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Abstract: We consider one extremal linear non-homogeneous problem of flow
programming with additional constraints of general kind. We use the network
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1. Mathematical Model

Let G = (I,U) be a finite oriented connected network without multiple arcs
and loops, where [ is a set of nodes and U C I x [ is a set of arcs. Assume that
a finite non-empty set K = {1,...,|K|} of different products (commodities) is
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transported through the network G. For each k € K there exists a connected
subnetwork G* = (I*,U*) C G, such that U* C U is a non-empty set of
arcs carrying the k-th product, I* = I(U*), I(U*) — is the set of nodes used
for transporting (producing/consuming/transiting) the k-th product. In order
to distinguish the products, which can simultaneously pass through an arc
(i,7) € U, we introduce the set K(i,j) = {k € K : (i,5) € U*}. Similarly,
K(i) = {k € K : i € I¥} is the set of products simultaneously transported
through a node i € I.

Now let us define a set Uy as an arbitrary subset of multiarcs of the net-
work G, Uy C U. Each multiarc (i,j) € Up has an aggregate capacity con-
straint for a total amount of transported products from a subset Ky(i,j) C
K(i,j),|Ko(i,j)| > 1. For all arcs (i,j) € U we assume the amount of each
product k € K(i,7) to be non-negative. Moreover, each arc (i,5) € U can
be equipped with carrying capacities for products from a set Ki(i,j), where
Ki(i,j) € K(i,7) is an arbitrary subset of products transported through the
arc (4,7).

Thus, given transportation costs through arcs (i,7) € U for all products,
we consider the min-cost flow problem on the described network G, where the
products are, additionally, related by equality constraints of a general kind.

Yo D dl— min, (1)

(4,7)€U ke K (i,5)

Z a:fj— Z a:fi:af, forieI* ke K; (2)
jer (uk) jer; (UF)
Z Z )\ZP:E% =aq,, forp=1,1; (3)
(4,7)€U k€K (i,5)
dooal <), for (i) € Up; (4)
keKO(ivj)
0<aj; <df, forkeKi(i,j),(i,j) €U; (5)
zf; >0, for ke K(i,5) \ Ki(i, ), (i,§) € U, (6)
where I (U*) = {j € I" : (i,j) € UF}, 17 (U") = {j € I : (j,i) € UF}; af;

k
ij
portation cost through an arc (7, j) of a unit of the k-th product; dfj — carrying

— amount of the k-th product transported through an arc (i,75); ¢ trans-

capacity of an arc (i, j) for the k-th product; dgj — aggregate capacity of an arc

(i,7) € Uy for a total amount of products Ky(i,7); )\Zp — weight of a unit of



DECOMPOSITION OF THE NETWORK SUPPORT FOR... 347

the k-th product transported through an arc (i,j) in the p-th additional con-
straint; a;, — total weighted amount of products imposed by the p-th additional
constraint; af — intensity of a node ¢ for the k-th product.

Definition 1. The vector z = (a:f], (1,7) € Uk € K(i,j)) is a non-
homogeneous flow on the network G, if it satisfies the constraints (2)-(6).

For brevity, further in the paper, we will call a “non-homogeneous flow”,
simply, “a flow” and a “multinetwork”, simply “a network”.

Definition 2. The flow 20 = (:E?f, (i,5) € Uk € K(i,7)),2" € X, where
X is a set of all flows, is optimal if

k Ok . k. k
Z Z Cijtiy = Mg Z Z CijTij-

(4,7)€U keK (i,5) (4,7)€U keK (i,5)

Definition 3. We call (2)-(4) the system of main constraints of the problem
(1)-(6). Constraints (5)-(6) are the direct constraints of the problem (1)-(6).

Let us name, traditionally, different parts of the system of main constraints.

Definition 4. We call (2) the network part of the system of main con-
straints of the problem (1)-(6). Equations (3) are the additional part of the
system of main constraints (additional constraints) of the problem (1)-(6). In-
equalities (4) form the sparse part of the system of main constraints of the
problem (1)-(6).

2. Example

In this section we introduce an example of the problem (1)-(6) for the multinet-
work G = (I,U),I = {1,2,3,4}, U = {(1,3),(1,4), (2.1),(2,4),(3,2), (4,3)}.
Let K = {1,2,3,4,5} be the set of transported products (Figure 1). Char-
acteristics of the structure of the network G are provided in Table 1. The
mathematical model of the problem (1)-(6) for the multinetwork G = (I,U)
(Figure 1) can be represented as (la)-(6a).

2a1y + 235 + 3ady + 4ady + oy + 8y + 533 + x5, + 234

. 1
+6x%4 + 2"1:%4 + 31’%2 + 2"1}'%2 + 132 + 41'4213 + 1'4313 — min, ( a)
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Figure 1:

Figure 2: Networks G¥ = (I*,U*), k = 1,2.

1 2 2 2
1w24 —10.57 ac221 + x224 - x322 =0.25,
—y3 — T3 = —1, x5y — Ti3 — xy3 = 0.9,
954113 - xh - 95%4 = —0.5, %213 - 95%4 =0,
x3y =0, aty +aty — a5, = 0.5,
30 4 4 47
, Ty S L, Ty "‘43324 —43332 = —0.25, (2a)
Ty3 — x5y =0, —ry — Ty = —1,
295 = 1.5,
5
—x39 = —0.5,
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(4,7) (1,3) (1,4)

k 1[2]3[4]51[2]3[4]5
U el ][]
Up +

K (i, ) {1,2,3,4,5} {1,4}
Kl(ivj) {17275} {4}

Ko(i, 5) 3,4}

(4,7) (2,1) 2,4)

k 12345 1]2][3]4]5
vt ESINES NN ESE RS RS
Uo

K (i, ) {2,4} {1,2,3,4}
Kl(iaj) {2’4} {173}
Ko(i, j)

(4,9) (3,2) (4,3)

k 12345 1]2]3]4]5
U* ES N ES ES E S S
Uo +

K (i, j) {2,4,5} {1,2,3}
Kl(iaj) {274’5} {3}
KO(iaj) {172}

Table 1: Characteristics of the network structure

2a1y + 3ats + a3 + oy + 2285 + z],

+3xy + 223, + 25 + 13, + 23, + 423,

+5y + 203 + 223y + 3a3y + iz + T3 + 3ui; = 42,
2a1y + 2275 + 3xf; + iy + 2205 + 3z,
+al, + 233, + 23, + 2l + 223, + 423,

+3x5 + 223, + dad, + 23, + s + 323, + 32, = 58,

1 1
xig + -Zgg S 6, xig 2 O, .Zgg 2 O,
Ty3 +xy3 <7, w3 > 0, 233 >0,
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Figure 3: Networks G* = (I*,U*), k = 3,4, 5.

0<zi; <4, 0<x},<4, 0<zi,<2, 0<x3,<3,
ogxiggz 0§$§1§5, 0§x§4§4, 0§$§2§2, (5a)
0<273<6, 0<z5,<2, 0<z3,<4, 0<xy3<4,

21y 20, 234 >0, x5 > 0. (62)

3. Decomposition of the Network Support, Determinants of Cycles

In this section we define a support of the network G = (I,U) for the problem
(1)-(6). In order to give the definition we will need to introduce some more
sets.

Let Ug C U* k € K be arbitrary subsets of arcs of the networks G*.
For each arc (i,7) € U we define a subset of products Kg(i,j) € K(i,j),
Ks(i,j) = {k € K : (i,j)F € U’g}, transported through an arc (7, ). Also, for
arcs from the set Uy we introduce a subset U*, such that U* C Uy C Uy, Uy =
{(Z>]) € UO : |Kg(27])| > 1}7 where K,(S)‘(Z>]) = KS(Z>])HK0(Z>])7 (27]) € UO'

Let U ]Sf C U* k € K be arbitrary subsets of arcs of the subnetworks G*.
Thus, for each arc (i,j) € U we can define a subset of products Kg(i,j) C
K(i,j), Ks(i,j) = {k € K : (i,4)* € Uk}, transported through an arc (i, ).
For arcs from the set Uy we introduce a subset U*, so that U* C Uy. Also, we
denote K3 (i, j) = Ks(i,) (N Ko(i,4), (i,4) € Up.

Definition 5. The aggregate of sets Ug = {Uk, k € K;U*} U* C Uy, Uy =
{(i,5) € Uy : |K2(i,5)| > 1}, is a support of the network G (or, network
support) for the problem (1)-(6), if the system

> oab - Y ak=0iel" keK, (7)

g N
jer (Uk) jer; (UF)
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keK (Z,])EUk
; ak =0, (i,5) € U, (9)
keKY(i,9)

has only the trivial solution :Ef] =0,(i,j) € Uk k € K, when U* = U% and
U* = U*, Kg(z',j) = Kg(i,j), but has a non-trivial solution if either:

1) Uk = Ug,k S K, U* - U*\(i07j0)7 (i07j0) € U*7 or

2) UF = Uk, k € K\ko,UE = UL J(io, jo)*, (i0, jo)" ¢ UL, ko € K;U* =
U*,
’ K3(i, )) UK N K31, §)), if (4,5) = (io, jo)-

Consider the support structure Ug = {U’S‘f,k € K;U*},Ug cU* ke K,U*C
Uo, Ug = {(i,j) € Up : |KY > 1},Ks(i,j) = {k € K(i,j) : (i,j)* €
UL, (i,5) € U, K%, 5) = Ks(i,j)  Koli,j), (i,j) € Up. Let the set U% con-
tain I, arcs (i,5)* such that removing them from the set U. ]5? gives the set
U} such that the network (I(UX),Uk) contains no cycles but every network
(I(UE), Uk (i, j)*) contains a cycle. Let us denote UL = UE\ Uk k € K.

Definition 6. The elements of the set Uc = |J Ug are called cyclic arcs.
keK

The elements of the set Upr = |J U:f? are called tree arcs.
keK
Let K be the set {1,2,...,|K|}. Let us suppose that U’IS‘C contain [ inde-

pendent cycles, k € K. The cycles Z;, = {L’ﬁp, (1, p)k € U’é} of the network G
are called independent if every cycle has at least one edge that does not belong
to other cycles and the unitary circulations [3], [5] form a linearly-independent
system of vectors, k € K.

Every arc (7, p)¥ € UL belongs to some cycle pr from the set U¥. If the
network G% = (I(U%),UE) is connected then the cycles Zj, = {Llﬁp, (1, p)* €
Ug}, k € K introduced the same way form the fundamental set of cycles. We

introduse arbitrary numbering of arcs within the set and Us = |J Ug. Let
keK

us mark every arc (7p)* € UL with the number t = #(7p)*. Let us consider

an arbitrary cycle LF.t = t(r,p)*. We choose the direction of cycle detour

such that the arc (7, p)¥ is a forward one. Let Lf ", Lf ~ be sets of forward and

backward arcs of the cycle LF correspondingly.
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Definition 7. The number R,(Lf) = 3 /\i-?]-gsigm(i,j)Lf is called the
(i.j)F €Ly
determinant of the cycle LF with respect to the additional restriction (3) with
the number p, where
1, if (i) el
sign(i, /)% =4 1, if (i,5)F € L'
0, if (i,j)*¢Lf.

Let us put the arcs of the set U* in arbitrary order. Let & = £(4, ) be the
serial number of the multiarc (7, j) in the set U*,1 < ¢ < m,m = |U*|. We build

the matrix D = <D1>, where Dy = (R,(L¥),p = 1,1,t = ?f),f: |U.| is a

Dy
matrix of order [ x ¢ consisting of determinants R,(Lf) = Rp(L’(pr ), t =1t(7,p)
with respect to the restrictions (3), Dy = (d¢(; 5)(LF),€(i,j) = 7) is

an m x t-matrix that consists of the following elements:
1, if (i,5)F Lf(+ ok € Ko(i,j
i ( ) )’ ke KO(Zaj
dep(LE) =4 0, if (i,))F & Lk, .k € Ko(i.]
07 lf(Z,j)kth(Tp) kGK(Z .7)
\ (Zaj) € UO;
§=¢£(,7), (1,5) e U™

Ift #14+m,m = |U*| we supply the matrix D with zeros to make it a
square matrix of order max{t,l + |[U*|}. Let R(Ug) = det D.

~—

,(1,7) € Uop;

/ :_/

N —~

.\.N
NSRS

- N—

m

S

:_/
—~
=
SN—

. m
S

0

4. Theoretical — Graphical Properties

Theorem 1. (Criterion of Support) The set of arcs Ug = {U]S‘f, ke K,U*},
Uk c UMk € K;U* C Ug, Ug = {(i,§) € Uy : |KY| > 1}, Ks(i,j) = {k €
K(i,j) = (i,5)" € U§}, (i.4) € U K3(i,§) = Ks(i,j) N Ko(i,5), (i, §) € Up is a
support of the network G iff the following conditions are met:

1. I(UF) = 1"k € K;

2. U’IS‘C is a connected set, k € K;

3. R(Ug) # 0.

Proof. Is made [5]. O
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Figure 4: A support for the problem (1la)-(6a): bold arrows mean tree
arcs, thin arrows mean cyclic arcs

(i,4) (L3 |14 | =1
KS(imj) {273’47 5} {1} {274}
Ky(i,j) | {2,5} o | {24
Kg(i.g) | {3,4}

Kn (i, j) {1} {4} 2
Ky (i) {1} {4} 2
KX.(i, ) 2]

(i) 24 | (3.2 | (43

Ks(i,j) | {1,2,3,4} | {2,5} | {2,1,3}
KoGig) | {13} {25} | {3}

K3(i,5) {2,1}
Ky (i j) @ {4} 2]
KR, ) 2

Table 2: Characteristics of the support for the problem (1a)-(6a)
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Let D = D(Ug) be the matrix of determinants that corresponds to the
support Ug = {Ug,k; € K,U*}.

An example of a support for the problem (1a)-(6a) can be found at Figure
4. The characteristics of the support are represented in Table 2, where

K§(i,§) = Ks(i,5) () K1 (i, 4), (i, 5) € U;
K3(i,5) = Ks(i, §) [ ) Ko(i, 5), (i, 5) € Uo;
Kn(i,j) = K(i,5) \ Ks(i, j);
Ky (i, §) = Kn(i,) (K16, 4), (i, §) € U;
KR (i,) = Kn(i, ) () Koli 4), (i, ) € Up.

RI(L§2) R1(Lz213) ] [ 7T =3 }
U=, D= — . det D 0.
[ Ro(L3,) RalL3y) 6 1 | detDF
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