simultaneously equal to zero. For
definiteness suppose that ag # 0 and degag > degbg. Then ap = Z?Z_T aa;v'.
We claim that deg aag < degv. Suppose the opposite. Then aag can be represented
in the form aag = co+c1v+ -+ -+ ¢qvt, where ¢; € £, 1 > 0. Consequently, in order
to represent the fraction ap/(aq) in the form (5.11) we must divide the numerator
and denominator by v!. But then we obtain |q;|, < |g|,; a contradiction. Thus, we
have

deg o < degv — max{degag,degby} = d < h.

Let R be the space of polynomials in L[x] of degree less than d. If o € U, then
we consider the fraction ap/(aq) and represent it in the form (5.11). As a result we
obtain a fraction p;/¢;. Consider the column vector g;. Since

P1
2
qil,

—|g_P
-

Y
v

it follows that g7 is a solution of (5.15) and therefore, ¢ € V. We denote by W
the set of all column vectors ¢; that can be obtained in this way, together with the
zero column. Clearly, W is a subspace of V and dim W = d < h. Consequently, W
is a proper subspace of V.

Since U and W are proper subspaces of V, we have V' \ (U U W) # &. Let
q1 € V\(UUW). Consider the fraction p; /g1 corresponding to q;. By construction
we have |q1], = |gl, and p/q # p1/q: in the field L(z). Then it follows from
inequality (5.17) that

This contradicts the fact that p/q is a best approximation to 3.
Theorem 5.4 is proved.

Proposition 5.5. If fractions a/b and c¢/d are best approximations to 5 such that
|bly, = |d|y, then there exists a constant h € L* such that a = he and b = hd.

Proof. If a/b # ¢/d in L(x), then by the definition of a best approximation we have
the inequalities

)
v

a
-3

Cc
>‘B—d

a
) ‘6_1)

C
<‘6—d

v v v
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a contradiction. Therefore, a/b = ¢/d in L(xz). By taking into account the
irreducibility of these fractions we obtain the required assertion.
Proposition 5.5 is proved.

Theorem 5.6. Suppose that degv = 1. The following assertions hold:

1) the nth convergent p, /g, to B is a best approzimation to 5;

2) if a fraction a/b is a best approzimation to (3, then there exist a convergent
Pn/qn to B and a constant ¢ € L* such that a = ¢p,, and b = cqy,.

Proof. 1) Since
Pn =C_s¥ ° 4+ -+ o, Gn =d_, v " + -+ dp,

where ¢;,d; € L, it follows that p,/q, has the form (5.11). Inequality (5.7) and
Theorem 5.4 now immediately imply that p, /g, is a best approximation to .

2) First we prove that [b|, = |gn|, for some convergent p,/q,. Suppose the
opposite. Since |goly = 1|, = 0 and |gn |y < |gn—1]v by (5.6), and |b|,, < 0, it follows
that there exists n such that

|gnt1lo < 1blo < lgnlo-

Since a/b is a best approximation to 8 and |¢,|, > |bl», we have

a DPn
R
v an v

Then

1 Pn a Pn a Pn

e B L - RO Iy R

banl, @ bl, |n b, In |,

= |qnB = Pulo = l@nlv = —|qn+1lo — lgnlo- (5.18)

Hence, —|bl, = —|¢n+1]v, which contradicts the inequality |¢n11]s < |bly. Thus,
|gn|s = ||, for some n. By applying Proposition 5.5 we complete the proof of
Theorem 5.6.

Theorem 5.6 is proved.

In the case degv > 1 the convergent p,, /g, is not necessarily a best approxima-
tion to 3.

FEzample 5.7. Let k, v, and d be the same as in Example 3.7. By expanding Vid
into a continued fraction we obtain

aw=z a=@+v +1, a=v'4+z+l, a3=Q2c+1v ",
Then the convergents to v/d have the form
1 (@+2u Tt +a+2 py (x+2w 24 zv i+ +240

)

a  (r+Dvl+1 @ (+Dv2+Q2r+Dv 4z’

We claim that py/go is not a best approximation to v/d. By (5.7),

-t
q2

= _|a3‘v - 2|q2|v =5.

v
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On the other hand, in order to write the convergent psy/qs in the form (5.11) we
need to divide the numerator and denominator by v:

p2_ P2 (42 tav P+ (z4+2u +1

@ @ (+Dv3+Q2r+ v 2 +av!

Then we have

=

P2
g

:’f_p?
v q2

=5< —2|Z]vg‘v = 6.

v

By Theorem 5.4, p2/g2 is not a best approximation to V.

5.3. Continued fractions and S-units. In this subsection we again assume
that L = F, is a finite field of characteristic p > 2 and k = Fy(x). We show how
continued fractions can be used for finding fundamental S-units in hyperelliptic
fields.

Let v € Fy[z] be an irreducible polynomial. Suppose that the valuation |- |,
has two non-equivalent extensions |- |, and |- |, to the field K = k(v/d). Let
S = {]]oos | v} In the classical case of a quadratic extension L = Q(/7),
r > 0, of the field Q, a fundamental unit of the field L can be found by using the
expansion of v/d or (v/d —1)/2 into a continued fraction (see [11], Ch. IT, § 7). Our
purpose is to show that in the case of the hyperelliptic field K and the valuation
| - |, defined by a linear polynomial v, a fundamental S-unit can be found by using
the method of continued fractions.

Theorem 5.8. Let v € F,(z) and degv = 1. Suppose that for some minimal
positive integer m equation (3.1) has a solution in polynomials f,g € F4[x], g # 0.
The following assertions hold.

1. If m =2t + 1, then f/g is a best approzimation to /d. Thus, f/g = pn/qn
for some convergent py,/qy to V.

2. If m = 2t, then there exists a divisor h of the polynomial d such that
degh < (1/2)degd and the equation

d
ng — hf? =, (5.19)

where b € Fy, has a solution in polynomials f1,g1 € Fy(z]. Furthermore, fi/g1

is a best approrimation to \/E/h and, consequently, f1/g1 = pn/qn for some con-
vergent pp/qn to \d/h. Conversely, if fi,g1 € F,[x] is a solution of (5.19), then

f1/g1 is a best approzimation to \/d/h, f1/g1 = pn/qn for some convergent py/qn
to \/ﬁ/h, and the polynomials f and g defined by the formulae

1 d
f= 3 <hf12 + h9%>> 9= fig1 (5.20)

are a solution of equation (3.1).

Proof. 1. We write (3.1) in the form

(f = gVd)(f + gVd) = av* .
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By Proposition 2.1 we can assume that |f + gv/d|,, = 0 and |f — gVd|, = 2t + 1.
We expand f and g in powers of v:

f:b0+b11}+"‘+br’l)r7 g:CO+01U+'--+cSUS7

where b;,¢; € Fy, b, # 0, ¢ # 0. A comparison of the degrees of the polynomials
on the left- and right-hand sides of equation (3.1) shows that » <t and s <t. Let
h = max{r, s}. Consider the element f — gv/d, where

h

f:ihzbov_h—i—"'-i-brvr_h, g:%:cov_h+~-~+csvs_.
v v

Since f/g has the form (5.11) and
F—gVdly =2t+1—h>t+1>—[gl, =t,

by Theorem 5.4 the fraction f/§ = f/g is a best approximation to v/d. Then by
Theorem 5.6 we have f/g = p, /¢, for some convergent p,, /¢, to v/d.

2. Since a in equation (3.1) must be a square, after dividing both sides by a we
can assume without loss of generality that f, g is a solution of the norm equation
% — g°d = v**. Hence we obtain

(f —o")(f + ') = g2d. (5.21)

Let d = dyd> - - - d, be the factorization of d into irreducible factors over F,. Then
each polynomial d; divides exactly one of the factors: f — v’ or f + v’. Otherwise
we would have d; dividing v* and therefore d; = cv, where ¢ € IFZ. But then v
divides d, which is not the case.

Let h; be the product of those d; that divide f — v, and hy the product of
those d; that divide f + v'. Then hihy = d and (hy,hs) = 1. For definiteness
suppose that deghy < deg hq, that is, deg hy < (1/2) degd. We write

f — vt = hluh f + ’Ut = h2u2. (522)

From (5.22) we obtain
1 .1
f = §(h1u1 + h2u2), v = g(hg'l.tQ — hlul). (523)

By substituting (5.22) into (5.21), we obtain ujus = g2. Note that (uy,us) = 1
(otherwise f and g would not be coprime). Then u; = fZ and us = g3. Thus,

f= %(hlff + hag?), 9= fi91. (5.24)

From (5.23), (5.24) we obtain

d
0t = h—lgf — hy f. (5.25)

Thus, equation (3.1) has a solution in polynomials f,¢g € F,[z] if and only if
equation (5.25) has a solution in polynomials fi, g1 € F,[z] for some divisor hy of
the polynomial d such that deghy < (1/2) degd.
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We now prove that the fraction fi/g1 is a best approximation to the frac-
tion v/d/h;. By the minimality of m = 2t we have degh; > 1. We consider in
more detail equation (5.25). We write it in the form

h1 (fgl - fl) <ﬁgl + f1> = 20", (5.26)

Since |h1 |, = 0 and |V/d|,» = 0, by Proposition 2.1 we can assume that

=1.

v’

Vd Vd
—g1+ f1 0, —g1— f1
hl hl

v’

We expand f; and g; in powers of v:
fi=bo+biv+---+0bv", g1 =co+crv+ -+ v,

where b;,¢; € Fy, b, # 0, ¢s # 0. By comparing the degrees on the left- and right-
hand sides of equation (5.25), we obtain r < ¢/2 and s < t/2. Let h = max{r, s}.
Consider the element (vd/h1)g; — f;, where

i f1 — g1
fl:UTL’ 91 = -

Since f,/g; has the form (5.11) and

Vvd_ o - _
7191—f1 =t—h>h=—|g|,

v’

by Theorem 5.4 the fraction f,/g, = fi/g1 is a best approximation to v/d/h;.
Then by Theorem 5.6 we have f1/g1 = pn/qn for some convergent p,, /g, to V/d/h.
Theorem 5.8 is proved.

We point out that Theorem 5.8 becomes false in the case degv > 1. We turn
to Examples 3.7 and 5.7 considered above. The element ¢ = f + gv/d, where
f=22%4+223 +1 and g = z, is a fundamental S-unit. It is easy to verify that
flg#p1/q and f/g # pa/qa. A fortiori, f/g does not coincide with any convergent
Dn/Gn to Vd for n > 2, since the degree of the denominator is always greater than 1.

Theorem 5.8 gives an algorithm for calculating a fundamental S-unit in the case
degv = 1. Let dy,...,d, be all the divisors of the polynomial d of degree at most
(1/2) degd. We calculate consecutively the convergents to v/d, vd/dy,...,\/d/d,
and, for each convergent p,, /g, verify whether equation (5.19) holds. As soon as
we find a convergent p, /¢, satisfying (5.19), by formulae (5.20) we find a solution
f, g of the norm equation (3.1). Then either f + gv/d or f — gv/d is a fundamental
S-unit.
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