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Íàñòîÿùèé ñáîðíèê ñîäåðæèò ìàòåðèàëûÄÂÀÄÖÀÒÜ ÏÅ�ÂÎÉ ÁÅËÎ�ÓÑÑÊÎÉ ÇÈÌÍÅÉØÊÎËÛ-ÑÅÌÈÍÀ�À ÏÎ ÒÅÎ�ÈÈ ÌÀÑÑÎÂÎ�ÎÎÁÑËÓÆÈÂÀÍÈß (BWWQT-2011).Ìèíñê, 31 ÿíâàðÿ � 3 �åâðàëÿ 2011 ã.
Øêîëû-ñåìèíàðû îðãàíèçóþòñÿ êà�åäðîé òåîðèè âåðîÿòíîñòåéè ìàòåìàòè÷åñêîé ñòàòèñòèêè è íàó÷íî-èññëåäîâàòåëüñêîé ëà-áîðàòîðèåé ïðèêëàäíîãî âåðîÿòíîñòíîãî àíàëèçà Áåëîðóññêî-ãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà ñ 1985 ãîäà. Áåëîðóññêèåøêîëû-ñåìèíàðû òðàäèöèîííî ïðîâîäÿòñÿ êàê íàó÷íûå êîí-�åðåíöèè ïîä ðàçëè÷íûìè äåâèçàìè, îòðàæàþùèìè îñíîâíóþèäåþ ïðîâåäåíèÿ î÷åðåäíîé êîí�åðåíöèè.Â 2011 ãîäó øêîëà ïðîâîäèëàñü êàê ìåæäóíàðîäíàÿ êîí�åðåí-öèÿ �Cîâðåìåííûå âåðîÿòíîñòíûå ìåòîäû àíàëèçà è îïòèìèçà-öèè èí�îðìàöèîííî-òåëåêîììóíèêàöèîííûõ ñåòåé�.Î��ÀÍÈÇÀÖÈÎÍÍÛÉ ÊÎÌÈÒÅÒ:À. Äóäèí (Áåëàðóñü), ïðåäñåäàòåëü;�. Ìåäâåäåâ (Áåëàðóñü), Ì. Íüþòñ (ÑØÀ), ñîïðåäñåäàòåëè;À. Àíäðîíîâ (Ëàòâèÿ), Â. Àíèñèìîâ (Âåëèêîáðèòàíèÿ),Ä. Áàóì (�åðìàíèÿ), Õ. Àëü-Áåãàéí (Âåëèêîáðèòàíèÿ),Ñ. ×àêðàâàðòè (ÑØÀ), Á. ×îè (Êîðåÿ),�. Ôàëèí (�îññèÿ, Âåëèêîáðèòàíèÿ), À. �îìåñ-Êîðàë (Èñïàíèÿ),×. Êèì (Êîðåÿ), Â. Êëèìåíîê (Áåëàðóñü), È. Êîâàëåíêî (Óêðàèíà),À. Ëàòêîâ (Ëàòâèÿ), Å. Ëåáåäåâ (Óêðàèíà),Þ. Ìàëèíêîâñêèé (Áåëàðóñü), Ì. Ìàòàëûöêèé (Áåëàðóñü),À. Íàçàðîâ (�îññèÿ), �. Íîáåëü (Íèäåðëàíäû), Â. �ûêîâ (�îññèÿ),Ñ. Ñòåïàíîâ (�îññèÿ), ß. Øòðèê (Âåíãðèÿ), Õ. Òèéìñ (Íèäåðëàíäû),Â. Âèøíåâñêèé (�îññèÿ), À. Ìåëèêîâ (Àçåðáàéäæàí).3



The present volume ontains papers ofthe TWENTY FIRST BELARUSIAN WINTER WORKSHOPON QUEUEING THEORY (BWWQT-2011).Minsk, January 31 � February 3, 2011.
The workshops are organized by both department of the proba-bility theory & mathematial statistis and researh laboratoryof the applied probability analysis of the Belarusian State Uni-versity sine 1985. The Belarusian workshops are traditionallyonduted as sienti� onferenes under the various devies thatreet main idea of realization of the next onferene.In a 2011 the workshop was onduted as International onferene�Modern Probabilisti Methods for Analyisis and Optimizationof Information and Teleommuniation Networks�.
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Áåëîðóññêèå øêîëû-ñåìèíàðû ïî òåîðèè ìàññîâîãî îáñëóæèâàíèÿ ïðîâîäÿòñÿåæåãîäíî, íà÷èíàÿ ñ 1985 ã. (ðàç â äâà ãîäà ñ 1999 ã.) êàê íàó÷íûå êîí�åðåíöèèïî ðàçëè÷íûì ïðèëîæåíèÿì òåîðèè ìàññîâîãî îáñëóæèâàíèÿ.Ïðåäûäóùèìè êîí�åðåíöèÿìè áûëè:1985 �ðîäíî Èññëåäîâàíèå ïóòåé ïîâûøåíèÿ ý��åêòèâíîñòè ñåòåé ñâÿçè èñåòåé ÝÂÌ1986 �îìåëü Ìàòåìàòè÷åñêèå ìåòîäû òåîðèè ìàññîâîãî îáñëóæèâàíèÿ è èõïðîãðàììíîå îáåñïå÷åíèå1987 �ðîäíî Ïðèíöèïû è àëãîðèòìû êîììóòàöèîííûõ ñèñòåì1988 �ðîäíî Ñîâðåìåííûå ìåòîäû èññëåäîâàíèÿ èí�îðìàöèîííî-âû÷èñëèòåëüíûõ ñèñòåì1989 �ðîäíî Ìåòîäû èññëåäîâàíèÿ èí�îðìàöèîííî-âû÷èñëèòåëüíûõ ñåòåé1990 Âèòåáñê Ìàòåìàòè÷åñêèå ìåòîäû èññëåäîâàíèÿ ñåòåé ñâÿçè è ñåòåé ÝÂÌ1991 �ðîäíî Ñåòè ñâÿçè è ñåòè ÝÂÌ êàê ìîäåëè ìàññîâîãî îáñëóæèâàíèÿ1992 Áðåñò Ñåòè ñâÿçè è ñåòè ÝÂÌ. Àíàëèç è ïðèìåíåíèå.1993 Ìèíñê Ìàòåìàòè÷åñêèå ìåòîäû èññëåäîâàíèÿ ñèñòåì è ñåòåé ìàññîâîãîîáñëóæèâàíèÿ1994 Ìèíñê Àíàëèç è ïðèìåíåíèå ñèñòåì è ñåòåé ìàññîâîãî îáñëóæèâàíèÿ1995 Ìèíñê Èññëåäîâàíèå ñåòåé ñâÿçè è êîìïüþòåðíûõ ñåòåé ìåòîäàìè òåî-ðèè ìàññîâîãî îáñëóæèâàíèÿ1996 �ðîäíî Èññëåäîâàíèå ñèñòåì è ñåòåé ìàññîâîãî îáñëóæèâàíèÿ1997 Ìèíñê Ìàòåìàòè÷åñêèå ìåòîäû èññëåäîâàíèÿ òåëåêîììóíèêàöèîííûõñåòåé1998 Ìèíñê Ìàòåìàòè÷åñêèå ìåòîäû èññëåäîâàíèÿ ñåòåé ìàññîâîãî îáñëó-æèâàíèÿ1999 Ìèíñê Ñîâðåìåííûå ìàòåìàòè÷åñêèå ìåòîäû èññëåäîâàíèÿ òåëåêîììó-íèêàöèîííûõ ñåòåé2001 Ìèíñê Ñîâðåìåííûå ìàòåìàòè÷åñêèå ìåòîäû èññëåäîâàíèÿ èí�îð-ìàöèîííî-âû÷èñëèòåëüíûõ ñåòåé2003 �îìåëü Ñîâðåìåííûå ìàòåìàòè÷åñêèå ìåòîäû àíàëèçà è îïòèìèçàöèèòåëåêîììóíèêàöèîííûõ ñåòåé2005 Ìèíñê Ìàòåìàòè÷åñêèå ìåòîäû ïîâûøåíèÿ ý��åêòèâíîñòè �óíêöèî-íèðîâàíèÿ òåëåêîììóíèêàöèîííûõ ñåòåé2007 �ðîäíî Ìàòåìàòè÷åñêèå ìåòîäû ïîâûøåíèÿ ý��åêòèâíîñòèèí�îðìàöèîííî-òåëåêîììóíèêàöèîííûõ ñåòåé2009 Ìèíñê Ñîâðåìåííûå ìàòåìàòè÷åñêèå ìåòîäû àíàëèçà è îïòèìèçàöèèèí�îðìàöèîííî-òåëåêîììóíèêàöèîííûõ ñåòåéÏî ñîñòàâó ó÷àñòíèêîâ ïðîâîäèìûå øêîëû-ñåìèíàðû äî 1994 ã. èìåëè õà-ðàêòåð âñåñîþçíûõ. Íà÷èíàÿ ñ 1995 ã. â ðàáîòå øêîë-ñåìèíàðîâ ó÷àñòâóþòïðåäñòàâèòåëè äðóãèõ ñòðàí (Àâñòðèè, Àëæèðà, Áåëüãèè, Áîëãàðèè, Âåí-ãðèè, �åðìàíèè, Íèäåðëàíäîâ, Èíäèè, Èñïàíèè, Èòàëèè, Êàíàäû, Êèòàÿ,Êîðåè, Ìåêñèêè, Ïîëüøè, Ïîðòóãàëèè, ÑØÀ, Òóðöèè, Ôðàíöèè, ßïîíèè).5



The Belarusian workshops on queueing theory are onduted annually sine 1985(biennially sine 1999) as sienti� onferenes on variousappliations of queueing theory.The previous onferenes were:1985 Grodno Researh of paths of inrease of eÆieny of ommuniation net-works and omputer networks1986 Gomel Mathematial methods of theory of queues and their software1987 Grodno Priniples and algorithms of ommuniation systems1988 Grodno Modern methods of a researh of information systems1989 Grodno Methods of a researh of information networks1990 Vitebsk Mathematial methods of a researh of ommuniation networksand omputer networks1991 Grodno Communiation networks and omputer networks as modelsof a queuieng theory1992 Brest Communiation networks and omputer networks. The analysisand appliation.1993 Minsk Mathematial methods of a researh of systems and queueing net-works1994 Minsk Analysis and appliation of queueing systems and queueing net-works1995 Minsk Researh of ommuniation networks and omputer networks bymethods of queueing theory1996 Grodno Researh of queueing systems and queueing networks1997 Minsk Mathematial methods of a researh of teleommuniation networks1998 Minsk Mathematial methods of a researh of queueing networks1999 Minsk Modern mathematial methods of investigation of teleommunia-tion networks2001 Minsk Modern mathematial methods of investigation of the informationnetworks2003 Gomel Modern mathematial methods of analysis and optimization ofteleommuniation networks2005 Minsk Mathematials Methods of Optimization of TeleommuniationNetworks2007 Grodno Mathematial Methods for Inreasing EÆieny of InformationTeleommuniation Networks2009 Minsk Mathematial Methods for Analysis and Optimization of Informa-tion Teleommuniation NetworksOn omposition of partiipants the past workshops up to 1994 had the SovietUnion harater. Sine 1995 the representatives of other ountries (Algeria, Aus-tria, Belgium, Bulgaria, Canada, China, Frane, Germany, Hungary, India, Italy,Japan, Korea, Mexio, the Netherlands, Poland, Portugal, Spain, Turkey, theUSA) partiipate in workshops. 6
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ÈÑÑËÅÄÎÂÀÍÈÅ ÑÓÌÌÀ�ÍÎ�ÎÏÎÒÎÊÀ ÎÁ�ÀÙÅÍÈÉÂ ÑÈÑÒÅÌÅ Ì|GI|1Ñ ÏÎÂÒÎ�ÍÛÌÎÁÑËÓÆÈÂÀÍÈÅÌ Ñ Ó×ÅÒÎÌÍÎÌÅ�À ÏÎÏÛÒÊÈÈ. ÀíàíèíàÒîìñêèé ãîñóäàðñòâåííûé óíèâåðñèòåòÒîìñê, �îññèéñêàÿ Ôåäåðàöèÿananinaia�sibmail.omÂ ðàáîòå ðàññìàòðèâàåòñÿ ñèñòåìà M|GI|1, íà âõîä êîòîðîé ïîñòóïàåò ïðîñòåé-øèé ïîòîê. Â ñèñòåìå ðåàëèçóåòñÿ ìíîãîêðàòíîå îáñëóæèâàíèå çàÿâîê, ïðè ýòîìäëèòåëüíîñòü îáñëóæèâàíèÿ è âåðîÿòíîñòü âîçâðàùåíèÿ â ñèñòåìó çàâèñÿò îò íî-ìåðà îáðàùåíèÿ ýòîé çàÿâêè. Íàéäåíà ïðîèçâîäÿùàÿ �óíêöèÿ ñóììàðíîãî ÷èñëàçàÿâîê, îáðàòèâøèõñÿ ê ñèñòåìå çà âðåìÿ t.Êëþ÷åâûå ñëîâà: M|GI|1 , ïîòîêè îáðàùåíèé, ïîâòîðíîå îáñëóæèâàíèå, ìåòîäïðåäåëüíîé äåêîìïîçèöèè.1. ÏÎÑÒÀÍÎÂÊÀ ÇÀÄÀ×È�àññìàòðèâàåòñÿ ñèñòåìà ìàññîâîãî îáñëóæèâàíèÿ ñ íåîãðàíè÷åííûì êîëè÷å-ñòâîì îáñëóæèâàþùèõ ïðèáîðîâ, íà âõîä êîòîðîé ïîñòóïàåò ïðîñòåéøèé ñ ïàðà-ìåòðîì � ïîòîê. Â ñèñòåìå ðåàëèçóåòñÿ ìíîãîêðàòíîå îáñëóæèâàíèå çàÿâîê. Çà-ÿâêà, âûïîëíÿþùàÿ k-îå ïî ñ÷åòó îáñëóæèâàíèå, íàçûâàåòñÿ k-çàÿâêîé. Ïåðâè÷-íûå çàÿâêè, òî åñòü çàÿâêè âõîäÿùåãî ïðîñòåéøåãî ïîòîêà, ÿâëÿþòñÿ 1-çàÿâêîé.Çàâåðøèâ îáñëóæèâàíèå, ñ âåðîÿòíîñòüþ rk ïîêèäàåò ñèñòåìó, à ñ âåðîÿòíîñòüþ1 � rk âîçâðàùàåòñÿ íà ïðèáîð äëÿ ïîâòîðíîãî îáñëóæèâàíèÿ, ñòàíîâÿñü (k + 1)-çàÿâêîé. Âðåìÿ îáñëóæèâàíèÿ k-çàÿâêè èìååò ïðîèçâîëüíóþ �óíêöèþ ðàñïðåäå-ëåíèÿ Bk(x).Îáîçíà÷èì nk(t) - ÷èñëî k-çàÿâîê, ðåàëèçîâàííûõ (ïîÿâèâøèõñÿ) â ñèñòåìå çàâðåìÿ t. Òàêèì îáðàçîì, èìååì ñèñòåìó ìàññîâîãî îáñëóæèâàíèÿ ñ íåîãðàíè÷åí-íûì ÷èñëîì îáñëóæèâàþùèõ ïðèáîðîâ è ïîâòîðíûìè îáðàùåíèÿìè ñ ó÷åòîì íî-ìåðà ïîïûòêè . Ñòàâèòñÿ çàäà÷à íàõîæäåíèÿ ïðîèçâîäÿùåé �óíêöèè ñóììàðíîãîïðîöåññà m(t) = 1Xk=1 nk(t):8



2. ÌÅÒÎÄ Ï�ÅÄÅËÜÍÎÉ ÄÅÊÎÌÏÎÇÈÖÈÈÈññëåäîâàíèå ñóììàðíîãî ïîòîêà îáðàùåíèé è íàõîæäåíèå åãî ïðîèçâîäÿùåé�óíêöèè áóäåì îñóùåñòâëÿòü ñ ïîìîùüþ ìåòîäà ïðåäåëüíîé äåêîìïîçèöèè [1℄.Ñóòü ýòîãî ìåòîäà çàêëþ÷àåòñÿ â ñëåäóþùåì.Âõîäÿùèé ïîòîê äåëèòñÿ ïî ïîëèíîìèàëüíîé ñõåìå ñ ðàâíûìè âåðîÿòíîñòÿìèíà N íåçàâèñèìûõ ïóàññîíîâñêèõ ïîòîêîâ ñ èíòåíñèâíîñòÿìè �=N , çàÿâêè êàæäîãîïîòîêà íàïðàâëÿþòñÿ äëÿ îáñëóæèâàíèÿ íà ñîîòâåòñòâóþùèé ïðèáîð. Òàêèì îáðà-çîì, ïîëó÷àåì ñîâîêóïíîñòü N íåçàâèñèìûõ îäíîëèíåéíûõ ÑÌÎ. Áóäåì ïîëàãàòü,÷òî ýòè ÑÌÎ ñ îòêàçàìè. Òî åñòü íîâàÿ çàÿâêà, ïîñòóïèâøàÿ â ñèñòåìó, çàíÿòóþîáñëóæèâàíèåì, òåðÿåòñÿ. Ïðè N!1 âåðîÿòíîñòüþ ïîòåðü çàÿâîê ìîæíî ïðåíå-áðå÷ü, è òîãäà ñóììàðíûå õàðàêòåðèñòèêè ñîâîêóïíîñòè N îäíîëèíåéíûõ ÑÌÎñõîäÿòñÿ ê õàðàêòåðèñòèêàì èñõîäíîé ìîäåëè. Òàêèì îáðàçîì, çàäà÷à íàõîæäåíèÿðàñïðåäåëåíèÿ âåðîÿòíîñòåé ÷èñëà îáðàùåíèé â ÑÌÎ ñ íåîãðàíè÷åííûì êîëè÷å-ñòâîì îáñëóæèâàþùèõ ïðèáîðîâ ñâîäèòñÿ ê ðåøåíèþ çàäà÷è íàõîæäåíèÿ ðàñïðå-äåëåíèÿ âåðîÿòíîñòåé ÷èñëà îáðàùåíèé â îäíîëèíåéíîé ÑÌÎ ñ îòêàçàìè.3. ÈÑÑËÅÄÎÂÀÍÈÅ ÎÄÍÎËÈÍÅÉÍÎÉ ÑÌÎ ÑÎÒÊÀÇÀÌÈ È ÏÎÂÒÎ�ÍÛÌ ÎÁÑËÓÆÈÂÀÍÈÅÌ ÑÓ×ÅÒÎÌ ÍÎÌÅ�À ÏÎÏÛÒÊÈ�àññìîòðèì îäíîëèíåéíóþ ñèñòåìó îáñëóæèâàíèÿ ñ îòêàçàìè. Â óêàçàííîé îä-íîëèíåéíîé ñèñòåìå áóäåì ðàññìàòðèâàòü ñîîòâåòñòâóþùèé ñëó÷àéíûé ïðîöåññ -ñóììàðíîå ÷èñëî îáðàùåíèé, ðåàëèçîâàííûõ çà âðåìÿ t:m(t; N) = 1Xk=1 nk(t; N):Çäåñü nk(t; N) - ïðîöåññû èçìåíåíèÿ ÷èñëà îáðàùåíèé k-çàÿâîê â îäíîëèíåéíîéÑÌÎ. Ïîñêîëüêó ðàññìàòðèâàåìûé ïðîöåññ m(t; N) íå ÿâëÿåòñÿ ìàðêîâñêèì, ââå-äåì â ðàññìîòðåíèå äîïîëíèòåëüíûå ïåðåìåííûå:ïðîöåññ k(t) - ñîñòîÿíèå îáñëóæèâàþùåãî ïðèáîðà, òî åñòü k(t) = k êîãäà îíçàíÿò îáñëóæèâàíèåì k-çàÿâêè , è k(t) = 0 êîãäà ïðèáîð ñâîáîäåí;z(t) - äëèíà èíòåðâàëà îò ìîìåíòà âðåìåíè t äî ìîìåíòà îêîí÷àíèÿ òåêóùåãîîáñëóæèâàíèÿ, åñëè ïðèáîð çàíÿò.Ïîëó÷åííûé òðåõìåðíûé ïðîöåññ fk(t); m(t; N); z(t)g ÿâëÿåòñÿ ìàðêîâñêèì. Åãîðàñïðåäåëåíèå âåðîÿòíîñòåé îáîçíà÷èì ñëåäóþùèì îáðàçîì:P0(m; t;N) = Pfk(t) = 0; m(t; N) = mg - âåðîÿòíîñòü òîãî, ÷òî â ìîìåíò âðåìå-íè t ïðèáîð ñâîáîäåí è çà ýòî âðåìÿ ê ñèñòåìå îáðàòèëîñü m çàÿâîê;Pk(m; z; t; N) = Pfk(t) = k;m(t; N) = m; z(t) < zg - âåðîÿòíîñòü òîãî, ÷òî íàìîìåíò âðåìåíè t â ñèñòåìå: ñóììàðíîå ÷èñëî îáðàùåíèé ðàâíî m, íà ïðèáîðå îñó-ùåñòâëÿåòñÿ îáñëóæèâàíèå , è äî åãî îêîí÷àíèÿ îñòàåòñÿ âðåìåíè ìåíüøå z. Äëÿðàñïðåäåëåíèÿ âåðîÿòíîñòåé òðåõìåðíîãî ìàðêîâñêîãî ïðîöåññà fk(t); m(t; N); z(t)gñîñòàâèì ïðÿìóþ ñèñòåìó äè��åðåíöèàëüíûõ óðàâíåíèé Êîëìîãîðîâà [2℄:9



�P0(m; t;N)�t = 1Xk=1(1� rk)�Pk(m; z; t; N)�z � �N P0(m; t;N);�P1(m; z; t; N)�t = �P1(m; z; t; N)�z � �P1(m; 0; t; N)�z + �N P0(m� 1; t; N)B1(z);�Pk(m; z; t; N)�t = �Pk(m; z; t; N)�z � �Pk(m; 0; t; N)�z + rk�1Bk(z)�Pk�1(m� 1; 0; t; N)�z :�àññìîòðèì ïðîèçâîäÿùèå �óíêöèè1Xm=0 xmP0(m; t;N) = H0(x; t; N); (1)1Xm=0 xmPk(m; z; t; N) = Hk(x; z; t; N); k � 1: (2)Ïåðåéäåì ê ñèñòåìå äè��åðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ [3℄äëÿ �óíêöèé H0(x; t; N), Hk(x; z; t; N), k � 1 âèäà�H0(x; t; N)�t = 1Xk=1(1� rk)�Hk(x; z; t; N)�z � �NH0(x; t; N);�H1(x; z; t; N)�t = �H1(x; z; t; N)�z � �H1(x; 0; t; N)�z + �NH0(x; t; N)xB1(z); (3)�Hk(x; z; t; N)�t = �Hk(x; z; t; N)�z � �Hk(x; 0; t; N)�z + rk�1xBk(z)�Hk�1(x; 0; t; N)�z :�åøåíèå ñèñòåìû (3) áóäåì èñêàòü â âèäåH0(x; t; N) = 1 + 1NF0(x; t) + o(N�2); (4)Hk(x; z; t; N) = 1NFk(x; z; t) + o(N�2); k � 1: (5)Òîãäà óðàâíåíèÿ äëÿ F0(x; t) è Fk(x; z; t), k � 1, èìåþò âèä:�F0(x; t)�t = �� + 1Xk=1(1� rk)fk(x; t); (6)�F1(x; z; t)�t = �F1(x; z; t)�z � f1(x; t) + �xB1(z); (7)�Fk(x; z; t)�t = �Fk(x; z; t)�z � fk(x; t) + rk�1xBk(z)fk�1(x; t); (8)ãäå fk(x; t) = �Fk(x; 0; t)�z ; k � 1:10



�åøåíèå äè��åðåíöèàëüíîãî óðàâíåíèÿ ïåðâîãî ïîðÿäêà â ÷àñòíûõ ïðîèçâîäíûõ(7) îïðåäåëÿåòñÿ ðåøåíèåì ñèñòåìû îáûêíîâåííûõ äè��åðåíöèàëüíûõ óðàâíåíèéäëÿ õàðàêòåðèñòè÷åñêèõ êðèâûõdt1 = dz�1 = dF1(x; z; t)�xB1(z)� f1(x; t) :Íàéäåì äâà ïåðâûõ èíòåãðàëà ýòîé ñèñòåìû. Îäèí èç íèõ íàéäåì èç óðàâíåíèÿ�dt = dz:Òî åñòü z = C1 � t: (9)Äðóãîé ïåðâûé èíòåãðàë íàõîäèì èç óðàâíåíèÿdF1(x; z; t) = [�xB1(z)� f1(x; t)℄dt:Îòêóäà, ïîäñòàâëÿÿ (9), ïîëó÷àåì ðàâåíñòâîF1(x; z; t) = �(z + t) + Z t0 [�xB1(z + t� s)� f1(x; s)℄ds; (10)ãäå �(z) - ïðîèçâîëüíàÿ äè��åðåíöèðóåìàÿ �óíêöèÿ.Äëÿ îïðåäåëåíèÿ ÷àñòíîãî ðåøåíèÿ íåîáõîäèìî âîñïîëüçîâàòüñÿ íà÷àëüíûìèóñëîâèÿìè P0(m; 0; N) = � 0; m > 0;R0(N); m = 0:Pk(m; z; 0; N) = � 0; m > 0;Rk(z;N); m = 0: (11)R0(N) + 1Xk=1 Rk(z;N) = 1:Çäåñü R0(N), Rk(z;N), k � 1, - ñòàöèîíàðíîå ðàñïðåäåëåíèå âåðîÿòíîñòåé ñîñòî-ÿíèÿ ïðèáîðà â îäíîëèíåéíîé ÑÌÎ. Èç (1-2) ñëåäóåò, ÷òî âûïîëíÿþòñÿ ðàâåíñòâàH0(1; t; N) = R0(N); Hk(1; z; t; N) = Rk(z;N); (12)Ñòàöèîíàðíûå âåðîÿòíîñòè R0(N), Rk(z;N) ìîæíî ïðåäñòàâèòü â âèäåR0(N) = 1 + 1NR0 + o(N�2); Rk(z;N) = 1NRk(z) + o(N�2): (13)Òîãäà ñîãëàñíî (4-5), (10) è (11)F1(x; z; 0) = �(z) = R1(z):11



Âåðîÿòíîñòè R0, Rk(z), k � 1, ñ ó÷åòîì (12) îïðåäåëÿþòñÿ ðåøåíèåì ñèñòåìû (6-8)ïðè x = 1 è óñëîâèåì íîðìèðîâêè, òî åñòüR0 = �� b1 + 1Xk=2 k�1Yi=1 ribi+1!;R1(z) = � Z z0 (1� B1(y))dy; (14)Rk(z) = � k�1Yi=1 ri Z z0 (1� Bk(y))dy;ãäå bk - ìàòåìàòè÷åñêîå îæèäàíèå âðåìåíè îáñëóæèâàíèÿ k-çàÿâêè. Òàêèì îáðàçîì,÷àñòíîå ðåøåíèå óðàâíåíèÿ (7) ïðèíèìàåò âèäF1(x; z; t) = � Z z+t0 (1� B1(y))dy + Z t0 [�xB1(z + t� s)� f1(x; s)℄ds: (15)Äè��åðåíöèðóÿ ýòî òîæäåñòâî ïî z â íóëå, ïîëó÷àåì èíòåãðàëüíîå óðàâíåíèå äëÿíàõîæäåíèÿ íåèçâåñòíîé �óíêöèè f1(x; t):f1(x; t) = �(1� B1(t)) + �xB1(t): (16)Òàêèì æå îáðàçîì íàéäåì ðåøåíèå óðàâíåíèé (8):Fk(x; z; t) = � k�1Yi=1 ri Z z+t0 (1� Bk(y))dy ++ Z t0 [rk�1xBk(z + t� s)fk�1(x; s)� fk(x; s)℄ds: (17)Äè��åðåíöèðóÿ ïîëó÷åííîå òîæäåñòâî (17) äëÿ Fk(x; z; t), k � 2, ïî z â íóëå,ïîëó÷àåì èíòåãðàëüíîå óðàâíåíèå äëÿ íàõîæäåíèÿ �óíêöèé fk(x; t), k � 2:fk(x; t) = � k�1Yi=1 ri(1� Bk(t)) + xrk�1 Z t0 bk(t� s)fk�1(x; s)ds; (18)ãäå bk(t) - ïëîòíîñòü ðàñïðåäåëåíèÿ âðåìåíè îáñëóæèâàíèÿ k-çàÿâêè.Ñîîòâåòñòâåííî ðåøåíèå óðàâíåíèÿ (6) èìååò âèäF0(x; t) = �� b1 + 1Xk=2 k�1Yi=1 ribi+1!� �t+ 1Xk=1(1� rk) Z t0 fk(x; s)ds: (19)Ïðè z !11 âûðàæåíèÿ (15) è (17) ïðèîáðåòàþò âèäF1(x; t) = �b1 + �xt� Z t0 f1(x; s)ds; (20)12



Fk(x; t) = �bk k�1Yi=1 ri + rk�1x Z t0 fk�1(x; s)ds� Z t0 fk(x; s)ds: (21)Òîãäà, ñóììèðóÿ (19-21) ïî ìàðãèíàëüíîé êîìïîíåíòå k, ñîãëàñíî (4-5), ïîëó÷àåìF (x; t) = �F0(x; t) + 1Xk=1 Fk(x; t) = (x� 1)"�t+ 1Xk=1 rk Z t0 fk(x; s)ds#: (22)Ïðîèçâîäÿùàÿ �óíêöèÿ G(x; t) ÷èñëà ñóììàðíûõ îáðàùåíèé â èñõîäíîé ñèñòåìå ñíåîãðàíè÷åííûì ÷èñëîì ëèíèé îïðåäåëÿåòñÿ âûðàæåíèåìG(x; t) = efMm(t)g = limN!1 efM(m1(t) +m2(t) + : : :+mN (t))g:Â ñèëó òîãî, ÷òî âñå mi, i = 1 : : : N , íåçàâèñèìû è îäèíàêîâî ðàñïðåäåëåíû, èìååìG(x; t) = limN!1(H(x; t; N))N ;ãäå H(x; t; N) - ïðîèçâîäÿùàÿ �óíêöèÿ ñóììàðíîãî ÷èñëà îáðàùåíèé â îäíîëèíåé-íîé ÑÌÎ. Ó÷èòûâàÿ (4-5) ïîëó÷àåìG(x; t) = limN!1�1 + 1NF (x; t) + o(N�2)�N :Ïîäñòàâëÿÿ âûðàæåíèå (22), ïîëó÷àåì èñêîìîå âûðàæåíèå, îïðåäåëÿþùåå ïðîèç-âîäÿùóþ �óíêöèþ ÷èñëà ñóììàðíûõ îáðàùåíèé â ñèñòåìå M|GI|1 ñ ïîâòîðíûìîáñëóæèâàíèåì ñ ó÷åòîì íîìåðà ïîïûòêè:G(x; t) = e{(x-1)"�t+P1k=1 rk R t0 fk(x; s)ds#):Çíàíèå âèäà ïðîèçâîäÿùåé �óíêöèè ñóììàðíîãî ÷èñëà îáðàùåíèé â ñèñòåìåïîçâîëÿåò ðàñ÷èòàòü ÷èñëîâûå õàðàêòåðèñòèêè ïðîöåññà m(t) è îïðåäåëèòü, íà-ïðèìåð, ñðåäíåå ÷èñëî îáðàùåíèé ê ñèñòåìå çà âðåìÿ íàáëþäåíèÿ t.ËÈÒÅPÀÒÓPÀ1. Ìîðîçîâà À.Ñ., Ìîèñååâà Ñ.Ï., Íàçàðîâ À.À. Èññëåäîâàíèå ÑÌÎ ñ ïîâòîðíûìîáðàùåíèåì è íåîãðàíè÷åííûì ÷èñëîì îáñëóæèâàþùèõ ïðèáîðîâ ìåòîäîì ïðå-äåëüíîé äåêîìïîçèöèè // Âû÷èñëèòåëüíûå òåõíîëîãèè.� 2005.� Ò.13, âûï.5.�Ñ. 88-92.2. �íåäåíêî Á.Â. Êóðñ òåîðèè âåðîÿòíîñòåé. Ì.: Íàóêà, 1969.3. Ýëüöãîëüö Ë.Ý. Äè��åðåíöèàëüíûå óðàâíåíèÿ è âàðèàöèîííîå èñ÷èñëåíèå.Ì.: Íàóêà, 1969. 13



AN UNRECURRENT FLOW WITHTRIANGULAR CONDITIONALDISTRIBUTION OF INTERARRIVALTIMESA. AndronovTransport and Teleommuniation InstituteRiga, Latvialora�mailbox.riga.lvAn unreurrent �ow is onsidered when interarrival times form a Markov hain. Aonditional distribution of an interarrival time is a triangular one, for that a parameteris a linear funtion on a previous interarrival time. The stationary one-dimensional andtwo-dimensional distributions have been derived. It is shown that possible values of aorrelation oe�ient between the adjaent interarrival times are in the diapason (-1/3,1/3).Keywords: Unreurrent �ow, interarrival time, stationary distribution, dependene.1. INTRODUCTIONClassial models of queueing, reliability, inventory and et., suppose Poisson orreurrent �ows of onsidered input laims. But numerous statistial data prove theopposite. For example, it has been experimentally stated that interarrival times ofInternet �ows are the dependent ones [5℄. Analogously, �ows of insurane laims fordamages have dependent struture [4℄. In the �rst ase, a dependene between interar-rivals is desribed by the so-alled Bath Markovian Arrival Proess [7, 8, 9, 10, 11, 13℄or Markov-Additive Proesses of Arrivals [12℄. In the seond ase, opulas are usedusually for a desription of the dependene [1, 2, 3, 4, 11℄.In our paper we would like to use natural and diret way for a desription of the depen-dene between ontinue random variables X0; X1; ::: those are interpreted as interarrivaltimes of �ow laims. We suppose that the last ones orrespond to a Markov hain withontinue state spae 
 = (0; 1). To desribe a transit probability for one step we on-sider a family 	 = ff�(x) : x; � 2 
g of triangular distributions that is determined bya probability density funtionf�(x) = � 2x� ; 0 < x < �;21�x1�� ; � � x < 1: (1)The orresponding umulative distribution funtion is alulated asF�(x) = ( 1�x2; 0 < x < �;1� (1�x)21�� ; � � x < 1: (2)14



Now for Markov hain X1; X2; :::; Xn; ::: we suppose the following: if Xn = x, thenXn+1 has a distribution from family 	 with parameter � = �(x). In the previous paperof the author [2℄ a ase where � = x has been onsidered. It turns out, that a orrelationoe�ient between Xn and Xn+1 equals 1/3. A ase � = 1� x gives a value -1/3.Now we onsider a ase � = Æ(1� x) + x(1� Æ) = Æ + x� 2Æx where Æ is a parameter,0 < Æ < 1. Below we show that all value between - 1/3 and 1/3 an be reeived in suha way.Our paper has the following struture. At �rst we �nd marginal stationary umu-lative G(x) = PfX � xg and density g(x) = ��xG(x) distribution funtion for thisMarkov hain; then two-dimensional stationary density funtion g(x; y) = �2�x�yPfXn �x;Xn+1 � yg and its mixed moment. Numerial illustrations and onlusion end thepaper. 2. STATIONARY MARGINAL DISTRIBUTIONWe would like to present alulating probability density funtion g(x) = G(x)0 forthe stationary marginal distribution. Further we onsider a ase Æ < 0:5. Let usonsider two onseutive terms of stationary Markov hain. If Xn = z then Xn+1 hasa distribution from family 	 with parameter � = Æ(1 � z) + z(1 � Æ) = Æ + z � 2Æz.We see that always � 2 (Æ; 1 � Æ). An inequality Xn+1 = x < � = Æ + z � 2Æz impliesz > (x� Æ)=(1� 2Æ). Therefore from (1) we get for Æ < x < 1� Æg(x) = 1Z(x�Æ)=(1�2Æ) g(z) 2xÆ + z � 2Æz dz + (x�Æ)=(1�2Æ)Z0 g(z)2 1� x1� (Æ + z � 2Æz) == 2x 1Z(x�Æ)=(1�2Æ) g(z) 1Æ + z � 2Æzdz + 2(1� x) (x�Æ)=(1�2Æ)Z0 g(z) 11� (Æ + z � 2Æz)dz: (3)Further��xg(x) = 2 1Z(x�Æ)=(1�2Æ) g(z) 1Æ + z � 2zÆdz � 2xg� x� Æ1� 2Æ� 11� 2Æ 1x�� 2 (x�Æ)=(1�2Æ)Z0 g(z) 11� (Æ + z � 2zÆ)dz + 2(1� x)g� x� Æ1� 2Æ� 11� 2Æ 11� x;�2�x2 g(x) = �2g� x� Æ1� 2Æ� 11� 2Æ 1x � 2 11� 2Æ ��xg� x� Æ1� 2Æ��� 21� xg� x� Æ1� 2Æ� 11� 2Æ + 2 11� 2Æ ��xg� x� Æ1� 2Æ�: (4)Finally for Æ < x < 1� Æ 15



x(1� x) �2�x2 g(x) = �2g� x� Æ1� 2Æ� 11� 2Æ : (5)For 0 < x < Æ we have from (3)g(x) = 2x 1Z0 g(z) 1Æ + z � 2Æzdz: (6)If we denote a = 2 1Z0 g(z) 1Æ + z � 2Æzdz (7)then g(x) = ax; 0 < x < Æ: (8)For x > 1� Æ we have analogouslyg(x) = 2(1� x) 1Z0 g(z) 11� (Æ + z � 2Æz)dz: (9)Obviously g(x) is a symmetri funtion with respet to 1=2 : g(x) = g(1 � x),1=2 < x < 1. Then2 1Z0 g(z) 11� (Æ + z � 2Æz)dz = 2 1Z0 g(1� z) 1Æ + (1� z)� 2Æ(1� z)dz = a;g(x) = a(1� x); 1� Æ � x � 1: (10)3. CALCULATING PROCEDUREThe equation (4) is not onvenient for a alulation. It is better to use equation(3). When an be alalated the last integral in (3) for �xed x using g(z) for z < x?Obviously when (x�Æ)=(1�2Æ) < x, therefore for x < 1=2. To have the same possibilityfor the other integral, we apply equality (6): if Æ < x, then1Z(x�Æ)=(1�2Æ) g(z) 1Æ + z(1� 2Æ)dz = a2 � (x�Æ)=(1�2Æ)Z0 g(z) 1Æ + z(1� 2Æ)dz;g(x) = ax� 2x (x�Æ)=(1�2Æ)Z0 g(z)Æ + z(1� 2Æ)dz + 2(1� x) (x�Æ)=(1�2Æ)Z0 g(z)1� Æ � z(1� 2Æ)dz:(11)16



We an use this formula for onsequene alulations. Above, we see that on interval(0; Æ) density g(x) has a known view. Let us onsider number sequeneb0 = Æ; bi = Æ+ bi�1(1� 2Æ) = Æ iXj=0(1� 2Æ)j = 12�1� (1� 2Æ)i+1�; i = 1; 2; ::: : (12)Equation (10) shows that values of g(x) on interval (bi; bi+1) were alulated viag(x)'s previous values on (0; bi). A border value 1=2 is arrived for i = 1, so we mustend alulations when bi is lose to 1=2.One should note that a numerial alulation by formula (10) for x < 1=2 is very simple.During the reurrent alulation we set a = 1. On leaving one, onstant a is determinedfrom normalization ondition for g(x) : a probabilisti mass on interval (0; 1=2) equals1=2. For 1=2 < x < 1 we use equalities g(x) = g(1� x) and G(x) = 1�G(1� x).Let us perform analytial alulations for x 2 (b0; b1) = (Æ; 2Æ(1 � Æ)). If z < Æ theng(z) = az, sog(x) = ax�2x (x�Æ)=(1�2Æ)Z0 azÆ + z(1� 2Æ)dz+2(1�x) (x�Æ)=(1�2Æ)Z0 az1� Æ � z(1� 2Æ)dz == ax� 2ax1� 2Æh x� Æ1� 2Æ � Æ1� 2Æ ln�xÆ �i� 2a(1� x)1� 2Æ h x� Æ1� 2Æ + 1� Æ1� 2Æ ln�1� x1� Æ �i == ax� 2a x� Æ(1� 2Æ)2 + 2ax Æ(1� 2Æ)2 ln�xÆ �� 2a(1� x) 1� Æ(1� 2Æ)2 ln�1� x1� Æ �Therefore for x 2 (b0; b1) = (Æ; 2Æ(1� Æ))g(x) = ax� 2a(1� 2Æ)2nx� Æ � xÆln�xÆ � + (1� x)(1� Æ)ln�1� x1� Æ �o: (13)Corresponding umulative distribution funtion for x 2 (b0; b1) = (Æ; 2Æ(1� Æ))G(x) = 12a� x� Æ1� 2Æ�2 + 12ax2 + (1� 2x) a1� 2Æ x� Æ1� 2Æ++ x2 aÆ(1� 2Æ)2 ln�xÆ � + (1� x)2 a(1� Æ)(1� 2Æ)2 ln�1� x1� Æ �o: (14)An extension of two last formulas on interval x 2 (b0; 0:5) = (Æ; 0:5) will be namedthe �rst-order approximation g1(x) and G1(x) orrespondingly. As G1(0:5) = 0:5 wedetermine normalizing onstant a from (13) :a�1 = 12 � 12 Æ(1� 2Æ)2 ln(Æ)� 1� Æ2(1� 2Æ)2 ln(1� Æ)� 12(1� 2Æ)2 ln(2): (15)Our experiene shows that for Æ > 0:1 the �rst-order approximation ensures a suf-�ient preision of the alulation. The subsequent approximations are determined17



analogously. As border value 1=2 from (11) is arrived for i = 1, we must always re-strit ourselves by some approximation.Moments �r = E(Xr) are alulated by a usual way throw density funtion g(x). Ob-viously �1 = 0:5. The other moments f�rg for the �rst-order approximation g1(x) aregiven in Appendix.4. STATIONARY TWO-DIMENSIONAL DISTRIBUTIONStationary probability density funtion g(x; y) = �2�x�yPfX � x; Y � yg is expressedvia the stationary density g(x) and transition probability density funtion (1). We mustonsider ase � = x + Æ � 2xÆ > y and ontrary ase separately:g(x; y) = g(x)fÆ+x(1�2Æ)(y) = ( g(x) 2yÆ+x(1�2Æ) ; y � Æ + x(1� 2Æ);g(x) 2(1�y)1�Æ�x(1�2Æ) ; otherwise: (16)As it is shown in the Appendix, he seond mixed moment is alulated asE(XY ) = 16h1 + Æ + 2(1� 2Æ)�2i: (17)Now orrelation oe�ient � = (E(XY )� 0:25)=D(X) an be alulated.5. NUMERICAL RESULTSIn this setion we give some numerial omparing. Table 1 shows how di�erentapproximations of the density funtion behave oneself for small value of parameter Æ.Three funtions are presented here for Æ = 0:01: the �rst-order approximation g1(x),the seond-order approximation g2(x), and a urve of funtion g0(x), that gives preisevalues for Æ = 0 (see [3℄). We see, there exists an appreiable di�erene between thesereal values and the values reeived by the �rst-order approximation. For Æ = 0:3 the�rst-order and the seond-order approximations fully oinide, therefore they are pre-ise. Table 1 Comparing of di�erent approximations for small parameter Æx 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45q0(x) 0.285 0.540 0.765 0.960 1.125 1.260 1.365 1.440 1.485q2(x) 0.277 0.530 0.757 0.954 1.122 1.260 1.369 1.488 1.499q1(x) 0.292 0.560 0.797 1.000 1.166 1.293 1.377 1.414 1.402The Table 2 ontains values of stationary density funtions for a sum of two adjaentinterarrivals for Æ = 0:005. Row fSum(x) orresponds to density (15). Row fInd(x)orresponds to independent interarrival times with density g2(x; 0:01). One an seethat positive orrelation is appreiable.The orrelation oe�ient is a linear funtion of Æ : �(Æ) = �23(Æ � 0:5), 0 � Æ � 1. So,18



for 0 � Æ � 1=2 we have a positive orrelation dependene, for 1=2 � Æ � 1 - a negativeone.We see that the onsidered dependene has some appreiable in�uene on indies ofinterest. Table 2 Comparing of density funtions for a sumx 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0fSum(x) 0.028 0.108 0.226 0.367 0.515 0.655 0.781 0.882 0.950 0.975fInd(x) 0.006 0.043 0.129 0.264 0.435 0.619 0.808 0.986 1.122 1.1786. CONCLUSIONWe have onsidered an approah for appreiating dependene between interarrivaltimes. It is supposed that interarrival times orrespond to Markov hain with triangu-lar distribution of transition probabilities. Expressions for stationary one-dimensionaland two-dimensional distributions of interarrival times and orresponding numerialharateristis have been derived. The following investigations will be devoted to amodi�ation of the used form of a triangular distribution to expand a possible diapasonof orrelation oe�ient values. 7. APPENDIXFirstly, we derive the expressions for moments �r = E(Xr), r = 2; 3; :::; for the�rst-order approximation g1(x). Let us introdue the following notations:�(k; ; d) = dZ xkln(x)dx = 1k + 1dk+1ln(d)� 1k + 1k+1ln()� 1k + 1�dk+1 � k+1�;vr = 1=2Z0 xrg1(x)dx:Thenvr = 1=2Z0 xrg1(x)dx = 1=2Z0 xraxdx + 2a(1� 2Æ)2 1=2ZÆ [Æ + (1� Æ)ln(1� Æ)℄xrdx�� 2a(1� 2Æ)2 1=2ZÆ [1 + Æln(Æ) + (1� Æ)ln(1� Æ)℄xr+1dx++ 2aÆ(1� 2Æ)2 1=2ZÆ xr+1ln(x)dx� 2a(1� Æ)(1� 2Æ) 1=2ZÆ (1� x)ln(1� x)xrdx == a 1r + 2�12�r+2+ 2a(1� 2Æ)2 [Æ + (1� Æ)ln(1� Æ)℄ 1r + 1��12�r+1�Ær+1��19



� 2a(1� 2Æ)2 [1 + Æln(Æ) + (1� Æ)ln(1� Æ)℄ 1r + 2��12�r+2�Ær+2�++ 2aÆ(1� 2Æ)2��r + 1; Æ; 12� + 2a(1� Æ)(1� 2Æ)2 rXi=0 �ri� (�1)r�i��r � i+ 1; 1� Æ; 12�:Further�r = 1Z0 xrg1(x)dx = 1=2Z0 xrg1(x)dx + 1Z1=2 xrg1(1� x)dx == 1=2Z0 xrg1(x)dx� 0Z1=2 (1� y)rg1(y)dy = 1=2Z0 xrg1(x)dx+ rXi=0 (�1)i �ri� 1=2Z0 yig1(y)dy == vr + rXi=0 (�1)i �ri� vi:�1 = v0 = 12 ; �2 = 2v2 � 2v1 + 12 :Seondly, we derive formula (16) for a mixed moment:E(XY ) = 1Z0 Æ+x(1�2Æ)Z0 g(x)2yÆ + x(1� 2Æ)xydydx+ 1Z0 1ZÆ+x(1�2Æ) g(x)2(1� y)1� [Æ + x(1� 2Æ)℄xydydx == 23 1Z0 g(x)(Æ + x(1� 2Æ))2xdx++ 1Z0 2x1� [Æ + x(1� 2Æ)℄g(x)16(3y2 � 2y3)dx��� y = 1y = Æ + x(1� 2Æ) == 23 1Z0 g(x)(Æ + x(1� 2Æ))2xdx + 13 1Z0 x1� [Æ + x(1� 2Æ)℄g(x)n1� (Æ + x(1� 2Æ))2�� 2[Æ + x(1� 2Æ)℄2[1� [Æ + x(1� 2Æ)℄℄odx = 23 1Z0 g(x)(Æ + x(1� 2Æ))2xdx++ 13 1Z0 x[1 + Æ + x(1� 2Æ)℄g(x)dx� 23 1Z0 xg(x)[Æ + x(1� 2Æ)℄2dx == 13[(1 + Æ)�1 + (1� 2Æ)�2℄ = 13h(1 + Æ)12 + (1� 2Æ)�2i:20
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VERIFICATION OF STABILITYREGION OF A RETRIAL QUEUINGSYSTEM BY REGENERATIVEMETHODK. Avrahenkov1, R. Goriheva2, E. Morozov21 INRIA,2 IAMR KarSC RAS1Sophia-Antipolis, Frane,2Petrozavodsk, RussiaKonstantin.Avrathenkov�sophia.inria.fr, lana��mail.ru,emorozov�karelia.ruRegenerative proesses play an important role in the modeling and simulation of themodern teleommuniation systems. In this note, we apply the regenerative approahto estimate the steady-state bloking probability in a single-lass retrial system withonstant retrial rate. Moreover, this estimation allows to verify stability region of thissystem.This work is supported by Russian Foundation for Basi Researh under grant 10-07-00017.Keywords: retrial queueing system; regenerative simulation; bloking probability;on�dent estimation; stability ondition1. DESCRIPTION OF THE MODEL AND ITSSTABILITY CONDITIONWe onsider a M=G=1=1-type retrial system with Poisson input with rate � andgeneral servie time with rate � (ES = 1=�). Arrivals who �nd the server busy join thein�nite apaity orbit, and then return to the system after exponentially distributedretrial time with rate �0. Thus, the total input stream to the server onsists of two(generally, dependent) streams: a Poisson ��input of primary ustomers and the inputof retrial (or orbit ustomers) with a rate ~�0 � �0, where ~�0 = �0 when the orbit isnot empty, and ~�0 = 0, otherwise, beause this input may have gaps when the orbit isempty. We denote this original system as �.This retrial model is motivated by modelling telephone exhange systems [5℄, ALOHAtype multiple aess protools [4℄, and short TCP transfers [2℄. In partiular, the modelwith one server and no bu�ering onsidered in the present work represents well anALOHA type multiple aess hannel. If there are n retrying ustomers, eah ustomerretries with the rate �0=n. 22



Note that, following [1℄, analysis below an be extended to a wider lass of retrialsystems ontaining more that one server, non-zero bu�er for waiting ustomers, and ageneral renewal �� input of primary ustomers.We also onstrut an auxiliary single-server loss (with no bu�er) system �̂ as follows.The system �̂ has the same Poisson ��input, the servie time but, unlike originalsystem, it also has an independent Poisson input of ustomers with rate �0 (we allthem �0-ustomers). Moreover, arriving ustomer in the system �̂ who �nds the serverbusy leaves the system forever and do not a�et the future state.It is easy to see that the server in the original system is less loaded sine the atualinput rate from the orbit to the server ~�0 � �0. It is expeted that the distribution ofthe states (busy or empty) of system � approahes the orresponding distribution ofsystem �̂ provided the orbit size in � inreases. It shows that the stability ondition ofthe orbit whih is fed by the rejeted ustomers in system �̂ must guarantee stabilityof the orbit in (less loaded) system �. Indeed this fat has been proved in [1℄.Spei�ally, denote by Ploss the stationary loss probability in system �̂ (whih al-ways exists under our assumptions). Then it has been proved in [1℄ that the followingondition (�+ �0)Ploss < �0; (1)is su�ient stability ondition of the orbit in system �.In partiular, it implies �niteness of the mean regeneration period of the system (tobe de�ned below) in ontinuous and disrete time.There are some systems for whih expliit expressions for the probability Ploss isknown. In partiular, if system ~� is the -server Erlang model (that is M/G// losssystem), then stability ondition (1) takes the form�(�+ �0)=��! 24 Xn=0 �(�+ �0)=��nn! 35�1 < �0�+ �0 : (2)It allows us to write the stability ondition (1) forM=G=1=1 system under onsiderationin an expliit form as follows: �+ �0�+ �0 + � < �0�+ �0 : (3)2. REGENERATIVE ANALYSIS OF THE RETRIALSYSTEMIn this setion, we onsider the regenerative approah to simulate original retrialsystem and, in partiular, desribe various regenerative strutures of the original system.Denote by N(t) the number of retrial ustomers (orbit size) at instant t and let �(t) bethe state of server (0 or 1) at instant t. Let ftng be arrival instants of �-ustomers inboth systems, and denote N(t�n ) = Nn, �(t�n ) = �n; n � 1. Also denote X = fX(t) =23



N(t) + �(t); t � 0g; and let X(t�n ) = Xn := Nn + �n; n � 1. We note that system�̂ regenerates at the instants when the �-ustomers �nd the server empty, beause atthese instants we may use the memoryless property of the input of �0-ustomers. (Thisproedure an be extended to a general renewal �-input, see [1℄.) Thus, regenerationsof the disrete-time basi proess fXng are de�ned as follows. Let �0 = 0, then�n+1 = infk (k > �n : Xk = 0); n � 0; (4)are required (lassial) regenerations. (Constrution of regenerations for ontinuous-time proess X is evident.) Denote by R(t) the total number of rejeted ustomersin system � in interval [0; t℄, and let A(t) be the total number of alls (primary �-ustomers and �0-ustomers) in interval [0; t℄. Denote also by R and A the numberof orbit ustomers and total number of arrivals, respetively, during the regenerationyle. It has been proved in [1℄ that under ondition (3) the proess fR(t); t � 0g ispositive reurrent with the embedded regenerations f�ng and, in partiular, there existsthe limit with probability 1 (w.p.1)limt!1 R(t)A(t) = EREA: (5)Let In = 1 if the nth ustomer is rejeted (otherwise, In = 0). It is easy to show thatthe regeneration period is aperiodi and hene, the weak limit In ) I exists. Moreover,(by uniform integrability of indiators) the following onvergene holdsP(In = 1)! Porb; n!1; (6)where Porb := EI is the stationary probability to join the orbit. Also by the standardresult of regenerative theory,P̂orb(n) := Pnk=1 Ikn ! EREA = Porb; n!1; (7)that is the sample mean estimator of probability Porb onverges w. p. 1 to Porb. Thus,both limit ratios (see also (5)) are onsistent and give the same expression for stationaryprobability Porb.Beause original system is less loaded than �̂, then in the stability region one anexpet that the basi proess X is positive reurrent (that is E� < 1) and thus thefollowing onvergene and inequality hold:P̂orb(n)! Porb � Ploss; as n!1: (8)On the other hand, in the instability region, an unlimited inrease of the orbit sizeis expeted. Under this ondition, the output of retrial ustomers (going from orbit toserver) approahes to the Poisson input with rate �0 that is ~�0 ! �0, and we expetthat the estimator P̂orb(n) must approah Ploss. But in this ase the proess X is notpositive reurrent regenerative, and the existene of the limit in (8) is, in general, an24



open problem. Hopefully, we an use another type of regenerations, more exatly, quasi-regenerations, to estimate Porb in this ase. As quasi-regenerations of original (unstable)system we an take the instants when arriving primary ustomer meets an empty server(while the orbit size may be arbitrary). Namely, take �0 = 0, then quasi-regenerationsare de�ne as follows: �n+1 = infk (k > �n : �k = 0); n � 0: (9)It follows from the previous disussion that �more� the system is unstable (that isif parameters �; �; �0 are taken �deeper� in the instability region), the less di�erenePloss�P̂orb(n)must be in the limit as n!1. In this regard, it is important to note thatin the instability region lassial regenerations are expeted to be rare and to terminate�nally. More orretly, we expet that in the instability region, after a �nite (w.p.1)time t0, the orbit will never be empty, and thus after this instant the original systemompletely ouples with the auxiliary system ~� fed by the two independent �� and�0-inputs. In other words, quasi-regenerations beome lassial regenerations but forthe proess f�ng onsidered in isolation. As a result, the estimate P̂orb(n) will onvergeto Ploss w.p.1 as n ! 1. A di�erene between quasi-regenerations and lassial onesare expeted to appear at the stability boundary and around the boundary.The purpose of this note is to hek by regenerative (or quasi-regenerative) sim-ulation stability/instability of the original system, in partiular, omparing estimateP̂orb(n) with expliit formula for Ploss.Note that detailed desription of regenerative method an be found in [3, 6, 7℄.3. SIMULATION RESULTSIn this setion, we present some simulation results related to the estimation of thebloking probability in the original system both in stability and instability regions.We onsider the M=G=1=1 system with the servie time to be either exponential orPareto and assuming � = 1. Reall that our main goal is to verify stability of theoriginal system by simulation assuming that stability ondition (3) holds. (Reall thatondition (3) relates formally to system �̂.)Note that for the servie time with Pareto distribution P(S > x) = (x=x0)��; x �x0 (P(S > x) = 1; x � x0); assumption � > 2 implies �niteness of the 2nd moment,ES2 <1, and, as a result, the �niteness of the 2nd moment of the regeneration period,E�2 < 1 (see [9℄). Thus, the on�dene estimation of the probability Porb based onthe regenerative simulation an be applied [6℄, although we present below only pointestimation.Denote by Æ = Ploss � P̂orb(n) the di�erene between the estimator value and theexpliit value of loss probability (see (2))Ploss = � + �0�+ �0 + �:25



Denote also by � the di�erene between two sides of stability ondition (3), that is� = �0�+ �0 � �+ �0�+ �0 + �:Note that � > 0 in the stability region, � < 0 in the instability region, and � = 0orresponds to the boundary of stability region. One expet that the value of the �dis-tane� � losely related with the obtained estimate P̂orb(n) and hene with Æ. Namely,we expet that the bigger � > 0 (in the stability region), the bigger is Æ > 0, while if� # 0, one an expet Æ # 0. On the other hand, we expet the approximation Æ � 0 inthe instability region, where � < 0.Simulation results for M/M/1/1 systems are presented in Table 1, where n is indeeda number of regenerations (4) in the stability region, where � > 0, and is the numberof quasi-regenerations (9) in the instability region, where � < 0, obtained during thesimulation. Table 1: Simulation of M=M=1=1�0 � n Ploss P̂orb(n) Æ �2 4 10829 0,4286 0,302 0,1266 0,23814 3 8301 0,625 0,4685 0,1565 0,17506 2,5 6023 0,7368 0,5992 0,1376 0,12030,6 3 2059 0,3478 0,3325 0,0153 0,02722 1,6 946 0,6522 0,6388 0,0134 0,01456 1,3 705 0,8434 0,8275 0,0159 0,01382 1,4 6349 0,6818 0,6793 0,0025 -0,01524 1,1 3655 0,8197 0,8167 0,0030 -0,01970,5 2,3 11988 0,3947 0,3946 0,0001 -0,06144 0,1 385 0,9804 0,9804 0,0000 -0,18040,1 2 12910 0,3548 0,3537 0,0011 -0,26390,1 0,1 1748 0,9167 0,9125 0,0042 -0,8258Similar results are obtained for M/Pareto/1/1 systems with Pareto servie timedistribution P(S � x) = (x=x0)�2;5; x � x0, see Table 2. Note that we put the rowsin the tables in the orrespondene with the �distane� from the stability boundary,expressed by the value of �.Note that stability an also be empirially veri�ed by observation that there is notendeny in the dynamis of the orbit size, while instability e�et is expressed by visualunlimited growth of the orbit size. Indeed, the dynamis of the orbit size is illustratedby Figure 1 when stability ondition (3) holds, while Figure 2 shows this dynamiswhen this ondition is violated. 26



Table 2: Simulation of M=Pareto=1=1�0 x0 n Ploss P̂orb(n) Æ �2,7 0,1 14335 0,9569 0,2057 0,7512 0,34831 0,1 12715 0,9231 0,1808 0,7423 0,25002 0,2 7809 0,9000 0,4033 0,4967 0,16672,2 0,4 710 0,8276 0,6631 0,1645 0,00660,6 0,22 423 0,8136 0,3666 0,4470 0,00531,65 0,37 339 0,8112 0,5986 0,2126 0,00231 0,36 9022 0,7692 0,5470 0,2222 -0,04552 0,5 5652 0,7826 0,7159 0,0667 -0,04760,1 0,4 11537 0,6226 0,4224 0,2002 -0,3322
Fig. 1. Stable dynamis of orbit in M/M/1/1, �0 = 4, � = 3.
Fig. 2. Instability of orbit in M/M/1/1, �0 = 0; 5, � = 2; 3.Thus, the simulation results on�rm the theoretial analysis. Moreover, in fat, weon�rm by simulation that the given su�ient stability ondition is also neessary one.4. CONCLUSIONIn this note, we onsider a new retrial systems whih an be used to desribe, forinstane, behavior of short TCP transfers or ALOHA type multiple aess protool.For a single-server system with no bu�er and Poisson input we estimate bloking prob-ability both in the stability region and in the instability region. In partiular, in thestability region we use lassial regenerative simulation, while in the instability region27



we rely on the quasi-regenerations appearing when primary ustomers meet the emptyserver. Simulation of M/M/1/1 and M/Pareto/1/1 retrial systems show a remarkableonsistene with the know analytial results for the Erlang type retrial systems.REFERENCES1. Avrahenkov K., Morozov E. V. Stability analysis of GI/G//K Retrial Queuewith Constant Retrial Rate, INRIA, Researh Report No 7335, July 2010 (SophiaAntipolis).2. K. Avrahenkov and U. Yehiali, �Retrial networks with �nite bu�ers and their ap-pliation to Internet data tra��, Probability in the Engineering and InformationalSienes, v.22, pp.519-536, 2008.3. Bratley P. , Fox B. L. A guide to simulation // New York: Springer-Verlag. 1987.4. Choi B.D., Rhee K.H., Park K.K. The M/G/1 retrial queue with retrial rate ontrolpoliy. // Probability in the Engineering and Informational Sienes. 1993. V. 7,P. 29-46.5. Fayolle G. A simple telephone exhange with delayed feedbak, In O.J. Boxma,J.W. Cohen and H.C. Tijms (eds.) Teletra� Analysis and Computer PerformaneEvaluation. 1986. V. 7. P. 245-253,6. Glynn P. W., Iglehart D. L. Conditions for the appliability of the regenerativemethod // Management Siene. 1993. V. 39. P. 1108�1111.7. Law A. M. , Kelton W. D. Simulation modeling and analysis // New York:MGraw- Hill . 1991.8. Morozov E. V. Weak regeneration in modeling of queueing proesses // QueueingSystems. 2004. V. 46. P. 295�315.9. Wol� R. W. Stohasti Modeling and the Theory of Queues // Prentie-Hall .1989.
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OPTIMIZATION OF EMERGENCYINVENTORY REPLENISHMENT OFA PERISHABLE PRODUCTA. BabitskiBelarusian State UniversityMinsk, Belarusbabitski�hotmail.omPro�tability of an additional replenishment yle in an inventory system with aperishable produt with deterministi shelf life, Poisson demand proess, and �xedreplenishment lead time is studied. Formulae for alulating inome and expenses inthe system are obtained. Behaviour of the net inome as a funtion of ordering momentand order quantity is analyzed and an approah for determining parameter values thatmaximize net inome is proposed.Keywords: Inventory system, ordering moment optimization, order quantity opti-mization, stohasti demand, deterministi shelf life.1. INTRODUCTIONClassial inventory systems, e.g., studied in [5℄ o�er �exibility in determining op-timal duration of the replenishment yle based on partiular values of storage andreplenishment osts. In ontrast to them the systems with perishable produts have todeal with some time onstraints stipulated by the assumptions about produt deterio-ration, as in [6, 7, 8, 9℄.Stohasti demand reates unertainty about inventory level at some moment in thefuture, and a number of papers fous on optimization of system performane, bindingordering deisions to the moments when inventory reahes some level, see [1, 3, 4℄.This paper studies a system with �xed-life produt whih an be sold up to someprede�ned time. Time intervals between depletion moments are assumed to be ex-ponentially distributed. Inurred osts inlude item prie, delivery and storage osts.Revenue is generated by sales. Unsold items an be utilized at some pro�t or some loss.Stohasti nature of demand implies that initial inventory may be insu�ient to lasttill the end of the sales yle, therefore a possibility of plaement of an additional orderwith a �xed lead time is onsidered. Ordering moment and quantity are the parametersto be determined in the task for maximization of the net inome in the system.The proposed model is useful in desribing midday prodution yle of a highlyperishable produt in a groery store or replenishment of a seasonal produt or fashionapparel in the middle of season. In many situations preise estimation of demandduring the future sale yle is not available, what translates to the high probability todisard a lot of unsold produts. A pratial alternative is to start with some inventory29



level orresponding to the pessimisti estimation of demand and to plae a additionalorder later, depending on the atual intensity of sales. Partiular bene�t of determiningthe optimal order plaement moment from the standpoint of groery store produtionpratie is that it failitates in �nding the optimal prodution shedule in the store.2. MODELIt is assumed that inventory level in the system at moment 0 is r. Items are on-sumed in aordane with Poisson proess with intensity �, generating inome p pereah item sold before moment T , after whih all unsold items are utilized with inomeq. Holding ost is h per eah item per unit time. There is a possibility to plae anorder for delivery of some l additional items with purhase ost d per eah item and ost for delivery. The order is delivered b time units after the ordering moment x. Thepurpose is to determine the optimal values of x and l that maximize total inome inthe system.Storage ost during time t when starting inventory level was j an be alulated ass1(t) = h (1� e��x)� ;sj(t) = hjte��t + Z t0 (hj� + sj�1(t� �)) d �1� e���� ; j > 1:Using Laplae transform, as in [2℄, it an be expressed expliitly assj(t) = h� jXk=1 k 1� j�kXn=0 (�t)nn! e��t! :Applying this formula for intervals [0; x + b℄ and [x + b; T ℄ the expression for totalstorage ost in the system an be written asSl(x) = h� rXk=1 k 1� r�kXn=0 (�(x+ b))nn! e��(x+b)!++h� rXm=0 (r)m (x+ b) l+mXk=1 k 1� l+m�kXn=0 (�(T � x� b))nn! e��(T�x�b)!where  (j)i (t) are the probabilities to have i items in the system after time t if thestarting inventory was j, alulated as (j)i (t) = ( (�t)j�i(j�i)! e��t; i > 01�Pj�1n=0 (�t)nn! e��t; i = 0Replenishment expenses are + ld.The revenue is formed by the inome from sales:30



p rXm=0 (r)m (x+ b) m+lXi=0 (m+ l � i) (m+l)i (T � x� b) + p rXm=0(r �m) (r)m (x+ b)and utilization inome:q rXm=0 (r)m (x+ b) m+lXi=0 i (m+l)i (T � x� b)Expliitly total revenue an be expressed as:Rl(x) = p(r + l)� (p� q)e��T r�1Xn=0 (�(x + b))nn! r�n+l�1Xj=0 (�(T � x� b))jj! (r � n+ l � j)��(p� q) 1� r�1Xn=0 (�(x+ b))nn! e��(x+b)! l�1Xj=0 (�(T � x� b))jj! e��(T�x�b)(l � j)3. OPTIMIZATION OF NET INCOMENet inome in the system arued on time interval [0,T ℄ an be expressed as:Il(x) = Rl(x)� Sl(x)� � dlSearh for the optimal parameters l and x that maximize Il(x) an be limited to thearea l <= �(T � x� b) beause net inome in the system with l > �(T � x� b) is lessthen net inome in the system with parameter l = �(T � x� b).For eah �xed value of l there exist single value of x that maximizes Il(x) beauseof its onvexity in the aforementioned area, as I 00l (x) < 0:I 00l (x) = �(p� q)�2e��T  (�(x+ b))r�1(r � 1)! l�2Xj=0 (�(T � x� b))jj! ++ (�(T � x� b))(l�1)(l � 1)!  e�(x+b) � r�2Xn=0 (�(x+ b))nn! !!���h"le��(x+b) (�(x+ b))r�1(r � 1)! � e��T (�(x+ b))r�1(r � 1)! l�1Xk=1 k (�(T � x� b))l�k�1(l � k � 1)! ++ e��T r�2Xn=0 (�(x+ b))mm! lXk=1 (�(T � x� b))l�k(l � k)! � e��(T�x�b) lXk=1 (�(T � x� b))l�k(l � k)! #So that, optimal value of x an be found by iterations with the help of I 0l(x):I 0l(x) = (q � p)�"e��(T�x�b) l�1Xj=0 (�(T � x� b))jj! +31



+ e��T l�1Xj=0 (�(T � x� b))jj! r�2Xn=0 (�(x+ b))nn! #��h"e��T r�1Xm=0 (�(x + b))mm! lXk=1 k (�(T � x� b))l�k(l � k)! ��e��(T�x�b) lXk=1 k (�(T � x� b))l�k(l � k)! � e��(x+b) r�1Xm=0 (�(x+ b))mm! #4. NUMERICAL EXAMPLEImpat of various values of ordering moment and quantity on the net inome in theinventory system with parameters � = 2, d = 2, p = 9:5, b = 2, r = 13, q = 0:5,  = 3,h = 1:5, T = 12 is shown in table 1.Table 1 Impat of ordering moment and quantity on the net inomel = 1 l = 2 l = 3 l = 4 l = 5 l = 6 l = 7 l = 8x = 0:0 52.09 51.20 49.44 46.78 43.16 38.52 32.79 25.93x = 0:5 52.84 52.69 51.69 49.78 46.91 43.01 38.04 31.93x = 1:0 53.59 54.19 53.93 52.77 50.64 47.49 43.26 37.90x = 1:5 54.33 55.66 56.14 55.72 54.33 51.92 48.42 43.80x = 2:0 55.04 57.10 58.29 58.59 57.92 56.22 53.44 49.53x = 2:5 55.73 58.46 60.34 61.31 61.32 60.31 58.21 54.97x = 3:0 56.35 59.71 62.22 63.82 64.45 64.06 62.58 59.95x = 3:5 56.91 60.82 63.88 66.04 67.23 67.38 66.43 64.32x = 4:0 57.38 61.77 65.31 67.93 69.58 70.18 69.65 67.91x = 4:5 57.77 62.55 66.47 69.48 71.49 72.41 72.15 70.61x = 5:0 58.08 63.16 67.38 70.67 72.92 74.02 73.83 72.27x = 5:5 58.31 63.63 68.06 71.52 73.87 74.94 74.60 72.77x = 6:0 58.48 63.96 68.52 72.02 74.27 75.08 74.32 71.98x = 6:5 58.60 64.17 68.74 72.11 74.01 74.27 72.84 69.85x = 7:0 58.67 64.25 68.68 71.65 72.89 72.32 70.07 66.46x = 7:5 58.70 64.16 68.19 70.40 70.65 69.09 66.08 62.06x = 8:0 58.64 63.75 66.96 68.02 67.08 64.60 61.13 57.10x = 8:5 58.42 62.71 64.57 64.17 62.16 59.19 55.74 52.10x = 9:0 57.74 60.43 60.47 58.80 56.28 53.43 50.48 47.49x = 9:5 55.85 56.04 54.52 52.44 50.23 47.98 45.73 43.48x = 10:0 50.68 49.18 47.68 46.18 44.68 43.18 41.68 40.18Maximal value of net inome 75.129 is ahieved for ordering moment 5.8315 andordering quantity 6.
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AN OPEN QUEUEING NETWORKWITH PARTLY NON-ACTIVECUSTOMERS.J. Bojarovih�, Yu. MalinkovskyGomel State University named after SkorinaGomel, Belarus� juls1982�list.ruAn open queueing network with partly non-ative ustomers is onsidered. Non-ative ustomers are in a system queue and do not get servie. Customers may turnfrom non-ative ondition into ondition, when they may get their servie and vie versa.The form of stationary distribution and riterion of stationary distribution existeneare obtained.Keywords: partly non-ative ustomers, reversibility, ergodiity, tra� equations,stationary distribution. 1. INTRODUCTIONNowadays queueing networks with partly non-ative ustomers beome atual to amarked degree. Non-ative ustomers are in a system queue and do not get servie. Re-sults for queueing networks with partly non-ative ustomers may be used for epidemiprogress analyzing and prognosis.In paper [1℄ G. Tsitsiashvili and M. Osipova observed an open queueing networkwith non-ative ustomers and established the form of stationary distribution.This paper generalizes results for network from [1℄. We onsider network, whereustomers may partly loose their apaity for servie. Customers may turn from non-ative ondition into ondition, when they may get their servie and vie versa. Weresearhed the form of stationary distribution and established the riterion of stationarydistribution existene. 2. SYSTEM DESCRIPTIONConsider isolated system. Positive and negative ustomers arrive at the systemaording to a Poisson proesses at rates � and �� aordingly. When arriving atsystem positive ustomer queues up and needs servie. A negative ustomer indues apositive ustomer, if any, to leave the system immediately. A negative ustomer doesnot produe any ation if there are no positive ustomers at the system. There is inputPoisson �ow of non-ative ustomers at rate �. Non-ative ustomers queues up andan not get servie. There are three input Poisson �ows of signals at rates �,  and'. When arriving at the system the signal at rate � indues an ordinary ustomer, if34



any, to beome non-ative. When arriving at the system the signal at rate ' indues anon-ative ustomer, if any, to beome an ordinary. A signal at rate  indues a non-ative ustomer, if any, to leave the system immediately. Signals do not need servie.The servie time has exponential distribution with the parameter �.Let n(t) and n0(t) are numbers of ordinary and non-ative ustomers at the systemat time t aordingly. X(t) = (n(t); n0(t)) is a ontinuous-time Marov hain with aspae of states X = f(n; n0); n; n0 = 0; 1; : : :g.Under the ondition of stationary distribution existene stationary probabilities�(n; n0) satisfy global balane equations:1) n = 0; n0 = 0:(�+ �)�(n; n0) = (�+ ��)�(n+ 1; n0) +  �(n; n0 + 1) ;2) n > 0; n0 = 0:(�+ �+ �� + � + �)�(n; n0) = ��(n� 1; n0) + (�+ ��)�(n+ 1; n0)++'�(n� 1; n0 + 1) +  �(n; n0 + 1) ;3) n = 0; n0 > 0:(�+ '+ � +  )�(n; n0) = (�+ ��)�(n+ 1; n0) + ��(n + 1; n0 � 1)++��(n; n0 � 1) +  �(n; n0 + 1) ;4) n > 0; n0 > 0:(�+ �+ �� + � + '+ � +  )�(n; n0) = ��(n� 1; n0) + (�+ ��)�(n+ 1; n0)++��(n + 1; n0 � 1) + '�(n� 1; n0 + 1) + ��(n; n0 � 1) +  �(n; n0 + 1) ;Lemma. Condition of reversibility is:�� = �(�+ ��)':Theorem 1. If inequalities � < �+ ��; � <  ;hold, hene Marov proess X(t) is ergodi. And under the ondition of reversibilityX(t) has stationary distribution:�(n; n0) = �1� ��+ ����1� � �� ��+ ���n� � �n0 :
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3. NETWORK DESCRIPTIONConsider open queueing network with set of systems J = f1; 2; : : : ; Ng. Positiveand negative ustomers arrive at the network aording to a Poisson proesses at rates�i and ��i aordingly, i 2 J . Non-ative ustomers arrive at the network aording toa Poisson proesses at rates �i, i 2 J . Non-ative ustomers queue up to orrespondingsystem and an not get servie. There are input Poisson �ows of signals at rates �i, 'iè  i, i 2 J . When arriving at the system i 2 J the signal at rate �i indues an ordinaryustomer at system, if any, to beome non-ative. When arriving at the system i 2 Jthe signal at rate 'i indues an non-ative ustomer, if any, to beome an ordinary.A signal at rate  i indues an non-ative ustomer, if any, to leave the system i 2 Jimmediately. Signals do not need servie. Servie times are independent exponentiallydistributed random values with parameters �i; i 2 J .After �nishing of servie proess at system i 2 J ustomer is routed to systemj 2 J with the probability pi;j as a positive ustomer, with the probability p�i;j asa negative ustomer, with the probability qi;j as a non-ative ustomer and with theprobability pi;0 is removed from network (PNj=1(pi;j + p�i;j + qi;j) + pi;0 = 1), i 2 J . Letpi;i = p�i;i = qi;i = 0, i 2 J .Let ni(t); n0i(t) are numbers of ordinary and non-ative ustomers at system i 2 J attime t. Consider X(t) = �(n1(t); n01(t)); : : : ; (nN(t); n0N(t))�. X(t) is a ontinuous-timeMarkov hain.A tra� equations system is:"i = �i + NXj=1 "j"�j + �j pj;i;"�i = ��i + NXj=1 "j"�j + �j p�j;i;!i = �i + NXj=1 "j"�j + �j qj;i; i 2 J:One an prove that under ertain onditions tra� equations system has unique non-trivial solution.Under the ondition of stationary distribution existene stationary probabilities�(n; n0) (n = (n1; : : : ; nN ); n0 = (n01; : : : ; n0N)) satisfy global balane equations:�(n; n0)hXi2J ��i + �iIni 6=0 + ��i Ini 6=0 + �iIni 6=0++'iIn0i 6=0 + �i +  iIn0i 6=0�i ==Xi2J h�(n� ei; n0)�iIni 6=0 + �(n+ ei; n0)�ipi;0 + �(n+ ei; n0)��i +36



+�(n+ ei; n0 � ei)�iIn0i 6=0 + �(n� ei; n0 + ei)'iIni 6=0++�(n; n0 � ei)�iIn0i 6=0 + �(n; n0 + ei) i++Xj2J ��(n+ ei � ej; n0)�ipi;jInj 6=0 + �(n+ ei + ej; n0)�ip�i;j++�(n + ei; n0 � ej)�iqi;jIn0j 6=0�i:Theorem 2. Under onditions of ergodiity:"i < �i + "�i ;!i <  i; i = 1; : : : ; N;under onditions of reversibility: "i"�i + �i �i'i = !i i ; i 2 J;X(t) has stationary distribution:�(n; n0) = �1(n1; n01)�2(n2; n02) : : : �N (nN ; n0N );where �i(ni; n0i) = �1� "i�i + "�i ��1� !i i�� "i�i + "�i �ni�!i i�n0i;here "i; "�i ; !i; i 2 J � is a solution of a tra� equations system.REFERENCES1. Tsitsiashvili G., Osipova M. Queueing models with di�erent shemes of ustomerstransformations // Queues: �ows, systems, networks (BWWQT - 2007): proeed-ings of the Int. Conf. "Mathematial Methods for Inreasing E�ieny of Informa-tion Teleommuniation Networks". 2007. � 9. P. 128�133.2. Êðàâ÷åíêî Ñ. Â. Îòêðûòûå ñåòè ñ èí�îðìàöèîííûìè ñèãíàëàìè // Èçâåñòèÿ�îìåëüñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà èì. Ô. Ñêîðèíû. 2002. V. 15.� 6. P. 175�178.3. Ìàëèíêîâñêèé Þ. Â. Êðèòåðèé ïðåäñòàâèìîñòè ñòàöèîíàðíîãî ðàñïðåäåëåíèÿñîñòîÿíèé îòêðûòîé ìàðêîâñêîé ñåòè îáñëóæèâàíèÿ ñ íåñêîëüêèìè êëàññàìèçàÿâîê â �îðìå ïðîèçâåäåíèÿ // Àâòîìàòèêà è òåëåìåõàíèêà. 2002.� 4. P. 75�83.4. ßêóáîâè÷ Î. Â. Ñòàöèîíàðíîå ðàñïðåäåëåíèå ñåòè ìàññîâîãî îáñëóæèâàíèÿ ñðàçëè÷íûìè òèïàìè îòðèöàòåëüíûõ è ïîëîæèòåëüíûõ çàÿâîê è îãðàíè÷åíèåìíà âðåìÿ îæèäàíèÿ // Èçâåñòèÿ �îìåëüñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòàèì. Ô. Ñêîðèíû. 2007. V. 45. � 6. P. 198�202.37



STOCHASTIC BOUNDS FOR THEMEAN CHARACTERISTICS OF ANM/G/1 QUEUE WITH GENERALRETRIAL TIMESM. Boualem1, N. Djellab2, D. A��ssani11 Laboratory of Modelization and Optimization of Systems(LAMOS), University of B�eja��a,2 Department of Mathematis, University of Annaba1 B�eja��a, Algeria2 Annaba, Algeriarobertt15dz�yahoo.frThe main goal of this paper is to investigate various monotoniity properties of asingle server retrial queue with a �rst-ome-�rst-served (FCFS) orbit and general retrialtimes using the stohasti order relations (strong stohasti (�st), inreasing onvex(�ix), and Laplae ordering (�L)) in order to derive performane indies bounds.Keywords: Retrial queues, Stohasti ordering, Monotoniity, Ageing distributions.1. INTRODUCTIONThe retrial queueing system has been studied extensively due to its wide applia-bility. Apart from theoretial interest, it has been suessfully applied in telephoneswithing systems, teleommuniation networks, and omputer networks [1℄.In almost all models of retrial queues, the time between retrials for any ustomer isassumed to be exponentially distributed. In reent years, retrial queueing systems withgeneral servie times and nonexponential retrial time distribution have reeived littleattention [3, 6℄. An important harateristi of the general retrial times poliy is thatwe always obtain analytial solutions in terms of losed-form expressions. The generalretrial times poliy arises naturally in problems where the server is required to searhfor ustomers, that is, this poliy is related to many servie systems where, after eahservie ompletion, the proessor will spend a random amount of time in order to �ndthe next item to be proessed.Many e�orts have been devoted to derive performane measures suh as queue lengthdistribution, waiting times distribution, busy period distribution et. in retrial queues.In many ases the behavior of the retrial queue is desribed by the Markov hainwith spatially inhomogeneous in�nitesimal generator (or transition probability matrix)aused by transitions due to repeated attempts. This spatial inhomogeneity often leadsthe analytial omplexity and bounds and/or approximations are used instead.Stohasti omparison methods have been used to produe bounds and approximations38



for queue length proesses and waiting times in many queueing systems. For the de-tailed results about the omparison methods and their appliations, e.g. see [4, 5℄In this paper we study some monotoniity properties similar to Boualem et al. [2℄,for an M=G=1 queue with general servie times and nonexponential retrial time distri-bution under FCFS orbit disipline. The performane harateristis of suh a systemare available in G�omez-Corral [3℄. We prove the monotoniity of the transition oper-ator of the embedded Markov hain relative to strong stohasti ordering and onvexordering. We obtain omparability onditions for the distribution of the number ofustomers in the system. Inequalities are derived for the mean harateristis of thebusy period, number of ustomers served during a busy period, number of orbit busyperiods and waiting times.2. DESCRIPTION OF THE QUEUEING SYSTEMWe onsider a single server retrial queue with general servie times and nonexponen-tial retrial time distribution under FCFS orbit disipline. Primary ustomers arrive in aPoisson proess with rate �. If the server is free, the primary ustomer is served imme-diately and leaves the system after servie ompletion. Otherwise, the ustomer leavesthe servie area and enters the retrial group in aordane with an FCFS disipline. Wewill assume that only the ustomer at the head of the orbit is allowed for aess to theserver. If the server is busy upon retrial, the ustomer joins the orbit again. Suh a pro-ess is repeated until the ustomer �nds the server idle and gets the requested servie atthe time of a retrial. Suessive inter-retrial times of any ustomer follow an arbitrarylaw with ommon probability distribution funtion A(x), Laplae-Stieltjes transformLA(s) and �rst moment �1. The servie times are independently and identially dis-tributed with probability distribution funtion B(x), Laplae-Stieltjes transform LB(s)and �rst two moments �1, �2. We suppose that inter-arrival times, retrial times andservie times are mutually independent. The performane harateristis of suh a sys-tem are available in G�omez-Corral [3℄.Let �n be the time of the nth departure and Qn the number of ustomers in theorbit just after the time �n. We have the following fundamental reursive equation:Qn+1 = Qn + vn+1 � ÆQn+1 ;where vn+1 is the number of primary ustomers arriving at the system during the servietime whih ends at �n+1. Its distribution is given by kj = R10 (�x)j(j!)�1e��xdB(x); j �0, with generating funtion k(z) = Pj�0 kjzj = LB(�(1� z)).The Bernoulli random variable ÆQn+1 is equal to 1 or 0 depending on whether the us-tomer who leaves the system at time �n+1 proeeds from the orbit or otherwise.The sequene of random variables fQng forms an embedded Markov hain for ourqueueing system whih is irredutible and aperiodi on the state-spae N . The inequal-ity ��1 < LA(�) is a neessary and su�ient ondition for the system to be stable [3℄.39



2.1. Some useful lemmas. This subsetion presents several useful lemmas whihwill be used later in establishing the main results. Consider two M=G=1 retrial queueswith lassial retrial poliy and feedbak with parameters �(i), �(i) and B(i), i = 1; 2. Letk(i)j be the distribution of the number of primary alls whih arrive during the servietime of a all in the ith system.The following two lemmas turns out to be a useful tool for showing the monotoniityproperties of the embedded Markov hain.Lemma 1. If �(1) � �(2) and B(1) �s B(2), then fk(1)n g �s fk(2)n g, where �s is oneof the symbols �st or �ix.Proof. the proof is known in the more general setting of a random summation.Lemma 2. If �(1) � �(2) and B(1) �L B(2), then fk(1)n g �L fk(2)n g.Proof. We have k(i)(z) =Xn�0 k(i)n zn = LB(i)(�(i)(1� z)); i = 1; 2where k(1)(z), k(2)(z) are the orresponding distributions of the number of new arrivalsduring a servie time.Let �(1) � �(2), B(1) �L B(2). To prove that fk(1)n g �L fk(2)n g; we have to establish thatLB(1)(�(1)(1� z)) � LB(2)(�(2)(1� z)):3. MONOTONICITY PROPERTIES OF THE EMBEDDEDMARKOV CHAINThe one-step transition probabilities of the embedded Markov hain fQn; n � 1g isde�ned in the following formulaepnm = (1� LA(�))km�n + LA(�)km�n+1; for n 6= 0 and m � 0,p0m = km; for m � 0.Let T be the transition operator of an embedded Markov hain whih assoiatesto every distribution ! = f!mgm�0 a distribution T! = f�mgm�0 suh that �m =Pn�0!npnm. From Stoyan [5℄, T is monotone with respet to �st if and only ifpnm � pn�1m � 0 for all n and m;and is monotone with respet to �v if and only ifpn�1m + pn+1m � 2pnm � 0 for all n and m:Here, �pn;m = 1Pl=m pn;l and ��pn;m = 1Pl=m �pn;l.40



Theorem 1. T is monotone with respet to the orders �st and �ix.Proof. In our ase:pnm = (1� LA(�))km�n + LA(�)km�n+1 = (1� LA(�))km�n + km�n+1;pnm = (1� LA(�))km�n + km�n+1:Thus pnm � pn�1m = (1� LA(�))km�n + LA(�)km�n+1 � 0;pn�1m + pn+1m � 2pnm = (1� LA(�))km�n�1 + LA(�)km�n � 0:In the following two theorems, we give omparability onditions of two transitionoperators. Consider two M=G=1 retrial queues with nonexponential retrial times withparameters �(1), A(1), B(1) and �(2), A(2), B(2) respetively. Let T1 and T2 be thetransition operators of the orresponding embedded Markov hains.Theorem 2. If �(1) � �(2), B(1) �s B(2) and A(1) �L A(2), then T1 �s T2, i.e. forany distribution !, we have T1! �s T2!, where �s is one of the symbols �st or �ix.Proof. From Stoyan [5℄, it is well known that to prove T1 �s T2, we have to show thefollowing numerial inequalities for the one-step transition probabilities p(1)nm; p(2)nm:p(1)nm � p(2)nm; 8n; m; (for �s=�st); (1)p(1)nm � p(2)nm; 8n; m; ( for �s=�ix); (2)To prove inequality (1), we havep(1)nm = (1� LA(1)(�(1)))k(1)m�n + k(1)m�n+1:Sine �(1) � �(2) and A(1) �L A(2), then LA(1)(�(1)) � LA(2)(�(2)) andp(1)nm � (1� LA(2)(�(2)))k(1)m�n + k(1)m�n+1:But (1� LA(2)(�(2)))k(1)m�n + k(1)m�n+1 = (1� LA(2)(�(2)))k(1)m�n + LA(2)(�(2))k(1)m�n+1:By Lemma 1, we have k(1)n � k(2)n ; 8n � 0:Using these inequalities we get:p(1)nm � (1� LA(2)(�(2)))k(2)m�n + LA(2)(�(2))k(2)m�n+1 = p(2)nm:Following the tehnique above it is possible to establish inequality (2).Theorem 3. If �(1) � �(2), B(1) �L B(2) and A(1) �L A(2), then T1 �L T2:41



Proof. Let ! = (!m) be a distribution and T! = � = (�m), where�m = Pn�0!npnm = !0km + Pn�1!npnm; for all m � 0.Let k(z) = Pn�0 knzn and !(z) = Pn�0!nzn be the generating funtions of (kn) and (!n)respetively. The generating funtion of � is given byG(z) = Xm�0 �mzm =Xm�0Xn�0 !npnmzm =Xm�0[!0km +Xn�1 !npnm℄zm= !0k(z) + 1z k(z)(!(z)� !0)(z + (1� z)LA(�)):If the onditions of Theorem 3 are ful�lled, then k(1)(z) � k(2)(z) by Lemma 2 and(1� z)LA(1)(�(1)) � (1� z)LA(2)(�(2)), 8 z 2 [0; 1℄. Hene G(1)(z) � G(2)(z).4. BOUNDS FOR THE MEAN CHARACTERISTICS OFTHE SYSTEMThe main harateristis of a system busy period, the orbit busy period and waitingtime are:L: the length of a system busy period,I: the number of servie ompletions ourring during (0; L℄,Nb: the number of orbit busy periods whih take plae in (0; L℄,W : the waiting time.G�omez-Corral [3℄ shows that, if ��1 < LA(�), thenE(L) = �1LA(�)���1 ; E(I) = LA(�)LA(�)���1 ; E(Nb) = 1�LB(�)LB(�) ; and E(W ) = ��2+2�1(1�LA(�))2(LA(�)���1) :Suppose one more that we have two M=G=1 retrial queues with nonexponentialretrial times with parameters �(1), A(1), B(1) and �(2), A(2), B(2), respetively. Let L(i),I(i), N (i)b and W (i) be the length busy period, the number of ustomers served duringa busy period, the number of orbit busy periods whih take plae in (0; L(i)℄ and thewaiting time respetively, in the i-th system, i = 1; 2:Theorem 4. If �(1) � �(2), B(1) �s B(2) and A(1) �L A(2), then E(L(1)) � E(L(2)),and E(I(1)) � E(I(2)), where �s is one of the symbols �st, �ix, �L.Proof. The quantities E(L) and E(I) whih are inreasing with respet to � and �1,dereasing with respet to LA(:). Under onditions of Theorem 4, we obtain the desiredinequalities. Reall that X �s Y implies E(Xn) � E(Y n) for all n.Theorem 5. For any M=G=1 retrial queue,E(L) � �1e���1���1 ; and E(I) � e���1e���1���1 :If A and B are L, then E(L) � �1(1+��1)1���1(1+��1) ; and E(I) � 11���1(1+��1) :Proof. We onsider auxiliary M=D=1 and M=M=1 retrial queues with the same arrivalrates �, mean servie times �1 and mean retrial times �1. A is Dira distribution at �1for the M=D=1 system, and is exponential distribution for the M=M=1 system. Usingthe theorem above we obtain the stated results.42



Theorem 6. If �(1) � �(2), B(1) �st B(2) and A(1) �L A(2), thenE(N (1)b ) � E(N (2)b ); and E(W (1)) � E(W (2)):Proof. The quantities E(Nb) and E(W ) are inreasing with respet to �, �1 and �2,dereasing with respet to LB(:) and LA(:). Under the onditions of Theorem 6 weobtain the desired inequalities.Theorem 7. For any M=G=1 retrial queue,E(Nb) � e��1 � 1; and E(W ) � ��2+2�1(1�e���1 )2(e���1���1) :If B and A are L, thenE(Nb) � ��1; and ��2(1+��1)+2��1�12(1���1(1+��1)) � E(W ) � 2��21+2�1(1�e���1 )2(e���1���1) :Proof. The proof is similar to that of Theorem 5. In addition, if a given distribution Fis L then �2 � 2�21 . REFERENCES1. Artalejo J.R. , G�omez-Corral A. Retrial queueing system: A omputation approah// Springer Edition, Berlin, 2008.2. Boualem M., Djellab N., A��ssani D. Stohasti inequalities for M=G=1 retrialqueues with vaations and onstant retrial poliy // Mathematial and ComputerModelling. 2009. V. 50. � 1-2. P. 207�212.3. G�omez-Corral A. Stohasti analysis of single server retrial queue with the generalretrial times // Naval Researh Logistis. 1999. V. 46. P. 561�581.4. Shaked M., Shanthikumar J. G. Stohasti Orders // Springer-Verlag, New York,2007.5. Stoyan D. Comparison methods for queues and other stohasti models // Wiley,New York, 1983.6. Taleb S., Saggou H., Aissani A. Unreliable M/G/1 retrial queue with geometriloss and random reserved time // Int. J. Operational Researh. 2010. V. 7. � 2.P. 171�191.
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HEAVY TRAFFIC ANALYSIS OFM/G/1 QUEUE WITH MARKOVMODULATED SERVICE SPEEDM. Dimitrov, M. IvanovaUNWESo�a, Bulgariamdimitrov�abv.bgAn M/G/1I queue whose servie speed hanges aording to an external environmentthat is governed by a Markov proess is onsidered. The server ould hange its serviespeed many times while serving a ustomer. The asymptoti behavior of the virtualworkload and its mean value is investigated under heavy tra� assumptions.Keywords: single server queue,Markov - modulated servie speed, heavy tra�.1. INTRODUCTIONA single server queueing system with in�nite waiting spae where ustomers bringa random amount of work is onsidered. The server proesses the work of di�erentspeeds. For example, in omputer proessors, web servers, a single proessor, workson multiple jobs in parallel of whih we are interested in our job performane. In thisase the proessor ould be modeled as a single server with proessing speeds that varyaording to a stohasti environment proess. On the whole, there are muh moreinvestigations of queue with time varying and Markov - modulated arrivals, than ontime varying of the servie speed, for example [1℄, [2℄, [3℄.In this paper, a queue is studied whose servie apaity varies over time. That is,the speed of the server with whih it serves a ustomer, is determined by an external en-vironment proess. We assume that the server speed hanges aording to a ontinuoustime Markov hain that is independent of the arrival proess and servie requirementsof the ustomer. Eah ustomer brings a ertain random amount of work and the rateat whih this work is ompleted is time varying. We assume that the ustomer inthe queue are served in a First Come First Served manner. For this model we obtainstationary distribution of workload in heavy tra� assumptions.S.R. Mahabhashyam and N. Gautam [3℄ onsidered a queue with Markov - modu-lated speed and exponentially distributed workload. We`ll onsider M/G/1 queueingmodel with Markov modulated servie speed as in [4℄, pp. 224-226.2. PROBLEM DESCRIPTIONCustomer arrive into the queue aording to a Poisson proess with mean rate �ustomers per unit time. Eah arriving ustomer brings a random amount of work with44



distribution funtion H(x) , Laplae - Stieltjes transform h(s) and �rst two momentsh1 and h2. Let Z(t) be the state of the environmental proess whih governs the serverspeed at time t suh that Z(t) is an ontinuous time markov hain with �nite statespae {0,1,2,. . . ,K}. That is, the server an do Ei amount of work per unit time. Let�nm be rates of transitions of the proess Z(t), �n, n = 0; 1; : : : ; K be its stationarydistribution, �n = ��nn, Q = k�ijk. Arriving ustomers join unlimited queue and thenare served in aordane with FIFO disipline.The system is ergodi if �h1=E < 1 and �E = KPi=0 �iEi. From now on we assume thatthe inequality �h1= �E < 1 holds and the system is in steady state.The virtual workload proessW (t) at time t is onsidered. The asymptoti behaviorof W (t) and W = EW (t) under heavy tra�, when � = �h1=E ! 1� 0 in steady stateis investigated.The set of equations Q(xo; x1; : : : ; xK)T = (b0; b1; : : : ; bK)T has a solution if thevetor (b0; b1; : : : ; bK) is orthogonal to the vetor �.Then set of linear algebrai equationsKXj=0 �jixj = (Ei � E); 0 � i � K (1)has a solution.From lemma 2.3 Falin [2℄, follows, that for any vetor y = (y0; y1; : : : ; yK) we haveyQR = y � y0�0� ; �X = R(E0 � �E; : : : ; EK � �E)TwhereR = 0BBB� 0 : : : : : : 00... A�10 1CCCA (2)and the matrix A = k�ijk; 1 � i; j � K3. THE MEAN VIRTUAL WORKLOADTheorem 1. The mean virtual workload is equal toW = �h22 + KPi=0xi�i(�h1 � Ei) + KPi=0 xiaiEiE(1� �) (3)and KXi=0 aiEi = E(1� �) (4)Proof. We onsider two - dimensional Markov proess fW (t); Z(t)g. Using Markovproperty of the proess the next system of integro - di�erential equations followsEiF 0i (x)� (�+ �n)Fi(t) + � xZ0 H(x� y)dFi(y) +Xj 6=i �jiFj(x) = 0; (0 � i � K) (5)45



Let an = P (W (t) = 0; Z(t) = n); 'n(s) = E(e�sW (t);Z(t) = n) = an+ 1R0+ e�sxdFn(x)Equation (5) in Laplae - Stieltjes transforms 'n isKXj=0 'j(s)�ji = [�(1� h(s))� sEi℄'i(s) + sEiai; 0 � i � K (6)We`ll use the property of the matrix Q, and summing the equations (6) on i we getKXi=0 aiEi = KXi=0 �Ei � �1� h(s)s �'i(s) (7)As s! 0 from (7) follows ( 4).Really KPi=0Eiai = KPi=0[Ei � �h1℄�i = E � �h1 = E(1� �).Di�erentiating both sides of 7 at s = 0 we haveKXi=0 (Ei � �h1)Wi = �h22 (8)To �nd W = nPi=0Wi we will multiply both sides of (6) by xi and sum with respet to i.Then from Pi �jixi = Ej � E we getKXj=0(Ej � E)'j(s) = s KXi=0 xi[�(1� h(s))s � Ei℄'i(s) + KXi=0 xiEiaisTaking �rst derivative from this equation with respet to s at s = 0 we have� KXj=0(Ej � E)Wj = KXi=0 xi�i(�h1 � Ei) + KXi=0 xiEiai (9)Summing (8) and (9) we get the mean value W in (3)Theorem 2. Under heavy tra�E(1� �)W = h22h1 + KXi=0 xi�i(E � Ei) + Æ(1) (10)Proof. From KPi=0 aiEi = E(1 � �), and E > 0 when � ! 1� 0 follows ai ! 0 for alli = 0; 1; 2; : : : ; K.From (4) and KPi=0 xiaiEi = Æ(1) follows (10)46



Theorem 3. Let x� = minfxig, x� = maxfxig. Thenx� � W � �h22 + KPi=0xi�i(�hi � Ei)E(1� �) � x� (11)Proof. Sine ai > 0 for all i = 0; 1; 2; : : : ; K, thenKXi=0 xiaiEi � x� KXi=0 aiEi = x�E(1� �)and KXi=0 xiaiEi � x� KXi=0 ai � Ei = x�E(1� �)or x� � KPi=0xiaiEiE(1� �) � x�:From (3) follows (11).Theorem 4. Under heavy tra�a)random variables W (t) and Z(t) are asymptotially independent;b)the random variable E(1� �)W (t) is asymptotially exponential with the meanEh22h1 + KXi=0 �ixi(E � Ei) (12)Proof. From (6) follows the next equation'(s)Q = '(s)[�(1� h(s))E � s ~E℄ + s�a (13)where ' = ('0(s); '1(s); : : : ; 'K(s)), �a = (aE0o ; aE11 ; : : : ; aEKK ), E = diag(1; 1; : : : ; 1),~E = diag(E0; E1; : : : ; EK). From Q�e = 0, �a�eT = KPi=0 aiEi = E(1� �) = ", multiplying(13) by �eT we get �'(s)[�(1� h(s))E � s ~E℄�eT + s" = 0 (14)Again, multiplying (13) by R and from �xQR = �x� x0=�0�� we get�'(s) = '0(s)���0 + �'(s)[�(1� h(s))E � s ~E℄R + s�aR (15)Substituting �'(s) from 15 into the right side of 15 we have'(s) = '0(s)�0 �[E + �(1� h(s))R� s ~ER℄ + sY (s) (16)47



where Y (s) = s'(s)[�(1� h(s))R� s ~ER℄2 + �aR[E + �(1� h(s))R� s ~ER℄.Now replaing '(s) in 14 by '(s) from 16 we get.'0(s) = ��0AB (17)where A = sY (s)[�(1� h(s))E � s ~E℄�eT + s" andB = B1 +B2 = ��[�(1�h(s))E� s ~E℄�eT + ��[�(1�h(s))R� s ~ER℄[�(1�h(s))E � s ~E℄�eT.Finally, let`s replae s by "s and � inreases in suh a way that " = �E(1� �)! 0.From j'i("s)j � 1 and �a�eT = �E(1 � �) ! 0 follows �Y ("s) ! 0 as " ! 0, alsoh("s)�1+h1"s"2s2 ! h22 , 1�h("s)"s ! h1.Now B1("s) = ��[h("s) � 1 + h1("s)℄ � s �E(1 � �h1�E ) = �"2s2� [h("s)�1+h1s"℄"2s2 � s"2 and�B2("s) = ��s2"2[� (1�h("s))"s � ~E℄R[�1�h("s)"s E � ~E℄�eT .Thus lim"!0'0(") = �01+MS , where M = Eh22h1 � �( �EE � ~E)R[ �EE � ~E℄�eT .Sine R[ �EE � ~E℄�eT = ��x, then M = �Eh22h1 +P�ixi( �E � Ei).Now, from (16) follows Theorem 4.Really lim"!0'("s) = lim"!0'0("s) ���0 = � 11+Ms .REFERENCES1. Prabhulin N. U., Y. Zhu. Markov - modulated queueing systems // Thehnialreport . 1989. V. 2. � 835. P. 1�49.2. Falin G. I., Falin A. I. Heavy tra� analysis of M/G/1 type queueing systemswith Markov-modulated arrivals // TOP. 1999. V. 7. � 2. P. 279�291.3. Mahabhashyam S. R., Gautam N. O. On queues with Markov modulated servierates // Queueing systems, V. 51. � 2. P. 89�113.4. �íåäåíêî Á. Â. , Êîâàëåíêî È. Í. Ââåäåíèå â òåîðèþ ìàññîâîãî îáñëóæâàíèÿ// Èçäàòåëüñòâî ËÊÈ. 2001. P. 224�226.
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ON THE MX=G=1 RETRIAL QUEUEWITH IMPATIENT CUSTOMERSN.V. Djellab1, K.N. Arrar1, J.B. Baillon21 University of Annaba2 University Paris 1 Pantheon Sorbone1 Annaba, Algeria2 UFR 27, CERMSEM CNRS-UMR 8095, Franedjellab�yahoo.frIn this work, we arry out a stohasti analysis of the M=G=1 retrial queue withbath arrivals and impatient ustomers. Our study inludes: steady state joint dis-tribution of the server state and the number of ustomers in retrial group, embeddedMarkov hain and stohasti deomposition for the number of ustomers in the system.We investigate also the asymptoti behaviour of the system under high and low retrialintensities.Keywords: retrial queue, bath arrival, impatient ustomer, deomposition property,low retrial rate, onvergene.1. INTRODUCTIONIn telephone networks, we an observe that a alling subsriber after some unsuess-ful retrials gives up further repetitions and abandons the system. In queueing systemswith repeated attempts (retrial queues), this phenomenon is represented by the set ofprobabilities fHk; k � 1g, alled the persistene funtion, where Hk is the probabilitythat after the kth attempt fails, a ustomer will make the (k + 1)th one. In general,it is assumed that the probability of a ustomer reinitiating after failure of a repeatedattempt does not depend on the number of previous attempts (i.e. H2 = H3 = :::) [2℄.In this paper, we onsider a single server queueing system at whih primary ustomersarrive in bathes of size k (with probability k(t); k � 1) aording to a Poisson streamwith rate � > 0. If the server is busy at the arrival epoh, then with probability 1�H1all these ustomers leave the system without servie and with probability 0 < H1 < 1join the retrial group (orbit); whereas if the server is idle, then one of the arriving us-tomers begins his servie and leaves the system after the servie and the others go tothe orbit. Let k = limk!1 k(t); k � 1. Thus, C(z) = 1Pk=1 kzk is the generating funtionof the steady state distribution of the bath size and  = C 0(1) is the mean bath size.The impatiene phenomenon is represented by the probability 1�H1 (the probabilityH2 = 1). Any orbiting ustomer will repeatedly retry until the time at whih he �ndsthe server idle and starts his servie. The retrial times are exponentially distributedwith distribution funtion T (x) = 1 � e��x; x � 0, having �nite mean 1� . The servie49



times follow a general distribution with distribution funtion B(x) and Laplae-Stieltjestransform eB(s); Re(s) > 0. Let �k = (�1)k eB(k)(0) be the kth moment of the servietime about the origin and � = �H1�1 be the tra� intensity. Finally, we admit thehypothesis of mutual independene between all random variables de�ned above.2. STEADY STATE DISTRIBUTION OF THE SYSTEMSTATE AND DECOMPOSITION PROPERTYThe state of the onsidered system at time t an be desribed by means of theproess fC(t); No(t); �(t); t � 0g, where No(t) is the number of ustomers in the orbit,C(t) is the state of the server at time t. We have that C(t) is 0 or 1 depending onwhether the server is idle or busy. If C(t) = 1, �(t) represents the elapsed servie timeof the ustomer in servie at time t.Let � < 1. De�nep0n = limt!1P (C(t) = 0; No(t) = n);p1n = 1Z0 � limt!1 ddxP (C(t) = 1; �(t) � x;No(t) = n)� dx:In the previous work [1℄, we found the partial generating funtionsP0(z) = 1Xn=0 znp0n = H1(1� �)� +H1(1� �)e [�� zR1 1� eB(�H1(1�C(u)))C(u)ueB(�H1(1�C(u)))�u du#;P1(z) = 1Xn=0 znp0n = 1� eB(�H1(1� C(z)))( eB(�H1(1� C(z)))� z)H1P0(z):We also investigated the steady state queue size distribution at departure epohs �k (thetime when the server enters the idle state for the k-th time). The obtained generatingfuntion of the steady state distribution of the embedded Markov hain has the followingform: '(z) = 1� �� eB(�H1(1� C(z)))(1� C(z))eB(�H1(1� C(z)))� z e [�� zR1 1� eB(�H1(1�C(u))) C(u)ueB(�H1(1�C(u)))�u du#:(1)At present, we establish that the right hand part of (1) an be deomposed into twofators: the �rst fator 1��� eB(�H1(1�C(z)))(1�C(z))eB(�H1(1�C(z)))�z is the generating funtion for the num-ber of ustomers at departure epohs in the ordinary MX=G=1 queue with impatientustomers (model M1), and the seond one e [�� zR1 1� eB(�H1(1�C(u)))C(u)ueB(�H1(1�C(u)))�u du#=P0(z)P0(1) representsthe generating funtion for the number of ustomers at the departure epohs in theorresponding retrial queue (model M�) given that the server is idle. Thus, stohas-ti deomposition property of the onsidered system an be expressed in the followingmanner: f0; No�(t); t � 0g = f0; Nq1(t); t � 0g+ f0; R�(t); t � 0g:50



The proesses f0; No�(t); t � 0g and f0; R�(t); t � 0g are related to the model M�,where R�(t) represents the number of ustomers in the orbit at time t given that theserver is idle. The proess f0; Nq1(t); t � 0g is assoiated with the model M1, whereNq1(t) is the number of ustomers in the waiting line at time t.3. ASYMPTOTIC BEHAVIOUR OF THE SYSTEMNow, we investigate the asymptoti behaviour of the system under low retrial rate(� ! 0). To this end, the following result is established:Theorem 1. If �2 < 1, then as � ! 0, the number of ustomers in the orbit isasymptotially Gaussian with mean �� +��11�� and variane �� �1+��21+C00(1)�21��1�3��2�21+�2�22(1��)2�21 .In general, under high retrial intensity (� ! 1) the steady state distribution of aretrial queue onverges to a limit, whih is usually the steady state distribution of aertain limit system. In our ase, it is intuitive that this is the model M1. We provethis heuristi argument with the help of the stohasti deomposition property.Let �n(�) = limk!1P (No�(�k) = n);�n(1) = limk!1P (Nq1(�k) = n);qn(�) = limk!1P (R�(�k) = n):Theorem 2. The following inequalities take plae2 1� �� eB(�H1)(1� q0(�)) � 1Xn=0 j�n(�)� �n(1)j � 2(1� q0(�)); whereq0(�) = e [�� zR1 1� eB(�H1(1�C(u)))C(u)ueB(�H1(1�C(u)))�u du# and �=�H1�1�:As � !1; 1Xn=0 j�n(�)� �n(1)j = 0�1�� :REFERENCES1. Djellab N., Arrar K. N., Baillon J. B. Asymptoti behaviour of the number ofustomers in retrial group of M/G/1 retrial queue with bath arrivals // Interna-tional Conferene Modern Stohastis: Theory and Appliations II, Kyev, Ukraine.2010. P. 7�11.2. Falin G. I., Templeton J. G. C. Retrial Queues // Chapman and Hall 1997.
51



A CLOSED SINGLE-LINEQUEUEING SYSTEM WITHREPEATED CALLS AND LOSSESV. DragievaUniversity of ForestrySo�a, Bulgariavildrag2001�yahoo.omThe losed single-server queueing model with repeated attempts is studied in anumber of papers. In all these papers it is assumed that a rejeted subsriber repeatshis attempts until he is satis�ed. In the present paper we onsider the same model,assuming some restritions on the number of retrials, whih the ustomer is inlined(or is allowed) to make. The theoretial study of these models being too hard, weinvestigate them via simulations.Keywords: Closed queueing systems, repeated alls, simulations1. INTRODUCTION AND MATHEMATICAL MODELThe queuing systems with repeated attempts (or retrials) are widely used to modelproblems in telephone, omputer, ommuniation systems, et. The most obvious ex-ample of a retrial queue appears in a telephone all, when a person phones and �ndsthe line engaged. Usually in suh a situation the subsriber repeats his attempt aftersome time. A desription of other situations in whih retrials arise an be found in[5℄, and more reent appliations of retrial models - in [1℄. The standard assumption inanalysis of retrial queues is that eah ustomer repeats his attempts until he is satis�ed.However, in many real situations this assumption does not hold. It does not alwayshold even in the lassial example of the telephone subsriber who �nds engaged line.The objetive of the present paper is investigation of retrial queueing models, where thenumber of repetitions is in some way restrited. The theoretial study of suh systemsis too di�ult, so in the present paper a method of simulations is applied.We onsider retrial queueing system of typeM=G=1==N in Kendall's notation. Thismeans that the system has one server, whih serves N; (2 � N < 1) ustomers (sub-sribers) and eah one of the ustomers produes a Poisson proess of demands (alls)with intensity �. These ustomers are identi�ed as primary or free ustomers or souresof primary alls. When an arriving primary ustomer �nds the server busy, he leavesthe servie area and repeats the request after some random time. Between trials austomer is said to be in orbit (queue), or to be a soure of repeated alls, or an ativeustomer. Thus, when a soure is free at time moment t (i.e. is not being served andis not waiting for servie) it may generate a primary all during the interval (t; t+ dt)with probability �dt: If the server is free at the instant of arrival of a primary all then52



the all starts to be served. During the servie time the soure annot generate a newprimary all. After servie the soure moves into a free state and an generate a newprimary all. If the hannel is busy at time of the arrival of a primary all, then thesoure starts generating a Poisson �ow of repeated alls with intensity �: As in thease of a primary all, after servie the soure beomes free and an generate a newprimary all. We assume that primary alls, repeated attempts and servie times aremutually independent and denote the servie time distribution funtion by G(x) bothfor primary and repeated alls and its �rst moment by ��1:This queueing system and its variants are useful in modeling magneti disk memorysystems [9℄, a star-like loal area networks [6℄, [8℄, telephone networks [7℄, et and isstudied in a number of papers ([3℄, [4℄, [7℄, [9℄ and others). All these papers deal onlywith the ase, when eah seondary ustomer repeats his retrials until he is satis�ed.Now we onsider two variants of the desribed system, regarding some restritions onthe number of retrials, that a seondary subsriber is inlined (or is allowed) to makebefore he reahes the server free. In the �rst variant we assume that if the server is busyat the instant of arrival of a seondary subsriber (an ative subsriber), this subsriberontinues his repeated attempts with probability p and with probability 1�p; 0 � p � 1he refuses to try entering server any more and beomes again a free one. In the seondmodel we assume, that eah seondary ustomer stops his retrials if his (k + 1)-thattempt fails, k = 1; 2; : : : (if not served before). Further in this paper we will all eahof these three models as the model without restritions (unrestrited model or a modelwithout losses), the �rst restrited model and the seond restrited model, respetively.Obviously, if in the �rst restrited model we take p = 1; or in the seond one k =1 weget the model without restritions. In the same way, if p = 0 the �rst restrited modeloinides with the seond one with k = 1:2. ANALYSIS OF THE RESTRICTED MODELSLet C(t) be the number of busy hannels at time t (i.e. C(t) is 0 or 1 aording towhether the hannel is free or busy at time t) and A(t) - the number of ative ustomersat time t (orbit size or queue length). In the �rst restrited model (where a rejetedseondary subsriber ontinues his attempts with probability p and with probability1 � p stops the retrials) the dynamis of the system an be desribed by the proess(C(t); A(t)): It should be noted that the situation C(t) = 0; A(t) = N is impossible andthus the state spae of the proess (C(t); A(t)) is the set f0; 1g� f0; 1; : : : ; N � 1g: As(C(t); A(t)) is a Markov proess only when C(t) = 0, in order to work with a Markovproess also in the ase C(t) = 1 we introdue a supplementary variable z(t); equal tothe elapsed servie time. Letp1j(x)dx = limt!1P (C(t) = 1; A(t) = j; x < z(t) � x + dx);pij = limt!1P (C(t) = i; A(t) = j); i = 0; 1; j = 0; 1; : : : ; N � 1: (1)53



In a general way we obtain the equations of statistial equilibriumddxp1j(x) = �[(N � j � 1)�+ �(x) + j(1� p)�℄p1j(x) + (N � j)�p1;j�1(x) (2)+(j + 1)(1� p)�p1;j+1(x); p1;�1(x) = p1N (x) = 0;[j�+ (N � j)�℄p0j = Z 10 p1j(x)�(x)dx; (3)p1j(0) = (N � j)�p0j + (j + 1)�p0;j+1; j = 0; 1; : : : ; N � 1; (4)Here �(x) = G0(x)1�G(x)is the servie rate at instant x after start of a servie.Reurrent formulas for omputing the solutions of the system (2) - (4) in ase p = 1are obtained in [9℄ with the help of disrete transformations and in [3℄ diretly, bymeans of mathematial indution. For arbitrary p, no formulas are known to us for thesolution of this system.As desribed before, in the seond restrited model we assume that if the (k +1)-th attempt of an ative subsriber fails, k = 1; 2; : : : , the subsriber leaves theorbit and beomes free again. So, the state of the system at time t an be desribedby the proess (C(t); A1(t); A2(t); : : : ; Ak(t)); where Ai(t) is the number of thoseative subsribers in the orbit whih have made exatly k attempts before the momentt; A(t) = A1(t) + A2(t) + � � �+ Ak(t): Introduing the steady state probabilitiesp1j1j2:::jk(x)dx = limt!1P (C(t) = 1; A1(t) = j1; : : : ; Ak(t) = jk; x < z(t) � x+ dx);pij1j2:::jk = limt!1P (C(t) = i; A1(t) = j1; A2(t) = j2; : : : ; Ak(t) = jk);x � 0; i = 0; 1; kXl=1 jl � N � 1; jl � 0; 1 � l � k;for the joint stationary distribution pij of the server state and the orbit size (1) it holdspij = N�1Xj1+j2+���+jk=j pij1j2:::jk :The equations of statistial equilibrium are very ompliated even for small k. Fork = 1 this is the system (2) - (4) with p = 0; for k = 2 the system has the formddxp1j1j2(x) = �[(N � j � 1)�+ �(x) + j�℄p1j1j2(x) + (N � j)�p1;j1�1;j2(x)+(j2 + 1)�p1;j1;;j2+1(x) + (j1 + 1)�p1;j1+1;j2�1(x);[j�+ (N � j)�℄p0j1j2 = Z 10 p1j1j2(x)�(x)dx;p1j1j2(0) = (N � j)�p0j + (j2 + 1)�p0;j1;j2+1 + (j1 + 1)�p0;j1+1;j2;j = j1 + j2; p1j1j2(x) = p1j1j2 = 0 if jk =2 [0; N � 1℄; k = 1; 2:54



3. SIMULATIONSIn this setion, on the basis of obtained via simulations results we study the proper-ties of the orbit size and the server state. The simulations are performed in the ase ofexponentially distributed servie times. Assuming that in the beginning of the proessthe server is free and there are no ative subsribers, the simulation follows the shorttime hanges of the system state as the diretion of transformations is hosen aordingto the probability of eah transformation and using generated random numbers. Themethod is desribed in detail in [2℄.Five examples are presented as illustrations: simulation of the �rst restrited modelwith probability p = 0:5; of the seond restrited model for k = 1; k = 2 and k = 3 andof model without restritions. The observed mean E[A℄, standard deviations std[A℄and the partition E[A1℄; E[A2℄; E[A3℄ (in ase k = 2 and k = 3) of the orbit size aswell as the probability P1 of a busy hannel are given in table 1. The orrespondingtheoretially obtained values in the system without losses (alulated aording to thederived in [3℄ formulas) are also given. The values of the parameters are the same ineah of these examples: � = 0:012; � = 0:1; � = 1; N = 50; n = 10000; where n isthe duration of the simulation (the number of time steps). The results presented in thetable show that the type of the model greatly in�uenes the observed harateristis,espeially the mean number of the ative subsribers.Table1P1 E[A℄ (st.dev.) E[A1℄ E[A2℄ E[A3℄I restr. model, p = 0:5 0.69 9.22 (2.97) - - -II restr. model, k = 1 0.66 6.35 (2.5) - - -II restr. model, k = 2 0.70 10.11 (3.16) 6.06 4.05 -II restr. model, k = 3 0.72 12.73 (3.16) 5.88 4.07 2.77Unrestr. model 0.73 18.93 (4.02) - - -Theor. results (unrestr. m.) 0.72 19.10 (4.15) - - -In �gures 1 - 2 we an see the e�et not only of the system's type but also of thesystem's parameters on the onsidered harateristis. The graphs on �g.1 representthe dependene of the ative subsribers mean perentage E[A℄:100=N on the system'sparameters: � (the upper-left orner); � (the upper-right orner), � (the lower-left or-ner) and N (the lower-right orner). The dashed lines show the theoretially obtainedvalues of E[A℄:100=N in the unrestrited model (when ative subsribers repeat theirattempts until enter servie) and the solid lines - the orresponding empirial meansfor the seond restrited model with k = 2 (when ative subsribers leave the orbit iftheir third attempt fails), eah one obtained via simulations with 10000 steps. Fig.2has the same struture as Fig.1, but it onerns the busy hannel probability P1: As wean see the behaviour of E[A℄:100=N and P1 in both onsidered models is similar, butthe di�erene between these models is learly shown as well.55
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�SIRIUS-T� PACKAGE FORCHARACTERISTICS EVALUATIONOF THE QUEUEING SYSTEMSA. Dudin1, V. Klimenok1, G. Tsarenkov2;?1 Belarusian State University,2 BestSoft FLCC1;2 Minsk, Belarus? gtsarenkov�tut.byThis paper ontains desription of new features of software pakage �Sirius-T� as anelaboration of �Sirius++� and �Sirius-C� pakages. �Sirius-T� introdues new modelsfor alulation harateristis of tandem queues allowing performane evaluation andapaity planning of the teleommuniation networks and their fragments. Additionally,the software failitates a study of queueing models under onsideration of orrelatedservie and evaluation of the algorithms' numerial omplexity.Keywords: Teleommuniations, Computer Networks, Performane Charateristis,Queueing Systems, Tandems.1. INTRODUCTIONThe desribed software �Sirius-T� is the next generation of the software �Sirius++�that is desribed in [5℄. Apart minor extensions that failitate study of the queueing sys-tems under onsideration of the orrelated servie (desribed in terms of semi-Markovianproess) some major improvements have been made.One of suh improvements allows analysis of numerial omplexity of algorithms.Due to approximate nature of the implemented algorithms there is no analytial wayknown to perform suh analysis. However, with minor performane loss it is possibleto gather the information during alulation.Another improvement allows using alulation under di�erent platforms (e.g. dif-ferent operating systems or hardware). This is important while alulation preisiondi�ers depending on the development tools shipped with the platform.Finally, the most signi�ant improvement was ahieved by adding support of newqueueing systems. In partiular several tandem queues have been added to a set ofsupported models. This allows studying of more omplex networks and their fragments.The software �Sirius-T� has been developed in C++ using Mirosoft Visual Studio2008 and GNU GCC 4.5.1.2. DESCRIPTION OF THE TANDEM QUEUESBefore desribing tandem models supported by the �Sirius-T�, let us brie�y speifyommon aspets of studied tandem queues. The key di�erene of tandems from single58



server queues is that it has two servie devies (servers). Servie time duration at the�rst server has general distribution with the �rst moment b1, 0 < b1 < 1. The �rstserver has a bu�er of size N (two ases are onsidered N <1 and N =1).The seond server is haraterized by the PH-type servie time distribution havingan irreduible representation (�; S). Here � is the stohasti row-vetor of dimensionK and S is K�K matrix having the negative diagonal and non-negative non-diagonalentries, suh as the olumn vetor S0 = �Se is non-negative and has at least onepositive entry. The average servie time is de�ned as �(�S)�1e. Here and in the sequele is olumn vetor of appropriate size onsisting of units. For more information aboutPH see [7℄. The bu�er before the seond server has size M � 1, M <1.Eah request needs to be sequentially served by �rst and seond servers.�Sirius-T� ontinues utilizing bath Markovian Arrival proess (BMAP ) as an input�ow. The BMAP , a speial lass of tratable Markov renewal proess, is a rih lass ofpoint proesses. It inludes many well-known proesses suh as stationary Poisson, PH-renewal proess, Markov Modulated Poisson Proess (MMPP ) and others. The epohsof ustomers' arrival (possibly in bathes of a random size) oinide with the transitionepohs of some ontinuous-time Markov hain �t; t � 0 alled as the direting proessof the BMAP. This proess has a �nite state spae f0; : : : ;Wg and it is ompletelyde�ned by some set of (W + 1)� (W + 1) matries Dk; k � 0: The matrix Dk onsistsof intensities of transitions of the proess �t; t � 0 that are aompanied by arrival of abath of size k into the system. The BMAP was introdued by D.Luantoni in [6℄ asa more nie form of versatile input proess introdued earlier by M.Neuts in [8℄. TheBMAP is reommended by many researhers as a good desriptor of �ows in the modernteleommuniation networks. It takes well into aount the bursty, orrelated nature ofthese �ows. It makes its exploiting to model the real life �ows being attrative.For understanding the examples from the following setion we need to desribe someadditional harateristis of the BMAP �ow. A matrix generating funtionD(z) = 1Xk=0 Dkzk; jzj � 1;introdued by D.Luantoni in [6℄ failitates analytial study of queueing systems. Thevetor � of the proess �t, t > 0 stationary distribution satis�es equations �D(1) =0; �e = 1: Here 0 is zero row vetor of appropriate size. The average intensity �(fundamental rate) of the BMAP is de�ned as� = �D0(z)jz=1e:The intensity �g of groups arrival is de�ned as�g = �(�D0)e;variane var of intervals between the groups arrival is alulated as:var = 2�g�1�(�D0)�1e� �g�2;59



the orrelation oe�ient or of intervals between the suessive groups arrival is al-ulated as or = (�g�1�(�D0)(D(1)�D0)(�D0)�1e� �g�2)=v:We onsider partial admission losses at �rst server if N <1, i.e. the only requestsfrom bath arrival will be lost that exeed the free bu�er apaities.We an now desribe and illustrate with numerial examples models supported by�Sirius-T�. 3. TANDEM QUEUES WITH LOSSESWe onsider BMAP jGj1jN ! �jPHj1jM tandem with possible losses at the �rstand the seond server (please see the �gure 1 for illustration). This model was studiedin paper [2℄.In ase the entering bath of ustomers �nds insu�ient number of plaes in a bu�er(or the bu�er is already full at all), the appropriate number of ustomers from the bathjoins a queue while the rest (or even the whole group) leaves the system forever (i.e.is lost at the �rst server). We denote the probability P (1)loss of the request to be lost atthe �rst server. In ase the ustomer ompletes the servie at �rst server and meetsthe bu�er before the seond server be busy, this ustomer leaves the system foreverand is onsidered to be lost at the seond server. We denote the probability P (2)loss ofthe request to be lost at the seond server. If bu�er before �rst server is in�nite, thenrequirements an be lost at the seond server only.
D(z)BMAP bu�er before�rst server1 N �rstGserverloss with P(1)loss loss with P(2)lossbu�er beforeseond server1 M seondPHserverFig. 1. Struture of the tandem queue with lossesLet us illustrate the module with some example.The input parameters of the tandem are de�ned as spei�ed below.Table 1 BMAP -�ow of intensity � = 10, intensity of groups �g = 5, with orrelationor = 0:2, and variation var = 12:2732D0 D1 = D3 D2�6:74538 5:45412� 10�65:45412� 10�6 �0:219455 2:01021 0:01340840:036728 0:0291068 2:68027 0:01787780:0489707 0:038809Servie time at the �rst server is degenerate. To vary servie time the followingvalues are used f0:01; 0:03; 0:05; 0:07; 0:08; 0:085; 0:09; 0:095; 0:1; 0:12; 0:14g.60



Phase-type servie time distribution at the seond server has the following parame-ters S = ��20 00 �80� ;� = �0:7 0:3� :These parameters make mean servie time at the seond phase equal to 0:03875.The bu�er apaity M at the seond server is 2.
N = 5N = 2N = 1

0.020.040.060.08 0.1 0.120.1400.20.40.6
b1

P (1)loss
N =1 N = 5

N = 2N = 10.020.040.060.08 0.1 0.120.1400.10.20.3
b1

P (2)loss

Fig. 2. Loss probability P (1)loss and P (2)loss at the �rst and at the seond servers depending onaverage servie time b1 at the �rst phase4. TANDEM QUEUES WITH BLOCKINGSWe onsider BMAP jGj1jN ! �jPHj1jM tandem with possible losses at the �rstserver and blokings of the �rst server if there is no free spae in a bu�er at the seondserver (please see the �gure 3 for illustration). This model was studied in paper [1℄.
D(z)BMAP bu�er before�rst server1 N �rstGserverloss with P(1)lossbloking with Pblokbu�er beforeseond server1 M seondPHserverFig. 3. Struture of the tandem queue with blokingsLet us illustrate the module with some example. We will use input data fromthe previous setion. However, due to ergodiity ondition, in ase of an ini�nite�rst bu�er, we need to limit servie time at the �rst server to the following valuesf0:01; 0:03; 0:05; 0:07; 0:08g. 61



N =1N = 20.02 0.04 0.06 0.080.10.20.30.40.50.6
b1

Pblok N =1N = 2
0.02 0.04 0.06 0.080.40.60.811.2

b1
L2

Fig. 4. Bloking probability Pblok and average queue length L2 at the seond server dependingon average servie time b1 at the �rst phase5. TANDEM QUEUES WITH FEEDBACK AND LOSSESWe onsider BMAP jGj1jN ! �jPHj1jM tandem with possible losses at the �rstserver and at the seond server as well as feedbak mehanism (please see the �gure3 for illustration). By feedbak we meen, that any request with probability p afterbeen served at the seond server an return to the bu�er at the �rst server, and withprobability 1� p an leave system forever. This model was studied in paper [4℄.
D(z)BMAP bu�er before�rst server1 N �rstGserverloss with P(1)loss leave with 1� ploss with P(2)loss

feedbak p
bu�er beforeseond server1 M seondPHserver

Fig. 5. Struture of the tandem queue with feedbak and lossesLet us illustrate the module with some example. We will use input parameters asin the seond example, but the servie time distribution at the �rst server we onsiderdeterministi with T = 0:05.
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Fig. 6. Loss probability P (2)loss and average queue length L2 at the seond server depending onfeedbak probability p6. TANDEM QUEUES WITH RETRIALS AND LOSSESWe onsider BMAP jGj1 ! �jPHj1jM tandem with retrials at the �rst server andpossible losses at the seond server. The orbit before the �rst server is in�nite. If anarriving request �nds the �rst server busy it joins the orbit and tries to get servie inexponentially distributed time intervals with intensity �i = i� + , where i denotesnumber of ustomers at the orbit. This model was studied in paper [3℄.We will use the same input data as in previous setion, but the retrial intensity inthis example is onsidered to be linear one, i.e.�i = i� + ; i � 1;where i denotes number of ustomers in an orbit and � = 3,  = 5.The bu�er size at the seond server as well as the alulated performane hara-teristis are given in the table 2 below.Additionally, probability P (2)0 denotes that the seond server is idle at arbitraryepoh.Table 2 Results of some performane harateristis alulations for di�erent inputparametersParameters Case 1 Case 2M 9 4L1 1.96517 1.13647L2 2.33711 1.098326Ploss 0.178394 0.254642P0;0 0.279899 0.286573P (2)0 0.308468 0.281546
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7. CONCLUSIONThe new �Sirius-T� software pakage allows study of new models to alulate per-formane harateristis of the tandem queueing systems as a adequate models of thefragments of the teleommuniation networks. Apart that, it extends algorithms withadditional harateristis allowing investigation of numerial omplexity. All this makes�Sirius-T� appliation valuable not just for seintists, but also for engineers who needsto perform analysis of some teleommuniation networks or their fragments.The development of the �Sirius-T� will be ontinued to allow handling more omplexsystems and algorithms. REFERENCES1. Breuer L., Dudin A.N., Kliminok V.I., Tsarenkov G.V. A two-phaseBMAP jGj1jN ! PHj1jM � 1 with bloking // Automation and Remote Con-trol. 2004. � 1. P. 117-130. (in Russian).2. Dudin A.N., Breuer L., Klimenok V.I., Tsarenkov G.V. Tandem queueBMAP jGj1jN ! �jPHj1jM with losses // Performane Evaluation. 2005. � 61.P. 17-40.3. Dudin A.N., Klimenok V.I., Che Soong Kim, Tsarenkov G.V. Investigation of theBMAP=G=1 ! �=PH=1=M � 1 tandem queue with retrials and losses // AppliedMathematial Modelling, 2010. V. 34, Issue 10. P. 2926-2940.4. Dudin A.N., Klimenok V.I., Che Soong Kim, Tsarenkov G.V. The BMAP=G=1!�=PH=1=M�1 tandem queue with feedbak and losses // Performane Evaluation.2007. V. 64, Issue 7-8. P. 802-818.5. Dudin A. N., Klimenok V. I.½ Tsarenkov G. V. Software �Sirius++� for Perfor-mane Evaluation of Modern Communiation Networks // Modeling and Simula-tion. 16th European Simulation Multionferene, 2002. P. 489-493.6. Luantoni D. New results on the single server queue with a bath markovianarrival proess // Communiations in Statistis - Stohasti Models, 1991. V. 7.� 1. P. 1-46.7. Neuts M. F. Matrix-geometri solutions in stohasti models // Baltimore, TheJohns Hopkins University Press. 1981.8. Neuts M. F. Strutured stohasti matries of M/G/1 type and their appliations //New York, M. Dekker. 1989.
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ÑÈÑÒÅÌÀ ÎÁÑËÓÆÈÂÀÍÈßMAP jPHjN jR�N ÊÀÊ ÌÎÄÅËÜÔÓÍÊÖÈÎÍÈ�ÎÂÀÍÈßÊÎÍÒÀÊÒ-ÖÅÍÒ�ÀÑ. Äóäèí, Î. Òàðàìèí�Áåëîðóññêèé ãîñóäàðñòâåííûé óíèâåðñèòåòÌèíñê, Áåëàðóñü� taramin�mail.ruÂ ñòàòüå èññëåäóåòñÿ ìíîãîëèíåéíàÿ ñèñòåìà ìàññîâîãî îáñëóæèâàíèÿ ñ êîíå÷-íûì áó�åðîì è íåòåðïåëèâûìè çàïðîñàìè. Íà âõîä ñèñòåìû ïîñòóïàåò ìàðêîâñêèéïîòîê çàïðîñîâ. Âðåìåíà îáñëóæèâàíèÿ çàïðîñîâ êàæäûì ïðèáîðîì èìåþò ðàñïðå-äåëåíèÿ �àçîâîãî òèïà. Âî âðåìÿ îæèäàíèÿ îáñëóæèâàíèÿ â áó�åðå çàïðîñû ìîãóòïðîÿâëÿòü íåòåðïåëèâîñòü è ïîêèäàòü ñèñòåìó.Äàííàÿ ðàáîòà áûëà ÷àñòè÷íî ïîääåðæàíà Áåëîðóññêèì ðåñïóáëèêàíñêèì �îí-äîì �óíäàìåíòàëüíûõ èññëåäîâàíèé ÷åðåç ãðàíò � Ô10ÌËÄ-010.Êëþ÷åâûå ñëîâà: ìàðêîâñêèé ïîòîê, ïðîöåññ îáñëóæèâàíèÿ �àçîâîãî òèïà,íåòåðïåëèâûå çàïðîñû, êîíòàêò-öåíòð.1. ÂÂÅÄÅÍÈÅÂ äàííîé ñòàòüå èññëåäóåòñÿ ìíîãîëèíåéíàÿ ñèñòåìà îáñëóæèâàíèÿ ñ íåòåðïå-ëèâûìè çàïðîñàìè. Ýòà ñèñòåìà ìîæåò èñïîëüçîâàòüñÿ äëÿ ìîäåëèðîâàíèÿ è îïòè-ìèçàöèè �óíêöèîíèðîâàíèÿ êîíòàêò-öåíòðà. Îáñëóæèâàíèå àáîíåíòîâ îñóùåñòâ-ëÿåòñÿ íåñêîëüêèìè îïåðàòîðàìè. Â ñëó÷àå çàíÿòîñòè âñåõ îïåðàòîðîâ àáîíåíòóïðåäëàãàåòñÿ ïîäîæäàòü, ïðè ýòîì åìó ñîîáùàåòñÿ åãî íîìåð â î÷åðåäè è îðè-åíòèðîâî÷íîå âðåìÿ îæèäàíèÿ. Â çàâèñèìîñòè îò åãî íîìåðà â î÷åðåäè àáîíåíòïðèíèìàåò ðåøåíèå, îæèäàòü èëè íåò îáñëóæèâàíèÿ. Âî âðåìÿ îæèäàíèÿ àáîíåíòòàêæå ìîæåò ðàçðûâàòü ñîåäèíåíèå èç-çà íåòåðïåëèâîñòè.Ñ÷èòàåì, ÷òî îò îáñëóæèâàíèÿ êàæäîãî àáîíåíòà ñèñòåìà ïîëó÷àåò ïðèáûëü, âòî âðåìÿ êàê ñîäåðæàíèå îïåðàòîðà òðåáóåò çàòðàò. Íåîáõîäèìî îïðåäåëèòü òàêîå÷èñëî îïåðàòîðîâ, ïðè êîòîðîì ïðèáûëü öåíòðà áûëà áû ìàêñèìàëüíîé.2. ÌÀÒÅÌÀÒÈ×ÅÑÊÀß ÌÎÄÅËÜ�àññìàòðèâàåòñÿ ñèñòåìà îáñëóæèâàíèÿ, ñîñòîÿùàÿ èç N ïðèáîðîâ è áó�åðàðàçìåðà R � N; R � N . Â ñèñòåìó ïîñòóïàåò ìàðêîâñêèé âõîäíîé ïîòîê (MAP� Markovian Arrival Proess) çàïðîñîâ, çàäàííûé íåïðèâîäèìîé öåïüþ Ìàðêîâà�t; t � 0; ñ íåïðåðûâíûì âðåìåíåì è êîíå÷íûì ïðîñòðàíñòâîì ñîñòîÿíèé f0; :::;Wg.65



Âðåìÿ ïðåáûâàíèÿ öåïè â ñîñòîÿíèè � ýêñïîíåíöèàëüíî ðàñïðåäåëåíî ñ ïîëîæè-òåëüíûì ïàðàìåòðîì ��: Êîãäà âðåìÿ ïðåáûâàíèÿ â ñîñòîÿíèè � èñòåêëî, ñ âåðî-ÿòíîñòüþ p(k)�;�0 ïðîöåññ �t ïåðåõîäèò â ñîñòîÿíèå � 0 è ïðè ýòîì ãåíåðèðóåòñÿ ãðóïïàèç k çàïðîñîâ, k = 0; 1; �; � 0 = 0;W . Ïîâåäåíèå MAP -ïîòîêà ïîëíîñòüþ õàðàêòåðè-çóåòñÿ ìàòðèöàìè Dk; k = 0; 1; êîòîðûå îïðåäåëÿþòñÿ ñëåäóþùèì îáðàçîì(Dk)�;�0 = ��p(k)�;�0; k = 1 è k = 0; � 6= � 0; (D0)�;� = ��� ; � = 0;W :Ìàòðèöà D(1) = D0 +D1 ïðåäñòàâëÿåò ñîáîé èí�èíèòåçèìàëüíûé ãåíåðàòîð öåïè�t; t � 0.Ñðåäíÿÿ èíòåíñèâíîñòü ïîñòóïëåíèÿ çàïðîñîâ � èìååò âèä� = �D1e;ãäå � - âåêòîð ñòàöèîíàðíîãî ðàñïðåäåëåíèÿ öåïè Ìàðêîâà �t; t � 0. Âåêòîð �ÿâëÿåòñÿ åäèíñòâåííûì ðåøåíèåì ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé�D(1) = 0; �e = 1: Çäåñü è äàëåå e � âåêòîð-ñòîëáåö, ñîñòîÿùèé èç åäèíèö, 0 �âåêòîð-ñòðîêà, ñîñòîÿùàÿ èç íóëåé.Êîý��èöèåíò âàðèàöèè var äëèí èíòåðâàëîâ ìåæäó ìîìåíòàìè ïîñòóïëåíèÿçàïðîñîâ 2var = 2��(�D0)�1e� 1:Êîý��èöèåíò êîððåëÿöèè or äëèí äâóõ ñîñåäíèõ èíòåðâàëîâ ìåæäó ïîñòóï-ëåíèåì çàïðîñîâor = (��(�D0)�1(D(1)�D0)(�D0)�1e� 1)=2var:Âðåìÿ îáñëóæèâàíèÿ çàïðîñà êàæäûì ïðèáîðîì èìååò ðàñïðåäåëåíèå �àçî-âîãî. Âðåìÿ îáñëóæèâàíèÿ, èìåþùåå ðàñïðåäåëåíèå �àçîâîãî òèïà (PH � Phase-type distribution) ñ íåïðèâîäèìûì ïðåäñòàâëåíèåì (�; S), ìîæíî èíòåðïðåòèðî-âàòü êàê âðåìÿ, çà êîòîðîå öåïü Ìàðêîâà ñ íåïðåðûâíûì âðåìåíåì �t; t � 0;èìåþùàÿ íåñóùåñòâåííûå ñîñòîÿíèÿ f1; : : : ;Mg è ïîãëîùàþùåå ñîñòîÿíèå M + 1,äîñòèãíåò ïîãëîùàþùåãî ñîñòîÿíèÿ. Íà÷àëüíîå ñîñòîÿíèå öåïè Ìàðêîâà �t; t � 0;â ìîìåíò íà÷àëà îáñëóæèâàíèÿ çàïðîñà îïðåäåëÿåòñÿ âåðîÿòíîñòíûì âåêòîðîì� = (�1; : : : ; �M). Ïåðåõîäû öåïè �t; t � 0; êîòîðûå íå ïðèâîäÿò ê îêîí÷àíèþîáñëóæèâàíèÿ, çàäàþòñÿ ñóáãåíåðàòîðîì S ðàçìåðà M �M . Èíòåíñèâíîñòè ïåðå-õîäîâ â ïîãëîùàþùåå ñîñòîÿíèå îïèñûâàþòñÿ âåêòîðîì S0 = �Se. Ñðåäíåå âðåìÿîáñëóæèâàíèÿ îïðåäåëÿåòñÿ �îðìóëîé b1 = �(�S)�1e.Åñëè âñå ïðèáîðû çàíÿòû è ÷èñëî çàïðîñîâ â áó�åðå â ìîìåíò ïðèõîäà çàïðîñàðàâíî i; i = 0; R�N � 1, òî ýòîò çàïðîñ ñ âåðîÿòíîñòüþ qi ïîêèäàåò ñèñòåìó, à ñäîïîëíèòåëüíîé âåðîÿòíîñòüþ ñòàíîâèòñÿ â î÷åðåäü.Åñëè â ìîìåíò ïðèõîäà çàïðîñà ñâîáîäíûå ìåñòà â áó�åðå îòñóòñòâóþò, çàïðîñïîêèäàåò ñèñòåìó. ×åðåç ýêñïîíåíöèàëüíî ðàñïðåäåëåííîå ñ ïàðàìåòðîì �; 0 < � <1; âðåìÿ ñ ìîìåíòà ïîïàäàíèÿ â áó�åð, çàïðîñ ïîêèäàåò ñèñòåìó, åñëè îí äî ýòîãîíå ïîïàë íà îáñëóæèâàíèå. 66



Êà÷åñòâî �óíêöèîíèðîâàíèÿ ñèñòåìû îïèñûâàåòñÿ êðèòåðèåìJ(N) = a�out � b�P (loss) � dN;êîòîðûé îïðåäåëÿåò ïðèáûëü ñèñòåìû â åäèíèöó âðåìåíè. Çäåñü a � ïðèáûëü, ïî-ëó÷åííàÿ îò îáñëóæèâàíèÿ îäíîãî çàïðîñà, �out � ñðåäíåå ÷èñëî çàïðîñîâ, îáñëó-æåííûõ ñèñòåìîé â åäèíèöó âðåìåíè, b � øòðà� çà ïîòåðþ çàïðîñà, P (loss) � âåðî-ÿòíîñòü ïîòåðè ïðîèçâîëüíîãî çàïðîñà, d � ñòîèìîñòü ñîäåðæàíèÿ îäíîãî ïðèáîðàâ åäèíèöó âðåìåíè.Íåîáõîäèìî îïðåäåëèòü òàêîå ÷èñëî ïðèáîðîâ N , ïðè êîòîðîì äîñòèãàåò ìàê-ñèìóìà êðèòåðèé J(N).3. Ï�ÎÖÅÑÑ ÈÇÌÅÍÅÍÈß ÑÎÑÒÎßÍÈÉ ÑÈÑÒÅÌÛÈ ÑÒÀÖÈÎÍÀ�ÍÎÅ �ÀÑÏ�ÅÄÅËÅÍÈÅ ×ÈÑËÀÇÀÏ�ÎÑÎÂ Â ÑÈÑÒÅÌÅÏóñòü it; it 2 f0; : : : ; Rg; � ÷èñëî çàïðîñîâ â ñèñòåìå,�t 2 f0; : : : ;Wg; � ñîñòîÿíèå óïðàâëÿþùåãî ïðîöåññà MAP -ïîòîêà ïîñòóïëåíèÿçàïðîñîâ,�(l)t ; �(l)t 2 f1; : : : ;Mg; � ñîñòîÿíèå óïðàâëÿþùåãî ïðîöåññà îáñëóæèâàíèÿ l-ìçàíÿòûì ïðèáîðîì â ìîìåíò âðåìåíè t; t � 0; l 2 f1; : : : ;minfit; Ngg:Ïðîöåññ �t = fit; �t; �(1)t ; : : : ; �(minfit;Ng)t g; t � 0; ÿâëÿåòñÿ ðåãóëÿðíîé íåïðèâîäè-ìîé öåïüþ Ìàðêîâà ñ íåïðåðûâíûì âðåìåíåì.Çàíÿòûå ïðèáîðû ïðåäïîëàãàþòñÿ ïåðåíóìåðîâàííûìè â ïîðÿäêå èõ çàíÿòèÿ:íîìåð 1 èìååò íàèáîëåå äîëãîòåêóùèé ê äàííîìó ìîìåíòó âðåìåíè ïðîöåññ îá-ñëóæèâàíèÿ. Ñîîòâåòñòâåííî ìàêñèìàëüíûé íîìåð èìååò ïðîöåññ îáñëóæèâàíèÿ,êîòîðûå ñòàðòîâàë ïîçæå âñåõ îñòàëüíûõ. Ïðè çàâåðøåíèè ïðîöåññà îáñëóæèâàíèÿçàïðîñà è îòñóòñòâèè î÷åðåäè ñîîòâåòñòâóþùèé åìó íîìåð ïðèáîðà âû÷åðêèâàåòñÿèç çàïèñè, è ïðîèçâîäèòñÿ ïåðåíóìåðàöèÿ.Ïåðåíóìåðóåì ñîñòîÿíèÿ öåïè �t â ëåêñèêîãðà�è÷åñêîì ïîðÿäêå. Ìíîæåñòâîñîñòîÿíèé, èìåþùèõ çíà÷åíèå (i; �) äâóõ ïåðâûõ êîìïîíåíò öåïè, áóäåì íàçûâàòüìàêðîñîñòîÿíèåì (i; �).Ïóñòü Q � ãåíåðàòîð öåïè Ìàðêîâà �t; t � 0; ñ�îðìèðîâàííûé èç áëîêîâ Qi;j;ñîñòîÿùèõ èç ìàòðèö (Qi;j)�;�0 èíòåíñèâíîñòåé ïåðåõîäîâ öåïè �t; t � 0; èç ìàêðî-ñîñòîÿíèÿ (i; �) â ìàêðîñîñòîÿíèå (j; � 0); �; � 0 = 0;W :Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:� A� i = A� A� : : :� A| {z }i ; i > 0; A� 0 = O1�1;� �W = W + 1;� �i = (i�N)�.Ëåììà 1. �åíåðàòîð Q èìååò ñëåäóþùóþ áëî÷íî-òðåõäèàãîíàëüíóþ ñòðóê-òóðó: 67



Q = 0BBBBBBB�
Q0;0 Q0;1 O : : : O OQ1;0 Q1;1 Q1;2 : : : O OO Q2;1 Q2;2 : : : O O... ... ... . . . ... ...O O O : : : QR�1;R�1 QR�1;RO O O : : : QR;R�1 QR;R

1CCCCCCCA :Íåíóëåâûå áëîêè ãåíåðàòîðà èìåþò ñëåäóþùèé âèä:Qi;i = D0 � S�i; i = 0; N � 1;QN;N = D0 � S�N + q0D1 
 IMN ;Qi;i = D0 � S�N + qi�ND1 
 IMN � �iI �WMN ; i = N + 1; R� 1;QR;R = D(1)� S�N � �iI �WMN ;Qi;i�1 = I �W 
 S0�i; i = 1; N;Qi;i�1 = I �W 
 (S0�)�N + �iI �WMN ; i = N + 1; R;Qi;i+1 = D1 
 IM i 
 �; i = 0; N � 1;Qi;i+1 = (1� qi�N)D1 
 IMN ; i = N;R� 1:Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî ëåììû îïèðàåòñÿ íà àíàëèç ïåðåõîäîâ öåïè Ìàð-êîâà �t; t � 0; çà áåñêîíå÷íî ìàëûé èíòåðâàë âðåìåíè ñ ïîñëåäóþùåé ãðóïïèðîâêîéèíòåíñèâíîñòåé ñîîòâåòñòâóþùèõ ïåðåõîäîâ â áëîêè ìàòðèöû Q.Òàê êàê öåïü Ìàðêîâà �t = fit; �t; �(1)t ; : : : ; �(minfit;Ng)t g; t � 0; ðåãóëÿðíàÿ è íåïðè-âîäèìàÿ, à òàêæå èìååò êîíå÷íîå ïðîñòðàíñòâî ñîñòîÿíèé, òî ñóùåñòâóþò ñëåäóþ-ùèå ïðåäåëû (ñòàöèîíàðíûå âåðîÿòíîñòè):�(i; �; �(1); : : : ; �(minfi;Ng)) = limt!1Pfit = i; �t = �; �(1)t = �(1); : : : ; �(minfit;Ng)t = �(minfi;Ng)g;i = 0; R; � = 0;W ; �(l) = 1;M; l 2 f1; : : : ;minfi; Ngg:Ïåðåíóìåðóåì ñòàöèîíàðíûå âåðîÿòíîñòè öåïè �t â ëåêñèêîãðà�è÷åñêîì ïîðÿäêå èñ�îðìèðóåì èç íèõ âåêòîðû �(i; �); ñîñòîÿùèå èç âåðîÿòíîñòåé �(i; �; �(1); : : : ; �(minfi;Ng));çàïèñàííûõ â ëåêñèêîãðà�è÷åñêîì ïîðÿäêå ïî êîìïîíåíòàì (�(1); : : : ; �(minfi;Ng)), èâåêòîðû �i = (�(i; 0);�(i; 1); : : : ;�(i;W )); i = 0; R:Èçâåñòíî, ÷òî âåêòîð-ñòðîêà (�0; : : : ;�R) � åäèíñòâåííîå ðåøåíèå ñèñòåìû(�0; : : : ;�R)Q = 0; (�0; : : : ;�R)e = 1: (1)Â ñëó÷àå, êîãäà ðàçìåðíîñòü ñèñòåìû (1) íåâåëèêà, ýòó ñèñòåìó ëåãêî ðåøèòü ñïîìîùüþ êîìïüþòåðà ñòàíäàðòíûìè ìåòîäàìè. Â ïðîòèâíîì ñëó÷àå, ìîæåò áûòü68



èñïîëüçîâàí ñïåöèàëüíûé óñòîé÷èâûé àëãîðèòì, ðåøàþùèé ñèñòåìó òàêîãî âèäà,êîòîðûé áûë ðàçðàáîòàí â [1℄.Ñ ó÷åòîì òîãî, ÷òî ãåíåðàòîð Q â äàííîé ìîäåëè èìååò áëî÷íî-òðåõäèàãîíàëüíóþ�îðìó, â òî âðåìÿ êàê â [1℄ äîïóñêàåòñÿ áëî÷íàÿ âåðõíå-Õåññåíáåðãîâà �îðìà, àë-ãîðèòì èç [1℄ ìîæíî çàïèñàòü â áîëåå ïðîñòîì âèäå.Òåîðåìà 1. Êîìïîíåíòû �i; i = 0; R; âåêòîðà ðåøåíèÿ ñèñòåìû (1) ñâÿçàíûñîîòíîøåíèÿìè: �i = �0Fi; i = 1; R;ãäå ìàòðèöû Fi âû÷èñëÿþòñÿ ðåêóððåíòíî:F0 = I; Fi = �Fi�1Qi�1;i(Qi;i +Qi;i+1Gi)�1; i = 1; R;ìàòðèöû Gi; i = 0; R� 1; âû÷èñëÿþòñÿ ñ ïîìîùüþ îáðàòíîé ðåêóðñèè:Gi = �(Qi+1;i+1 +Qi+1;i+2Gi+1)�1Qi+1;i; i = R� 2; R� 3; : : : ; 0;ïðè íà÷àëüíîì óñëîâèè GR�1 = �(QR;R)�1QR;R�1;à âåêòîð �0 ÿâëÿåòñÿ åäèíñòâåííûì ðåøåíèåì ñëåäóþùåé ñèñòåìû:�0(Q0;0 +Q0;1G0) = 0; �0 RXl=0 Fle = 1:Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî âûòåêàåò íåïîñðåäñòâåííî èç ðåçóëüòàòîâ, ïî-ëó÷åííûõ â [1℄.4. ÕÀ�ÀÊÒÅ�ÈÑÒÈÊÈ Ï�ÎÈÇÂÎÄÈÒÅËÜÍÎÑÒÈÑÈÑÒÅÌÛÍàéäÿ âåêòîðû ñòàöèîíàðíûõ âåðîÿòíîñòåé �i; i = 0; R; ìîæíî âû÷èñëèòüðàçëè÷íûå õàðàêòåðèñòèêè ïðîèçâîäèòåëüíîñòè ñèñòåìû.�àñïðåäåëåíèå âåðîÿòíîñòåé ÷èñëà çàïðîñîâ â ñèñòåìå âû÷èñëÿåòñÿ êàêlimt!1Pfit = ig = �ie; i = 0; R:Ñðåäíåå ÷èñëî çàíÿòûõ ïðèáîðîâ�N = NXi=1 i�ie +N RXi=N+1�ie:Èíòåíñèâíîñòü âûõîäÿùåãî ïîòîêà îáñëóæåííûõ çàïðîñîâ�out = NXi=0 �i(e �W 
 i�1Xl=0 (eM l
S0
eM i�l�1))+ RXi=N+1�i(e �W 
N�1Xl=0 (eM l
S0
eMN�l�1)):69



Âåðîÿòíîñòü ïîòåðè çàïðîñà íà âõîäå â ñèñòåìó èç-çà çàïîëíåííîñòè áó�åðàîïðåäåëÿåòñÿ êàê P (ent�loss) = ��1�R(D1 
 IMN )e:Âåðîÿòíîñòü óõîäà çàïðîñà íà âõîäå â ñèñòåìó èç-çà íåæåëàíèÿ îæèäàòü:P (es�loss) = ��1 R�1Xi=N qi�N�i(D1 
 IMN )e:Âåðîÿòíîñòü ïîòåðè çàïðîñà:P (loss) = 1� �out� :Âåðîÿòíîñòü óõîäà çàïðîñà èç î÷åðåäè èç-çà íåòåðïåëèâîñòè:P (imp�loss) = P (loss) � P (ent�loss) � P (es�loss):5. ÇÀÊËÞ×ÅÍÈÅÂ äàííîé ñòàòüå èññëåäîâàíà ìíîãîëèíåéíàÿ ñèñòåìà ìàññîâîãî îáñëóæèâàíèÿñ êîíå÷íûì áó�åðîì è íåòåðïåëèâûìè çàïðîñàìè. Ïîñòðîåí ïðîöåññ �óíêöèîíè-ðîâàíèÿ äàííîé ñèñòåìû, íàéäåíî ñòàöèîíàðíîå ðàñïðåäåëåíèå âåðîÿòíîñòåé ñî-ñòîÿíèé ñèñòåìû, ïîëó÷åíû �îðìóëû äëÿ íàõîæäåíèÿ îñíîâíûõ õàðàêòåðèñòèêïðîèçâîäèòåëüíîñòè. ËÈÒÅPÀÒÓPÀ1. Klimenok V., Kim C.S., Orlovsky D., Dudin A. Lak of invariant property of Erlangloss model in ase of the MAP input // Queueing Systems. 2005. V. 49. P. 187�213.

70



ÈÍÂÀ�ÈÀÍÒÍÎÑÒÜÑÒÀÖÈÎÍÀ�ÍÎ�Î�ÀÑÏ�ÅÄÅËÅÍÈß ÑÎÑÒÎßÍÈÉÑÅÒÅÉ Ñ ÌÍÎ�Î�ÅÆÈÌÍÛÌÈÑÒ�ÀÒÅ�ÈßÌÈÀ. Åð¼ìèíà�ðîäíåíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè ßíêèÊóïàëûã. �ðîäíî, Áåëàðóñüaleksandrae�mail.ru�àññìàòðèâàåòñÿ îòêðûòàÿ ñåòü ìàññîâîãî îáñëóæèâàíèÿ, â êîòîðîé öèðêóëè-ðóþò çàÿâêè ðàçëè÷íûõ òèïîâ. Êîëè÷åñòâî ðàáîòû ïî îáñëóæèâàíèþ ïîñòóïàþ-ùåãî òðåáîâàíèÿ ÿâëÿåòñÿ ñëó÷àéíîé âåëè÷èíîé ñ ïðîèçâîëüíîé �óíêöèåé ðàñ-ïðåäåëåíèÿ. Îäíîëèíåéíûå óçëû ìîãóò ðàáîòàòü â íåñêîëüêèõ ðåæèìàõ. Êîëè÷å-ñòâî ðàáîòû ïî ïåðåêëþ÷åíèþ ðåæèìà ïðèáîðà òàêæå ÿâëÿåòñÿ ñëó÷àéíîé âåëè-÷èíîé ñ ïðîèçâîëüíîé �óíêöèåé ðàñïðåäåëåíèÿ. Ïðîöåññû îáñëóæèâàíèÿ çàÿâîêè ïåðåêëþ÷åíèÿ ðåæèìîâ �óíêöèîíèðîâàíèÿ ïðèáîðîâ íå çàâèñÿò äðóã îò äðóãà.Óñòàíàâëèâàåòñÿ èíâàðèàíòíîñòü ñòàöèîíàðíîãî ðàñïðåäåëåíèÿ ñîñòîÿíèé ñåòè ïîîòíîøåíèþ ê �óíêöèîíàëüíûì �îðìàì ðàñïðåäåëåíèé âåëè÷èí ðàáîò ïî îáñëó-æèâàíèþ çàÿâîê è ïåðåêëþ÷åíèþ ðåæèìîâ ïðè �èêñèðîâàííûõ ïåðâûõ ìîìåíòàõ.Êëþ÷åâûå ñëîâà: ñåòü ìàññîâîãî îáñëóæèâàíèÿ, ìíîãîðåæèìíîå îáñëóæèâàíèå,ñòàöèîíàðíîå ðàñïðåäåëåíèå, èíâàðèàíòíîñòü.1. ÂÂÅÄÅÍÈÅÁîëüøóþ âàæíîñòü äëÿ ïðàêòèêè ïðåäñòàâëÿåò èçó÷åíèå ñåòåé ìàññîâîãî îá-ñëóæèâàíèÿ, â êîòîðûõ îáñëóæèâàþùèå ïðèáîðû â óçëàõ ìîãóò ðàáîòàòü ñ ðàçëè÷-íîé èíòåíñèâíîñòüþ, òàê êàê ëþáûå òåõíè÷åñêèå ñðåäñòâà â ïðîöåññå èõ ýêñïëó-àòàöèè ìîãóò ïîëíîñòüþ èëè ÷àñòè÷íî âûõîäèòü èç ñòðîÿ, òðåáîâàòü çàìåíû èëèðåìîíòà. Â ðàáîòå [1℄ áûëè ââåäåíû â ðàññìîòðåíèå ñåòè ìàññîâîãî îáñëóæèâàíèÿ ñìíîãîðåæèìíûìè ñòðàòåãèÿìè, â óçëàõ êîòîðûõ ïðèáîðû ìîãóò �óíêöèîíèðîâàòüâ ðàçëè÷íûõ ðåæèìàõ. Êàæäûé ðåæèì îáñëóæèâàíèÿ õàðàêòåðèçóåòñÿ ñâîèìè ïî-êàçàòåëÿìè, òî åñòü ïðè ïåðåõîäå ïðèáîðà â áîëåå �õóäøèé� ðåæèì åãî ïðîèçâîäè-òåëüíîñòü óìåíüøàåòñÿ. Â [2℄ äëÿ îòêðûòîé ñåòè ñ ìíîãîðåæèìíûìè ñòðàòåãèÿìè,íåñêîëüêèìè òèïàìè çàÿâîê è äèñöèïëèíîé îáñëóæèâàíèÿ LCFS PR áûëî íàéäåíîñòàöèîíàðíîå ðàñïðåäåëåíèå â ìóëüòèïëèêàòèâíîé �îðìå. Îäíàêî ñ÷èòàëîñü, ÷òîâðåìÿ îáñëóæèâàíèÿ è âðåìÿ ïðåáûâàíèÿ ïðèáîðà â êàæäîì ðåæèìå èìåþò ýêñ-ïîíåíöèàëüíîå ðàñïðåäåëåíèå. Íà ïðàêòèêå óêàçàííûå ïðåäïîëîæåíèÿ ÷àùå âñåãî71



íå âûïîëíÿþòñÿ. Ïîýòîìó â [3℄ áûëè ðàññìîòðåíû àíàëîãè÷íûå îòêðûòûå ñåòè,â ïðåäïîëîæåíèè, ÷òî âðåìÿ ïðåáûâàíèÿ â êàæäîì ðåæèìå èìååò ïîêàçàòåëüíîåðàñïðåäåëåíèå, à êîëè÷åñòâî ðàáîòû ïî îáñëóæèâàíèþ ïîñòóïàþùèõ â óçåë çàÿâîê� ïðîèçâîëüíîå. Áûëî óñòàíîâëåíî, ÷òî ñòàöèîíàðíîå ðàñïðåäåëåíèå âåðîÿòíîñòåéñîñòîÿíèé óêàçàííûõ ñåòåé íå çàâèñèò îò âèäà çàêîíîâ ðàñïðåäåëåíèÿ âåëè÷èí ðà-áîò ïî îáñëóæèâàíèþ çàÿâîê â óçëàõ, åñëè �èêñèðîâàíû ïåðâûå ìîìåíòû ýòèõçàêîíîâ.Â íàñòîÿùåé ñòàòüå èññëåäóþòñÿ îòêðûòûå ñåòè ìàññîâîãî îáñëóæèâàíèÿ, äëÿêîòîðûõ êîëè÷åñòâî ðàáîòû ïî îáñëóæèâàíèþ ïîñòóïàþùåãî òðåáîâàíèÿ è êîëè-÷åñòâî ðàáîòû ïî ïåðåêëþ÷åíèþ ñ îäíîãî ðåæèìà �óíêöèîíèðîâàíèÿ ïðèáîðà íàäðóãîé îäíîâðåìåííî ÿâëÿþòñÿ ñëó÷àéíûìè âåëè÷èíàìè ñ ïðîèçâîëüíûìè �óíê-öèÿìè ðàñïðåäåëåíèÿ. Óñòàíàâëèâàåòñÿ èíâàðèàíòíîñòü ñòàöèîíàðíîãî ðàñïðåäå-ëåíèÿ âåðîÿòíîñòåé ñîñòîÿíèé óêàçàííûõ ñåòåé ïî îòíîøåíèþ ê âèäó ðàñïðåäåëå-íèé äëèòåëüíîñòåé îáñëóæèâàíèÿ è âðåìåí ïðåáûâàíèÿ â ðåæèìàõ ïðè �èêñèðî-âàííûõ ìàòåìàòè÷åñêèõ îæèäàíèÿõ.2. ÏÎÑÒÀÍÎÂÊÀ ÇÀÄÀ×È�àññìàòðèâàåòñÿ îòêðûòàÿ ñåòü ìàññîâîãî îáñëóæèâàíèÿ, ñîñòîÿùàÿ èç N îä-íîëèíåéíûõ óçëîâ, â êîòîðîé öèðêóëèðóþò çàÿâêè M òèïîâ. Ïîñòóïàþùèé â ñåòüïîòîê çàÿâîê � ïðîñòåéøèé ñ ïàðàìåòðîì �. Êàæäàÿ çàÿâêà âõîäíîãî ïîòîêà íåçà-âèñèìî îò äðóãèõ çàÿâîê ñ âåðîÿòíîñòüþ p0(l;u) íàïðàâëÿåòñÿ â l-é óçåë è ñòàíî-âèòñÿ çàÿâêîé u-ãî òèïà ( NPl=1 MPu=1 p0(l;u) = 1; l = 1; N; u = 1;M). Çàÿâêà u-ãî òèïà,îáñëóæåííàÿ â l-ì óçëå, íåçàâèñèìî îò äðóãèõ çàÿâîê ìãíîâåííî ñ âåðîÿòíîñòüþp(l;u)(k;v) íàïðàâëÿåòñÿ â k-é óçåë è ñòàíîâèòñÿ çàÿâêîé òèïà v, à ñ âåðîÿòíîñòüþp(l;u)0 ïîêèäàåò ñåòü ( NPk=1 MPv=1 p(l;u)(k;v) + p(l;u)0 = 1; l; k = 1; N ; u; v = 1;M).Â l-ì óçëå íàõîäèòñÿ åäèíñòâåííûé ïðèáîð, êîòîðûé ìîæåò ðàáîòàòü â rl + 1ðåæèìàõ: 0; 1; :::; rl; l = 1; N . Ïî èñòå÷åíèè âðåìåíè ïðåáûâàíèÿ â ðåæèìå ïðèáîðïåðåõîäèò â äðóãîé ðåæèì ìãíîâåííî.Äèñöèïëèíà îáñëóæèâàíèÿ çàÿâîê ïðèáîðîì � LCFS PR. Çàÿâêà, ïîñòóïàþùàÿâ óçåë, âûòåñíÿåò çàÿâêó ñ ïðèáîðà è íà÷èíàåò îáñëóæèâàòüñÿ, à âûòåñíåííàÿ çàÿâ-êà ñòàíîâèòñÿ â íà÷àëî î÷åðåäè íà îáñëóæèâàíèå, ñäâèãàÿ ñòîÿùèå â íåé çàÿâêè.Ïðè ïîâòîðíîì ïîñòóïëåíèè íà ïðèáîð òðåáîâàíèå ïðîäîëæàåò äîîáñëóæèâàòü-ñÿ îñòàâøååñÿ âðåìÿ â ðåæèìå, â êîòîðîì ðàáîòàë ïðèáîð íà ìîìåíò óêàçàííîãîïîñòóïëåíèÿ. Òàêèì îáðàçîì, ïîñòóïàþùàÿ â óçåë çàÿâêà èìååò àáñîëþòíûé ïðèî-ðèòåò ïåðåä âñåìè îñòàëüíûìè çàÿâêàìè, íàõîäÿùèìèñÿ â óçëå. Íóìåðàöèÿ çàÿâîêâ î÷åðåäè íà êàæäûé óçåë îñóùåñòâëÿåòñÿ îò êîíöà î÷åðåäè ê ïðèáîðó.Ñîñòîÿíèå ñåòè â ìîìåíò âðåìåíè t áóäåì õàðàêòåðèçîâàòü âåêòîðîì x(t) =(x1(t); x2(t); :::; xN (t)); ãäå ñîñòîÿíèå l-ãî óçëà â ìîìåíò âðåìåíè t îïèñûâàåòñÿ âåê-òîðîì xl(t) = (�xl(t); jl(t)) = (xl1(t); xl2(t); :::; xl;n(l)(t); jl(t)), xl1(t) � òèï çàÿâêè, ñòî-ÿùåé ïîñëåäíåé â î÷åðåäè íà îáñëóæèâàíèå â l-ì óçëå â ìîìåíò âðåìåíè t, xl2(t)� òèï çàÿâêè, ñòîÿùåé ïðåäïîñëåäíåé â î÷åðåäè íà îáñëóæèâàíèå â l-ì óçëå â72



ìîìåíò âðåìåíè t, è ò.ä., xl;n(l)�1(t) � òèï çàÿâêè, ñòîÿùåé ïåðâîé â î÷åðåäè íàîáëóæèâàíèå â l-ì óçëå â ìîìåíò âðåìåíè t, xl;n(l)(t) � òèï çàÿâêè, íàõîäÿùåéñÿíà îáëóæèâàíèè â l-ì óçëå â ìîìåíò âðåìåíè t, jl(t) � íîìåð ðåæèìà, â êîòîðîìðàáîòàåò ïðèáîð â l-ì óçëå â ìîìåíò âðåìåíè t, n(l) � îáùåå ÷èñëî çàÿâîê â l-ìóçëå. Ïðîöåññ x(t) èìååò ïðîñòðàíñòâî ñîñòîÿíèé X = X1 � X2 � ::: � XN , ãäåXl = �(0; jl); (xl1; jl); (xl1; xl2; jl); ::: : xlk = 1;M; k = 1; 2; :::; jl = 0; rl	.Âðåìÿ ïðåáûâàíèÿ â îñíîâíîì (íóëåâîì) ðåæèìå ðàáîòû èìååò ïðîèçâîëüíóþ�óíêöèþ ðàñïðåäåëåíèÿ �l(0; ~u), ïîñëå ÷åãî ïðèáîð ïåðåõîäèò â ðåæèì 1. Äëÿñîñòîÿíèé xl, ó êîòîðûõ 1 � jl � rl � 1; âðåìÿ ïðåáûâàíèÿ â ðåæèìå jl òàêæåèìååò ïðîèçâîëüíóþ �óíêöèþ ðàñïðåäåëåíèÿ �l(jl; ~u), ïðè ýòîì ñ âåðîÿòíîñòüþvl(jl)vl(jl)+'l(jl) ïðèáîð l-ãî óçëà ïåðåõîäèò â ðåæèì jl + 1, à ñ âåðîÿòíîñòüþ 'l(jl)vl(jl)+'l(jl) �â ðåæèì jl � 1. Âðåìÿ ïðåáûâàíèÿ â ïîñëåäíåì rl-ì ðåæèìå èìååò ïðîèçâîëüíóþ�óíêöèþ ðàñïðåäåëåíèÿ �l(rl; ~u), ïîñëå ÷åãî ïðèáîð ïåðåõîäèò â ðåæèì rl � 1. Âîâðåìÿ ïåðåêëþ÷åíèÿ ïðèáîðà ñ îäíîãî ðåæèìà íà äðóãîé ÷èñëî çàÿâîê â óçëå íåìåíÿåòñÿ.Ïðè ýòîì v�1l (0) = 1Z0 (1� �l(0; ~u)) d~u; (1)(vl(jl) + 'l(jl))�1 = 1Z0 (1� �l(jl; ~u)) d~u; 1 � jl � rl � 1; (2)'�1l (rl) = 1Z0 (1� �l(rl; ~u)) d~u: (3)Äëèòåëüíîñòè îáñëóæèâàíèÿ çàÿâîê â óçëàõ íå çàâèñÿò îò ïðîöåññà ïîñòóï-ëåíèÿ â ñëó÷àå îòêðûòîé ñåòè, äðóã îò äðóãà è îò äëèòåëüíîñòåé ïðåáûâàíèÿ âðåæèìàõ è èìåþò ïðîèçâîëüíóþ �óíêöèþ ðàñïðåäåëåíèÿ Bl(�xl; ~u) äëÿ l-ãî óçëà,çàâèñÿùóþ îò î÷åðåäè çàÿâîê �xl â óçëå, ïðè÷¼ì��1l (xl1; xl2; :::; xl;n(l)) = 1Z0 �1�Bl(xl1; xl2; :::; xl;n(l); ~u)� d~u: (4)Áóäåì ïðåäïîëàãàòü, ÷òî ìàòðèöà (p(l;u)(k;v)); u; v = 1;M; l; k = 0; N; p(0;u)(0;v) =0; íåïðèâîäèìà.Òîãäà óðàâíåíèå òðà�èêà"lu = p0(l;u) + NXk=1 MXv=1 "kvp(k;v)(l;u); l = 1; N; u = 1;M; (5)èìååò åäèíñòâåííîå ïîëîæèòåëüíîå ðåøåíèå ("lu; l = 1; N; u = 1;M):73



Ïóñòü  lk(t) � îñòàòî÷íîå âðåìÿ îáñëóæèâàíèÿ ñ ìîìåíòà t äî çàâåðøåíèÿ îá-ñëóæèâàíèÿ çàÿâêè, ñòîÿùåé â ìîìåíò âðåìåíè t íà k-é ïîçèöèè â l-ì óçëå,  l(t) =( l1(t);  l2(t); :::;  l;n(l)(t)); l = 1; N: Ïóñòü �ljl(t) � îñòàòî÷íîå âðåìÿ ïðåáûâàíèÿïðèáîðà l-ãî óçëà â ðåæèìå jl ñ ìîìåíòà t äî ïåðåõîäà â ñîñåäíèé ðåæèì, �(t) =(�1;j1(t)(t); �2;j2(t)(t); :::; �N;jN(t)(t)). Òàêèì îáðàçîì, � lk(t)�t = ��l(xl1; xl2; : : : ; xlk), ��ljl (t)�t =� �vl(jl)I(jl 6=rl) + 'l(jl)I(jl 6=0)�, êîãäà ñîñòîÿíèå l-ãî óçëà åñòü (xl1; xl2; : : : ; xl;n(l); jl).Â îáùåì ñëó÷àå ïðîöåññ x(t) íå ÿâëÿåòñÿ ìàðêîâñêèì, ïîýòîìó ðàññìîòðèìêóñî÷íî-ëèíåéíûé ìàðêîâñêèé ïðîöåññ �(t) = (x(t);  (t); �(t)) ; ïîëó÷åííûé ïóòåìäîáàâëåíèÿ ê x(t) íåïðåðûâíûõ êîìïîíåíò  (t) = ( 1(t);  2(t); :::;  N(t)) è �(t).Ïîä P = fP (x)g áóäåì ïîíèìàòü ñòàöèîíàðíîå ðàñïðåäåëåíèå âåðîÿòíîñòåéñîñòîÿíèé ïðîöåññà x(t).Ââåäåì â ðàññìîòðåíèå ñòàöèîíàðíûå �óíêöèè ðàñïðåäåëåíèÿ âåðîÿòíîñòåé ñî-ñòîÿíèé êóñî÷íî-ëèíåéíîãî ïðîöåññà �(t)F (x; y; z) = F (x; y11; y12; :::; y1;n(1); :::; yN1; yN2; :::; yN;n(N); z1;j1 ; :::; zN;jN ) == limt!1P �x(t) = x; l1(t) < yl1; :::;  l;n(l)(t) < yl;n(l); l = 1; N ;�1;j1(t)(t) < z1;j1 ; :::; �N;jN(t)(t) < zN;jN	 (6)Îáîçíà÷èì #l(jl) = vl(jl)I(jl 6=rl) + 'l(jl)I(jl 6=0); l = 1; N; jl = 0; rl:3. ÎÑÍÎÂÍÎÉ �ÅÇÓËÜÒÀÒÏóñòü äëèòåëüíîñòè îáñëóæèâàíèÿ çàÿâîê â óçëàõ è äëèòåëüíîñòè ïðåáûâà-íèÿ ïðèáîðîâ â ðåæèìàõ èìåþò ïîêàçàòåëüíîå ðàñïðåäåëåíèå, ò.å. äëÿ l-ãî óçëà,l = 1; N , Bl(�xl; ~u) = 1 � e��l(�xl)~u è �l(jl; ~u) = 1 � e�(vl(jl)+'l(jl))~u; (~u > 0). Òîãäàx(t)� îäíîðîäíûé ìàðêîâñêèé ïðîöåññ ñ íåïðåðûâíûì âðåìåíåì è íå áîëåå ÷åìñ÷åòíûì �àçîâûì ïðîñòðàíñòâîì ñîñòîÿíèé X = X1 � X2 � ::: � XN , ãäå Xl =�(0; jl); (xl1; jl); (xl1; xl2; jl); (xl1; xl2; xl3; jl); ::: : xlk = 1;M; k = 1; 2; :::; jl = 0; rl	.Èç ðàáîòû [2℄ ñëåäóåò, ÷òî åñëè ïîëîæèòü vl(�xl; jl) = vl(jl); 'l(�xl; jl) = 'l(jl), òîïðè âûïîëíåíèè óñëîâèÿXx2X q(x) NYl=1 24�n(l) n(l)Yw=1 "l;xlw�l(xl1; xl2; :::; xlw) jlYk=1 vl(k � 1)'l(k) 35 <1; (7)ïðîöåññ x(t) ýðãîäè÷åí, à åãî �èíàëüíîå ñòàöèîíàðíîå ðàñïðåäåëåíèå èìååò ìóëü-òèïëèêàòèâíóþ �îðìó P (x) = p1(x1)p2(x2)� :::� pN (xN):Ïðè ýòîìpl( �xl; jl) = 0��n(l) n(l)Yw=1 "l;xlw�l(xl1; xl2; :::; xlw; jl) jlYk=1 vl(k � 1)'l(k) 1A pl(0; 0);ãäå q(x) = � + NPl=1 ���1l (�xl) + vl(jl) + 'l(jl)�, à ("lu; l = 1; N; u = 1;M) � ïîëîæè-òåëüíîå ðåøåíèå óðàâíåíèÿ òðà�èêà (5).74



Ïóñòü òåïåðü äëèòåëüíîñòü îáñëóæèâàíèÿ çàÿâêè ïðèáîðîì l-ãî óçëà èìååò ïðî-èçâîëüíóþ �óíêöèþ ðàñïðåäåëåíèÿ Bl(�xl; ~u), à âðåìÿ ïðåáûâàíèÿ ïðèáîðà l-ãî óç-ëà â ðåæèìå jl � ïðîèçâîëüíóþ �óíêöèþ ðàñïðåäåëåíèÿ �l(jl; ~u), ïðè÷åì ìàòåìà-òè÷åñêèå îæèäàíèÿ �èêñèðîâàíû ñ ïîìîùüþ ðàâåíñòâ (1)-(4).Îñíîâíîé ðåçóëüòàò �îðìóëèðóåòñÿ ñëåäóþùèì îáðàçîì.Òåîðåìà 1. Ïðîöåññ �(t) ýðãîäè÷åí, åñëè âûïîëíÿþòñÿ ñîîòíîøåíèÿ (7). Ïðèýòîì ñòàöèîíàðíûå �óíêöèè ðàñïðåäåëåíèÿ âåðîÿòíîñòåé ñîñòîÿíèé F (x; y; z)îïðåäåëÿþòñÿ ïî �îðìóëàìF (x; y; z) = p1(x1)p2(x2)� :::� pN(xN)�� NQl=1 n(l)Qw=1�l(xl1; :::; xlw) yl;wR0 (1� Bl(xl1; :::; xlw; ~u))d~u NQl=1#l(jl) zl;jlR0 (1� �l(jl; ~u))d~u;(8)ãäå pl( �xl; jl) = 0��n(l) n(l)Yw=1 "l;xlw�l(xl1; :::; xlw) jlYk=1 vl(k � 1)'l(k) 1A pl(0; 0); (9)"l;xlw íàõîäÿòñÿ èç (5), àpl(0; 0) =  1Xi=0 rlXj=0 �i iYw=1 "l;xlw�l(xl1; :::; xlw) jYk=1 vl(k � 1)'l(k) !�1 ; x 2 X; l = 1; N: (10)Èç òåîðåìû 1 ñ ó÷åòîì ðàâåíñòâà P (x) = F (x;+1;+1) ïîëó÷àåì ñëåäóþùååóòâåðæäåíèå.Ñëåäñòâèå. Åñëè âûïîëíÿþòñÿ ñîîòíîøåíèÿ (7), òî ïðîöåññ x(t) ýðãîäè÷åí,à åãî ñòàöèîíàðíîå ðàñïðåäåëåíèå P = fP (x); x 2 Xg íå çàâèñèò îò �óíêöèî-íàëüíîãî âèäà ðàñïðåäåëåíèé Bl(�xl; ~u), �l(k; ~u) è èìååò âèä P (x) = p1(x1)p2(x2)�:::� pN(xN ); ãäå pl(xl) îïðåäåëÿþòñÿ ïî �îðìóëàì (9)-(10).ËÈÒÅPÀÒÓPÀ1. Ìàëèíêîâñêèé Þ. Â., Íóåìàí À. Þ.Ìóëüòèïëèêàòèâíîñòü ñòàöèîíàðíîãî ðàñ-ïðåäåëåíèÿ â îòêðûòûõ ñåòÿõ ñ ìíîãîðåæèìíûìè ñòðàòåãèÿìè îáñëóæèâà-íèÿ // Âåñöi ÍÀÍ Áåëàðóñi. 2001. � 3. Ñ. 129�134.2. Ëåòóíîâè÷ Þ. Å. Ñòàöèîíàðíîå ðàñïðåäåëåíèå ñîñòîÿíèé îòêðûòîé íåîäíî-ðîäíîé ñåòè ñ ìíîãîðåæèìíûìè ñòðàòåãèÿìè è íåìåäëåííûì îáñëóæèâàíè-åì // Ñîâðåìåííûå èí�îðìàöèîííûå êîìïüþòåðíûå òåõíîëîãèè: ñá. íàó÷. ñò.â 2 ÷ (÷. 2). �ðîäíî, 2008. Ñ. 97�99.3. Ìàëèíêîâñêèé Þ. Â., Ñòàðîâîéòîâ À. Í., Åð¼ìèíà À. �. Èíâàðèàíòíîñòüñòàöèîíàðíîãî ðàñïðåäåëåíèÿ âåðîÿòíîñòåé ñîñòîÿíèé ñåòåé ñ ìíîãîðåæèìíû-ìè ñòðàòåãèÿìè îáñëóæèâàíèÿ, ðàçíîòèïíûìè çàÿâêàìè è äèñöèïëèíîé îá-ñëóæèâàíèÿ LCFS PR // Âåñòíèê Òîìñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà.Óïðàâëåíèå, âû÷èñëèòåëüíàÿ òåõíèêà è èí�îðìàòèêà. 2009. � 3(8). Ñ. 33�39.75



ÏÎÑÒ�ÎÅÍÈÅ È ÈÑÑËÅÄÎÂÀÍÈÅÌÀÒÅÌÀÒÈ×ÅÑÊÎÉ ÌÎÄÅËÈÍÅÎÄÍÎ�ÎÄÍÎ�Î ÄÎ�ÎÆÍÎ�ÎÒ�ÀÔÈÊÀÌ. Ôåäîòêèí�, Å. ÊóäðÿâöåâÍèæåãîðîäñêèé ãîñóíèâåðñèòåò èì. Ëîáà÷åâñêîãîíàöèîíàëüíûé èññëåäîâàòåëüñêèé óíèâåðñèòåòã. Íèæíèé Íîâãîðîä, �îññèÿ�fma5�rambler.ruÂ ðàáîòå èçó÷åíà ñëó÷àéíàÿ ïîñëåäîâàòåëüíîñòü ìîìåíòîâ ïåðåñå÷åíèÿ àâòî-ìîáèëÿìè íåêîòîðîé ïîïåðå÷íîé ëèíèè ìàãèñòðàëè ïðè ïëîõèõ ïîãîäíûõ è äî-ðîæíûõ óñëîâèÿõ. Èíòåðâàëû ìåæäó òàêèìè ìîìåíòàìè ÿâëÿþòñÿ çàâèñèìûìèè èìåþò ðàçëè÷íûå ðàñïðåäåëåíèÿ. �àññìîòðåí íåòðàäèöèîííûé ñïîñîá îïèñàíèÿïîòîêà ìàøèí òàêîé ñëîæíîé âåðîÿòíîñòíîé ñòðóêòóðû. Ýòîò ñïîñîá îñíîâàí íàèçó÷åíèè ðàñïðåäåëåíèè âåëè÷èíû òðàíñïîðòíîé ïà÷êè è íà ðàñïðåäåëåíèè ïîòî-êà, òàê íàçûâàåìûõ, ìåäëåííûõ èëè ãîëîâíûõ â àâòîêîëîííå ìàøèí. Ïðè ýòîìïðåäïîëàãàåòñÿ èíòåíñèâíîå äâèæåíèå äðóãîãî òèïà ìàøèí � áûñòðûõ ìàøèí.Êëþ÷åâûå ñëîâà: òðàíñïîðòíàÿ ïà÷êà, ïîòîê Ïóàññîíà, áåñêîíå÷íàÿ ñèñòåìàäè��åðåíöèàëüíûõ óðàâíåíèé Êîëìîãîðîâà, ïðåäåëüíîå ðàñïðåäåëåíèå.1. ÂÂÅÄÅÍÈÅÌàòåìàòè÷åñêîé òåîðèè òðàíñïîðòíûõ ïîòîêîâ ïîñâÿùåíî áîëüøîå ÷èñëî ìî-íîãðà�èé è ñòàòåé [1℄. Ïðè ýòîì ïðåäïîëàãàåòñÿ, ÷òî òðàíñïîðòíûé ïîòîê ñîòî-èò èç îäíîðîäíûõ èëè îäíîòèïíûõ ìàøèí. Äëÿ ðåàëüíîãî òðàíñïîðòíîãî ïîòîêàìàøèí ýòî îãðàíè÷åíèå, êàê ïðàâèëî, íå âûïîëíÿåòñÿ. Áîëåå òîãî, êàæäûé àâòî-ìîáèëü îñóùåñòâëÿåò äâèæåíèå â ýêñòðåìàëüíûõ ïîãîäíûõ è äîðîæíûõ óñëîâèÿõ,ñêîðîñòü êîòîðîãî ÿâëÿåòñÿ ñëó÷àéíîé âåëè÷èíîé. Â ñèëó ýòîãî òðàíñïîðòíûé ïî-òîê ìàøèí íà ìàãèñòðàëÿõ ñóùåñòâåííî îòëè÷àåòñÿ îò ïîòîêà ñëó÷àéíûõ ñîáûòèé,êîòîðûé ðàññìàòðèâàåòñÿ â êëàññè÷åñêîé òåîðèè ìàññîâîãî îáñëóæèâàíèÿ. Íàïðè-ìåð, âñåãäà òðåáóåòñÿ îïðåäåëèòü ýðãîäè÷åñêîå ðàñïðåäåëåíèå ñëó÷àéíîãî ÷èñëàìàøèí â òðàíñïîðòíîé ïà÷êå. Äëÿ òðàíñïîðòíîãî ïîòîêà, êàê ïðàâèëî, íå óäàåò-ñÿ èçó÷èòü âåðîÿòíîñòíûå ñâîéñòâà ïîñëåäîâàòåëüíîñòè èç ñëó÷àéíûõ ìîìåíòîâïåðåñå÷åíèÿ ìàøèíàìè, òàê íàçûâàåìîé, âèðòóàëüíîé ñòîï-ëèíèè. Â ýòîé ðàáîòåðàññìàòðèâàþòñÿ âåðîÿòíîñòíûå ìîäåëè òðàíñïîðòíûõ ïîòîêîâ ñ ó÷åòîì ïðîñòðàí-ñòâåííûõ è âðåìåííûõ ñâîéñòâ ïðîöåññîâ äâèæåíèÿ àâòîìîáèëåé íà àâòîìàãèñòðà-ëè. Íà ðåàëüíûõ ïðèìåðàõ ïîêàçàíà ý��åêòèâíîñòü ïðåäëîæåííîãî ïîäõîäà ïðèïîñòðîåíèè è èçó÷åíèè ìîäåëåé òðàíñïîðòíûõ ïîòîêîâ.76



2. �ÀÑÏ�ÅÄÅËÅÍÈÅ Ò�ÀÍÑÏÎ�ÒÍÎÉ ÏÀ×ÊÈÏðè óäîâëåòâîðèòåëüíîì ñîñòîÿíèè äîðîæíîãî ïîëîòíà è õîðîøèõ ìåòåîðî-ëîãè÷åñêèõ óñëîâèÿõ äâèæåíèå ðàçíîãî òèïà àâòîìîáèëåé ïî ìàãèñòðàëè ìîæåòîêàçàòüñÿ áåñïðåïÿòñòâåííûì è ïóàññîíîâñêèì. Ïðè ïëîõèõ ïîãîäíûõ óñëîâèÿõ(òóìàí, ñíåã, ãîëîëåä è ò. ä.) îáãîí áûñòðûìè ìàøèíàìè ìåäëåííûõ ÿâëÿåòñÿ óæåðèñêîâàííûì, çàâèñèìûì è çàíèìàåò çíà÷èòåëüíîå âðåìÿ. Â ýòîì ñëó÷àå íà èí-òåíñèâíûõ ìàãèñòðàëÿõ áóäóò âîçíèêàòü àâòîêîëîííû (ãðóïïû) ìàøèí, èëè òðàíñ-ïîðòíûå ïà÷êè, ò. å. òðàíñïîðòíûå ïîòîêè óæå íå áóäóò ïóàññîíîâñêèìè. Ñ òàêîéñèòóàöèåé âïåðâûå ñòîëêíóëñÿ â 1963 ãîäó Áàðòëåòò [2℄ ïðè íàáëþäåíèè çà äâèæå-íèåì ìàøèí âáëèçè Ëîíäîíà. Äëÿ òàêîãî òèïà òðàíñïîðòíîãî ïîòîêà Áàðòëåòòó èäðóãèì èññëåäîâàòåëÿì íå óäàëîñü íàéòè ïîäõîäÿùåãî çàêîíà ðàñïðåäåëåíèÿ äëÿçàâèñèìûõ ïðîìåæóòêîâ âðåìåíè ìåæäó äâóìÿ ïîñëåäîâàòåëüíûìè ïåðåñå÷åíèÿ-ìè àâòîìîáèëÿìè âèðòóàëüíîé ñòîï-ëèíèè. Îäèí èç àâòîðîâ äàííîé ðàáîòû ïðè-áëèçèòåëüíî â ýòî æå âðåìÿ ðåøàë çàäà÷ó [3℄ îá îïòèìàëüíîì óïðàâëåíèè òðàíñ-ïîðòíûìè ïîòîêàìè â ãîðîäå �îðüêîì (Íèæíèé Íîâãîðîä). Ïî íàáëþäåíèÿì çàäâèæåíèåì ìàøèí íà ìàãèñòðàëÿõ âáëèçè �îðüêîãî è äðóãèõ êðóïíûõ ãîðîäîâ áû-ëî ïîäìå÷åíî, ÷òî òðàíñïîðòíàÿ ïà÷êà ñîñòîèò èç ãîëîâíîé ìàøèíû ñ ìåäëåííûìäâèæåíèåì è î÷åðåäè èç áûñòðûõ ìàøèí, êîòîðûå äîãíàëè ìåäëåííóþ è îæèäàþòâîçìîæíîñòè îáãîíà. Çäåñü âîçíèêàåò ïðîáëåìà ïîñòðîåíèÿ ìîäåëè ïðîñòðàíñòâåí-íîãî ðàñïîëîæåíèÿ ìàøèí íà ìàãèñòðàëè. Ñ ýòîé öåëüþ áûë ïðåäëîæåí ïðîñòîéìåõàíèçì îáðàçîâàíèÿ òðàíñïîðòíûõ ïà÷åê ïðè èíòåíñèâíîì äâèæåíèè ìàøèí âïëîõèõ ïîãîäíûõ óñëîâèÿõ. Äëÿ áîëüøîãî ÷èñëà ìàãèñòðàëåé îêàçàëîñü, ÷òî áûñò-ðûå ìàøèíû ïîñòóïàþò â òðàíñïîðòíóþ ïà÷êó, èëè, äðóãèìè ñëîâàìè, äîãîíÿþòìåäëåííóþ ìàøèíó, ïî çàêîíó Ïóàññîíà ñ èíòåíñèâíîñòüþ � > 0. Ýòî îçíà÷àåò, ÷òîáûñòðûå ìàøèíû îñóùåñòâëÿþò îòíîñèòåëüíî ñâîáîäíîå äâèæåíèå íà ïðîòÿæåí-íûõ ó÷àñòêàõ äîðîãè, ãäå íåò ìåäëåííûõ ìàøèí. Ïîäðîáíî òàêîé òðàíñïîðòíûéïîòîê áûë èçó÷åí â çàäà÷å î ñâîáîäíîì äâèæåíèè àâòîìîáèëåé ïî ìàãèñòðàëè [1℄.Åñëè (
;F ;P(�)) � îñíîâíîå âåðîÿòíîñòíîå ïðîñòðàíñòâî, òî äàëåå ÷åðåç ! îáîçíà-÷èì ïðîèçâîëüíûé ýëåìåíò äîñòîâåðíîãî ñîáûòèÿ 
. Â íåêîòîðûõ ñëó÷àÿõ ñèìâîë! áóäåì îïóñêàòü. Â ñîîòâåòñòâèè ñ ýòîé çàäà÷åé îáîçíà÷èì ÷åðåç �(!; t) ñëó÷àé-íîå ÷èñëî áûñòðûõ ìàøèí, êîòîðûå ïîñòóïàþò ïî çàêîíó Ïóàññîíà â òðàíñïîðòíóþïà÷êó çà ïðîìåæóòîê âðåìåíè [0; t). Àíàëîãè÷íî îáîçíà÷èì ÷åðåç �(!; t;�t) ñëó÷àé-íîå ÷èñëî áûñòðûõ ìàøèí, êîòîðûå ïîñòóïàþò ïî çàêîíó Ïóàññîíà â òðàíñïîðòíóþïà÷êó çà ïðîìåæóòîê âðåìåíè [t; t+�t).Êàæäóþ ìàøèíó ñ ìåäëåííûì äâèæåíèåì ìîæíî èíòåðïðåòèðîâàòü êàê îá-ñëóæèâàþùèé ïðèáîð äëÿ ìàøèí ñ áûñòðûì äâèæåíèåì. Ïðè ýòîì ïîä âðåìå-íåì îáñëóæèâàíèÿ, åñòåñòâåííî, ïîíèìàåòñÿ ñëó÷àéíîå âðåìÿ îáãîíà. Íà ïðàêòè-êå ñðåäíåå âðåìÿ îáñëóæèâàíèÿ (îáãîíà) ñóùåñòâåííî çàâèñèò îò ÷èñëà ìàøèí âòðàíñïîðòíîé ïà÷êå. Ïóñòü ñëó÷àéíàÿ âåëè÷èíà �(!; t) èçìåðÿåò ÷èñëî âñåõ òèïîâìàøèí â òðàíñïîðòíîé ïà÷êå â ìîìåíò âðåìåíè t � 0. Îáîçíà÷èì òåïåðü ÷åðåç�(!; t;�t) ñëó÷àéíîå ÷èñëî áûñòðûõ ìàøèí, êîòîðûå ìîãó îáîãíàòü ìåäëåííóþ çàïðîìåæóòîê âðåìåíè [t; t+�t). Âïîëíå åñòåñòâåííî ïðåäïîëîæèòü, ÷òî ïðè ìàëûõçíà÷åíèÿõ �t > 0 óñëîâíûå âåðîÿòíîñòè ñîáûòèé, êîòîðûå ïîðîæäàþòñÿ äèñêðåò-77



íîé ñëó÷àéíîé âåëè÷èíîé �(!; t;�t), îïðåäåëÿþòñÿ ñëåäóþùèìè ñîîòíîøåíèÿìè:P(f! : �(!; t;�t) = 0gjf! : �(!; t) = 2; �(!; t;�t) = 0g) = 1� �1�t + o(�t);P(f! : �(!; t;�t) = 1gjf! : �(!; t) = 2; �(!; t;�t) = 0g) = �1�t� o(�t);P(f! : �(!; t;�t) = 0gjf! : �(!; t) = 3; �(!; t;�t) = 0g) = 1� �2�t + o(�t);P(f! : �(!; t;�t) = 1gjf! : �(!; t) = 3; �(!; t;�t) = 0g) = �2�t� o(�t);P(f! : �(!; t;�t) = 0gjf! : �(!; t) = m; �(!; t;�t) = 0g) = 1� �3�t + o(�t);P(f! : �(!; t;�t) = 1gjf! : �(!; t) = m; �(!; t;�t) = 0g) = �3�t� o(�t);P(f! : �(!; t;�t) = 0gjf! : �(!; t) = m� 3; �(!; t;�t) = 1g) = 1� O(�t);P(f! : �(!; t;�t) = 1gjf! : �(!; t) = m� 3; �(!; t;�t) = 1g) = O(�t);P(f! : �(!; t;�t) � 2gjf! : �(!; t) = m� 2; �(!; t;�t) = 1g) = o(�t);m = 4; 5; : : :
(1)

Çäåñü è äàëåå o(�t) åñòü áåñêîíå÷íî ìàëàÿ íåîòðèöàòåëüíàÿ âåëè÷èíà ïî ñðàâ-íåíèþ ñ �t ïðè t ! 0. Â ðàâåíñòâàõ (1) ïàðàìåòðû ��11 è ��12 çàäàþò ñðåäíååâðåìÿ îáãîíà êàæäîé áûñòðîé ìàøèíîé ìåäëåííóþ â ñëó÷àå, êîãäà òðàíñïîðòíàÿïà÷êà ñîñòîèò èç äâóõ è òðåõ ìàøèí ñîîòâåòñòâåííî. Àíàëîãè÷íî ïàðàìåòð ��13 âðàâåíñòâàõ (1) îïðåäåëÿåò ñðåäíåå âðåìÿ îáãîíà êàæäîé áûñòðîé ìàøèíîé ìåä-ëåííóþ, åñëè òðàíñïîðòíàÿ ïà÷êà ñîñòîèò èç ÷åòûðåõ è áîëåå ìàøèí. Ïàðàìåòðû�1; �2; �3 áóäåì íàçûâàòü èíòåíñèâíîñòÿìè îáãîíà. Òàêèì ñïîñîáîì ìîäåëèðóåòñÿçàâèñèìîñòü ñðåäíåãî âðåìåíè îáãîíà îò ÷èñëà ìàøèí â òðàíñïîðòíîé ïà÷êå. Âå-ðîÿòíîñòè â (1) íå çàâèñÿò îò âðåìåíè t. Ïîýòîìó â äàëüíåéøåì ðàäè óïðîùåíèÿçàïèñè áóäåì îïóñêàòü ñèìâîë t è îáîçíà÷àòü âåëè÷èíó �(!; t;�t) ÷åðåç �(!; �t).Âîñüìîå è ïîñëåäíåå ðàâåíñòâà ñîîòíîøåíèÿ (1) ìîæíî ïðîèíòåðïðåòèðîâàòüñëåäóþùèì îáðàçîì. Ïðè çàäàííîì ðàçìåðå òðàíñïîðòíîé ïà÷êè óñëîâíàÿ âåðî-ÿòíîñòü òîãî, ÷òî çà (ãäå óãîäíî ðàñïîëîæåííûé) ïðîìåæóòîê �t ïî ìåíüøåéìåðå äâå ìàøèíû îáãîíÿò ìåäëåííóþ, åñòü âåëè÷èíà áåñêîíå÷íî ìàëàÿ ïî ñðàâ-íåíèþ ñ �t. Îáîçíà÷èì òåïåðü ÷åðåç Q(t;m) âåðîÿòíîñòü P(f! : �(!; t) = mg) ïðè�èêñèðîâàííûõ t > 0 è m = 1, 2, . . . Èòàê, íàáîð âåðîÿòíîñòåé Q(t;m), m = 1,2, . . . îïðåäåëÿåò ðàñïðåäåëåíèå ÷èñëà ìàøèí â òðàíñïîðòíîé ïà÷êå â ìîìåíò t � 0:�àññóæäåíèÿìè, àíàëîãè÷íûìè òåì, êîòîðûå îáû÷íî èñïîëüçóþòñÿ â òåîðèèìàññîâîãî îáñëóæèâàíèÿ, ìû ìîæåì ïîëó÷èòü áåñêîíå÷íóþ ñèñòåìó ëèíåéíûõäè��åðåíöèàëüíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà äëÿ âåðîÿòíîñòåé âèäà Q(t;m),t � 0, m = 1, 2, . . . Ïðè êàæäîì �èêñèðîâàííîì m = 1, 2, . . . äëÿ ñëó÷àéíîãî ñîáû-òèÿ f! : �(!; t+�t) = mg íåòðóäíî ïîêàçàòü ñëåäóþùåå ðàâåíñòâî â ñîáûòèÿõf! : �(!; t+�t) = mg = 1[k=1 1[n=0f! : �(!; �t) = k; �(!; �t) = n; �(!; �t) = k+n�mg:Èñïîëüçóÿ ýòî ñîîòíîøåíèå è �îðìóëû (1), ëåãêî ïîëó÷èòü áåñêîíå÷íóþ ñèñòåìóëèíåéíûõ äè��åðåíöèàëüíûõ óðàâíåíèé Êîëìîãîðîâà:78



dQ(t; 1)=dt = ��Q(t; 1) + �1Q(t; 2);dQ(t; 2)=dt = �Q(t; 1)� (�+ �1)Q(t; 2) + �2Q(t; 3);dQ(t; 3)=dt = �Q(t; 2)� (�+ �2)Q(t; 3) + �3Q(t; 4);dQ(t;m)=dt = �Q(t;m� 1)� (�+ �3)Q(t;m) + �3Q(t;m + 1); m � 4: (2)Áóäåì äîïîëíèòåëüíî ïðåäïîëàãàòü, ÷òî â ìîìåíò t = 0 ÷èñëî ìàøèí â òðàíñïîðò-íîé ïà÷êå ðàâíî i. Òîãäà äèíàìèêà ðàñïðåäåëåíèÿ ÷èñëà ìàøèí â òðàíñïîðòíîéïà÷êå îïðåäåëÿåòñÿ ðåøåíèåì ñèñòåìû äè��åðåíöèàëüíûõ óðàâíåíèé (2) ñ íà-÷àëüíûìè óñëîâèÿìè Q(0; i) = 1, Q(0; m) = 0 ïðè m � 1 è m 6= i.ßâíîå ðåøåíèå ñèñòåìû äè��åðåíöèàëüíûõ óðàâíåíèé (2) ìîæåò áûòü íàéäå-íî ñ ïîìîùüþ âûâîäà è ïîñëåäóþùåãî ðåøåíèÿ äè��åðåíöèàëüíîãî óðàâíåíèÿ â÷àñòíûõ ïðîèçâîäíûõ äëÿ ïðîèçâîäÿùåé �óíêöèè ��(t)(t; z) = P1m=1 zmQ(t;m),êàê ýòî äåëàåòñÿ â áîëüøèíñòâå çàäà÷ òåîðèè ìàññîâîãî îáñëóæèâàíèÿ. Îäíàêî âýòîì ñëó÷àå ïðîöåññ ðåøåíèÿ ÿâëÿåòñÿ î÷åíü ãðîìîçäêèì è äàëåêî íåòðèâèàëüíûì.Ê ñ÷àñòüþ, íàì ïîòðåáóåòñÿ çäåñü òîëüêî ñâîéñòâà ðàñïðåäåëåíèÿ ÷èñëà ìàøèí âòðàíñïîðòíîé ïà÷êå ïðè t!1, ò. å. íåêîòîðûå ñâîéñòâà ðåøåíèé ñèñòåìû (2) ïðèt ! 1. Îáùèå ñâîéñòâà ðåøåíèé òàêîãî ðîäà ñèñòåì äè��åðåíöèàëüíûõ óðàâ-íåíèé äåòàëüíî èçó÷åíû â ðàáîòàõ Êîëìîãîðîâà, Ôåëëåðà, Ëåäåðìàíà, Êàðëèíà,Êëàðêà, Ìàê-�ðåãîðà, �åéòåðà, Ôåäîòêèíà. Â ÷àñòíîñòè, åñëè � < �3, òî ñóùå-ñòâóåò åäèíñòâåííîå ðåøåíèå ñèñòåìû óðàâíåíèé (2), óäîâëåòâîðÿþùåå ïðè m == 1; 2; : : : óñëîâèÿì:P1m=1Q(t;m) = 1; limt!1Q(t;m) = Q(m) > 0;P1m=1Q(m) = 1.Ïðè ýòîì óêàçàííûå ïðåäåëû íå çàâèñÿò îò íà÷àëüíûõ óñëîâèé è ìîãóò áûòü ïî-ëó÷åíû ïóòåì ðåøåíèÿ áåñêîíå÷íîé ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé0 = ��Q(1) + �1Q(2); 0 = �Q(1)� (�+ �1)Q(2) + �2Q(3);0 = �Q(2)� (�+ �2)Q(3) + �3Q(4);0 = �Q(m� 1)� (�+ �3)Q(m) + �3Q(m + 1); m = 4; 5; : : : (3)�àñïðåäåëåíèå fQ(m);m = 1; 2; : : : g íàçûâàåòñÿ ïðåäåëüíûì èëè ýðãîäè÷åñêèìäëÿ ÷èñëà �(!) âñåõ òèïîâ ìàøèí â òðàíñïîðòíîé ïà÷êå. Ýòî ðàñïðåäåëåíèå õà-ðàêòåðèçóåò òàê íàçûâàåìûé óñòàíîâèâøèéñÿ èëè ñòàöèîíàðíûé ðåæèì äâèæåíèÿàâòîêîëîíí ïî ìàãèñòðàëè. Íà ñîäåðæàòåëüíîì óðîâíå óñëîâèå � < �3 îçíà÷à-åò, ÷òî èíòåíñèâíîñòü, ñ êîòîðîé áûñòðûå ìàøèíû äîãîíÿþò ìåäëåííóþ, äîëæíàáûòü ìåíüøå èíòåíñèâíîñòè îáãîíà. Ïðè � < �3 ñèñòåìà (3) ïîëó÷àåòñÿ ñ ïîìîùüþïðåäåëüíîãî ïåðåõîäà ïðè t ! 1 îäíîâðåìåííî âî âñåõ óðàâíåíèÿõ ñèñòåìû (2) ñó÷åòîì ðàâåíñòâ limt!1(dQ(t;m)=dt) = 0; limt!1Q(t;m) = Q(m); m � 1. Îòìåòèì,÷òî ïðè êàæäîì �èêñèðîâàííîìm � 1 ïðåäåë limt!1(dQ(t;m)=dt) ñóùåñòâóåò. Áî-ëåå òîãî, êàæäûé òàêîé ïðåäåë ðàâåí íóëþ. Â ïðîòèâíîì ñëó÷àå ìîäóëü âåëè÷èíûQ(t;m) ïðè t ! 1 âîçðàñòàë áû íåîãðàíè÷åííî, ÷òî íåâîçìîæíî â ñèëó ñìûñëàâåëè÷èíû Q(t;m) êàê âåðîÿòíîñòè. Ïåðåéäåì òåïåðü ê ðåøåíèþ ñèñòåìû (3).Ïóñòü ïðè m = 3; 4; : : : âåëè÷èíà um = ��Q(m) + �3Q(m + 1). Èç ïåðâûõ òðåõóðàâíåíèé ñèñòåìû (3) ïîëó÷èì, ÷òî Q(2) = ���11 Q(1) , Q(3) = �2��11 ��12 Q(1) è79



Q(4) = �3��11 ��12 ��13 Q(1). Ïîýòîìó u3 = ��Q(3) + �3Q(4) = 0. Èç ñèñòåìû (3)íàéäåì um � um�1 = 0; m � 4. Îòñþäà um = 0 äëÿ m � 3. Çíà÷èò, äëÿ m � 3âåðîÿòíîñòü Q(m) = �2��11 ��12 (���13 )m�3Q(1). Çàìåíà � = ���11 ; � = ���12 ;  = ���13 ,óñëîâèå P1m=1Q(m) = 1 è íåðàâåíñòâî � < �3 îêîí÷àòåëüíî äàåò:Q(1) = (1 + � + ��=(1� ))�1; Q(2) = �(1 + � + ��=(1� ))�1;Q(m) = ��m�3(1 + � + ��=(1� ))�1; m � 3: (4)Ïðîèçâîäÿùàÿ �óíêöèÿ ��(t; z) =P1m=1 zmQ(m) = p(z+�z2+��z3(1�z)�1),ãäå p = (1+�+��=(1�))�1. ÎòñþäàM�(!) = p(1+2�+��[2(1�)�1+(1�)�2℄),D�(!) = (�+��[(1�)�1+(1�)�2+2(1�)�3℄+�2�[�(1�)�2+2(1�)�3℄)p2++p2�2�2[�(1 � )�3 + (1 � )�4℄. Âèä �îðìóëû (4) è ðàâåíñòâî  = ���13 ïîçâî-ëÿåò äàòü ñëåäóþùèé ïðîñòîé ñìûñë ïàðàìåòðà  äëÿ çàäà÷è î ãðóïïîâîì äâè-æåíèè ìàøèí ïî ìàãèñòðàëè. Ïàðàìåòð  çàäàåò ñòåïåíü íàñûùåíèÿ òðàíñïîðò-íîé ìàãèñòðàëè áûñòðûìè ìàøèíàìè è åãî ìîæíî íàçâàòü êîý��èöèåíòîì çà-ïîëíåíèÿ èëè çàãðóçêîé òðàíñïîðòíîé ìàãèñòðàëè. Â ñàìîì äåëå, åñëè �3 > � è�3 ! �, òî ëåãêî âûâîäèì, ÷òî ïàðàìåòðû p ! 0;  ! 1. Ïîýòîìó ïðè �3 > � è�3 ! � ìàòåìàòè÷åñêîå îæèäàíèå ÷èñëà âñåõ òèïîâ ìàøèí â òðàíñïîðòíîé ïà÷êåäëÿ ñòàöèîíàðíîãî ðåæèìà ðàñòåò íåîãðàíè÷åííî. Ýòî îáñòîÿòåëüñòâî ïîñòîÿííîíàáëþäàþò àâòîìîáèëèñòû ïðè ñóùåñòâåííîì óõóäøåíèè ïîãîäíûõ óñëîâèé, êî-ãäà íà äîðîãàõ îáðàçóþòñÿ òðàíñïîðòíûå çàòîðû çíà÷èòåëüíîé ïðîòÿæåííîñòè.Òåïåðü ìîæíî ñäåëàòü îäíî âàæíîå çàìå÷àíèå. Ëåãêî âèäåòü, ÷òî ïðè � = � = äàííîå ðàñïðåäåëåíèå ñîâïàäàåò ñ ãåîìåòðè÷åñêèì ðàñïðåäåëåíèåì. Èç ðàâåíñòâ� = ���11 ; � = ���12 ;  = ���13 íàõîäèì, ÷òî ýòî âîçìîæíî òîëüêî ïðè �1 = �2 = �3.Äðóãèìè ñëîâàìè, åñëè ñðåäíåå âðåìÿ îáãîíà êàæäîé áûñòðîé ìàøèíîé ìåäëåííóþíå çàâèñèò îò ÷èñëà ìàøèí â òðàíñïîðòíîé ïà÷êå, òî ìû èìååì äåëî ñ ãåîìåòðè-÷åñêèì çàêîíîì ðàñïðåäåëåíèÿ.3. ÑÂÎÉÑÒÂÀ ÍÅÎ�ÄÈÍÀ�ÍÎ�Î ÏÎÒÎÊÀÂ ðåàëüíîì òðàíñïîðòíîì ïîòîêå ïëîòíîñòü ìåäëåííûõ ìàøèí (÷èñëî ìåäëåí-íûõ ìàøèí íà åäèíè÷íîì ïî äëèíå ó÷àñòêå àâòîìàãèñòðàëè) çíà÷èòåëüíî ìåíüøåïëîòíîñòè áûñòðûõ. Â òîæå âðåìÿ ìîæíî äîïóñòèòü, ÷òî äâèæåíèå ìåäëåííûõ ìà-øèí â ñòàöèîíàðíîì ðåæèìå ïðîèñõîäèò íåçàâèñèìûì îáðàçîì. Â ñâÿçè ñ ýòèììîæíî ïðåäïîëîæèòü, ÷òî òðàíñïîðòíûé ïîòîê èç ìåäëåííûõ ìàøèí â ñòàöèîíàð-íîì ðåæèìå áóäåò ïóàññîíîâñêèì ñ èíòåíñèâíîñòüþ �. Ïóñòü ìàêñèìàëüíàÿ äëèíàó÷àñòêà äîðîãè, íà êîòîðîì ðàñïîëàãàåòñÿ ñðåäíåå ÷èñëî M�(!) àâòîìîáèëåé âòðàíñïîðòíîé ïà÷êå, ìíîãî ìåíüøå ñðåäíåãî ðàññòîÿíèÿ ìåæäó ñîñåäíèìè àâòîìî-áèëÿìè ñ ìåäëåííûì äâèæåíèåì. Òîãäà ìîæíî ñ÷èòàòü, ÷òî âñå ìàøèíû êàæäîéäâèæóùåéñÿ àâòîêîëîííû â ñòàöèîíàðíîì ðåæèìå ïåðåñåêàþò íåêîòîðóþ ïîïåðå÷-íóþ ëèíèþ àâòîìàãèñòðàëè îäíîâðåìåííî. Äëÿ äàííîãî ïîòîêà îáîçíà÷èì òåïåðü÷åðåç {(!; t) ñëó÷àéíîå ÷èñëî âñåõ òèïîâ ìàøèí, êîòîðûå ïåðåñåêàþò �èêñèðîâàí-íóþ ïîïåðå÷íóþ ëèíèþ àâòîìàãèñòðàëè çà ïðîìåæóòîê âðåìåíè [0; t). Äëÿ {(!; t)ââåäåì ïðîèçâîäÿùóþ �óíêöèþ �{(t)(t; z) =P1m=0 zmP(f! : {(!; t) = mg).80



Òåîðåìà 1. Äëÿ �óíêöèè �{(t)(t; z) ñïðàâåäëèâî ðàâåíñòâî �{(t)(t; z) = e��t ��P1k=0 zk nP[ k2 ℄n=0 �n h (�tp)k�nn!(k�2n)! +Pminfk�2n;ngm=1 �mPk�2n�ml=0 l (�tp)k�n�m�lClm+l�1(n�m)!m!(k�2n�m�l)!io, ãäå�k2� îáîçíà÷àåò öåëóþ ÷àñòü ÷èñëà k2 .Èç òåîðåìû ñëåäóåò, ÷òî ïîòîê îïðåäåëÿåòñÿ ïàðàìåòðàìè �, �, � è .Òåîðåìà 2. Äëÿ ðàñïðåäåëåíèÿ P(f! : {(!; t) = kg), k � 0 ñëó÷àéíîãî ïîòîêàf{(!; t) : t � 0g èìååò ìåñòî: P(f! : {(!; t) = 0g) = e��t;P(f! : {(!; t) = kg) == e��t [ k2 ℄Xn=0 �n 24 (�tp)k�nn!(k � 2n)! + minfk�2n;ngXm=1 �m k�2n�mXl=0 l (�tp)k�n�m�lC lm+l�1(n�m)!m!(k � 2n�m� l)!35 :Ëåììà 1. Ïóñòü M{(!; t) è D{(!; t) ñóòü ìàòåìàòè÷åñêîå îæèäàíèå è äèñ-ïåðñèÿ {(!; t). Òîãäà èìååò ìåñòî: M{(!; t) = �tp�1 + 2�+ �� h 21� + 1(1�)2 i�,D{(!; t) = �tp�1 + 4� + �� h 41� + 3(1�)2 + 2(1�)3 i� :Ëåììà 2. Äëÿ òîãî ÷òîáû ñóììà n íåçàâèñèìûõ ïîòîêîâ äàííîãî âèäà ñ ïà-ðàìåòðàìè �i, �i, �i è i, i = 1; n , ÿâëÿëàñü òàêèì æå ïîòîêîì, íåîáõîäèìî è äî-ñòàòî÷íî, ÷òîáû 1 = 2 = ::: = n. Ïðè ýòîì ñóììàðíûé ïîòîê èìååò ïàðàìåò-ðû: � =Pni=1 �i; � =Pni=1 �i�ipi=Pni=1 �ipi; � =Pni=1 �i�i�ipi=Pni=1 �i�ipi, = 1.4. ÇÀÊËÞ×ÅÍÈÅÁûëà ðåøåíà ïðîáëåìà ïîñòðîåíèÿ è èçó÷åíèÿ ìàòåìàòè÷åñêîé ìîäåëè ïðî-ñòðàíñòâåííîé è âðåìåííîé õàðàêòåðèñòèê íåîäíîðîäíîãî òðàíñïîðòíîãî ïîòîêàíà ìàãèñòðàëè ïðè áîëüøîé ïëîòíîñòè áûñòðûõ ìàøèí è çíà÷èòåëüíîì ðàññòî-ÿíèè ìåæäó ïîñëåäîâàòåëüíûìè ìåäëåííûìè ìàøèíàìè. Ïðè ýòîì äëÿ ïîñòðîå-íèÿ âåðîÿòíîñòíîé ìîäåëè ïðîñòðàíñòâåííîé õàðàêòåðèñòèêè òðàíñïîðòíîãî ïîòî-êà èñïîëüçóåòñÿ íåëîêàëüíûé ñïîñîá [3℄ îïèñàíèÿ ïîòîêîâ íåîäíîðîäíûõ çàÿâîê.Ïîêàçàíî, ÷òî ëîêàëüíîå îïèñàíèå âðåìåííîé õàðàêòåðèñòèêè ñòàöèîíàðíîãî äâè-æåíèÿ òðàíñïîðòíîãî ïîòîêà íåîäíîðîäíûõ ìàøèí ìîæíî âûïîëíèòü íåîðäèíàð-íûì ïóàññîíîâñêèì ïîòîêîì, êîãäà â êàæäûé âûçûâàþùèé ìîìåíò ñ âåðîÿòíîñòüþåäèíèöà ïîñòóïàåò ëèøü êîíå÷íîå ÷èñëî àâòîìîáèëåé. Ïîäðîáíî èçó÷åíû âåðîÿò-íîñòíûå ñâîéñòâà è ñâîéñòâà ÷èñëîâûõ õàðàêòåðèñòèê òàêîãî ïîòîêà.ËÈÒÅPÀÒÓPÀ1. Haight F. A. Mathematial theories of tra� �ow. New York London: Aademipress, 1963.2. Bartlett M. S. The spetral analysis of point proesses // J. R. Statist. So. B.1963. V. 25. � 2. P. 264�296.3. Ôåäîòêèí Ì. À. Íåëîêàëüíûé ñïîñîá çàäàíèÿ óïðàâëÿåìûõ ñëó÷àéíûõ ïðî-öåññîâ // Ìàòåìàòè÷åñêèå âîïðîñû êèáåðíåòèêè, 1998. � 7. Ñ. 332�344.81



INVESTIGATION OF TRAFFICFLOWS CHARACTERISTICS INCASE OF THE SMALL DENSITYM. Fedotkin�, M. RahinskayaN. I. Lobahevsky State University of Nizhni NovgorodNational Researh UniversityNizhni Novgorod, Russia�fma5�rambler.ruA random number of vehiles rossed a transverse line of a motorway during anarbitrary interval of time and a random number of vehiles situated on an arbitrary partof the motorway at a �xed instant of time form a ompliated stohasti dependene.This is indiated by, for example, a funtional dependene between the intensity of thetra� and its density[1℄. First mathematial model of tra� �ow of non-homogeneousvehiles in ase of bad weather and bad road onditions is onstruted taking intoaount both spatial and temporal proesses.Keywords: tra� �ow, Poisson �ow, �nite system of Kolmogorov di�erential equa-tions, limiting probability distribution.1. INTRODUCTIONThere are usually onsidered suh tra� �ows in the lassial queueing theory, ran-dom distanes between the neighbouring vehiles in whih are independent and all ofthem have exponential probability distributions. However in pratie we often enounterwith a situation, when the intervals between moments of rossing a virtual transverseline of the motorway by the onseutive vehiles are dependent and have di�erent prob-ability distributions. In this ase onstruting and investigation of the models of spaialand temporal tra� �ows harateristis o�er some signi�ant di�ulties. This paperproposes simple mehanism of so-alled tra� bath formation. It makes onstrutingand researhing of vehiles spaial loation on the motorway possible. Assuming it asa basis we managed to �nd and ground simple loal desription of temporal harater-isti of stationary tra� �ow of non-homogeneous vehiles. By this token it is provedthat we an use non-ordinary Poisson proess to desribe adequately the tra� on themotorway taking into aount both its spatial and temporal harateristis. Meanwhilea number of arrivals reeived in a random manner at every alling instant of rossing atransverse line of the motorway by the vehiles is restrited.
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2. MECHANISM OF TRAFFIC BATCH FORMATIONAND ITS PROBABILITY PROPERTIESThe e�et of some fators, suh as bad weather onditions, heterogeneity of vehilesor unsatisfatory onditions of the road surfae, make di�ulties for the unimpededmotorway tra�. Under these onditions vehiles aren't able to overtake eah otherfreely. So we an observe foundation of tra� groups (bathes, motorades). It doesn'tallow us to onsider tra� �ow as the Poisson �ow. Here the neessity of researhingof the tra� �ow spaial harateristi appears. First the spaial model of tra� �owof homogeneous vehiles was investigated with the usage of the Poisson proess in [1℄.Basing on the observation over the motorway tra� lose to Gorky town [2℄ the followingmehanism of tra� bath formation was proposed.Every motorade onsists of one slow vehile at the head of it and some fast vehilesthat wait for the possibility of overtaking. That's why tra� bath was proposed tobe onsidered as a servie system with varying struture. So every slow vehile anbe interpreted as an serviing devie for the fast vehiles. Here the servie meansovertaking slow vehile by the fast one. We an take notie, that without slow vehilesfast vehiles move unimpeded enough to suppose their in�ow in the motorade havingPoisson distribution. We will designate a random number of vehiles �owed into the thetra� bath for interval of time [0; t) following the Poisson law with an parameter �0as �0(!; t). We will onsider basi probability spae (
;F;P(�)) below, where ! meanselementary outome or an element of the ertain event 
. Further we will designateas �(!; t;�t) a random number of fast vehiles overtook slow one for the interval oftime [t; t +�t) and introdue a random variable {(!; t) whih ounts a number of allvehiles in a tra� bath at the instant of time t � 0. Let {(!; t) aept the valuesfrom the set f1; 2; � � � ; Ng. It is possible if the intensity of overtaking slow vehiles byfast exeeds the intensity of the fast vehiles in�ow into the motorade onsiderably. Inthis ase relatively small motorade generates indeed. As far as the average overtakingtime depends on a number of vehiles in the bath it is neessary to disriminate thefollowing situations. Let ��11 and ��12 be an average overtaking time in ase when thebath onsists of two and three vehiles, respetively. Also let us assume that averagetime doesn't hange if there more than three vehiles in the motorade and we willdesignate it as ��13 . Let the parameters �1, �2 and �3 term the overtaking intensities inases mentioned above. We should impose onstraint �0 < �3 on the system parameters.This onstraint means intensionally suh ondition when overtaking intensity exeedsthe intensity of the vehiles in�ow into the motorade. Taking into aount what thevehiles shouldn't be lost and what the bath an't onsist of more than N � 4 vehileswe onjeture the ful�lment of the next onstraint. If the fast vehile athes up withthe full bath of N vehiles, it will join the bath nevertheless. But at the same timethe fast vehile following the slow one will ertainly overtake it. Now we an de�nein ase of small �t > 0 the onditional probability of events generated by the random
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variable �(!; t;�t) with the help of the following relations:P(f! : �(!; t;�t) = 0gjf! : {(!; t) = 1; �0(!; t;�t) = 1g) = 1� O(�t);P(f! : �(!; t;�t) = 0gjf! : {(!; t) = 2; �0(!; t;�t) = 0g) = 1� �1�t+ o(�t);P(f! : �(!; t;�t) = 1gjf! : {(!; t) = 2; �0(!; t;�t) = 0g) = �1�t� o(�t);P(f! : �(!; t;�t) = 0gjf! : {(!; t) = 3; �0(!; t;�t) = 0g) = 1� �2�t+ o(�t);P(f! : �(!; t;�t) = 1gjf! : {(!; t) = 3; �0(!; t;�t) = 0g) = �2�t� o(�t);P(f! : �(!; t;�t) = 0gjf! : {(!; t) = k; �0(!; t;�t) = 0g) = 1� �3�t + o(�t);P(f! : �(!; t;�t) = 1gjf! : {(!; t) = k; �0(!; t;�t) = 0g) = �3�t� o(�t);P(f! : �(!; t;�t) = 1gjf! : {(!; t) = N; �0(!; t;�t) = 1g) = 1;
(1)

where 4 � k � N . In the relation (1) symbols O(�t) and o(�t) are in�nitesimal of thesame order relative �t and in�nitesimal of higher order relative �t, respetively.We will designate as Q(t; k) the probability P(f! : {(!; t) = kg) that determineswhen k = 1; 2; : : : ; N and t � 0. It should be notied what the following equality takesplae for every hane event of the form f! : {(!; t+�t) = kg, k = 1; 2; : : : ; N :f! : {(!; t+�t) = kg = N[l=1 1[m=0f! : {(!; t) = l; �0(!; t;�t) = m; �(!; t;�t) = l+m�kg:Basing on it and relations derived above we an write down the next equalities:Q(t+�t; 1) = (1� �0�t)Q(t; 1) + �1�tQ(t; 2) + o(�t);Q(t+�t; 2) = �0�tQ(t; 1) + (1� �0�t� �1�t)Q(t; 2) + �2�tQ(t; 3) + o(�t);Q(t+�t; 3) = �0�tQ(t; 2) + (1� �0�t� �2�t)Q(t; 3) + �3�tQ(t; 4) + o(�t);Q(t +�t; k)=�0�tQ(t; k � 1) + (1� �0�t� �3�t)Q(t; k) + �3�tQ(t; k + 1) + o(�t);k = 1; 2; : : : ; N � 1;Q(t +�t; N)=�0�tQ(t; N � 1) + (1� �0�t� �3�t)Q(t; N) + �0�tQ(t; N) + o(�t):Proeeding to the limit �t ! 0 we reeive a system of N linear homogeneous Kol-mogorov di�erential �rst-order equations with the onstant oe�ients and Jaobi ma-trix: dQ(t; 1)=dt = ��0Q(t; 1) + �1Q(t; 2);dQ(t; 2)=dt = �0Q(t; 1)� (�0 + �1)Q(t; 2) + �2Q(t; 3);dQ(t; 3)=dt = �0Q(t; 2)� (�0 + �2)Q(t; 3) + �3Q(t; 4);dQ(t; k)=dt = �0Q(t; k � 1)� (�0 + �3)Q(t; k) + �3Q(t; k + 1); 4 � k < N;dQ(t; N)=dt = �0Q(t; N � 1)� �3Q(t; N): (2)
This system desribes probability distribution of the tra� bath length dynamis.We an onsider the entry onditions of the form Q(0; k) = Æik, i.e. Q(0; i) = 1 andQ(0; k) = 0 where k 6= i. 84



Solution of system (2) an be derived with the help of di�erent methods of di�er-ential equations theory. However in general ase it is too lengthy. Lukily in our aseinvestigation of only some solution properties with tending t!1 is really important.Let's designate limt!1Q(t; k) = Q(k) for k = 1; 2; : : : ; N . Aording to Markov theoremthese limits exist. Then the limits of funtions dQ(t; k)=dt exist too. Moreover all ofthem are equal to 0. Indeed, if suh j 2 f1; 2; : : : ; Ng that limt!1 dQ(t;j)dt 6= 0 had existedwe would have gotten the in�nite inrease of absolute value of quantity Q(t; j). Suhinrease is impossible beause quantity Q(t; j) de�nes the probability so it is limited.Relying on these reasonings we an pass from di�erential equations system (2) to systemof linear equations (3):0 = ��0Q(1) + �1Q(2); 0 = �0Q(1)� (�0 + �1)Q(2) + �2Q(3);0 = �0Q(2)� (�0 + �2)Q(3) + �3Q(4);0 = �0Q(k � 1)� (�0 + �3)Q(k) + �3Q(k + 1); k = 4; 5; : : : ; N � 1;0 = �0Q(N � 1)� �3Q(N): (3)This system determines so-alled ergodi probability distribution fQ(k); 1 � k � Ng.It haraterizes stationary regime of bathes motion. This regime desribes intension-ally suh a situation when after the long-duration interval of time motorades followingone another move along the motorway and don't disturb their struture. Let's takenotes that suh distribution doesn't depend on the entry onditions and obeys the nor-malization ondition: NPk=1Q(k) = 1. Expressing Q(k) in terms of Q(1) and substitutingderived expressions in the normalization ondition we an asertain that ergodi proba-bility distribution depends on only three essential parameters: �1 = �0�1 ; �2 = �0�2 ; �3 = �0�3 .Finally we derive the distribution of bathes motion in the stationary regime:Q(1) = (1 + �1 + �1�2�N�23 � 1�3 � 1 )�1; Q(2) = �1(1 + �1 + �1�2�N�23 � 1�3 � 1 )�1;Q(3) = �1�2(1 + �1 + �1�2 �N�23 � 1�3 � 1 )�1;Q(k) = �1�2�k�33 (1 + �1 + �1�2 �N�23 � 1�3 � 1 )�1; k = 4; 5; : : : ; N:In partiular ase when N = 3 and �2 = �3 system (2) takes on form:dQ(t; 1)=dt = ��0Q(t; 1) + �1Q(t; 2);dQ(t; 2)=dt = �0Q(t; 1)� (�0 + �1)Q(t; 2) + �2Q(t; 3);dQ(t; 3)=dt = �0Q(t; 2)� �2Q(t; 3):Expliit solution of this system an be found in di�erent ways. For example, one ofthem is addued in monograph [3℄. We should notie that expliit solution is a linearombination of three independent partiular solutions of this system. The oe�ients85



of the given ombination should be derived from entry onditions. If we proeed to thelimit t ! 1 in the expliit expression of system (2) solution, the following equalitieswill obtain Q(1) = (1 + �1 + �1�2)�1; Q(2) = �1(1 + �1 + �1�2)�1;Q(3) = �1�2(1 + �1 + �1�2)�1:We would have had the same results if we had proeeded to the limit in the very systemas it has been shown above for the whatever N .3. PROPERTIES OF THE FLOWWe have studied the single tra� bath so now let's return to the whole tra��ow. Wathing the light tra� �ow in pratie we an observe that density of the slowvehiles exeeds density of the fast vehiles appreiably. At the same time the slowvehiles move independently in the stationary mode. Also we onsider that on averagedistane between onseutive slow vehiles is lot more than maximal length of roadsetion oupied by an average number of vehiles in non-homogeneous tra� bath.That's why it is possible to onsider that �ow of the slow vehiles is the Poisson �ow witha parmeter � and all the vehiles in the bath ross a transverse line in the stationaryregime simultaneously. Suh a �ow is aeptedly alled non-ordinary Poisson �ow. Let'sintrodue a random variable �(t) = �(!; t) whih ounts a number of all vehiles rosseda stop�line in the time interval [0; t) and let's designate Pk(t) = P(�(t) = k). We willthink tra� �ow is non-ordinary Poisson �ow in ase when in every alling instant onearrival omes with a probability p = (1+�1+�1�2)�1, two arrivals � with a probabilityq = �1(1 + �1 + �1�2)�1 and three � with a probability s = �1�2(1 + �1 + �1�2)�1.Theorem 1. For the probability generating funtion	(t; z) = 1Xk=0 Pk(t)zkof random variable �(!; t) distribution the following equality takes plae	(t; z) = e��t 1Xk=0 zk [ k2 ℄Xi=0 [ k�2i3 ℄Xj=0 � k � i� 2ji; j; k � 2i� 3j� pk�2i�3jqisj (�t)k�i�2j(k � i� 2j)! ;where [x℄ means integer part of x.Theorem 2. For the one-dimensional distributions Pk(t) the following equalitiesare true P0(t) = e��t; P1(t) = �tpe��t;Pk(t) = e��t [ k2 ℄Xi=0 [ k�2i3 ℄Xj=0 � k � i� 2ji; j; k � 2i� 3j� pk�2i�3jqisj (�t)k�i�2j(k � i� 2j)! ; k = 2; 3; : : :86



Lemma 1. The sum of m independent non-ordinary Poisson �ows with parameters�j; pj and qj (where j = 1; 2; : : : ; m) is non-ordinary Poisson �ow with parameters� = mXj=0 �j; p = ( mXj=0 �jpj)=( mXj=0 �j); q = ( mXj=0 �jqj)( mXj=0 �j):Lemma 2. For the expetation and dispersion of random variable �(!; t) the fol-lowing qualities are trueM�(!; t) = �t(1 + q + 2s); D�(!; t) = �t(1 + 3q + 8s):4. CONCLUSIONProblem onerned onstrution and investigation of mathematial model of tra��ow spatial disposition on the rossroads-free motorway is solved. The nonloal de-sription method for the unonditioned �ow is used. So not the probabilisti propertiesof every vehile random disposition on the motorway but properties of some group ofnon-homogeneous vehiles random disposition are de�ned. For this purpose the easymehanism of small tra� bathes formation in ase of bad weather and bad road on-ditions is proposed. It is proved that temporal harateristi of tra� �ow stationarymotion an be loally desribed as the non-ordinary Poisson �ow with a limited numberof the arrivals reeived in every alling instant. The superposition property of a �nitenumber of suh �ows is proved. Easy formulas for basi numerial harateristis ofsuh �ows are found. REFERENCES1. Haight F. A. Mathematial theories of tra� �ow. New York London: Aademipress, 1963.2. Fedotkin M. A. Nonloal way to de�ne the ontrollable stohasti proesses //Mathematial questions of the ybernetis, 1998. � 7. P. 332�344.3. Klimov G.P. Stohasti servie systems. M.: Siene, 1966.
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ÀË�Î�ÈÒÌ ÎÖÅÍÊÈÏÀ�ÀÌÅÒ�ÎÂ ÀÑÈÍÕ�ÎÍÍÎ�ÎÏÎÒÎÊÀ ÑÎÁÛÒÈÉ ÑÊÎÍÅ×ÍÛÌ ×ÈÑËÎÌÑÎÑÒÎßÍÈÉÀ. �îðöåâ, Â. Çóåâè÷�Òîìñêèé ãîñóäàðñòâåííûé óíèâåðñèòåòÒîìñê, �îññèÿ� zuevihv�ya.ruÏîëó÷åíû îïòèìàëüíûå îöåíêè ïàðàìåòðîâ àñèíõðîííîãî äâàæäû ñòîõàñòè÷å-ñêîãî ïîòîêà ñ êîíå÷íûì ÷èñëîì ñîñòîÿíèé. Îöåíêè îïòèìàëüíû â ñìûñëå ìèíèìó-ìà ñðåäíåêâàäðàòè÷åñêîãî îòêëîíåíèÿ îò èñòèííûõ çíà÷åíèé ïàðàìåòðîâ ïîòîêà.Îöåíèâàíèå ïðîèçâîäèòñÿ íà îñíîâå íàáëþäåíèé çà ìîìåíòàìè íàñòóïëåíèÿ ñîáû-òèé ïîòîêà. Ïðèâåäåí àëãîðèòì îöåíèâàíèÿ.Êëþ÷åâûå ñëîâà: àñèíõðîííûé äâàæäû ñòîõàñòè÷åñêèé ïîòîê, MMPP-ïîòîê,îïòèìàëüíàÿ îöåíêà ïàðàìåòðîâ, àëãîðèòì îöåíêè ïàðàìåòðîâ, öè�ðîâûå ñåòè èí-òåãðàëüíîãî îáñëóæèâàíèÿ, ISDN.1. ÂÂÅÄÅÍÈÅÈíòåíñèâíîå ðàçâèòèå èí�îðìàöèîííûõ òåõíîëîãèé îïðåäåëèëî âàæíóþ ñ�å-ðó ïðèëîæåíèé òåîðèè ìàññîâîãî îáñëóæèâàíèÿ � ïðîåêòèðîâàíèå è ñîçäàíèå êîì-ïüþòåðíûõ ñåòåé ñâÿçè, ñïóòíèêîâûõ ñåòåé ñâÿçè, òåëåêîììóíèêàöèîííûõ ñåòåé,èí�îðìàöèîííî-âû÷èñëèòåëüíûõ ñåòåé è ò.ï., êîòîðûõ ìîæíî îáúåäèíèòü îäíèìòåðìèíîì � öè�ðîâûå ñåòè èíòåãðàëüíîãî îáñëóæèâàíèÿ (ÖÑÈÎ, ISDN). Âîçíèê-ëà íåîáõîäèìîñòü â ðàçðàáîòêå íîâûõ ìàòåìàòè÷åñêèõ ìîäåëåé ïîòîêîâ ñîáûòèé,àäåêâàòíî îïèñûâàþùèõ ðåàëüíûå èí�îðìàöèîííûå ïîòîêè, �óíêöèîíèðóþùèåâ ÖÑÈÎ. Îäíèìè èç ïåðâûõ ðàáîò â ýòîì íàïðàâëåíèè áûëè [1, 2, 3℄. Ïîä÷åðê-íåì, ÷òî íà ïðàêòèêå ïàðàìåòðû, õàðàêòåðèçóþùèå ïîòîê ñîáûòèé, ÷àñòè÷íî ëèáîïîëíîñòüþ íåèçâåñòíû, à òàêæå ìîãóò èçìåíÿòüñÿ ñ òå÷åíèåì âðåìåíè ñëó÷àéíûìîáðàçîì, ÷òî ïðèâîäèò ê ðàññìîòðåíèþ äâàæäû ñòîõàñòè÷åñêèõ ïîòîêîâ ñîáûòèé.Ïîñêîëüêó �óíêöèîíèðîâàíèå ñèñòåìû îáñëóæèâàíèÿ íåïîñðåäñòâåííî çàâèñèò îòïàðàìåòðîâ âõîäÿùåãî ïîòîêà, âàæíîé çàäà÷åé ÿâëÿåòñÿ îöåíêà â ïðîèçâîëüíûéìîìåíò âðåìåíè ïàðàìåòðîâ âõîäÿùåãî ïîòîêà ïî íàáëþäåíèÿì çà ýòèì ïîòîêîì.Èññëåäîâàíèÿ ïî îöåíêå ïàðàìåòðîâ äâàæäû ñòîõàñòè÷åñêèõ ïîòîêîâ áûëè ïðîâå-äåíû, íàïðèìåð, â ðàáîòàõ [4, 5, 6℄.Â íàñòîÿùåé ñòàòüå ðåøåíà çàäà÷à îöåíêè ïàðàìòåðîâ àñèíõðîííîãî äâàæäûñòîõàñòè÷åñêîãî ïîòîêà ñîáûòèé ñ êîíå÷íûì ÷èñëîì ñîñòîÿíèé.88



2. ÏÎÑÒÀÍÎÂÊÀ ÇÀÄÀ×ÈÂ ñòàòüå ðàññìàòðèâàåòñÿ àñèíõðîííûé äâàæäû ñòîõàñòè÷åñêèé ïîòîê ñîáûòèéñ ïðîèçâîëüíûì êîíå÷íûì ÷èñëîì ñîñòîÿíèé [7℄ (äàëåå àñèíõðîííûé ïîòîê ëè-áî ïðîñòî ïîòîê). Èíòåíñèâíîñòü ïîòîêà ÿâëÿåòñÿ êóñî÷íî-ïîñòîÿííûì ñëó÷àéíûìïðîöåññîì �(t) ñ n ñîñòîÿíèÿìè: �1 > �2 > � � � > �n > 0. Ïðîöåññ (ïîòîê) â ìîìåíòâðåìåíè t íàõîäèòñÿ â i-ì ñîñòîÿíèè, åñëè �(t) = �i (i = 1; n). Â òå÷åíèå âðåìåíèïðåáûâàíèÿ â i-ì ñîñòîÿíèè ïîòîê âåäåò ñåáÿ êàê ïóàññîíîâñêèé ñ èíòåíñèâíîñòüþ�i (i = 1; n). Äëèòåëüíîñòü ïðåáûâàíèÿ â i-ì ñîñòîÿíèè åñòü ýêñïîíåíöèàëüíî ðàñ-ïðåäåëåííàÿ ñëó÷àéíàÿ âåëè÷èíà ñ �óíêöèåé ðàñïðåäåëåíèÿ Fi(�) = 1� e�ii� , ãäå�ii = �Pnj=1;j 6=i �ij (i = 1; n); �ij > 0 (i; j = 1; n; i 6= j) � èíòåíñèâíîñòü ïåðåõîäàïðîöåññà �(t) èç ñîñòîÿíèÿ i â ñîñòîÿíèå j, ò.å. âåëè÷èíû �ij îáðàçóþò ìàòðèöóèíòåíñèâíîñòåé (ìàòðèöó èí�èíèòåçèìàëüíûõ êîý��èöèåíòîâ) ïåðåõîäîâ ìåæäóñîñòîÿíèÿìè k�ijkn1 . Â ñäåëàííûõ ïðåäïîñûëêàõ �(t) �� òðàíçèòèâíûé ìàðêîâñêèéïðîöåññ [7℄.Çíà÷åíèÿ ïàðàìåòðîâ ïîòîêà �i, �ij (i; j = 1; n; i 6= j) íåèçâåñòíû. Ïðîöåññ �(t)ÿâëÿåòñÿ ïðèíöèïèàëüíî íåíàáëþäàåìûì. Ïðåäïîëàãàåòñÿ, ÷òî èçâåñòíî òîëüêî÷èñëî ñîñòîÿíèé n è íàáëþäåíèþ äîñòóïíû ìîìåíòû íàñòóïëåíèÿ ñîáûòèé ïîòî-êà t1; t2; : : :. Íåîáõîäèìî ïî íàáëþäåíèÿì t1; t2; : : : îöåíèòü ïàðàìåòðû ïîòîêà �i,�ij (i; j = 1; n; i 6= j) â ìîìåíò îêîí÷àíèÿ íàáëþäåíèÿ çà ïîòîêîì.�àññìàòðèâàåòñÿ ñòàöèîíàðíûé (óñòàíîâèâøèéñÿ) ðåæèì �óíêöèîíèðîâàíèÿíàáëþäàåìîãî ïîòîêà ñîáûòèé, ïîýòîìó ïåðåõîäíûìè ïðîöåññàìè íà èíòåðâàëå íà-áëþäåíèÿ (t0; t), ãäå t0 � íà÷àëî íàáëþäåíèé, t � îêîí÷àíèå íàáëþäåíèé (ìîìåíòâûíåñåíèÿ ðåøåíèÿ), ïðåíåáðåãàåì. Áåç ïîòåðè îáùíîñòè ìîæíî ïîëîæèòü t0 = 0.Îáîçíà÷èì � = (�1; : : : ; �n; �ij; i; j = 1; n; i 6= j) � âåêòîð íåèçâåñòíûõ ïàðà-ìåòðîâ ïîòîêà, �̂(t) � âåêòîð ñîîòâåòñòâóþùèõ îöåíîê ïàðàìåòðîâ â ìîìåíò âðå-ìåíè t. �k è �̂k(t) � k-å êîìïîíåíòû âåêòîðà ïàðàìåòðîâ è âåêòîðà îöåíîê ñîîò-âåòñòâåííî. Îáîçíà÷èì N � ðàçìåðíîñòü âåêòîðîâ � è �̂(t), N = n2. Îáîçíà÷èìp(�jt) = p(�jt1; t2; : : : ; tm) � àïîñòåðèîðíàÿ ïëîòíîñòü ðàñïðåäåëåíèÿ âåðîÿòíîñòåéâåêòîðà ïàðàìåòðîâ � â ìîìåíò âðåìåíè t ïðè óñëîâèè, ÷òî â ìîìåíòû âðåìåíèt1; t2; : : : ; tm (0 < t1 < t2 < : : : < tm < t) íàáëþäàëèñü ñîáûòèÿ ïîòîêà. Îáîçíà÷èì� = f�1 > �2 > : : : > �n > 0; �ij > 0; i; j = 1; n; i 6= jg � îáëàñòü çíà÷åíèé âåêòî-ðà ïàðàìåòðîâ �. Áóäåì èñïîëüçîâàòü îöåíêó �̂, îïòèìàëüíóþ â ñìûñëå ìèíèìóìàñðåäíåêâàäðàòè÷åñêîãî îòêëîíåíèÿ îò èñòèííîãî çíà÷åíèÿ âåêòîðà �:�̂k(t) = Z� �kp(�jt) d� (k = 1; N);ãäå d� = d�1d�2 : : : d�N , èëè â âåêòîðíîé �îðìå�̂(t) = Z� �p(�jt) d�: (1)Âûðàæåíèå (1) äàåò îïòèìàëüíóþ îöåíêó ïàðàìåòðîâ ïîòîêà â âèäå àïîñòåðèîðíî-ãî ñðåäíåãî. Äëÿ íàõîæäåíèÿ îöåíêè ïàðàìåòðîâ ïî �îðìóëå (1) íåîáõîäèìî íàéòèâûðàæåíèå äëÿ àïîñòåðèîðíîé ïëîòíîñòè p(�jt).89



3. ÏÎËÓ×ÅÍÈÅ ßÂÍÎ�Î ÂÈÄÀ ÀÏÎÑÒÅ�ÈÎ�ÍÎÉÏËÎÒÍÎÑÒÈ ÂÅ�ÎßÒÍÎÑÒÅÉÄëÿ ïîëó÷åíèÿ ðåêóððåíòíîé �îðìóëû âîñïîëüçóåìñÿ èçâåñòíîé ìåòîäèêîé:ðàññìîòðèì äèñêðåòíûå íàáëþäåíèÿ çà ïîòîêîì ÷åðåç ðàâíûå äîñòàòî÷íî ìàëûåïðîìåæóòêè âðåìåíè äëèòåëüíîñòè �t, à çàòåì óñòðåìèì �t ê íóëþ. Ïóñòü íà-áëþäåíèÿ çà ïîòîêîì íà÷èíàþòñÿ â ìîìåíò âðåìåíè t = 0, è âðåìÿ t èçìåíÿåò-ñÿ äèñêðåòíî ñ êîíå÷íûì øàãîì �t: t = k�t (k = 0; 1; : : :). Îáîçíà÷èì r(k�t) �÷èñëî ñîáûòèé, íàáëþäåííûõ íà ïîëóèíòåðâàëå âðåìåíè [(k�1)�t; k�t), r(k�t) =0; 1; : : : ; (k = 0; 1; : : :). Íà ïîëóèíòåðâàëå [��t; 0) íàáëþäåíèé íå ïðîèçâîäèòñÿ, ïî-ýòîìó r(0) ìîæåì ïîëîæèòü ïðîèçâîëüíûì, íàïðèìåð ïîëîæèì r(0) = 0. Îáîçíà-÷èì ~r(m�t) = (r(0); r(�t); : : : ; r(m�t)) � ïîñëåäîâàòåëüíîñòü çíà÷åíèé êîëè÷åñòâàíàáëþäåííûõ ñîáûòèé íà âðåìåííûõ ïîëóèíòåðâàëàõ [(k�1)�t; k�t) (k = 0; m).�àññìîòðèì ìîìåíò âðåìåíè t òàêîé, ÷òî t = m�t; t+�t = (m+1)�t. Òîãäà èìååìr(m�t) = r(t); r((m+ 1)�t) = r(t+�t), ~r(m�t) = ~r(t); ~r((m+ 1)�t) = ~r(t+�t).�àññìîòðèì p(�j~r(m�t)) = p(�j~r(t)) = p(�jt) � àïîñòåðèîðíóþ ïëîòíîñòü âåðî-ÿòíîñòåé âåêòîðà ïàðàìåòðîâ � â ìîìåíò âðåìåíè t ïðè óñëîâèè, ÷òî íà ïîëóèí-òåðâàëàõ âðåìåíè [(k�1)�t; k�t) (k = 0; m) íàáëþäàëîñü r(k�t) ñîáûòèé ïîòîêàñîîòâåòñòâåííî. Òàêæå ðàññìîòðèì p(�jt + �t) � àïîñòåðèîðíóþ ïëîòíîñòü â ìî-ìåíò âðåìåíè t +�t.Òåîðåìà 1. Àïîñòåðèîðíàÿ ïëîòíîñòü p(�jt+�t) îïðåäåëÿåòñÿ ðåêóððåíòíîé�îðìóëîé p(�jt+�t) = p(�jt) Pnj=1 !(�jjt) (�j�t)r(t+�t)r(t+�t)! e��j�tR� p(�jt)Pnj=1 !(�jjt) (�j�t)r(t+�t)r(t+�t)! e��j�t d� ; (2)ãäå !(�jjt) (j = 1; n) � àïîñòåðèîðíàÿ âåðîÿòíîñòü òîãî, ÷òî ïîòîê â ìîìåíòâðåìåíè t (t > t0) íàõîäèòñÿ â j-ì ñîñòîÿíèè; !(�jjt) (j = 1; n) ïîëó÷åíû â ÿâíîìâèäå â ðàáîòå [7℄.Äîêàçàòåëüñòâî. Èñïîëüçóÿ �îðìóëó äëÿ óñëîâíîé âåðîÿòíîñòè, íàõîäèìp(�j~r(t+�t)) = p(�; r(t+�t); ~r(t))p(~r(t+�t)) = p(r(t+�t)j�; ~r(t))p(�; j~r(t))p(~r(t))p(~r(t+�t)) ;èëè, èñïîëüçóÿ â ïîñëåäíåé äðîáè �îðìóëó ïîëíîé âåðîÿòíîñòè äëÿ óñëîâíîé âå-ðîÿòíîñòè, ïîëó÷àåìp(�j~r(t+�t)) = p(�j~r(t)) p(~r(t))p(~r(t+�t)) nXj=1 p(r(t+�t)j~r(t); �; �(t) = �j)p(�(t) = �jj~r(t); �):(3)�àññìîòðèì â (3) ïðîèçâåäåíèå p(r(t +�t)j~r(t); �; �(t) = �j)p(�(t) = �jj~r(t); �). Âî-ïåðâûõ, èìååì p(�(t) = �jj~r(t); �) = !(�jjt) (j = 1; n), ãäå !(�jjt) (j = 1; n) �àïîñòåðèîðíàÿ âåðîÿòíîñòü òîãî, ÷òî ïîòîê â ìîìåíò âðåìåíè t íàõîäèòñÿ â j-ì90



ñîñòîÿíèè, îïðåäåëåííàÿ â [7℄. Âî-âòîðûõ, êîëè÷åñòâî íàáëþäåííûõ íà ïîëóèíòåð-âàëå [t; t+�t) ñîáûòèé íå çàâèñèò îò ïîñëåäîâàòåëüíîñòè ~r(t) íàáëþäåííûõ äî ìî-ìåíòà t ñîáûòèé, à çàâèñèò òîëüêî îò ñîñòîÿíèÿ ïîòîêà â ìîìåíò âðåìåíè t, ò.å. îòçíà÷åíèÿ èíòåíñèâíîñòè íàñòóïëåíèÿ ñîáûòèé ïîòîêà �(t) = �j (j = 1; n) â ìîìåíòâðåìåíè t. Ïîýòîìó èìååì p(r(t + �t)j~r(t); �; �(t) = �j) = p(r(t + �t)j�; �(t) = �j).À ïîñêîëüêó ïîòîê â ëþáîì ñîñòîÿíèè âåäåò ñåáÿ êàê ïóàññîíîâñêèé, ïîëó÷àåìp(r(t+�t)j�; �(t) = �j) = (�j�t)r(t+�t)r(t+�t)! e��j�t. Òàêèì îáðàçîì, ïîëó÷àåì (3) â âèäåp(�j~r(t+�t)) = p(�j~r(t)) p(~r(t))p(~r(t+�t)) nXj=1 !(�jjt)(�j�t)r(t+�t)r(t+�t)! e��j�t:Íàõîäÿ â ïîñëåäíåì âûðàæåíèè ìíîæèòåëü p(~r(t))=p(~r(t+�t)) èç óñëîâèÿ íîðìè-ðîâêè R� p(�j~r(t+�t)) d� = 1, ïðèõîäèì ê (2).�àññìîòðèì ñëó÷àé, êîãäà íà ïîëóèíòåðâàëå [t; t + �t) íåò ñîáûòèé, ò.å. r(t +�t) = 0. Ýòî îçíà÷àåò, ÷òî ïîëóèíòåðâàë [t; t+�t) íàõîäèòñÿ íà âðåìåííîé îñè ìåæ-äó ìîìåíòàìè íàñòóïëåíèÿ ñîñåäíèõ ñîáûòèé, ñêàæåì, ìåæäó ìîìåíòàìè tk è tk+1(k = 1; 2; : : :) ëèáî ìåæäó ìîìåíòîì íà÷àëà íàáëþäåíèé çà ïîòîêîì t0 è ìîìåíòîìíàñòóïëåíèÿ ïåðâîãî ñîáûòèÿ t1. Äëÿ äàëüíåéøèõ âûêëàäîê ââåäåì îáîçíà÷åíèås(t; �) =Pnj=1 �j!(�jjt).Ëåììà 1. Àïîñòåðèîðíàÿ ïëîòíîñòü p(�jt) ìåæäó ìîìåíòàìè íàñòóïëåíèÿñîáûòèé óäîâëåòâîðÿåò èíòåãðî-äè��åðåíöèàëüíîìó óðàâíåíèþdp(�jt)dt = �p(�jt)24s(t; �)� Z� s(t; �)p(�jt) d�35 (tk < t < tk+1; k = 0; 1; : : :): (4)Äîêàçàòåëüñòâî. Ïîñêîëüêó r(t+�t) = 0, ïîëó÷àåì (2) â âèäåp(�jt+�t) = p(�jt) Pnj=1 !(�jjt)e��j�tR� p(�jt)Pnj=1 !(�jjt)e��j�t d� ;èëè, ðàñêëàäûâàÿ ýêñïîíåíòû â ÷èñëèòåëå è çíàìåíàòåëå â ðÿä ñ òî÷íîñòüþ äîo(�t), ïîëó÷àåìp(�jt+�t) = [p(�jt)� s(t; �)p(�jt)�t + o(�t)℄241��t Z� s(t; �)p(�jt) d� + o(�t)35�1 ;èëè, ðàñêëàäûâàÿ âòîðîé ñîìíîæèòåëü â ðÿä, íàõîäèìp(�jt+�t) = p(�jt)��ts(t; �)p(�jt) + �tp(�jt) Z� s(t; �)p(�jt)) d� + o(�t):Ïåðåíîñÿ â ïîñëåäíåì ðàâåíñòâå p(�jt) âëåâî, äåëÿ íà �t è óñòðåìëÿÿ �t ê íóëþ,ïîëó÷àåì (4). 91



Àñèíõðîííûé ïîòîê îáëàäàåò ñâîéñòâîì îðäèíàðíîñòè (ïîñêîëüêó â êàæäîìñîñòîÿíèè âåäåò ñåáÿ êàê ïóàññîíîâñêèé), ïîýòîìó âåðîÿòíîñòü íàñòóïëåíèÿ íà ïî-ëóèíòåðâàëå [t; t+�t) äâóõ è áîëåå ñîáûòèé ðàâíà o(�t). �àññìîòðèì ñëó÷àé, êîãäàíà ïîëóèíòåðâàëå [t; t+�t) íàñòóïàåò îäíî ñîáûòèå ïîòîêà, ñêàæåì, â ìîìåíò âðå-ìåíè tk (t < tk < t +�t). Ïðè ýòîì r(t+�t) = 1.Ëåììà 2. Àïîñòåðèîðíàÿ ïëîòíîñòü p(�jt) â ìîìåíòû íàñòóïëåíèÿ ñîáûòèéïåðåñ÷èòûâàåòñÿ ïî �îðìóëåp(�jtk + 0) = p(�jtk � 0)s(tk � 0; �)R� p(�jtk � 0)s(tk � 0; �) d� (k = 1; 2; : : :): (5)Äîêàçàòåëüñòâî. Ïîñêîëüêó r(t+�t) = 1, ïîëó÷àåì (2) â âèäåp(�jt+�t) = p(�jt) �tPnj=1 !(�jjt)�je��j�t�t R� p(�jt)Pnj=1 !(�jjt)�je��j�t d� ;èëè, ðàñêëàäûâàÿ ýêñïîíåíòû â ÷èñëèòåëå è çíàìåíàòåëå â ðÿä ñ òî÷íîñòüþ äîo(�t), è ââîäÿ âåëè÷èíû �t0 è �t00 òàêèå, ÷òî t = tk��t0; t+�t = tk +�t00, íàõîäèìp(�jtk +�t00) = p(�jt) �tp(�jtk ��t0)s(tk ��t0; �) + o(�t)�t R� p(�jtk ��t0)s(tk ��t0; �) d� + o(�t) :Ïîäåëèì ÷èñëèòåëü è çíàìåíàòåëü ïîñëåäíåé äðîáè íà �t, ïîñëå ÷åãî óñòðåìèì �tê íóëþ (ïðè ýòîì t = tk��t0 ñòðåìèòñÿ ê tk ñëåâà, t+�t = tk +�t00 ñòðåìèòñÿ ê tkñïðàâà). Ïîñëå ïðåäåëüíîãî ïåðåõîäà ïîëó÷àåì (5).Çàìå÷àíèå ê ëåììå 2. Â ìîìåíò âðåìåíè t0 íà÷àëà íàáëþäåíèé çà ïîòîêîìàïîñòåðèîðíàÿ ïëîòíîñòü p(�jt0) çàäàåòñÿ èñõîäÿ èç àïðèîðíûõ äàííûõ î ïàðàìåò-ðàõ àñèíõðîííîãî ïîòîêà. Åñëè òàêèõ äàííûõ íåò, ìîæíî çàäàòü ïëîòíîñòü p(�jt0)êàê ïðîèçâåäåíèå N ïëîòíîñòåé ðàâíîìåðíî ðàñïðåäåëåííûõ ñëó÷àéíûõ âåëè÷èí,êàæäàÿ èç êîòîðûõ ðàñïðåäåëåíà â íåêîòîðîì èíòåðâàëå äîïóñòèìûõ çíà÷åíèé äëÿñîîòâåòñòâóþùåãî ïàðàìåòðà ïîòîêà.Òåîðåìà 2. Ïîâåäåíèå àïîñòåðèîðíîé ïëîòíîñòè p(�jt) íà âðåìåííîé îñè îïðå-äåëÿåòñÿ èíòåãðî-äè��åðåíöèàëüíûì óðàâíåíèåì (4) è �îðìóëîé ïåðåñ÷åòà ïëîò-íîñòè âåðîÿòíîñòåé (5), â êîòîðûõ tk � t < tk+1; p(�jtk) = p(�jtk+0); p(�jtk+1) =p(�jtk+1�0) (k = 0; 1; : : :): Â ìîìåíò âðåìåíè t0 àïîñòåðèîðíàÿ ïëîòíîñòü p(�jt0)çàäàåòñÿ ñîãëàñíî çàìå÷àíèþ ê ëåììå 2.Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî ñëåäóåò èç ëåìì 1 è 2 ïóòåì ñèíõðîíèçàöèè �îð-ìóë (4) è (5).
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Òåîðåìà 3. Àïîñòåðèîðíàÿ ïëîòíîñòü âåðîÿòíîñòåé p(�jt) âåêòîðà ïàðàìåò-ðîâ � íà ïîëóèíòåðâàëå âðåìåíè [tk; tk+1) (k = 0; 1; : : :) îïðåäåëÿåòñÿ �îðìóëîé:p(�jt) = p(�jtk)e [� tRtk s(�;�) d�#R� p(�jtk)e [� tRtk s(�;�) d�# d� (tk < t < tk+1; k = 0; 1; : : :); (6)ãäå p(�jtk) = p(�jtk + 0) âû÷èñëÿåòñÿ â ìîìåíò íàñòóïëåíèÿ ñîáûòèÿ tk (k =1; 2; : : :) ïî �îðìóëå (5), à â ìîìåíò t0 ïëîòíîñòü p(�jt0) çàäàåòñÿ ñîãëàñíî çà-ìå÷àíèþ ê ëåììå 2.Äîêàçàòåëüñòâî. Ïðåîáðàçóåì èíòåãðî-äè��åðåíöèàëüíîå óðàâíåíèå (4) ê ñëåäó-þùåìó âèäó: dp(�jt)p(�jt) = �24s(t; �)� Z� s(t; �)p(�jt)) d�35 dt:Èíòåãðèðóÿ ïîñëåäíåå èíòåãðî-äè��åðåíöèàëüíîå óðàâíåíèå â ïðåäåëàõ îò tk äît, ïîëó÷àåì ln � p(�jt)p(�jtk)� = � tZtk 24s(�; �)� Z� s(�; �)p(�j�) d�35 d�;èëè, ïðîäåëûâàÿ íåîáõîäèìûå ïðåîáðàçîâàíèÿ, ïîëó÷àåìp(�jt) = p(�jtk)e [� tRtk s(�;�) d�#e [ tRtk R� s(�;�)p(�j�))d� d�35:Íàéäÿ â ïîëó÷åííîì âûðàæåíèè ïîñëåäíèé ñîìíîæèòåëü èç óñëîâèÿ íîðìèðîâêèR� p(�jt) d� = 1, ïðèõîäèì ê (6).Ïîäñòàâëÿÿ (6) â (1), ïîëó÷àåì ÿâíûé âèä îöåíîê ïàðàìåòðîâ ïîòîêà äëÿ ïðî-èçâîëüíîãî ìîìåíòà âðåìåíè íàáëþäåíèÿ çà ïîòîêîì. Ïðè ýòîì â ìîìåíò âðåìåíètk+1 (k = 0; 1; : : :) èìååì�̂(tk+1) = �̂(tk+1 + 0) = Z� �p(�jtk+1 + 0) d�; (7)ãäå p(�jtk + 0) âû÷èñëÿåòñÿ ïî �îðìóëå (5).
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4. ÀË�Î�ÈÒÌ ÎÖÅÍÊÈ ÏÀ�ÀÌÅÒ�ÎÂ ÏÎÒÎÊÀÏîëó÷åííûå â íàñòîÿùåé ñòàòüå �îðìóëû ïîçâîëÿþò ñ�îðìóëèðîâàòü àëãî-ðèòì ðàñ÷åòà îöåíîê ïàðàìåòðîâ àñèíõðîííîãî äâàæäû ñòîõàñòè÷åñêîãî ïîòîêàñîáûòèé ñ êîíå÷íûì ÷èñëîì ñîñòîÿíèé â ïðîèçâîëüíûé ìîìåíò âðåìåíè t íàáëþ-äåíèÿ çà ïîòîêîì:1) â ìîìåíò âðåìåíè t0 = 0 çàäàåòñÿ p(�jt0), èñõîäÿ èç àïðèîðíûõ äàííûõ î ïî-òîêå, ëèáî êàê ïðîèçâåäåíèå N ïëîòíîñòåé ðàâíîìåðíî ðàñïðåäåëåííûõ ñëó-÷àéíûõ âåëè÷èí, êàæäàÿ èç êîòîðûõ ðàñïðåäåëåíà â íåêîòîðîì èíòåðâàëåäîïóñòèìûõ çíà÷åíèé äëÿ ñîîòâåòñòâóþùåãî ïàðàìåòðà ïîòîêà; òàêæå çàäà-þòñÿ íà÷àëüíûå çíà÷åíèÿ àïîñòåðèîðíûõ âåðîÿòíîñòåé !(�jjt0), (i = 1; n),ñïîñîá çàäàíèÿ àïîñòåðèîðíûõ âåðîÿòíîñòåé îïèñàí â [7℄;2) ïî �îðìóëå (1) â ìîìåíò âðåìåíè t0 = 0 ðàññ÷èòûâàþòñÿ îöåíêè ïàðàìåòðîâïîòîêà �̂(t0);3) äëÿ k = 0 â ëþáîé ìîìåíò âðåìåíè t (0 < t < tk+1), ãäå tk+1 � ìîìåíò íàáëþäå-íèÿ (k+1)-ãî ñîáûòèÿ ïîòîêà, ïî �îðìóëå (6) ðàññ÷èòûâàåòñÿ àïîñòåðèîðíàÿïëîòíîñòü p(�jt) è ïàðàëëåëüíî ñ ýòèì ïî �îðìóëå (1) ðàññ÷èòûâàþòñÿ îöåí-êè ïàðàìåòðîâ ïîòîêà �̂(t); ïðè ýòîì âåðîÿòíîñòè !(�jjt) (j = 1; n), âõîäÿùèåâ (6), âû÷èñëÿþòñÿ ñîãëàñíî [7℄;4) äëÿ k = 0 â ìîìåíò âðåìåíè tk+1 ïî �îðìóëå (5) ðàññ÷èòûâàåòñÿ àïîñòåðè-îðíàÿ ïëîòíîñòü p(�jtk+1+0) è ïî �îðìóëå (7) íàõîäÿòñÿ îöåíêè �̂(tk+1); ïðèýòîì p(�jtk+1� 0) âû÷èñëÿåòñÿ ïî �îðìóëå (6) â ìîìåíò âðåìåíè t = tk+1, âå-ðîÿòíîñòè !(�jjt) (j = 1; n), âõîäÿùèå â (6), â ìîìåíò t = tk+1 âû÷èñëÿþòñÿñîãëàñíî [7℄; çíà÷åíèå p(�jtk+1+0) ÿâëÿåòñÿ íà÷àëüíûì äëÿ ðàñ÷åòà ïëîòíîñòèp(�jt) íà ñëåäóþùåì øàãå àëãîðèòìà;5) øàãè 3 � 4 àëãîðèòìà ïîâòîðÿþòñÿ äëÿ k = 1; 2; : : : .5. ÇÀÊËÞ×ÅÍÈÅÂ íàñòîÿùåé ñòàòüå ïîëó÷åíû îïòèìàëüíûå îöåíêè ïàðàìåòðîâ àñèíõðîííîãîäâàæäû ñòîõàñòè÷åñêîãî ïîòîêà ñ êîíå÷íûì ÷èñëîì ñîñòîÿíèé [7℄. Îöåíêè îïòè-ìàëüíû â ñìûñëå ìèíèìóìà ñðåäíåêâàäðàòè÷åñêîãî îòêëîíåíèÿ îò èñòèííûõ çíà-÷åíèé ïàðàìåòðîâ ïîòîêà. Ïðèâîäèòñÿ àëãîðèòì îöåíêè ïàðàìåòðîâ àñèíõðîííîãîïîòîêà ñîáûòèé. Ñ�îðìóëèðîâàííûé àëãîðèòì ìîæåò áûòü ðåàëèçîâàí ïðîãðàìì-íî è ïðèìåíÿòüñÿ äëÿ îöåíêè ïàðàìåòðîâ ðåàëüíûõ ïîòîêîâ. Îöåíêè ïàðàìåòðîâðåàëüíûõ ïîòîêîâ èñïîëüçóþòñÿ ïðè ñîçäàíèè àäåêâàòíûõ ìàòåìàòè÷åñêèõ ìîäå-ëåé ðåàëüíî ñóùåñòâóþùèõ è ïðîåêòèðóåìûõ ÖÑÈÎ.ËÈÒÅPÀÒÓPÀ1. Áàøàðèí �. Ï., Êîêîòóøêèí Â. À., Íàóìîâ Â. À. Î ìåòîäå ýêâèâàëåíòíûõçàìåí ðàñ÷åòà �ðàãìåíòîâ ñåòåé ñâÿçè. ×.1 // Èçâ. ÀÍ ÑÑÑ�. Òåõí. êèáåðíå-òèêà, 1979. � 6. Ñ. 92�99. 94
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ÎÏÒÈÌÀËÜÍÀß ÎÖÅÍÊÀÑÎÑÒÎßÍÈÉ ÎÁÎÁÙÅÍÍÎ�ÎÏÎËÓÑÈÍÕ�ÎÍÍÎ�Î ÏÎÒÎÊÀÏ�È ÍÅÏ�ÎÄËÅÂÀÞÙÅÌÑßÌÅ�ÒÂÎÌ Â�ÅÌÅÍÈÀ. Êàëÿãèí, Ë. ÍåæåëüñêàÿÒîìñêèé �îñóäàðñòâåííûé ÓíèâåðñèòåòÒîìñê, �îññèÿredall�inbox.ru�àññìàòðèâàåòñÿ çàäà÷à îïòèìàëüíîé îöåíêè ñîñòîÿíèé ïîëóñèíõðîííîãî äâà-æäû ñòîõàñòè÷åñêîãî ïîòîêà ñ èíèöèèðîâàíèåì äîïîëíèòåëüíûõ ñîáûòèé (îáîá-ùåííûé ïîëóñèíõðîííûé ïîòîê ñîáûòèé) ñ äâóìÿ ñîñòîÿíèÿìè. Óñëîâèÿ íàáëþäå-íèÿ çà ïîòîêîì òàêîâû, ÷òî êàæäîå ñîáûòèå ïîðîæäàåò ïåðèîä ìåðòâîãî âðåìåíè,â òå÷åíèè êîòîðîãî äðóãèå ñîáûòèÿ ïîòîêà íåäîñòóïíû íàáëþäåíèþ è íå âûçûâàþòïðîäëåíèÿ åãî ïåðèîäà (íåïðîäëåâàþùååñÿ ìåðòâîå âðåìÿ). Íàõîäèòñÿ ÿâíûé âèäàïîñòåðèîðíûõ âåðîÿòíîñòåé ñîñòîÿíèé ïîòîêà. �åøåíèå î ñîñòîÿíèè ïîòîêà âûíî-ñèòñÿ ïî êðèòåðèþ ìàêñèìóìà àïîñòåðèîðíîé âåðîÿòíîñòè. Ïðèâîäÿòñÿ ÷èñëåííûåðåçóëüòàòû, ïîëó÷åííûå ñ èñïîëüçîâàíèåì ðàñ÷åòíûõ �îðìóë è èìèòàöèîííîãî ìî-äåëèðîâàíèÿ.Êëþ÷åâûå ñëîâà: îáîáùåííûé ïîëóñèíõðîííûé ïîòîê ñîáûòèé, ñîñòîÿíèå ïîòî-êà, àïîñòåðèîðíàÿ âåðîÿòíîñòü ñîñòîÿíèÿ, îöåíêà ñîñòîÿíèÿ, ì¼ðòâîå âðåìÿ.1. ÂÂÅÄÅÍÈÅÂ íàñòîÿùåé ñòàòüå ïðîâîäèòñÿ äàëüíåéøåå èññëåäîâàíèå îáîáùåííîãî ïîëó-ñèíõðîííîãî ïîòîêà ñîáûòèé, íà÷àòîå â ðàáîòå [1℄. Îáîáùåííûé ïîëóñèíõðîííûéäâàæäû ñòîõàñòè÷åñêèé ïîòîê ñîáûòèé (äàëåå îáîáùåííûé ïîëóñèíõðîííûé ïîòîêëèáî ïðîñòî ïîòîê) ÿâëÿåòñÿ îäíîé èç àäåêâàòíûõ ìàòåìàòè÷åñêèõ ìîäåëåé èí-�îðìàöèîííûõ ïîòîêîâ çàÿâîê, �óíêöèîíèðóþùèõ â öè�ðîâûõ ñåòÿõ èíòåãðàëü-íîãî îáñëóæèâàíèÿ [2℄. Äîñòàòî÷íî îáøèðíàÿ ëèòåðàòóðà ïî èññëåäîâàíèþ ïîäîá-íûõ ïîòîêîâ ñîáûòèé (àñèíõðîííûõ, ñèíõðîííûõ è ïîëóñèíõðîííûõ) ïðèâåäåíà â[1, 3, 4℄.Ïîäàâëÿþùåå ÷èñëî àâòîðîâ ðàññìàòðèâàåò ìàòåìàòè÷åñêèå ìîäåëè ïîòîêîâ ñî-áûòèé, êîãäà âñå ñîáûòèÿ äîñòóïíû íàáëþäåíèþ. Îäíàêî íà ïðàêòèêå âîçíèêàþòñèòóàöèè, êîãäà íàñòóïèâøåå ñîáûòèå ìîæåò ïîâëå÷ü çà ñîáîé íåíàáëþäàåìîñòüïîñëåäóþùèõ ñîáûòèé. Îäíèì èç èñêàæàþùèõ �àêòîðîâ ïðè îöåíêå ñîñòîÿíèéè ïàðàìåòðîâ ïîòîêà ñîáûòèé âûñòóïàåò ìåðòâîå âðåìÿ ðåãèñòðèðóþùèõ ïðèáî-ðîâ [5℄, êîòîðîå ïîðîæäàåòñÿ çàðåãèñòðèðîâàííûì ñîáûòèåì. Äðóãèå æå ñîáûòèÿ,96



íàñòóïèâøèå â òå÷åíèå ïåðèîäà ìåðòâîãî âðåìåíè, íåäîñòóïíû íàáëþäåíèþ (òåðÿ-þòñÿ). Ìîæíî ñ÷èòàòü, ÷òî ýòîò ïåðèîä ïðîäîëæàåòñÿ íåêîòîðîå �èêñèðîâàííîåâðåìÿ Ò. Âñå óñòðîéñòâà ðåãèñòðàöèè äåëÿòñÿ íà äâå ãðóïïû. Ïåðâóþ ãðóïïó ñî-ñòàâëÿþò óñòðîéñòâà ñ íåïðîäëåâàþùèìñÿ ìåðòâûì âðåìåíåì, âòîðóþ - óñòðîéñòâàñ ïðîäëåâàþùèìñÿ ìåðòâûì âðåìåíåì. Îòìåòèì, ÷òî îäíèìè èç ïåðâûõ ðàáîò ïîîöåíêå ïàðàìåòðîâ â ñëó÷àéíûõ ïîòîêàõ ñîáûòèé, �óíêöèîíèðóþùèõ â óñëîâèÿõìåðòâîãî âðåìåíè, ÿâëÿþòñÿ ðàáîòû [6, 7℄. Â ðàáîòå [1℄ ðåøåíà çàäà÷à îá îïòèìàëü-íîé îöåíêå ñîñòîÿíèé îáîáùåííîãî ïîëóñèíõðîííîãî ïîòîêà ñîáûòèé â óñëîâèÿõ îò-ñóòñòâèÿ ìåðòâîãî âðåìåíè. Â íàñòîÿùåé ñòàòüå, ÿâëÿþùåéñÿ íåïîñðåäñòâåííûìðàçâèòèåì ðàáîòû [1℄, ðåøàåòñÿ çàäà÷à îá îïòèìàëüíîé îöåíêå ñîñòîÿíèé îáîá-ùåííîãî ïîëóñèíõðîííîãî ïîòîêà ñîáûòèé â óñëîâèÿõ åãî íåïîëíîé íàáëþäàåìî-ñòè (ïðè íåïðîäëåâàþùåìñÿ ìåðòâîì âðåìåíè). Ïðåäëàãàåòñÿ àëãîðèòì îïòèìàëü-íîé îöåíêè ñîñòîÿíèé, êîãäà ðåøåíèå î ñîñòîÿíèè îáîáùåííîãî ïîëóñèíõðîííîãîïîòîêà âûíîñèòñÿ ïî êðèòåðèþ ìàêñèìóìà àïîñòåðèîðíîé âåðîÿòíîñòè, ïðåäñòàâ-ëÿþùåé íàèáîëåå ïîëíóþ õàðàêòåðèñòèêó ñîñòîÿíèÿ ïîòîêà, êîòîðóþ ìîæíî ïî-ëó÷èòü, ðàñïîëàãàÿ òîëüêî âûáîðêîé íàáëþäåíèé, è îáåñïå÷èâàþùåãî ìèíèìóìïîëíîé (áåçóñëîâíîé) âåðîÿòíîñòè îøèáêè âûíåñåíèÿ ðåøåíèÿ [8℄.2. ÏÎÑÒÀÍÎÂÊÀ ÇÀÄÀ×È�àññìàòðèâàåòñÿ îáîáùåííûé ïîëóñèíõðîííûé ïîòîê ñîáûòèé, èíòåíñèâíîñòüêîòîðîãî åñòü êóñî÷íî-ïîñòîÿííûé ñëó÷àéíûé ïðîöåññ �(t) ñ äâóìÿ ñîñòîÿíèÿìè�1 è �2 (�1 > �2). Â òå÷åíèå âðåìåííîãî èíòåðâàëà, êîãäà �(t) = �i , èìååò ìåñòîïóàññîíîâñêèé ïîòîê ñîáûòèé ñ èíòåíñèâíîñòüþ �i , i = 1; 2. Ïåðåõîä èç ïåðâîãî ñî-ñòîÿíèÿ ïðîöåññà �(t) âî âòîðîå âîçìîæåí òîëüêî â ìîìåíò íàñòóïëåíèÿ ñîáûòèÿ,ïðè ýòîì ïåðåõîä îñóùåñòâëÿåòñÿ ñ âåðîÿòíîñòüþ p(0 < p � 1); ñ âåðîÿòíîñòüþ1 � p ïðîöåññ �(t) îñòàåòñÿ â ïåðâîì ñîñòîÿíèè. Òîãäà äëèòåëüíîñòü ïðåáûâàíèÿïðîöåññà �(t) â ïåðâîì ñîñòîÿíèè åñòü ñëó÷àéíàÿ âåëè÷èíà ñ ýêñïîíåíöèàëüíîé�óíêöèåé ðàñïðåäåëåíèÿ F1(�) = 1� e�p�1� . Ïåðåõîä èç âòîðîãî ñîñòîÿíèÿ ïðîöåñ-ñà �(t) â ïåðâîå ñîñòîÿíèå ìîæåò îñóùåñòâëÿòüñÿ â ïðîèçâîëüíûé ìîìåíò âðåìåíè.Ïðè ýòîì äëèòåëüíîñòü ïðåáûâàíèÿ ïðîöåññà �(t) âî âòîðîì ñîñòîÿíèè ðàñïðåäå-ëåíà ïî ýêñïîíåíöèàëüíîìó çàêîíó: F2(�) = 1�e��� : Ïðè ïåðåõîäå ïðîöåññà �(t) èçâòîðîãî ñîñòîÿíèÿ â ïåðâîå èíèöèèðóåòñÿ ñ âåðîÿòíîñòüþ Æ (0 � Æ � 1) äîïîëíè-òåëüíîå ñîáûòèå â ïåðâîì ñîñòîÿíèè (ò.å. ñíà÷àëà îñóùåñòâëÿåòñÿ ïåðåõîä, à çàòåìèíèöèèðóåòñÿ äîïîëíèòåëüíîå ñîáûòèå). Î÷åâèäíî, ÷òî â ñäåëàííûõ ïðåäïîñûëêàõ�(t) - ìàðêîâñêèé ïðîöåññ. Ïîñëå êàæäîãî çàðåãèñòðèðîâàííîãî ñîáûòèÿ â ìîìåíòâðåìåíè ti íàñòóïàåò âðåìÿ �èêñèðîâàííîé äëèòåëüíîñòè T (ìåðòâîå âðåìÿ), â òå-÷åíèå êîòîðîãî äðóãèå ñîáûòèÿ èñõîäíîãî îáîáùåííîãî ïîëóñèíõðîííîãî ïîòîêàñîáûòèé íåäîñòóïíû íàáëþäåíèþ. Ñîáûòèÿ, íàñòóïèâøèå â òå÷åíèå ìåðòâîãî âðå-ìåíè, íå âûçûâàþò ïðîäëåíèÿ åãî ïåðèîäà (íåïðîäëåâàþùååñÿ ìåðòâîå âðåìÿ). Ïîîêîí÷àíèè ìåðòâîãî âðåìåíè ïåðâîå íàñòóïèâøåå ñîáûòèå ñíîâà ñîçäàåò ïåðèîäìåðòâîãî âðåìåíè äëèòåëüíîñòè T è ò.ä.97



Òàê êàê ïðîöåññ �(t) è òèïû ñîáûòèé (ñîáûòèÿ ïóàññîíîâñêèõ ïîòîêîâ è äîïîë-íèòåëüíûå ñîáûòèÿ) ÿâëÿþòñÿ ïðèíöèïèàëüíî íåíàáëþäàåìûìè, à íàáëþäàåìûìèÿâëÿþòñÿ òîëüêî âðåìåííûå ìîìåíòû íàñòóïëåíèÿ ñîáûòèé íàáëþäàåìîãî ïîòîêàt1; t2; : : : ; òî íåîáõîäèìî ïî ýòèì íàáëþäåíèÿì îöåíèòü ñîñòîÿíèå ïðîöåññà (ïîòîêà)�(t) â ìîìåíò îêîí÷àíèÿ íàáëþäåíèé.�àññìàòðèâàåòñÿ óñòàíîâèâøèéñÿ (ñòàöèîíàðíûé) ðåæèì �óíêöèîíèðîâàíèÿíàáëþäàåìîãî ïîòîêà ñîáûòèé, ïîýòîìó ïåðåõîäíûìè ïðîöåññàìè íà èíòåðâàëåíàáëþäåíèÿ (t0; t), ãäå t0 - íà÷àëî íàáëþäåíèé, t - îêîí÷àíèå íàáëþäåíèé (ìî-ìåíò âûíåñåíèÿ ðåøåíèÿ), ïðåíåáðåãàåì. Òîãäà áåç ïîòåðè îáùíîñòè ìîæíî ïî-ëîæèòü t0 = 0. Äëÿ âûíåñåíèÿ ðåøåíèÿ î ñîñòîÿíèè íåíàáëþäàåìîãî ïðîöåñ-ñà �(t) â ìîìåíò âðåìåíè t íåîáõîäèìî îïðåäåëèòü àïîñòåðèîðíûå âåðîÿòíîñòèw(�i j t) = w(�i j t1; : : : ; tm; t), i = 1; 2, òîãî, ÷òî â ìîìåíò âðåìåíè t çíà÷åíèåïðîöåññà �(t) = �i (m - êîëè÷åñòâî íàáëþäåííûõ ñîáûòèé çà âðåìÿ t), ïðè ýòîìw(�1 j t) +w(�2 j t) = 1. �åøåíèå î ñîñòîÿíèè ïðîöåññà �(t) âûíîñèòñÿ ïóòåì ñðàâ-íåíèÿ àïîñòåðèîðíûõ âåðîÿòíîñòåé: åñëè w(�j j t) � w(�i j t), i; j = 1; 2, i 6= j, òîîöåíêà ñîñòîÿíèÿ ïðîöåññà åñòü �(t) = �j.3. ÀË�Î�ÈÒÌ ÎÏÒÈÌÀËÜÍÎÉ ÎÖÅÍÊÈÑÎÑÒÎßÍÈÉÌîìåíò âûíåñåíèÿ ðåøåíèÿ t áóäåò ïðèíàäëåæàòü èíòåðâàëó (ti; ti+1), i = 0; 1; 2; : : :,ìåæäó äâóìÿ ñîñåäíèìè ñîáûòèÿìè íàáëþäàåìîãî ïîòîêà. �àññìîòðèì èíòåðâàëâðåìåíè (ti; ti+1), çíà÷åíèå äëèòåëüíîñòè êîòîðîãî åñòü �i = ti+1 � ti, i = 0; 1; : : : :Òàê êàê ìîìåíòû íàñòóïëåíèÿ ñîáûòèé â íàáëþäàåìîì ïîòîêå ñëó÷àéíû, òî äëè-òåëüíîñòü èíòåðâàëà (ti; ti+1) - ñëó÷àéíàÿ âåëè÷èíà. Ñ äðóãîé ñòîðîíû, òàê êàêíàáëþäàåìîå â ìîìåíò âðåìåíè ti ñîáûòèå ïîðîæäàåò ïåðèîä ìåðòâîãî âðåìåíèäëèòåëüíîñòè T , òî �i = T + �i, ãäå �i - çíà÷åíèå äëèòåëüíîñòè èíòåðâàëà ìåæ-äó ìîìåíòîì îêîí÷àíèÿ ïåðèîäà ìåðòâîãî âðåìåíè è ìîìåíòîì ti+1, ò.å. èíòåð-âàë (ti; ti+1) ðàçáèâàåòñÿ íà äâà ñìåæíûõ èíòåðâàëà: ïåðâûé - (ti; ti + T ), âòîðîé- (ti + T; ti+1). Îòìåòèì îäíî âàæíîå îáñòîÿòåëüñòâî: òàê êàê ïîñëå êàæäîãî ñî-áûòèÿ â íàáëþäàåìîì ïîòîêå ðåàëèçóåòñÿ ïåðèîä ìåðòâîãî âðåìåíè äëèòåëüíîñòèT , â òå÷åíèå êîòîðîãî ïîñëåäóþùèå ñîáûòèÿ îáîáùåííîãî ïîëóñèíõðîííîãî ïîòîêàíåäîñòóïíû íàáëþäåíèþ (ïîòîê îòñóòñòâóåò), òî óñëîâèÿ íàõîæäåíèÿ àïîñòåðèîð-íîé âåðîÿòíîñòè w(�1 j t) íà èíòåðâàëå (ti; ti + T ) äëèòåëüíîñòè T è èíòåðâàëå(ti+T; ti+1), çíà÷åíèå äëèòåëüíîñòè êîòîðîãî åñòü �i, ïðèíöèïèàëüíî ðàçíûå. Êðî-ìå òîãî, äëÿ íàõîæäåíèÿ àïîñòåðèîðíîé âåðîÿòíîñòè w(�1 j t) íåîáõîäèìî òî÷íîçíàòü çíà÷åíèå äëèòåëüíîñòè T ìåðòâîãî âðåìåíè ëèáî, ïî êðàéíåé ìåðå, ïðåäâà-ðèòåëüíî îñóùåñòâèòü å¼ îöåíêó bT . Â ïðîòèâíîì ñëó÷àå îòñóòñòâèå èí�îðìàöèèî çíà÷åíèè äëèòåëüíîñòè T ìåðòâîãî âðåìåíè äåëàåò ïîïûòêó ñòðîãîãî íàõîæäå-íèÿ àïîñòåðèîðíîé âåðîÿòíîñòè w(�1 j t) íåâîçìîæíîé. Çäåñü ïðåäïîëàãàåòñÿ, ÷òîçíà÷åíèå T èçâåñòíî òî÷íî.Â [1℄ ñ�îðìóëèðîâàí àëãîðèòì ðàñ÷åòà àïîñòåðèîðíîé âåðîÿòíîñòè w(�1 j t) äëÿñëó÷àÿ îòñóòñòâèÿ ìåðòâîãî âðåìåíè (T = 0). Ïðè ýòîì ïîâåäåíèå âåðîÿòíîñòè98



w(�1 j t) íà ïîëóèíòåðâàëå [ti; ti+1) ìåæäó ñîñåäíèìè íàáëþäàåìûìè ñîáûòèÿìèîáîáùåííîãî ïîëóñèíõðîííîãî ïîòîêà îïðåäåëÿþòñÿ âûðàæåíèåì (1)w(�1 j t) = w[1� w(�1 j ti + 0)℄� [w � w(�1 j ti + 0)℄e�b(t�ti)1� w(�1 j ti + 0)� [w � w(�1 j ti + 0)℄e�b(t�ti) (1)ãäå ti � t < ti+1, i = 0; 1; : : :; b = �1 � �2 � �; w = �(1 � Æ)=(�1 � �2 � �Æ) 6= 0,0 � Æ � 1.Â ìîìåíò âðåìåíè ti (â ìîìåíò íàñòóïëåíèÿ ñîáûòèÿ îáîáùåííîãî ïîëóñèí-õðîííîãî ïîòîêà) àïîñòåðèîðíàÿ âåðîÿòíîñòü (1) ïðåòåðïåâàåò ðàçðûâ 1-ãî ðîäà(i = 1; 2; : : :), ïîýòîìó â ìîìåíò âðåìåíè ti èìååò ìåñòî �îðìóëà ïåðåñ÷åòà (2):w(�1 j ti + 0) = �Æ + [(1� p)�1 � �Æ℄w(�1 j ti � 0)�2 + �Æ + (�1 � �2 � �Æ)w(�1 j ti � 0) ; i = 1; 2; : : : : (2)ãäå w(�1 j ti � 0) âû÷èñëÿåòñÿ ïî �îðìóëå (1) â ìîìåíò âðåìåíè t = ti, êîãäà t èç-ìåíÿåòñÿ â ïîëóèíòåðâàëå [ti�1; ti), ñîñåäíåì ñ ïîëóèíòåðâàëîì [ti; ti+1). Â êà÷åñòâåíà÷àëüíîãî çíà÷åíèÿ w(�1 j t0 + 0) = w(�1 j t0 = 0) â (1) âûáèðàåòñÿ àïðèîðíàÿ�èíàëüíàÿ âåðîÿòíîñòü ïåðâîãî ñîñòîÿíèÿ ïðîöåññà �(t): �1 = �=(�+p�1), êîòîðàÿíàõîäèòñÿ èç óðàâíåíèé p�1�1 � ��2 = 0, �1 + �2 = 1.Òàêèì îáðàçîì, âû÷èñëåíèå àïîñòåðèîðíîé âåðîÿòíîñòè w(�1 j t) ïî �îðìóëå(1) â óñëîâèÿõ, êîãäà äëèòåëüíîñòü ìåðòâîãî âðåìåíè T 6= 0, ñïðàâåäëèâî íà èí-òåðâàëå (ti + T; ti+1), çíà÷åíèå äëèòåëüíîñòè êîòîðîãî åñòü �i. Ïðè ýòîì íà÷àëüíîåóñëîâèå äëÿ w(�1 j t) ïðèâÿçûâàåòñÿ ê ìîìåíòó âðåìåíè ti + T , ò.å. â �îðìóëå (1),âî-ïåðâûõ, íóæíî w(�1 j ti+0) çàìåíèòü íà w(�1 j ti+T ), âî-âòîðûõ, ti+T � t < ti+1,i = 1; 2; : : : . Ôîðìóëà ïåðåñ÷åòà (2) îñòàåòñÿ ïðè ýòîì áåç èçìåíåíèÿ, òàê êàê îíàïðåäíàçíà÷åíà äëÿ âû÷èñëåíèÿ àïîñòåðèîðíîé âåðîÿòíîñòè â ìîìåíò âðåìåíè tiíàñòóïëåíèÿ íàáëþäàåìîãî ñîáûòèÿ, êîòîðîå ïîðîæäàåò ìåðòâîå âðåìÿ.Ìîæíî ïîêàçàòü, ÷òî íà èíòåðâàëå (ti; ti+T ) àïîñòåðèîðíûå âåðîÿòíîñòè w(�j jt) óäîâëåòâîðÿþò ñèñòåìå äè��åðåíöèàëüíûõ óðàâíåíèé:dw(�1 j t)dt = �p�1w(�1 j t) + �w(�2 j t); dw(�2 j t)dt = p�1w(�1 j t)� �w(�2 j t); (3)ñ ãðàíè÷íûìè óñëîâèÿìè: w(�1 j t = ti) = w(�1 j ti + 0), w(�2 j t = ti) = w(�2 jti + 0), i = 1; 2; : : : : Ïîñëåäíåå âûòåêàåò èç òîãî, ÷òî íà èíòåðâàëå (ti�1 + T; ti), i =2; 3; : : :, ñìåæíûì èíòåðâàëó (ti; ti+T ) àïîñòåðèîðíàÿ âåðîÿòíîñòü ðàññ÷èòûâàåòñÿïî �îðìóëå (1), ãäå âìåñòî w(�1 j ti+0) ñòîèò w(�1 j ti+T ); â òî÷êå t = ti ïðîèñõîäèòïåðåñ÷åò àïîñòåðèîðíîé âåðîÿòíîñòè ïî �îðìóëå (2), òàê ÷òî å¼ çíà÷åíèå â ýòîéòî÷êå åñòü w(�1 j ti + 0). Äëÿ ãðàíè÷íîãî èíòåðâàëà (t0; t1) ðàñ÷åò àïîñòåðèîðíîéâåðîÿòíîñòè w(�1 j t) ïðîèçâîäèòñÿ ïî �îðìóëå (1) ñ å¼ ïîñëåäóþùèì ïåðåñ÷åòîìïî �îðìóëå (2) â òî÷êå t = t1 . �åøàÿ ñèñòåìó (3), íàõîäèìw(�1 j t) = �1 + (w(�1 j ti + 0)� �1)e�(�+p�1)(t�ti); (4)99



ãäå ti � t � ti+T , i = 1; 2; : : :; âåðîÿòíîñòü �1 îïðåäåëåíà â (1). Òîãäà èç (4) ñëåäóåò,÷òî w(�1 j ti + T ) = �1 + (w(�1 j ti + 0)� �1)e�(�+p�1)T ; i = 1; 2; : : : : (5)Ïîëó÷åííûå �îðìóëû ïîçâîëÿþò ñ�îðìóëèðîâàòü àëãîðèòì ðàñ÷åòà àïîñòåðè-îðíîé âåðîÿòíîñòè w(�1 j t) è àëãîðèòì ïðèíÿòèÿ ðåøåíèÿ î ñîñòîÿíèè ïðîöåññà�(t) â ëþáîé ìîìåíò âðåìåíè t: 1) â ìîìåíò âðåìåíè t0 = 0 çàäàåòñÿ w(�1 j t0+0) =w(�1 j t0 = 0) = �1; 2) ïî �îðìóëå (1) äëÿ i = 0 ðàññ÷èòûâàåòñÿ âåðîÿòíîñòüw(�1 j t) â ëþáîé ìîìåíò âðåìåíè t (0 � t < t1), ãäå t1 - ìîìåíò íàáëþäåíèÿ ïåð-âîãî ñîáûòèÿ íàáëþäàåìîãî ïîòîêà; 3) ïî �îðìóëå (1) äëÿ i = 0 ðàññ÷èòûâàåòñÿâåðîÿòíîñòü w(�1 j t) â ìîìåíò âðåìåíè t1 : w(�1 j t1) = w(�1 j t1�0); 4) i óâåëè÷èâà-åòñÿ íà åäèíèöó è ïî �îðìóëå (2) äëÿ i = 1 ïðîèçâîäèòñÿ ïåðåñ÷åò àïîñòåðèîðíîéâåðîÿòíîñòè w(�1 j t) â ìîìåíò âðåìåíè t = t1 , ïðè ýòîì w(�1 j t1 + 0) ÿâëÿåòñÿíà÷àëüíûì çíà÷åíèåì äëÿ w(�1 j t) â �îðìóëå (4); 5) ïî �îðìóëå (4) äëÿ i = 1ðàññ÷èòûâàåòñÿ âåðîÿòíîñòü w(�1 j t) â ëþáîé ìîìåíò âðåìåíè t (t1 < t < t1+T ); 6)ïî �îðìóëå (5) äëÿ i = 1 ðàññ÷èòûâàåòñÿ âåðîÿòíîñòü w(�1 j t) â ìîìåíò âðåìåíèt = t1 +T , ò.å. w(�1 j t1 +T ); ïðè ýòîì w(�1 j t1 +T ) ÿâëÿåòñÿ íà÷àëüíûì óñëîâèåìäëÿ w(�1 j t) íà ñëåäóþùåì øàãå àëãîðèòìà;7) äëÿ i = 1 ïî �îðìóëåw(�1 j t) = w[1� w(�1 j ti + T )℄� [w � w(�1 j ti + T )℄e�b(t�ti�T )1� w(�1 j ti + T )� [w � w(�1 j ti + T )℄e�b(t�ti�T ) (6)(ti + T � t < ti+1 , i = 1; 2; : : :; w; b îïðåäåëåíû â (1)) ðàññ÷èòûâàåòñÿ âåðîÿòíîñòüw(�1 j t) â ëþáîé ìîìåíò âðåìåíè t (t1 + T < t < t2), ãäå t2 - ìîìåíò íàáëþäåíèÿâòîðîãî ñîáûòèÿ íàáëþäàåìîãî ïîòîêà; 8) ïî �îðìóëå (6) äëÿ i = 1 ðàññ÷èòûâàåòñÿâåðîÿòíîñòü w(�1 j t) â ìîìåíò âðåìåíè t = t2 : w(�1 j t2) = w(�1 j t2 � 0); 9)àëãîðèòì ïåðåõîäèò íà øàã 4, ïîñëå ÷åãî øàãè 4-8 ïîâòîðÿþòñÿ äëÿ i = 2 è ò.ä.Ïàðàëëåëüíî ïî õîäó âû÷èñëåíèÿ àïîñòåðèîðíîé âåðîÿòíîñòè w(�1 j t) â ëþáîéìîìåíò âðåìåíè t âûíîñèòñÿ ðåøåíèå î ñîñòîÿíèè ïðîöåññà �(t) : åñëè w(�1 j t) �w(�2 j t) (w(�1 j t) � 1=2), òî îöåíêà b�(t) = �1; â ïðîòèâíîì ñëó÷àå b�(t) = �2.4. ÇÀÊËÞ×ÅÍÈÅÏîëó÷åííûå ïóòåì èìèòàöèîííîãî ìîäåëèðîâàíèÿ ýêñïåðèìåíòàëüíûå ðåçóëü-òàòû ïîêàçûâàþò âîçìîæíîñòü îöåíèâàíèÿ ñîñòîÿíèé îáîáùåííîãî ïîëóñèíõðîí-íîãî ïîòîêà ñîáûòèé â óñëîâèÿõ íåïðîäëåâàþùåãîñÿ ìåðòâîãî âðåìåíè ïî ðåçóëü-òàòàì òåêóùèõ íàáëþäåíèé (â òå÷åíèå íåêîòîðîãî âðåìåííîãî èíòåðâàëà) çà ïîòî-êîì. Ýòî, â ñâîþ î÷åðåäü, ïîçâîëÿåò èçìåíÿòü ðåæèìû �óíêöèîíèðîâàíèÿ ñèñòåìûìàññîâîãî îáñëóæèâàíèÿ â çàâèñèìîñòè îò òîãî èëè èíîãî ñîñòîÿíèÿ îáîáùåííîãîïîëóñèíõðîííîãî ïîòîêà ñîáûòèé (àäàïòèðîâàòüñÿ ê èçìåíÿþùåéñÿ èíòåíñèâíîñòèâõîäÿùåãî ïîòîêà ñîáûòèé). Âûðàæåíèÿ àïîñòåðèîðíûõ âåðîÿòíîñòåé äëÿ îöåíêèñîñòîÿíèé ïîòîêà ïîëó÷åíû â ÿâíîì âèäå, ÷òî ïîçâîëÿåò ïðîèçâîäèòü âû÷èñëåíèÿáåç ïðèâëå÷åíèÿ ÷èñëåííûõ ìåòîäîâ. 100
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ÄÂÓÕÔÀÇÍÀß ÑÈÑÒÅÌÀÎÁÑËÓÆÈÂÀÍÈß ÑÎÆÈÄÀÍÈÅÌ ÈÄÎÏÎËÍÈÒÅËÜÍÛÌ ÏÎÒÎÊÎÌÍÀ ÂÒÎ�ÓÞ ÔÀÇÓ×.Ñ. Êèì1, Â. Êëèìåíîê2;�, Î. Òàðàìèí21 Óíèâåðñèòåò Ñàíãæè,2 Áåëîðóññêèé ãîñóäàðñòâåííûé óíèâåðñèòåò1 Âîíæó, Êîðåÿ2 Ìèíñê, Áåëàðóñü� vklimenok�yandex.ruÂ ñòàòüå èññëåäóåòñÿ äâóõ�àçíàÿ ñèñòåìà ñ îæèäàíèåì íà ïåðâîé �àçå, ìàð-êîâñêèì âõîäíûì ïîòîêîì íåïðèîðèòåòíûõ çàïðîñîâ è äîïîëíèòåëüíûì ñòàöèî-íàðíûì ïóàññîíîâñêèì ïîòîêîì ïðèîðèòåòíûõ çàïðîñîâ, ïîñòóïàþùèõ íåïîñðåä-ñòâåííî íà âòîðóþ �àçó. Ïðåäïîëàãàåòñÿ, ÷òî íåïðèîðèòåòíûé çàïðîñ ïîñëå ïðî-õîæäåíèÿ îáðàáîòêè íà ïåðâîé �àçå ìîæåò çàíèìàòü íåñêîëüêî ïðèáîðîâ âòîðîé�àçû. Â ñèñòåìå ïðåäóñìîòðåíû êàê ïîòåðè íåïðèîðèòåòíîãî çàïðîñà ïîñëå îá-ñëóæèâàíèÿ íà ïåðâîé �àçå, òàê è áëîêèðîâêè îáñëóæèâàþùåãî ïðèáîðà ïåðâîé�àçû ýòèì çàïðîñîì â ñëó÷àå íåäîñòóïíîñòè íåîáõîäèìîãî ÷èñëà ïðèáîðîâ íà âòî-ðîé �àçå.Êëþ÷åâûå ñëîâà: äâóõ�àçíàÿ ñèñòåìà îáñëóæèâàíèÿ, ìàðêîâñêèé âõîäíîé ïî-òîê, äîïîëíèòåëüíûé ñòàöèîíàðíûé ïóàññîíîâñêèé ïîòîê.1. ÂÂÅÄÅÍÈÅÄâóõ�àçíûå ñèñòåìû ìàññîâîãî îáñëóæèâàíèÿ ÿâëÿþòñÿ ìàòåìàòè÷åñêèìè ìî-äåëÿìè äâóõ ïîñëåäîâàòåëüíûõ óçëîâ ñåòè, êîòîðûå ïîçâîëÿþò ó÷åñòü âçàèìíîåâëèÿíèå ïðîöåññîâ îáñëóæèâàíèÿ â ýòèõ óçëàõ. Äàííûå ñèñòåìû ÿâëÿþòñÿ âàæ-íûì ÷àñòíûì ñëó÷àåì ñåòåé ìàññîâîãî îáñëóæèâàíèÿ è ñëóæàò àäåêâàòíûìè ìà-òåìàòè÷åñêèìè ìîäåëÿìè �ðàãìåíòîâ òåëåêîììóíèêàöèîííûõ ñåòåé. Îíè øèðî-êî èñïîëüçóþòñÿ ïðè ïðîåêòèðîâàíèè, àíàëèçå �óíêöèîíèðîâàíèÿ è îïòèìèçà-öèè èí�îðìàöèîííî-òåëåêîììóíèêàöèîííûõ ñåòåé ðàçëè÷íîãî íàçíà÷åíèÿ, à òàê-æå äëÿ ïðîâåðêè àëãîðèòìîâ äåêîìïîçèöèè ñåòåé îáùåãî âèäà.2. ÌÀÒÅÌÀÒÈ×ÅÑÊÀß ÌÎÄÅËÜ�àññìàòðèâàåòñÿ äâóõ�àçíàÿ ñèñòåìà, ïåðâóþ �àçó êîòîðîé îáðàçóåò îäíîëè-íåéíàÿ ñèñòåìà ìàññîâîãî îáñëóæèâàíèÿ ñ îæèäàíèåì. Â ñèñòåìó ïîñòóïàåò ìàð-êîâñêèé âõîäíîé ïîòîê (MAP � Markovian Arrival Proess) çàïðîñîâ, çàäàííûé102



íåïðèâîäèìîé öåïüþ Ìàðêîâà �t; t � 0; ñ íåïðåðûâíûì âðåìåíåì è êîíå÷íûìïðîñòðàíñòâîì ñîñòîÿíèé f0; :::;Wg. Èíòåíñèâíîñòè ïåðåõîäîâ ïðîöåññà �t; t � 0,ñîïðîâîæäàþùèõñÿ ïîñòóïëåíèåì çàïðîñà (íå ñîïðîâîæäàþùèõñÿ ïîñòóïëåíèåìçàïðîñà), çàäàþòñÿ ýëåìåíòàìè ìàòðèöû D1 (íåäèàãîíàëüíûìè ýëåìåíòàìè ìàò-ðèöû D0). Çàïðîñû MAP -ïîòîêà áóäåì íàçûâàòü íåïðèîðèòåòíûìè. Èíòåíñèâ-íîñòü ïîñòóïëåíèÿ íåïðèîðèòåòíûõ çàïðîñîâ çàäàåòñÿ �îðìóëîé �1 = �D1e; ãäå� ÿâëÿåòñÿ åäèíñòâåííûì ðåøåíèåì ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé�(D0 +D1) = 0; �e = 1: Çäåñü è äàëåå e � âåêòîð-ñòîëáåö, ñîñòîÿùèé èç åäèíèö, 0� âåêòîð-ñòðîêà, ñîñòîÿùàÿ èç íóëåé.Âðåìåíà îáñëóæèâàíèÿ çàïðîñîâ íà ïåðâîé �àçå ÿâëÿþòñÿ íåçàâèñèìûìè ñëó-÷àéíûìè âåëè÷èíàìè ñ �óíêöèåé ðàñïðåäåëåíèÿ B(t) è êîíå÷íûì ïåðâûì ìîìåí-òîì b1 = 1R0 tdB(t):Ïîñëå îáñëóæèâàíèÿ íà ïåðâîé �àçå íåïðèîðèòåòíûé çàïðîñ ïîñòóïàåò íà âòî-ðóþ �àçó ðàññìàòðèâàåìîé ñèñòåìû, êîòîðóþ îáðàçóþò N íåçàâèñèìûõ èäåíòè÷-íûõ ïðèáîðîâ.Äëÿ îáñëóæèâàíèÿ íà âòîðîé �àçå íåïðèîðèòåòíîìó çàïðîñó òðåáóåòñÿ ñëó÷àé-íîå ÷èñëî ïðèáîðîâ �. Çäåñü � � öåëî÷èñëåííàÿ ñëó÷àéíàÿ âåëè÷èíà ñ ðàñïðåäå-ëåíèåì qm = Pf� = mg; qm � 0; m = 0; N; NPm=0 qm = 1: Åñëè â ìîìåíò îêîí÷àíèÿîáñëóæèâàíèÿ çàïðîñà ïðèáîðîì ïåðâîé �àçû íåîáõîäèìîå ÷èñëî ñâîáîäíûõ ïðè-áîðîâ íà âòîðîé �àçå îòñóòñòâóåò, òî ñ âåðîÿòíîñòüþ p; 0 � p � 1; çàïðîñ óõîäèòèç ñèñòåìû íåäîîáñëóæåííûì (òåðÿåòñÿ), à ñ äîïîëíèòåëüíîé âåðîÿòíîñòüþ æäåò,ïîêà îñâîáîäèòñÿ íóæíîå ÷èñëî ïðèáîðîâ. Ïåðèîä îæèäàíèÿ ñîïðîâîæäàåòñÿ áëî-êèðîâêîé ïðèáîðà ïåðâîé �àçû.Êðîìå íåïðèîðèòåòíûõ çàïðîñîâ, äîïîëíèòåëüíûé ñòàöèîíàðíûé ïóàññîíîâ-ñêèé ïîòîê ñ èíòåíñèâíîñòüþ �2 ïðèîðèòåòíûõ çàïðîñîâ ïîñòóïàåò íåïîñðåä-ñòâåííî íà âòîðóþ �àçó. Åñëè ïðèîðèòåòíûé çàïðîñ çàñòàåò îäèí èç ïðèáîðîâ âòî-ðîé �àçû ñâîáîäíûì, òî ýòîò çàïðîñ íà÷èíàåò îáñëóæèâàíèå, â ïðîòèâíîì ñëó÷àåîí ïîêèäàåò ñèñòåìó (òåðÿåòñÿ). Äëÿ îáñëóæèâàíèÿ íà âòîðîé �àçå ïðèîðèòåòíîìóçàïðîñó òðåáóåòñÿ îäèí ïðèáîð.Ïîñëå çàíÿòèÿ çàïðîñîì ïðèáîðîâ âòîðîé �àçû êàæäûé èç ïðèáîðîâ íåçàâèñè-ìî îò äðóãèõ îáñëóæèâàåò ýòîò çàïðîñ â òå÷åíèå ýêñïîíåíöèàëüíî ðàñïðåäåëåííîãîâðåìåíè ñ ïàðàìåòðîì �.3. ÑÒÀÖÈÎÍÀ�ÍÎÅ �ÀÑÏ�ÅÄÅËÅÍÈÅ ÂËÎÆÅÍÍÎÉÖÅÏÈ ÌÀ�ÊÎÂÀÏóñòü tn � n-é ìîìåíò îêîí÷àíèÿ îáñëóæèâàíèÿ íà ïåðâîé �àçå, n � 1. �àñ-ñìîòðèì ïðîöåññ �n = fin; rn; �ng, n � 1, ãäå in � ÷èñëî çàïðîñîâ íà ïåðâîé �àçå (íåâêëþ÷àÿ çàïðîñ, âûçâàâøèé áëîêèðîâêó) â ìîìåíò âðåìåíè tn+0; rn � ÷èñëî çàíÿ-òûõ ïðèáîðîâ íà âòîðîé �àçå â ìîìåíò âðåìåíè tn�0; �n � ñîñòîÿíèå MAP -ïîòîêàâ ìîìåíò âðåìåíè tn, in � 0; rn = 0; N; �n = 0;W :103



Ïðîöåññ �n, n � 1, ÿâëÿåòñÿ íåïðèâîäèìîé íåïåðèîäè÷åñêîé öåïüþ Ìàðêîâà.Ïåðåíóìåðóåì âñå ñîñòîÿíèÿ äàííîé öåïüþ â ëåêñèêîãðà�è÷åñêîì ïîðÿäêå è ñ�îð-ìèðóåì ìàòðèöû âåðîÿòíîñòåé ïåðåõîäîâ Pi;j; i; j � 0; êîòîðûå çàäàþò âåðîÿòíîñòèïåðåõîäîâ öåïè èç ñîñòîÿíèé, ñîîòâåòñòâóþùèõ çíà÷åíèþ i ñ÷åòíîé êîìïîíåíòû, âñîñòîÿíèÿ, ñîîòâåòñòâóþùèå çíà÷åíèþ j ýòîé êîìïîíåíòû.Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:� O (I) � íóëåâàÿ (åäèíè÷íàÿ) ìàòðèöà, R = diagfr; r = 0; Ng; �W = W + 1;� 
 (�) � ñèìâîë êðîíåêåðîâà ïðîèçâåäåíèÿ (êðîíåêåðîâîé ñóììû) ìàòðèö;� ìàòðèöû P (n; t); n � 0; � êîý��èöèåíòû ðàçëîæåíèÿ e(D0+D1z)t = 1Pn=0P (n; t)zn;� F (t) = (Fr;r0(t))r;r0=0;N ; ãäå Fr;r0(t) = 0; åñëè r � r0; è, åñëè r > r0; Fr;r0(t) ��óíêöèÿ ðàñïðåäåëåíèÿ âðåìåíè áëîêèðîâêè ïðè óñëîâèè, ÷òî â íà÷àëå è âêîíöå áëîêèðîâêè çàíÿòû r è r0 ïðèáîðîâ âòîðîé �àçû ñîîòâåòñòâåííî;� Q2 = diagf NPm=N�r+1 qm; r = 0; Ng;Q1 = 0BBB� q0 q1 : : : qN0 q0 : : : qN�1... ... . . . ...0 0 : : : q0
1CCCA ; Q3 = 0BBB� 0 : : : 0 qN0 : : : 0 qN�1... . . . ... ...0 : : : 0 q0

1CCCA ;� ~Qm = Qm 
 I �W ; m = 1; 3;� �Q = ~Q1 + p ~Q2; Q̂ = ~Q1 + p ~Q2 + (1� p) 1R0 (dF (t)
 eD0t) ~Q3:Ëåììà 1. Ìàòðèöà âåðîÿòíîñòåé ïåðåõîäîâ öåïè Ìàðêîâà �n; n � 1; èìååòáëî÷íóþ ñòðóêòóðóP = (Pi;j)i;j�0 = 0BBBBB� V0 V1 V2 V3 � � �Y0 Y1 Y2 Y3 � � �0 Y0 Y1 Y2 � � �0 0 Y0 Y1 � � �... ... ... ... . . .
1CCCCCA ;ãäå Vi = �Q̂(��D0)�1(IN+1 
D1)
i + (1� p) i+1Xk=1 Fk ~Q3
i�k+1;Yi = �Q
i + (1� p) iXk=0 Fk ~Q3
i�k;
n = 1Z0 e�t 
 P (n; t)dB(t); Fn = 1Z0 dF (t)
 P (n; t); n � 0;104



� = 0BBBBB� ��2 �2 0 0 � � � 0 0� ��2 � � �2 0 � � � 0 00 2� ��2 � 2� �2 � � � 0 0... ... ... ... . . . ... ...0 0 0 0 � � � N� �N�
1CCCCCA :Ñëåäñòâèå 1. Ïðîöåññ �n; n � 1; ÿâëÿåòñÿ ìíîãîìåðíîé êâàçèòåïëèöåâîé öå-ïüþ Ìàðêîâà.Ñëåäñòâèå 2. Ìàòðè÷íûå ïðîèçâîäÿùèå �óíêöèè V (z) è Y (z) èìåþò âèäV (z) = [�Q̂(��D0)�1(IN+1 
D1) + 1z (1� p)(F(z)� F0) ~Q3℄
(z);Y (z) = [ �Q+ (1� p)F(z) ~Q3℄
(z);ãäå 
(z)=1R0 e�t
e(D0+D1z)tdB(t); F(z)=1R0 dF (t)
e(D0+D1z)t; jzj � 1:Òåîðåìà 1. Íåîáõîäèìûì è äîñòàòî÷íûì óñëîâèåì ñóùåñòâîâàíèÿ ñòàöèî-íàðíîãî ðàñïðåäåëåíèÿ öåïè Ìàðêîâà �n; n � 1; ÿâëÿåòñÿ âûïîëíåíèå íåðàâåíñòâà� = �[b1 + (1� p) NXr=1 yr NXm=N�r+1 qm rXl=N�m+1(l�)�1℄ < 1:Çäåñü (y1; :::; yN) � ÷àñòü âåêòîðà y = (y0; y1; :::; yN); êîòîðûé ÿâëÿåòñÿ åäèí-ñòâåííûì ðåøåíèåì ñèñòåìûyQ 1Z0 e�tdB(t) = y; ye = 1;ãäå Q = Q1 + pQ2 + (1� p)EQ3; E � ìàòðèöà, ó êîòîðîé âñå ýëåìåíòû íóëåâûå,êðîìå ïîääèàãîíàëüíûõ, ðàâíûõ åäèíèöå.Ïóñòü �(i; r; �); i � 0; r = 0; N; � = 0;W ; � ñòàöèîíàðíîå ðàñïðåäåëåíèå öå-ïè Ìàðêîâà �n; n � 1: Ñ�îðìèðóåì âåêòîð-ñòðîêè �i ñòàöèîíàðíûõ âåðîÿòíîñòåé�(i; r; �); ñãðóïïèðîâàííûõ â ëåêñèêîãðà�è÷åñêîì ïîðÿäêå êîìïîíåíò (r; �); i � 0:Ïóñòü �(z) = 1Pi=0�izi; jzj � 1; � ïðîèçâîäÿùàÿ �óíêöèÿ âåêòîðîâ �i; i � 0:Äëÿ âû÷èñëåíèÿ âåêòîðîâ �i; i � 0; èñïîëüçóåòñÿ ÷èñëåííî óñòîé÷èâûé àëãî-ðèòì, ðàçðàáîòàííûé â [1℄ äëÿ íàõîæäåíèÿ ñòàöèîíàðíîãî ðàñïðåäåëåíèÿ ìíîãî-ìåðíûõ êâàçèòåïëèöåâûõ öåïåé Ìàðêîâà.4. ÑÒÀÖÈÎÍÀ�ÍÎÅ �ÀÑÏ�ÅÄÅËÅÍÈÅ ÂÏ�ÎÈÇÂÎËÜÍÛÉ ÌÎÌÅÍÒ Â�ÅÌÅÍÈ�àññìîòðèì ïðîöåññ �t = fit; kt; rt; �tg; t � 0; ñîñòîÿíèé ñèñòåìû â ïðîèçâîëü-íûé ìîìåíò âðåìåíè, ãäå it � ÷èñëî çàïðîñîâ íà ïåðâîé �àçå (âêëþ÷àÿ çàïðîñ,105



âûçâàâøèé áëîêèðîâêó); kt � âåëè÷èíà, ïðèíèìàþùàÿ çíà÷åíèÿ 0, 1, 2 â çàâèñèìî-ñòè îò òîãî, ñâîáîäåí, îáñëóæèâàåò çàïðîñ èëè áëîêèðîâàí ïðèáîð ïåðâîé �àçû; rt� ÷èñëî çàíÿòûõ ïðèáîðîâ íà âòîðîé �àçå; �t � ñîñòîÿíèå MAP -ïîòîêà â ìîìåíòâðåìåíè t; t � 0:Ïóñòü p(i; k; r; �) = limt!1Pfit = i; kt = k; rt = r; �t = �g; i � 0; k = 0; 1; 2; r =0; N; � = 0;W ; � ñòàöèîíàðíîå ðàñïðåäåëåíèå ïðîöåññà �t; t � 0; è pi(k) � âåêòîðûýòèõ âåðîÿòíîñòåé, óïîðÿäî÷åííûõ â ëåêñèêîãðà�è÷åñêîì ïîðÿäêå.Òåîðåìà 2. Íåíóëåâûå âåêòîðû ñòàöèîíàðíûõ âåðîÿòíîñòåé pi(k); i � 0; k =0; 1; 2; âûðàæàþòñÿ ÷åðåç âåêòîðû ñòàöèîíàðíîãî ðàñïðåäåëåíèÿ �i; i � 0; âëî-æåííîé öåïè Ìàðêîâà �n; n � 1; ñëåäóþùèì îáðàçîì:p0(0) = ���1�0Q̂(��D0)�1;pi(1) = ��1f�0[�Q̂(��D0)�1(IN+1 
D1)~
i + (1� p) iXk=1 Fk ~Q3℄~
i�k++ iXl=1 �l[ �Q~
i�l + (1� p) i�lXk=0 Fk ~Q3 ~
i�k�l℄g;pi(2) = ��1(1� p) i�1Xl=0 �l i�l�1Xk=0 (Fk + Æ0;kI) ~Q2 1Z0 e��Rt 
 P (i� k � l � 1; t)dt; i � 1;ãäå � � ñðåäíÿÿ âåëè÷èíà èíòåðâàëà ìåæäó äâóìÿ ñîñåäíèìè ìîìåíòàìè îêîí-÷àíèÿ îáñëóæèâàíèÿ íà ïåðâîé �àçå,� = b1 � �0Q̂(IN+1 
D0)�1e+ (1� p)�(1)(IN+1 
 e) 1Z0 tdF (t)Q3e;~
n = 1R0 e�t 
 P (n; t)(1�B(t))dt; n � 0; Æi;j � ñèìâîë Êðîíåêåðà.Ñëåäñòâèå 3. Âåêòîðû ñòàöèîíàðíûõ âåðîÿòíîñòåé pi; i � 0; ïðîöåññàfit; rt; �tg; t � 0; âû÷èñëÿþòñÿ ñëåäóþùèì îáðàçîì: pi = 2Pk=0pi(k); i � 0:Ñëåäñòâèå 4. Ïðîèçâîäÿùàÿ �óíêöèÿ P (z) = 1Pi=0pizi; jzj � 1; âûðàæàåòñÿ÷åðåç ïðîèçâîäÿùóþ �óíêöèþ �(z) ñëåäóþùèì îáðàçîì:P (z)(�� (D0 + zD1)) = ��1�(z)fz[I � (1� p)F(z) ~Q2��(�R� (�D0 � zD1))�1(�� (D0 + zD1))℄� [ �Q+ (1� p)F(z) ~Q3℄g:
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5. ÕÀ�ÀÊÒÅ�ÈÑÒÈÊÈ Ï�ÎÈÇÂÎÄÈÒÅËÜÍÎÑÒÈÑÈÑÒÅÌÛÑðåäíåå ÷èñëî çàïðîñîâ íà ïåðâîé �àçå â ìîìåíò îêîí÷àíèÿ îáñëóæèâàíèÿ íàýòîé �àçå è â ïðîèçâîëüíûé ìîìåíò âðåìåíè:L = �0(1)e; ~L = P 0(1)e:Ñðåäíåå ÷èñëî çàíÿòûõ ïðèáîðîâ íà âòîðîé �àçå â ìîìåíòû îêîí÷àíèÿ îáñëó-æèâàíèÿ íà ïåðâîé �àçå è â ïðîèçâîëüíûé ìîìåíò âðåìåíè:Nbusy = �(1)(IN+1 
 e �W )Re; ~Nbusy = P (1)(IN+1 
 e �W )Re:Âåðîÿòíîñòü òîãî, ÷òî íåïðîèçâîëüíûé ïðèîðèòåòíûé çàïðîñ ïîêèíåò ñèñòåìó(âûçîâåò áëîêèðîâêó) ïîñëå îáñëóæèâàíèÿ íà ïåðâîé �àçå:P (1)loss = p�(1) ~Q2e; Pblok = 1� P (1)loss:Âåðîÿòíîñòü òîãî, ÷òî ïðîèçâîëüíûé ïðèîðèòåòíûé çàïðîñ áóäåò ïîòåðÿí:P (2)loss = �(1)(êN+1 
 e �W );ãäå êN+1 � âåêòîð-ñòîëáåö ðàçìåðíîñòè N + 1, ïîñëåäíÿÿ êîìïîíåíòà êîòîðîãîðàâíà 1, à îñòàëüíûå � íóëåâûå.Âåðîÿòíîñòè Pidle; Pserve; Pblok òîãî, ÷òî ïðèáîð ïåðâîé �àçû ñâîáîäåí, çàíÿòîáñëóæèâàíèåì èëè çàáëîêèðîâàí:Pidle = ���1�0Q̂(IN+1 
D0)�1e; Pserve = ��1b1; Pblok = 1� Pidle � Pserve:6. ÇÀÊËÞ×ÅÍÈÅÂ äàííîé ñòàòüå èññëåäîâàíà äâóõ�àçíàÿ ñèñòåìà îáñëóæèâàíèÿ ñ îæèäàíèåìè äîïîëíèòåëüíûì ïîòîêîì íà âòîðóþ �àçó. Ôóíêöèîíèðîâàíèå ñèñòåìû îïèñàíîâ òåðìèíàõ ìíîãîìåðíîé êâàçèòåïëèöåâîé öåïè Ìàðêîâà è ïîëóðåãåíåðèðóþùå-ãî ïðîöåññà, ïîëó÷åíî íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèå ñóùåñòâîâàíèÿ ñòàöèî-íàðíîãî ðåæèìà, íàéäåíû ñòàöèîíàðíûå ðàñïðåäåëåíèÿ âåðîÿòíîñòåé ñèñòåìû âîâëîæåííûå ìîìåíòû è â ïðîèçâîëüíûé ìîìåíò âðåìåíè, ïîëó÷åíû �îðìóëû äëÿðàñ÷åòà îñíîâíûõ õàðàêòåðèñòèê ïðîèçâîäèòåëüíîñòè.ËÈÒÅPÀÒÓPÀ1. Dudin A.N., Klimenok V.I. Multi-dimensional quasi-Toeplitz Markov hains //Mathematis and Stohasti Analysis. 1999. V. 12. P. 393�415.2. Cinlar E. Introdution to stohasti proess // N.J.: Prentie-Hall. 1975.107



APPLICATION OF MULTILEVELÍÌ-NETWORK AT DESIGNING OFWAREHOUSES SQUARES INLOGISTICS TRANSPORT SYSTEMSO. KiturkoGrodno State UniversityGrodno, Belarussytaya_om�mail.ruThe artile deals with the tehnique allowing to estimate and foreast expetedinomes, logistis transport systems subjets warehouse squares. The tehnique is basedon appliation of HM (Howard�Matalytski) � queueing networks.Keywords: HM � queueing networks, logistis transport systems, warehouse squares.1. INTRODUCTIONThe logistis struture is a system whih onsists of various funtional areas, suhas: stores, information, staking and warehouse handling, transporting of produts andother areas [1℄. Thus the main task is ost minimization and pro�t maximization forproduers', ustomers', warehouses' et.Working out LS models is an important problem. The number and the arrangementof produing units (the enterprises, �rms, et.), an amount and the arrangement ofwarehouses, transport models, onnetion and information systems are to be taken intoonsideration.2. APPLICATION OF NETWORKS AT WAREHOUSEDESIGNINGWe'd like to mention that the HM-network an be used not only for LTS subjetsexpeted inomes foreasting, but also for designing of warehouse squares, determi-nation of transport warehouse workers amount in brigades that are engaged in argoloading and unloading. We will illustrate it in the following example. Let's assume thatLTS subjets are n warehouses S1, S2, . . . , Sn between whih argo transportation isarried out. For ars loading and unloading in a warehouse Si mi brigades are reated,i = 1; n. For simpliity we suggest that the same brigade is engaged in ar unloadingand in loading it afterwards with new prodution for further transportation so thatthe ar's stay idle time was minimum. Transporting of the goods from one subjet toanother brings the latter some asual inome and onsequently the inome of the �rstsubjet is redued to this random variable (RV), however, or it an be vie versa, itdoesn't matter for the model. Let's onsider the dynamis of the network system Si108



inomes modi�ation (warehouse Si of LTS). Let's designate by Vi(t) system Si inomeat the moment t, and by vi0 = Vi(0) its inome at the initial moment. Then it is possibleto present its inome at the moment t +�t as the following:Vi(t+�t) = Vi(t) + �Vi(t;�t); (1)where �Vi(t;�t) � the modi�ation of inome QS Si inn time interval [t; t + �t). Todeterminate this magnitude let's write out probable events whih an happen in time�t, and inomes modi�ation of Si systems onneted with these events.1) With the probability �(t)p0i�t+ o(�t) the request to system Si will be reeived(to a warehouse Si ar) whih will bring some inome, oupying spae r0i, where r0i �RV with expetation M fr0ig = a0i, i = 1; n.2) With the probability �i(ki(t))u(ki(t))pi0�t + o(�t) the request of Si will go tothe outer world, thus inome of QS Si will be redued to the magnitude, oupying theof spae Ri0, where Ri0 � RV from expetation MfRi0g = bi0, i = 1; n.3) With the probability �j(kj(t))u(kj(t))pji�t + o(�t) the request Sj system willpass to the Si system, thus Si system inome will inrease by magnitude, oupying thespae of rji, and the Sj inome (i.e. the oupied area of the warehouse Sj) will dereaseby this magnitude, where rji � RV from expetation Mfrjig = aji, i; j = 1; n; i 6= j.4) With the probability �i(ki(t))u(ki(t))pij�t + o(�t) a request from system Sitransits to system Sj, thus the inome of Si will derease by magnitude, oupyingspae Rij, and the inome of Sj (i.e. the oupied square of the warehouse Sj) willinrease by this magnitude, where Rij � RV from expetation MfRijg = bij, i; j = 1; n,i 6= j.5) With the probability 1�(�(t)p0i+�i(ki(t))u(ki(t))+ nPj = 1;j 6= i �j(kj(t))u(kj(t))pji)���t+ o(t) at time interval [t; t+�t) the Si system state modi�ation will not happen(i.e. the oupied square of the warehouse Si will not vary), i = 1; n.Besides, for eah small time interval �t system Si (subjet Si) inreases the inomeby magnitude ri�t by the means of perent on the money whih is in its bank, whereri � RV from expetation Mfrig = i, i = 1; n. We will onsider also that RV rji, Rij,r0i, Ri0 are independent in relation to RV ri, i; j = 1; n.It is obvious that rji = Rji with probability 1, i.e.aji = bji; i; j = 1; n: (2)Then from the mentioned above we an onlude the following, àt the �xed realizationof proess k(t), it is possible to note:M f�Vi(t; �t)g =Xk P (k(t) = k)M f�Vi(t; �t)=k(t)g == 1Xk1=0 1Xk2=0 ::: 1Xkn=0P (k(t) = (k1(t); k2(t); :::; kn(t)))�109



�M f�Vi(t; �t)=k(t) = (k1(t); k2(t); :::; kn(t))g == [�(t)p0ia0i + i � (pi0bi0 + nXj = 1j 6= i pijbij)Xk P (k(t) = k)�i(ki(t))u(ki(t))++ nXj = 1j 6= i pjiajiXk P (k(t) = k)�j(kj(t))u(kj(t))℄�t+ o(�t):Averaging on k(t) taking into aount a normalization state Pk P (k(t) = k) = 1, formodi�ation of subjet Si expeted inome we reeive:M f�Vi(t; �t)g =Xk P (k(t) = k)M f�Vi(t; �t)=k(t)g == 1Xk1=0 1Xk2=0 ::: 1Xkn=0P (k(t) = (k1(t); k2(t); :::; kn(t)))��M f�Vi(t; �t)=k(t) = (k1(t); k2(t); :::; kn(t))g == [�(t)p0ia0i + i � (pi0bi0 + nXj = 1j 6= i pijbij)Xk P (k(t) = k)�i(ki(t))u(ki(t))++ nXj = 1j 6= i pjiajiXk P (k(t) = k)�j(kj(t))u(kj(t))℄�t+ o(�t):Let's onsider that time intervals of serviing a request in the system Si (inter-vals of one ar �unloadings � loadings� at the warehouse Si) are distributed upon thedemonstrative law with parameter �i, i = 1; n, and �(t) = �. In this ase�i(ki(t)) = � �iki(t); ki(t) � mi;�imi; ki(t) > mi; �i(ki(t))u(ki(t)) = �imin(ki(t); mi); i = 1; n:Let's assume also that the expression averaging �i(ki(t))u(ki(t)) gives �imin(Ni(t); mi),i.e. M min(ki(t); mi) = min(Ni(t); mi); (3)where Ni(t) is the average number of requests (expeting and served) in Si at themoment of time t, i = 1; n. Taking into aount this supposition we reeive the followingapproximate relation: 110



M f�Vi(t; �t)g = [�(t)p0ia0i + i � �imin(Ni(t); mi)(pi0bi0 + nXj = 1j 6= i pijbij)++ nXj = 1j 6= i �j min(Nj(t); mj)pjiaji℄�t + o(�t): (4)As an elementary stream of requests arrives in a network with intensity �, i.e. theprobability of a requests in�ow in Si for time �t looks like Pa(�t) = (�p0i�t)aa! e��p0i�t,a = 0; 1; 2; :::, the average number of the requests whih have arrived from the outsideto Si for time �t is equal to �p0i�t. We will �nd the average number of the oupiedservie lines in Si at the moment t, i = 1; n, by �i(t). Then �i�i(t)�t is the averagenumber of the requests whih have abandoned Si for time �t, and nPj = 1j 6= i �j�j(t)pji�tis the average number of the requests whih have arrived to Si from other subjets fortime �t. ThereforeNi(t+�t)�Ni(t) = �p0i�t + nXj = 1j 6= i �j�j(t)pji�t� �i�i(t)�t; i = 1; n;Consequently, at the �t! 0 we reeive the UDE system for Ni(t):dNi(t)dt = nXj = 1j 6= i �j�j(t)pji � �i�i(t) + �p0i; i = 1; n: (5)The preise magnitude �i(t) is impossible to disover and onsequently it is approxi-mated by the expression�i(t) = � Ni(t); Ni(t) � mi;mi; Ni(t) > mi; = min(Ni(t); mi) :Then the set of equations (5) will beomedNi(t)dt = nXj = 1j 6= i �jpji min(Nj(t); mj)� �imin(Ni(t); mi) + �p0i; i = 1; n: (6)It is a linear UDE system with the disontinious right members. It is neessary tosolve it by spae phase partition into a series of areas and solve eah of them. The111



system (6) an be solved, for example, by the means of omputer mathematis Maple8 system.Let's introdue a sign vi(t) = MfVi(t)g, i = 1; n. Then, from (1), (4) we reeivepassing to a limit at �t ! 0, we will reeive inhomogeneous linear UDE of the �rstorderdvi(t)dt = ��i min(Ni(t); mi)(pi0bi0 + nXj=1 pijbij)++ nXj = 1j 6= i �j min(Nj(t); mj)pjiaji + �p0ia0i+i; i = 1; n: (7)Having set entry onditions vi(0) = vi0, i = 1; n, it is possible to disover expetedinomes of network systems (average magnitudes of squares oupied in warehouses).Knowing the expressions for Ni(t) and the average warehouse squares oupied withargoes, it is possible to design the warehouse squares of subjets Si, i = 1; n. Let'sonsider the following modeling example.Example 1. We will onsider the losed network presented on �g. 1, onsistingof n = 15 one-linear QS, where K = 70 is the number of requests in the network.The requests servie intensities in the network system lines are equal to: �1 = �7 =�12 = 3:5, �2 = �5 = �11 = 2:8, �3 = �6 = �10 = �14 = 2:1, �4 = �8 = 2:2,�9 = �15 = 4:1, �13 = 2:9 and probabilities of request transitions between QS networksis p15 i = 114 ; pi 15 = 1; i = 1; 14, let's de�ne also pii = �1; i = 1; 15, remainingpij = 0; i; j = 1; 15.

Fig. 1. The network sheme for example 1Let's assume that the network funtions so that on the average there are no queuesobserved in the peripheral QS, and the entral QS funtions in the onditions highworkload. Then system DDE for the average number of requests in the network systems(5) will be represented as follows:dNi(t)dt = 14Xj=1 �jpjiNj(t) + �15p15i; i = 1; 15: (8)112



Let's set values of inome expetations from transitions between network states inthe following way: i = 9 sin �5(i� 1) ; i = 1; 16;a15 i = 1:6; i = 1; 6; a15 i = 1:1; i = 7; 13 ; a15 14 = 1:35;a i 15 = (7; 11; 6; 19; 28; 31; 8; 17; 24; 9; 12; 17; 8; 13; 9); i = 1; 14:Then expeted inomes of network systems disovered by the means of the pakageMathematia 5.1 provided that at the initial instant of time vi(0) = 5; i = 1; 14;v15(0) = 50, and entry onditions Ni(0) = 5; i = 1; 7; 9, Ni(0) = 3; i = 2; 3; 12,Ni(0) = 4; i = 4; 13; 14, Ni(0) = 6; i = 5; 8; 11, Ni(0) = 2; i = 6; 10; N15(0) =18, behave as it is shown in �g. 2.

Fig. 2. Expeted inomes of systems S3, S6, S8
REFERENCES1. Nerush JU.M. Commerial logistis � Mosow: Banks and stok exhanges, JU-NITI. 1997. P. 271.
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ÑÈÑÒÅÌÀ ÎÁÑËÓÆÈÂÀÍÈß ÑÏÎÂÒÎ�ÍÛÌÈ ÂÛÇÎÂÀÌÈ ÈÏ�ÈÎ�ÈÒÅÒÀÌÈÂ.È. Êëèìåíîê1, �.K. Ìèøêîé21 Áåëîðóññêèé ãîñóäàðñòâåííûé óíèâåðñèòåò2 Èíñòèòóò ìàòåìàòèêè è èí�îðìàòèêè ÀÍ Ìîëäîâû1 Ìèíñê, Áåëàðóñü2 Êèøèí¼â, Ìîëäîâà1 klimenok�bsu.byÂ ñòàòüå ðàññìàòðèâàåòñÿ îäíîëèíåéíàÿ ñèñòåìà ìàññîâîãî îáñëóæèâàíèÿ ñíåîäíîðîäíûìè çàïðîñàìè äâóõ òèïîâ, ïîñòóïàþùèõ â ñèñòåìó â MMAP (MarkedMarkovian Arrival Proess)-ïîòîêå. Â ñëó÷àå íåäîñòóïíîñòè îáñëóæèâàþùåãî ïðè-áîðà çàïðîñû 1-ãî òèïà èäóò íà îðáèòó áåñêîíå÷íîé åìêîñòè (îðáèòà 1), à çàïðîñû2-ãî òèïà - íà îðáèòó êîíå÷íîãî îáúåìà (îðáèòà 2). Íàõîäÿñü íà îðáèòàõ, çàïðîñûäåëàþò ïîâòîðíûå ïîïûòêè ïîïàñòü íà îáñëóæèâàíèå ÷åðåç ñëó÷àéíûå èíòåðâàëûâðåìåíè. Ïðåäïîëàãàåòñÿ, ÷òî çàïðîñû 2-ãî òèïà èìåþò àáñîëþòíûé ïðèîðèòåò,÷òî îçíà÷àåò ñëåäóþùåå: åñëè â ìîìåíò ïîñòóïëåíèÿ ïðèîðèòåòíîãî çàïðîñà (ïåð-âè÷íîãî èëè ïîâòîðíîãî) ïðèáîð çàíÿò îáñëóæèâàíèåì íåïðèîðèòåòíîãî çàïðîñà,òî åãî îáñëóæèâàíèå ïðåðûâàåòñÿ è ýòîò çàïðîñ èäåò íà îðáèòó 1, à ïðèîðèòåòíûéçàïðîñ ïîñòóïàåò íà îáñëóæèâàíèå.Äàííàÿ ðàáîòà áûëà ÷àñòè÷íî ïîääåðæàíà Áåëîðóññêèì ðåñïóáëèêàíñêèì �îí-äîì �óíäàìåíòàëüíûõ èññëåäîâàíèé ÷åðåç ãðàíò � Ô10ÌËÄ-010.Êëþ÷åâûå ñëîâà: ñèñòåìà ìàññîâîãî îáñëóæèâàíèÿ, MMAP -ïîòîê, ïîâòîðíûåâûçîâû, äâå îðáèòû, àáñîëþòíûé ïðèîðèòåò.1. ÂÂÅÄÅÍÈÅÑèñòåìû ìàññîâîãî îáñëóæèâàíèÿ ñ ïîâòîðíûìè âûçîâàìè øèðîêî èñïîëüçó-þòñÿ äëÿ ìîäåëèðîâàíèÿ ïðîöåññîâ ïåðåäà÷è è îáðàáîòêè èí�îðìàöèè â ñîâðå-ìåííûõ òåëåêîììóíèêàöèîííûõ ñåòÿõ ñì., íàïðèìåð, [1℄. Êàê ïðàâèëî, ñèñòåìûîáñëóæèâàíèÿ ñ ïîâòîðíûìè âûçîâàìè ðàññìàòðèâàþòñÿ â ïðåäïîëîæåíèè, ÷òî âíèõ ïîñòóïàþò îäíîðîäíûå çàïðîñû, êîòîðûå, â ñëó÷àå çàíÿòîãî îáñëóæèâàþùåãîïðèáîðà (ïðèáîðîâ), èäóò íà åäèíñòâåííóþ îðáèòó. Âìåñòå ñ òåì, òèïè÷íîé äëÿïðèëîæåíèé ÿâëÿåòñÿ ñèòóàöèÿ, êîãäà íà îáñëóæèâàíèå ïîñòóïàþò çàïðîñû ðàç-íûõ òèïîâ, îòëè÷àþùèõñÿ êàê èíòåíñèâíîñòüþ ïîñòóïëåíèÿ, òàê è èíòåíñèâíîñòüþîáñëóæèâàíèÿ. Â ñëó÷àå ñèñòåì ñ ïîâòîðíûìè âûçîâàìè çàïðîñû ðàçíûõ òèïîâ ìî-ãóò îòëè÷àòüñÿ òàêæå èíòåíñèâíîñòüþ ïîâòîðíûõ ïîïûòîê è íåòåðïåëèâîñòüþ.Â êà÷åñòâå íåäàâíèõ ïóáëèêàöèé ïî ÑÌÎ ñ ïîâòîðíûìè âûçîâàìè è äâóìÿòèïàìè çàïðîñîâ ìîæíî óêàçàòü ñòàòüþ èñïàíñêèõ àâòîðîâ [4℄ è ññûëêè â íåé. Ìî-114



òèâàöèåé äëÿ ðàññìîòðåíèÿ ìîäåëè, êîòîðàÿ ÿâëÿåòñÿ ïðåäìåòîì èññëåäîâàíèÿ âäàííîé ñòàòüå, ÿâëÿåòñÿ ñëåäóùåå: (a) íåîäíîðîäíûå çàïðîñû ðàçíûõ ïðèîðèòå-òîâ ìîãóò ïîñòóïàòü â ñèñòåìó â êîððåëèðîâàííîì ïîòîêå è, â ñëó÷àå îòñóòñòâèÿñâîáîäíûõ ïðèáîðîâ, íàïðàâëÿòüñÿ íà îðáèòû ðàçëè÷íîãî îáúåìà, ïðè÷åì îðáèòàäëÿ ïðèîðèòåòíûõ çàïðîñîâ ìîæåò èìåòü êîíå÷íûé îáúåì, ÷òî êîñâåííî ïîçâîëÿ-åò ó÷åñòü íåòåðïåëèâîñòü çàïðîñîâ èç ïðèîðèòåòíîãî ïîòîêà; (á) êàê ïåðâè÷íûåòàê è ïîâòîðíûå ïðèîðèòåòíûå çàïðîñû ìîãóò èìåòü àáñîëþòíûé ïðèîðèòåò ïåðåäçàïðîñàìè èç íåïðèîðèòåòíîãî ïîòîêà.Ïðèîðèòåòíûå ñèñòåìû øèðîêî ïðåäñòàâëåíû â ëèòåðàòóðå, ñì., íàïðèìåð, èç-âåñòíûå ìîíîãðà�èè [2℄, [3℄. Îäíàêî ïîäàâëÿþùåå ÷èñëî ïóáëèêàöèé ïîñâÿùåíîñèñòåìàì ñ îæèäàíèåì, â êîòîðûå çàïðîñû ðàçíûõ ïðèîðèòåòîâ ïîñòóïàþò â ñòà-öèîíàðíûõ ïóàññîíîâñêèõ ïîòîêàõ. Â ðàññìàòðèâàåìîé ìîäåëè ÑÌÎ ïðåäïîëàãà-åòñÿ, ÷òî çàïðîñû äâóõ ïðèîðèòåòîâ ïîñòóïàþò â ñèñòåìó â ñîîòâåòñòâèè ñ MarkedMarkovian Arrival Proess (MMAP ) (ìàðêèðîâàííûé ìàðêîâñêèé âõîäíîé ïîòîê),ñì., íàïðèìåð, [6℄.2. ÌÀÒÅÌÀÒÈ×ÅÑÊÀß ÌÎÄÅËÜ�àññìàòðèâàåòñÿ îäíîëèíåéíàÿ ñèñòåìà ìàññîâîãî îáñëóæèâàíèÿ ñ íåîäíîðîä-íûìè çàïðîñàìè äâóõ ïðèîðèòåòîâ, êîòðûå ïîñòóïàþò â ñèñòåìó â ñîîòâåòñòâèè ñ(MMAP ) (Marked Markovian Arrival Proess � ìàðêèðîâàííûé ìàðêîâñêèé âõîä-íîé ïîòîê), ñì., íàïðèìåð, [6℄). Ïîñòóïëåíèå çàïðîñîâ â òàêîì ïîòîêå ìîæåò ïðîèñ-õîäèòü òîëüêî â ìîìåíòû ñêà÷êîâ íåêîòîðîé íåïðèâîäèìîé öåïè Ìàðêîâà �t; t � 0;ñ íåïðåðûâíûì âðåìåíåì è êîíå÷íûì ïðîñòðàíñòâîì ñîñòîÿíèé f0; 1; :::;Wg; êîòî-ðàÿ íàçûâàåòñÿ óïðàâëÿþùèì ïðîöåññîì MMAP: Èíòåíñèâíîñòè ïåðåõîäîâ ïðî-öåññà �t; t � 0; ñîïðîâîæäàþùèåñÿ ïîñòóïëåíèåì çàïðîñà r-ãî òèïà çàäàþòñÿ ýëå-ìåíòàìè êâàäðàòíîé ìàòðèöû Dr; r = 1; 2; ïîðÿäêà W +1; à èíòåíñèâíîñòè "õîëî-ñòûõ"ïåðåõîäîâ � íåäèàãîíàëüíûìè ýëåìåíòàìè ìàòðèöû D0: Ïðè ýòîì ìàòðèöàD(1) = D0 +D1 +D2 ÿâëÿåòñÿ ãåíåðàòîðîì ïðîöåññà �t; t � 0. Ñðåäíÿÿ èíòåíñèâ-íîñòü ïîñòóïëåíèÿ çàïðîñîâ îïðåäåëÿåòñÿ êàê � = �(D1 + D2)e; ãäå � � âåêòîðñòàöèîíàðíîãî ðàñïðåäåëåíèÿ öåïè Ìàðêîâà �t; t � 0 � ÿâëÿåòñÿ åäèíñòâåííûì ðå-øåíèåì ñèñòåìû �D(1) = 0; �e = 1: Çäåñü è äàëåå e � âåêòîð-ñòîëáåö, ñîñòîÿùèéèç åäèíèö, à 0 � âåêòîð-ñòðîêà, ñîñòîÿùàÿ èç íóëåé. Ñðåäíÿÿ èíòåíñèâíîñòü �rïîñòóïëåíèÿ çàïðîñîâ r-ãî òèïà îïðåäåëÿåòñÿ êàê �r = �Dre; r = 1; 2:Çàìåòèì, ÷òîMMAP � ýòî îáîáùåíèå õîðîøî èçâåñòíîãîMAP (Markov ArrivalProess) ïîòîêà íà ñëó÷àé íåîäíîðîäíûõ çàïðîñîâ. Îáçîð ðàáîò, ïîñâÿùåííûõ ñè-ñòåìàì ñ ïîâòîðíûìè âûçîâàìè è MAP -ïîòîêîì, ïðèâîäèòñÿ â [5℄.Çàìå÷àíèå 1. Â ðàìêàõ ðàññìàòðèâàåìîé ìîäåëè áóäåì ñ÷èòàòü íåïðèîðè-òåòíûå è ïðèîðèòåòíûå çàïðîñû çàïðîñàìè 1-ãî òèïà è 2-ãî òèïà ñîîòâåòñòâåííî.Èíòåíñèâíîñòè ïîñòóïëåíèÿ íåïðèîðèòåòíûõ è ïðèîðèòåòíûõ çàïðîñîâ çàäàþòñÿìàòðèöàìè D1 è D2 ñîîòâåòñòâåííî.Åñëè ïðèáîð ñâîáîäåí â ìîìåíò ïîñòóïëåíèÿ ëþáîãî çàïðîñà, ýòîò çàïðîñ ìãíî-âåííî èäåò íà îáñëóæèâàíèå. Âðåìÿ îáñëóæèâàíèÿ çàïðîñà òèïà r ðàñïðåäåëåíî115



ïî ýêñïîíåíöèàëüíîìó çàêîíó ñ ïàðàìåòðîì �r; r = 1; 2: Ïîñëå îêîí÷àíèÿ îáñëó-æèâàíèÿ çàïðîñ ïîêèäàåò ñèñòåìó.Åñëè â ìîìåíò ïîñòóïëåíèÿ íåïðèîðèòåòíîãî çàïðîñà ïðèáîð çàíÿò, òî ïîñòó-ïèâøèé çàïðîñ èäåò íà áåñêîíå÷íóþ îðáèòó (îðáèòà 1), îòêóäà äåëàåò ïîïûòêèâíîâü ïîïàñòü íà îáñëóæèâàíèÿ ÷åðåç ñëó÷àéíûå èíòåðâàëû âðåìåíè. Åñëè íà îð-áèòå 1 â íåêîòîðûé ìîìåíò âðåìåíè íàõîäèòñÿ i çàïðîñîâ, òî âåðîÿòíîñòü ïîâòîð-íîé ïîïûòêè â èíòåðâàëå (t; t + �t) ðàâíà �i�t + o(�t), ãäå �i ! 1 ïðè i ! 1,�0 = 0:Åñëè â ìîìåíò ïîñòóïëåíèÿ ïðèîðèòåòíîãî çàïðîñà ïðèáîð çàíÿò îáñëóæèâàíè-åì íåïðèîðèòåòíîãî çàïðîñà, òî åãî îáñëóæèâàíèå ïðåðûâàåòñÿ è ýòîò çàïðîñ èäåòíà îðáèòó 1, à ïðèîðèòåòíûé çàïðîñ ïîñòóïàåò íà îáñëóæèâàíèå. Åñëè â ìîìåíò ïî-ñòóïëåíèÿ ïðèîðèòåòíîãî çàïðîñà ïðèáîð çàíÿò îáñëóæèâàíèåì ïðèîðèòåòíîãî æåçàïðîñà, òî ïîñòóïèâøèé çàïðîñ èäåò íà êîíå÷íóþ îðáèòó (îðáèòà 2) ðàçìåðíîñòèR , îòêóäà äåëàåò ïîïûòêè ïîïàñòü íà îáñëóæèâàíèå ÷åðåç ýêñïîíåíöèàëüíî ðàñ-ïðåäåëåííîå âðåìÿ ñ ïàðàìåòðîì . Åñëè æå îðáèòà 2 çàïîëíåíà, òî ïîñòóïèâøèéçàïðîñ òåðÿåòñÿ.Åñëè â ìîìåíò ïîâòîðíîé ïîïûòêè ñ îðáèòû 2 ïðèáîð çàíÿò îáñëóæèâàíèåìíåïðèîðèòåòíîãî çàïðîñà, òî åãî îáñëóæèâàíèå ïðåðûâàåòñÿ è ýòîò çàïðîñ èäåò íàîðáèòó 1, à ïðèîðèòåòíûé çàïðîñ ïîñòóïàåò íà îáñëóæèâàíèå.3. Ï�ÎÖÅÑÑ, ÎÏÈÑÛÂÀÞÙÈÉÔÓÍÊÖÈÎÍÈ�ÎÂÀÍÈÅ ÑÈÑÒÅÌÛÏîâåäåíèå ðàññìàòðèâàåìîé ÑÌÎ îïðåäåëÿåòñÿ ÷åòûðåõìåðíîé öåïüþ Ìàðêî-âà �t = fit; nt; rt; �t; g; t � 0;ãäå it; it � 0; � ÷èñëî çàïðîñîâ íà ïåðâîé îðáèòå; rt; rt = 1; R; � ÷èñëî çàïðîñîâíà âòîðîé îðáèòå; nt ïðèíèìàåò çíà÷åíèÿ 0,1,2 â çàâèñèìîñòè îò òîãî, ñâîáîäåíïðèáîð â ìîìåíò âðåìåíè t, îáñëóæèâàåò çàïðîñ ïåðâîãî òèïà ëèáî îáñëóæèâàåòçàïðîñ âòîðîãî òèïà, �t � ñîñòîÿíèå MMAP -ïîòîêà, �t = 0;W ; â ìîìåíò âðåìåíèt: Öåïü Ìàðêîâà �t; t � 0, èìååò îäíó ñ÷åòíóþ êîìïîíåíòó it è òðè êîíå÷íûõêîìïîíåíòû nt; rt è �t. Ïåðåíóìåðóåì ñîñòîÿíèÿ öåïè â ëåêñèêîãðà�è÷åñêîì ïî-ðÿäêå è áóäåì íàçûâàòü ìíîæåñòâî ñîñòîÿíèé èìåþùèõ çíà÷åíèå i êîìïîíåíòû itóðîâíåì i. Ïóñòü Qi;l; i; l � 0; � ìàòðèöà èíòåíñèâíîñòåé ïåðåõîäîâ èç ñîñòîÿíèé,âêëþ÷åííûõ â óðîâåíü i; â ñîñòîÿíèÿ óðîâíÿ l:Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:�R = R + 1; �W = W + 1; K = (R + 1)(W + 1); � = diagf0; 1; : : : ; Rg:
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Ëåììà 1.Èí�èíèòåçèìàëüíûé ãåíåðàòîð Q öåïè Ìàðêîâà �t = fit; nt; rt; �t; g; t �0; èìååò ñëåäóþùóþ áëî÷íóþ ñòðóêòóðó:Q = 0BBBBB� Q0;0 Q0;1 O O : : :Q1;0 Q1;1 Q1;2 O : : :O Q2;1 Q2;2 Q2;3 : : :O O Q3;2 Q3;3 : : :... ... ... ... . . .
1CCCCCA ;ãäå íåíóëåâûå áëîêè ïîðÿäêà 3K � 3K èìåþò ñëåäóþùèé âèä:Qi;i�1 = 0� O �iI OO O OO O O 1A ; i � 1; Qi;i+1 = 0� O O OO I �R 
D1 ��D2O O I �R 
D1 1A ; i � 0;Qi;i = 0B� Q(0;0)i;i Q(0;1)i;i Q(0;2)i;iQ(1;0)i;i Q(1;1)i;i OQ(2;0)i;i O Q(2;2)i;i 1CA ; i � 0;à ìàòðèöû Q(m;n)i;i ïîðÿäêà K �K îïðåäåëÿþòñÿ êàê:Q(0;0)i;i = D0 � (��)� �iI; Q(0;1)i;i = I �R 
D1; Q(0;2)i;i = (��I)�D2;Q(1;0)i;i = �1I; Q(1;1)i;i = (��)�D0 � �1I;Q(2;0)i;i = �2I; Q(2;2)i;i = I �R 
D0 + Î 
D2 � �2I:Çäåñü I è O � åäèíè÷íàÿ è íóëåâàÿ ìàòðèöû , 
 � ñèìâîë êðîíåêåðîâà ïðîèçâåäå-íèÿ ìàòðèö, Î è �I - êâàäðàòíûå ìàòðèöû ïîðÿäêà �R,Î = 0BBB� 0 1 : : : : : : 0... ... . . . ... ...0 0 : : : 0 10 0 : : : 0 1 1CCCA ; �I = 0BBB� 0 0 : : : : : : 01 0 : : : 0 0... ... . . . ... ...0 0 : : : 1 0 1CCCAÑëåäñòâèå 1. Öåïü Ìàðêîâà �t; t � 0, ïðèíàäëåæèò êëàññó ìíîãîìåðíûõ àñèìï-òîòè÷åñêè êâàçèòåïëèöåâûõ öåïåé Ìàðêîâà (ÀÊÒÖÌ), ñì. [7℄.Íîñèòåëåì àñèïòîòè÷åñêèõ ñâîéñòâ ÀÊÖÌ ÿâëÿåòñÿ âëîæåííàÿ ïðåäåëüíàÿ êâà-çèòåïëèöåâà öåïü Ìàðêîâà ñ äèñêðåòíûì âðåìåíåì, ìàòðèöû âåðîÿòíîñòåé ïåðå-õîäîâ êîòîðîé îïðåäåëÿþòñÿ ñëåäóþùèì îáðàçîì:Pi;i�1 = Y0 = limi!1R�1i Qi;i�1; Pi;i = Y1 = limi!1R�1i Qi;i+I; Pi;i+1 = Y2 = limi!1R�1i Qi;i+1;ãäå Ri � äèàãîíàëüíàÿ ìàòðèöà, èìåþùàÿ ïîëîæèòåëüíûå äèàãîíàëüíûå ýëåìåí-òû, êîòîðûå ñ òî÷íîñòüþ äî çíàêà ñîâïàäàþò ñ ñîîòâåòñòâóþùèìè äèàãîíàëüíûìèýëåìåíòàìè ìàòðèöû Qi;i: 117



Ñëåäñòâèå 2. Ìàòðèöû âåðîÿòíîñòåé ïåðåõîäîâ âëîæåííîé ïðåäåëüíîé öåïèÌàðêîâà èìåþò ñëåäóþùèé âèä:Y0 = 0� O I OO O OO O O 1A ; Y2 = 0� O O OO R�11 (I 
D1) R�11 (��D2)O O R�12 (I 
D1) 1A ;Y1 = 0B� O O OY (1;0)1 Y (1;1)1 OY (2;0)1 O Y (2;2)1 1CA ;ãäå Y (1;0)1 = R�11 �1; Y (1;1)1 = R�11 [(��)� (D0 � �1I)℄ + I;Y (2;0)1 = R�12 �2; Y (2;2)1 = R�12 [I 
 (D0 � �2I) + Î 
D2℄ + I:4. ÑÒÀÖÈÎÍÀ�ÍÎÅ �ÀÑÏ�ÅÄÅËÅÍÈÅ.ÕÀ�ÀÊÒÅ�ÈÑÒÈÊÈ Ï�ÎÈÇÂÎÄÈÒÅËÜÍÎÑÒÈÒåîðåìà 1. Äëÿ òîãî, ÷òîáû öåïü Ìàðêîâà �t; t � 0; áûëà ýðãîäè÷åñêîé,äîñòàòî÷íî âûïîëíåíèÿ íåðàâåíñòâà:�1�1 (1 + �2 + R�2 ) < 1: (1)Äàëåå ïðåäïîëàãàåì, ÷òî íåðàâåíñòâî (1) âûïîëíÿåòñÿ. Òîãäà ñòàöèîíàðíûå âå-ðîÿòíîñòè�(i; r; n; �) = limt!1Pfit = i; rt = r; nt = n; �t = �g; i � 0; r = 0; R; n = 0; 1; 2; � = 0;W ;ñóùåñòâóþò. Ñêîìáèíèðóåì âåðîÿòíîñòè �(i; r; n; �) ñîñòîÿíèé, âõîäÿùèõ â óðîâåíüi; â âåêòîð-ñòðîêè �i; i � 0: Äëÿ âû÷èñëåíèÿ ýòèõ âåêòîðîâ èñïîëüçóåòñÿ àëãîðèòìäëÿ âû÷èñëåíèÿ ñòàöèîíàðíîãî ðàñïðåäåëåíèÿ ÀÊÒÖÌ, ðàçðàáîòàííûé â [7℄.Íàéäÿ âåêòîðû �i; i � 0; ìîæíî âû÷èñëèòü ðàçëè÷íûå õàðàêòåðèñòèêè ïðîèç-âîäèòåëüíîñòè èññëåäóåìîé ñèñòåìû. Íàèáîëåå âàæíûå èç íèõ ïðèâåäåíû íèæå.� Ñðåäíåå ÷èñëî çàïðîñîâ íà îðáèòàõ (îðáèòå 1 è îðáèòå 2)L1 = 1Xi=1 i�ie; L2 = 1Xi=0 �i(e3 
 diagf0; 1; : : : ; Rg 
 e �W )e:� Âåðîÿòíîñòü òîãî, ÷òî ïðèáîð ñâîáîäåí P (0) = 1Pi=0�i(diagf1; 0; 0g 
 I �R �W )e:� Âåðîÿòíîñòü òîãî, ÷òî ïðèáîð îáñëóæèâàåò íåïðèîðèòåòíûé çàïðîñP (1)serv = 1Xi=0 �i(diagf0; 1; 0g 
 I �R �W )e:118



� Âåðîÿòíîñòü òîãî, ÷òî ïðèáîð îáñëóæèâàåò ïðèîðèòåòíûé çàïðîñP (2)serv = 1Xi=0 �i(diagf0; 0; 1g 
 I �R �W )e:� Âåðîÿòíîñòü ïîòåðè ïðèîðèòåòíîãî çàïðîñàPloss = �2�1 1Xi=0 �i(diagf0; 1; 1g 
 diagf0; 0; : : : ; 0; 1g 
D2)e:� Âåðîÿòíîñòü òîãî, ÷òî íåïðèîðèòåòíûé çàïðîñ íà÷íåò îáñëóæèâàòüñÿ ñðàçóïîñëå ïîñòóïëåíèÿP (1)imm = �1�1 1Xi=0 �i(diagf1; 0; 0g 
 I �R 
D1)e:� Âåðîÿòíîñòü òîãî, ÷òî ïðèîðèòåòíûé çàïðîñ íà÷íåò îáñëóæèâàòüñÿ ñðàçó ïî-ñëå ïîñòóïëåíèÿP (1)imm = �2�1 1Xi=0 �i(diagf1; 1; 0g 
 I �R 
D2)e:� Âåðîÿòíîñòü òîãî, ÷òî ïðîèçâîëüíûé íåïðèîðèòåòíûé çàïðîñ óñïåøíî îáñëó-æèòñÿ (íå ïîñåòèâ îðáèòó)P (1)su = �1�1�1 1Xi=0 �i[(1; 0; 0)T 
 diagfD1((r + �1)I �D0 �D1)�1; r = 0; Rg℄e:� Âåðîÿòíîñòü òîãî, ÷òî ïðîèçâîëüíûé íåïðèîðèòåòíûé çàïðîñ õîòÿ áû ðàçïîñåòèò îðáèòó Porb = 1� P (1)su:5. ÇÀÊËÞ×ÅÍÈÅ�àññìîòðåíà îäíîëèíåéíàÿ ñèñòåìà îáñëóæèâàíèÿ ñ àáñîëþòíûìè ïðèîðèòåòà-ìè è ïîâòîðíûìè âûçîâàìè. Çàïðîñû ðàçíûõ ïðèîðèòåòîâ ïîñòóïàþò â ñèñòåìóâ MMAP -ïîòîêå, èìåþò ðàçíûå îðáèòû, ðàçëè÷íûå èíòåíñèâíîñòè îáñëóæèâà-íèÿ è ïîâòîðîâ. Ïîâåäåíèå ñèñòåìû îïèñûâàåòñÿ ÷åòûðåõìåðíîé àñèìïòîòè÷åñêèêâàçèòåïëèöåâîé öåïüþ Ìàðêîâà ñ íåïðåðûâíûì âðåìåíåì. Ïîëó÷åíî äîñòàòî÷íîåóñëîâèå ñóùåñòâîâàíèÿ ñòàöèîíàðíîãî ðåæèìà â ñèñòåìå, �îðìóëû äëÿ îñíîâíûõõàðàêòåðèñòèê åå ïðîèçâîäèòåëüíîñòè, âêëþ÷àÿ ìàòåìàòè÷åñêèå îæèäàíèÿ ÷èñëàïîâòîðíûõ âûçîâîâ íà îðáèòàõ, âåðîÿòíîñòü ïîòåðè ïðèîðèòåòíîãî çàïðîñà, âåðî-ÿòíîñòü íåìåäëåííîãî îáñëóæèâàíèÿ çàïðîñîâ ðàçíûõ ïðèîðèòåòîâ.ËÈÒÅPÀÒÓPÀ1. Artalejo, J.R. and Comez-Corral, A.: Retrial queueing systems: a omputationalapproah. Springer, Berlin-Heidelberg (2008)119



2. Â.Â. �íåäåíêî, Ý.À. Äàíèåëÿí, �.Ï. Êëèìîâ, Â.Ô. Ìàòâååâ. Ïðèîðèòåòíûå ñè-ñòåìû îáñëóæèâàíèÿ. Ì.: Ì�Ó.1973.3. Ìàòâååâ Â.Ô., Óøàêîâ Â.�. Ñèñòåìû ìàññîâîãî îáñëóæèâàíèÿ. Ì.: Èçä-âîÌ�Ó, 1984. 240 ñ.4. Domeneh-Benlloh M.J., Gimenez-Guzman J.M., Pla V., Casarea-Giner V.,Martinez-Bauset J.: Solving multiserver systems with two retrial orbits using valueextrapolation: a omparative perspetive. In: Al-Begain et al (eds.)Analytial andStohasti Modelling Tehniques and Appliations. LNCS, vol. 5513, pp. 56-70.Springer, Heidelberg (2009)5. Gomez-Corral A.: A bibliographial guide to the analysis of retrial queues throughmatrix analyti tehniques. Annals of Operations Researh. 141, 163�191 (2006)6. He Q.M.: Queues with marked ustomers. Advanes in Applied Probability. 28,567-587 (1996)7. Klimenok V.I., Dudin A.N.: Multi-dimensional asymptotially quasi-ToeplitzMarkov hains and their appliation in queueing theory. Queueing Systems. 54,245�259 (2006)
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ÎÁ ÈÑÑËÅÄÎÂÀÍÈÈ ÂÕÎÄÍÛÕÏÎÒÎÊÎÂ ÑÎÎÁÙÅÍÈÉ ÂÀÂÒÎÌÀÒÈÇÈ�ÎÂÀÍÍÎÉÑÈÑÒÅÌÅ ÌÅÆÁÀÍÊÎÂÑÊÈÕ�ÀÑ×ÅÒÎÂÅ. Êîëóçàåâà1�, Ì. Êèùåíêî2,Ì. Ìàòàëûöêèé11 �ðîäíåíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè ßíêèÊóïàëû,2 �àñ÷åòíûé öåíòð Íàöèîíàëüíîãî áàíêà �åñïóáëèêèÁåëàðóñü1 �ðîäíî, Áåëàðóñü2 Ìèíñê, Áåëàðóñü� koluzaeva�gmail.omÂ ñòàòüå èññëåäóþòñÿ âõîäíûå ïîòîêè ýëåêòðîííûõ ñîîáùåíèé, ïîñòóïàþùèõâ àâòîìàòèçèðîâàííóþ ñèñòåìó ìåæáàíêîâñêèõ ðàñ÷åòîâ. Îïèñàíà ìåòîäèêà íà-õîæäåíèÿ çàêîíîâ ðàñïðåäåëåíèÿ èíòåðâàëîâ âðåìåí ìåæäó ïîñòóïëåíèåì ýëåê-òðîííûõ ñîîáùåíèé, ïðèâåäåíû ïðèìåðû àíàëèçà âõîäíûõ ïîòîêîâ ñîîáùåíèé îòäâóõ áàíêîâ. �åçóëüòàòû èññëåäîâàíèé ìîãóò áûòü èñïîëüçîâàíû äëÿ âûáîðà òè-ïîâ ñèñòåì ìàññîâîãî îáñëóæèâàíèÿ ñ öåëüþ èõ ïðèìåíåíèÿ ïðè ðåøåíèè çàäà÷ìîäåëèðîâàíèÿ �ðàãìåíòîâ óêàçàííîé àâòîìàòèçèðîâàííîé ñèñòåìû â âèäå ñåòèìàññîâîãî îáñëóæèâàíèÿ.Êëþ÷åâûå ñëîâà: àâòîìàòèçèðîâàííàÿ ñèñòåìà ìåæáàíêîâñêèõ ðàñ÷åòîâ, âõîä-íîé ïîòîê ýëåêòðîííûõ ñîîáùåíèé1. ÂÂÅÄÅÍÈÅÀâòîìàòèçèðîâàííàÿ ñèñòåìà ìåæáàíêîâñêèõ ðàñ÷åòîâ (äàëåå - ÀÑ ÌÁ�) ÿâ-ëÿåòñÿ êëþ÷åâûì êîìïîíåíòîì ïëàòåæíîé ñèñòåìû �åñïóáëèêè Áåëàðóñü. Îñíîâ-íûìè �óíêöèîíàëüíûìè ñîñòàâëÿþùèìè ÀÑ ÌÁ� ÿâëÿþòñÿ ñèñòåìà ðàñ÷åòîâ âðåæèìå ðåàëüíîãî âðåìåíè ïî ìåæáàíêîâñêèì ïëàòåæàì è òðàíñïîðòíàÿ ñèñòå-ìà, îáåñïå÷èâàþùàÿ íàäåæíóþ è áåçîïàñíóþ ïåðåäà÷ó ýëåêòðîííûõ ïëàòåæíûõäîêóìåíòîâ è ñîîáùåíèé (äàëåå - ÝÑ).Ïðè ïðîåêòèðîâàíèè è ìîäåðíèçàöèè �óíêöèîíèðîâàíèÿ ÀÑ ÌÁ� òðåáóåòñÿîïðåäåëèòü òîïîëîãèþ ïðîãðàììíî-òåõíè÷åñêèõ ñðåäñòâ, íåîáõîäèìûå ïàðàìåòðû,êîòîðûå îáåñïå÷àò äîñòàòî÷íóþ ïðîèçâîäèòåëüíîñòü è âûïîëíåíèå äðóãèõ ïîêàçà-òåëåé íàçíà÷åíèÿ ñèñòåìû. Îäíèì èç ïîäõîäîâ ê ðåøåíèþ ýòèõ çàäà÷ ÿâëÿåòñÿ ïî-ñòðîåíèå ìîäåëè ïðîõîæäåíèÿ ïîòîêîâ ÝÑ, èñïîëüçóåìîé â êà÷åñòâå èíñòðóìåíòà121



äëÿ îòñëåæèâàíèÿ òåêóùåãî ñîñòîÿíèÿ ñèñòåìû â óñòàíîâëåííûõ òî÷êàõ ïðîõîæäå-íèÿ ñîîáùåíèé, à òàêæå äëÿ ïîñòðîåíèÿ êðàòêîñðî÷íûõ è äîëãîñðî÷íûõ ïðîãíîçîâïî èññëåäóåìûì ïîêàçàòåëÿì. Êðîìå òîãî, ðàçðàáîòàííûå ìîäåëè ìîãóò ïðèìå-íÿòüñÿ äëÿ ðåøåíèÿ çàäà÷ îïòèìèçàöèè ïàðàìåòðîâ òåõíîëîãè÷åñêîé îáðàáîòêèñîîáùåíèé â ÀÑ ÌÁ�.Íà ïåðâîì ýòàïå ïîñòðîåíèÿ ìîäåëè îñóùåñòâëÿåòñÿ èññëåäîâàíèå âõîäíûõ ïî-òîêîâ ÝÑ, ïîñòóïàþùèõ îò áàíêîâ. Îïèøåì ìåòîäèêó èññëåäîâàíèÿ1, ïðèâåäåìïðèìåðû ïî äàííûì äâóõ áàíêîâ, îò ïðîãðàììíî-òåõíè÷åñêèõ êîìïëåêñîâ (äàëåå -ÏÒÊ) êîòîðûõ ïîñòóïàþò ñîîáùåíèÿ â ÀÑ ÌÁ�. Â ïðèìåðàõ äëÿ êðàòêîñòè âõîä-íûå ïîòîêè ñîîáùåíèé îò ÏÒÊ äâóõ áàíêîâ ïðåäñòàâëåíû êàê âõîäíûå ïîòîêè ÝÑîò ÏÒÊ1 è ÏÒÊ2 ñîîòâåòñòâåííî (íóìåðàöèÿ óñëîâíàÿ, èñïîëüçóåòñÿ ïðè èññëå-äîâàíèÿõ). 2. ÀÍÀËÈÇ ÂÕÎÄÍÛÕ ÏÎÒÎÊÎÂ2.1. Ìåòîäèêà èññëåäîâàíèÿ âõîäíûõ ïîòîêîâ. Äëÿ èññëåäîâàíèÿ âõîä-íûõ ïîòîêîâ ÝÑ ðàññìîòðèì âûáîðêè èíòåðâàëîâ âðåìåí ìåæäó ïîñëåäîâàòåëü-íûìè ïîñòóïëåíèÿìè ÝÑ, èçìåðåííûå, íàïðèìåð, ñ òî÷íîñòüþ äî ñåêóíäû. Èç-çà âûáðàííîé òî÷íîñòè èçìåðåíèÿ â ìîìåíò íàáëþäåíèÿ ìîæåò ïîñòóïàòü ñðàçóíåñêîëüêî ÝÑ. �àññìàòðèâàåìûå èíòåðâàëû âðåìåí ÿâëÿþòñÿ ñëó÷àéíîé âåëè÷è-íîé � , ðàñïðåäåëåííîé ïî íåêîòîðîìó çàêîíó, êîòîðûé ñëåäóåò îïðåäåëèòü. Äëÿíàõîæäåíèÿ ýòîãî çàêîíà òðåáóåòñÿ ïîñòðîèòü âûáîðêè çíà÷åíèé ñëó÷àéíîé âåëè-÷èíû � ïî äàííûì, èçìåðåííûì çà êàæäûé ðàáî÷èé äåíü íåêîòîðîãî ìåñÿöà.Ìåòîäèêó íàõîæäåíèÿ çàêîíà ðàñïðåäåëåíèÿ ñëó÷àéíîé âåëè÷èíû � îïèøåìáîëåå ïîäðîáíî. Ïî äàííûì âõîäíîãî ïîòîêà ÝÑ çà íåêîòîðûé äåíü ðàññìàòðè-âàåòñÿ âûáîðêà çíà÷åíèé ñëó÷àéíîé âåëè÷èíû � îáúåìà N , ïî êîòîðîé ñòðîèòñÿâàðèàöèîííûé ðÿä �i �1 �2 : : : �kni n1 n2 : : : nk ; (1)ãäå �i � i-å çíà÷åíèå ñëó÷àéíîé âåëè÷èíû � , �1<�2<. . .<�k, ñ âûáîðî÷íûìè ÷àñòî-òàìè n1, n2,. . . , nk, N = n1 + n2 + :::+ nk.Äàëåå, èñïîëüçóÿ ðÿä (1), ñòðîèòñÿ ñîãëàñíî îïðåäåëåíèþ ýìïèðè÷åñêàÿ �óíê-öèÿ ðàñïðåäåëåíèÿ Fe(t) ïî �îðìóëåFe(t) = kXi=1 Pf�i : �i < tg = Xfi: �i< tg niN (2)è ðàññ÷èòûâàåòñÿ âûáîðî÷íîå ñðåäíåå ïî �îðìóëå1Èññëåäîâàíèÿ ïðîâîäÿòñÿ â ðàìêàõ âûïîëíåíèÿ ðàáîò ïî äîãîâîðó � 22/D î íàó÷íî-òåõíè÷åñêîì ñîòðóäíè÷åñòâå ìåæäó �ðîäíåíñêèì ãîñóäàðñòâåííûì óíèâåðñèòåòîì èìåíè ßíêèÊóïàëû è Íàöèîíàëüíûì áàíêîì �åñïóáëèêè Áåëàðóñü îò 29.01.2010122



�� = 1N kXi=1 �ini: (3)Ïî âèäó ãðà�èêà ýìïèðè÷åñêîé �óíêöèè ðàñïðåäåëåíèÿ îïðåäåëÿåòñÿ õàðàêòåððàñïðåäåëåíèÿ ñëó÷àéíîé âåëè÷èíû � è ïðåäïîëàãàåòñÿ âèä òåîðåòè÷åñêîãî çàêîíàðàñïðåäåëåíèÿ F� (t)  m ïàðàìåòðàìè.Äëÿ òåîðåòè÷åñêîé �óíêöèè ðàñïðåäåëåíèÿ F� (t) ïðîâåðÿåòñÿ ãèïîòåçà H0, êî-òîðàÿ çàêëþ÷àåòñÿ â òîì, ÷òî F� (t) = Fe(t), ïðè êîíêóðèðóþùåé ãèïîòåçå H1:F� (t) 6= Fe(t).Äëÿ ïðîâåðêè ãèïîòåçû H0, ñîãëàñíî ïðàâèëó Ñòåðäæåñà [1, 2℄, ðàçáèâàåòñÿäèàïàçîí íàáëþäàåìûõ çíà÷åíèé [�min; �max℄ íà k = round(3:32 lgN + 1) íåïåðåñå-êàþùèõñÿ ïðîìåæóòêîâ [zi�1; zi); i = 1; k, ãäå z0 < z1 <. . .< zk � òî÷êè, ñîîòâåò-ñòâóþùèå ãðàíèöàì èíòåðâàëîâ, ïðè÷åì z0 = �min�h2 , zk = �max+h2 , h = �max � �mink(�óíêöèÿ round(x) îêðóãëÿåò ÷èñëî x äî áëèæàéøåãî öåëîãî çíà÷åíèÿ).Äëÿ êàæäîãî i-ãî èíòåðâàëà íàõîäèì ýìïèðè÷åñêèå ÷àñòîòû �i = Pfzi�1��i<zigniè òåîðåòè÷åñêèå âåðîÿòíîñòè pi = F� (zi)�F� (zi�1), ãäå pi > 0 � òåîðåòè÷åñêàÿ âåðî-ÿòíîñòü ïîïàäàíèÿ çíà÷åíèé ñëó÷àéíîé âåëè÷èíû � â i-é èíòåðâàë. Äàëåå ñòðîèìñòàòèñòèêó N ïî �îðìóëå N = kXi=1 (�i �Npi)2Npi � 0: (4)Ïðè óñëîâèè, ÷òî ãèïîòåçà H0 âåðíà, ïðè N !1 ñòàòèñòèêà N èìååò ðàñïðåäåëå-íèå �2 ñ (k�m�1) ñòåïåíÿìè ñâîáîäû [2℄ è íàçûâàåòñÿ õè-êâàäðàò ñòàòèñòèêîé.�èïîòåçà H0 ïðèíèìàåòñÿ, åñëè N � � è îòêëîíÿåòñÿ, åñëè N > �, ãäå ïîðî-ãîâîå çíà÷åíèå � = �(") = F�1 (1 � ") � êâàíòèëü óðîâíÿ (1 � ") ðàñïðåäåëåíèÿF(u) [3℄. Òàêèì îáðàçîì, åñëè N � �("), òî ñ âåðîÿòíîñòüþ (1�") âåðíà ãèïîòåçàH0.Òàê êàê íà èíòåðâàëå íàáëþäåíèÿ èç-çà âûáðàííîé òî÷íîñòè èçìåðåíèÿ (1ñ)âõîäíîãî ïîòîêà îò áàíêà-îòïðàâèòåëÿ ìîæåò ïîñòóïàòü â ÀÑ ÌÁ� ñðàçó íåñêîëü-êî ÝÑ, òî íóæíî äîïîëíèòåëüíî íàéòè çàêîí ðàñïðåäåëåíèÿ ñëó÷àéíîé âåëè÷èíû�, çíà÷åíèÿ êîòîðîé ðàâíû ÷èñëó ÝÑ, ïîñòóïàþùèõ çà èíòåðâàë íàáëþäåíèÿ â îä-íó ñåêóíäó. Äëÿ ýòîãî ïî ïîëó÷åííîé âûáîðêå îáúåìà N; àíàëîãè÷íî êàê è äëÿñëó÷àéíîé âåëè÷èíû � , ñòðîèòñÿ âàðèàöèîííûé ðÿä è âû÷èñëÿþòñÿ âåðîÿòíîñòèPi = Pf� = �ig = liN , ãäå li � ÷àñòîòà ïîÿâëåíèÿ çíà÷åíèÿ �i â âûáîðêå, ðàññ÷èòû-âàåòñÿ âûáîðî÷íîå ñðåäíåå �� = kPi=1 �iPi.2.2. Èññëåäîâàíèå âõîäíîãî ïîòîêà ÝÑ îò ÏÒÊ1. Ïî äàííûì çà íåêîòî-ðûé äåíü, èçìåðåííûì ñ òî÷íîñòüþ äî ñåêóíäû, áûëà ïîëó÷åíà âûáîðêà çíà÷åíèéñëó÷àéíîé âåëè÷èíû � îáúåìà N = 176 � ÷èñëî íàáëþäàåìûõ çíà÷åíèé. Äëÿ ýòîéâûáîðêè áûë ïîñòðîåí âàðèàöèîííûé ðÿä (1), íàéäåíî âûáîðî÷íîå ñðåäíåå �� =123



163,914 ñ è ïîñòðîåíà ïî �îðìóëå (2) ýìïèðè÷åñêàÿ �óíêöèÿ ðàñïðåäåëåíèÿ, ãðà-�èê êîòîðîé èçîáðàæåí íà ðèñ.1. Äëÿ ïîñòðîåíèÿ ãðà�èêà èñïîëüçîâàëñÿ ïàêåòýêîíîìåòðè÷åñêîãî ìîäåëèðîâàíèÿ EViews 3.1.

�èñ. 1. �ðà�èê ýìïèðè÷åñêîé �óíêöèè ðàñïðåäåëåíèÿ Fe(t)Ïî ãðà�èêó âèäåí ýêñïîíåíöèàëüíûé õàðàêòåð ýìïèðè÷åñêîé �óíêöèè ðàñïðå-äåëåíèÿ, ïîýòîìó â êà÷åñòâå òåîðåòè÷åñêîãî çàêîíà ðàñïðåäåëåíèÿ ïðåäïîëàãàåìýêñïîíåíöèàëüíûé çàêîí, �óíêöèÿ ðàñïðåäåëåíèÿ êîòîðîãî ðàâíàF� (t) = 1� e��t; (5)ãäå � � ïàðàìåòð ýêñïîíåíöèàëüíîãî ðàñïðåäåëåíèÿ, � = 1�� = 1163; 914 = 6; 1��10�3 (1/ñ) � èíòåíñèâíîñòü ïîñòóïëåíèÿ.Äëÿ ïîñòðîåííîé âûáîðêè ìèíèìàëüíîå çíà÷åíèå ðàâíî �min =1ñ, ìàêñèìàëü-íîå � �max = 1 179 ñ, à ÷èñëî èíòåðâàëîâ ðàçáèåíèÿ íàáëþäàåìûõ çíà÷åíèé k = 8øèðèíîé h = 147,25 ñ. Äëÿ êàæäîãî èíòåðâàëà áûëè íàéäåíû ýìïèðè÷åñêèå ÷àñòî-òû �i è òåîðåòè÷åñêèå âåðîÿòíîñòè pi, i = 1; 8. Òàê êàê â êà÷åñòâå òåîðåòè÷åñêîé�óíêöèè ðàñïðåäåëåíèÿ áûëà âçÿòà ýêñïîíåíöèàëüíàÿ �óíêöèÿ ðàñïðåäåëåíèÿ, òîpi = F� (zi)� F� (zi�1) = e��zi�1 � e��zi .Äëÿ ïîñòðîåííîãî èíòåðâàëüíîãî ðÿäà ïðè ïðîâåðêå ãèïîòåçû î çàêîíå ðàñ-ïðåäåëåíèÿ çíà÷åíèå ñòàòèñòèêè N , ïîñòðîåííîé ïî �îðìóëå (4) äëÿ óðîâíÿ çíà-÷èìîñòè " = 0; 05, ïîëó÷èëîñü ðàâíûì 1,095, à åå êðèòè÷åñêîå çíà÷åíèå ðàâíî�(") = 7; 815. Òàêèì îáðàçîì, òàê êàê N � �("), òî ñ âåðîÿòíîñòüþ 0,95 ìîæíîïðèíÿòü ãèïîòåçó îá ýêñïîíåíöèàëüíîì çàêîíå ðàñïðåäåëåíèÿ ñëó÷àéíîé âåëè÷èíû� . Òàê êàê çà èíòåðâàë íàáëþäåíèÿ â îäíó ñåêóíäó ìîæåò ïîñòóïàòü ñðàçó íåñêîëü-êî ÝÑ, òî áûë íàéäåí çàêîí ðàñïðåäåëåíèÿ ñëó÷àéíîé âåëè÷èíû �, çíà÷åíèÿ êî-òîðîé ðàâíû ÷èñëó ÝÑ, ïîñòóïàþùèõ çà èíòåðâàë íàáëþäåíèÿ (1ñ). Äëÿ � áûëàïîëó÷åíà âûáîðêà îáúåìà N = 176, ïîñòðîåí âàðèàöèîííûé ðÿä è íàéäåíû âåðî-ÿòíîñòè Pi, i = 1; 31, âû÷èñëåíî âûáîðî÷íîå ñðåäíåå �� = 11; 528 ÝÑ.124



2.3. Èññëåäîâàíèå âõîäíîãî ïîòîêà ÝÑ îò ÏÒÊ2. Ïî äàííûì çà íåêîòî-ðûé äåíü, èçìåðåííûì ñ òî÷íîñòüþ äî ñåêóíäû, áûëà ïîëó÷åíà âûáîðêà çíà÷åíèéñëó÷àéíîé âåëè÷èíû � îáúåìà N = 472. Äëÿ ïðîâåðêè ãèïîòåçû î çàêîíå ðàñïðåäå-ëåíèÿ ñëó÷àéíîé âåëè÷èíû � äëÿ èññëåäóåìîãî âàðèàöèîííîãî ðÿäà áûëè íàéäåíûâûáîðî÷íîå ñðåäíåå �� = 70; 62 ñ, ìàêñèìàëüíîå è ìèíèìàëüíîå çíà÷åíèÿ ñëó÷àéíîéâåëè÷èíû: �min = 1ñ, �max = 3 409 ñ, êîëè÷åñòâî èíòåðâàëîâ ðàçáèåíèÿ k = 10 èøèðèíà èíòåðâàëà ðàçáèåíèÿ h = 34,08 ñ.

�èñ. 2. �ðà�èê ýìïèðè÷åñêîé �óíêöèè ðàñïðåäåëåíèÿ Fe(t)Äëÿ êàæäîãî èíòåðâàëà íàéäåíû ýìïèðè÷åñêèå ÷àñòîòû �i è òåîðåòè÷åñêèå âå-ðîÿòíîñòè pi, ïîñòðîåíà ýìïèðè÷åñêàÿ �óíêöèÿ ðàñïðåäåëåíèÿ, ðèñ. 2, ïî åå âèäóíåëüçÿ ñäåëàòü îäíîçíà÷íûé âûâîä î çàêîíå ðàñïðåäåëåíèÿ ñëó÷àéíîé âåëè÷èíû� , ïîýòîìó ïðîâåðÿëîñü íåñêîëüêî ãèïîòåç: îá ýêñïîíåíöèàëüíîì çàêîíå ðàñïðå-äåëåíèÿ, î ãàììà-ðàñïðåäåëåíèè, î ëîãàðè�ìè÷åñêè íîðìàëüíîì ðàñïðåäåëåíèè èðàñïðåäåëåíèè Âåéáóëëà, òàê êàê ãðà�èêè �óíêöèé ðàñïðåäåëåíèé ýòèõ çàêîíîâèìåþò ñõîæèé âèä.Ïðîâåðèì ãèïîòåçó î òîì, ÷òî ñëó÷àéíàÿ âåëè÷èíà � ðàñïðåäåëåíà ïî çàêîíóÂåéáóëëà F� (x) = 1� e�(x�)� :Òåîðåòè÷åñêèå âåðîÿòíîñòè íàõîäÿòñÿ ïî �îðìóëå pi = F� (zi)�F� (zi�1) = e�(zi�1�)���e�(zi�)� . Ïîñêîëüêó ÷èñëî ïàðàìåòðîâ â ðàñïðåäåëåíèè Âåéáóëëà ðàâíî äâóì,òî ïîðîãîâîå çíà÷åíèå õè-êâàäðàò ñòàòèñòèêè äëÿ óðîâíÿ çíà÷èìîñòè " = 0; 05ñ (k�3) ñòåïåíÿìè ñâîáîäû, ðàññ÷èòàííîå ïî �îðìóëå (4), ðàâíî N = 6,456 <�(0; 05) = 7,815. Çíà÷èò ìîæíî ïðèíÿòü ãèïîòåçó î òîì, ÷òî ñëó÷àéíàÿ âåëè÷èíà �ðàñïðåäåëåíà ïî çàêîíó Âåéáóëëà ñ ïàðàìåòðàìè � = 0,2, � = ��� �1 + 1�� = 58,835.Çíà÷åíèå ïàðàìåòðà � íàõîäèëîñü èç óñëîâèÿ ìèíèìóìà ñòàòèñòèêè N .125



Áûë òàêæå íàéäåí çàêîí ðàñïðåäåëåíèÿ ñëó÷àéíîé âåëè÷èíû �, çíà÷åíèÿ êî-òîðîé ðàâíû ÷èñëó ÝÑ, ïîñòóïàþùèõ çà èíòåðâàë íàáëþäåíèÿ (1 ñ). Àíàëîãè÷íîêàê â ïðåäûäóùåì ðàçäåëå äëÿ � áûëà ïîëó÷åíà âûáîðêà îáúåìà N = 472, ïîñòðî-åí âàðèàöèîííûé ðÿä è íàéäåíû âåðîÿòíîñòè Pi, i = 1; 78, âû÷èñëåíî âûáîðî÷íîåñðåäíåå �� = 37; 295 ÝÑ. 3. ÂÛÂÎÄÛ�åçóëüòàòû ïðîâåäåííûõ èññëåäîâàíèé ïîêàçàëè, ÷òî èíòåðâàëû âðåìåí ìåæ-äó ïîñòóïàþùèìè ÝÑ îò ðàçíûõ áàíêîâ ðàñïðåäåëåíû ïî ðàçëè÷íûì çàêîíàì, íåâñåãäà ñîâïàäàþùèì ñ ýêñïîíåíöèàëüíûì.Äëÿ äàëüíåéøåãî ìîäåëèðîâàíèÿ ïðîõîæäåíèÿ ÝÑ â ÀÑ ÌÁ� êðîìå õàðàêòåðè-ñòèê âõîäíûõ ïîòîêîâ ÝÑ ñëåäóåò óñòàíîâèòü çàêîíû îáðàáîòêè ÝÑ è îïðåäåëèòü�óíêöèîíàëüíûå çàâèñèìîñòè òåõíîëîãè÷åñêèõ ïàðàìåòðîâ ïðîõîæäåíèÿ ÝÑ íàðàçëè÷íûõ �àçàõ èõ îáðàáîòêè â ÀÑ ÌÁ�. Îòìåòèì, ÷òî â [4, 5℄ ðàññìàòðèâàëèñüïîñòàíîâêè íåêîòîðûõ ïîäîáíûõ çàäà÷.ËÈÒÅPÀÒÓPÀ1. Çàêñ Ë. Ñòàòèñòè÷åñêîå îöåíèâàíèå. M.: Ñòàòèñòèêà, 1976.2. Õàðèí Þ. Ñ., Ìàëþãèí Â. È., Õàðèí À. Þ. Ýêîíîìåòðè÷åñêîå ìîäåëèðîâàíèå.Ìí.: Á�Ó, 2003.3. Áîëüøîâ Ë. Í., Ñìèðíîâ Í. Â. Òàáëèöû ìàòåìàòè÷åñêîé ñòàòèñòèêè. M.: Íà-óêà, 1983.4. Êàðïóê À. À., Êèùåíêî Ì. �. Î ìàòåìàòè÷åñêîì ìîäåëèðîâàíèè ñèñòåì ìåæ-áàíêîâñêèõ è ìåæ�èëèàëüíûõ ðàñ÷åòîâ // Òåõíîëîãèè èí�îðìàòèçàöèè èóïðàâëåíèÿ: ñá. íàó÷í. ñò., Mí.: Á�Ó, 2009. Ñ. 20�24.5. Êàðïóê À. À., Ìàòàëûöêèé Ì. À. Î ìàòåìàòè÷åñêîì ìîäåëèðîâàíèè ñè-ñòåìû ìåæáàíêîâñêèõ ðàñ÷åòîâ // Óñòîé÷èâîå ðàçâèòèå ýêîíîìèêè: ñîñòîÿ-íèå, ïðîáëåìû, ïåðñïåêòèâû: ìàòåðèàëû ÷åòâåðòîé ìåæäóíàðîäíîé íàó÷íî-ïðàêòè÷åñêîé êîí�åðåíöèè, Ïèíñê: Ïîëåñ�ó, 2010. Ñ. 21�25.
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ÑÈÑÒÅÌÀ MR|M|1 Â ÓÑËÎÂÈÈ�ÀÑÒÓÙÅ�Î Â�ÅÌÅÍÈÎÁÑËÓÆÈÂÀÍÈßÈ. Ëàïàòèí�, Ñ. ËîïóõîâàÒîìñêèé ãîñóäàðñòâåííûé óíèâåðñèòåòÒîìñê, �îññèÿ� ilapatin�mail.ruÂ ðàáîòå ðàññìàòðèâàåòñÿ ñèñòåìà ìàññîâîãî îáñëóæèâàíèÿ ñ íåîãðàíè÷åííûì÷èñëîì ïðèáîðîâ, íà âõîä êîòîðîé ïîñòóïàåò ïîòîê ìàðêîâñêîãî âîññòàíîâëåíèÿ.Èññëåäóåòñÿ ñòàöèîíàðíîå ðàñïðåäåëåíèå ÷èñëà çàíÿòûõ ïðèáîðîâ è âûõîäÿùèéïîòîê ñèñòåìû â óñëîâèè ðàñòóùåãî âðåìåíè îáñëóæèâàíèÿ.Êëþ÷åâûå ñëîâà: ïîòîê ìàðêîâñêîãî âîññòàíîâëåíèÿ, ñèñòåìû ìàññîâîãî îáñëó-æèâàíèÿ ñ íåîãðàíè÷åííûì ÷èñëîì ïðèáîðîâ, âûõîäÿùèé ïîòîê.1. ÂÂÅÄÅÍÈÅÑèñòåìû ìàññîâîãî îáñëóæèâàíèÿ [1℄ ñ íåîãðàíè÷åííûì ÷èñëîì ïðèáîðîâ ÿâ-ëÿþòñÿ ìîäåëÿìè ðåàëüíûõ ñèñòåì â ðàçëè÷íûõ ñ�åðàõ ïîâñåäíåâíîé æèçíè: áàí-êîâñêîå äåëî, ñòðàõîâàíèå, òðàíñïîðò, òîðãîâëÿ è ò.ä.Â ñëó÷àå ïðîñòåéøåãî âõîäÿùåãî ïîòîêà äëÿ òàêèõ ñèñòåì óäàåòñÿ íàéòè àíàëè-òè÷åñêîå ðåøåíèå äëÿ ñòàöèîíàðíîãî ðàñïðåäåëåíèÿ âåðîÿòíîñòåé ÷èñëà çàíÿòûõïðèáîðîâ â ñèñòåìå, à òàêæå äëÿ ÷èñëà çàÿâîê, çàêîí÷èâøèõ îáñëóæèâàíèå íàíåêîòîðîì ïðîìåæóòêå âðåìåíè [2℄. Íî â ñëó÷àå äðóãèõ ìîäåëåé âõîäÿùåãî ïîòî-êà îáùèõ ïîäõîäîâ ê èññëåäîâàíèþ íåò. Äëÿ èõ èññëåäîâàíèÿ ïðèìåíÿþò ìåòîäû÷èñëåííîãî àíàëèçà, èìèòàöèîííîãî ìîäåëèðîâàíèÿ è àñèìïòîòè÷åñêîãî àíàëèçà.Àíàëèç ÷èñëà çàíÿòûõ ïðèáîðîâ â ñèñòåìå BMAP|GI|1 ìîæíî íàéòè, íàïðèìåð,â ðàáîòå íåìåöêîãî ó÷åíîãî Ä.Áàóìà [3℄. Àñèìïòîòè÷åñêèé àíàëèç âûõîäÿùåãî ïî-òîêà ñèñòåìû MAP|GI|1 ïðèâåäåí â ðàáîòå [4℄.Â äàííîé ðàáîòå ïðèâîäèòñÿ èññëåäîâàíèå ñèñòåìû ìàññîâîãî îáñëóæèâàíèÿ ñíåîãðàíè÷åííûì ÷èñëîì ïðèáîðîâ è ýêñïîíåíöèàëüíûì âðåìåíåì îáñëóæèâàíèÿ,íà âõîä êîòîðîé ïîñòóïàåò ïîòîê ìàðêîâñêîãî âîññòàíîâëåíèÿ. �àññìàòðèâàåòñÿñòàöèîíàðíîå ðàñïðåäåëåíèå ÷èñëà çàíÿòûõ ïðèáîðîâ è âûõîäÿùèé ïîòîê â óñëî-âèè ðàñòóùåãî âðåìåíè îáñëóæèâàíèÿ.2. ÎÏ�ÅÄÅËÅÍÈÅ ÏÎÒÎÊÀ ÌÀ�ÊÎÂÑÊÎ�ÎÂÎÑÑÒÀÍÎÂËÅÍÈß�àññìîòðèì äâóìåðíûé îäíîðîäíûé ìàðêîâñêèé ñëó÷àéíûé ïðîöåññ {�(n);�(n)}ñ äèñêðåòíûì âðåìåíåì n = 1; 2; 3; :::; ïåðâàÿ êîìïîíåíòà �(n) êîòîðîãî ïðèíèìà-127



åò çíà÷åíèÿ èç íåêîòîðîãî äèñêðåòíîãî ìíîæåñòâà. Âòîðàÿ êîìïîíåíòà �(n) ðàñ-ñìàòðèâàåìîãî ïðîöåññà ïðèíèìàåò íåîòðèöàòåëüíûå çíà÷åíèÿ (âîîáùå ãîâîðÿ, èçíåïðåðûâíîãî ìíîæåñòâà).Ïî îïðåäåëåíèþ, ìàðêîâñêîé ïåðåõîäíîé �óíêöèåé F (k2; x; k1; y) äâóìåðíîãîîäíîðîäíîãî ìàðêîâñêîãî ñëó÷àéíîãî ïðîöåññà f�(n); �(n)g íàçûâàåòñÿF (k2; x; k1; y) = P f�(n+ 1) = k2; �(n + 1) < xj�(n) = k1; �(n) = ygÁóäåì ðàññìàòðèâàòü òîëüêî òàêèå äâóìåðíûå ñëó÷àéíûå ïðîöåññû f�(n); �(n)g;äëÿ ìàðêîâñêèõ ïåðåõîäíûõ �óíêöèé êîòîðûõ âûïîëíÿþòñÿ ðàâåíñòâàF (k2; x; k1; y) == P f�(n+ 1) = k2j�(n) = k1g � P f�(n + 1) < xj�(n) = k1g = (1)= Pk1k2 �Gk1(x)òî åñòü ìàðêîâñêàÿ ïåðåõîäíàÿ �óíêöèÿ íå çàâèñèò îò âòîðîãî óñëîâèÿ (íå çàâè-ñèò îò çíà÷åíèé âòîðîé êîìïîíåíòû), à ðàñïðåäåëåíèå çíà÷åíèé ïðîöåññà �(n+ 1)çàâèñèò ëèøü îò çíà÷åíèÿ ïðîöåññà �(n) â ïðåäûäóùèé ìîìåíò âðåìåíè.Â ñèëó ñâîéñòâà (1), ïåðâàÿ êîìïîíåíòà �(n) ðàññìàòðèâàåìîãî äâóìåðíîãî ìàð-êîâñêîãî ïðîöåññà f�(n); �(n)g òàêæå ÿâëÿåòñÿ ìàðêîâñêèì ïðîöåññîì, òî÷íåå öå-ïüþ Ìàðêîâà ñ äèñêðåòíûì âðåìåíåì è ìàòðèöåé P âåðîÿòíîñòåé ïåðåõîäîâ çàîäèí øàã. À �óíêöèè Gk(x) - ýòî íàáîð óñëîâíûõ �óíêöèé ðàñïðåäåëåíèÿ, êîòî-ðûå áóäåì çàïèñûâàòü â âèäå äèàãîíàëüíîé ìàòðèöû G(x).Ñëó÷àéíûé ïîòîê îäíîðîäíûõ ñîáûòèét1 < t2 < t3 < :::áóäåì íàçûâàòü ïîòîêîì ìàðêîâñêîãî âîññòàíîâëåíèÿ èëè MR-ïîòîêîì, çàäàííûììàòðèöåé âåðîÿòíîñòåé ïåðåõîäà P è íàáîðîì óñëîâíûõ �óíêöèé ðàñïðåäåëåíèÿGk(x), åñëè äëÿ äëèí �n+1 = tn+1 � tn åãî èíòåðâàëîâ âûïîëíÿþòñÿ ðàâåíñòâà�n+1 = �(n)Äëÿ äàëüíåéøåãî èññëåäîâàíèÿ îïðåäåëèì ïðîöåññ k(t) = �(n); tn � t < tn+13. ÂÛÂÎÄ Ó�ÀÂÍÅÍÈÉ ÄËß ÕÀ�ÀÊÒÅ�ÈÑÒÈÊÑÈÑÒÅÌÛ MR|M|1�àññìîòðèì ñèñòåìó ìàññîâîãî îáñëóæèâàíèÿ ñ íåîãðàíè÷åííûì ÷èñëîì ïðèáî-ðîâ, íà âõîä êîòîðîé ïîñòóïàåò ïîòîê ìàðêîâñêîãî âîññòàíîâëåíèÿ, çàäàííûé ìàò-ðèöåé âåðîÿòíîñòåé ïåðåõîäîâ P è äèàãîíàëüíîé ìàòðèöåé G(x) óñëîâíûõ �óíêöèéðàñïðåäåëåíèÿ. Âðåìÿ îáñëóæèâàíèÿ ïîñòóïàþùèõ çàÿâîê áóäåì ñ÷èòàòü ýêñïî-íåíöèàëüíûì ñ ïàðàìåòðîì �, îäèíàêîâîé äëÿ âñåõ çàÿâîê.Îáîçíà÷èì z(t) - äëèíó èíòåðâàëà îò ìîìåíòà t äî ìîìåíòà íàñòóïëåíèÿ ñëå-äóþùåãî ñîáûòèÿ âî âõîäÿùåì ïîòîêå, i(t) - ÷èñëî çàíÿòûõ ïðèáîðîâ ñèñòåìû â128



ìîìåíò âðåìåíè t, m(t) - ÷èñëî çàÿâîê, çàêîí÷èâøèõ îáñëóæèâàíèå ê ìîìåíòó âðå-ìåíè t, à ïðîöåññ k(t) îïðåäåëåí âûøå.Äëÿ ðàñïðåäåëåíèÿ âåðîÿòíîñòåéP (k; z; i;m; t) = Pfk(t) = k; z(t) < z; i(t) = i;m(t) = mg÷åòûðåõìåðíîãî ìàðêîâñêîãî ïðîöåññà fk(t); z(t); i(t); m(t)g çàïèøåì ñèñòåìó äè�-�åðåíöèàëüíûõ óðàâíåíèé Êîëìîãîðîâà�P (k; z; i;m; t)�t = �P (k; z; i;m; t)�z � �P (k; 0; i;m; t)�z ++ (i+ 1)�P (k; z; i+ 1; m� 1; t)� i�P (k; z; i;m; t)+ (2)+X� �P (�; 0; i� 1; m; t)�z G�(z)PÎáîçíà÷èâ �óíêöèèH(k; z; u; x; t) =Xi ejuiXm ejxmP (k; z; i;m; t);ñèñòåìó (2) äëÿ �óíêöèé H(k; z; u; x; t) çàïèøåì â âèäå�H(k; z; u; x; t)�t = �H(k; z; u; x; t)�z � �H(k; 0; u; x; t)�z ��j�(ejxe�ju � 1)�H(k; z; u; x; t)�u ++ejuX� �H(�; 0; u; x; t)�z G�(z)Pêîòîðóþ ïåðåïèøåì â ìàòðè÷íîì âèäå�H(z; u; x; t)�t = �H(z; u; x; t)�z � �H(0; u; x; t)�z �� j�(ejxe�ju � 1)�H(z; u; x; t)�u + (3)+eju�H(0; u; x; t)�z PG(z)ãäå H(z; u; x; t) = fH(1; z; u; x; t); H(2; z; u; x; t); :::g.Äè��åðåíöèàëüíî-ìàòðè÷íîå óðàâíåíèå (3) áóäåì ðåøàòü ìåòîäîì àñèìïòîòè-÷åñêîãî àíàëèçà â óñëîâèè ðàñòóùåãî âðåìåíè îáñëóæèâàíèÿ, òî åñòü ïðè �! 0.4. ÀÑÈÌÏÒÎÒÈÊÀ �ÀÑÒÓÙÅ�Î Â�ÅÌÅÍÈÎÁÑËÓÆÈÂÀÍÈßÒàê êàê âûõîäÿùèé ïîòîê ñóùåñòâåííî çàâèñèò îò ÷èñëà çàíÿòûõ ïðèáîðîâ âñèñòåìå, òî ñíà÷àëà áóäåì ðàññìàòðèâàòü ñòàöèîíàðíîå ðàñïðåäåëåíèÿ ÷èñëà çà-ÿâîê â ñèñòåìå MR|M|1. 129



4.1. Èññëåäîâàíèÿ ÷èñëà çàíÿòûõ ïðèáîðîâ â ñèñòåìå MR|M|1. Äëÿèññëåäîâàíèÿ ñòàöèîíàðíîãî ðàñïðåäåëåíèÿ ÷èñëà çàíÿòûõ ïðèáîðîâ â óðàâíåíèè(3) ïîëîæèì x = 0, à t!1. Îáîçíà÷àÿ h(z; u) = H(z; u; 0;1), ïîëó÷èì óðàâíåíèå�h(z; u)�z = �h(0; u)�z �I � ejuP �G(z)�+ j� �e�ju � 1� �h(z; u)�u : (4)Çäåñü I - åäèí÷íàÿ ìàòðèöà ñîîòâåòñòâóþùåé ðàçìåðíîñòè.Ïîëàãàÿ, ÷òî " íåêîòîðûé ìàëûé ïàðàìåòð, â óðàâíåíèè (4) ñäåëàåì ñëåäóþùèåçàìåíû � = "; u = "w; h(z; u) = F1(z; w; "); (5)òîãäà äëÿ �óíêöèé F1(z; w; ") ïîëó÷èì óðàâíåíèå�F1(z; w; ")�z = �F1(0; w; ")�z �I � ej"wP �G(z)�+ j �e�j"w � 1� �F1(z; w; ")�w : (6)Òåîðåìà 1. Åñëè ñóùåñòâóåò ïðåäåë ðåøåíèÿ ñèñòåìû (6)lim"!0F1(z; w; ") = F1(z; w)òî F1(1; w)E = efjw�1gãäå E - åäèíè÷íûé âåêòîð-ñòîëáåö ñîîòâåòñòâóþùåé ðàçìåðíîñòè, à �1 èìååòñìûñë èíòåíñèâíîñòè âõîäÿùåãî MR-ïîòîêà.Òåîðåìà 1 äàåò ïåðâîå àñèìïòîòè÷åñêîå ïðèáëèæåíèå õàðàêòåðèñòè÷åñêîé �óíê-öèè ÷èñëà çàíÿòûõ ïðèáîðîâ â ñèñòåìå MR|M|1 â óñëîâèè ðàñòóùåãî âðåìåíèîáñëóæèâàíèÿ h(1; u)E � F1(1; w)E = efjw�1g=e fju�1� g:Äëÿ áîëåå òî÷íîãî ïðèáëèæåíèÿ â çàäà÷å (4) ñäåëàåì çàìåíóh(z; u) = h2(z; u)efju�1� g;òîãäà ïîëó÷èì óðàâíåíèå�h2(z; u)�z + j� �1� e�ju� �h2(z; u)�u �� �1 �1� e�ju�h2(z; u) + �h2(0; u)�z �ejuP �G(z)� I	 = 0 (7)Äëÿ âûïîëíåíèÿ àñèìïòîòè÷åñêîãî èññëåäîâàíèÿ â óðàâíåíèè (7) ñäåëàåì ñëå-äóþùèå çàìåíû � = "2; u = "w; h2(z; u) = F2(z; w; "); (8)òîãäà äëÿ �óíêöèé F2(z; w; ") ïîëó÷èì óðàâíåíèå�F2(z; w; ")�z + j �1� e�j"w� �F2(z; w; ")�w �� �1 �1� e�j"w�F2(z; w; ") + �F2(0; w; ")�z �ej"wP �G(z)� I	 = 0 (9)130



Òåîðåìà 2. Åñëè ñóùåñòâóåò ïðåäåë ðåøåíèÿ ñèñòåìû (9)lim"!0F2(z; w; ") = F2(z; w)òî F2(1; w)E = ef (jw)22 �2�;ãäå âåëè÷èíà �2 îïðåäåëÿåòñÿ ðàâåíñòâîì�2 = �1 + �f2(0)�z E; (10)ãäå âåêòîð f2(z) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ�f2(z)�z + �f2(0)�z (P �G(z)� I) + �R(0)�z P �G(z)� �1R(z) = 0;çäåñü R(z) - ñîâìåñòíîå ðàñïðåäåëåíèå ïðîöåññîâ k(t) è z(t).Èñïîëüçóÿ ðåçóëüòàòû òåîðåìû 2 è âûðàæåíèå äëÿ �óíêèè h2(z; u) ìîæíî çàïè-ñàòü àñèìïòîòè÷åñêîå ïðèáëèæåíèå õàðàêòåðèñòè÷åñêîé �óíêöèè ÷èñëà çàíÿòûõïðèáîðîâ â ñèñòåìå MR|M|1 â óñëîâèè ðàñòóùåãî âðåìåíè îáñëóæèâàíèÿMejui(t) = h(1; u)E � efju�1� + (ju)22 �2� �:(11)4.2. Èññëåäîâàíèÿ âûõîäÿùåãî ïîòîêà ñèñòåìû MR|M|1. Òåïåðü áó-äåì èññëåäîâàòü âûõîäÿùèé ïîòîê ðàññìàòðèâàåìîé ñèñòåìû â óñëîâèè ðàñòóùåãîâðåìåíè îáñëóæèâàíèÿ, äëÿ ÷åãî â óðàâíåíèè (3) ñäåëàåì ñëåäóþùèå çàìåíû� = "; u = "w; H(z; u; x; t) = F (z; w; x; t; ");äëÿ �óíêöèé F (z; w; x; t; ") ïîëó÷èì óðàâíåíèå�F (z; w; x; t; ")�t = �F (z; w; x; t; ")�z � �F (0; w; x; t; ")�z �� j(ejxe�j"w � 1)�F (z; w; x; t; ")�w + (12)+ej"w�F (z; w; x; t; ")�z PG(z):Òåîðåìà 3. Åñëè ñóùåñòâóåò ïðåäåë ðåøåíèÿ ñèñòåìû (12)lim"!0F (z; w; x; t; ") = F (z; w; x; t)òî F (1; 0; x; t)E = ef(ejx�1)�1tg:Òåîðåìà 3 äàåò àñèìïòîòè÷åñêîå ïðèáëèæåíèå õàðàêòåðèñòè÷åñêîé �óíêöèè÷èñëà çàÿâîê, çàêîí÷èâøèõ îáñëóæèâàíèÿ çà íåêîòîðîå âðåìÿ tâ ñèñòåìå MR|M|1â óñëîâèè ðàñòóùåãî âðåìåíè îáñëóæèâàíèÿMejxm(t) = H(1; 0; x; t)Eef(ejx�1)�1tg:(13)131



5. ÇÀÊËÞ×ÅÍÈÅÂ äàííîé ðàáîòå áûëà ðàññìîòðåíà ñèñòåìà MR|M|1. Áûëî ïîëó÷åíî, ÷òî âóñëîâèè ðàñòóùåãî âðåìåíè îáñëóæèâàíèÿ ñòàöèîíàðíîå ðàñïðåäåëåíèå ÷èñëà çà-íÿòûõ ïðèáîðîâ â ñèñòåìå ÿâëÿåòñÿ àñèìïòîòè÷åñêè íîðìàëüíûì (11), à âûõîäÿ-ùèé ïîòîê ÿâëÿåòñÿ àñèìïòîòè÷åñêè ïóàññîíîâñêèì (13). Ïîëó÷åííûå ðåçóëüòàòûîïðåäåëÿþò ïîâåäåíèå ðàññìàòðèâàåìûõ õàðàêòåðèñòèê ïðè äî÷òàòî÷íî áîëüøèõçíà÷åíèÿõ ñðåäíåãî âðåìåíè îáñëóæèâàíèÿ.ËÈÒÅPÀÒÓPÀ1. �íåäåíêî Á.Â., Êîâàëåíêî È.Í. Ââåäåíèå â òåîðèþ ìàññîâîãî îáñëóæèâàíèÿ.Èçä. 3-å, èñïð. è äîï.Ì.: ÊîìÊíèãà, 2007. 400 ñ.2. Mirasol N.M. The output of an M|G|1 queueing system is Poisson // OperationsResearh. 1963. �. 11. P. 282�284.3. Baum. D. The in�nite server queue with Markov additive arrivals in spae //Proeedings of the International Conferene "Probabilisti analysis of rare events".Riga, Latvia.1999. P. 136�142.4. Íàçàðîâ À.À., Ëàïàòèí È.Ë. Àñèìïòîòè÷åñêèé àíàëèç âûõîäÿùåãî ïîòîêàñèñòåìû MAP|GI|1 // Èçâåñòèÿ ïîëèòåõíè÷åñêîãî óíèâåðñèòåòà. Óïðàâëåíèå,âû÷èñëèòåëüíàÿ òåõíèêà è èí�îðìàòèêà.2009. Ò. 315. � 5. Ñ. 191�195.
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LIMIT DIFFUSIONS FORMULTI-CHANNEL NETWORKSWITH INTERDEPENDENT INPUTSE. Lebedev, A. ChehelnitskyKyiv National Taras Shevhenko UniversityKyiv, Ukraineleb�uniyb.kiev.uaA proess of information treatment in multi-hannel stohasti networks with in-terdependent input �ows are onsidered. In heavy tra� onditions funtional limittheorems of di�usion approximation types are proved. Loal harateristis of the dif-fusion are represented via network parameters.Key words: multi-hannel network, multi-dimensional Poisson input, di�usion ap-proximation, uniform topology.Methods of the theory of stohasti proesses are an e�ient tool for the analysis ofthe harateristis in the simulation of data transmission networks, omputer networksand systems of olletive use. This methods permit to evaluate the networks apaity,to �nd load reserves for network omponents and ontrol parameters for information�ows, as well as, e.g., to ontrol the bu�er memory of a node in a paket swithingnetwork. Adequate models of the real proesses in networks of transmission and pro-essing information are stohasti networks or networks of queues. Their struture isgiven by probability harateristis of input information �ows, proessing algorithmsand paket-swithing shemes.The proess of information treatment whih is an objet of our interest is a vetor oflarge dimension with omplex systems of stohasti relations whih determine the pro-ess. In previous works, as a rule, input �ows were independent. Thus, interdependeneof servie proess omponents was aused by trajetory intersetions for informationpakets before their outputs from the network. In the paper we omit this restritionand the proess of information treatment beame more ompliated.That is why the method of funtional limit theorems is espeially e�ient for theanalysis of information treatment in stohasti networks under onsideration. Themethod gives the possibility to �nd those priniples whih form the foundation of afuntioning proess for a network of the given type, to onstrut an approximate proessand to alulate the distribution of funtionals in order to obtain integral harateristisfor the funtioning proess.By virtue of onditions imposed on model parameters in our ase an approximateproess will be di�usion and we will deal with development of the method of di�usionapproximation for multi-hannel stohasti networks. At �rst we onsider a multi-hannel queuing system with multi-dimensional Poisson input �ow. The model onsists133



of r nodes E1; : : : ; Er: Eah node operates as a queuing system M=M= /. It meansthat node Ei has a Poisson input �ow of alls (exponential interarrival times) yi(t) withthe parameter �i > 0; i = 1; 2; : : : ; r. The alls arrive one at time and immediatelytake one of servers. Eah node has an in�nite number of servers. Correspondingly,the servie time in the node Ei; i = 1; 2; : : : ; r has exponential distribution with theparameter �i > 0; i = 1; 2; : : : ; r. Eah all an be served only in one node. After servieompletion alls leaves the nodes. In addition we suppose that the bath whih onsistsof r alls arrive simultaneously at the all nodes aording to a Poisson proess y(t) withthe parameter b > 0. All nodes operate in parallel way in order to provide servie in thebath of r alls. The onstrution of our model implies that in general the alls enter inour model aording to a multi -dimensional Poisson input �ow (�1(t); : : : ; �r(t)) withparameter �i > 0; i = 1; 2; : : : ; r; b > 0, and the omponent �i(t) has the followingrepresentation �i(t) = yi(t) + y(t).Suh models may be used for planning modern omputer networks. It allows to geta high speed and substantial eonomy of time.Denote by Q0(t) = (Q1(t); : : : ; Qr(t)); t 2 [0; T ℄ the number of alls in the nodes ofour model at time t. We will study the transient behavior of the multi-dimensionalqueuing proess Q(t) in heavy tra� onditions. This means that harateristis �i >0; i = 1; 2; : : : ; r of our model depend on a saling parameter n; n! +1 in the followingway:1) limn!1n�i(n) = �i 6= 0; i = 1; 2; : : : ; r.Denote by Q(n)(t) = (Q(n)1 (nt); : : : ; Q(n)r (nt)); t 2 [0; T ℄ the number of alls in thenodes of our model at time nt. We assume as well that the initial number of alls is 0in eah node:2) Q(n)i (0) = 0; i = 1; 2; : : : ; r.For proess �(n)(t) = (�(n)1 (t); : : : ; �(n)r (t)), where �(n)i (t) = n�1=2(Q(n)i (nt) � �i(t)n),�i(t) = (�i + b)(1 � e��it); i = 1; 2; : : : ; r (so �(n)(t) is a normalized queuing proessn�1=2(Q(n)(nt) � �(t)n); �(t) = (�1(t); : : : ; �r(t))) we have proved a onvergene inuniform topology to a di�usion proess.Theorem 1. Suppose that onditions 1) and 2) hold. Then the sequene of pro-esses �(n)(t) = (�(n)1 (t); : : : ; �(n)r (t)) onverges in uniform topology in any interval [0; T ℄to the di�usion proess �(t), �(0) = �0 = 0, with drift a(x) = (a1(x); : : : ; ar(x)) =(��1x1; : : : ;��rxr) and di�usion matrixB = 0BBB� �1 + b)(2� e��1t) b : : : bb (�2 + b)(2� e��2t) b b... b . . . bb : : : b (�r + b)(2� e��rt) 1CCCANote that the investigation of heavy tra� onvergenes has a long history andthere are several approahes oriented to di�erent lasses of queuing models. We proveour theorem using a loal approah beause it is more onvenient for our model. Thisapproah was developed in [1℄. 134



The Theorem 1 allows to study instead of funtionals of the omplex servie proess(for example, total inome onneted with servie in the network) the orrespondingfuntionals of the di�usion proess.Now we onsider more ompliated models of multi-hannel networks whih operatein the following mode.The network onsists of r nodes of information treatment. At the i-th node fromthe outside information pakets arrive in the � (i)k ; k = 1; 2; : : :, moments of time, �i(t)is the total number of pakets arrived in the time interval [0; t℄. Eah of r nodes is amulti-hannel system to treat pakets of information. If a paket arrives in suh systemthen its treatment begins immediately. For the node i the servie time is exponentiallydistributed with parameter �i; i = 1; 2; : : : ; r. The diretion of paket motion in thenetwork interior is given by a swithing matrix P = kpijkr1. For any i = 1; 2; : : : ; rpir+1 = 1�Prj=1 pij is the exit probability for the paket treated in the i-th node. Inthe used system of notation this network is oded by the symbol [GjM j /℄r.As before we will de�ne the proess of information treatment in the [GjM j /℄r-network as an r - dimensional proess Q0(t) = (Q1(t); : : : ; Qr(t)); t � 0 , where Qi(t) isthe number of information pakets in the i-th node at the instant of time t .Let us study the proess of information treatment Q(t) in heavy tra� regime.Heavy tra� regime means: parameters of the network depend on n (the number ofseries) in suh a way that the onditions 1), 2) hold true and the input �ow is losedto Brownian motion.3) There are onstants �i � 0; i = 1; 2; : : : ; r; �1 + : : :+ �r 6= 0, thatn�1=2(�(n)1 (nt)� �1nt; : : : ; �(n)r (nt)� �rnt))Un!1 W 0(t) = (W1(t); : : : ;Wr(t));where W (t) is a r-dimensional proess of Brownian motion with the null - vetor ofmean values EW (1) = 0 and the orrelation matrix EW (1)W 0(1) = �2 = k�2ijkr1 ,symbol )U means weak onvergene in uniform topology.The other parameters of the [GjM j1℄r - network do not depend on n.In the ontext of onditions 1) - 3) for the open [GjM j1℄r - network we shall onsiderthe sequene of stohasti proesses�(n)(t) = n�1=2(Q(n)(nt)� nq(t)); t � 0;where q0(t) = (q1(t); : : : ; qr(t)) = (�=�)0(I � P (t)), (�=�)0 = (�1=�1; : : : ; �r=�r), �0 =(�1; : : : ; �r) = �0(I � P )�1 - is a solution of the balane equation for the [GjM j1℄r -network, �0 = (�1; : : : ; �r), P (t) = kpij(t)kr1 = exp(Qt) , Q = �(�)(P � I);�(x) =kxiÆijkr1 is a diagonal matrix with the vetor on the prinipal diagonal.The proess �(n)(t) may be approximated by di�usion in the following way.Theorem 2. Let for a stohasti network of the type [GjM j1℄r onditions 1) - 3)be satis�ed and the spetral radius of the swithing matrix P be stritly less than 1 .Then for any �nite interval [0; T ℄ the sequene of stohasti proesses �(n)(t); n � 1,onverges weakly to the di�usion �(t) (�(0) = 0) with drift A(x) = Q0x and di�usionmatrix B(t) = �[q0(t)Q℄�Q0�[q(t)℄��[q(t)℄Q+�2 in the uniform topology,as n!1.135



A proof of the theorem use a representation of information treatment proess as asum of the indiators on a path of the input �ow.The Theorem 2 extends the results on di�usion approximation of multi-hannelnetworks from [2℄ by means of restrition removal on input �ows.In summary we make a omment. In our ase the swithing matrix does not dependon the series parameter n. But if we extend the researh �eld and putP = Pn = P0 + n�1B0 + o(n�1);where P0 = kÆ��P (�)kr01 ; P (�) = kp(�)ij ki;j2I� is an indeomposable stohasti matrixthen in the proess of approximation it is possible to enlarge the nodes of the initialnetwork: r! r0 , r0 � r . The nodes of the set I� are then joined in a node "�" .REFERENCES1. Gikhman I. I., Skorokhod A. V. Stohasti di�erential equations. Kiev: NaukovaDumka. 1982.2. Anisimov V. V., Lebedev E. A. Stohasti networks. Markov models. Kiev: Lybid.1992.
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OPEN NETWORKSWITH MULTIREGIME SERVICESTRATEGIES AND SIGNALSY. LetunovihGomel State University named after F. SkorinaGomel, Belarusyu28031984�yandex.ruOpen queueing networks with several types of ustomers, Poisson inoming �ow,exponential servie in the nodes and Markov routing are studied. In eah of the nodesthere is the only devie, whih an operate in several regimes. Eah regime has aresidene time, limited by an exponentially distributed random variable. There aresignals, whih an inrease or redue the regime of servie in the node. The problem ofstationary distribution of onditions probabilities form is investigated.Keywords: queueing networks, multiregime servie, reversibility, stationary distri-bution of onditions probabilities.1. INTRODUCTIONQueueing networks with multiregime servie strategies have been investigated rel-atively reently. The neessity of their study was aused by pratial onsiderations,beause suh networks allow us to onsider models with partially nonreliable devies.With inrease the regime number the regime is getting less reliable and the node pro-dutivity dereases.Transitions from one regime into another are onsidered as "internal" hanges. Un-der suh "internal" hanges we mean transitions of the serving devie to a less reliableregime due to breakdowns and to more reliable regime beause of possible reovery dueto natural auses. Moreover, suh transitions do not depend solely on the number ofthe devie regime, but also on the types of ustomers that are in the node.It is assumed that the time of stay in eah regime is limited. After this limited timethe devie transits with orresponding probabilities to either a regime with a largernumber or a regime with a lower number. Desribed transitions are aused by theproperties of eah of the regimes and do not depend on the ustomers in the node.Considered network is modi�ed by the addition of information signals, whih an in-rease or redue the regime of servie in the node. Presene of signals an be interpretedas an external in�uene on the network.2. MODEL DESCRIPTIONWe onsider open queueing network with M types of ustomers, whih ontains Nnodes. There are three Poisson input �ows: the �ow of ustomers with parameter �137



and two �ows of signals, whih an redue or inrease the number of regime. They haverates !� and !+ aordingly.Every ustomer of input �ow passes independently to node i and beomes theustomer of type u with probability p0(i;u) �PNi=1PMu=1 p0(i;u) = 1�. Inoming sig-nal of regime inreasing and signal of regime reduing pass to node i with probabil-ities q+0i and q�0i aordingly �PNi=1 q+0i = 1;PNi=1 q�0i = 1�. After the servie in nodei the ustomer of type u passes to node j immediately with probability p(i;u)(j;v) asthe ustomer of type v and with probabilities q+(i;u)j, q�(i;u)j as the signal of inreas-ing or reduing regime aordingly. Or it an leave the node with probability p(i;u)0�PNj=1PMv=1(p(i;u)(j;v) + q+(i;u)j + q�(i;u)j) + p(i;u)0 = 1�.In eah of N nodes there is the only devie, whih an operate in ri+1 regimes (i =1; N). The state of the network is haraterized by the vetor x(t) = (x1(t); :::; xN (t)),where xi(t) = (�xi(t); li(t)) = (xi1(t); xi2(t); :::; xin(i)(t); li(t)) desribes the state of nodei at the moment t. Here xi1(t) � the type of ustomer, whih is getting servie at themoment t, xi2(t) � the type of ustomer, whih is the �rst in the queue,..., xin(i)(t) - thetype of ustomer, whih is the last in the queue, n(i) � the number of ustomers in thenode i, li(t) � the regime of the node i at the moment t. States spae for proess xi(t) isXi = f(0; li); (xi1; li); (xi1; xi2; li); (xi1; xi2; xi3; li); ::: : xik = 1;M; k = 1; 2; :::; li = 0; rig:The time of devie servie of the node i has an exponential distribution with pa-rameter �i(n(i); li). Customers are servied in the order they arrive in the node.We de�ne the regime 0 as the basi regime. Swithing time from some regime toanother one has the exponential distribution. The node in the basi regime an passonly to the regime 1 with rate �i(�xi; 0). For the states, whih have the number of regime1 � li � ri � 1, the node passes to regime li + 1 with rate �i(xi) and to regime li � 1with rate 'i(xi). And the node passes from the regime ri only to regime ri � 1 withrate 'i(�xi; ri). While the regimes are swithing in the node, the number of ustomersdoesn't hange. Swith ours only between the neighborhood regimes.When the signal of regime reduing inomes to the node with the regime li, it turnsthe node to the regime li� 1 and doesn't hange the number of ustomers in the node.This signal doesn't produe any ation, if the node is in the regime 0. When the signalof regime inreasing inomes to the node with the regime li, it turns the node to theregime li + 1 and doesn't hange the number of ustomers in the node. This signaldoesn't produe any ation, if the node is in the regime ri. After hanging the noderegime these signals disappear.Eah regime li has a residene time, limited by an exponentially distributed randomvariable with parameter i(li) (li = 0; ri; i = 1; N): After the end of the stay time in theregime li the devie with probability p+(li) moves to regime li+1, and with probabilityp�(li) moves to regime li � 1.Then x(t) is a homogeneous Markov proess with states spaeX = X1�X2�:::�XN ;where Xi = f(0; li); (xi1; li); (xi1; xi2; li); ::: : xik = 1;M; k = 1; 2; :::; li = 0; rig.
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3. ISOLATED NODEWe onsider isolated node i and suppose that three independent Poisson �ows omein it: the �ow of ustomers of type u with parameter �iu, the �ow of signals, whihinrease regime of the node, with parameter �+i and the �ow of signals, whih redueregime of the node, with parameter ��i . Here �iu, �+i , ��i � average rates of ustomers,"inreasing" signals and "reduing" signals arrivals aordingly to the node i.Tra� equations for this model are:�iu = �p0(i;u) + NXj=1 MXv=1 �jvp(j;v)(i;u);�+i = !+q+0i + NXj=1 MXv=1 �jvq+(j;v)i;��i = !�q�0i + NXj=1 MXv=1 �jvq�(j;v)i:To redue the alulations we introdue the following operators:T+u ; T�; S+; S� : Xi ! Xi, settingT+u (0; li) = (u; li);T+u (xi) = T+u (xi1; : : : ; xin(i); li) = (u; xi1; : : : ; xin(i); li);T�(xi) = T�(xi1; li) = (0; li); jxij = n(i) = 1;T�(xi) = T�(xi1; : : : ; xin(i); li) = (xi1; : : : ; xin(i)�1; li); jxij = n(i) > 1;S+(xi) = S+(xi1; : : : ; xin(i); li) = (xi1; : : : ; xin(i); li + 1);S�(xi) = S�(xi1; : : : ; xin(i); li) = (xi1; : : : ; xin(i); li � 1);T�(xi) is not de�ned at xi = (0; li), S+(xi) � at xi = (�xi; ri), S�(xi) � at xi = (�xi; 0).Consider also the operators desribing the hange of the network state:T+(i;u); T�i ; S+i ; S�i : X ! X, puttingT+(i;u)(x) = T+(i;u)(x1; x2; : : : ; xN ) = (x1; x2; : : : ; xi�1; x̂i; xi+1; : : : ; xN ); x̂i = T+u (xi);T�i (x) = T�i (x1; x2; : : : ; xN ) = (x1; x2; : : : ; xi�1; x̂i; xi+1; : : : ; xN ); x̂i = T�(xi);S+i (x) = S+i (x1; x2; : : : ; xN) = (x1; x2; : : : ; xi�1; x̂i; xi+1; : : : ; xN); x̂i = S+(xi);S�i (x) = S�i (x1; x2; : : : ; xN) = (x1; x2; : : : ; xi�1; x̂i; xi+1; : : : ; xN); x̂i = S�(xi):
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Lemma. For the reversibility of the isolated node the following onditions are ne-essary and su�ient[�i(�xi; li � 1) + i(li � 1)p+(li � 1) + �+i ℄�i(n(i); li)['i(T�(�xi; li)) + i(li)p�(li) + ��i ℄ == [�i(T�(�xi; li�1))+i(li�1)p+(li�1)+�+i ℄�i(n(i); li�1)['i(�xi; li)+i(li)p�(li)+��i ℄;li = 1; ri:The proof is similar to the orresponding proof in [1℄.4. STATIONARY DISTRIBUTIONLet the stationary distribution fp(x); x 2 Xg of x(t) exists, then the stationarystate probabilities of the network satisfy the global equilibrium equations:p(x) NXi=1 MXu=1[�p0(i;u) + �i(n(i); li)I(n(i)6=0)++(�i(xi) + i(li)p+(li) + !+q+0i)I(li 6=ri) + ('i(xi) + i(li)p�(li) + !�q�0i)I(li 6=0)℄ == NXi=1 [p(T�i (x))�p0(i;xin(i))I(n(i)6=0) + MXu=1 p(T+(i;u)(x))�i(n(i) + 1; li)p(i;u)0++ NXj=1 MXv=1 p(T+(j;v)(T�i (x)))�j(n(j) + 1; lj)p(j;v)(i;xin(i))I(n(i)6=0)++ NXj=1 MXv=1 p(T+(j;v)(S�i (x)))�j(n(j) + 1; lj)q+(j;v)iI(li 6=0)++ NXj=1 MXv=1 p(T+(j;v)(S+i (x)))�j(n(j) + 1; lj)q�(j;v)iI(li 6=ri)++p(S�i (x))[�i(S�(xi)) + i(li � 1)p+(li � 1) + !+q+0i℄I(li 6=0)++p(S+i (x))['i(S+(xi)) + i(li + 1)p�(li + 1) + !�q�0i℄I(li 6=ri)℄:Theorem 1. If for all i = 1; N the onditions of reversibility are true and the seriesonverges Xx2X q(x) NYi=1 n(i)Ya=1 �ixia�i(a; li) liYk=1 �i(0; k � 1) + i(k � 1)p+(k � 1) + �+i'i(0; k) + i(k)p�(k) + ��i ;where (�iu; i = 1; N; u = 1;M) � solution of the tra� equation,q(x) = �+ NXi=1 �i(n(i); li)I(n(i)6=0) + NXi=1 [�i(xi) + i(li)p+(li) + !+q+0i℄I(li 6=ri)+140



+ NXi=1 ['i(xi) + i(li)p�(li) + !�q�0i℄I(li 6=0);then the Markov proess x(t) is ergodi and its stationary distribution of onditionsprobabilities has the produt formp(x) = p1(x1)p2(x2):::pN(xN ); x 2 X;where pi(xi) is determined by the relationpi(xi) = n(i)Ya=1 �ixia�i(a; li) liYk=1 �i(0; k � 1) + i(k � 1)p+(k � 1) + �+i'i(0; k) + i(k)p�(k) + ��i pi(0; 0);pi(0; 0) = 24Xxi2Xi n(i)Ya=1 �ixia�i(a; li) liYk=1 �i(0; k � 1) + i(k � 1)p+(k � 1) + �+i'i(0; k) + i(k)p�(k) + ��i 35�1 :
REFERENCES1. Ìàëèíêîâñêèé, Þ. Â., Íóåìàí À. Þ. Ìóëüòèïëèêàòèâíîñòü ñòàöèîíàðíîãîðàñïðåäåëåíèÿ â îòêðûòûõ ñåòÿõ ñ ìíîãîðåæèìíûìè ñòðàòåãèÿìèîáñëóæèâàíèÿ // Âåñöi ÍÀÍ Áåëàðóñi. 2001. � 3. C. 129�134.2. Ëåòóíîâè÷ Þ. Å. Íåîäíîðîäíûå ñåòè ñ îãðàíè÷åíèåì íà âðåìÿ ïðåáûâàíèÿ âðåæèìàõ îáñëóæèâàíèÿ // Àâòîìàòèêà è âû÷èñëèòåëüíàÿ òåõíèêà. 2010. � 5.C. 33�41.
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ESTIMATION OF LOSSPROBABILITY IN GAUSSIANQUEUESO. Lukashenko1, E. Morozov1, M. Pagano21 IAMR KarSC RAS,2 University of Pisa1 Petrozavodsk, Russia2 Pisa, Italylukashenko-oleg�mail.ru, emorozov�karelia.ru,m.pagano�iet.unipi.itWe disuss the appliation of the simulation to estimate the loss probability in aqueueing system with a �nite bu�er, whih is fed by a Gaussian input. Suh estimationis based on known approximation, but less known than estimation of the over�owprobability in an in�nite bu�er system. We fous on queues with frational Brownianinput (fBi) and Brownian input (Bi). For the Bi, regenerative simulation is applied toanalyze the auray of the analytial approximation.This work is supported by Russian Foundation for Basi researh, projet No 10-07-00017.Keywords: �uid queues; Gaussian input; loss probability1. INTRODUCTIONNowadays Gaussian proesses are well-reognized models to desribe the tra� dy-namis of a wide lass of modern teleommuniation networks [8℄. In this work, we usean approximation of the loss probability expressed via over�ow probability for in�nitebu�er model, whih is usually more available, to develop estimation of the requiredloss probability. In partiular, we are interested in systems with small or moderatesize bu�ers, beause the in�nite bu�er approximation is not a realisti assumption inreal networks. In this framework, the loss rate predition may represent a useful toolto de�ne new all admission ontrol algorithms in Quality of Servie (Qos) supportingnetwork arhitetures and for QoS routing protools.It is well-known that in the modern ommuniation networks, eah node is usuallyfed by a superposition of a large number of the individual (independent) streams. More-over, under appropriate saling suh a superposition onverges weakly to a Gaussianproess or to an �-stable Levy proess [6℄. We limit our analysis to the Gaussian ase[8℄. More exatly, to motivate our interest to systems fed by fBi or Bi, onsider Mindependent identially distributed (i.i.d) on-o� soures. It then follow that, in aseheavy-tailed on-o� periods, appropriately saled umulative workload A(T t) arrived142



during period [0; T t℄ onverges weakly to a frational Brownian motion (fBm) providedthat [10℄ �rst, number of soures M ! 1, and then saling fator T ! 1. Whenboth on- and o�-periods have �nite variane, the limiting proess is standard Brownianmotion (Bm).Denote by A(s; t) the amount of data (input tra�) arrived into a ommuniationnode within time interval [s; t℄; t � s � 0. Denote A(t) = A(0; t) and assume that theinput proess fA(t); t � 0g has stationary inrements: the expeted workload arrivedin interval [s; t℄ is EA(s; t) = m � (t� s), where m = EA(1) is the mean input rate, andV arA(s; t) = �(t� s) for some funtion �.2. QUEUE WITH GAUSSIAN INPUTAbove given omments motivate the following de�nition of the Gaussian input whihis used below: A(t) = mt +pamBH(t); (1)where fBH(t); t � 0; g is a fBm, whih desribes random �utuations of the inputaround its linearly inreasing mean. It is assumed that queueing system has singleserver with onstant servie rate C. To guarantee stability of suh a system we assumethat m < C.The stationary over�ow probability in ontinuous time has the following represen-tation [5℄: P(Q > b) = P supt2[0;1)(A(t)� Ct) > b! : (2)This distribution is available in an expliit form in ase of Bi. Namely,P(Q > b) = e (�2�C�mam �b):(3)(For more details see [9℄). In the ase of fBi there is no suh kind of exat result, butthere are some asymptotis for tail probabilities [1, 3, 7℄. Above given result relates toan in�nite bu�er system, but our main purpose is to estimate the loss probability in a�nite bu�er system. Expliit or asymptoti results for �nite bu�er systems are muhless available (at least for non Markovian systems), and simulation is often the onlyway to alulate the orresponding performane measures.2.1. Loss probability in disrete time queues. Let B�H(n) = BH(n)�BH(n�1); n � 1. Then queue ontent in in�nite bu�er system satis�es (in disrete time) thewell-known Lindley-type reursion [8℄:Q(t) = �Q(t� 1)� C +m+pamB�H(t)�+ ; t = 1; 2; : : : (4)where (x)+ = max(0; x). Reursion (4) an be extended to the queue ontent Qb(t) ina system with bu�er size b <1 as follows:Qb(t) = min �(Qb(t� 1)� C +m+pmB�H(t))+; b� ; t = 1; 2; :::: (5)143



The time average loss P`(b; T ) in this system during (disrete-time) interval [0; T ℄, isnaturally de�ned as the ratio of the amount of loss to the total amount of input duringthis interval, that isP`(b; T ) = PTk=1(Qb(k � 1) +m +pamB�H(k)� C � b)+A(T ) : (6)Under stability assumption, one an expet that stationary loss ratio onverges to sta-tionary loss probability P`(b), that isP`(b) = limT!1P`(b; T ) = E(Qb(n� 1) +m +pamB�H(n)� C � b)+m : (7)(In general, the existene of suh limit requires a proof beause input is long-rangedependent). The following expression given in [4℄ allows to alulate the loss probabilityP`(b) � P`(a)P(Q > a)P(Q > b); (8)provided there is expliit formula (or at least a satisfatory approximation) for over�owprobability P(Q > x).The relevane of this formula is that it allows to estimate loss probability via esti-mate of over�ow probability in the orresponding in�nite-bu�er system. The latter istypially muh more easy than diret alulation of the loss probability beause thereare expliit expressions for suh a probability. Using (8), it is possible to derive estimatefor the loss probability P`(b): P`(b) � �e�(mb=2); (9)where � = 1mp2�ame ( (C�m)22am �R1C (x�C)e (� (x�m)22am !dx;and mb := minn�1 (b+ (C �m)n)2amn + 2 n�1Pk=1 am(n� k)r(k) ;where r(n) is the autoovariane funtion of the inrements fB�H(n)g, whih has thefollowing expression:r(n) =: ov (B�H(0); B�H(n)) = 1=2[(n+ 1)2H � 2n2H + jn� 1j2H ℄:Note that for Bi we have exat value for mb:mb = 4 � C �mam � b:Estimate (9) is based on maximum variane asymptoti (MVA) approximation of theover�ow probability P(Q > b) (for more details see [4℄).144



We note that in the ase of Bi basing on expliit results (3) for ontinuous timequeue we an obtain from (8) the following approximation for the loss probability:P`(b) � P`(0)e (�2�C�mam �b);(10)where P`(0) = 1mp2�am Z 1C (x� C)e (� (x�m)22am �dx:Beause Bi has independent inrements, it is possible to develop regenerative analysis ofthe workload proess Qb(t) in the system with Bi. But stritly speaking, it is impossibleto give orret onstrution of lassial regenerations for ontinuous time Brownianproess. This di�ulty is illustrated by formula (3) whih implies P(Q = 0) = 0.Hopefully, this problem an be overome in disrete-time (slotted) setting.For the Bi=D=1=n system we an onstrut regeneration points for the queue ontentproess. (More details an be found in [2℄.) Let �0 = 0 and�k+1 = minft > �k : Q(t� 1) = 0; Q(t) > 0; k � 1g; (11)where Q(t) is the queue ontent at the end of slot t.Now we denote by Lb(t) the total load lost in time interval [0; t℄. Denote by EL themean load lost per regenerative yle and let EA be the mean load arrived per regener-ative yle. Applying regenerative method, we obtain the following representation forthe steady-state loss probabilityP`(b) = limt!1 Lb(t)A(t) = ELEA:3. SIMULATION RESULTSNow we present some numerial results related to estimation of the loss probabilityfor a single-server system Bi=D=1=b with onstant servie rate C and �nite bu�er ofsize b.Figure 1 ompares the simulation results (based on the regenerative approah de-sribed above) for the �nite bu�er system Bi=D=1=b with the approximations (9) and(10). The following parameters are used: C = 1; m = 0:7; N = 106 (where N denotesthe number of simulated time slots), the reliability of the on�dene interval is 95%. Itis worth mentioning that for small bu�ers the analytial results are outside the on�-dene interval. Moreover, as expeted from theory, (9) and (10) give upper bounds, i.e. onservative results for dimensioning the system.
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ÈÑÑËÅÄÎÂÀÍÈÅ ÌÀ�ÊÎÂÑÊÎÉÄÈÍÀÌÈ×ÅÑÊÎÉ RQ-ÑÈÑÒÅÌÛÑ ÂÕÎÄßÙÈÌ ÌÌ�-ÏÎÒÎÊÎÌÇÀßÂÎÊÒ. Ëþáèíà�, À. ÍàçàðîâÒîìñêèé ãîñóäàðñòâåííûé óíèâåðñèòåòÒîìñê, �îññèÿ� lyubina_tv�mail.ruÂ êà÷åñòâå ìàòåìàòè÷åñêîé ìîäåëè ñåòè ñâÿçè ðàññìàòðèâàåòñÿ îäíîëèíåéíàÿñèñòåìà ìàññîâîãî îáñëóæèâàíèÿ ñ èñòî÷íèêîì ïîâòîðíûõ âûçîâîâ ñ âõîäÿùèììàðêîâñêèì ìîäóëèðîâàííûì ïîòîêîì çàÿâîê, óïðàâëÿåìàÿ äèíàìè÷åñêèì ïðîòî-êîëîì äîñòóïà. Ïðîâîäèòñÿ àíàëèç äàííîé ñèñòåìû è íàõîäèòñÿ äîïðåäåëüíîå ðàñ-ïðåäåëåíèå âåðîÿòíîñòåé p(i) ÷èñëà çàÿâîê â èñòî÷íèêå ïîâòîðíûõ âûçîâîâ. Îáíà-ðóæåíî ñâîéñòâî ñòàáèëèçàöèè ïîñëåäîâàòåëüíîñòè Æi = p(i + 1)=p(i), äëÿ àïïðîê-ñèìàöèè ðàñïðåäåëåíèÿ âåðîÿòíîñòåé, îáëàäàþùåãî òàêèì ñâîéñòâîì, ïðåäëîæåíîêâàçèãåîìåòðè÷åñêîå ðàñïðåäåëåíèå äå�åêòà 2.�àáîòà âûïîëíåíà â ðàìêàõ Àíàëèòè÷åñêîé âåäîìñòâåííîé öåëåâîé ïðîãðàììû��àçâèòèå íàó÷íîãî ïîòåíöèàëà âûñøåé øêîëû (2009-2010 ãîäû)�, ïðîåêò � 4761.Êëþ÷åâûå ñëîâà: äèíàìè÷åñêàÿ RQ-ñèñòåìà, äèíàìè÷åñêèé ïðîòîêîë äîñòóïà,ðàñïðåäåëåíèå âåðîÿòíîñòåé, êâàçèãåîìåòðè÷åñêîå ðàñïðåäåëåíèå.1. ÏÎÑÒÀÍÎÂÊÀ ÇÀÄÀ×ÈÂ äàííîé ðàáîòå äèíàìè÷åñêîé RQ-ñèñòåìîé  âõîäÿùèì ÌÌ�-ïîòîêîì çàÿâîêáóäåì íàçûâàòü îäíîëèíåéíóþ ñèñòåìó ìàññîâîãî îáñëóæèâàíèÿ (ÑÌÎ) ñ èñòî÷-íèêîì ïîâòîðíûõ âûçîâîâ (ÈÏÂ) [1℄ ñ âõîäÿùèì ìàðêîâñêèì ìîäóëèðîâàííûìïîòîêîì çàÿâîê, óïðàâëÿåìóþ äèíàìè÷åñêèì ïðîòîêîëîì äîñòóïà [2℄.Â îòëè÷èå îò êëàññè÷åñêèõ ìîäåëåé ñëó÷àéíûõ ïîòîêîâ (ïóàññîíîâñêîãî è ðå-êóððåíòíîãî) ìàòåìàòè÷åñêèå ìîäåëè ñïåöèàëüíûõ ïîòîêîâ (íàïðèìåð, ÌÌ�, ÌÀ�,ÂÌÀ�, SM) [3, 4, 5℄ áîëåå àäåêâàòíî ïðåäñòàâëÿþò òåëåêîììóíèêàöèîííûå ïîòîêèðåàëüíûõ äàííûõ.Ñëó÷àéíûé ïîòîê îäíîðîäíûõ ñîáûòèé áóäåì ïðåäñòàâëÿòü â âèäå ñëó÷àéíîãîïðîöåññà [6℄m(t) � ÷èñëà ñîáûòèé ïîòîêà, íàñòóïèâøèõ çà âðåìÿ t èëè íà èíòåðâàëåâðåìåíè [0; t).Ïóñòü çàäàíà ýðãîäè÷åñêàÿ öåïü Ìàðêîâà n(t), îïðåäåëÿåìàÿ ìàòðèöåé èí�èíè-òåçèìàëüíûõ õàðàêòåðèñòèê Q ñ ýëåìåíòàìè q�n, à òàêæå íàáîð íåîòðèöàòåëüíûõ÷èñåë �n > 0. 148



Ñëó÷àéíûé ïîòîê îäíîðîäíûõ ñîáûòèé áóäåì íàçûâàòü ìàðêîâñêèì ìîäóëèðî-âàííûì ïóàññîíîâñêèì ïîòîêîì (ÌÌ�-ïîòîêîì) [7℄, óïðàâëÿåìûì öåïüþ Ìàðêîâàn(t), åñëè âûïîëíåíû ñëåäóþùèå óñëîâèÿ:P fm(t+�t) = m+ 1jm(t) = m;n(t) = �g = ���t+ o(�t);P fm(t +�t) > m + 1jm(t) = m;n(t) = �g = o(�t):Ñîñòîÿíèÿìè ÌÌ�-ïîòîêà áóäåì íàçûâàòü ñîñòîÿíèÿ åãî óïðàâëÿþùåé öåïèÌàðêîâà n(t).Òàêèì îáðàçîì, íà âõîä ñèñòåìû ïîñòóïàåò MMP-ïîòîê çàÿâîê èç âíåøíåãî èñ-òî÷íèêà, îïðåäåëÿåìûé äèàãîíàëüíîé ìàòðèöåé � óñëîâíûõ èíòåíñèâíîñòåé �n èìàòðèöåé Q èí�èíèòåçèìàëüíûõ õàðàêòåðèñòèê q�n öåïè Ìàðêîâà n(t), óïðàâëÿ-þùåé ÌÌ�-ïîòîêîì. Çàÿâêà, çàñòàâøàÿ ïðèáîð ñâîáîäíûì, çàíèìàåò åãî äëÿ îá-ñëóæèâàíèÿ â òå÷åíèå ñëó÷àéíîãî âðåìåíè, ðàñïðåäåëåííîãî ïî ýêñïîíåíöèàëüíî-ìó çàêîíó ñ ïàðàìåòðîì �. Ïî çàâåðøåíèè îáñëóæèâàíèÿ çàÿâêà ïîêèäàåò ïðèáîð.Åñëè âî âðåìÿ îáñëóæèâàíèÿ íåêîòîðîé çàÿâêè ïîñòóïàåò äðóãàÿ, òî ïîñòóïèâøàÿçàÿâêà ïåðåõîäèò â ÈÏÂ. Èç ÈÏÂ ïîñëå ñëó÷àéíîé çàäåðæêè, çàÿâêà ñ äèíàìè-÷åñêîé (çàâèñÿùåé îò ñîñòîÿíèÿ ÈÏÂ) èíòåíñèâíîñòüþ �=i, âíîâü îáðàùàåòñÿ êïðèáîðó ñ ïîâòîðíîé ïîïûòêîé åãî çàõâàòà, i � ÷èñëî çàÿâîê â ÈÏÂ, òî åñòü âåðî-ÿòíîñòü îáðàùåíèÿ ê ïðèáîðó çà âðåìÿ �t äëÿ ëþáîé çàÿâêè èç ÈÏÂ ñîñòàâëÿåò�i�t+o(�t), åñëè â ÈÏÂ íàõîäèòñÿ i çàÿâîê. Åñëè ïðèáîð ñâîáîäåí, òî çàÿâêà ñòàíî-âèòñÿ íà îáñëóæèâàíèå, åñëè æå îí çàíÿò, òî âîçâðàùàåòñÿ â ÈÏÂ. Çàäà÷åé äàííîéðàáîòû ÿâëÿåòñÿ íàõîæäåíèå ðàñïðåäåëåíèÿ ÷èñëà çàÿâîê â èñòî÷íèêå ïîâòîðíûõâûçîâîâ. 2. ÈÑÑËÅÄÎÂÀÍÈÅ ÌÀ�ÊÎÂÑÊÎÉÄÈÍÀÌÈ×ÅÑÊÎÉ RQ-ÑÈÑÒÅÌÛ Ñ ÂÕÎÄßÙÈÌÌÌ�-ÏÎÒÎÊÎÌ ÇÀßÂÎÊÑîñòîÿíèå ñèñòåìû â ìîìåíò âðåìåíè t îïðåäåëÿåòñÿ òð¼õìåðíîé öåïüþ Ìàð-êîâà fk(t); n(t); i(t)g, ãäå i(t) � ÷èñëî çàÿâîê â ÈÏÂ, n(t) � çíà÷åíèÿ öåïè Ìàðêîâà,óïðàâëÿþùåé ÌÌ�-ïîòîêîì, à k(t) îïðåäåëÿåò ñîñòîÿíèå ïðèáîðà ñëåäóþùèì îá-ðàçîì: k = � 0; åñëè ïðèáîð ñâîáîäåí,1, åñëè ïðèáîð çàíÿò îáñëóæèâàíèåì.Îáîçíà÷èì P fk(t) = k; n(t) = n; i(t) = ig = P (k; n; i; t) � âåðîÿòíîñòü òîãî, ÷òîâ ìîìåíò âðåìåíè i ïðèáîð íàõîäèòñÿ â ñîñòîÿíèè k, öåïü Ìàðêîâà â ñîñòîÿíèè nè â ÈÏÂ i çàÿâîê.
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Òàêèì îáðàçîì, ðàñïðåäåëåíèå âåðîÿòíîñòåé P (k; n; i; t) óäîâëåòâîðÿåò ñëåäóþ-ùèì ðàâåíñòâàì8>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>:
P (0; n; 0; t+�t) = (1� �n�t)(1 + qnn�t)P (0; n; 0; t) + ��tP (1; n; 0; t)++ P� 6=n q�n�tP (0; �; 0; t) + o(�t);P (1; n; 0; t+�t) = (1� �n�t)(1� ��t)(1 + qnn�t)P (1; n; 0; t)++��tP (0; n; 1; t) + �n�tP (0; n; 0; t) + P� 6=n q�n�tP (1; �; 0; t) + o(�t);:::P (0; n; i; t+�t) = (1� �n�t)(1� ��t)(1 + qnn�t)P (0; n; i; t) + ��tP (1; n; i; t)++ P� 6=n q�n�tP (0; �; i; t) + o(�t);P (1; n; i; t+�t) = (1� �n�t)(1� ��t)(1 + qnn�t)P (1; n; i; t) + ��tP (0; n; i+ 1; t)++�n�tP (0; n; i; t) + �n�tP (1; n; i� 1; t) + P� 6=n q�n�tP (1; �; i; t) + o(�t);èç êîòîðûõ ñîñòàâèì ñèñòåìó äè��åðåíöèàëüíûõ óðàâíåíèé Êîëìîãîðîâà äëÿ ðàñ-ïðåäåëåíèÿ âåðîÿòíîñòåé P (k; n; i; t)8>><>>: �P (0;n;i;t)�t = �(�n + �)P (0; n; i; t) + �P (1; n; i; t) +P� P (0; �; i; t)q�n�P (1;n;i;t)�t = �(�n + �)P (1; i; t) + �P (0; n; i+ 1; t) + �nP (0; n; i; t)++�nP (0; n; i� 1; t) +P� P (1; �; i; t)q�n: (1)Áóäåì ïîëàãàòü, ÷òî ñèñòåìà �óíêöèîíèðóåò â ñòàöèîíàðíîì ðåæèìå, òî åñòüP (k; n; i; t) � P (k; n; i):Çàïèøåì ñèñòåìó (1) äëÿ ñòàöèîíàðíîãî ðàñïðåäåëåíèÿ:��nP (0; n; 0) + �P (1; n; 0) +X� P (0; �; 0)q�n = 0; i = 0;�(�n + �)P (1; n; 0) + �nP (0; n; 0) + �P (0; n; 1) +X� P (1; �; 0)q�n = 0; i = 0;� (�n + �)P (0; n; i) + �P (1; n; i) +X� P (0; �; i)q�n = 0; i � 1; (2)�(�n+�)P (1; n; i)+�nP (0; n; i)+�nP (1; n; i�1)+�P (0; n; i+1)+X� P (1; �; i)q�n = 0; i � 1:Äëÿ äàëüíåéøåãî èññëåäîâàíèÿ çàïèøåì ñèñòåìó (2) â ìàòðè÷íîì âèäå. Îáî-çíà÷èâ P (0; i) = fP (0; 1; i); P (0; 2; i); :::; P (0; N; i)g ;P (1; i) = fP (1; 1; i); P (1; 2; i); :::; P (1; N; i)g ;ïîëó÷èì P (0; 0)(Q� �) + P (1; 0)� = 0; i = 0;150



P (1; 0)(Q� �� �I) + P (0; 0)� + P (0; 1)� = 0; i = 0;P (0; i)(Q� �� �I) + P (1; i)� = 0; i � 1; (3)P (1; i)(Q� �� �I) + P (0; i)� + P (1; i� 1)� + P (0; i+ 1)� = 0; i � 1:×òîáû ðåøèòü ñèñòåìó (3), îïðåäåëèì âåêòîðíûå õàðàêòåðèñòè÷åñêèå �óíêöèèH(k; u) = 1Xi=0 ejuiP (k; i): (4)Èç ñèñòåìû (3), ñ ó÷åòîì ðàâåíñòâà (4), ïîëó÷àåì ñëåäóþùóþ ñèñòåìó äëÿ�óíêöèé H(k; u):� H(0; u)(Q� �� �I) +H(1; u)� = ��P (0; 0);H(0; u)(�eju + �I) +H(1; u)(Q+ �(eju � 1)� �I)eju = �P (0; 0): (5)Èç ñèñòåìû (5) ïîëó÷àåì âûðàæåíèÿ äëÿ H(0; u) è H(1; u):H(0; u) = P (0; 0)��I + ��eju �Q+ � �eju � 1�� �I��n�I(1� eju) +Qeju �� 1� (Q� �� �I) �Q + �(eju � 1)� eju��1 ; (6)H(1; u) = � 1� [�P (0; 0)I +H(0; u)(Q� �� �I)℄ :Ïåðåïèøåì óðàâíåíèå (6) ñ ó÷¼òîì çàìåí H(k; u) = G(k; eju) = G(k; x), eju = x:G(0; x) = P (0; 0)��I + ��x (Q+ � (x� 1)� �I)�n�I(1� x) +Qx�� 1� (Q� �� �I) (Q + �(x� 1)) x��1 (7)è îáîçíà÷èì ìàòðèöû A(x) = �I + ��x (Q + � (x� 1)� �I) ;B(x) = �I(1� x) +Qx� 1� (Q� �� �I) (Q + �(x� 1)) x;òîãäà ðàâåíñòâî (7) ïåðåïèøåòñÿ â ñëåäóþùåì âèäåG(0; x) = P (0; 0)A(x)B�1(x):Ïðîèçâîäÿùàÿ �óíêöèÿ G(0; x) îïðåäåëåíà äëÿ âñåõ çíà÷åíèé x 2 [0; 1℄, íîìàòðèöà B(x) âûðîæäåíà ïðè x = x�, ãäå x� � êîðíè óðàâíåíèÿjB(x)j = 0;151



ïðèíàäëåæàùèå ðàññìàòðèâàåìîìó èíòåðâàëó [0; 1℄.Îáðàòíóþ ìàòðèöó B�1(x) çàïèøåì â âèäåB�1(x) = 1jB(x)jDT (x);ãäå ýëåìåíòàìè D(x)n1n2 ìàòðèöû D(x) ÿâëÿþòñÿ àëãåáðàè÷åñêèå äîïîëíåíèÿ êýëåìåíòàì B(x)n1n2 ìàòðèöû B(x).Èç ðàâåíñòâà íóëþ îïðåäåëèòåëÿ jB(x�)j = 0 ñëåäóåò, ÷òî êîìïîíåíòû âåêòîðàP (0; 0) óäîâëåòâîðÿþò îäíîðîäíûì ñèñòåìàì ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèéP (0; 0)A(x�)BT (x�) = 0; 8 x� :Ýòà ñèñòåìà îïðåäåëÿåò çíà÷åíèÿ êîìïîíåíò âåêòîðà P (0; 0) ñ òî÷íîñòüþ äîìóëüòèïëèêàòèâíîé ïîñòîÿííîé, çíà÷åíèå êîòîðîé îïðåäåëÿåòñÿ óñëîâèåì íîðìè-ðîâêè.3. ÀÍÀËÈÇ �ÀÑÏ�ÅÄÅËÅÍÈß ÂÅ�ÎßÒÍÎÑÒÅÉ×ÈÑËÅÍÍÛÌ ÈÍÒÅ��È�ÎÂÀÍÈÅÌÂåêòîðíóþ õàðàêòåðèñòè÷åñêóþ �óíêöèþ H(u) äëÿ ðàñïðåäåëåíèÿ âåðîÿòíî-ñòåé P (i) = P (0; i) + P (1; i) ÷èñëà çàÿâîê â ÈÏÂ çàïèøåì â âèäåH(u) = H(0; u) +H(1; u) = H(0; u)�I � 1�(Q� �� �I)�� ��P (0; 0):Òîãäà ðàñïðåäåëåíèå âåðîÿòíîñòåé p(i) = P (i)E ÷èñëà çàÿâîê â èñòî÷íèêå ïî-âòîðíûõ âûçîâîâ îïðåäåëÿåòñÿ îáðàòíûì ïðåîáðàçîâàíèåì Ôóðüå îò ñêàëÿðíîéõàðàêòåðèñòè÷åñêîé �óíêöèè h(u) = Mejui(t) =Pi ejuip(i) = H(u)E:p(i) = 12� �Z�� e�juih(u)du: (8)Äëÿ çàäàííûõ çíà÷åíèé ïàðàìåòðîâ� = 1; � = 5è ìàòðèö Q = 0� �0; 6 0; 2 0; 40; 1 �0; 4 0; 30; 3 0; 2 �0; 5 1A ; � = 0� 0; 2 0 00 0; 5 00 0 1; 2 1A ;E = 0� 111 1A ; I = 0� 1 0 00 1 00 0 1 1A ;îïðåäåëÿþùèõ h(u), ÷èñëåííûì èíòåãðèðîâàíèåì (8) ïîëó÷èì ðàñïðåäåëåíèå âå-ðîÿòíîñòåé ÷èñëà çàÿâîê â ÈÏÂ p(i) (òàáë. 1).152



Òàáëèöà 1 �àñïðåäåëåíèå âåðîÿòíîñòåéð(i) ÷èñëà çàÿâîê â ÈÏÂ, i = 0, 1, 2,. . .i 0 1 2 3 4 5 6 7 8p(i) 0,2994 0,1027 0,0859 0,0728 0,0620 0,0528 0,0450 0,0384 0,0327Æi 0,3431 0,8358 0,8477 0,8511 0,8522 0,8526 0,8528 0,8528 0,8528i 9 10 11 12 13 14 15 16 . . .p(i) 0,0279 0,0238 0,0203 0,0173 0,0148 0,0126 0,0107 0,0092 . . .Æi 0,8528 0,8528 0,8528 0,8528 0,8528 0,8528 0,8528 0,8528 . . .Îñîáåííîñòü äàííîãî ðàñïðåäåëåíèÿ çàêëþ÷àåòñÿ â òîì, ÷òî ïîñëåäîâàòåëü-íîñòü îòíîøåíèÿ Æi = p(i+ 1)=p(i) äîñòàòî÷íî áûñòðî ñòàáèëèçèðóþòñÿ è ïðè i �4ïðèíèìàåò ïîñòîÿííîå çíà÷åíèå ñ òî÷íîñòüþ äî òð¼õ çíàêîâ ïîñëå çàïÿòîé.Àíàëîãè÷íûå ðåçóëüòàòû èìåþò ìåñòî è äëÿ äðóãèõ çíà÷åíèé ïàðàìåòðîâ �, �è ìàòðèö � è Q.Ïðèâåäåì ñëåäóþùåå îïðåäåëåíèå [8℄.Îïðåäåëåíèå. Êâàçèãåîìåòðè÷åñêèì ðàñïðåäåëåíèåì äå�åêòà n ñ ïàðàìåòðîì� áóäåì íàçûâàòü òàêîå ðàñïðåäåëåíèå âåðîÿòíîñòåé p(i), äëÿ êîòîðîãî ñóùåñòâóþò� è C, òàêèå ÷òî äëÿ i � n p(i) = C�i;à ïðè i = n� 1 p(i) 6= C�i:Äëÿ àïïðîêñèìàöèè ïîëó÷åííîãî â òàáë. 1 ðàñïðåäåëåíèÿ âåðîÿòíîñòåé p(i) ÷èñ-ëà çàÿâîê â ÈÏÂ öåëåñîîáðàçíî ïðåäëîæèòü òàê íàçûâàåìîå êâàçèãåîìåòðè÷åñêîåðàñïðåäåëåíèå p(i) äå�åêòà 2.4. ÇÀÊËÞ×ÅÍÈÅÒàêèì îáðàçîì, â äàííîé ñòàòüå ïðîâåäåíî èññëåäîâàíèå ìàðêîâñêîé äèíàìè÷å-ñêîé RQ-ñèñòåìû ñ âõîäÿùèì ÌÌ�-ïîòîêîì çàÿâîê, òî åñòü ïîëó÷åíî ðàñïðåäåëå-íèå âåðîÿòíîñòåé p(i) ÷èñëà i çàÿâîê â ÈÏÂ. Îáíàðóæåíî ñâîéñòâî ñòàáèëèçàöèèïîñëåäîâàòåëüíîñòè Æ(i) äëÿ íàéäåííîãî ðàñïðåäåëåíèÿ p(i). Äëÿ àïïðîêñèìàöèèðàñïðåäåëåíèÿ âåðîÿòíîñòåé, îáëàäàþùåãî òàêèì ñâîéñòâîì, ïðåäëîæåíî êâàçèãåî-ìåòðè÷åñêîå ðàñïðåäåëåíèå äå�åêòà 2. Óêàçàííàÿ àïïðîêñèìàöèÿ ÿâëÿåòñÿ äîñòà-òî÷íî ïîëåçíîé ïðè íàõîæäåíèè ðàñïðåäåëåíèÿ âåðîÿòíîñòåé ÷èñëà çàÿâîê â ÈÏÂïðèáëèæ¼ííûìè ìåòîäàìè, òàêèìè êàê ìåòîä èìèòàöèîííîãî ìîäåëèðîâàíèÿ, ìå-òîä àñèìïòîòè÷åñêîãî àíàëèçà, à òàêæå ÷èñëåííûìè ìåòîäàìè ðåøåíèÿ èñõîäíûõñèñòåì óðàâíåíèé Êîëìîãîðîâà äëÿ ðàñïðåäåëåíèÿ âåðîÿòíîñòåé â ìàðêîâñêèõ ìî-äåëÿõ. ËÈÒÅPÀÒÓPÀ1. Íàçàðîâ À. À., Òåðïóãîâ À. Ô. Òåîðèÿ ìàññîâîãî îáñëóæèâàíèÿ. Òîìñê: Èçä-âîÍÒË, 2004. 153



2. Ëþáèíà Ò. Â., Íàçàðîâ À. À. Èññëåäîâàíèå ìàðêîâñêîé äèíàìè÷åñêîé RQ-ñèñòåìû ñ êîí�ëèêòàìè çàÿâîê // Âåñòíèê Òîìñêîãî ãîñóäàðñòâåííîãî óíè-âåðñèòåòà. Óïðàâëåíèå, âû÷èñëèòåëüíàÿ òåõíèêà è èí�îðìàòèêà. 2010. �3(12). Ñ. 73�84.3. Cox D. R. The analysis of non-Markovian stohasti proesses // Pro. Cambr.Phil. So. 1955. V. 51. P. 433�441.4. Neuts M. F. A versatile Markovian arrival proess // Journal of Appl. Prob. 1979.V. 16. P. 764�779.5. Ëîïóõîâà Ñ. Â. Àñèìïòîòè÷åñêèå è ÷èñëåííûå ìåòîäû èññëåäîâàíèÿ ñïåöè-àëüíûõ ïîòîêîâ îäíîðîäíûõ ñîáûòèé: äèñ. ... êàíä. �èç.-ìàò. íàóê: 05.13.18;Òîìñêèé ãîñ. óí-ò. Òîìñê; 2008.6. Íàçàðîâ À. À., Òåðïóãîâ À. Ô. Òåîðèÿ âåðîÿòíîñòåé è ñëó÷àéíûõ ïðîöåññîâ.Òîìñê: Èçä-âî ÍÒË, 2006.7. �íåäåíêî Á. Â., Êîâàëåíêî È. Í. Ââåäåíèå â òåîðèþ ìàññîâîãî îáñëóæèâàíèÿ.4-å èçä. Ì.: Èçä-âî ËÊÈ, 2007.8. Ëþáèíà Ò. Â., Íàçàðîâ À. À. Àïïðîêñèìàöèÿ äîïðåäåëüíîãî ðàñïðåäåëåíèÿâ äèíàìè÷åñêîé RQ-ñèñòåìå ñ êîí�ëèêòàìè çàÿâîê // Íîâûå èí�îðìàöèîí-íûå òåõíîëîãèè â èññëåäîâàíèè ñëîæíûõ ñòðóêòóð: òåçèñû äîêëàäîâ Âîñüìîé�îññèéñêîé êîí�åðåíöèè ñ ìåæäóíàðîäíûì ó÷àñòèåì. Òîìñê: Èçä-âî ÍÒË,2010. Ñ. 38.
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Î Ï�ÎÏÓÑÊÍÎÉ ÑÏÎÑÎÁÍÎÑÒÈÇÂÅÇÄÎÎÁ�ÀÇÍÎ�Î Ô�À�ÌÅÍÒÀÑÅÒÈÏ. Ìèõååâ, Ñ. ÑóùåíêîÒîìñêèé �îñóäàðñòâåííûé ÓíèâåðñèòåòÒîìñê,�îññèÿssp�inf.tsu.ruÏðåäëîæåíà ìîäåëü òðàíçèòíîãî óçëà ñåòè ïåðåäà÷è äàííûõ, ðàñïðåäåëÿþùåãîâõîäÿùèé ïîòîê ïî íåñêîëüêèì èñõîäÿùèì êàíàëàì. Èññëåäóåòñÿ âëèÿíèå êà÷åñòâàêàíàëîâ ñâÿçè, ðàçëè÷íûõ ñòðàòåãèé ðàçäåëåíèÿ îãðàíè÷åííîé áó�åðíîé ïàìÿòèòðàíçèòíîãî óçëà ìåæäó î÷åðåäÿìè ê âûõîäíûì êàíàëàì ñâÿçè è ðàñïðåäåëåíèÿäîëåé âõîäÿùåãî òðà�èêà ïî èñõîäÿùèì íàïðàâëåíèÿì íà ïðîïóñêíóþ ñïîñîáíîñòüñåòåâîãî �ðàãìåíòà.Êëþ÷åâûå ñëîâà: çâåçäîîáðàçíûé ñåòåâîé �ðàãìåíò, áëîêèðîâêè ïàìÿòè, Ìàð-êîâñêàÿ öåïü, ñòðàòåãèè ðàñïðåäåëåíèÿ áó�åðíîé ïàìÿòè, ðàñùåïëåíèå òðà�èêà.1. ÂÂÅÄÅÍÈÅÂ çàäà÷àõ àíàëèçà è ïðîåêòèðîâàíèÿ êîìïüþòåðíûõ ñåòåé âàæíåéøèì îáúåê-òîì èññëåäîâàíèÿ ÿâëÿåòñÿ çâåçäîîáðàçíûé ñåòåâîé �ðàãìåíò. Âñåñòîðîííèé àíà-ëèç çâåçäîîáðàçíîãî òîïîëîãè÷åñêîãî îáðàçîâàíèÿ íåîáõîäèì ïðè ðåøåíèè çàäà÷âûáîðà ïðîïóñêíûõ ñïîñîáíîñòåé, ðàñïðåäåëåíèÿ ïîòîêîâ, ðåàëèçàöèè àëãîðèòìîâìàðøðóòèçàöèè, ðàçðàáîòêå ìåòîäîâ óïðàâëåíèÿ èí�îðìàöèîííûìè ïîòîêàìè èðåñóðñàìè áó�åðíîé ïàìÿòè òðàíçèòíûõ óçëîâ ïåðåäà÷è äàííûõ. Ìàòåìàòè÷åñêèåìîäåëè òàêîé ñòðóêòóðíîé êîí�èãóðàöèè ïîçâîëÿþò èçó÷àòü ïðîïóñêíóþ ñïîñîá-íîñòü âõîäÿùèõ è èñõîäÿùèõ êàíàëîâ ñâÿçè öåíòðàëüíîãî óçëà êîììóòàöèè ñ îãðà-íè÷åííîé ïàìÿòüþ, ïðîâîäèòü ðàñ÷åò åìêîñòè è îïòèìèçàöèþ ñòðóêòóðû åãî áó-�åðíîãî íàêîïèòåëÿ (ñõåìû èñïîëüçîâàíèÿ êîíå÷íîé áó�åðíîé ïàìÿòè äëÿ õðàíå-íèÿ î÷åðåäåé ïàêåòîâ ê âûõîäíûì êàíàëàì ñâÿçè) [1, 2℄. Êðîìå òîãî, çäåñü âîçìî-æåí àíàëèç ðàçëè÷íûõ ñõåì ëîêàëüíîãî óïðàâëåíèÿ òðàíçèòíûìè ïîòîêàìè. Îä-íèì èç îñíîâíûõ �àêòîðîâ, îïðåäåëÿþùèõ îïåðàöèîííûå õàðàêòåðèñòèêè ñåòåâûõñòðóêòóð, ÿâëÿþòñÿ áëîêèðîâêè îãðàíè÷åííîé áó�åðíîé ïàìÿòè óçëîâ êîììóòà-öèè (íà âòîðîì óðîâíå ñåòåâîé àðõèòåêòóðû) è óçëîâ ìàðøðóòèçàöèè (íà òðåòüåìóðîâíå). Îñíîâíàÿ çàäà÷à èññëåäîâàíèÿ çâåçäîîáðàçíîé êîí�èãóðàöèè ñîñòîèò ââûáîðå íàèëó÷øåé â ñìûñëå íåêîòîðîãî êðèòåðèÿ (îáû÷íî âåðîÿòíîñòè áëîêèðîâ-êè èëè ïðîïóñêíîé ñïîñîáíîñòè äàííîãî ñòðóêòóðíîãî îáðàçîâàíèÿ) ñõåìû ðàñ-ïðåäåëåíèÿ îãðàíè÷åííîé áó�åðíîé ïàìÿòè öåíòðàëüíîãî óçëà ìåæäó î÷åðåäÿ-ìè ïàêåòîâ ê âûõîäíûì êàíàëàì ñâÿçè [2℄. Ïðîñòåéøåé ñõåìîé ÿâëÿåòñÿ ïîëíîå155



ðàçäåëåíèå áó�åðíîé ïàìÿòè ìåæäó êàíàëàìè ñâÿçè (�èêñèðîâàííîå ðàçáèåíèå).Ñîãëàñíî ýòîé ñõåìå êàæäîìó âûõîäíîìó íàïðàâëåíèþ ïðåäîñòàâëÿåòñÿ îòäåëü-íûé áó�åðíûé ïóë. Ïðè÷åì, ñóììà ðàçìåðîâ èíäèâèäóàëüíûõ ïóëîâ ðàâíà îáùå-ìó îáúåìó áó�åðíîé ïàìÿòè óçëà êîììóòàöèè. Ïðîòèâîïîëîæíàÿ äàííîé ñõåìå �ïîëíîäîñòóïíàÿ ñòðàòåãèÿ, â ñîîòâåòñòâèè ñ êîòîðîé î÷åðåäü ê êàæäîìó èç êà-íàëîâ ñâÿçè ìîæåò çàíèìàòü âñþ èìåþùóþñÿ áó�åðíóþ ïàìÿòü (ðàâíîäîñòóïíàÿñòðàòåãèÿ). Ñóùåñòâóåò ðÿä ïðîìåæóòî÷íûõ ñòðàòåãèé ðàçäåëåíèÿ ïàìÿòè, íàè-áîëåå îáùåé ñðåäè êîòîðûõ ÿâëÿåòñÿ íåïîëíîäîñòóïíàÿ ñõåìà ñ èíäèâèäóàëüíûìèïîòîëêàìè [2℄. Â äàííîé ñõåìå êàæäîìó êàíàëó ñâÿçè âûäåëåíî îïðåäåëåííîå êî-ëè÷åñòâî èíäèâèäóàëüíûõ áó�åðîâ. Êðîìå òîãî, èìååòñÿ ïóë áó�åðîâ îáùèõ äëÿâñåõ êàíàëîâ, íåêîòîðóþ ÷àñòü êîòîðûõ (èíäèâèäóàëüíóþ äëÿ êàæäîãî êàíàëà)ìîæåò çàíèìàòü î÷åðåäü ê êîíêðåòíîìó âûõîäíîìó íàïðàâëåíèþ. Îñíîâíûì èí-ñòðóìåíòîì ìîäåëèðîâàíèÿ çâåçäîîáðàçíîé êîí�èãóðàöèè ÿâëÿþòñÿ ñèñòåìû ìàñ-ñîâîãî îáñëóæèâàíèÿ ñ îãðàíè÷åííûì íàêîïèòåëåì, ïîçâîëÿþùèå àíàëèçèðîâàòüâëèÿíèå íà �óíêöèîíèðîâàíèå ýëåìåíòîâ òîïîëîãè÷åñêîé ñòðóêòóðû áëèæàéøåãîñåòåâîãî îêðóæåíèÿ.2. ÌÎÄÅËÜ �ÀÑÙÅÏËÅÍÈß ÑÅÒÅÂÎ�Î Ò�ÀÔÈÊÀ�àññìîòðèì çâåçäîîáðàçíûé �ðàãìåíò ñåòè, âêëþ÷àþùèé M + 1 çâåíî ïåðå-äà÷è äàííûõ, â êîòîðîì â öåíòðàëüíûé òðàíçèòíûé óçåë ïî îäíîìó âõîäÿùåìóêàíàëó ñâÿçè ïîñòóïàåò èí�îðìàöèîííûé ïîòîê è ðàñïðåäåëÿåòñÿ ïî M èñõîäÿ-ùèì êàíàëàì ñâÿçè. Ïðåäïîëîæèì, ÷òî â óçëå-îòïðàâèòåëå âõîäÿùåãî êàíàëà âñå-ãäà èìåþòñÿ ïàêåòû äëÿ ïåðåäà÷è â öåíòðàëüíûé òðàíçèòíûé óçåë. Ïóñòü îáìåíâ êàæäîì çâåíå âûïîëíÿåòñÿ ïîëíûìè êàäðàìè è îðãàíèçîâàí â ñîîòâåòñòâèè ñîñòàðòñòîïíûì ïðîòîêîëîì [2℄, ñîãëàñíî êîòîðîìó êàäð ñ÷èòàåòñÿ ïðèíÿòûì óçëîì-ïðèåìíèêîì, åñëè â íåì íå îáíàðóæåíû îøèáêè. Ïðè èñêàæåíèè èí�îðìàöèîííîãîêàäðà èëè êâèòàíöèè, ïîäòâåðæäàþùåé ïðàâèëüíîñòü ïðèåìà êàäðà ïîëó÷àòåëåì,ïðîèñõîäèò ïîâòîðíàÿ ïåðåäà÷à. Ïðåäïîëîæèì, ÷òî âõîäíîìó êàíàëó ñâÿçè âûäå-ëåí ñïåöèàëüíûé áó�åð äëÿ ïðèåìà êàäðà è àíàëèçà åãî íà íàëè÷èå îøèáîê. Âñëó÷àå êîððåêòíîãî ïðèåìà êàäðà, ñîäåðæàùèéñÿ â íåì ïàêåò ïåðåïèñûâàåòñÿ âñâîáîäíûé áó�åð áó�åðíîãî ïóëà âûõîäíîãî êàíàëà ñâÿçè èëè (÷òî ýêâèâàëåíò-íî) çàíèìàåò äàííûé áó�åð, à â êà÷åñòâå ñïåöèàëüíîãî âûäåëÿåòñÿ äðóãîé èç òîãîæå áó�åðíîãî ïóëà. Ïðè îòñóòñòâèè ñâîáîäíûõ áó�åðîâ â ïóëå âûõîäíîãî êàíàëàñâÿçè êàäð, òàê æå, êàê è ïðè èñêàæåíèè, ïåðåäàåòñÿ ïîâòîðíî. Òàêàÿ òåõíèêà ãà-ðàíòèðîâàííîãî îáåñïå÷åíèÿ êàæäîãî âõîäíîãî íàïðàâëåíèÿ áó�åðîì äëÿ ïðèåìàêàäðà øèðîêî èñïîëüçóåòñÿ äëÿ ïðåäóïðåæäåíèÿ ¾ïðÿìûõ¿ áëîêèðîâîê ïóòè [2℄.Ïîëàãàåì, ÷òî âñå êàíàëû ñâÿçè èìåþò îäèíàêîâûå �èçè÷åñêèå ñêîðîñòè ïåðåäà÷èäàííûõ, à óçëû-îòïðàâèòåëè è óçëû-ïîëó÷àòåëè � îäèíàêîâîå âðåìÿ îáðàáîòêèêàäðîâ ïðè ïðèåìå è îòïðàâêå. Òîãäà âðåìÿ ïîëíîãî öèêëà ïåðåäà÷è êàäðà t áó-äåò îäèíàêîâûì äëÿ âñåõ çâåíüåâ ðàññìàòðèâàåìîãî �ðàãìåíòà. Áóäåì ñ÷èòàòü,êðîìå òîãî, ÷òî êàäð, ïîñòóïèâøèé â òðàíçèòíûé óçåë â òåêóùåì öèêëå t, íà÷íåòïåðåäàâàòüñÿ ïî âûõîäíîìó êàíàëó òîëüêî â ñëåäóþùåì öèêëå. Ïîëàãàåì òàêæå,156



÷òî áåçîøèáî÷íàÿ ïåðåäà÷à êàäðà äàííûõ âî âõîäÿùåì êàíàëå îïðåäåëÿåòñÿ âå-ðîÿòíîñòüþ F , à â èñõîäÿùèõ êàíàëàõ � âåðîÿòíîñòÿìè Fm, m = 1;M . Ñ÷èòàåìòàêæå, ÷òî âåñü âõîäÿùèé â òðàíçèòíûé óçåë ïîòîê êàäðîâ îäíîãî êàíàëà ðàñïðå-äåëÿåòñÿ â m-é âûõîäíîé êàíàë ñ âåðîÿòíîñòüþ Bm, PMm=1Bm = 1. Âåëè÷èíû Bmîïðåäåëÿþò ñòðóêòóðó ðàñùåïëåíèÿ òðà�èêà è èõ ìîæíî èíòåðïðåòèðîâàòü êàêäîëè âõîäÿùåãî ïîòîêà, íàïðàâëÿåìûå â m-é âûõîäíîé êàíàë. Íåòðóäíî âèäåòü,÷òî âðåìÿ áåçîøèáî÷íîé ïåðåäà÷è êàäðà ïî êàæäîìó ìåæóçëîâîìó ñîåäèíåíèþÿâëÿåòñÿ ñëó÷àéíîé âåëè÷èíîé, êðàòíîé t. Åñëè óñëîâèÿ ïåðâîé è ïîâòîðíûõ ïå-ðåäà÷ îäèíàêîâû, ÷òî, êàê ïðàâèëî, âûïîëíÿåòñÿ â ñåòÿõ ïàêåòíîé êîììóòàöèè, òîäàííàÿ âåëè÷èíà èìååò ãåîìåòðè÷åñêèé çàêîí ðàñïðåäåëåíèÿ ñ ïàðàìåòðîì F âîâõîäÿùåì êàíàëå è Fm, m = 1;M � â èñõîäÿùèõ êàíàëàõ ñâÿçè. Áóäåì ñ÷èòàòüòàêæå, ÷òî äëÿ õðàíåíèÿ ïàêåòîâ â âûõîäíûõ î÷åðåäÿõ â òðàíçèòíîì óçëå âûäå-ëåí ïóë ñîâìåñòíî èñïîëüçóåìîé áó�åðíîé ïàìÿòè îáúåìà K. �àçìåð î÷åðåäè qm êêàæäîìó âûõîäíîìó êàíàëó m îãðàíè÷åí ïðåäåëüíîé âåëè÷èíîé Nm � K, îïðåäå-ëÿåìîé ñòðàòåãèåé ðàñïðåäåëåíèÿ áó�åðíîé ïàìÿòè ìåæäó âûõîäíûìè êàíàëàìè.Äëÿ êàæäîãî âõîäÿùåãî ïàêåòà, íàïðàâëÿåìîãî â êîíêðåòíûé èñõîäÿùèé êàíàë,âûäåëÿåòñÿ áó�åð ïðè óñëîâèè, ÷òî âûõîäíàÿ î÷åðåäü qm äàííîãî íàïðàâëåíèÿ íåïðåâûøàåò ìàêñèìàëüíîãî ðàçìåðà qm < Nm è, êðîìå òîãî, äëÿ î÷åðåäåé ê âû-õîäíûì êàíàëàì ñâÿçè âûïîëíÿåòñÿ îãðàíè÷åíèå PMm=1qm < K, ñîîòâåòñòâóþùååòîìó, ÷òî ïóë ñâîáîäíûõ áó�åðîâ äëÿ õðàíåíèÿ ïàêåòîâ äàííûõ íå ïóñò. Î÷åâèäíî,÷òî â êàæäîì êîíêðåòíîì ñëó÷àå ðàñïðåäåëåíèÿ ïóëà áó�åðîâ ìåæäó âûõîäíûìèíàïðàâëåíèÿìè ðàçìåð î÷åðåäè ê m-ìó êàíàëó qm íå ïðåâûøàåò âåëè÷èíû Qm,óäîâëåòâîðÿþùåé óñëîâèÿì: Qm � Nm è PMm=1Qm = K. Â îáùåì ñëó÷àå ðàçëè÷à-þò òðè ñòðàòåãèè ðàñïðåäåëåíèÿ áó�åðíîé ïàìÿòè ìåæäó âûõîäíûìè êàíàëàìèñâÿçè � ðàâíîäîñòóïíóþ Nm = K, �èêñèðîâàííîå ðàçáèåíèå Nm = K=M (äëÿ îä-íîðîäíûõ âûõîäíûõ êàíàëîâ ñâÿçè), ïðîìåæóòî÷íóþ ïîëèòèêó K=M < Nm < K,PMm=1Qm = K. Îñíîâíîé âîïðîñ, êîòîðûé ïðèõîäèòñÿ ðåøàòü àðõèòåêòîðàì êîì-ìóíèêàöèîííûõ ñèñòåì è ñåòåé, ñîñòîèò â òîì êàê ðàñïðåäåëèòü ñîâìåñòíî èñïîëü-çóåìîå áó�åðíîå ïðîñòðàíñòâî äëÿ õðàíåíèÿ î÷åðåäåé òðàíçèòíûõ ïàêåòîâ äàííûõìåæäó âûõîäíûìè êàíàëàìè ñâÿçè. Ïîâåäåíèå ðàññìàòðèâàåìîãî ñåòåâîãî �ðàã-ìåíòà ïðåäñòàâèìî â âèäå Ìàðêîâñêîé ñèñòåìû ìàññîâîãî îáñëóæèâàíèÿ (ÑÌÎ) ñäèñêðåòíûì âðåìåíåì, êîíå÷íûì íàêîïèòåëåì è M îáñëóæèâàþùèìè ïðèáîðàìè[3℄. Âõîäÿùèé ïîòîê îïðåäåëÿåòñÿ êà÷åñòâîì âõîäÿùåãî êàíàëà F , à âðåìÿ îá-ñëóæèâàíèÿ íà êàæäîì ïðèáîðå ÑÌÎ � êà÷åñòâîì m-ãî èñõîäÿùåãî êàíàëà Fm.�àñïðåäåëåíèå ïîñòóïàþùèõ çàÿâîê ÑÌÎ ïî M îáñëóæèâàþùèì ïðèáîðàì çàäà-åòñÿ âåðîÿòíîñòÿìè Bm, m = 1;M . Äèíàìèêà î÷åðåäåé ê âûõîäíûì êàíàëàì ñâÿçèäàííîé ÑÌÎ â ñòàöèîíàðíûõ óñëîâèÿõ îïèñûâàåòñÿ öåïüþ Ìàðêîâà â M -ìåðíîìïðîñòðàíñòâå. Ìíîæåñòâî âîçìîæíûõ ñîñòîÿíèé öåïè Ìàðêîâà ïî êàæäîìó èçìå-ðåíèþ îïðåäåëÿåòñÿ ïîëèòèêîé ðàñïðåäåëåíèÿ áó�åðíîé ïàìÿòè ìåæäó èñõîäÿùè-ìè êàíàëàìè è íå ïðåâûøàåò âåëè÷èíû Nm + 1. Äëÿ äèñêðåòíîé öåïè Ìàðêîâà ñêîíå÷íûì ÷èñëîì ñîñòîÿíèé, îïèñûâàþùåé ðàññìàòðèâàåìóþ ÑÌÎ â óñòàíîâèâ-øåìñÿ ðåæèìå, îïðåäåëèì ñ ó÷åòîì ââåäåííûõ ïðåäïîëîæåíèé ïåðåõîäíûå âåðî-ÿòíîñòè �JI èç ñîñòîÿíèÿ I â ñîñòîÿíèå J , ãäå I = i1; i2 : : : iM ; J = j1; j2 : : : jM ;157



im = 0; Nm; jm = 0; Nm; m = 1;M � M -ðàçðÿäíûå íîìåðà ñîîòâåòñòâåííî èñõîä-íîãî è èçìåíåííîãî ñîñòîÿíèé ñ îáëàñòüþ çíà÷åíèé êàæäîãî ðàçðÿäà îò 0 äî Nm.Îáîçíà÷èì ÷åðåç Pi1;i2:::iM , im = 0; Qm, m = 1;M âåðîÿòíîñòè ñîñòîÿíèé M -ìåðíîéöåïè Ìàðêîâà. Âàæíåéøåé õàðàêòåðèñòèêîé ÑÌÎ îãðàíè÷åííîé åìêîñòè ÿâëÿåòñÿïðîïóñêíàÿ ñïîñîáíîñòü. Â ðàññìàòðèâàåìîì ñëó÷àå ýòîò ïîêàçàòåëü èíòåðïðåòè-ðóåòñÿ êàê ïðîïóñêíàÿ ñïîñîáíîñòü âõîäÿùåãî çâåíà ïåðåäà÷è äàííûõ, íîðìèðî-âàííîå çíà÷åíèå êîòîðîãî îïðåäåëÿåòñÿ âåëè÷èíîé ïðîïóùåííîãî (îáñëóæåííîãî)ïîòîêà: Z(F; F1 : : : FM ; B1 : : : BM) = MXm=1Fm Q1Xi1=0 � � � QmXim=1 Qm+1Xim+1=0� � � QMXiM=0Pi1;i2:::iM : (1)3. �ÀÂÍÎÄÎÑÒÓÏÍÀß ÑÒ�ÀÒÅ�Èß �ÀÇÄÅËÅÍÈßÏÀÌßÒÈÍàéäåì �óíêöèîíàëüíóþ çàâèñèìîñòü âåðîÿòíîñòåé ñîñòîÿíèé ÑÌÎ â ñòàöèî-íàðíûõ óñëîâèÿõ è èíäåêñîâ ïðîèçâîäèòåëüíîñòè îò ïàðàìåòðîâ ðàññìàòðèâàåìîãî�ðàãìåíòà ñåòè. Íà÷íåì ðàññìîòðåíèå ñ ïðîñòåéøåãî ñëó÷àÿ, êîãäà ìåæäó M âû-õîäíûìè êàíàëàìè ðàçäåëÿåòñÿ åäèíñòâåííûé áó�åð òðàíçèòíîãî óçëà (K = 1).Äëÿ �èíàëüíûõ âåðîÿòíîñòåé öåïè [3℄ ïîëó÷àåì ñëåäóþùèå ñîîòíîøåíèÿ:
PIm = 8>>>>><>>>>>:

QMj=1 Fj(1� F )QMj=1 Fj(1� F ) + FPMk=1 �BkQMj=1;j 6=kFj� ; m = 0;QMj=1;j 6=mFjFBmQMj=1 Fj(1� F ) + FPMk=1 �BkQMj=1;j 6=kFj� ; m = 1;M:Îòñþäà äëÿ íîðìèðîâàííîé ïðîïóñêíîé ñïîñîáíîñòè (1) íàõîäèì:Z(F;F1: : :FM ;B1: : :BM)= MXm=1FmPIm= F MQm=1Fm(1�F ) MQm=1Fm(1�F )+F MPm=1 Bm MQn=1;n6=mFn! :Èç äàííîãî ñîîòíîøåíèÿ î÷åâèäíî, ÷òî ïðè àáñîëþòíî íàäåæíûõ êàíàëàõ âñåõèñõîäÿùèõ çâåíüåâ çâåçäîîáðàçíîãî ñåòåâîãî �ðàãìåíòà �Fm = 1; m = 1;M� ïðî-ïóùåííûé ïîòîê îïðåäåëÿåòñÿ äîñòîâåðíîñòüþ ïåðåäà÷è äàííûõ âî âõîäÿùåì êà-íàëå ñâÿçè: Z(F; 1 : : : 1; B1 : : : BM) = F . Äëÿ ñòàòèñòè÷åñêè îäíîðîäíûõ êàíàëîâñâÿçè âñåãî ñåòåâîãî �ðàãìåíòà (Fm = F; m = 1;M) âûðàæåíèå äëÿ ïðîïóñêíîéñïîñîáíîñòè çâåíà ïåðåäà÷è äàííûõ èíâàðèàíòíî ê êîëè÷åñòâó âûõîäíûõ çâåíüåâïåðåäà÷è äàííûõ è ðàñïðåäåëåíèþ ïî íèì èñõîäÿùåãî òðà�èêà:Z(F; F : : : F; B1 : : : BM) = F2� F :158



Â ñëó÷àå, êîãäà âñå èñõîäÿùèå êàíàëû èìåþò îäèíàêîâûé óðîâåíü äîñòîâåðíîñòèïåðåäà÷è äàííûõ �Fm = F�; m = 1;M; F� 6= F � ïðîïóùåííûé ïîòîê èíâàðèàíòåíê òîìó, êàê ðàñùåïëÿåòñÿ ñåòåâîé òðà�èê â òðàíçèòíîì óçëå.Ïðîäîëæèì ðàññìîòðåíèå ïðåäëîæåííîé ìîäåëè ñåòåâîãî �ðàãìåíòà ïðè K =2,M = 2 è ðàâíîäîñòóïíîé ïîëèòèêå ðàñïðåäåëåíèÿ áó�åðíîé ïàìÿòè òðàíçèòíîãîóçëà (Nm = 2). Äëÿ ñòàòèñòè÷åñêè îäíîðîäíîãî ñåòåâîãî �ðàãìåíòà (F = F1 = F2)ïðîïóñêíàÿ ñïîñîáíîñòü âõîäÿùåãî çâåíà ïåðåäà÷è äàííûõ îñòàåòñÿ çàâèñèìîé îòñòðóêòóðû ðàñùåïëåíèÿ òðà�èêà (Bm, m = 1; 2). Ïðè ýòîì ðàâíîìåðíîå ðàñùåï-ëåíèå òðà�èêà B1 = B2 = 1=2 îáåñïå÷èâàåò ìàêñèìàëüíûé ïðîïóùåííûé ïîòîê.4. ÑÒ�ÀÒÅ�Èß ÔÈÊÑÈ�ÎÂÀÍÍÎ�Î �ÀÇÁÈÅÍÈßÏÀÌßÒÈ�àññìîòðèì ìîäåëü ñåòåâîãî �ðàãìåíòà ñ M = 2 âûõîäíûìè êàíàëàìè è ïî-ëèòèêå �èêñèðîâàííîãî ðàçáèåíèÿ áó�åðíîé ïàìÿòè ðàâíîé K = 2 ìåæäó âûõîä-íûìè èíòåð�åéñàìè òðàíçèòíîãî óçëà, ò. å. Nm = 1. Ïåðåõîäíûå âåðîÿòíîñòè äëÿýòîãî ñëó÷àÿ ïðèâåäåíû â òàáëèöå.�j1j2i1i2 i1 i2 j1 j21� F 0 0 0 0F1(1� F ) 1 0 0 0F2(1� F ) 0 1 0 0F1F2(1� F ) 1 1 0 0FB1 0 0 1 0(1� F1)(1� F + FB1) + F1FB1 1 0 1 0F2FB1 0 1 1 0F2(1� F1)(1� F + FB1) + F2F1FB1 1 1 1 0FB2 0 0 0 1F1FB2 1 0 0 1(1� F2)(1� F + FB2) + F2FB2 0 1 0 1F1(1� F2)(1� F + FB2) + F1F2FB2 1 1 0 1(1� F1)FB2 1 0 1 1(1� F2)FB1 0 1 1 1(1� F1)(1� F2) + F1(1� F2)FB1 + F2(1� F1)FB2 1 1 1 1Ïðîïóñêíàÿ ñïîñîáíîñòü ïðè F1 = F2 = F� èìååò âèä:Z(F; F�; F�; B1) = FF��F� � (1� F )(1� F�)(2� F�) + 2�(1� F�)��F�(1� F )(1� F�)(2� F�)(1� 2FB1 + 2FB21)�Æ�FF� + F 3B1(1� B1)(1� F�)2++F 2� (1� F )� �F 2� (1� F )(1� F�)2 � FF�(1� F )(1� F�)2(1� 2FB1 + 2FB21)�:Ïðè îäèíàêîâîì êà÷åñòâå âñåõ êàíàëîâ ñâÿçè �ðàãìåíòà (F = F1 = F2) ïîëó÷àåìñëåäóþùóþ çàâèñèìîñòü äëÿ ïðîïóñêíîé ñïîñîáíîñòè âõîäÿùåãî çâåíà ïåðåäà÷è159



äàííûõ:Z(F; F; F;B1) = F �3F (1 + 2B1� 2B21)� 3F 2(1 + 4B1 � 4B21) +F 3(1 + 8B1� 8B21)��2F 4(B1 � B21)�Æ�6 + 3B1 � 3B21 � 9F (1 +B1 �B21)++5F 2(1 + 2B1 � 2B21)� F 3(1 + 5B1 � 5B21) + F 4(B1 � B21)�:Äëÿ äåòåðìèíèðîâàííîãî âõîäíîãî êàíàëà (F = 1) èìååì:Z(1; F1; F2; B1) = F1F2 +B1(1� B1)(F1 + F2 � 2F1F2F1(1�B1) + F2B1 +B1(1�B1)(1� F1)(1� F2) :Îòñþäà íåòðóäíî âèäåòü, ÷òî ðàñùåïëåíèå B1 = F1(1�F2)F1(1�F2)+F2(1�F1) äàåò ìàêñèìàëü-íîå çíà÷åíèå ïðîïóñêíîé ñïîñîáíîñòè ñåòåâîãî �ðàãìåíòà. Èññëåäîâàíèå èíäåêñàïðîïóñêíîé ñïîñîáíîñòè â ñëó÷àå ïðîèçâîëüíûõ çíà÷åíèé F è Fm ñâèäåòåëüñòâóåòî òîì, ÷òî óêàçàííîå ñîîòíîøåíèå äëÿ B1 òàêæå îáåñïå÷èâàåò ìàêñèìóì îïåðàöè-îííîé õàðàêòåðèñòèêè.5. ÀÍÀËÈÇ ÑÒ�ÀÒÅ�ÈÉ �ÀÑÏ�ÅÄÅËÅÍÈß ÏÀÌßÒÈ×èñëåííûé àíàëèç ïîêàçûâàåò, ÷òî äëÿ îäíîðîäíûõ èñõîäÿùèõ êàíàëîâ ïðèðàâíîìåðíîì ðàñïðåäåëåíèè òðà�èêà ìåæäóM èñõîäÿùèìè íàïðàâëåíèÿìè (Bm =1=M); m = 1;M ñòðàòåãèÿ �èêñèðîâàííîãî ðàçáèåíèÿ îáåñïå÷èâàåò á�îëüøèå çíà-÷åíèÿ ïðîïóñêíîé ñïîñîáíîñòè �ðàãìåíòà ïî ñðàâíåíèþ ñ ðàâíîäîñòóïíîé ñòðàòå-ãèåé â ñëó÷àå Fm = F� < F=M , à ïðè Fm = F� > F=M � èìååò ìåñòî îáðàòíàÿêàðòèíà. Èç ñðàâíèòåëüíîãî àíàëèçà ñëåäóåò, ÷òî íè îäíà èç ñòðàòåãèé ðàñïðåäå-ëåíèÿ áó�åðíîé ïàìÿòè íå îáåñïå÷èâàåò àáñîëþòíîãî ïðåâîñõîäñòâà íàä äðóãèìèïî ïîêàçàòåëþ îáúåìà ïðîïóùåííîãî ïîòîêà íà âñåé îáëàñòè èçìåíåíèÿ êà÷åñòâàîäíîðîäíûõ èñõîäÿùèõ êàíàëîâ ñâÿçè. Âìåñòå ñ òåì ñëåäóåò îòìåòèòü, ÷òî ñ ðî-ñòîì îáúåìà áó�åðíîãî ïóëà ýòî ðàçëè÷èå íèâåëèðóåòñÿ. Êðîìå òîãî, ïðîìåæó-òî÷íàÿ ñòðàòåãèÿ íà âñåé îáëàñòè èçìåíåíèÿ ïàðàìåòðîâ âûõîäíûõ êàíàëîâ ñâÿçèFm, m = 1;M , ëèáî äîìèíèðóåò ïî èíäåêñó ïðîïóñêíîé ñïîñîáíîñòè íàä êîíêóðè-ðóþùèìè ñòðàòåãèÿìè, ëèáî íåçíà÷èòåëüíî óñòóïàåò ëó÷øåé èç íèõ. ×èñëåííûåèññëåäîâàíèÿ òàêæå ïîêàçàëè, ÷òî â ñëó÷àå K � M îáúåì îáùåãî ïðîïóùåííî-ãî ïîòîêà èìååò ìàêñèìóì ïî ïàðàìåòðàì ðàñïðåäåëåíèÿ òðà�èêà â èñõîäÿùèåêàíàëû ñâÿçè. Äëÿ ìàëûõ K íàéäåíî òî÷íîå àíàëèòè÷åñêîå ïîäòâåðæäåíèå ýòîãî�àêòà. Ýêñòðåìóì íàèáîëåå ÿðêî âûðàæåí ïðè ñóùåñòâåííî ðàçëè÷íîì êà÷åñòâåèñõîäÿùèõ êàíàëîâ Fm, m = 1;M .ËÈÒÅPÀÒÓPÀ1. Êëåéíðîê Ë. Âû÷èñëèòåëüíûå ñèñòåìû ñ î÷åðåäÿìè. Ì.: Ìèð 1979.2. Áîãóñëàâñêèé Ë.Á. Óïðàâëåíèå ïîòîêàìè äàííûõ â ñåòÿõ ÝÂÌ. Ì.: Ýíåðãî-àòîìèçäàò 1984.3. Êëåéíðîê Ë. Òåîðèÿ ìàññîâîãî îáñëóæèâàíèÿ. Ì.: Ìàøèíîñòðîåíèå 1979.160



ON THE INEQUALITY IN OPENQUEUEING NETWORKSS. Minkevi�ius1;21 Institute of Mathematis and Informatis, Akademijos 4, 086632 Vilnius Gediminas Tehnial University, Sauletekio 11, 102231;2 Vilnius, Lithuaniastst�ktl.mii.ltThe paper is devoted to the analysis of queueing systems in the ontext of the net-work and ommuniations theory. We investigate the inequality in an open queueingnetwork and its appliations to the theorems in heavy tra� onditions (�uid approx-imation, funtional limit theorem, and law of the iterated logarithm) for a queue ofustomers in an open queueing network.Keywords: models of information systems, queueing theory, open queueing network,heavy tra�, queue length of ustomers, �uid approximation, funtional limit theorem,law of the iterated logarithm.1. STATEMENT OF THE PROBLEMThe paper is devoted to the analysis of queueing systems in the ontext of the net-work and ommuniations theory. We investigate the inequality in an open queueingnetwork and its appliations to the theorems in heavy tra� onditions (�uid approx-imation, funtional limit theorem, and law of the iterated logarithm) for a queue ofustomers in an open queueing network.Now we shall survey the papers on a queue in heavy tra� onditions. In the paperof Chen, Xinyang and Yao [3℄, a semi-martingale re�eting the Brownian motion ap-proximation is developed for the performane proesses suh as workload, queue, andsojourn time. In the paper of Massey and Srinivasan [7℄, the steady-state distribution ofthe queue proess, using tensor and Kroneker produts, shows that it is of the matrix-geometri struture. J. Dai and W. Dai in [4℄ proved that an appropriately normalizedqueue proess onverges in distribution to a d-dimensional re�eting the Brownian mo-tion under the heavy tra� onditions. Puhalskii [9℄ established moderate-deviationpriniples for the queue, virtual waiting time and sojourn proesses. In [5℄, Yamadahas showed that the normalized queue proesses at the nodes onverge in distributionto a re�eted, multivariate di�usion proess whose drift and di�usion oe�ients arestate dependent and nonsingular. In the artile of Kushner and Martins [6℄, the authorsstudy the problems of the pathwise average ost per unit time for ontrolled and un-ontrolled open queueing networks in heavy tra�. In the paper of Zhang Hanqin andXu Guang-hui [13℄ strong approximations for an open queueing network in heavy tra�are proved. Peterson [8℄ has proved that, under heavy tra� onditions, the vetor pro-161



esses of total un�nished workloads onverge to a multidimensional regulated Brownianmotion. In the artile of Reiman and Simon [11℄, the authors onsider an open queueingnetwork with multiple lasses, priorities, "arbitrary" routing, and general servie timedistribution. Using a heavy tra� limit theorem for open queueing networks, Reiman[10℄ found the orret di�usion approximation for sojourn times in Jakson networkswith a single-server station. As one an see, there are only several works designed toexplore a queue in a more ompliated than the lassial single-server queue: tandem,multiphase queue, open queueing network (see the artiles of Boxma [1, 2℄, Zhang Han-qin and Xu Guang-hui [13℄, Massey and Srinivasan [7℄, and Sakalauskas and Minkevi�ius[12℄).In this paper, we investigate an open queueing network model in heavy tra�.The servie disipline is ��rst ome, �rst served� (FCFS). We onsider open queueingnetworks with the FCFS servie disipline at eah station and general distributions ofinterarrival and servie times. We study the queueing network with k single serverstations, eah of whih has an assoiated in�nite apaity waiting room. Eah stationhas an arrival stream from outside the network, and the arrival streams are assumed tobe mutually independent renewal proesses. Customers are served in the order of arrivaland after servie they are randomly routed to either another station in the network,or out of the network entirely. Servie times and routing deisions form mutuallyindependent sequenes of independent identially distributed random variables.The basi omponents of the queueing network are arrival proesses, servie pro-esses, and routing proesses. In partiular, there are mutually independent sequenesof independent identially distributed random variables nz(j)n ; n � 1o, nS(j)n ; n � 1oand n�(j)n ; n � 1o for j = 1; 2; : : : ; k. The random variables z(j)n and S(j)n are stritlypositive, and �(j)n has support in f0; 1; 2; : : : ; kg. We de�ne �j = �M hS(j)n i��1 >0; �j = D �S(j)n � > 0, �j = �M hz(j)n i��1 > 0; and aj = D �z(j)n � > 0; j = 1; 2; :::; k;all of these sequenes are assumed to be �nite. We denote pij = P ��(i)n = j� > 0; i; j =1; 2; : : : ; k: In the ontext of the queueing network, the random variables z(j)n funtion asinterarrival times (from outside the network) at the station j, while S(j)n is the nth servietime at the station j, and �(j)n is a routing indiator for the nth ustomer served at thestation j. If �(i)n = j (whih ours with probability pij), then the nth ustomer served atthe station i is routed to the station j. When �(i)n = 0; the assoiated ustomer leaves thenetwork. To onstrut renewal proesses generated by the interarrival and servie times,we assume zj(0) = 0; zj(l) = lPm=1 z(j)m ; Sj(0) = 0; Sj(l) = lPm=1S(j)m ; l � 1; j = 1; 2; : : : ; k:We now de�ne aj(t) = max (l � 0 : zj(l) � t), xj(t) = max (l � 0 : Sj(l) � t), ~�j(t) asthe total number of ustomers routed to the jth station of the network until time t,�j(t) as the total number of ustomers after servie departure from the jth station ofthe network until time t, �ij(t) as the total number of ustomers after servie departurefrom the ith station of the network and routed to the jth station of the network until162



time t, ptij = �ij(t)�i(t) as a part of the total number of ustomers whih, after servie at theith station of the network, are routed to the jth station of the network, i; j = 1; 2; : : : ; kand t > 0. Note that this system is quite general, enompassing the tandem system,ayli networks of GI=G=1 queues, networks of GI=G=1 queues with feedbak, and anopen queueing network.First, let us denote by Qj(t) the queue of ustomers at the jth station of the queueingnetwork at time t; �j = �j + kPi=1�i � pij � �j > 0; �̂2j = (�j)3 � aj + kPi=1 (�i)3 � �i � (pij)2 +(�j)3 � �j > 0; j = 1; 2; : : : ; k:Suppose that the queue of ustomers in eah station of the open queueing network isunlimited. All random variables are de�ned on the ommon probability spae (
;F ;P).We assume that the following onditions are ful�lled:�j + kXi=1 �i � pij > �j; j = 1; 2; : : : ; k: (1)Note that these onditions quarantee that there exists a queue of ustomers and itis onstantly growing. 2. MAIN RESULTSAt �rst we will prove a lemma in whih the queue length of ustomers in an openqueueing network is estimated by a omposition of renewal proessesLemma 1. If Q(0) = 0, then jQj(t) � x̂j(t)j � kPi=1wi(t) + kPi=1 i(t); where wj(t) =kPi=1 xi(t) � jptij � pijj and j(t) = sup0�s�t(xj(s)� �j(s)), j = 1; 2; : : : ; k and t > 0:Proof. By de�nition of the queue length of ustomers at the station of the network, weget thatQj(t) = ~�j(t)� �j(t) = ~�j(t)� xj(t) + xj(t)� �j(t) � ~�j(t)� xj(t)++ sup0�s�t(xj(s)� �j(s)) = kXi=1 �i(t) � ptij + aj(t)� xj(t)++ sup0�s�t(xj(s)� �j(s)) � kXi=1 xi(t) � ptij + aj(t)� xj(t)++ sup0�s�t(xj(s)� �j(s)) � kXi=1 xi(t) � (ptij � pij + pij) + aj(t)�� xj(t) + sup0�s�t(xj(s)� �j(s)) � kXi=1 xi(t) � pij + aj(t)�163



� xj(t) + kXi=1 xi(t) � jptij � pijj+ sup0�s�t(xj(s)� �j(s)) == x̂j(t) + kXi=1 wi(t) + j(t) � x̂j(t) +( kXi=1 wi(t) + kXi=1 i(t)) ; (2)where j = 1; 2; : : : ; k and t > 0:This implies that Qj(t) � x̂j(t) +( kXi=1 wi(t) + kXi=1 i(t)) ; (3)j = 1; 2; : : : ; k and t > 0 (see (2)).On the other side, we obtain thatQj(t) � ~�j(t)� xj(t) = kXi=1 �i(t) � ptij + aj(t)� xj(t)� kXi=1 (�i(t)� xi(t) + xi(t)) � ptij + aj(t)� xj(t)= kXi=1 xi(t) � ptij + aj(t)� xj(t) + kXi=1 (�i(t)� xi(t)) � ptij= kXi=1 xi(t) � (ptij � pij + pij) + aj(t)� xj(t)� kXi=1 (�i(t)� xi(t)) � ptij � kXi=1 xi(t) � (ptij � pij + pij) + aj(t)� xj(t)� kXi=1 xi(t) � jpij � ptijj � kXi=1 (xi(t)� �i(t))� x̂j(t)� kXi=1 wi(t)� sup0�s�t kXi=1 (xi(s)� �i(s))! ;
(4)

j = 1; 2; : : : ; k and t > 0:This implies that Qj(t) � x̂j(t)� kXi=1 wi(t)� kXi=1 i(t); (5)j = 1; 2; : : : ; k and t > 0:Denote q(t) = kPi=1wi(t) + kPi=1 i(t); t > 0: So, we obtain thatjQj(t)� x̂j(t)j � q(t); (6)164



j = 1; 2; : : : ; k and t > 0 (see (3) and (5)).The proof of the lemma is ompleted.3. APPLICATION OF THE INEQUALITYNote that inequality (6) is the key inequality to prove several laws (�uid approx-imation, funtional limit theorem, and law of the iterated logarithm) for a queue ofustomers in open queueing networks in heavy tra� onditions.At �rst we present a theorem on the �uid approximation for a queue of ustomersin open queueing networks in heavy tra� onditions.Theorem 1. If onditions (1) are ful�lled, then�Q1(t)t ; Q2(t)t ; : : : ; Qk(t)t �) (�1; �2; : : : ; �k) ; 0 � t � 1:Next, we present a theorem on the funtional limit theorem for a queue of ustomersin open queueing networks in heavy tra� onditions.Theorem 2. If onditions (1) are ful�lled, then�Q1(nt)� �1 � n � t�̂1 � pn ; Q2(nt)� �2 � n � t�̂2 � pn ; : : : ; Qk(nt)� �k � n � t�̂k � pn �)(z1(t); z2(t); : : : ; zk(t)) ; where zj(t); j = 1; 2; : : : ; k; 0 � t � 1 are independent stan-dard Winer proesses.One of the results of the paper is the following theorem on the law of the iteratedlogarithm for a queue of ustomers in an open queueing network.Theorem 3. If onditions (1) are ful�lled, thenP � limt!1 Qj(t)� �j � t�̂j � a(t) = 1� = 1; j = 1; 2; : : : ; k and a(t) = p2t ln ln t:Proof. The proof of these theorems is similar to that in [12℄, and we omit these proofs.
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FLUID LIMIT FOR CUMULATIVEIDLE TIME IN MULTIPHASEQUEUESS. Minkevi�ius1;2, G. Kulvietis21 Institute of Mathematis and Informatis, Akademijos 4, 086632 Vilnius Gediminas Tehnial University, Sauletekio 11, 102231, 2 Vilnius, Lithuania1 stst�ktl.mii.lt, 2 gk�fm.vtu.ltThe objet of this researh in the queueing theory is the Funtional-Strong-Law-of-Large-Numbers (FSLLN) under the onditions of heavy tra� in Multiphase QueueingSystems (MQS). A FSLLN is known as �uid limit or �uid approximation. In this paper,the FSLLN is proved for values of important probabilisti harateristi of the MQSinvestigated as well as the umulative idle time of a ustomer.Keywords: heavy tra�, multiphase queues.1. INTRODUCTIONInterest in the �eld of multiphase queueing systems was stimulated by the theoret-ial values of the results as well as by their possible appliations in information andomputing systems, ommuniation networks, and automated tehnologial proesses(see, for example, [13℄). The methods of investigation of single phase queueing systemsare onsidered in [2℄, [3℄, et. The asymptoti analysis of models of queueing systemsin heavy tra� is of speial interest (see, for example, [7℄, [8℄, [4℄, [5℄, et.). The papers[9℄, [12℄ and others desribed the beginning of the investigation of di�usion approxima-tion to queueing networks. Intermediate models - multiphase queueing systems - areonsidered rarer due to serious tehnial di�ulties (see, for example, book [6℄).We present some de�nitions in the theory of metri spaes (see, for example, [1℄).Let C be a metri spae onsisting of real ontinuous funtions in [0, 1℄ with a uniformmetri �(x; y) = sup0�t�1 jx(t)� y(t)j; x; y 2 C :Let D be a spae of all real-valued right-ontinuous funtions in [0,1℄ having leftlimits and endowed with the Skorokhod topology indued by the metri d (under whihD is omplete and separable). Also, note that d(x; y) � �(x; y) for x; y 2 D .In this paper, we will onstantly use an analog of the theorem on onverging together(see, for example, [1℄):
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Theorem 1.Let " > 0 and Xn; Yn; X 2 D : If P� limn!1 d(Xn ;X) > "� = 0and P� limn!1d(Xn;Yn) > "� = 0; then P� limn!1d(Yn;X) > "� = 0: (1)We investigate here a k-phase multiphase queueing system (i.e., when a ustomerhas been served at the j-th phase of the multiphase queue, he goes to the j+1-th phaseof the multiphase queue, and after the ustomer has been served at the k-th phase ofthe multiphase queue, he leaves the multiphase queue). Let us denote by tn the timeof arrival of the n-th ustomer, by S(j)n the servie time of the n-th ustomer at thej-th phase of the multiphase queue, zn = tn+1 � tn; by �j;n the departure of the n-thustomer after servie at the j-th phase of the multiphase queue, j = 1; 2; : : : ; k.Let interarrival times (zn) at the multiphase queue and servie times (S(j)n ) at everyphase of the multiphase queue for j = 1; 2; : : : ; k be mutually independent identiallydistributed random variables.Next, denote by BIj;n the idle time of the n-th ustomer at the j-th phase ofthe multiphase queue; Ij;n = nPl=1BIj;l stands for a ummulative idle time of the n-thustomer at the j-th phase of the multiphase queue, j = 1; 2; : : : ; k:Suppose that the idle time of a ustomer at eah phase of the multiphase queue isunlimited, the servie priniple of ustomers is ��rst ome, �rst served� (FCFS). Allrandom variables are de�ned on the ommon probability spae (
; F; P ).We form suh a modi�ed multiphase queue in whih BIj;n = 0; j = 1; 2; : : : ; k; n <k. Limit distributions for the modi�ed multiphase queue and the usual multiphasequeue working in heavy tra� onditions are oinidental (see, for example, [3℄). Thus,later on we will investigate only the modi�ed multiphase queue and admit that n � k.When j = 1; 2; : : : ; k, let us de�neÆj;n = ( S(j)n�(j�1) � zn; if n � k0; if n < k:Denote Sj;n = n�1Pl=1 Æj;l; S0;n � 0; Ŝj;n = Sj�1;n � Sj;n; xj;n = �j;n � tn;x0;n � 0; x̂j;n+1 = xj;n � Æj;n+1; x̂0;n � 0; �j = M(zn � S(j)n ); ŷj;n = x̂j;n � Sj;n; j =1; 2; : : : ; k: Assume Sj;0 = 0; j = 1; 2; : : : ; k:Also assume the following ondition to be ful�lled:�k > �k�1 > � � ��1 > 0: (2)2. MAIN RESULTAt �rst we present one of the main result of paper - theorem on the FSLLN for theumulative idle time of a ustomer in MQS.168



Theorem 2. If onditions (2) are ful�lled, then�I1;nn ; I2;nn ; : : : ; Ik;nn �) (�1;�2; : : : ;�k):Proof. At �rst we using that for eah �xed " > 0 (see [11℄)P � limn!1 jIj;n � ŷj;njpn > "� = 0; j = 1; 2; : : : ; k; n � k: (3)So, P � limn!1 jIj;n � ŷj;njn > "� = 0; j = 1; 2; : : : ; k; n � k: (4)First we prove thatŷj;n � jPi=1 Ŝi;nn = ŷj;n � (�Si;n)n ) 0; j = 1; 2; : : : ; k; n � k:Using relations of [11℄ we obtain thatŷj;n = x̂j;n � Sj;n = max0�l�n(x̂j�1;l � Sj;l) = max0�l�n(x̂j�1;l � Sj�1;l + Sj�1;l � Sj;l)= max0�l�n(ŷj�1;l + Sj;l); j = 1; 2; : : : ; k; n � k: (5)Thus, ŷj;n = max0�l�n(ŷj�1;l + Sj;l); j = 1; 2; : : : ; k; ŷ0;� � 0; n � k: (6)Also, we see that (see (6))ŷj;n � jXi=1 Ŝi;n = max0�l�n(ŷj�1;l + Ŝj;l)� jXi=1 Ŝi;n � ŷj�1;n + Ŝj;n � jXi=1 Ŝi;n= ŷj�1;n � j�1Xi=1 Ŝi;n � : : : � ŷ1;n � Ŝ1;n = max0�l�n Ŝ1;n � Ŝ1;n � 0; (7)j = 1; 2; : : : ; k; n � k:But ŷj;n � max0�l�n ŷj�1;l + max0�l�n Ŝj;l = ŷj�1;n + max0�j�l Ŝj;l � : : : � jXi=1 max0�l�n Ŝi;l; (8)j = 1; 2; : : : ; k; n � k:Using (7) and (8) we get that0 � ŷj;n � jXi=1 Ŝi;n � jXi=1fmax0�l�n Ŝi;l � Ŝi;ng; (9)169



j = 1; 2; : : : ; k; n � k:Applying (9) we ahieve for eah �xed " > 0P 0BBB� jŷj;n � jPi=1 Ŝi;njn > "1CCCA = P 0BBB� ŷj;n � jPi=1 Ŝi;nn > "1CCCA
� P 0BBB� kPi=1fmax0�l�n Ŝi;l � Ŝi;ngn > "1CCCA � P 0BBB� jPi=1fmax0�l�n Ŝi;l � Ŝi;ngn > "1CCCA� kXi=1 P 0�max0�l�n Ŝi;l � Ŝi;nn > "1A = kXi=1 P 0�max0�l�n(�Ŝi;n�l)n > "1A ;= kXi=1 P 0�max0�l�n(�Ŝi;l)n > "1A � kXi=1 P 0�max0�l�n(�Ŝi;l)pn > "1A ;

(10)
j = 1; 2; : : : ; k; n � k:Thus, for eah �xed " > 0P 0BBB� jŷj;n � jPi=1 Ŝi;njn > "1CCCA � kXi=1 P 0� max0�l�n(�Ŝi;l)pn > "1A ; (11)j = 1; 2; : : : ; k; n � k:Note (see, for example, [11℄) that for eah �xed " > 0P 0� limn!1 max0�l�n(�Ŝj;l)pn > "1A = 0; j = 1; 2; : : : ; k; (12)if onditions (2) are ful�lled.Using relation jPi=1 Ŝi;n = �Sj;n; j = 1; 2; : : : ; k; and (11)-(12) we obtain that for eah�xed " > 0; P � limn!1 jŷj;n � (�Sj;n)jn > "� = 0; j = 1; 2; : : : ; k; ; n � k: (13)So, we get for eah �xed " > 0 (see (13))P � limn!1 jIj;n � �j � njn > "� � P � limn!1 jIj;n � ŷj;njn > "3�+ P � limn!1 jŷj;n � (�Sj;n)jn > "3�+ P � limn!1 j(�Sj;n)� �j � njn > "3� = 0; (14)170
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ÀÍÀËÈÇ ÑÅÒÅÂÎÉ ÌÎÄÅËÈÏ�Î�ÍÎÇÈ�ÎÂÀÍÈß ÄÎÕÎÄÎÂÒÅËÅÔÎÍÍÎÉ ÊÎÌÏÀÍÈÈÂ. Íàóìåíêî1, À. Ïàíüêîâ21 �ðîäíåíñêèé �èëèàë �ÓÏ �Áåëòåëåêîì�,2 �ðîäíåíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò�ðîäíî, �åñïóáëèêà Áåëàðóñü2 a.pankov�gmail.omÂ ðàáîòå ðàññìàòðèâàåòñÿ ìîäåëü èçìåíåíèÿ äîõîäîâ òåëå�îííîé êîìïàíèè�ÓÏ �Áåëòåëåêîì� îò ìàðøðóòèçàöèè òåëå�îííûõ çàïðîñîâ ìåæäó ðàçëè÷íûìèñåòÿìè ìîáèëüíîé ñâÿçè. Ìîäåëüþ ñëóæèò çàìêíóòàÿ HM-ñåòü ñ çàÿâêàìè íåñêîëü-êèõ òèïîâ. Ïîëó÷åíû ñèñòåìû ðàçíîñòíî-äè��åðåíöèàëüíûõ óðàâíåíèé äëÿ íà-õîæäåíèÿ îæèäàåìûõ äîõîäîâ ñèñòåì ñåòè. �àçðàáîòàíà èìèòàöèîííàÿ ìîäåëü ðàñ-ñìàòðèâàåìîãî ïðîöåññà, ñ ïîìîùüþ êîòîðîé ðàññ÷èòàíû ìîäåëüíûå ïðèìåðû.Êëþ÷åâûå ñëîâà: ñåòü ìàññîâîãî îáñëóæèâàíèÿ, HM-ñåòü, èìèòàöèîííîå ìîäå-ëèðîâàíèå 1. ÎÏÈÑÀÍÈÅ ÌÎÄÅËÈÏðè èññëåäîâàíèè èçìåíåíèÿ îæèäàåìûõ äîõîäîâ â ñëîæíûõ ñèñòåìàõ, íàïðè-ìåð òàêèõ, êàê òåëå�îííûå êîìïàíèè è ìîáèëüíûå îïåðàòîðû, ìîæíî èñïîëü-çîâàòü ìàòåìàòè÷åñêèå ìîäåëè, ïîñòðîåííûå ñ èñïîëüçîâàíèåì àïïàðàòà òåîðèèìàññîâîãî îáñëóæèâàíèÿ (ÌÎ), â ÷àñòíîñòè, ìîäåëè ñ èñïîëüçîâàíèåì HM-ñåòåé(Howard-Matalytski).�àññìîòðèì ìîäåëü èçìåíåíèÿ äîõîäîâ �ðîäíåíñêîãî �èëèàëà �ÓÏ �Áåëòåëå-êîì�. Ïðè íàáîðå íîìåðà ñ îäíîãî ñîòîâîãî îïåðàòîðà íà äðóãîé, íàïðèìåð, ñ MTSíà Velom, ëèáî íàîáîðîò, �Áåëòåëåêîì� ïîëó÷àåò íåêîòîðûé äîõîä çà îðãàíèçàöèþñîåäèíåíèÿ äâóõ ñîòîâûõ îïåðàòîðîâ. Òàêèì æå îáðàçîì ïðîèñõîäèò ñîåäèíåíèåñòàöèîíàðíîãî òåëå�îíà è ñîòîâîãî, ò.å. îïåðàòîðà ñâÿçè �Áåëòåëåêîì� è îäíîãî èçìîáèëüíûõ îïåðàòîðîâ, èëè íàîáîðîò. Äàííûé ïðîöåññ îðãàíèçîâàí ïî ñëåäóþùå-ìó ïðèíöèïó. Ïðè íàáîðå àáîíåíòîì îäíîãî èç ìîáèëüíûõ îïåðàòîðîâ êîäà +37529(èëè 8029), äàííûé âûçîâ îáðàáàòûâàåòñÿ è ïîñûëàåòñÿ çàïðîñ íà ïðåäïðèÿòèåýëåêòðîñâÿçè. Íà ïîñëåäíåì ñðàáàòûâàåò àïïàðàòóðà ïîâðåìåííîãî ó÷åòà ñîåäèíå-íèé, êîòîðàÿ âåäåò ïîñåêóíäíûé ó÷åò ñîåäèíåíèé, è ñîîòâåòñòâåííî �Áåëòåëåêîì�ïîëó÷àåò íåêîòîðûé äîõîä îò îäíîãî ñîòîâîãî îïåðàòîðà, óñòàíîâèâøåãî ñîåäèíå-íèå ñ äðóãèì ñîòîâûì îïåðàòîðîì. Àíàëîãè÷íûì îáðàçîì ýòîò ïðîöåññ ïðîòåêàåòè ïðè îðãàíèçàöèè ñâÿçè ìåæäó �Áåëòåëåêîì� è îäíèì èç ñîòîâûõ îïåðàòîðîâ ëèáîíàîáîðîò. Ñõåìàòè÷íî ýòî ìîæíî èçîáðàçèòü ñëåäóþùèì îáðàçîì (ðèñ. 1):172



�èñ. 1. Ñõåìà âçàèìîäåéñòâèÿ �ÓÏ �Áåëòåëåêîì� ñ ìîáèëüíûìè îïåðàòîðàìèÎïèøåì ìîäåëü âçàèìîäåéñòâèÿ â òåðìèíàõ òåîðèè ñåòåé ÌÎ [1℄. Èçìåíåíèåäîõîäîâ ìîæíî îïèñàòü ñ ïîìîùüþ çàìêíóòîé HM-ñåòè ñ ðàçíîòèïíûìè çàÿâêàìè,ñîñòîÿùåé èç ñèñòåì ÌÎ (ÑÌÎ) S1; S2; : : : ; Sn�1 (ìîáèëüíûå îïåðàòîðû), ÑÌÎ Sn(�ÓÏ �Áåëòåëåêîì�), à òàêæå ÑÌÎ S0 (âíåøíÿÿ ñðåäà). Â íàøåì ñëó÷àå S1 � ýòîMTS, S2 � ýòî Velom, S3 � �Áåëòåëåêîì�, à S0 � âíåøíÿÿ ñðåäà (ðèñ. 2).

�èñ. 2. Ñòðóêòóðà HM-ñåòèÇàÿâêàìè â ñåòè ÿâëÿþòñÿ âûçîâû, ïîñòóïàþùèå îò àáîíåíòîâ, íàõîäÿùèõñÿâ ÑÌÎ S0. Äëÿ íàøåãî ñëó÷àÿ, áóäåì ïðåäïîëàãàòü, ÷òî â ñåòè öèðêóëèðóåò 6òèïîâ çàÿâîê. Åñëè àáîíåíò æåëàåò ïîçâîíèòü ñ MTS íà Velom èëè íàîáîðîò, òîíà îáñëóæèâàíèå ïîñòóïàåò çàÿâêè ïåðâîãî è âòîðîãî òèïà ñîîòâåòñòâåííî. Åñëèàáîíåíò æåëàåò ïîçâîíèòü ñ ãîðîäñêîãî òåëå�îíà íà MTS èëè íàîáîðîò, òî íàîáñëóæèâàíèå ïîñòóïàåò çàÿâêè òðåòüåãî è ÷åòâåðòîãî òèïà ñîîòâåòñòâåííî. Åñëèæå àáîíåíò çâîíèò ñ ãîðîäñêîãî òåëå�îíà íà Velom, òî â ñåòè öèðêóëèðóåò çàÿâêàïÿòîãî òèïà èëè íàîáîðîò � 6-ãî òèïà, êîãäà àáîíåíò çâîíèò ñ Velom íà ãîðîäñêîéòåëå�îí.Ïîä îáñëóæèâàíèåì çàÿâîê áóäåì ïîíèìàòü óñïåøíóþ/íåóñïåøíóþ îðãàíèçà-öèþ ñîåäèíåíèÿ îïåðàòîðîâ. Êîìïàíèÿ �Áåëòåëåêîì� ïîëó÷àÿåò íåêîòîðûé äîõîä173



îò îäíîãî ñîòîâîãî îïåðàòîðà, óñòàíîâèâøåãî ñîåäèíåíèå ñ äðóãèì îïåðàòîðîì, ëè-áî ïðè îðãàíèçàöèè ñâÿçè ìåæäó �Áåëòåëåêîì� è îäíèì èç ñîòîâûõ îïåðàòîðîâ èëèíàîáîðîò. Âñå çàÿâêè ñåòè íà÷èíàþò è çàêàí÷èâàþò ñâîå îáñëóæèâàíèå â ñèñòåìåS0. Òèï çàÿâêè ñîîòâåòñòâóåò âûáîðó àáîíåíòîì æåëàåìîãî ñîåäèíåíèÿ.Îïèøåì ïîäðîáíî ìàðøðóò îáñëóæèâàíèÿ çàÿâîê â ñåòè, â çàâèñèìîñòè îò èõòèïà. Åñëè àáîíåíò âûáðàë òèï ñîåäèíåíèÿ �MTS � Velom�, òî â ñåòè ÌÎ íà÷èíàåòñâîå îáñëóæèâàíèå çàÿâêà 1-ãî òèïà. È ïðè ïåðåõîäå èç ñèñòåìû S1 â ñèñòåìó S2÷åðåç ñèñòåìó S3 � ñèñòåìà S3 ïîëó÷àåò íåêîòîðûé äîõîä, à ñèñòåìà S1 � ðàñõîä çàîðãàíèçàöèþ ñîåäèíåíèÿ ñ äðóãèì îïåðàòîðîì ÷åðåç �Áåëòåëåêîì�, êîòîðûé óñòà-íîâèë òàðè� çà ñîåäèíåíèå 2-óõ îïåðàòîðîâ ñîòîâîé ñâÿçè. Ñèñòåìà S1 ïîëó÷àåòëèøü íåêîòîðûé äîõîä îò àáîíåíòà, çà îáåñïå÷åíèå ñîåäèíåíèÿ. Ñõåìàòè÷íî ïåðå-õîä çàÿâêè ïåðâîãî òèïà âûãëÿäèò ñëåäóþùèì îáðàçîì S0 ! S1 ! S3 ! S2 ! S0,ò.å. çàÿâêà íà÷èíàåò ñâîå îáñëóæèâàíèå â ñèñòåìå S0 è ïåðåõîäèò â ñèñòåìó S1,äàëåå ïîñëå îáñëóæèâàíèÿ â ñèñòåìå S1 îíà ïîñòóïàåò â ñèñòåìó S3 à ïîñëå óñïåø-íîãî îáñëóæèâàíèÿ � â ñèñòåìó S2, è äàëåå, âîçâðàùàåòñÿ â ñèñòåìó S0, óñïåøíîïîëó÷èâ îáñëóæèâàíèå â ñèñòåìå S2.Àíàëîãè÷íî, åñëè àáîíåíò âûáðàë îáðàòíîå ñîåäèíåíèå òèïà �Velom � MTS�,òî â ñåòè ÌÎ íà÷èíàåò ñâîå îáñëóæèâàíèå çàÿâêà 2-ãî òèïà. È ïðè ïåðåõîäå èçñèñòåìû S2 â ñèñòåìó S1 � ñèñòåìà S3 ïîëó÷àåò íåêîòîðûé äîõîä. Ñõåìàòè÷íîïåðåõîä çàÿâêè âòîðîãî òèïà âûãëÿäèò ñëåäóþùèì îáðàçîì S0 ! S2 ! S3 ! S1 !S0. Åñëè æå èíèöèèðîâàíî ñîåäèíåíèå òèïà �MTS � Áåëòåëåêîì�, òî â ñåòè ÌÎíà÷èíàåò ñâîå îáñëóæèâàíèå çàÿâêà 3-ãî òèïà. È ïðè ïåðåõîäå èç ñèñòåìû S1 âñèñòåìó S3, ñèñòåìà S3 ïîëó÷àåò íåêîòîðûé äîõîä, à ñèñòåìà S1 � ðàñõîä çà îð-ãàíèçàöèþ ñîåäèíåíèÿ ñ �Áåëòåëåêîì�, êîòîðûé óñòàíîâèë òàðè� çà ñîåäèíåíèå ñîïåðàòîðîì ñîòîâîé ñâÿçè. Ñèñòåìà S1 ïîëó÷àåò òîëüêî íåêîòîðûé äîõîä îò àáîíåí-òà, çà îáåñïå÷åíèå ñîåäèíåíèÿ. Ñõåìàòè÷íî ïåðåõîä çàÿâêè òðåòüåãî òèïà âûãëÿäèòñëåäóþùèì îáðàçîì S0 ! S1 ! S3 ! S0.Åñëè èíèöèèðîâàíî îáðàòíîå ñîåäèíåíèÿ òèïà � Áåëòåëåêîì � MTS�, òî â ñåòèÌÎ íà÷èíàåò ñâîå îáñëóæèâàíèå çàÿâêà 4-ãî òèïà. Ïðè ïåðåõîäå èç ñèñòåìû S3 âñèñòåìó S1, ñèñòåìà S3 ïîëó÷àåò íåêîòîðûé äîõîä, à à ñèñòåìà S1 � ðàñõîä çà îðãà-íèçàöèþ ñîåäèíåíèÿ ñ �Áåëòåëåêîì�. Ñèñòåìà S1 ïîëó÷àåò ëèøü íåêîòîðûé äîõîäîò àáîíåíòà, çà îáåñïå÷åíèå ñîåäèíåíèÿ ñ îïåðòîðîì íå ñîòîâîé ñâÿçè. Ñõåìàòè÷íîïåðåõîä çàÿâêè ïåðâîãî òèïà âûãëÿäèò ñëåäóþùèì îáðàçîì S0 ! S3 ! S1 ! S0.Àíàëîãè÷íûì îáðàçîì â ñåòè �óíêöèîíèðóþò çàÿâêè 5-ãî è 6-ãî òèïîâ ïðè âûáîðåñîåäèíåíèÿ òèïà �Velom � Áåëòåëåêîì� (S0 ! S2 ! S3 ! S0) èëè �Áåëòåëåêîì �Velom� (S0 ! S3 ! S2 ! S0) ñîîòâåòñòâåííî.
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2. ÑÈÑÒÅÌÀ �ÀÇÍÎÑÒÍÎ-ÄÈÔÔÅ�ÅÍÖÈÀËÜÍÛÕÓ�ÀÂÍÅÍÈÉ ÄËß ÍÀÕÎÆÄÅÍÈß ÎÆÈÄÀÅÌÛÕÄÎÕÎÄÎÂÁóäåì ðàññìàòðèâàòü çàìêíóòóþ HM-ñåòü ÌÎ S0; S1; :::; Sn, â êîòîðîé îáñëó-æèâàþòñÿ ðàçíîòèïíûå çàÿâêè, K � ÷èñëî çàÿâîê òèïà  â ñåòè,  = 1; r, èçîá-ðàæåííóþ íà ðèñóíêå 2. Ñèñòåìû îáñëóæèâàíèÿ ñåòè ÿâëÿþòñÿ ìíîãîëèíåéíûìè,îáîçíà÷èì ÷åðåç mi ÷èñëî ëèíèé îáñëóæèâàíèÿ â i-é ÑÌÎ,. Áóäåì ðàññìàòðèâàòüñëó÷àé, êîãäà òèï çàÿâîê íå ìåíÿåòñÿ ïðè ïåðåõîäå èç îäíîé ÑÌÎ â äðóãóþ. Ïîäñîñòîÿíèåì ñåòè áóäåì ïîíèìàòü âåêòîð ðàçìåðíîñòè n� r:k = (k11; k12; :::; k1r; k21; k22; :::; k2r; :::; kn1; kn2; :::; knr);ãäå ki�÷èñëî çàÿâîê òèïà  â ñèñòåìå Si, ki = rP=1 ki. Îáîçíà÷èì ÷åðåç �i � èí-òåíñèâíîñòü îáñëóæèâàíèÿ çàÿâîê òèïà  â ñèñòåìå Si, i = 0; n,  = 1; r. Ïóñòüpij � âåðîÿòíîñòü òîãî, ÷òî ïîñëå îáñëóæèâàíèÿ â i-é ÑÌÎ ñåòè çàÿâêà òèïà ïåðåõîäèò íà îáñëóæèâàíèå â j-þ ÑÌÎ, K = (K1; K2; :::; Kr); K = rP=1K,Mj(K)� èíòåíñèâíîñòü ïîòîêà çàÿâîê òèïà , âûõîäÿùèõ èç j-é ÑÌÎ ñåòè, êîãäà â íåéîáñëóæèâàåòñÿ K çàÿâîê òèïà ,  = 1; r. Ii � n� r-âåêòîð èç íóëåâûõ êîìïîíåíò,çà èñêëþ÷åíèåì êîìïîíåíòû ñ íîìåðîì r(i� 1) + , êîòîðàÿ ðàâíà 1.×åðåç vn(k; t) îáîçíà÷èì ïîëíûé îæèäàåìûé äîõîä, êîòîðûé ïîëó÷àåò ñèñòåìàSn çà âðåìÿ t, åñëè â íà÷àëüíûé ìîìåíò âðåìåíè ñåòü íàõîäèòñÿ â ñîñòîÿíèè k.Ïðåäïîëîæèì, ÷òî ñèñòåìà Sn ïîëó÷àåò äîõîä â ðàçìåðå rn(k) çà åäèíèöó âðåìåíèâ òå÷åíèå âñåãî ïåðèîäà ïðåáûâàíèÿ ñåòè â ñîñòîÿíèè k.Êîãäà ñåòü ñîâåðøàåò ïåðåõîä èç ñîñòîÿíèÿ (k; t) â ñîñòîÿíèå (k�Ii+In; t+�t),îíà ïðèíîñèò ñèñòåìå Sn äîõîä â ðàçìåðå r(k � Ii + In), à êîãäà ñîâåðøàåò ïå-ðåõîä èç ñîñòîÿíèÿ (k; t) â ñîñòîÿíèå (k + Ii � In; t + �t) � äîõîä â ðàçìåðå(�R(k+Ii�In)). Â òå÷åíèå èíòåðâàëà âðåìåíè�t ñåòü ìîæåò îñòàòüñÿ â ñîñòîÿíèè(k; t) ëèáî ñîâåðøèòü ïåðåõîä â ñîñòîÿíèå (k�Ii+In; t+�t) èëè (k+Ii�In; t+�t).Åñëè îíà îñòàåòñÿ â ñîñòîÿíèè (k; t), òî äîõîä ñèñòåìû Sn ñîñòàâèò rn(k)�t ïëþñîæèäàåìûé äîõîä vn(k; t), êîòîðûé îíà ïðèíåñåò çà îñòàâøèåñÿ t åäèíèö âðåìå-íè. Â ðàññìàòðèâàåìîé ìîäåëè ýòî áóäåò îçíà÷àòü, ÷òî àáîíåíò âûáðàë èíîé òèïñîåäèíåíèÿ/ðàçãîâîðà èëè èíîé òèï ïðåäîñòàâëÿåìûõ óñëóã îäíèì èç îïåðàòîðîâ.Âåðîÿòíîñòü òàêîãî ñîáûòèÿ ðàâíà 1� nPi=0 �iu(ki)�t+o(�t), ãäå u(x) � �óíêöèÿ Õå-âèñàéäà. Åñëè æå çà âðåìÿ�t ñåòü ñîâåðøàåò ïåðåõîä â ñîñòîÿíèå (k�Ii+In; t+�t)ñ âåðîÿòíîñòüþ �ipiu(ki)�t+ o(�t), òî äîõîä ñèñòåìû Sn ñîñòàâèò r(k � Ii + In)ïëþñ îæèäàåìûé äîõîä vn(k � Ii + In; t), êîòîðûé áóäåò ïîëó÷åí çà îñòàâøååñÿâðåìÿ, åñëè áû íà÷àëüíûì ñîñòîÿíèåì ñåòè áûëî (k � Ii + In; t+�t); åñëè æå çàâðåìÿ �t ñåòü ñîâåðøàåò ïåðåõîä â ñîñòîÿíèå (k + Ii � In; t+�t) ñ âåðîÿòíîñòüþ�npniu(kn)�t, òî äîõîä ñîñòàâèò �R(k + Ii � In) ïëþñ îæèäàåìûé äîõîä ñåòèçà îñòàâøååñÿ âðåìÿ, åñëè áû íà÷àëüíûì ñîñòîÿíèåì áûëî (k + Ii � In; t + �t),175



i = 0; n� 1. Òîãäà, èñïîëüçóÿ �îðìóëó ïîëíîé âåðîÿòíîñòè äëÿ ìàòåìàòè÷åñêîãîîæèäàíèÿ, ïîëó÷àåì ñèñòåìó ðàçíîñòíûõ óðàâíåíèé äëÿ äîõîäà vn(k; t):vn(k; t+�t) =  1� nXi=0 rX=1 mi�iu(ki)�t! [rn(k)�t + vn(k; t)℄ ++ n�1Xi=0 rX=1 mi�ipinu(ki)�t [r(k � Ii + In) + vn(k � Ii + In; t)℄++ rX=1 �nu(kn)�t n�1Xi=0 mipni [�R(k + Ii � In) + vn(k + Ii � In; t)℄ + o(�t);îòêóäà ñëåäóåò ñèñòåìà ðàçíîñòíî-äè��åðåíöèàëüíûõ óðàâíåíèé (�ÄÓ):dvn(k; t)dt = rn(k)� rX=1 nXi=0 mi�iu(ki)vn(k; t)+ rX=1 n�1Xi=0 mi�ipinu(ki)r(k � Ii + In)�
� rX=1  �nu(kn) n�1Xi=0 mipniR(k + Ii � In) + n�1Xi=0 mi�ipinu(ki)vn(k � Ii + In; t)++�nu(kn) n�1Xi=0 mipnivn(k + Ii � In; t)! ;êîòîðóþ ìîæíî ïåðåïèñàòü â âèäå:dvn(k; t)dt = rn(k)� rX=1 nXi=0 mi�iu(ki)vn(k; t) ++ rX=1 n�1Xi=0 mi [�ipinu(ki)r(k � Ii + In)� �nu(kn)pniR(k + Ii � In)℄+
+ rX=1 n�1Xi=0 mi [�ipinu(ki)vn(k � Ii + In; t) + �nu(kn)pnivn(k + Ii � In; t)℄; (1)i = 0; n;  = 1; r:
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3. �ÅØÅÍÈÅ ÑÈÑÒÅÌÛ �ÄÓ È ÍÀÕÎÆÄÅÍÈÅÎÆÈÄÀÅÌÛÕ ÄÎÕÎÄÎÂÅñëè ÷èñëî ñîñòîÿíèé HM-ñåòè íåâåëèêî (<200), òî ñèñòåìó (1) ìîæíî ðåøèòüñâåäÿ åå ê ñèñòåìå íåîäíîðîäíûõ ÄÓ, è ðåøèòü ïîñëåäíþþ ñ ïîìîùüþ èçâåñòíûõìåòîäîâ, íàïðèìåð ìåòîäîì ïðåîáðàçîâàíèé Ëàïëàñà. Íî ÷èñëî ñîñòîÿíèé ñåòè íàïðàêòèêå î÷åíü âåëèêî, òàê êàê â ñèñòåìå S0 ìîãóò íàõîäèòüñÿ âñå ïîòåíöèàëü-íûå àáîíåíòû îáëàñòè, â ñèëó ÷åãî ÷èñëî óðàâíåíèé â ñèñòåìå (1) òàêæå î÷åíüáîëüøîå. Ïîýòîìó öåëåñîîáðàçíî ïðîâîäèòü èññëåäîâàíèÿ ìåòîäîì èìèòàöèîííîãîìîäåëèðîâàíèÿ (ÈÌ).ÈÌ ïðåäñòàâëÿåò ñîáîé ñïîñîá ïðîâåäåíèÿ íà ÝÂÌ âû÷èñëèòåëüíûõ ýêñïåðè-ìåíòîâ ñ ìàòåìàòè÷åñêèìè ìîäåëÿìè, èìèòèðóþùèìè ïîâåäåíèå ðåàëüíûõ îáúåê-òîâ, ïðîöåññîâ è ñèñòåì â òå÷åíèå çàäàííîãî ïåðèîäà. Îäíîé èç íàèáîëåå ïðèâëå-êàòåëüíûõ îñîáåííîñòåé ìåòîäà ÈÌ òàêæå ÿâëÿåòñÿ âîçìîæíîñòü ïðîãíîçèðîâàòüè ïëàíèðîâàòü ïîâåäåíèå ñèñòåìû â áóäóùåì.Èìèòàöèîííàÿ ìîäåëü äëÿ îïèñàííîé ñåòè áûëà ðàçðàáîòàíà ñ ïîìîùüþ áèá-ëèîòåêè SymPy. Ïàêåò SimPy � ýòî îòêðûòàÿ ïðîãðàììíàÿ áèáëèîòåêà äëÿ èìèòà-öèîííîãî ìîäåëèðîâàíèÿ ðàçëè÷íûõ ïðîöåññîâ ñ äèñêðåòíûìè ñîáûòèÿìè, íàïè-ñàííàÿ íà ÿçûêå ïðîãðàììèðîâàíèÿ Python. Ñ ïîìîùüþ ýòîé ìîäåëè ìîæíî íàéòèîæèäàåìûå äîõîäû ñèñòåì HM-ñåòè (ðèñ. 2), à òàêæå ïîñòðîèòü ãðà�èêè èçìåíåíèÿäîõîäîâ íà èíòåðâàëå ìîäåëèðîâàíèÿ. Èñïîëüçîâàíèå òàêîé ìîäåëè, à òàêæå ÏÎ,ïîçâîëÿåò îöåíèòü îæèäàåìûå äîõîäû �ðîäíåíñêîãî �èëèàëà �ÓÏ �Áåëòåëåêîì�è îñóùåñòâëÿòü èõ ïðîãíîçèðîâàíèå íà ðàçëè÷íûõ âðåìåííûõ ïåðèîäàõ.4. ÌÎÄÅËÜÍÛÉ Ï�ÈÌÅ��àññìîòðèì çàìêíóòóþ ñåòü ÌÎ ñ äîõîäàìè, ñîñòîÿùóþ èç 4 ÑÌÎ. S0; S1; S3; S4.Ïóñòü â ñåòè öèðêóëèðóþò 100 çàÿâîê ïåðâîãî òèïà, 22 çàÿâêè âòîðîãî òèïà, 34 çà-ÿâêè òðåòüåãî òèïà, 10 çàÿâîê ÷åòâåðòîãî òèïà, 20 çàÿâîê 5-ãî òèïà è 40 çàÿâîê6-ãî òèïà. Âñåãî â ñåòè öèðêóëèðóåò K = 226 çàÿâîê. Ïóñòü âðåìåíà îáñëóæèâà-íèÿ çàÿâîê â ñèñòåìàõ ðàñïðåäåëåíû ïî ýêñïîíåíöèàëüíîìó çàêîíó ñ ïàðàìåòðàìè�0 = 0:67, �1 = 0:11, �2 = 0:83 è �3 = 0:6. Áóäåì ðàññìàòðèâàòü ñëó÷àé, êîãäà äî-õîäû îò ïåðåõîäîâ ñåòè ìåæäó ñîñòîÿíèÿìè, ÿâëÿþòñÿ òàðè�àìè, óñòàíîâëåííûìèçà îðãàíèçàöèþ ñîåäèíåíèÿ äâóõ ñîòîâûõ îïåðàòîðîâ. Ïóñòü òàêæå â íà÷àëüíûéìîìåíò âðåìåíè äåíåæíûå ñðåäñòâà âî âñåõ ñèñòåìàõ ÌÎ ñåòè îòñóòñòâóþò. ×èñëîëèíèé îáñëóæèâàíèÿ â ÑÌÎ: m1 = 10, m2 = 10; m3 = 40. Ìàòðèöû âåðîÿòíîñòåéïåðåõîäîâ çàÿâîê 1-ãî, 2-ãî, 3-ãî, 4-ãî, 5-ãî è 6-ãî òèïîâ â ñèñòåìàõ ñåòè èìåþò
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ñëåäóþùèé âèä ñîîòâåòñòâåííî: 0BB� 0 1 0 00 0 0 11 0 0 00 0 1 0 1CCA, 0BB� 0 0 1 00 1 0 00 0 0 10 1 0 0 1CCA, 0BB� 0 1 0 00 0 0 10 0 0 01 0 0 0 1CCA,0BB� 0 0 0 10 1 0 00 0 0 00 1 0 0 1CCA, 0BB� 0 0 1 00; 33 0; 33 0; 33 00 0 0 11 0 0 0 1CCA è 0BB� 0 0 0 10; 33 0; 33 0; 33 01 0 0 00 0 1 0 1CCA.Ïðè ïîìîùè èìèòàöèîííîãî ìîäåëèðîâàíèÿ ïîñòðîåíû ãðà�èêè äëÿ îæèäàå-ìûõ äîõîäîâ ñèñòåì, êîòîðûå ïðèâåäåíû íà ðèñóíêàõ 3 � 6.

�èñ. 3. Èçìåíåíèå äîõîäîâ ñèñòåì S1, S2, S3 â çàâèñèìîñòè îò âðåìåíè t, i = 1; 3
ËÈÒÅPÀÒÓPÀ1. Ïàíüêîâ À. Àíàëèç ñåòåé ìàññîâîãî îáñëóæèâàíèÿ ñ öåíòðàëüíîé ñèñòåìîé âïåðåõîäíîì ðåæèìå // Ìàññîâîå îáñëóæèâàíèå: ïîòîêè, ñèñòåìû, ñåòè: ìà-òåðèàëû ìåæäóíàð. íàó÷. êîí�. BWWQT�2007. ã. �ðîäíî. 29 ÿíâ. � 1 �åâð.,2007. Âûï. 19. Ñ. 201�206.
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ÈÑÑËÅÄÎÂÀÍÈÅ ÑÈÑÒÅÌÛÌÀÑÑÎÂÎ�Î ÎÁÑËÓÆÈÂÀÍÈß ÑÍÅÎ��ÀÍÈ×ÅÍÍÛÌ ×ÈÑËÎÌÎÁÑËÓÆÈÂÀÞÙÈÕ Ï�ÈÁÎ�ÎÂÈ ÂÕÎÄßÙÈÌ �ÅÊÓ��ÅÍÒÍÛÌÏÎÒÎÊÎÌÀ. Íàçàðîâ, È. Ñåìåíîâà�Òîìñêèé ãîñóäàðñòâåííûé óíèâåðñèòåòÒîìñê, �îññèÿ�inna_a�mail.ruÂ äàííîé ðàáîòå ïðîâåäåíî èññëåäîâàíèå ñèñòåìû ìàññîâîãî îáñëóæèâàíèÿ ñíåîãðàíè÷åííûì ÷èñëîì îáñëóæèâàþùèõ ïðèáîðîâ è âõîäÿùèì ðåêóððåíòíûì ïî-òîêîì. Çàïèñàíû ìîìåíòû ïåðâîãî, âòîðîãî è òðåòüåãî ïîðÿäêîâ ÷èñëà çàíÿòûõïðèáîðîâ â áëîêå îáñëóæèâàíèÿ. Ïðîâåäåíî èññëåäîâàíèå äàííîé ñèñòåìû ìåòî-äîì àñèìïòîòè÷åñêîãî àíàëèçà äî òðåòüåãî ïîðÿäêà.�àáîòà âûïîëíåíà â ðàìêàõ àíàëèòè÷åñêîé âåäîìñòâåííîé öåëåâîé ïðîãðàììû��àçâèòèå íàó÷íîãî ïîòåíöèàëà âûñøåé øêîëû (2009-2010 ãîäû)� ïðîåêò � 4761.Êëþ÷åâûå ñëîâà: ðåêóððåíòíûé ïîòîê çàÿâîê, ìåòîä ìîìåíòîâ, àñèìïòîòè÷å-ñêèé àíàëèç. 1. ÂÂÅÄÅÍÈÅÈññëåäîâàíèþ ðåêóððåíòíîãî ïîòîêà ñîáûòèé ïîñâÿùåíî áîëüøîå êîëè÷åñòâîðàáîò. Â êíèãå Ä.Êîêñà, Â. Ñìèòà [2℄ ïîäðîáíî èññëåäóåòñÿ ðåêóððåíòíûé ïîòîêñîáûòèé êàê îñíîâíàÿ è íàèáîëåå ïðîñòàÿ ìîäåëü òåîðèè âîññòàíîâëåíèÿ. Äàííàÿòåîðèÿ ïîëó÷èëà ìíîãî÷èñëåííûå ïðèìåíåíèÿ â ðÿäå íàïðàâëåíèé èññëåäîâàíèÿ� òåîðèè íàäåæíîñòè, òåîðèè ìàññîâîãî îáñëóæèâàíèÿ, òåîðèè çàïàñîâ è ìíîãèõäðóãèõ ïðèëîæåíèÿõ. �åçóëüòàòû òåîðèè âîññòàíîâëåíèÿ ÿâëÿþòñÿ ìîùíûì ñðåä-ñòâîì èññëåäîâàíèÿ êàê òåîðåòè÷åñêèõ, òàê è ïðèêëàäíûõ ïðîáëåì. ×àñòî ïðèìå-íåíèå òîãî èëè èíîãî �àêòà òåîðèè âîññòàíîâëåíèÿ ïîçâîëÿåò î÷åíü ïðîñòî ïîëó-÷àòü ðåçóëüòàòû, êîòîðûå ñëîæíî è òðóäíî ïîëó÷àòü ïðè äðóãîì ïîäõîäå.2. ÏÎÑÒÀÍÎÂÊÀ ÇÀÄÀ×È�àññìîòðèì ñèñòåìó ìàññîâîãî îáñëóæèâàíèÿ ñ íåîãðàíè÷åííûì ÷èñëîì ïðèáî-ðîâ. Íà âõîä ñèñòåìû ïîñòóïàåò ðåêóððåíòíûé ïîòîê çàÿâîê, çàäàííûé �óíêöèåéðàñïðåäåëåíèÿ A(x) � äëèí èíòåðâàëîâ ìåæäó ìîìåíòàìè íàñòóïëåíèÿ ñîáûòèéðàññìàòðèâàåìîãî ïîòîêà. Ïðîäîëæèòåëüíîñòè îáñëóæèâàíèÿ ðàçëè÷íûõ çàÿâîê179



ñòîõàñòè÷åñêè íåçàâèñèìû, îäèíàêîâî ðàñïðåäåëåíû è èìåþò ýêñïîíåíöèàëüíîåðàñïðåäåëåíèå ñ ïàðàìåòðîì �. Ïîñòóïèâøàÿ çàÿâêà çàíèìàåò ëþáîé èç ñâîáîä-íûõ ïðèáîðîâ, çàâåðøèâ îáñëóæèâàíèå, çàÿâêà ïîêèäàåò ñèñòåìó.Äëÿ ðàññìàòðèâàåìîé ñèñòåìû îáîçíà÷èì i(t) � ÷èñëî çàíÿòûõ ïðèáîðîâ. Âñèëó òîãî, ÷òî ïðîöåññ i(t) ÿâëÿåòñÿ íåìàðêîâñêèì, îïðåäåëèì ïðîöåññ z(t) êàêäëèíó èíòåðâàëà îò ìîìåíòà t äî ìîìåíòà íàñòóïëåíèÿ ñëåäóþùåãî ñîáûòèÿ âðåêóððåíòíîì ïîòîêå, òîãäà ñëó÷àéíûé äâóìåðíûé ïðîöåññ fz(t); i(t)g ÿâëÿåòñÿìàðêîâñêèì. Íàéäåì ðàñïðåäåëåíèå âåðîÿòíîñòåé ýòîãî ïðîöåññàP (z; i; t) = Pfz (t) < z; i (t) = ig:Äëÿ ðàñïðåäåëåíèÿ âåðîÿòíîñòåé P (z; i; t) ñîñòàâèì ñèñòåìó óðàâíåíèé Êîëìî-ãîðîâà â ñòàöèîíàðíîì ðåæèìå�P (z; i)�z � �P (0; i)�z � i�P (z; i) + (i+ 1)P (z; i + 1) + �P (0; i� 1)�z A (z) = 0: (1)Ïðèìåíÿÿ (1), ñîñòàâèì ñèñòåìó óðàâíåíèé, îïðåäåëÿþùèõ õàðàêòåðèñòè÷åñêèå�óíêöèè H (z; u) = 1Pi=0 ejuiP (z; i) , äëÿ H(z; u) ïîëó÷èì óðàâíåíèå�H (z; u)�z + �H (0; u)�z �ejuA (z)� 1�� �j �e�ju � 1� �H (z; u)�u = 0; (2)ðåøåíèå H(z; u) êîòîðîãî óäîâëåòâîðÿåò óñëîâèþH (z; 0) = 1Xi=0 P (z; i) = R (z);ãäå R(z) � ñòàöèîíàðíîå ðàñïðåäåëåíèå âåðîÿòíîñòåé çíà÷åíèé ñëó÷àéíîãî ïðîöåñ-ñà z(t). Èçâåñòíî, ÷òî ðàñïðåäåëåíèå R(z) èìååò âèäR (z) = � zZ0 (1� A (x)) dx; (3)ãäå � = 1a , a = 1R0 xdA (x), â ÷àñòíîñòè èìååò ìåñòî ðàâåíñòâî�R (z)�z ����z=0 = �:3. ÌÅÒÎÄ ÌÎÌÅÍÒÎÂ3.1. Ìîìåíò ïåðâîãî ïîðÿäêà. Èç ñâîéñòâ õàðàêòåðèñòè÷åñêèõ �óíêöèéèìååì [1℄ �H(z;u)�u ���u=0 = jm1 (z). Ïðîäè��åðåíöèðóåì óðàâíåíèå (2) ïî u, ïîëó÷èì�2H (z; u)�z�u + �2H (0; u)�z�u �ejuA (z)� 1�+ �H (0; u)�z jejuA (z)�180



� �j (�j) e�ju�H (z; u)�u � �j �e�ju � 1� �2H (z; u)�u2 = 0; (4)îòêóäà ïðè u = 0 èìååì�m1 (z)�z + �m1 (0)�z (A (z)� 1) + �A (z)� �m1 (z) = 0: (5)Äàëüíåéøåå ðåøåíèå áóäåì ïðîâîäèòü ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Ëàïëàñà-Ñòèëüòüåñà'1 (�) = 1Z0 e��zdm1 (z); A� (�) = 1Z0 e��zdA (z);âûïîëíèâ â (5) ïðåîáðàçîâàíèÿ Ëàïëàñà-Ñòèëüòüåñà, ïîëó÷èì ðàâåíñòâî(�� �)'1 (�) = �m1 (0)�z (A� (�)� 1) + �A� (�) ; (6)îòêóäà '1 (�) = 1�� ���m1 (0)�z (A� (�)� 1) + �A� (�)�: (7)Îáîçíà÷èì â (6) �=�, ïîëó÷èì ðàâåíñòâî�m1 (0)�z = � A� (�)1� A� (�) : (8)Â ñèëó òîãî, ÷òî '1 (0) = 1R0 dm1 (z) = m1 (1)�m1 (0) = m1 (1) ; èç ðàâåíñòâà (7),è ó÷èòûâàÿ (8), çàïèøåìm1 (1) = '1 (0) = 1��� A� (�)1� A� (�) � (A� (0)� 1) + �A� (0)�:Èñïîëüçóÿ òî, ÷òî A� (0) = 1R0 dA (z) = A (1)� A (0) = 1; ïîëó÷èìm1 (1) = ��:3.2. Ìîìåíò âòîðîãî ïîðÿäêà. Àíàëîãè÷íî ìîìåíòó ïåðâîãî ïîðÿäêà çàïè-øåì ðàâåíñòâî, îïðåäåëÿþùåå ìîìåíò òðåòüåãî ïîðÿäêà ÷èñëà çàíÿòûõ ïðèáîðîâm2 (1) = ��� 11� A� (�)�:
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3.3. Ìîìåíò òðåòüåãî ïîðÿäêà. Ìîìåíò òðåòüåãî ïîðÿäêà ÷èñëà çàíÿòûõïðèáîðîâ èìååò âèäm3 (1) = ��� 11� A� (�)�1 + 2 A� (2�)1� A� (2�)��:Äëÿ áîëåå äåòàëüíîãî èññëåäîâàíèÿ ìíîãîëèíåéíîé ñèñòåìû ìàññîâîãî îáñëó-æèâàíèÿ ñ âõîäÿùèì ðåêóððåíòíûì ïîòîêîì âîñïîëüçóåìñÿ îñíîâíûì óðàâíåíèåìäëÿ õàðàêòåðèñòè÷åñêèõ �óíêöèé (2), êîòîðîå áóäåì ðåøàòü ìåòîäîì àèìïòîòè-÷åñêîãî àíàëèçà â óñëîâèè ðàñòóùåãî âðåìåíè îáñëóæèâàíèÿ, òî åñòü ïðè � ! 0,÷òî ïîçâîëèò íàéòè àñèìïòîòè÷åñêîå ðàñïðåäåëåíèå âåðîÿòíîñòåé ÷èñëà çàíÿòûõïðèáîðîâ â ðàññìàòðèâàåìîé ñèñòåìå.4. ÌÅÒÎÄ ÀÑÈÌÏÒÎÒÈ×ÅÑÊÎ�Î ÀÍÀËÈÇÀ4.1. Àñèìïòîòèêà ïåðâîãî ïîðÿäêà. Äëÿ íàõîæäåíèè àñèìïòîòèêè ïåðâîãîïîðÿäêà îáîçíà÷èì � = ", è â óðàâíåíèè (2) âûïîëíèì çàìåíû u = "w; H (z; u) =F1 (z; w; "), äëÿ F1(z; w; ") ïîëó÷èì óðàâíåíèå�F1 (z; w; ")�z + �F1 (0; w; ")�z �ej"wA (z)� 1�� j �e�j"w � 1� �F1 (z; w; ")�w = 0: (9)Òåîðåìà 1. Ïðåäåëüíîå, ïðè "! 0, çíà÷åíèå F1(z; w) ðåøåíèÿ F1(z; w; ") óðàâ-íåíèÿ (9) èìååò âèä F1 (z; w) = R (z) � efjw�g;ãäå âåêòîð �óíêöèÿ R(z) è ïàðàìåòð � îïðåäåëåíû âûøå.Äîêàçàòåëüñòâî. Â óðàâíåíèè (9) âûïîëíèì ïðåäåëüíûé ïåðåõîä ïðè " ! 0, ïî-ëó÷èì óðàâíåíèå �F1 (z; w)�z + �F1 (0; w)�z (A (z)� 1) = 0;ðåøåíèå F1(z; w) êîòîðîãî çàïèøåì â âèäåF1 (z; w) = R (z) �1 (w) ; (10)ãäå R(z) îïðåäåëåíî âûøå, à �óíêöèþ �1(w) îïðåäåëèì ñëåäóþùèì îáðàçîì. Âóðàâíåíèè (9) âûïîëíèì ïðåäåëüíûé ïåðåõîä, ïðè z ! 1, çàòåì ïîäñòàâèâ ñþäàïðîèçâåäåíèå (10) ïîëó÷èì ðàâåíñòâî îïðåäåëÿþùåå �óíêöèþ �1(w)�1 (w) = efjw�g:Â ñèëó ïðîèçâåäåíèÿ (10) è îáðàòíûõ çàìåí äëÿ õàðàêòåðèñòè÷åñêîé �óíêöèèâåëè÷èíû i(t) â ñòàöèîíàðíîì ðåæèìå, çàïèøåìMejui(t) = H(1; u) = efju��g:Ïîëó÷åííîå ðàâåíñòâî áóäåì íàçûâàòü àñèìïòîòèêîé ïåðâîãî ïîðÿäêà õàðàêòå-ðèñòè÷åñêîé �óíêöèè ÷èñëà çàíÿòûõ ïðèáîðîâ ñèñòåìû ñ âõîäÿùèì ðåêóððåíòíûìïîòîêîì [3℄. 182



4.2. Àñèìïòîòèêà âòîðîãî ïîðÿäêà. Äëÿ íàõîæäåíèè àñèìïòîòèêè âòîðîãîïîðÿäêà â óðàâíåíèè (2) âûïîëíèì çàìåíó H(z; u) = H2(z; u)efju��g; îáîçíà÷èì� = "2, u = "w; H2 (z; u) = F2 (z; w; "). Òîãäà äëÿ F2(z,w,") ïîëó÷èì óðàâíåíèå�F2 (z; w; ")�z + �F2 (0; w; ")�z �ej"wA (z)� 1�+ j" �1� e�j"w� �F2 (z; w; ")�w �� � �1� e�j"w�F2 (z; w; ") = 0: (11)Òåîðåìà 2. Ïðåäåëüíîå, ïðè "! 0, çíà÷åíèå F2(z; w) ðåøåíèÿ F2(z; w; ") óðàâ-íåíèÿ (11) èìååò âèä F2 (z; w) = R (z) � e� (jw)22 �2�;ãäå âåëè÷èíà �2 îïðåäåëÿåòñÿ ðàâåíñòâîì�2 = �+ �f2 (0)�z ; (12)à âåêòîð �óíêöèÿ f2(z) óäîâëåòâîðÿåò óñëîâèþ f2(1)E = 0 è ÿâëÿåòñÿ ðåøåíèåìóðàâíåíèÿ �f2(z)�z + �f2(0)�z (A(z)� 1) + �R(0)�z A(z)� �R(z) = 0: (13)Äîêàçàòåëüñòâî. �åøåíèå F2(z; w; ") óðàâíåíèÿ (11) çàïèøåì â âèäå ðàçëîæåíèÿF2(z; w; ") = �2(w)fR(z) + j"wf2(z)g+O("2): (14)Çäåñü âåêòîð �óíêöèÿ R(z) îïðåäåëåíà âûøå, âåêòîð �óíêöèÿ f2(z) óäîâëåòâîðÿåòóñëîâèþ f2(1)E = 0 è áóäåò îïðåäåëåíà íèæå, òàê æå êàê è �óíêöèÿ �2(w).Ïîäñòàâëÿÿ (14) â ðàâåíñòâî (11) ïîëó÷èì�R(z)�z + j"w�f2(z)�z + ��R(0)�z + j"w�f2(0)�z � (A(z)� 1)++ j"w�R(0)�z A(z)� �j"wR(z) = O("2): (15)Â ñèëó òîãî, ÷òî âûïîëíÿåòñÿ ðàâåíñòâî �R(z)�z + �R(0)�z (A(z)� 1) = 0; ðàâåíñòâî (15)ïåðåïèøåì â âèäå�f2(z)�z + �f2(0)�z (A(z)� 1)� �R(z) + �R(0)�z A(z) = 0;êîòîðîå ñîâïàäàåò ñ (13) è îïðåäåëÿåò �óíêöèþ f2(z).Äëÿ òîãî, ÷òîáû íàéòè ñêàëÿðíóþ �óíêöèþ �2(w) â óðàâíåíèè (11) óñòðåìèìz !1, ðàçëîæèì â ðÿä ýêñïîíåíòû è âûïîëíèì çàìåíó (14), ïîëó÷èì ðàâåíñòâî"2w��2 (w)�w = 2�(j"w)22 �2 (w) + (j"w)2�2 (w) �f2(0)�z +O �"3� ;183



â êîòîðîì âûïîëíèì ïðåäåëüíûé ïåðåõîä ïðè "!0, ïîëó÷èì ðàâåíñòâî�2 (w) = e� (jw)22 �2�;ãäå �2 = �+ �f2(0)�z è ñîâïàäàåò ñ (12)Äëÿ õàðàêòåðèñòè÷åñêîé �óíêöèè âåëè÷èíû i(t) â ñòàöèîíàðíîì ðåæèìå, çà-ïèøåì Mejui(t) = H2(1; u) = e�ju��+ (ju)22 �2� �:Ïîëó÷åííîå ðàâåíñòâî áóäåì íàçûâàòü àñèìïòîòèêîé âòîðîãî ïîðÿäêà õàðàêòåðè-ñòè÷åñêîé �óíêöèè ÷èñëà çàíÿòûõ ïðèáîðîâ.4.3. Àñèìïòîòèêà òðåòüåãî ïîðÿäêà. Àíàëîãè÷íûì îáðàçîì äëÿ àñèìïòî-òèêè òðåòüåãî ïîðÿäêà áûëà ñ�îðìóëèðîâàíèà è äîêàçàíà ñëåäóþùàÿ òåîðåìà.Òåîðåìà 3. Ïðåäåëüíîå, ïðè "! 0, çíà÷åíèå F3(z; w) ðåøåíèÿ F3(z; w; ") óðàâ-íåíèÿ�F3 (z; w; ")�z + �F3 (0; w; ")�z �ej"wA (z)� 1�+ j"2 �1� e�j"w� �F3 (z; w; ")�w �� �1� e�j"w� (�+ j"w�2)F3 (z; w; ") = 0èìååò âèä F3 (z; w) = R (z) � e� (jw)36 �3�;ãäå âåëè÷èíà �3 îïðåäåëÿåòñÿ ðàâåíñòâîì�3 = �2 + �f2(0)�z + �f3(0)�zà âåêòîð �óíêöèÿ f3(z) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ�f3(z)�z + �f3(0)�z (A(z)� 1) + 2�f2(z)�z A(z)� 2�2R(z) = 0:Äëÿ õàðàêòåðèñòè÷åñêîé �óíêöèè âåëè÷èíû i(t) â ñòàöèîíàðíîì ðåæèìå, çà-ïèøåì Mejui(t) = H3(1; u) = e�ju��+ (ju)22 �2� + (ju)36 �3� �:Ïîëó÷åííîå ðàâåíñòâî áóäåì íàçûâàòü àñèìïòîòèêîé òðåòüåãî ïîðÿäêà õàðàêòåðè-ñòè÷åñêîé �óíêöèè ÷ìñëà çàíÿòûõ ïðèáîðîâ.184



5. ÇÀÊËÞ×ÅÍÈÅÒàêèì îáðàçîì, íàéäåíû ìîìåíòû ïåðâîãî, âòîðîãî è òðåòüåãî ïîðÿäêîâ, à òàê-æå ïðîâåäåíî èññëåäîâàíèå ñèñòåìû ìåòîäîì àñèìïòîòè÷åñêîãî àíàëèçà äî òðåòüå-ãî ïîðÿäêà.×èñëåííàÿ ðåàëèçàöèÿ ïîçâîëèò îïðåäåëèòü óñëîâèå ïðèìåíèìîñòè àñèìïòî-òè÷åñêîãî ìåòîäà [4℄ äëÿ àíàëèçà ñèñòåìû ìàññîâîãî îáñëóæèâàíèÿ ñ âõîäÿùèìðåêóððåíòíûì ïîòîêîì è íåîãðàíè÷åííûì ÷èñëîì îáñëóæèâàþùèõ ïðèáîðîâ.ËÈÒÅPÀÒÓPÀ1. �íåäåíêî Á. Â., Êîâàëåíêî È. Í. Ââåäåíèå â òåîðèþ ìàññîâîãî îáñëóæèâàíèÿ.Ì.: ÊîìÊíèãà, 2005. 228 .2. Êîêñ Ä., Ñìèò Â. Òåîðèÿ âîññòàíîâëåíèÿ. Ì.: Ñîâ. ðàäèî, 1967. 298 .3. Íàçàðîâ À. À., Ìîèñååâà Ñ. Ï. Ìåòîä àñèìïòîòè÷åñêîãî àíàëèçà â òåîðèè ìàñ-ñîâîãî îáñëóæèâàíèÿ Òîìñê: Èçä-âî ÍÒË. 2006. 112 .4. Íàçàðîâ À. À., Ñåìåíîâà È. À. Èññëåäîâàíèå RQ-ñèñòåì ìåòîäîì àñèìïòîòè-÷åñêèõ ñåìèèíâàðèàíòîâ // Âåñòíèê Òîìñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà.Ñåðèÿ óïðàâëåíèå, âû÷èñëèòåëüíàÿ òåõíèêà è èí�îðìàòèêà 2010. � 3 (12). ñ.85-96.
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ÈÑÑËÅÄÎÂÀÍÈÅÍÅÌÀ�ÊÎÂÑÊÎÉ RQ-ÑÈÑÒÅÌÛÑ ÊÎÍÔËÈÊÒÎÌ ÇÀßÂÎÊÀ. Íàçàðîâ, Å. Ñóäûêî�Òîìñêèé ãîñóäàðñòâåííûé óíèâåðñèòåòÒîìñê, �îññèÿ� ESudyko�yandex.ruÂ ðàáîòå ðàññìîòðåíà íåìàðêîâñêàÿ RQ-ñèñòåìà (Retrial queue) ñ êîí�ëèêòàìèçàÿâîê, ïðè âîçíèêíîâåíèè êîòîðûõ îáå çàÿâêè, îáñëóæèâàåìàÿ è ïîñòóïèâøàÿ,ïåðåõîäÿò â èñòî÷íèê ïîâòîðíûõ âûçîâîâ. Ïðåäëîæåí ìåòîä àñèìïòîòè÷åñêèõ ñå-ìèèíâàðèàíòîâ äëÿ èññëåäîâàíèÿ RQ-ñèñòåìû.Êëþ÷åâûå ñëîâà: RQ-ñèñòåìà, èñòî÷íèê ïîâòîðíûõ âûçîâîâ, êîí�ëèêòû çà-ÿâîê. 1. ÂÂÅÄÅÍÈÅÂ äàííîé ñòàòüå ðàññìîòðèì îäíîëèíåéíóþ íåìàðêîâñêóþ RQ-ñèñòåìó (Retrialqueues) ñ êîí�ëèêòàìè çàÿâîê , íà âõîä êîòîðîé ïîñòóïàåò ïðîñòåéøèé ïîòîê çà-ÿâîê ñ èíòåíñèâíîñòüþ �. Òðåáîâàíèå, çàñòàâøåå ïðèáîð ñâîáîäíûì, çàíèìàåò åãîäëÿ îáñëóæèâàíèÿ â òå÷åíèå ñëó÷àéíîãî âðåìåíè, èìåþùåãî ïðîèçâîëüíóþ �óíê-öèþ ðàñïðåäåëåíèÿ B(x). Åñëè ïðèáîð çàíÿò, òî ïîñòóïèâøàÿ è îáñëóæèâàåìàÿ çà-ÿâêè âñòóïàþò â êîí�ëèêò è îáå ïåðåõîäÿò â èñòî÷íèê ïîâòîðíûõ âûçîâîâ (ÈÏÂ),ãäå îñóùåñòâëÿþò ñëó÷àéíóþ çàäåðæêó, ïðîäîëæèòåëüíîñòü êîòîðîé èìååò ýêñïî-íåíöèàëüíîå ðàñïðåäåëåíèå ñ ïàðàìåòðîì �. Èç ÈÏÂ ïîñëå ñëó÷àéíîé çàäåðæêèçàÿâêà âíîâü îáðàùàåòñÿ ê ïðèáîðó ñ ïîâòîðíîé ïîïûòêîé åãî çàõâàòà. Åñëè ïðè-áîð ñâîáîäåí, òî çàÿâêà èç ÈÏÂ çàíèìàåò åãî äëÿ îáñëóæèâàíèÿ.2. ÎÑÍÎÂÍÛÅ ÎÁÎÇÍÀ×ÅÍÈßÏóñòü i(t)- ÷èñëî çàÿâîê â ÈÏÂ, z(t) - äëèíà èíòåðâàëà îò ìîìåíòà t äî ìîìåíòàîêîí÷àíèÿ îáñëóæèâàíèÿ çàÿâêè, ñòîÿùåé íà ïðèáîðå â ìîìåíò âðåìåíè t, à k(t) -îïðåäåëÿåò ñîñòîÿíèå ïðèáîðà ñëåäóþùèì îáðàçîì:k(t) = 0, åñëè ïðèáîð ñâîáîäåí;k(t) = 1, åñëè ïðèáîð íàõîäèòñÿ â ñîñòîÿíèè îáñëóæèâàíèÿ çàÿâêè.Êîìïîíåíòà z(t) îïðåäåëÿåòñÿ òîëüêî â òå ìîìåíòû, êîãäà k(t) = 1. Îáîçíà÷èìPfk(t) = 0; i(t) = ig = P (0; i; t)âåðîÿòíîñòü òîãî, ÷òî ïðèáîð â ìîìåíò âðåìåíè t ñâîáîäåí (k(t) = 0)è â èñòî÷íèêåïîâòîðíûõ âûçîâîâ íàõîäèòñÿ i çàÿâîê, àPfk(t) = 1; z(t) < z; i(t) = ig = P (1; z; i; t)186



âåðîÿòíîñòü òîãî, ÷òî ïðèáîð â ìîìåíò âðåìåíè t çàíÿò (k(t) = 1), äî êîíöà îáñëó-æèâàíèÿ çàÿâêè, ñòîÿùåé íà ïðèáîðå â ìîìåíò âðåìåíè t, îñòàëîñü âðåìÿ, ìåíüøåå,÷åì z è â èñòî÷íèêå ïîâòîðíûõ âûçîâîâ íàõîäèòñÿ i çàÿâîê.Ïðîöåññ fk(t); z(t); i(t)g èçìåíåíèÿ âî âðåìåíè ñîñòîÿíèé îïèñàííîé ñèñòåìûÿâëÿåòñÿ ìàðêîâñêèì.Äëÿ ðàñïðåäåëåíèÿ âåðîÿòíîñòåé P (k; z; i; t) ñîñòîÿíèé fk; z; i; tg ðàññìàòðèâà-åìîé RQ-ñèñòåìû ñîñòàâèì, ñèñòåìó äè��åðåíöèàëüíûõ óðàâíåíèé Êîëìîãîðîâà,êîòîðóþ çàïèøåì äëÿ ñòàöèîíàðíîãî ñëó÷àÿ(�+ i�)P (0; i) = �P (1;1; i� 2) + (i� 1)�P (1;1; i� 1) + �P (1; 0; i)�z ;(�+ i�)P (1; z; i) = �P (0; i)B(z) + (i + 1)�P (0; i+ 1)B(z) + �P (1; z; i)�z � �P (1; 0; i)�z :(1)Ñèñòåìó (??) äëÿ �óíêöèè H(0; u) = Pi ejuiP (0; i), H(1; z; u) = Pi ejuiP (1; z; i)ìîæíî çàïèñàòü ñëåäóþùèì îáðàçîì�H(0; u)� j��H(0; u)�u = �e2juH(1; u)� jeju��H(1; u)�u + �H(1; 0; u)�z ;�H(1; z; u)� j��H(1; z; u)�u = �H(0; u)B(z)��je�ju��H(0; u)�u B(z) + �H(1; z; u)�z � �H(1; 0; u)�z : (2)Ýòà ñèñòåìà áóäåò íàçûâàòüñÿ îñíîâíîé äëÿ äàëüíåéøåãî èññëåäîâàíèÿ ìåòîäîìàñèìïòîòè÷åñêèõ ñåìèèíâàðèàíòîâ.3. ÀÑÈÌÏÒÎÒÈ×ÅÑÊÈÉ ÀÍÀËÈÇ3.1. Àñèìïòîòèêà ïåðâîãî ïîðÿäêà. Äëÿ íàõîæäåíèÿ àñèìïòîòèêè ïåðâîãîïîðÿäêà â óðàâíåíèè (2) âûïîëíèì ñëåäóþùèå çàìåíû� = "; u = "w; H(0; u) = F1(0; w; "); H(1; z; u) = F1(1; z; w; "): (3)Òîãäà óðàâíåíèÿ ñèñòåìû (2) ïðèìóò âèä�F1(0; w; ")� j �F1(0; w; ")�w = �e2j"wF1(1; w; ")� jej"w�F1(1; w; ")�w + �F1(1; 0; w; ")�z ;�F1(1; z; w; ")� j �F1(1; z; w; ")�w = �F1(0; w; ")B(z)�� je�j"w�F1(0; w; ")�w B(z) + �F1(1; z; w; ")�z � �F1(1; 0; w; ")�z : (4)187



Òåîðåìà 1. Ïðåäåëüíîå ïðè "! 0 çíà÷åíèå âåêòîð-ñòðîêè fF1(0; w); F1(1; z; w)gðåøåíèÿ fF1(0; w; "); F1(1; z; w; ")g ñèñòåìû (4) èìååò âèäF1(0; w) = R(0)�1(w) = R(0)ejw�1;F1(1; z; w) = R(1; z)�1(w) = R(1; z)ejw�1; (5)ãäå R(0) è R(1; z) îïðåäåëÿþòñÿ ðàâåíñòâàìèR(0) = 12� B�(�+ �1) ; (6)R(1; z) = �1� e(�+�1)z� B�(�+ �1)2�B�(�+ �1) � e(�+�1)z2� B�(�+ �1) Z z0 B(s)de�(�+�1)s; (7)à âåëè÷èíà �1 ÿâëÿåòñÿ ðåøåíèåì íåëèíåéíîãî ñêàëÿðíîãî óðàâíåíèÿB�(�+ �1)(2�+ �1) = 2�; (8)ãäå Z 10 e�sxdB(x) = B�(s):3.2. Àñèìïòîòèêà âòîðîãî ïîðÿäêà. Äëÿ íàõîæäåíèÿ àñèìïòîòèêè âòîðîãîïîðÿäêà â óðàâíåíèÿõ îñíîâíîé ñèñòåìû (2) âûïîëíèì ñëåäóþùèå çàìåíûH(0; u) = H2(0; u)e ju� �1; H(1; z; u) = H2(1; z; u)e ju� �1 ;� = "2; u = "w; H2(0; u) = F2(0; w; "); H2(1; z; u) = F2(1; z; w; "); (9)äëÿ íåèçâåñòíûõ �óíêöèé fF2(0; w; "); F2(1; z; w; ")g ïîëó÷èì óðàâíåíèÿ(�+ �1)F2(0; w; ")� j"�F2(0; w; ")�w = ej"wF2(1; w; ")�ej"w�+ �1���jej"w"�F2(1; w; ")�w + �F2(1; 0; w; ")�z ;(�+ �1)F2(1; z; w; ")� j"�F2(1; z; w; ")�w = ��+ e�j"w�1�F2(0; w; ")B(z)��je�j"w"�F2(0; w; ")�w B(z) + �F2(1; z; w; ")�z � �F2(1; 0; w; ")�z : (10)Òåîðåìà 2. Ïðåäåëüíîå ïðè "! 0 çíà÷åíèå âåêòîð-ñòðîêè fF2(0; w); F2(1; z; w)gðåøåíèÿ fF2(0; w; "); F2(1; z; w; ")g ñèñòåìû (10) èìååò âèäF2(0; w) = R(0)�2(w) = R(0)e (jw)22 �2;F2(1; z; w) = R(1; z)�2(w) = R(1; z)e (jw)22 �2; (11)188



ãäå âåëè÷èíà �2 îïðåäåëÿåòñÿ ðàâåíñòâîì�2 = R(0)�1�� + (�+ �)B�(�)� +R(1)��� + (�+ �)2�R(0)�� � (�+ �)(B�(�)� 1)��R(1)��+ 2��� R�(�)(�+ �) ; (12)à � = �+ �1 è R�(�) èìååò âèä:R�(s) = �s2 Z 10 e�sxxnR(0)(1� B(x))� R(1)odx: (13)Ôóíêöèÿ ðàñïðåäåëåíèÿ ÷èñëà çàÿâîê â èñòî÷íèêå ïîâòîðíûõ âûçîâîâ èìååòâèä h2(u) = eju�1� + (ju)22 �2� :4. ×ÈÑËÅÍÍÛÅ �ÀÑ×ÅÒÛÏðè çàäàííîé �óíêöèè ðàñïðåäåëåíèÿ B(x) âðåìåíè îáñëóæèâàíèÿ çàÿâêè íàïðèáîðå ðåøàÿ óðàâíåíèå (8), íàéäåì çíà÷åíèå �1 . Èç ðàâåíñòâà (12) îïðåäåëèìçíà÷åíèå ñêàëÿðíîé âåëè÷èíû �2.4.1. Ýêñïîíåíöèàëüíîå âðåìÿ îáñëóæèâàíèÿ çàÿâêè íà ïðèáîðå. Â ñëó-÷àå ýêñïîíåíöèàëüíîãî âðåìåíè îáñëóæèâàíèÿ çàÿâêè íà ïðèáîðå ïðåîáðàçîâàíèåËàïëàñà-Ñòèëòüåñà B�(� + �1) îò �óíêöèè B(x) áóäåò âûãëÿäåòü ñëåäóþùèì îá-ðàçîì:B�(�+ �1) = Z 10 e�(�+�1)sdB(s) = Z 10 e�(�+�1)s�e��sds = ��+ �+ �1 : (14)Îïðåäåëèì çíà÷åíèÿ ïàðàìåòðîâ â âèäå� = 0; 4; j = p�1; � = 1: (15)Ïîëó÷èì ñëåäóþùèå çíà÷åíèÿ àñèìïòîòè÷åñêèõ ñåìèèíâàðèàíòîâ ïðè ïîìîùè âû-ðàæåíèé (8) è (12) ñîâìåñòíî ñ (13), �1 = 1; 6 è �2 = 8; 8 çíà÷åíèÿ êîòîðûõ ñîâïà-äàþò ñî çíà÷åíèÿìè àñèìïòîòè÷åñêèõ ñåìèèíâàðèàíòîâ, ïîëó÷åííûõ â [2℄.4.2. Äåòåðìèíèðîâàííîå âðåìÿ îáñëóæèâàíèÿ çàÿâêè íà ïðèáîðå. Âñëó÷àå äåòåðìèíèðîâàííîãî âðåìåíè îáñëóæèâàíèÿ çàÿâêè íà ïðèáîðå ïðåîáðàçî-âàíèå Ëàïëàñà-Ñòèëòüåñà B�(�+�1) îò �óíêöèè B(x) áóäåò âûãëÿäåòü ñëåäóþùèìîáðàçîì: B�(�+ �1) = Z 10 e�(�+�1)sdB(s) = e�(�+�1) (16)Ïîäñòàâëÿÿ ýòî ðàâåíñòâî â óðàâíåíèå (8), ïîëó÷àåì, ÷òî â çàâèñèìîñòè îòâûáðàííîãî çíà÷åíèÿ ïàðàìåòðà � èìååò ìåñòî òðè ñèòóàöèè: êîãäà óðàâíåíèå (8)äëÿ îïðåäåëåíèÿ ñêàëÿðíîé âåëè÷èíû �1 èìååò 2 êîðíÿ, 1 êîðåíü è íå èìååò íèîäíîãî êîðíÿ. Ýòè ñèòóàöèè ìîæíî íàãëÿäíî ïðåäñòàâèòü ïðè ïîìîùè òàáëèöûçíà÷åíèé ïàðàìåòðà � ñëåäóþùèì îáðàçîì:189



� ×èñëî êîðíåé óðàâíåíèÿ (8)� < 0:2119 2 êîðíÿ� = 0:2119 1 êîðåíü� > 0:2119 íåò êîðíåéÅñëè óðàâíåíèå (8) èìååò 2 êîðíÿ, òî áîëüøåìó èç íèõ ñîîòâåòñòâóþò îòðè-öàòåëüíûå çíà÷åíèÿ �2 èç ðàâåíñòâ (12), â ñèëó ÷åãî ìîæíî ñäåëàòü âûâîä îá îò-ñóòñòâèè ñòàöèîíàðíîãî ðåæèìà â ñèñòåìå. Îá îòñóòñòâèè ñòàöèîíàðíîãî ðåæèìàñâèäåòåëüñòâóåò è ñèòóàöèÿ, êîãäà óðàâíåíèå (8) íå èìååò íè îäíîãî êîðíÿ.Òàêèì îáðàçîì ñòàöèîíàðíûé ðåæèì â ñèñòåìå äîñòèãàåòñÿ òîëüêî ïðè íàëè÷èèîäíîãî êîðíÿ â óðàâíåíèè (8), îäíàêî ñëåäóåò îòìåòèòü, ÷òî òàêàÿ ñèòóàöèÿ íåïðåäñòàâëÿåò ïðàêòè÷åñêîãî èíòåðåñà, òàê êàê ðåàëèçóåòñÿ ëèøü ïðè åäèíñòâåííîìçíà÷åíèè � = 0:2119. 5. ÇÀÊËÞ×ÅÍÈÅÒàêèì îáðàçîì, â ðàáîòå ïðîâåäåíî èññëåäîâàíèå íåìàðêîâñêîé RQ-ñèñòåìû ñêîí�ëèêòàìè çàÿâîê, ïðè âîçíèêíîâåíèè êîòîðûõ îáå çàÿâêè, îáñëóæèâàåìàÿ èïîñòóïèâøàÿ, ïåðåõîäÿò â èñòî÷íèê ïîâòîðíûõ âûçîâîâ, ìåòîäîì àñèìïòîòè÷åñêî-ãî àíàëèçà â óñëîâèè ðàñòóùåãî âðåìåíè çàäåðæêè çàÿâêè â èñòî÷íèêå ïîâòîðíûõâûçîâîâ. Ñ�îðìóëèðîâàíû òåîðåìû ïîëó÷åíèÿ óðàâíåíèÿ äëÿ îïðåäåëåíèÿ ñåìè-èíâàðèàíòà ïåðâîãî ïîðÿäêà è �îðìóëó äëÿ ïîëó÷åíèÿ ñåìèèíâàðèàíòà âòîðîãîïîðÿäêà. Ñ�îðìóëèðîâàíî ñëåäñòâèå, îïðåäåëÿþùåå çíà÷åíèå õàðàêòåðèñòè÷åñêîé�óíêöèè ÷èñëà çàÿâîê â èñòî÷íèêå ïîâòîðíûõ âûçîâîâ.ËÈÒÅPÀÒÓPÀ1. Íàçàðîâ À. À., Òåðïóãîâ À. Ô. Òåîðèÿ ìàññîâîãî îáñëóæèâàíèÿ. Òîìñê: Èçä-âîÍÒË, 2004.2. Íàçàðîâ À. À., Ñóäûêî Å. À. Ìåòîä àñèìïòîòè÷åñêèõ ñåìèèíâàðèàíòîâ äëÿèññëåäîâàíèÿ ìàòåìàòè÷åñêîé ìîäåëè ñåòè ñëó÷àéíîãî äîñòóïà // Ïðîáëåìûïåðåäà÷è èí�îðìàöèè. 2010. � 1. Ñ. 94�111.

190



SOME MARTINGALE RELATIONSFOR M/G/1 RETRIAL QUEUEH. Oukid1, A. Aissani21 University of Blida,2 USTHB1 Blida, Algeria)2 USTHB, Algeria)aaissani�usthb.dzAbstratIn this paper we apply the martingale method due to Baelli and Makowski foranalysing the M=G=1 retrial queue. Using the reursive equation of the proessembedded at depart epohs, we onstrut a disrete-time martingale stopped atthe �rst passage time where the system beomes empty. We derive the stabilityondition and study the busy period of this system.Keywords:Retrial queues, Embedded Markov Chain, Martingale, Busy Period.1. INTRODUCTIONDuring the past years, an important researh e�ort has been devoted to retrialqueues due to their spei�ity and their ability in modeling several systems. Our queu-ing system is haraterized by the phenomenon that an arriving ustomer who �ndsthe server busy upon arrival is obliged to leave the servie area and repeat his demandafter some time alled retrial time. Between trials, a bloked ustomer that remainsin a retrial group is said to be orbit. The major analyti results and tehniques usedin retrial systems area are summarized in Yang and Templeton [2℄ and Falin [5℄ surveypapers. We also refer to the synthesis presented by A.Aissani [4℄. Regarding analysis oroptimization for whih stability problems are studied, often under spei� assumptions,the martingale method represents an alternative approah; although, this approah wasnot very often used Queuing Theory. The purpose of this work is to enlarge the sopeof appliability of martingale method to M/G/1 retrial systems.2. THE MATHEMATICAL MODELWe onsider an M=G=1 retrial queuing system where the primary ustomers arriveaording to a Poisson proess with arrival rate � and the servie times are independentand identially distributed with arbitrary probability distribution B(:) and Laplae -Stieljes transforms B�(:); Re(s) � 0. The time between suessive repeated attemptsare exponentially distributed with rate �. If the server is free at the instant of aprimary all, the arriving ustomer begins servie immediately and leaves the system191



after servie ompletion. Otherwise, if the ustomer �nds the server busy, then it entersorbit and beomes a soure of repeated alls (seondary all soure). We de�ne thenumber of ustomers in the system at time t to be X(t). Note that this proess isnot a Markov hain sine it depends on the history of the proess and not just uponthe urrent state. So, we onsider the disrete time proess fXn; n � 1g, where Xn isthe number of ustomers in the system as seen by the nth departing ustomer. Morepreisely, fXn = X(tn);n = 1; 2; :::gwhere tn is the departure time of the nth ustomer. Aording to the resultsestablished in [6℄, Xn+1 = Xn + An+1 � ÆXn ; n � 1: (1)where An is the number of primary alls during the nth ustomer servie time;ÆXn = 1 If the (n + 1)th ustomer omes from the orbit and ÆXn = 0 otherwise. Therandom variables An are mutually independent and their joint distribution is given byP (An = k) = Z 10 (�t)kk! e��tdB(t); k = 0; 1; 2; :::;n � 1: (2)The generating funtion of this distribution isa(z) = 1Xk=0 zkP (An = k) = B�(�� �z)); 0 � z � 1: (3)where B�(s) is the Laplae-Stieltjes transform of the servie time probability distri-bution. Let (
;=; P ) be the basi probability spae, where = is the �-algebra generatedby the input parametri sequenes. We also de�ne the inreasing sequene of sigma-algebras =n by =n = �fAm : 0 < m < ng generated by the sequene of events fAmg.Consequently the random variables Xn are =n-measurable and the random variableAn+1is independent from the Fn �-algebras. With the above notations and using theproperties of the onditional expetationsE(zXn+1==n) = zXn�ÆXna(z)a:s: (4)3. THE MARTINGALEWe an de�ne a martingale Mn(z) with �ltration (=n) byM0(z) = zX0Mn(z) = zXn zPn�1k=0 ÆXka(z)n ; 0 � z � 1 (5)is an integrally positive martingale. 192



Proof. It is not di�ult to see that the sequene fMn(z); n 2 Ng is a positive martingalesine E(Mn+1(z)==n) = Mn(z) (6)Moreover, from the Martingale theorem [7℄it is integrable.The quantity � = �� is alled the tra� intensity i.e. the mean number of arrivalsper mean servie time.4. STABILITY OF THE M/G/1 RETRIAL SYSTEMWe �rst study the instability of the M/G/1 retrial system.Theorem 1. Under the assumption � > 1, the M=G=1 retrial system is unstable,and additionally, we have a.s. limn!1Xn =1Proof. For every 0 < z � 1 and every n 2 N , the relation (5) implies thatE(ZXn+1==n) � a(z)z zXna:s: (7)Under the assumption � > 1 and sine a(:) is onvex, then aording to Takaslemma [6℄ ( p .47), we an �nd z0 suh 0 = a(z0z0 < 1. Consequently E(zXn0 ==n) �C0zXn0 � zXn0 a.s., whih proves that the sequene fzXn0 ; n 2 Ng is an a.s. majorizedby a onstant a = 1 positive super martingale. Aording to [6℄ ( th II-2-9, p26), thissequene onverges then a.s. On the other hand, by using the Dominated ConvergeneTheorem, we obtain limnE(zXn0 ) = E(limnzXn0 (8)By reurrene on n, we dedue thatE(zXn0 ) � n0E(zX00 � n0 (9)Passing to the limit when n tends to the in�nity, we getlimnE(zXn0 ) = E(limnzXn0 ) = 0 (10)whih implies that limnE(zXn0 ) = 0 a.s. for 0 < z0 < 1. This leads to the result.The ase where � � 1 remains for study.We onsider � as an arbitrary stopping time for =n and we de�ne the randomvariable �(�) as the �rst instant after the time �where the system omes bak to itsempty state. That is �(�) = inffn � 1 : X�+n = 0g; if� <1; (11)�(�) = 0; otherwise;with the onvention that inff;g = +1. The following theorem formulates aonservation law for the reallM=G=1 system and that is essential to prove the stabilityresult. 193



Theorem 2. For 0 < z � 1 and under the assumption � � 1,E(1[�<1;�(�)<1℄ zP�(�)�1k=� ÆXka(z)�(�) ==�) = 1[�<1℄zX�a:s: (12)Proof. We onsider �(�) = �+ �(�) a stopping time for f=t; t 2 Ng. For every t � 0 ,�(�)^t and �^t will still be the stopping times. It is lear that 8�^t � �(�)^t. SinefMn(z)g10 is an integrable positive martingale, then aording to [7℄ ( or.IV-2-6,p.67),we have for every 0 < z � 1 and t 2 NE(M�(�)^t(z)==�^t) = M�^t(z)a:s: (13)By using proposition II-1-3 of [7℄ ( p21) and the =�^t measurability of the event[� < t℄, the equality (13) writes up as followE(1[�<t℄M�(�)^t(z)==�^tM�^t(z)a:s: (14)On the other hand, sine a(:) is onvex and � � 1 then aording to Takas lemma[6℄( p47℄, for 0 < z � 1 we have z < a(z). Consequently, for every 0 < z � 1 and t 2 N ,0 � 1[�<t℄zX�(�)^t zP�(�)^tk=0a(z)�(�)^t � 1[�<t℄z�P�(�)^tk=0 �1ÆXk (15)5. MAIN RESULTWe formulate, now the main result,Theorem 3. Assume that � = ��B�0(0) � 1 , and the sequene of servie timesforms a renewal sequene, then there exists a sequene f�n(n)g11 of a.s. �nite =n-stopping times suh that X�n = 0 on f�n < 1g and �n + 1 � �n+1; 8n 2 N�. Addi-tionally, if �n+1 := �n+1 � �nforalln > 0, then the random variables f�n(n)g12 form ani.i.d. sequene independent of �1 andE(�n+2) = 	(1)1� �; if� < 1; (16)E(�n+2) =1; if� = 1; (17)where 	(1) = e(�� R 10 1�a(u)a(u)�udu� .The proof of the theorem 3 follows the methodology of Baelli and Makowski [1℄using the above Martingale relations and the fat that for the M/G/1 Retrial Queue,the busy period satis�es the equationE(�(�)) = I1exp��� Z 10 1� a(y)a(y)� ydy194
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ANALYSIS AND OPTIMIZATION OFEXPONENTIAL QUEUEINGNETWORKS BY MEANS OFPARALLEL CALCULATIONSA. Pankov, E. KoluzaevaGrodno State UniversityGrodno, Belaruskoluzaeva�gmail.omThe method of a �nding of mean harateristis of an open exponential queueingnetwork (QN) and solution of the problem of oasts optimization in suh network bymeans of parallel alulations is onsidered. The software for solution of the formulatedproblems, developed with usage of tehnology of programmingMPI and libraries PETSis desribed.Keywords:queueing network, parallel alulations.1. INTRODUCTIONNow one of the most ompliated problems in the world is onsidered the solutionof tasks whih need big alulation resoures. During researh of the time-probabilityharateristis of the QN with usage of lassial methods [1℄ it is often neessary to solvesystems of great number of di�erene-di�erential equations whih they satisfy. Thenumber of equations in these systems orresponds to number of the network states andgrows exponentially with adding in the network at least one message or new queueingsystem (QS) (for losed networks). For open QN the situation espeially worse ause thenumber of states of suh networks is ountable. Therefore evaluation of harateristis ofQN by regular omputer mahines an vary from several hours (for numerial methods)to several days and more (for analytial methods). The next step in development ofQN researh methods is usage of high performane omputing (HPC) for alulations.However, for parallel omputing one needs to develop speial software. That is timeand e�ort onsuming proess.The problem of �nding of the exponential QN harateristis as well as solution ofthe network ost optimization problem using parallel omputations are onsidered inthe paper.2. FINDING OF MEAN CHARACTERISTICS OFJACKSON OPEN NETWORKLet's onsider an open QN onsisting of n QS S1; S2; :::; Sn. For uni�ation weenter QS S0, orresponding to an external environment. Eah system has FIFO servie196



disipline. An arrival �ow of messages in the network is Poisson with rate �. Servietimes of messages in various QS are independent and don't depend on �ows arrivingin the systems; thus the servie time of the messages in i-th QS has an exponentialdistribution with parameter �i(l), where l � number of messages in QS. The messageservied by i-th QS, passes into j-th QS with probability pij , and leaves the networkwith probability pi0 , nPj=0 pij = 1, i = 1; n.From the Jakson expansion theorem [2℄ follows that �nal stationary probabilitiesof Jason's network states look likeP (k) = nYi=1 Pi(ki); (1)where Pi(ki), Pi(0) are de�ned by following:Pi(ki) = �ei�i(ki)Pi(ki � 1) = �ei�i(ki) �ei�i(ki � 1)Pi(ki � 2) = ::: = kiYl=1 �ei�i(l)Pi(0); (2)Pi(0) = "1 + 1Xki=1 kiYl=1 �ei�i(l)#�1 ; i = 1; n: (3)Here values ei, i = 1; n, are roots of linear equations system:ej = p0j + nXi=1 eipij; j = 1; n: (4)Thus, in steady state mode the number of messages in the network systems at eah�xed time instant is independent random variables.In ase when systems of the Jakson open network are multilinear, i.e. QS Si onsistsof mi idential servie lines, and servie rate of messages equals �i, i = 1; n, for eahline, steady probabilities of the network states also look like (1), thusPi(ki) = 8<: �kiiki!Pi(0); ki � mi;�kiimi!mki�mii Pi(0); ki > mi;Pi(0) = " miXj=0 �jij! + �mi+1imi!(mi � �i)#�1 ;here �i = ei��i , i = 1; n.Knowing values of network states probabilities, it is possible to alulate variousprobability harateristis of the QN. For example, average number of messages Ni0 in197



system Si queue, average number of messages Ni in system Si (in queue and on servie)and average time of stay �i in system Si are �nding byNi0 = Pi(mi) �i(mi � �i)2 ; i = 1; n;Ni = Ni0 + mi�1Xki=1 kiPi(ki) + Pi(mi)1� �imi ; i = 1; n;�i = Ni�i�i ; i = 1; n;where mi�1Pki=1 kiPi(ki) = 0 when mi = 1.Proeeding from theoretial results follows that alulation of state probability using(1) an be easy parallelized, for example, eah fator Pi(ki), i = 1; n, an be omputedby separate proessor irrespetively of other fators. Probability omputation proessPi(0), i = 1; n, an also be parallelized, for example, eah item of the in�nite sum in(3) an be evaluated irrespetive of other items on di�erent proessors of a omputingluster.Solution of linear equation system by omputing lusters is well studied problem.The matrix of the equation system (4) is rare�ed sine the matrix of probabilities ofmessage transitions between QS is suh. So the problem of values ei, i = 1; n, �nding isredued to usage of one of well studied methods of the solution of the equation systemsmultisequening [4℄.3. COSTS OPTIMIZATION IN OPEN JACKSONNETWORKLet's onsider the problem of osts minimization of the QN by the number of servielines in the queueing systems. We introdue next designations: di � ost of one messagein i-th QS and Ei � ost of one servie line in i-th QS, i = 1; n. So the networkoptimization problem is8<: W (m) = W (m1; m2; :::; mn) = nPi=1 (diNi(mi) + Eimi)! minm1;m2; :::;mn;mi � ai; i = 1; n; (5)where ai � given numbers in whih limits the number of servie lines in i-th QS anhange, i = 1; n.The problem (5) is integer programming problem, it ould be solved by exhaustivesearh mathod. However even for the networks of rather small dimension with numberof the systems in the network equal, for example 20, and number of servie lines insystems equal to 10, the number of suh searhes will be 1020 and the solution of theproblem (5) on one proessor ould oupy some days.198



The MPI tehnology was applied for parallel omputing to solve the optimizationproblem (5). Software based on programming library PETS [3℄ was developed. Opensoure library PETS, distributing by GPL liense, was developed taking into aountusage in the big salable appliations. PETS inludes a huge set of subroutines forparallel solving of linear and non-linear equations that are easily integrated into appli-ations written in programming languages C, C++, Fortran and Python. Also PETSprovides set of mehanisms used for development of parallel programs, for instane re-ation of parallel matrixes and vetors, allowing to lead a data interhange and to arryout various alulations.The riterion in optimization problem (5) an be presented in a matrix form:W �m(l)�L =M �m(l)�L�2n � E2n ! minm(l); l=1; L;where E2n = (d1; :::; dn; E1; :::; En)T ,M �m(l)�L�2n =  m(1)1 ::: m(1)n N1 �m(1)� ::: Nn �m(1)�m(2)1 ::: m(2)n N1 �m(2)� ::: Nn �m(2)�:::m(L)1 ::: m(L)n N1 �m(L)� Nn �m(L)�
 ;where m(l) = �m(l)1 ; m(l)2 ; :::; m(l)n �, m(l)i � number of servie lines in i-th system in l-thsearh, L = nQi=1 ai � number of all possible searhes, l = 1; L, i = 1; n.The proess of problem (5) solving with library PETS is redued to reation ofparallelized matrix M �m(l)�L�2n arranged line by line on all proessors, and furthermultipliation of it by parallelized vetor E2n. The resulting vetor W �m(l)�L willbe also parallelized. The minimum of ost riterion is a minimum element of vetorW �m(l)�L with number l�, and the solution of problem (5) is the �rst n elements of aline with number l� in matrixM �m(l)�L�2n.4. PROGRAM IMPLEMENTATIONFrom implementation point of view, the developed software is a bunh of severalutilities, eah one is dediated to one task: utility of intermediate and auxiliary matrixesreation, utility for intermediate alulations obtaining (for omputing solution of set oflinear algebrai equations on a luster), utility for alulation of QN's harateristis ona luster, optimization problem utility and also set of utilities for vetors and matrixesvisualization.Spei�ed partition into set independent subroutines allowed to make proess ofharateristis �nding as transparent as possible for end user. Cluster resoures are usedmore e�etively sine temporary results are not omputing several times and ould betaken from some intermediate storage. The only user interfae with developed utilitiesis ommand line, all parameters are spei�ed by ommand line arguments.199



The given set of developed utilities ould be used not only on a superomputer buton regular omputers driven by UNIX or Linux operating system with PETS installed,for example when dimension of task being solving is rather insigni�ant.5. THE EXAMPLELet's onsider queueing network onsisting of n = 5 QS, the number of servie lines ineah system an vary from 1 to 10, so the number of possible searhes equal L = 160807.Probabilities of messages transition between systems are equal pii+1 = 1; i = 0; n� 1,pn0 = 1, all remaining probabilities in transition matrix are equal to zero. The vetorof ost oe�ients is E2n = (22, 31, 11, 21, 13, 15, 21, 43, 54, 32)T .Solution of optimization problem (5) took about 53 mins on regular AMD64 Linux-based mahine in single-proessor mode (1 ore was used). It took about 17 mins onthe same mahine with 2 ores dediated. Obtained results are: W �m(l�)� = 198:275,m(l�) = (2; 1; 2; 2; 3), N �m(l�)� = (0:07; 0:953; 0:052; 0:126; 0:009).REFERENCES1. Ivnitsky V.A. Theory of queueing networks, Fizmatlit, Mosow, 2004.2. Matalytsky M.A., Tikhonenko O.M. and Pankov A.V. Queuing theory and its ap-pliation, GrSU, Grodno, 2008.3. http://www.ms.anl.gov/pets/pets-as/4. Toporkov V.V. Models of the distributed alulations, Fizmatlit, Mosow, 2004.
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ÑÒÀÖÈÎÍÀ�ÍÛÅ ÂÅ�ÎßÒÍÎÑÒÈÑÎÑÒÎßÍÈÉ ÑÈÑÒÅÌÛÑ ÄÂÓÌß Ï�ÈÎ�ÈÒÅÒÀÌÈÈ �ÅÇÅ�ÂÈ�ÎÂÀÍÈÅÌ ÊÀÍÀËÎÂÀ. Ïå÷èíêèíÈíñòèòóò ïðîáëåì èí�îðìàòèêè �ÀÍÌîñêâà, �îññèÿapehinkin�ipiran.ru�àññìàòðèâàåòñÿ ìàðêîâñêàÿ ìîäåëü äâóõïðèîðèòåòíîé ñèñòåìû, îáîáùàþùåéñèñòåìó ñ ðåçåðâèðîâàíèåì êàíàëîâ ïó÷êà, ìàðêîâñêèì âõîäÿùèì ïîòîêîì è ðàç-ëè÷íûìè ðàñïðåäåëåíèÿìè �àçîâîãî òèïà âðåìåí îáñëóæèâàíèÿ çàÿâîê êàæäîãîïðèîðèòåòà. �åçåðâèðîâàíèå êàíàëîâ ïó÷êà îçíà÷àåò íàëè÷èå íåêîòîðîãî ÷èñëà êà-íàëîâ, êîòîðûå ìîãóò çàíèìàòü òîëüêî ïðèîðèòåòíûå çàÿâêè. Ïîêàçàíî, êàê ìîæíîâû÷èñëèòü ñòàöèîíàðíûå âåðîÿòíîñòè ñîñòîÿíèé ýòîé ìàðêîâñêîé ìîäåëè.Êëþ÷åâûå ñëîâà: ñèñòåìà ìàññîâîãî îáñëóæèâàíèÿ; ðåçåðâèðîâàíèå êàíàëîâïó÷êà; ñòàöèîíàðíûå âåðîÿòíîñòè ñîñòîÿíèé.1. ÂÂÅÄÅÍÈÅÎäíîé èç âîçìîæíûõ ñõåì îáñëóæèâàíèÿ çàÿâîê íåñêîëüêèõ ïðèîðèòåòîâ ÿâ-ëÿåòñÿ ñèñòåìà ñ ðåçåðâèðîâàíèåì êàíàëîâ ïó÷êà (Ñ�ÊÏ), â êîòîðîé äëÿ çàÿâîêi-ãî ïðèîðèòåòà èìååòñÿ ñâîé ïîðîã ni, è çàÿâêè äàííîãî ïðèîðèòåòà ïðèíèìàþòñÿê îáñëóæèâàíèþ òîëüêî â òîì ñëó÷àå, êîãäà ÷èñëî çàíÿòûõ êàíàëîâ ìåíüøå ni.Òàêàÿ ñõåìà îáñëóæèâàíèÿ çàÿâîê, ïîëó÷èâøàÿ â ëèòåðàòóðå íàçâàíèå ñèñòåìû ñðåçåðâèðîâàíèåì êàíàëîâ ïó÷êà (Ñ�ÊÏ), âïåðâûå áûëà îïèñàíà P. J. Burke (�èðìàBell, ÑØÀ) â 1961 ã. äëÿ îáñëóæèâàíèÿ äâóõïðèîðèòåòíîãî ïó÷êà è âïîñëåäñòâèèèñïîëüçîâàíà â ðÿäå ñèñòåì ñâÿçè, â ÷àñòíîñòè, â ñèñòåìå RITA (�ðàíöèÿ) [1℄, [2℄.�àçëè÷íûå ìîäè�èêàöèè Ñ�ÊÏ èññëåäîâàëèñü â ðàáîòàõ [1℄, [3℄, [4℄, [5℄, [6℄, [7℄, [8℄,[9℄ è äðóãèõ.Â [10℄ áûëà ïðåäëîæåíà ìåòîäèêà ðàñ÷åòà Ñ�ÊÏ ñ ïðîèçâîëüíûì ÷èñëîì ïðè-îðèòåòîâ, ïóàññîíîâñêèìè âõîäÿùèìè ïîòîêàìè è îäèíàêîâûì ýêñïîíåíöèàëüíûìîáñëóæèâàíèåì çàÿâîê âñåõ ïðèîðèòåòîâ. Ýòà ìåòîäèêà ïîçâîëèëà ïîëó÷èòü â [11℄ëåãêî ðåàëèçóåìûå àëãîðèòìû âû÷èñëåíèÿ îñíîâíûõ ñòàöèîíàðíûõ õàðàêòåðèñòèêäâóõïðèîðèòåòíîé Ñ�ÊÏ ñ ìàðêîâñêèì âõîäÿùèì ïîòîêîì è îäèíàêîâûì ýêñïî-íåíöèàëüíûì îáñëóæèâàíèåì çàÿâîê âñåõ ïðèîðèòåòîâ. Îäíàêî ïðåäïîëîæåíèÿ îáýêñïîíåíöèàëüíîñòè è îäèíàêîâîé ðàñïðåäåëåííîñòè âðåìåí îáñëóæèâàíèÿ çàÿâîêðàçëè÷íûõ ïðèîðèòåòîâ ñóùåñòâåííî îãðàíè÷èâàþò ñ�åðó ïðèìåíåíèÿ ðåçóëüòà-òîâ [10℄ è [11℄. Â íàñòîÿùåé ðàáîòå ïðåäëîæåíà ñâîáîäíàÿ îò ýòèõ íåäîñòàòêîâ ìàð-êîâñêàÿ ìîäåëü, îáîáùàþùàÿ äâóõïðèîðèòåòíóþ Ñ�ÊÏ. Ïîêàçàíî, êàê äëÿ ýòîé201



ìîäåëè ìîæíî âû÷èñëèòü ñòàöèîíàðíûå ðàñïðåäåëåíèÿ î÷åðåäåé çàÿâîê ðàçíûõïðèîðèòåòîâ. 2. ÎÏÈÑÀÍÈÅ ÌÎÄÅËÈ�àññìîòðèì ñèñòåìó ìàññîâîãî îáñëóæèâàíèÿ ìàðêîâñêîãî òèïà ñ âõîäÿùèì ïî-òîêîì çàÿâîê äâóõ òèïîâ (äàëåå çàÿâêè ïåðâîãî òèïà áóäåì íàçûâàòü ïðèîðèòåòíû-ìè, à âòîðîãî � íåïðèîðèòåòíûìè) è îòíîñèòåëüíûì ïðèîðèòåòîì, îïèñûâàåìóþñëåäóþùèì îáðàçîì.Èìåþòñÿ íåîòðèöàòåëüíûå öåëûå ÷èñëà n0 � 1, n1 � n0 è n2 � 0. Ýòè ÷èñëàèíòåðïðåòèðóþòñÿ òàê: n0 � ÷èñëî ïðèáîðîâ, äîñòóïíûõ âñåì çàÿâêàì (èíûìè ñëî-âàìè, åñëè çàíÿòî ìåíåå n0 ïðèáîðîâ, òî ëþáàÿ ïîñòóïàþùàÿ çàÿâêà íåìåäëåííîíà÷èíàåò îáñëóæèâàòüñÿ); n1 � ìàêñèìàëüíîå ñóììàðíîå ÷èñëî íåïðèîðèòåòíûõçàÿâîê, íàõîäÿùèõñÿ íà ïðèáîðàõ, è ïðèîðèòåòíûõ çàÿâîê, íàõîäÿùèõñÿ â ñèñòåìå;n2 � ÷èñëî ìåñò îæèäàíèÿ äëÿ íåïðèîðèòåòíûõ çàÿâîê, ò.å. ìàêñèìàëüíîå ÷èñëîíåïðèîðèòåòíûõ çàÿâîê, êîòîðûå ìîãóò íàõîäèòüñÿ â ñèñòåìå äîïîëíèòåëüíî ê çà-ÿâêàì íà ïðèáîðàõ.Ïðîöåññ ïîñòóïëåíèÿ è îáñëóæèâàíèÿ çàÿâîê îïðåäåëÿåòñÿ ìàòðèöàìè �(u)n ,n = 0; n1, u = 1; 2, Mn, n = 1; n1, Nn, n = 0; n1, è 
 (ðàçìåðû ìàòðèö îïðåäå-ëÿþòñÿ äàëåå è çàäàþòñÿ ÷èñëàìè In, n = 0; n1, êîòîðûå áóäåì íàçûâàòü ÷èñëàìè�àç ïðîöåññà ïîñòóïëåíèÿ-îáñëóæèâàíèÿ çàÿâîê â ñëîÿõ n, èëè ïðîñòî ÷èñëàìè�àç) è ïðîòåêàåò òàêèì îáðàçîì.Åñëè â ñèñòåìå íàõîäèòñÿ n, n = 0; n0 � 1, çàÿâîê (äàëåå áóäåì ãîâîðèòü, ÷òîïðîöåññ ïîñòóïëåíèÿ-îáñëóæèâàíèÿ íàõîäèòñÿ â ñëîå n) è �àçà ðàâíà i, i = 1; In,òî ñ èíòåíñèâíîñòüþ (�(u)n )ij, u = 1; 2, j = 1; In+1, â ñèñòåìó ïîñòóïàåò íîâàÿ çàÿâ-êà u-ãî òèïà, êîòîðàÿ òóò æå íà÷èíàåò îáñëóæèâàòüñÿ, è �àçà ñòàíîâèòñÿ ðàâíîé j.Êðîìå òîãî, ñ èíòåíñèâíîñòüþ (Nn)ij, j = 1; In, j 6= i, â ñèñòåìó íå ïîñòóïàþòçàÿâêè è íå çàêàí÷èâàåòñÿ îáñëóæèâàíèå íè îäíîé èç n çàÿâîê, íî �àçà ñòàíî-âèòñÿ ðàâíîé j. Íàêîíåö, åñëè äîïîëíèòåëüíî n � 1, òî ñ èíòåíñèâíîñòüþ (Mn)ij,j = 1; In�1, çàêàí÷èâàåòñÿ îáñëóæèâàíèå îäíîé èç n çàÿâîê, ïðîöåññ ïîñòóïëåíèÿ-îáñëóæèâàíèÿ ïåðåõîäèò â ñëîé n� 1 è �àçà ñòàíîâèòñÿ ðàâíîé j.Ïðè n = n0 + 1; n1 � 1 áóäåì ãîâîðèòü, ÷òî ïðîöåññ ïîñòóïëåíèÿ-îáñëóæèâàíèÿíàõîäèòñÿ â ñëîå n â òîì ñëó÷àå, êîãäà ñóììàðíîå ÷èñëî íåïðèîðèòåòíûõ çàÿâîê,íàõîäÿùèõñÿ íà ïðèáîðàõ, è ïðèîðèòåòíûõ çàÿâîê, íàõîäÿùèõñÿ â ñèñòåìå, ðàâíîn è, âîçìîæíî, èìååòñÿ åùå êàêîå-òî ÷èñëî (íî íå áîëåå n2) íåïðèîðèòåòíûõ çà-ÿâîê â î÷åðåäè. Ïðè ýòîì åñëè �àçà ïðîöåññà ïîñòóïëåíèÿ-îáñëóæèâàíèÿ ðàâíà i,i = 1; In, òî ñ èíòåíñèâíîñòüþ (�(1)n )ij, j = 1; In+1, â ñèñòåìó ïîñòóïàåò ïðèîðèòåò-íàÿ çàÿâêà, ïðè÷åì, êàê è ïðåæäå, ïðîöåññ ïîñòóïëåíèÿ-îáñëóæèâàíèÿ ïåðåõîäèòâ ñëîé n+1 è �àçà ñòàíîâèòñÿ ðàâíîé j. Ñ èíòåíñèâíîñòüþ (Nn)ij, j = 1; In, j 6= i,â ñèñòåìó íå ïîñòóïàþò çàÿâêè è íå çàêàí÷èâàåòñÿ îáñëóæèâàíèå çàÿâîê, íî ñ i-éíà j-þ èçìåíÿåòñÿ �àçà, à ñ èíòåíñèâíîñòüþ (Mn)ij, j = 1; In�1, çàêàí÷èâàåòñÿîáñëóæèâàíèå îäíîé èç çàÿâîê è �àçà ñòàíîâèòñÿ ðàâíîé j. Îäíàêî åñëè â ñèñòåìóïîñòóïàåò íåïðèîðèòåòíàÿ çàÿâêà (ñ èíòåíñèâíîñòüþ (�(2)n )ij, j = 1; In), òî ñëîé202



n íå ìåíÿåòñÿ, à �àçà ñòàíîâèòñÿ ðàâíîé j. Ïîñòóïàþùàÿ íåïðèîðèòåòíàÿ çàÿâêàëèáî ñòàíîâèòñÿ â î÷åðåäü íåïðèîðèòåòíûõ çàÿâîê (åñëè òàì èìåþòñÿ ñâîáîäíûåìåñòà), ëèáî òåðÿåòñÿ.Åäèíñòâåííûì îòëè÷èåì ñëó÷àÿ n = n1 îò ïðåäûäóùåãî ÿâëÿåòñÿ òî, ÷òî ïîñòó-ïàþùàÿ ïðèîðèòåòíàÿ çàÿâêà òåðÿåòñÿ, èçìåíÿÿ �àçó â òîì æå ñëîå. Åñòåñòâåííî,ìàòðèöà �(1)n1 â ýòîì ñëó÷àå ÿâëÿåòñÿ êâàäðàòíîé ïîðÿäêà In1 .Îáðàòèìñÿ ê ïîñëåäíåìó ñëó÷àþ: n = n0. Çäåñü âîçìîæíû äâà âàðèàíòà, ñâÿ-çàííûå ñ îêîí÷àíèåì îáñëóæèâàíèÿ. Ïåðâûé âàðèàíò ïîÿâëÿåòñÿ, åñëè â ñèñòåìåâ î÷åðåäè îòñóòñòâóþò íåïðèîðèòåòíûå çàÿâêè. Òîãäà, êàê è ðàíüøå, ñ èíòåíñèâ-íîñòüþ (Mn0)ij, i = 1; In0, j = 1; In0�1, çàêàí÷èâàåòñÿ îáñëóæèâàíèå îäíîé èççàÿâîê, ïðîöåññ ïîñòóïëåíèÿ-îáñëóæèâàíèÿ ïåðåõîäèò â ñëîé n0 � 1 è �àçà ñòà-íîâèòñÿ ðàâíîé j. Ïðåæíèé ñìûñë èìåþò òàêæå ìàòðèöû �(u)n0 , u = 1; 2, è Nn0 .Åñëè æå â ñèñòåìå â î÷åðåäè èìåþòñÿ íåïðèîðèòåòíûå çàÿâêè (âòîðîé âàðèàíò),òî ñ èíòåíñèâíîñòüþ (Mn0)ij, i = 1; In0, j = 1; In0�1, çàêàí÷èâàåòñÿ îáñëóæèâà-íèå çàÿâêè, íî íà îñâîáîäèâøèéñÿ ïðèáîð ìãíîâåííî ïîñòóïàåò çàÿâêà èç î÷åðåäèíåïðèîðèòåòíûõ çàÿâîê, ñ âåðîÿòíîñòüþ 
jl, l = 1; In0, ìåíÿÿ �àçó ñ j-é íà l-þè âîçâðàùàÿ ïðîöåññ ïîñòóïëåíèÿ-îáñëóæèâàíèÿ â ñëîé n0. Ìàòðèöû �(u)n0 èìåþòïðåæíèé ñìûñë.Â òåõ ñëó÷àÿõ, êîãäà ñóììèðîâàíèå âîçìîæíî, ïîëîæèì:N (0)n = Nn + �(1)n + �(2)n ; N (1)n = Nn + �(2)n ; N (2)n = Nn + �(1)n :3. ÑÒÀÖÈÎÍÀ�ÍÛÅ ÂÅ�ÎßÒÍÎÑÒÈ ÑÎÑÒÎßÍÈÉÏóñòü �(t) îáîçíà÷àåò ñëîé, â êîòîðîì íàõîäèòñÿ ïðîöåññ ïîñòóïëåíèÿ-îáñëó-æèâàíèÿ â ìîìåíò t. Ïðåäïîëîæèì, ÷òî â íà÷àëüíûé ìîìåíò çíà÷åíèå ïðîöåññà�(t) ðàâíÿëîñü n, n = n0; n1, îòñóòñòâîâàëà î÷åðåäü íåïðèîðèòåòíûõ çàÿâîê è �à-çà áûëà i. Ââåäåì ìàòðèöû Fk(n), k = 0; n2 � 1, è ~Fk(n), k = 0; n2. Ýëåìåíòû(Fk(n))ij è ( ~Fk(n))ij, i = 1; In, j = 1; In�1, ìàòðèö Fk(n) è ~Fk(n) ïðåäñòàâëÿþòñîáîé âåðîÿòíîñòè òîãî, ÷òî íåïîñðåäñòâåííî ïîñëå ìîìåíòà, êîãäà âïåðâûå çíà÷å-íèå ïðîöåññà �(t) ñòàíåò ðàâíûì n � 1 (â ñëó÷àå n = n0 òàêèì ìîìåíòîì ìîæåòáûòü òàêæå ìîìåíò, êîãäà íà ïðèáîð âïåðâûå ïîñòóïèò íåïðèîðèòåòíàÿ çàÿâêàèç î÷åðåäè íåïðèîðèòåòíûõ çàÿâîê, îäíàêî ýòà íåïðèîðèòåòíàÿ çàÿâêà ïîêà åùåíå ó÷èòûâàåòñÿ êàê ïîñòóïèâøàÿ íà ïðèáîð), �àçà áóäåò j è â ñèñòåìå â î÷åðå-äè íåïðèîðèòåòíûõ çàÿâîê áóäåò íàõîäèòüñÿ ðîâíî k è, ñîîòâåòñòâåííî ïî êðàéíåéìåðå k, çàÿâîê. Ñëåäóþùèå ñîîòíîøåíèÿ ïîçâîëÿþò ðåêóððåíòíî ïî n è k, íà÷èíàÿñ n = n1 è k = 0, âû÷èñëÿòü ìàòðèöû Fk(n) è ~Fk(n):F0(n1) = (�N (2)n1 )�1Mn1 ; (1)~F0(n1) = (�N (0)n1 )�1Mn1 ; (2)Fk(n1) = (�N (2)n1 )�1�(2)n1 Fk�1(n1); k = 1; n2 � 1; (3)~Fk(n1) = (�N (2)n1 )�1�(2)n1 ~Fk�1(n1); k = 1; n2; (4)203



F0(n) = �N�1n ��(1)n F0(n+ 1)F0(n) +Mn�; n = n0; n1 � 1; (5)~F0(n) = (�N (1)n )�1��(1)n ~F0(n+ 1) ~F0(n) +Mn�; n = n0; n1 � 1; (6)Fk(n) = �N�1n "�(1)n kXi=0 Fi(n+ 1)Fk�i(n)++�(2)n Fk�1(n)#; k = 1; n2 � 1; n = n0; n1 � 1; (7)~Fk(n) = �N�1n "�(1)n  k�1Xi=0 Fi(n+ 1) ~Fk�i(n) + ~Fk(n + 1) ~F0(n)!++�(2)n ~Fk�1(n)#; k = 1; n2; n = n0; n1 � 1: (8)Ïîëîæèì Fk = Fk(n0), k = 0; n2 � 1, è ~Fk = ~Fk(n0), k = 0; n2.Âëîæåííóþ öåïü Ìàðêîâà äëÿ äàííîé ñèñòåìû ìîæíî ââåñòè ðàçëè÷íûìè ñïî-ñîáàìè. Óäîáíî îïðåäåëèòü åå òàêèì îáðàçîì. �àññìîòðèì ñëåäóþùèå ìîìåíòû:ìîìåíòû îñâîáîæäåíèÿ êàêèõ-ëèáî ïðèáîðîâ èëè ïîñòóïëåíèÿ çàÿâîê â ñèñòåìóâ ñëó÷àå, êîãäà ïåðåä ýòèìè ìîìåíòàìè áûëî çàíÿòî ìåíåå n0 ïðèáîðîâ; ìîìåí-òû îñâîáîæäåíèÿ êàêèõ-ëèáî ïðèáîðîâ â ñëó÷àå, êîãäà ïåðåä ýòèìè ìîìåíòàìèáûëî çàíÿòî ðîâíî n0 ïðèáîðîâ. Ïîñëåäîâàòåëüíîñòü òàêèõ ìîìåíòîâ îáîçíà÷èì÷åðåç f�l, l � 1g. Îòìåòèì, ÷òî íåïîñðåäñòâåííî ïîñëå ìîìåíòà âòîðîãî òèïàëèáî â ñèñòåìå îñòàåòñÿ ðîâíî n0 � 1 çàÿâîê (âñå îíè îáñëóæèâàþòñÿ íà ïðèáî-ðàõ), ëèáî íà ïðèáîð ïîñòóïàåò íåïðèîðèòåòíàÿ çàÿâêà èç î÷åðåäè. Ìíîæåñòâîñîñòîÿíèé âëîæåííîé öåïè Ìàðêîâà ïðåäñòàâëÿåò ñîáîé ïàðó (i;m), i = 1; Im,m = 0; n0 + n2 � 1. Çäåñü i � �àçà (ïðîöåññà ïîñòóïëåíèÿ-îáñëóæèâàíèÿ) ñîîòâåò-ñòâóþùåãî ñëîÿ. Áîëåå õèòðî îïðåäåëÿåòñÿ âòîðîé êîìïîíåíò m ìíîæåñòâà ñîñòî-ÿíèé. À èìåííî, åñëè m = 0; n0 � 1, òî, êàê îáû÷íî, m � ÷èñëî çàÿâîê â ñèñòåìå.Îäíàêî, åñëè m = n0; n0 + n2 � 1, òî ÷èñëî çàíÿòûõ ïðèáîðîâ ðàâíî n0, à m�n0 �÷èñëî íåïðèîðèòåòíûõ çàÿâîê â î÷åðåäè. Ñàìó öåïü Ìàðêîâà îáðàçóþò �àçà è÷èñëî çàíÿòûõ ïðèáîðîâ (íîìåð ñëîÿ) èëè ÷èñëî çàíÿòûõ ïðèáîðîâ (íîìåð ñëîÿ)ïëþñ ÷èñëî íåïðèîðèòåòíûõ çàÿâîê â î÷åðåäè íåïîñðåäñòâåííî ïîñëå ìîìåíòîâ �l.Ìàòðèöó ïåðåõîäíûõ âåðîÿòíîñòåé âëîæåííîé öåïè Ìàðêîâà áóäåì îáîçíà÷àòü÷åðåç P = (Pm1m2), m1; m2 = 0; n0 + n2 � 1. Îòìåòèì, ÷òî â ñèëó ïðèíÿòîãî íà-ìè ñîãëàøåíèÿ ýëåìåíòû Pm1m2 ìàòðèöû P ñàìè ÿâëÿþòñÿ ìàòðèöàìè ðàçìåðîâ,îïðåäåëÿåìûõ ÷èñëàìè �àç ñîîòâåòñòâóþùèõ ñëîåâ. Ýòè ìàòðèöû çàäàþòñÿ �îð-ìóëàìè: Pm;m�1 = �N�1m Mm; m = 1; n0 � 1;Pm;m+1 = �N�1m (�(1)m + �(2)m ); m = 0; n0 � 1;Pm1m2 = Fm2�m1+1
; m1 = n0; n0 + n2 � 1; m2 = m1 � 1; n0 + n2 � 2; m2 6= n0� 1;Pn0;n0�1 = F0;204



Pm;n0+n2�1 = ~Fn0+n2�m
; m = n0; n0 + n2 � 1:Îñòàëüíûå ìàòðèöû Pm1m2 ÿâëÿþòñÿ íóëåâûìè.Îáîçíà÷èì ÷åðåç ~p � âåêòîð-ñòðîêó ñòàöèîíàðíûõ âåðîÿòíîñòåé âëîæåííîé öå-ïè Ìàðêîâà. Åñòåñòâåííî, êîîðäèíàòû ~p �m, m = 0; n0 + n2 � 1, âåêòîðà ~p � ñàìèÿâëÿþòñÿ âåêòîð-ñòðîêàìè ñ êîîðäèíàòàìè (~p �m)i, ãäå èíäåêñ i îçíà÷àåò �àçó.Âåêòîð ~p � óäîâëåòâîðÿåò ñèñòåìå óðàâíåíèé ðàâíîâåñèÿ (ÑÓ�)~p � = ~p �Pñ óñëîâèåì íîðìèðîâêè n0+n2�1Xm=0 ~p �m~1 = 1:Çäåñü ÷åðåç ~1 îáîçíà÷åí âåêòîð-ñòîëáåö (1; : : : ; 1)T , ðàçìåðíîñòü êîòîðîãî îïðåäå-ëÿåòñÿ ðàçìåðîì óìíîæàåìîé íà íåãî ñëåâà ìàòðèöû. Äëÿ ðåøåíèÿ ÑÓ� óäîáíîïðèìåíèòü àëãîðèòì, îñíîâàííûé íà ïîñëåäîâàòåëüíîì óïðîùåíèè öåïè Ìàðêîâàñ ïîìîùüþ èñêëþ÷åíèÿ ìíîæåñòâ ñîñòîÿíèé (ñì. [12℄, ñòð. 22).Ïðåäïîëîæèì òåïåðü, ÷òî â íà÷àëüíûé ìîìåíò çíà÷åíèå ïðîöåññà �(t) ðàâíÿ-ëîñü n, n = n0; n1, îòñóòñòâîâàëà î÷åðåäü íåïðèîðèòåòíûõ çàÿâîê è �àçà áûëà i.Îáîçíà÷èì ÷åðåç Sk(n), k = n; n1, ìàòðèöó, ýëåìåíòîì (Sk(n))ij, j = 1; Ik, êîòî-ðîé ÿâëÿåòñÿ ñðåäíåå âðåìÿ, ïðîâåäåííîå ñèñòåìîé â ñîñòîÿíèÿõ, êîãäà çíà÷åíèåïðîöåññà �(t) ðàâíÿëîñü k è �àçà áûëà j, äî òîãî ìîìåíòà, êîãäà âïåðâûå çíà÷åíèåïðîöåññà �(t) ñòàëî ðàâíûì n � 1 (â ñëó÷àå n = n0 òàêèì ìîìåíòîì ìîæåò áûòüòàêæå ìîìåíò, êîãäà íà ïðèáîð âïåðâûå ïîñòóïèò íåïðèîðèòåòíàÿ çàÿâêà èç î÷å-ðåäè íåïðèîðèòåòíûõ çàÿâîê), à ÷åðåç ~tk(n), k = 0; n2 � 1, è ~Tk(n), k = 0; n2, �âåêòîð-ñòîëáöû, êîîðäèíàòàìè (~tk(n))i è (~Tk(n))i, i = 1; In, êîòîðûõ ÿâëÿþòñÿñðåäíèå âðåìåíà, ïðîâåäåííûå ñèñòåìîé â ñîñòîÿíèÿõ, êîãäà â î÷åðåäè íåïðèîðè-òåòíûõ çàÿâîê èìåëîñü ðîâíî k è, ïî êðàéíåé ìåðå k, çàÿâîê (áåç ó÷åòà �àçû), äîòîãî ìîìåíòà, êîãäà âïåðâûå çíà÷åíèå ïðîöåññà �(t) ñòàëî ðàâíûì n�1 (ñ ïðåæíèìçàìå÷àíèåì îòíîñèòåëüíî ñëó÷àÿ n = n0). Ìàòðèöû Sk(n) è âåêòîðû ~tk(n) è ~Tk(n)óäîâëåòâîðÿþò óðàâíåíèÿì, àíàëîãè÷íûì (1)�(3), è òàêæå ëåãêî âû÷èñëÿþòñÿ ðå-êóððåíòíî.Íàêîíåö, îáîçíà÷èì ÷åðåç ~pn, n = 0; n1, � âåêòîð-ñòðîêó ñ êîîðäèíàòàìè (~pn)i,i = 1; In, ïðåäñòàâëÿþùèìè ñîáîé ñòàöèîíàðíûå âåðîÿòíîñòè òîãî, ÷òî çíà÷åíèåïðîöåññà �(t) ðàâíî n è �àçà ðàâíà i, à ÷åðåç p(2)n , n = 0; n2, � ñòàöèîíàðíóþâåðîÿòíîñòü òîãî, ÷òî â ñèñòåìå â î÷åðåäè íåïðèîðèòåòíûõ çàÿâîê èìååòñÿ n çàÿâîê(�àçà íå ó÷èòûâàåòñÿ). Òîãäà:~pn = � 1m~p �nN�1n ; n = 0; n0 � 1; ~pn = 1m n0+n2�1Xk=n0 ~p �kSn; n = n0; n1;p(2)0 = 1m�� n0�1Xk=0 ~p �kN�1k ~1 + ~p �n0~t0�; p(2)n = 1m nXk=0 ~p �n0+k~tn�k; n = 1; n2 � 1;205



p(2)n2 = 1m n2�1Xk=0 ~p �n0+k ~Tn2�k;ãäå: m = n0+n2�1Xn=0 ~p �n ~mn;~mn = �N�1n ~1; n = 0; n0 � 1; ~mn = ~T0; n = n0; n0 + n2 � 1:ËÈÒÅPÀÒÓPÀ1. Grandjean C. H. Tra� Calulations in Suturation Routing with Priorities //Eletr. Commun. 1974. V. 49. � 1, P. 72�79.2. Ëþäâèã �., �îé �. Îãðàíè÷åíèÿ äëÿ ñåòåé ñ âîëíîâûì ïîèñêîì ñåòåé // Òð. èí-òà èíæåíåðîâ ýëåêòðîíèêè è ðàäèîýëåêòðîíèêè. 1977. Ò. 65. � 9. Ñ. 154�165.3. Weber J. H. Some Tra� Charateristis of Communiations Networks withAutomati Alternate Routing // Bell System Tehn. J. 1962. Marh. P. 1201�1247.4. Weber J. H. Simulation Study of Routing and Control in CommuniationsNetworks // Bell System Tehn. J. 1964. Nov. P. 2639�2676.5. Grandjean C. H. Call Routing Strategies in Teleommuniations Networks //Eletr. Commun. 1967. V. 42, � 3. P. 380�391.6. Äæåéñóîë Í. Î÷åðåäè ñ ïðèîðèòåòàìè. Ì.: Ìèð, 1973.7. Esoqbue A. O., Singh A. J. A Stohasti Model for a Optimal Priority BedDistribution in a Hospital // Oper. Res. 1976. � 24. P. 884�889.8. Otterman J. Grande of Servie Diret Tra� mixed with Store-and-ForwardTra� // Bell System Tehn. J. 1962. Apr. P. 1415�1437.9. Liu F. K. A Combined Delay and Loss System with Priority // ICC. 1973. V. 39.� 7. P. 39-7�39-13.10. Ïå÷èíêèí À. Â., Ôåäîðîâ Â. Ì. Ìåòîäèêà ðàñ÷åòà ìíîãîêàíàëüíîé ñèñòåìûïðèîðèòåòíîãî îáñëóæèâàíèÿ ñ ðåçåðâèðîâàíèåì êàíàëîâ // Ñèñòåìíîå ìîäå-ëèðîâàíèå. Âûï. 15. Íîâîñèáèðñê: ÂÖ ÑÎ ÀÍ ÑÑÑ�, 1990.11. Áóðûãèí Ñ. Â., �ëàçóíîâ À. Ñ., Ïå÷èíêèí À. Â. Ñèñòåìà ïðèîðèòåòíîãî îá-ñëóæèâàíèÿ ñ ðåçåðâèðîâàíèåì êàíàëîâ è ìàðêîâñêèì âõîäÿùèì ïîòîêîì //Âåñòíèê �îññèéñêîãî óíèâåðñèòåòà äðóæáû íàðîäîâ. Ñåð. Ïðèêëàäíàÿ ìàòå-ìàòèêà è èí�îðìàòèêà. 2001. � 1. Ñ. 80�89.12. Boharov P. P., D'Apie C., Pehinkin A. V., Salerno S. Queueing Theory.Utreht�Boston: VSP, 2004.
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Î Â�ÅÌÅÍÈ ÎÆÈÄÀÍÈßÏ�È ÍÅÊÎÒÎ�ÛÕÄÈÑÖÈÏËÈÍÀÕÎÁÑËÓÆÈÂÀÍÈß Â ÑÈÑÒÅÌÅÑ ÎÒ�ÈÖÀÒÅËÜÍÛÌÈÇÀßÂÊÀÌÈ È ÁÓÍÊÅ�ÎÌÀ. Ïå÷èíêèí1, �. �àçóì÷èê2;�1Èíñòèòóò ïðîáëåì èí�îðìàòèêè �ÀÍ,2�îññèéñêèé Óíèâåðñèòåò Äðóæáû Íàðîäîâ1;2Ìîñêâà, �îññèÿ�rrazumhik�ieee.org�àññìàòðèâàåòñÿ îäíîëèíåéíàÿ ñèñòåìà ìàññîâîãî îáñëóæèâàíèÿ ñ îòðèöàòåëü-íûìè çàÿâêàìè è íàêîïèòåëåì áåñêîíå÷íîé åìêîñòè. Îòðèöàòåëüíàÿ çàÿâêà âûòåñ-íÿåò (îáû÷íóþ) çàÿâêó èç íàêîïèòåëÿ â áóíêåð òàêæå áåñêîíå÷íîé åìêîñòè. Çàÿâêèèç íàêîïèòåëÿ îáñëóæèâàþòñÿ ñ îòíîñèòåëüíûì ïðèîðèòåòîì ïî îòíîøåíèþ ê çà-ÿâêàì èç íàêîïèòåëÿ. Äëÿ äâóõ äèñöèïëèí âûáîðà íà îáñëóæèâàíèå è âûòåñíåíèÿçàÿâîê ïîëó÷åíî â òåðìèíàõ ïðåîáðàçîâàíèÿ Ëàïëàñà�Ñòèëòüåñà ðàñïðåäåëåíèåâðåìåíè îæèäàíèÿ íà÷àëà îáñëóæèâàíèÿ.Êëþ÷åâûå ñëîâà: îòðèöàòåëüíûå çàÿâêè, áóíêåð, âðåìÿ îæèäàíèÿ.1. ÎÏÈÑÀÍÈÅ ÑÈÑÒÅÌÛ�àññìîòðèì îäíîëèíåéíóþ ñèñòåìó ìàññîâîãî îáñëóæèâàíèÿ (ÑÌÎ), â êîòî-ðóþ ïîñòóïàåò ïóàññîíîâñêèé ïîòîê çàÿâîê èíòåíñèâíîñòè �. Çàÿâêè ýòîãî ïîòîêàáóäåì íàçûâàòü ïîëîæèòåëüíûìè. Äëÿ íèõ èìååòñÿ íàêîïèòåëü íåîãðàíè÷åííîéåìêîñòè. Äîïîëíèòåëüíî â ñèñòåìó ïîñòóïàåò ïóàññîíîâñêèé ïîòîê îòðèöàòåëüíûõçàÿâîê èíòåíñèâíîñòè ��. Îòðèöàòåëüíàÿ çàÿâêà ïåðåìåùàåò îäíó ïîëîæèòåëüíóþçàÿâêó èç íàêîïèòåëÿ â áóíêåð íåîãðàíè÷åííîé åìêîñòè è ïîñëå ýòîãî ïîêèäàåòñèñòåìó. Åñëè â ìîìåíò ïîñòóïëåíèÿ îòðèöàòåëüíîé çàÿâêè â íàêîïèòåëå íåò ïî-ëîæèòåëüíûõ çàÿâîê, òî, âíå çàâèñèìîñòè îò ñîñòîÿíèÿ ïðèáîðà, îòðèöàòåëüíàÿçàÿâêà ïîêèäàåò ñèñòåìó, íå îêàçûâàÿ íà íåå íèêàêîãî âîçäåéñòâèÿ.Ïîñëå îêîí÷àíèÿ îáñëóæèâàíèÿ î÷åðåäíîé çàÿâêè íà ïðèáîð ñòàíîâèòñÿ çàÿâêàèç íàêîïèòåëÿ èëè, åñëè íàêîïèòåëü ïóñò, èç áóíêåðà. Ïðåðûâàíèå îáñëóæèâàíèÿçàÿâîê íå äîïóñêàåòñÿ. Äëèòåëüíîñòè îáñëóæèâàíèÿ çàÿâîê, êàê èç íàêîïèòåëÿ,òàê è èç áóíêåðà, èìåþò ýêñïîíåíöèàëüíîå ðàñïðåäåëåíèå ñ îäíèì è òåì æå ïàðà-ìåòðîì �. Äàëåå áóäåì ïðåäïîëàãàòü, ÷òî âûïîëíåíî íåîáõîäèìîå è äîñòàòî÷íîå207



óñëîâèå � = �=� < 1 ñóùåñòâîâàíèÿ ñòàöèîíàðíîãî ðåæèìà �óíêöèîíèðîâàíèÿÑÌÎ.Îïèñàííàÿ âûøå ñèñòåìà ñ îòðèöàòåëüíûìè çàÿâêàìè, êîòîðûå íå ¾óáèâàþò¿íàõîäÿùèåñÿ â ñèñòåìå çàÿâêè, à ëèøü îòêëàäûâàþò èõ îáñëóæèâàíèå íà ñëó÷àé-íîå âðåìÿ, âûòåñíÿÿ â äðóãóþ î÷åðåäü, áûëà ââåäåíà â [1℄, ãäå áûëè ïîëó÷åíûðåçóëüòàòû, ñâÿçàííûå ñî ñòàöèîíàðíûìè ðàñïðåäåëåíèÿìè (ñîâìåñòíûì è ìàðãè-íàëüíûìè) ÷èñåë çàÿâîê â ñèñòåìå.Â íàñòîÿùåé ðàáîòå íàõîäèòñÿ ðàñïðåäåëåíèå âðåìåíè îæèäàíèÿ íà÷àëà îáñëó-æèâàíèÿ â ðàññìàòðèâàåìîé ÑÌÎ äëÿ ñëåäóþùèõ äèñöèïëèí âûáîðà èç íàêîïè-òåëÿ è áóíêåðà íà îáñëóæèâàíèå è âûòåñíåíèÿ èç íàêîïèòåëÿ â áóíêåð:� ïðè ïîñòóïëåíèè îòðèöàòåëüíîé çàÿâêè âûòåñíÿåòñÿ ïîñëåäíÿÿ çàÿâêà èç î÷å-ðåäè â íàêîïèòåëå, à â ìîìåíò îêîí÷àíèÿ îáñëóæèâàíèÿ çàÿâêè íà ïðèáîðå íàîáñëóæèâàíèå âûáèðàåòñÿ ïåðâàÿ çàÿâêà èç î÷åðåäè â íàêîïèòåëå èëè, åñëèíàêîïèòåëü ïóñò, ïåðâàÿ çàÿâêà èç î÷åðåäè â áóíêåðå (äèñöèïëèíà LAST -FIFO-FIFO);� ïðè ïîñòóïëåíèè îòðèöàòåëüíîé çàÿâêè âûòåñíÿåòñÿ ïåðâàÿ çàÿâêà èç î÷å-ðåäè â íàêîïèòåëå, à â ìîìåíò îêîí÷àíèÿ îáñëóæèâàíèÿ çàÿâêè íà ïðèáî-ðå íà îáñëóæèâàíèå âûáèðàåòñÿ ïîñëåäíÿÿ çàÿâêà èç î÷åðåäè â íàêîïèòåëåèëè, åñëè íàêîïèòåëü ïóñò, ïåðâàÿ çàÿâêà èç î÷åðåäè â áóíêåðå (äèñöèïëèíàFIRST -LIFO-FIFO);2. ÂÑÏÎÌÎ�ÀÒÅËÜÍÛÅ �ÅÇÓËÜÒÀÒÛÏóñòü fpkm; m � 0; k � u(m)g (çäåñü è äàëåå ÷åðåç u(x) îáîçíà÷àåòñÿ �óíêöèÿÕåâèñàéäà) � ñòàöèîíàðíîå ðàñïðåäåëåíèå âåðîÿòíîñòåé òîãî, ÷òî â íàêîïèòåëå èíà ïðèáîðå íàõîäèòñÿ k çàÿâîê, à â áóíêåðå � m çàÿâîê. Òîãäà, èñïîëüçóÿ âèääâîéíîé ïðîèçâîäÿùåé �óíêöèè (ÏÔ) P (u; v) = p00 + 1Pk=1 1Pm=0 pkmukvm, íàéäåííûéâ [1℄, ìîæíî ïîêàçàòü, ÷òî1Xm=0 pkmvm = (1� �)�1� ���u2 � �� 1uk1 ; k � 1; (1)ãäå u1;2 = u1;2(v) = �+ �+ �� �p(�+ �+ ��)2 � 4�(�+ ��v)2� :Ïîäñòàâëÿÿ v = 1 â (1), ëåãêî íàéòè âèä âåðîÿòíîñòåé fpi;� i � 0g òîãî, ÷òî âíàêîïèòåëå è íà ïðèáîðå íàõîäÿòñÿ i çàÿâîê:pi;� = 8<:1� �; i = 0;�(1� q)qi�1; i � 1; q = ��+ �� : (2)208



�àññìîòðèì òåïåðü ïåðèîä çàíÿòîñòè (ÏÇ) ñèñòåìû M=M=1=1 ñ âõîäÿùèì ïî-òîêîì èíòåíñèâíîñòè � è èíòåíñèâíîñòüþ îáñëóæèâàíèÿ b. Îáîçíà÷èì ÷åðåç G(x; b)�óíêöèþ ðàñïðåäåëåíèÿ (Ô�) ÏÇ ýòîé ñèñòåìû, à ÷åðåç (s; b) = 1R0 e�sxdG(x; b) �ïðåîáðàçîâàíèå Ëàïëàñà�Ñòèëòüåñà (ÏËÑ) Ô� G(x; b). Òîãäà (ñì., íàïðèìåð [2, 3℄)(s; b) = s+ �+ b�p(s+ �+ b)2 � 4�b2� :Îáîçíà÷èì ÷åðåç G(x; k; b) âåðîÿòíîñòü òîãî, ÷òî ÏÇ ýòîé ñèñòåìû áóäåò ìåíüøåx è íà íåì îáñëóæèòñÿ ðîâíî k çàÿâîê. Äâîéíîå ïðåîáðàçîâàíèå (ÏËÑ ïî x è ÏÔïî k) (s; z; b) = 1Pk=1 zk 1R0 e�sxdG(x; k; b) çàäàåòñÿ �îðìóëîé(s; z; b) = s+ �+ b�p(s+ �+ b)2 � 4�zb2� :Íàêîíåö, ÷åðåç G�(x) îáîçíà÷èì Ô� ÏÇ ÑÌÎ M=M=1=1 ñ ïàðàìåòðàìè�� = ��=(�+ ��) è �. Îòìåòèì, ÷òî G�(x) ïðåäñòàâëÿåò ñîáîé òàêæå Ô� ÏÇ ÑÌÎM=M=1=1 ñ ïàðàìåòðàìè � è (� + ��), îòêðûâàåìîãî çàÿâêîé ýêñïîíåíöèàëüíîéñ ïàðàìåòðîì � äëèíû. ÏËÑ Ô� G�(x) èìååò âèä�(s) = ��+ s+ �[1� (s;�+ ��)℄ :3. ÄÈÑÖÈÏËÈÍÀ LAST -FIFO-FIFOÍàéäåì ñòàöèîíàðíîå ðàñïðåäåëåíèå âðåìåíè îæèäàíèÿ íà÷àëà îáñëóæèâàíèÿïîñòóïèâøåé â ñèñòåìó çàÿâêè ïðè äèñöèïëèíå LAST -FIFO-FIFO.Îáîçíà÷èì ÷åðåç F (x) ñòàöèîíàðíóþ âåðîÿòíîñòü òîãî, ÷òî ïîïàâøàÿ â íàêî-ïèòåëü çàÿâêà ïîñòóïèò èç íàêîïèòåëÿ íà ïðèáîð, ïðè÷åì çà âðåìÿ ìåíüøå x, ïðèóñëîâèè, ÷òî çà ýòî âðåìÿ íå áóäåò âûòåñíåíà (¾óáèòà¿) íè îäíà çàÿâêà. ÒîãäàF (x) = 1� 1Xi=1 pi;�Hi(x;�)(çäåñü è äàëåå Hi(x;�) � Ô� Ýðëàíãà ñ i �àçàìè è èíòåíñèâíîñòüþ îáñëóæèâà-íèÿ �). Ñ ó÷åòîì (2) âåðîÿòíîñòü F (x) â òåðìèíàõ ÏËÑ çàäàåòñÿ âûðàæåíèåì (s) = (1� q) 1Xi=1 qi�1� �s+ ��i= �(1� q)s+ �(1� q) ;îáðàùàÿ êîòîðîå, èìååì:f(x) = F 0(x) = �(1� q)e��(1�q)x; x > 0:Âåðîÿòíîñòü òîãî, ÷òî çàÿâêà ïîñòóïèò èç íàêîïèòåëÿ â áóíêåð, ïðè÷åì çà âðåìÿìåíüøå x, ïðè óñëîâèè, ÷òî çà âðåìÿ x íå áóäåò îáñëóæåíà íè îäíà çàÿâêà, èìååòÔ� G(x;��) ñ ÏËÑ (s;��). 209



Òàêèì îáðàçîì, ñòàöèîíàðíàÿ âåðîÿòíîñòü Vnak(x) òîãî, ÷òî çàÿâêà ïîñòóïèò èçíàêîïèòåëÿ ñðàçó æå íà ïðèáîð, ïðè÷åì çà âðåìÿ ìåíüøå x, èìååò ÏËÑ'nak(s) = p0+� 1Z0 e�sx[1�G(x;��)℄f(x) dx = 1��+ �(1�q)[1�(s+�(1�q);��)℄s+�(1�q) :Ïåðåéäåì ê âû÷èñëåíèþ ñòàöèîíàðíîé âåðîÿòíîñòè Vbun(x) òîãî, ÷òî çàÿâêàïîñòóïèò èç íàêîïèòåëÿ â áóíêåð, à çàòåì èç áóíêåðà íà ïðèáîð, ïðè÷åì çà âðåìÿìåíüøå x.Îáîçíà÷èì ÷åðåç Fn(x; k; l), n � 0, k = 0; n, l � 1, âåðîÿòíîñòü òîãî, ÷òîâûäåëåííàÿ çàÿâêà ïîïàäåò èç íàêîïèòåëÿ â áóíêåð, ïðè÷åì çà âðåìÿ ìåíüøå x, èçà ýòî âðåìÿ â áóíêåð ïîñòóïèò åùå l çàÿâîê , l � 1, à â ìîìåíò ïåðåõîäà â áóíêåðýòîé çàÿâêè â íàêîïèòåëå áóäåò k çàÿâîê, ïðè óñëîâèè, ÷òî â ìîìåíò ïîñòóïëåíèÿâûäåëåííîé çàÿâêè â ñèñòåìó â íàêîïèòåëå áûëî n çàÿâîê. Òîãäà, ó÷èòûâàÿ, ÷òîg(x; l; b) = G0x(x; k; b), èìååìfn(x; k; l) = F 0n(x; k; l) = (�x)n�k(n� k)!e��xg(x; l;��); n � 0; k = 0; n; l � 1:Ïîñêîëüêó ïîñëå ïåðåõîäà âûäåëåííîé çàÿâêè â áó�åð îíà äî ïîñòóïëåíèÿ íàïðèáîð áóäåò æäàòü âðåìÿ îáñëóæèâàíèÿ çàÿâêè íà ïðèáîðå, çàÿâîê â áóíêåðå èâñåõ èõ ¾íåóáèòûõ¿ ïîòîìêîâ, à òàêæå âðåìÿ îáñëóæèâàíèÿ ¾íåóáèòûõ¿ çàÿâîê âíàêîïèòåëå è èõ ¾íåóáèòûõ¿ ïîòîìêîâ. Ïîýòîìó ÏËÑ ñòàöèîíàðíîé âåðîÿòíîñòèVbun(x) îïðåäåëÿåòñÿ �îðìóëîé'bun(s) = 1Xn=0 1Xm=0 pn+1;m 1Z0 e�sx nXk=0 1Xl=1 fn(x; k; l)(�(s))l+m((s;�+ ��))kdx;êîòîðàÿ, ïîñëå óïðîùåíèÿ ñ ó÷åòîì (1), ïðèíèìàåò ñëåäóþùèé âèä:'bun(s) = (1� �)(�u2(�(s))� �� ��) �s+ �� �u1(�(s)) ; �(s);���[�u2(�(s))� �℄[u1(�(s))� (s;�+ ��)℄ :Ñòàöèîíàðíîå ðàñïðåäåëåíèå îáùåãî âðåìåíè îæèäàíèÿ íà÷àëà îáñëóæèâàíèÿïîñòóïèâøåé â ñèñòåìó çàÿâêè V (x) íàõîäèòñÿ â òåðìèíàõ â òåðìèíàõ ÏËÑ'(s) = 1R0 e�sxdV (x) ïî �îðìóëå:'(s) = 'nak(s) + 'bun(s):Äè��åðåíöèðóÿ ïîñëåäíþþ �îðìóëó ñîîòâåòñòâóþùåå ÷èñëî ðàç, íåòðóäíî ïî-ëó÷èòü âûðàæåíèÿ äëÿ ìîìåíòîâ ëþáîãî ïîðÿäêà ñòàöèîíàðíîãî ðàñïðåäåëåíèÿâðåìåíè îæèäàíèÿ íà÷àëà îáñëóæèâàíèÿ çàÿâêè. Â ÷àñòíîñòè, ñðåäíåå îáùåå âðå-ìÿ îæèäàíèÿ íà÷àëà îáñëóæèâàíèÿ ðàâíî� '0(0) = ��(�� �) : (3)210



4. ÄÈÑÖÈÏËÈÍÀ FIRST -LIFO-FIFOÍàéäåì òåïåðü ñòàöèîíàðíîå ðàñïðåäåëåíèå âðåìåíè îæèäàíèÿ íà÷àëà îáñëó-æèâàíèÿ ïîñòóïèâøåé â ñèñòåìó çàÿâêè ïðè äèñöèïëèíå FIRST -LIFO-FIFO.Ââîäÿ ñòàöèîíàðíóþ âåðîÿòíîñòü F (x) òîãî, ÷òî çàÿâêà ïîñòóïèò èç íàêîïèòåëÿâ áóíêåð, ïðè÷åì çà âðåìÿ ìåíüøå x, ïðè óñëîâèè, ÷òî çà ýòî âðåìÿ íå îáñëóæèò-ñÿ íè îäíà çàÿâêà, è èñïîëüçóÿ òå æå ñàìûå ðàññóæäåíèÿ, ÷òî è â ïðåäûäóùåìðàçäåëå, ïîëó÷àåì äëÿ íåå ñëåäóþùåå âûðàæåíèå:F (x) = 1� 1Xi=1 pi;� Hi(x;��) = 1� e���(1�q)x;à äëÿ ÏËÑ ñòàöèîíàðíîé âåðîÿòíîñòè Vnak(x) òîãî, ÷òî çàÿâêà ïîñòóïèò èç íàêî-ïèòåëÿ ñðàçó æå íà ïðèáîð, ïðè÷åì çà âðåìÿ ìåíüøå x, � âûðàæåíèå'nak(s) = p0 + � 1Z0 e�sx[1� F (x)℄ dG(x;�) = 1� �+ �(s + ��(1� q);�):Ïåðåéäåì ê âû÷èñëåíèþ ñòàöèîíàðíîé âåðîÿòíîñòè Vbun(x) òîãî, ÷òî çàÿâêàïîñòóïèò èç íàêîïèòåëÿ â áóíêåð, à çàòåì èç áóíêåðà íà ïðèáîð, ïðè÷åì çà âðåìÿìåíüøå x.Îáîçíà÷èì ÷åðåç F (x; k), k � 0, âåðîÿòíîñòü òîãî, ÷òî çà âðåìÿ x çàÿâêà íåïîñòóïèò èç íàêîïèòåëÿ íà ïðèáîð è â ìîìåíò x çà íåé áóäåò k äðóãèõ çàÿâîê, ïðèóñëîâèè, ÷òî çà âðåìÿ x íå áóäåò óáèòà íè îäíà çàÿâêà. Ýòà âåðîÿòíîñòü ñîâïàäàåòñ âåðîÿòíîñòüþ òîãî, ÷òî ÏÇ ÑÌÎ M=M=1=1 ñ ïàðàìåòðàìè � è � íå çàêîí÷èòñÿê ìîìåíòó x è â ìîìåíò x â ýòîé ñèñòåìå â î÷åðåäè áóäåò k çàÿâîê. Äâîéíîå ïðå-îáðàçîâàíèå (ïðåîáðàçîâàíèå Ëàïëàñà ïî x è ÏÔ ïî k) âåðîÿòíîñòè F (x; k) èìååòâèä (ñì., íàïðèìåð, [2℄, ãë. 5, � 5.2) (s; z) = �(s; z)�+ s+ �� �z ; �(s; z) = z � (s;�)z � ��+ s+ �� �z :Äàëåå, âåðîÿòíîñòü òîãî, ÷òî çàÿâêà, ïîïàâøàÿ â íàêîïèòåëü, â êîòîðîì íà-õîäèòñÿ åùå n çàÿâîê, ïåðåìåñòèòñÿ â áóíêåð, ïðè÷åì çà âðåìÿ ìåíüøå x, ïðèóñëîâèè, ÷òî çà ýòî âðåìÿ íå îáñëóæèòñÿ íè îäíà çàÿâêà, ðàâíà Hn+1(x;��).Ïîñëå ïåðåõîäà âûäåëåííîé çàÿâêè â áó�åð îíà äî ïîñòóïëåíèÿ íà ïðèáîð áó-äåò æäàòü åùå âðåìÿ îáñëóæèâàíèÿ çàÿâêè íà ïðèáîðå è çàÿâîê â áóíêåðå (à êìîìåíòó ïåðåõîäà âûäåëåííîé çàÿâêè â áó�åð âñå n çàÿâîê, íàõîäèâøèõñÿ â íà-êîïèòåëå â ìîìåíò ïîñòóïëåíèÿ â ñèñòåìó âûäåëåííîé, ïåðåìåñòÿòñÿ â áóíêåð) èâñåõ èõ ¾íåóáèòûõ¿ ïîòîìêîâ, à òàêæå âðåìÿ îáñëóæèâàíèÿ k ¾íåóáèòûõ¿ çàÿâîêâ íàêîïèòåëå è èõ ¾íåóáèòûõ¿ ïîòîìêîâ. Çíà÷èò, ÏËÑ ñòàöèîíàðíîé âåðîÿòíîñòèVbun(x) îïðåäåëÿåòñÿ �îðìóëîé'bun(s) = 1Xk=0 1Xm=0 pk+1;m 1Z0 e�sx 1Xi=0 F (x; i)(�(s))k+m+1((s;�+��))i dHk+1(x;��);211



êîòîðàÿ ïîñëå óïðîùåíèÿ ïðèíèìàåò ñ ó÷åòîì (1) ñëåäóþùèé âèä:'bun(s) = ��(1� �)�(s)(�u2 � �� ��)(�u2 � �)u1(�(s))  �s+ �� � ���(s)u1(�(s)) ; (s;�+ ��)�:Êàê è â ïðåäûäóùåì ðàçäåëå, ÏËÑ ñòàöèîíàðíîãî ðàñïðåäåëåíèÿ îáùåãî âðå-ìåíè îæèäàíèÿ íà÷àëà îáñëóæèâàíèÿ ïîñòóïèâøåé â ñèñòåìó çàÿâêè èìååò âèä'(s) = 'nak(s) + 'bun(s);à ñðåäíåå îáùåå âðåìÿ îæèäàíèÿ îïðåäåëÿåòñÿ �îðìóëîé (3).5. ÇÀÊËÞ×ÅÍÈÅÊàê ïîêàçàíî â ïðåäûäóùèõ ðàçäåëàõ è êàê ñëåäóåò èç �îðìóëû Ëèòòëà, ñðåä-íèå îáùèå âðåìåíà îæèäàíèÿ íà÷àëà îáñëóæèâàíèÿ äëÿ ïîñòóïàþùåé çàÿâêè ñîâ-ïàäàþò äëÿ îáåèõ ðàññìîòðåííûõ äèñöèïëèí. Ìåæäó òåì, çíà÷åíèÿ äèñïåðñèé âðå-ìåíè îæèäàíèÿ ðàçëè÷íû.Ïðîâåäåííûå ÷èñëåííûå ðàñ÷åòû ïîêàçàëè, ÷òî íàèëó÷øåé (îáëàäàþùåé ìè-íèìàëüíîé äèñïåðñèåé âðåìåíè îæèäàíèÿ íà÷àëà îáñëóæèâàíèÿ çàÿâêè) äèñöè-ïëèíîé âíå çàâèñèìîñòè îò èñõîäíûõ ïàðàìåòðîâ �, � è �� ÿâëÿåòñÿ äèñöèïëèíàLAST -FIFO-FIFO.Çàìåòèì, ÷òî ïðè �� !1 äèñïåðñèè âðåìåíè îæèäàíèÿ îáåèõ äèñöèïëèí, êàêè äîëæíî áûòü, ñòðåìÿòñÿ ê äèñïåðñèè â ñèñòåìå M=M=1=1 ïðè îòñóòñòâèè îòðè-öàòåëüíûõ çàÿâîê è îáñëóæèâàíèè çàÿâîê èç íàêîïèòåëÿ â ïîðÿäêå ïîñòóïëåíèÿ,ò.å. ê �(2� �)=(�2(1� �)2).Äëÿ ïðîâåðêè ïðàâèëüíîñòè ïîëó÷åííûõ àíàëèòè÷åñêèõ ñîîòíîøåíèé áûëà ðàç-ðàáîòàíà ñ ïîìîùüþ ïðîãðàììíûõ ñðåäñòâ GPSS [4℄ èìèòàöèîííàÿ ìîäåëü, ðåçóëü-òàòû ðàñ÷åòîâ ïî êîòîðîé ïðàêòè÷åñêè ñîâïàëè ñ ðåçóëüòàòàìè ÷èñëåííûõ ðàñ÷åòîâíà îñíîâå ïîëó÷åííûõ àíàëèòè÷åñêèõ ñîîòíîøåíèé.ËÈÒÅPÀÒÓPÀ1. Ìàíäçî �., Êàñêîíå Í., �àçóì÷èê �. Â. Ýêñïîíåíöèàëüíàÿ ñèñòåìà ìàññîâî-ãî îáñëóæèâàíèÿ ñ îòðèöàòåëüíûìè çàÿâêàìè è áóíêåðîì äëÿ âûòåñíåííûõçàÿâîê // Àâòîìàòèêà è òåëåìåõàíèêà. 2008. V. 9. P. 103�113.2. Áî÷àðîâ Ï. Ï., Ïå÷èíêèí À. Â. Òåîðèÿ ìàññîâîãî îáñëóæèâàíèÿ. Ì.: Èçä-âî�ÓÄÍ, 1995.3. Kleinrok L. Queueing Systems: Volume I � Theory. New York: Wiley Intersiene,1975.4. Áðàæíèê À. Í. Èìèòàöèîííîå ìîäåëèðîâàíèå: âîçìîæíîñòè GPSS World.ÑÏá.: �åíîìå, 2006. 212



ON APPROXIMATION OF RETRIALQUEUES WITH VARYING SERVICERATEV. PonomarovTaras Shevhenko National University of KyivKyiv, Ukrainevponomarov�gmail.omThe paper deals with Markov model of retrial queueing system in whih servierate depends on queue length. Investigation method is based on an approximationof the input system by the system with trunated state spae. The auray of suhapproximation is also disussed.Keywords: Stohasti system, retrials, steady state.1. INTRODUCTIONThe researh of wide lass of stohasti systems with repeated alls faes the problemof alulating harateristis of the system with the poisson inoming �ow. Markovproess that desribes the behavior of suh system has an in�nite state spae and thetransation matrix usually does not have speial properties that simplify the proessof �nding Kolmogorov set of equations expliit solution. Desribed features lead to thefat that only few simple models were examined in details [1℄.Usually the problem of omputing stationary probabilities for suh systems is solvedby omputation algorithms or reurrent shemas [2℄. To apply them system with �nitestate spae is taken into aount. Usually it is onsidered that the queue length does notexeed the value of M . If the request omes to the system when there is no free serverand there are M soures of repeated alls already it is lost. It is intuitively obviousthat by hoosing M big enough we an approximate harateristis of the input systemwith the prede�ned auray.In this paper we present the desribed above tehni for the retrial system withPoisson input �ow and varying servie rate. Its integral harateristis are approximatedby harateristis of the system with trunated spae state whih an be expliitlywritten in terms of system's parameters. The error of suh approximation for di�erentservie rate swithing poliies is also disussed.2. MARKOV MODELS OF THE INPUT ANDTRUNCATED SYSTEMSConsider ontinuous time Markov hain X(t) = (C(t);N(t)), C(t) 2 f0; 1; : : : ; g,N(t) 2 f0; 1; : : :g, whih is de�ned by its in�nitesimal harateristis a(i;j)(i0;j0), (i; j),(i0; j 0) 2 S(X) = f0; 1; : : : ; g � f0; 1; : : :g:213



1) if i = f0; 1; : : : ; � 1g, then
a(i;j)(i0;j0) = 8>>>>>><>>>>>>:

�; (i0; j 0) = (i+ 1; j);j�; (i0; j 0) = (i+ 1; j � 1);i�j; (i0; j 0) = (i� 1; j);�[� + j�+ i�j℄; (i0; j 0) = (i; j);0; otherwise.2) if i = , then a(;j)(i0;j0) = 8>>>><>>>>:�; (i0; j 0) = (; j + 1);�j; (i0; j 0) = (� 1; j);�[� + �j℄; (i0; j 0) = (; j);0; otherwise.Proess X(t) desribes the behavior of the following system. The inoming �ow ofevents is Poisson with rate �. There are  idential servers. If there is any free serverthe request is served immediately. Servie time is exponentially distributed randomvariable with parameter �j that depends on the urrent queue of repeated alls length.If request �nds all servers busy it tries to get servie in a random period of time thathas exponential distribution with parameter �. The number of busy servers at any timet is de�ned by the �rst omponent of X(t) and the number of retrials � by the seond.Let us �nd up the ondition of X(t); t > 0 stationary mode existene.Lemma 1. Let � = limj!1 �j. Then if �� < 1 proess X(t) � is ergodi and itsboundary distribution �ij; (i; j) 2 S(X) oinides with a single stationary.Proof. Consider the following Lyapunov funtions '(i; j) = �i+ j; (i; j) 2 S(X); whereparameter � will be determined later on. Then the mean driftsyij = X(i0;j0)6=(i;j) a(i;j)(i0;j0)('(i0; j 0)� '(i; j)are given by yij = (��� i�j�+ j�(�� 1); 0 � i � � 1;�� �j�; i = :When �� < 1 for any value of � 2 ( �� ; 1) there exists suh " > 0 that yij < �" for all(i; j) 2 S(X) exluding �nite number of states (i; j). So the assumptions of Tweedie'stheorem[[?℄, p.97℄ are hold for funtions '(i; j) = �i+ j; � 2 ( �� ; 1).Consider trunated system. It funtions in the same way as an input system buthas the limitation on maximum number of retrials. This means that inoming allsare lost when all servers are busy and there are M soures of repeated alls already.Formally the system is desribed by the Markov hain X(t;M) = (C(t;M);N(t;M)),214



where C(t;M) 2 f0; 1; : : : ; g, N(t;M) 2 f0; 1; : : : ;Mg with in�nitesimal harateris-tis a(M)(i;j)(i0;j0); (i; j); (i0; j 0) 2 S(X;M) = f0; 1; : : : ; g � f0; 1; : : : ;Mg:1) if i = f0; 1; : : : ; � 1g; j = f0; 1; : : : ;Mg, then
a(M)(i;j)(i0;j0) = 8>>>>>><>>>>>>:

�; (i0; j 0) = (i + 1; j);j�; (i0; j 0) = (i + 1; j � 1);i�j; (i0; j 0) = (i� 1; j);�[�+ j�+ i�j; (i0; j 0) = (i; j);0; otherwise.2) if i = ; j = f0; 1; : : : ;M � 1g, thena(M)(;j)(i0;j0) = 8>>>><>>>>:�; (i0; j 0) = (; j + 1);�j; (i0; j 0) = (� 1; j);�[� + �j℄; (i0; j 0) = (; j);0; otherwise.3) if i = ; j = M , thena(M)(;M)(i0;j0) = 8><>:�M ; (i0; j 0) = (� 1;M);��M ; (i0; j 0) = (;M);0; otherwise.The state spae S(X;M) of proess X(t;M) is �nite thus the stationary modealways exists and by �ij(M); (i; j) 2 S(X;M) we de�ne its stationary probabilities.Let us onsider the servie proess of the trunated system in more detail.3. STATIONARY PROBABILITIES OF THE TRUNCATEDSYSTEMFor the given system stationary probabilities satisfy the following set of Kolmogorovequations and normalizing ondition:[�+ j�+ i�j℄�ij(M) = (j + 1)��i�1j+1(M) + ��i�1j(M) + (i+ 1)�j�i+1j(M); (1)j = 0; : : : ;M � 1; i = 0; :::; � 1;[�+M� + i�M ℄�iM (M) = ��i�1M(M) + (i+ 1)�M�i+1M (M); i = 0; :::; � 1; (2)[�+ �j℄�j(M) = (j + 1)���1j+1(M) + ���1j(M) + ��j�1(M); j = 0; : : : ;M � 1;�M�M(M) = ���1M(M) + ��M�1(M); (3)Xi=0 MXj=0 �ij(M) = 1:215



Consider the following de�nitions:ei(n) = (Æi0; Æi1; : : : ; Æin�1)T ; Æij = (1; i = j;0; i 6= j;1() - vetor of length that onsists from 1,Aj = kajikk�1i;k=0; ajik = 8>>>><>>>>:��; k = i� 1;�+ j�+ i�j; k = i;�(i + 1)�j; k = i + 1;0; otherwise;if i 6= 0; � 1. In ase i = 0 aj0k = 8><>:�+ j�; k = 0;��j ; k = 1;0; otherwise;and if i = � 1 aj�1k = 8><>:��; k = � 2;�+ j�+ (� 1)�j; k = � 1;0; otherwise;Bj = kbjikk�1i;k=0; bjik = ((j + 1)�; k = i� 1;0; otherwise;if i 6= 0; � 1. In ase i = 0,bj0k = 0; k = 0; 1; : : : ; � 1, and if i = � 1bj�1k = ( (j+1)��j� ; k 6= � 2;(j+1)�[�+�j ℄� ; k = � 2;C = kikk�1i;k=0; ik = (1; k = 0; i = 0;aMi�1k; otherwise;�j =  M�1Yi=j A�1i Bi!C�1e0():Vetor �j is de�ned orretly by the last equation. As jCj = (�1)�1(�1)��1M 6= 0so C�1 always exists. Matries Aj; j = 0; 1; : : : ;M are not singular beause they satisfythe Adamar olumn ondition ([3℄ p. 406).Probabilities �ij(M); (i; j) 2 S(X;M) an be expliitly expressed in terms of thesystem'�s parameters. 216



Theorem 1. Stationary probabilities of the system are de�ned by the following setof equations: �j(M) = �j�0M (M); j = 0; : : : ;M;�j(M) = (j + 1)�� 1()T�j+1�0M (M); j = 0; : : : ;M � 1;�M(M) = �eT�1() +M�1()T�M C�1e0()�0M (M);where �j(M) = (�0j(M); �1j(M); : : : ; ��1j(M))T ;�0M(M) = ( MXj=0 �1 + j�� � 1()T�j + �eT�1() +M�1()T�M �M)�1 :It should be notied that in ase of  = 1; 2 the above formulas turn into equationsof the salar type [4℄.Next we will show that the system with trunated state spae approximates theinput system. 4. APPROXIMATION RESEARCHTo proof that harateristis of the �nite system approximate harateristis of theinput system let us use stohasti order onept [5℄.Lemma 2. If onditions of lemma 1 are true and :1) if X(0;M) �st X(0), then X(t;M) �st X(t) for all t � 0 and X(M) �st X,where X = (C;N), X(M) = (C(M); N(M)) � random vetors distributed as �ij; (i; j) 2S(X) and �ij(M); (i; j) 2 S(X;M) orrespondingly;2) if X(0;M) �st X(0;M + 1), then X(t;M) �st X(t;M + 1) for all t � 0 andX(M) �st X(M + 1).Lemma 2 appears from the results of stohasti order of migration proesses. Itleades to the following theorem.Theorem 2. If onditions of lemma 1 take plae, then for any (i; j) 2 S(X) �ij =limM!1�ij(M):We have already shown that the probabilities �ij(M) tend to �ij as the value of Minreases. It is interesting to �nd the value of di�erene between them. Let us examineit for some pretty general types of poliies.Theorem 3. If onditions of lemma 1 take plae and the sequene �j is stritlymonotone, then for (i; j) 2 f1; : : : ; g � f0; 1; : : :g0 � ��ij � ��ij(M) � � (�j � �j�1)�1 1M !( ��)M MQ�=0 �+����MP�=0 1�!( ��)�[+ �+���� ℄ ��1Q�=0 �+���� ;217



where ��ij = P��i;��j ��� = P (C � i; N � j), ��ij(M) = P��i;��j ���(M) = P (C(M) �i; N(M) � j).Theorem 4. If onditions of lemma 1 take plae and �j � �j+1; j = 0; 1; : : :, � < �0then sup(i;j)2S(X) (��ij � ��ij(M)) � [(�+�)�+(M+)�0℄M !�0 ( ��)M+1 MQ�=0 �+����(�0 � �) MP�=0 1�!( ��)�[+ �+���� ℄ ��1Q�=0 �+���� ;In monograph of Failn and Tempelton the di�erenes between some major integralfuntionals of the input and the trunated system were estimated in ase of unontrolledretrial queues [5℄. In ase of ontrolled retrial queues similar results an be found butsuh an estimate strongly relates on the ontrol poliy properties. We have providedsuh estimates for few of them. REFERENCES1. Artalejo J. R., Gomez-Corral A. Retrial queueing systems // Springer-Verlag,Berlin, 2008.2. Semenova O. V., Dudin A. N. M/M/N queueing system with ontrolled serviemode and disaster // Avtomatika i Vyhislitel'naya Tekhnika. 2007. No. 6. P. 72�80.3. Gantmaher F. R. Matrix theory //Nauka, Mosow, 1967.4. Lebedev E. O., Ponomarov V. D. Optimization of �nitesoure retrial queues //Bulletin of Kiev University. 2008. V. 2. P. 91�97.5. Falin G. I., Templeton J. G. C. Retrial Queues // Chapman and Hall, London,1997.
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INVESTIGATION OF QUEUINGSYSTEM GI(2)jM2j1I. Sinyakova1, S. Moiseeva21 The branh of Kemerovo state university in Anzhero-Sudzhensk,2 Tomsk state university1 Anzhero-Sudzhensk, Russia2 Tomsk, Russia1 Irinka_asf�mail.ruWe o�er the model of appliations parallel servie in queuing system (QS) whihonsists of two units of servie with an unlimited number of servers. A reurrent streamof binary appliations enters to an input to the system. We reorded the approximate(asymptoti) equality of the �rst and seond orders for the respetive bloks of thesystem.The researh is made under supporting of ADAP "Development of the higher ed-uation sienti� potential" (2009-2010 years) of the Federal eduation ageny of RFonerning with the projet "Investigation methods formulation of non-Markov queuessystems and their appliane in omplex eonomi systems and omputer transmissionnetwork".Keywords: parallel servie, systems with an unlimited number of servers, a reurrentstream, the method of asymptoti analysis.1. INTRODUCTIONCurrently, attention to the queuing theory is largely stimulated by the need to applythe results of this theory to important pratial problems arising in onnetion withthe rapid development of ommuniation systems, the emergene of information andomputing systems, appearane and omplexity of various tehnologial systems, thereation of automated ontrol systems.At the present stage of development of queuing theory, one of the urgent tenden-ies is the queuing systems investigation with bath arrival of appliations and parallelservie [1, 2℄. Range of appliation of the this QS is quite extensive, for example, model-ing of modern information and omputer systems requires take into aount the pakettra�, as well as one of the basi priniples for the design of modern omputer net-works - parallel information proessing [3, 4℄. Therefore there is a need to develop newmathematial models of queuing systems, suh as systems with extraordinary inoming�ow and the various servie options, inluding two or more units of servie.
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2. PROBLEM STATEMENTWe onsider a QS GI(2)jM2j1 with two servie bloks, eah of whih ontains anunlimited number of servers.

Fig. 1. QS with parallel servies of multiple appliations GI(2)jM2j1A reurrent �ow [5℄ of dual appliations spei�ed distribution funtion A(x) - lengthof intervals between the moments of events in the onerned stream enters to the inputof the system. Servie intervals of various appliations are stohastially independentand identially distributed in eah blok and have an exponential distribution with �1and �2parameters, respetively. Reeived appliations takes any of the free servers andafter ompletion of the servie the appliation leaves the system.3. MATHEMATICAL MODELWe de�ne ik(t) - number of requests in the k-th blok of servie. Beause theinoming �ow is non-Poisson, the two-dimensional proess {i1(t),i2(t)} is non-Markov,and therefore we onsider an additional omponent of z(t), equal to the length of theinterval from t to themoment of the next event in the reurrent input stream.For the onerned system a three-dimensional random proess {z(t),i1(t),i2(t)} isMarkov, so its probability distributionP (z; i1; i2; t) = Pfz (t) < z; i1 (t) = i1; i2 (t) = i2gWe an write equalityP (z ��t; i1; i2; t+�t) = fP (z; i1; i2; t)� P (�t; i1; i2; t)g (1� i1�1�t) (1� i2�2�t)++P (�t; i1 � 1; i2 � 1; t)A(z) + P (z; i1; i2 + 1; t) (i2 + 1)�2�t+220



+P (z; i1 + 1; i2; t) (i1 + 1)�1�t+ o(�t);from whih we an readily obtain a system of di�erential equations of Kolmogorov [6℄�P (z; i1; i2; t)�t = �P (z; i1; i2; t)�z � �P (0; i1; i2; t)�z �P (z; i1; i2; t)i1�1�P (z; i1; i2; t)i2�2++P (z; i1+1; i2; t) (i1 + 1)�1+P (z; i1; i2+1; t) (i2 + 1)�2+ �P (0; i1 � 1; i2 � 1; t)�z A(z):For the stationary probability distribution this system an be rewritten as�P (z; i1; i2)�z � �P (0; i1; i2)�z � P (z; i1; i2)i1�1 � P (z; i1; i2)i2�2++P (z; i1 + 1; i2) (i1 + 1)�1 + P (z; i1; i2 + 1) (i2 + 1)�2 + �P (0; i1 � 1; i2 � 1)�z A(z) = 0:De�ning H(z; u1; u2) = 1Pi1=0 1Pi2=0 eju1i1eju2i2P (z; i1; i2), where j = p�1 imaginary unitand taking into aount that�H(z; u1; u2)�u1 = j 1Xi1=0 1Xi2=0 i1eju1i1eju2i2P (z; i1; i2);�H(z; u1; u2)�u2 = j 1Xi1=0 1Xi2=0 i2eju1i1eju2i2P (z; i1; i2);for the funtions H(z,u1,u2) we obtain the basi equation for investigating the systemGI(2)jM2j1�H (z; u1; u2)�z + �H (0; u1; u2)�z �ej(u1+u2)A (z)� 1	� j�1 �e�ju1 � 1� �H (z; u1; u2)�u1 �� j�2 �e�ju2 � 1� �H (z; u1; u2)�u2 = 0: (1)We de�ne additional onditions asH(z; 0; 0) = R(z);where R(z) � stationary distribution of the z(t). Solution H(z,u1,u2) de�nes the hara-teristi funtion of the number of servers employed in the stationary state in eah blokof the system GI(2)jM2j1 as equalitiesMeju1i1(t) = H(1; u1; 0);Meju2i2(t) = H(1; 0; u2):221



4. THE METHOD OF ASYMPTOTIC ANALYSIS4.1. Asymptoti form of the �rst order. For a omplete analysis of the studiedqueuing systems apply the method of asymptoti analysis [5℄.We onsider the basi equation for the harateristi funtion (1):�H (z; u1; u2)�z + �H (0; u1; u2)�z �ej(u1+u2)A (z)� 1�� j�1 �e�ju1 � 1� �H (z; u1; u2)�u1 ��j�2 �e�ju2 � 1� �H (z; u1; u2)�u2 = 0;whih will be solved in the asymptoti onditions of the growing servie-time, believingthat �1,�2 !0. We de�ne �1 = ", �2 = "q and do hanges in equation (1)u1 = "w1; u2 = "w2; H(z; u1; u2) = F1(z; w1; w2; "); (2)In the result we get the equation for F1(z,w1,w2,") in the following form:�F1(z; w1; w2; ")�z + �F1(0; w1; w2; ")�z �ej(w1+w2)A (z)� 1��� j �e�j"w1 � 1� �F1(z; w1; w2; ")�w1 � j �e�j"w2 � 1� �F1(z; w1; w2; ")�w2 = 0: (3)We prove the following statement:Theorem 1. The limit (when "!0) solution of equation (2) has the form:F1(z; w1; w2) = R(z)efj(w1+w2)�g;where R(z) - stationary probability distribution of random proess values{z(t)}, and theparameter � is given by: �R(0)�z = �Proof. The proof 1. In the equation (3) limiting transition is exeuted at " ! 0, wewill reeive that F1(z,w1,w2) the equation deision is�F1(z; w1; w2)�z + �F1(0; w1; w2)�z fA(z)� 1g = 0;whih de�nes a vetor funtion R(z), thereforeF1(z; w1; w2) = R(z)�1 (w1; w2) (4)We �nd the salar funtion �1(w1,w2) as follows. In the equation (3) limiting transitionis performed at z !1, we will reeive an equality�F1(0; w1; w2; ")�z �ej(w1+w2)" � 1�� j �e�j"w1 � 1� �F1(1; w1; w2; ")�w1 ��j �e�j"w2 � 1� �F1(1; w1; w2; ")�w2 = 0;222



dividing the left and right parts of the equation by " and exeuting limiting transitionat "! 0, we will reeive the equality�F1(0; w1; w2)�z j (w1 + w2) + j2w1�F1(1; w1; w2)�w1 + j2w2�F1(1; w1; w2)�w2 = 0;in whih we substitute the expression (4) and write down the di�erential equation inpartial derivatives��1 (w1; w2)�w1 + j2w2��1 (w1; w2)�w2 = j (w1 + w2) �R(0)�z �1 (w1; w2) == j (w1 + w2)��1 (w1; w2) ;whose solution is satisfying the initial ondition �1(0,0)=1 and it has the form�1 (w1; w2) = efj�(w1+w2)g:We get F1(z; w1; w2) = R(z)efj�(w1+w2)g.The theorem is proved.Using (2) and (4) we an write the approximate (asymptoti) equalityH(z; u1; u2) = R(z)efj�(u1" +u2" )g = R(z)enj��u1�1+ u2�2q �ofrom whih we an obtain following expression for the harateristi funtion of proess{i1(t),i2(t)} in the stationary state,Meju1i1(t) = H(1; u1; 0) = enju1 ��1 o; Meju2i2(t) = H(1; 0; u2) = enju2 ��2qo:The reeived equations is alled the �rst order asymptoti form for the servie bloksof systems servie GI(2)jM2j1.For a more detailed investigation, we onsider the seond order asymptoti form.4.2. Asymptoti form of the seond order. In equation (1) we make thesubstitution H(z; u1; u2) = H2(z; u1; u2)enj��u1�1+ u2�2q�o;whih later beomes�H2(z; u1; u2)�z + �H2(0; u1; u2)�z �efj(u1+u2)gA (z)� 1�++j�1 �1� e�ju1� �H2(z; u1; u2)�u1 + j�2q �1� e�ju2� �H2(z; u1; u2)�u2 ��� �1� e�ju1�H2(z; u1; u2)� � �1� e�ju2�H2(z; u1; u2) = 0:We de�ne �1 = "2, �2 = "2q in the last equation and make substitutionsu1 = "w1; u2 = "w2; H2(z; u1; u2) = F2(z; w1; w2; ");223



we get the result�F2(z; w1; w2; ")�z + �F2(0; w1; w2; ")�z �ej"(w1+w2)A (z)� 1�++j" �1� e�j"w1� �F2(z; w1; w2; ")�w1 + j" �1� e�j"w2� �F2(z; w1; w2; ")�w2 �� � �1� e�j"w1� �F2(z; w1; w2; ")� � �1� e�j"w2� �F2(z; w1; w2; ") = 0: (5)The following theorem is proved similarly theorem for �rst order asymptoti form.Theorem 2. The limit (when "!0) solution of equation (5) has the formF2(z; w1; w2) = R(z)e� (j(w1+w2))22 �2�;where R(z) - stationary probability distribution of the random proess values {z(t)}, theparameter � is given by: �R(0)�z = �, the value �2is determined as �2 = �+ �f2(0)�z .The vetor funtion f2(z) satis�es the ondition f2(1)=0 and it is a solution of theequation �f2(z)�z + �f2(0)�z (A(z)� 1) + �R(0)�z A(z)� �R(z) = 0:Also the asymptoti (approximate) equality an be writtenH2(z; u1; u2) = F2(z; w1; w2") � F2(z; w1; w2) == R(z)e�j2��2 (w1+w2)22 ��w1w22 �� == R(z)e� j2�22 � u1p�1+ u2p�2q�2�j2 �u1u22p�1�2q�;from whih we an obtain following expression for the harateristi funtion H(z,u1,u2)H(z; u1; u2) = R(z)e�j��u1�1+ u2�2q�+ j2�22 � u1p�1+ u2p�2q�2�j2 �u1u22p�1�2q�;Then the marginal harateristi funtions have the formMeju1i1(t) = H(1; u1; 0) = e�j�u1�1+ (ju1)22�1 �2�;Meju2i2(t) = H(1; 0; u2)E = e�j� u2�2q+ (ju2)22�2q �2�:The reeived equations is alled seond order asymptoti form for servie bloks of thesystem GI(2)jM2j1. 5. CONCLUSIONSo we have onstruted a model of multiple parallel servie requests of reurrent�ow. We investigate two-dimensional stohasti proess haraterizing the number ofengaged servers in the �rst and the seond servie blok. We have found expressions forthe harateristi funtions at the asymptoti onditions of the growing laims servie-time. 224
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Î ÒÎ×ÍÎÑÒÈ ÎÄÍÎ�Î ÌÅÒÎÄÀÍÀÕÎÆÄÅÍÈß ÎÆÈÄÀÅÌÛÕÄÎÕÎÄÎÂ Â HM-ÑÅÒßÕÑ. Ñòàòêåâè÷, Ì. Ìàòàëûöêèé�ðîäíåíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. ß. Êóïàëû�ðîäíî, Áåëàðóñüsstat�grsu.byÂ ðàáîòå ðàññìàòðèâàåòñÿ ýêñïîíåíöèàëüíàÿ ÍÌ-ñåòü ñ îãðàíè÷åííûìè âðåìå-íàìè îæèäàíèÿ çàÿâîê â î÷åðåäÿõ ñèñòåì îáñëóæèâàíèÿ è ñëó÷àéíûìè äîõîäàìèîò ïåðåõîäîâ ìåæäó åå ñîñòîÿíèÿìè. Îáñóæäàåòñÿ èñïîëüçîâàíèå ïðèáëèæåííîé�îðìóëû M min (ki(t); mi) � min (Mfki(t)g; mi), ãäå ki(t) è mi - ñîîòâåòñòâåííî÷èñëî çàÿâîê è ÷èñëî ëèíèé îáñëóæèâàíèÿ â i�îé ñèñòåìå, i = 1; n, ïðè íàõîæäå-íèè îæèäàåìûõ äîõîäîâ.Êëþ÷åâûå ñëîâà: ÍÌ-ñåòü, îæèäàåìûå äîõîäû, íåðàâåíñòâî Èåíñåíà.1. ÂÂÅÄÅÍÈÅ�àññìîòðèì îòêðûòóþ ñåòü ìàññîâîãî îáñëóæèâàíèÿ (ÌÎ) ñ îäíîòèïíûìè çà-ÿâêàìè, ñîñòîÿùóþ èç n ÑÌÎ S1; S2; : : : ; Sn. Ïîä ñîñòîÿíèåì ñåòè ïîíèìàåòñÿ âåê-òîð k(t) = (k1(t); k2(t); : : : ; kn(t)), ãäå ki(t)�÷èñëî çàÿâîê â ñèñòåìå Si â ìîìåíòâðåìåíè t, i = 1; n. Â ñåòü ïîñòóïàåò ïðîñòåéøèé ïîòîê çàÿâîê ñ èíòåíñèâíîñòüþ�. Èíòåíñèâíîñòü îáñëóæèâàíèÿ çàÿâîê â ìîìåíò âðåìåíè t �i(ki(t)) â ñèñòåìå Siçàâèñèò îò ÷èñëà çàÿâîê â íåé (â î÷åðåäè è íà îáñëóæèâàíèè) ki(t), i = 1; n. Ïóñòüp0j�âåðîÿòíîñòü ïîñòóïëåíèÿ çàÿâîê â ñèñòåìó Sj èç âíåøíåé ñðåäû, nXj=1 p0j = 1;pij�âåðîÿòíîñòü ïåðåõîäà çàÿâêè ïîñëå îáñëóæèâàíèÿ â ñèñòåìå Si â ñèñòåìó Sj,p00 = 0, nXj=0 pij = 1, i = 1; n. Çàÿâêà ïðè ïåðåõîäå èç îäíîé ÑÌÎ â äðóãóþ ïðèíî-ñèò ïîñëåäíåé ñèñòåìå íåêîòîðûé ñëó÷àéíûé äîõîä è ñîîòâåòñòâåííî äîõîä ïåðâîéñèñòåìû óìåíüøàåòñÿ íà ýòó ÑÂ.Äëèòåëüíîñòü ïðåáûâàíèÿ çàÿâîê â î÷åðåäè i�îé ÑÌÎ ÿâëÿåòñÿ ÑÂ, ðàñïðåäå-ëåííîé ïî ýêñïîíåíöèàëüíîìó çàêîíó ñ ïàðàìåòðîì �i(ki(t)), è íå çàâèñèò îò äðóãèõ�àêòîðîâ, íàïðèìåð, îò âðåìåíè ïðåáûâàíèÿ â î÷åðåäè äðóãèõ çàÿâîê. Çàÿâêà, âðå-ìÿ îæèäàíèÿ êîòîðîé â î÷åðåäè Si èñòåêëî, ïåðåõîäèò â ñèñòåìó Sj ñ âåðîÿòíîñòüþqij, qii = 0, i = 1; n, j = 0; n. Ìàòðèöû P = kpijk(n+1)�n è Q = kqijkn�(n+1) ÿâëÿþòñÿìàòðèöàìè ïåðåõîäîâ íåïðèâîäèìûõ ìàðêîâñêèõ öåïåé.226



2. ÍÀÕÎÆÄÅÍÈÅ ÎÆÈÄÀÅÌÛÕ ÄÎÕÎÄÎÂÎáîçíà÷èì ÷åðåç Vi(t) äîõîä ñèñòåìû Si â ìîìåíò âðåìåíè t è ïóñòü â íà÷àëüíûéìîìåíò âðåìåíè åå äîõîä ðàâåí Vi(0) = vi0. Äîõîä ýòîé æå CÌÎ â ìîìåíò âðåìåíèt+�t ìîæíî ïðåäñòàâèòü â âèäåVi(t+�t) = Vi(t) + �Vi(t;�t); (1)ãäå �Vi(t;�t) - èçìåíåíèå äîõîäà ñèñòåìû Si íà èíòåðâàëå âðåìåíè [t; t+�t). Äëÿâåëè÷èíû �Vi(t;�t) ñïðàâåäëèâî ñîîòíîøåíèå [1℄:
�Vi(t;�t) =

8>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>:

ri0 + ri�t ñ âåðîÿòíîñòüþ �p0i�t + o(�t);�Ri0 + ri�t ñ âåðîÿòíîñòüþ �i(ki(t))u(ki(t))pi0�t + o(�t);rji + ri�t ñ âåðîÿòíîñòüþ �j(kj(t))u(kj(t))pji�t + o(�t);�Rij + ri�t ñ âåðîÿòíîñòüþ �i(ki(t))u(ki(t))pij�t + o(�t);�Hi0 + ri�t ñ âåðîÿòíîñòüþ �i(ki(t))u(ki(t))qi0�t + o(�t);hji + ri�t ñ âåðîÿòíîñòüþ �j(kj(t))u(kj(t))qji�t+ o(�t);�Hij + ri�t ñ âåðîÿòíîñòüþ �i(ki(t))u(ki(t))qij�t+ o(�t);ri�t ñ âåðîÿòíîñòüþ 1� ��p0i + ��i(ki(t))++�i(ki(t))�u(ki(t)) + nXj=1(j 6=i) ��j(kj(t))pji++�j(kj(t))qji�u(kj(t))��t + o(�t);
(2)

ãäå r0i - äîõîä ñèñòåìû Si, êîòîðûé ïðèíîñèò åé çàÿâêà, ïîñòóïàþùàÿ èç âíåøíåéñðåäû, Mfr0ig = a0i, �Ri0 - óáûòêè ñèñòåìû Si, ïðèíîñÿùèå åé çàÿâêîé, óõîäÿùåéèç íåå âî âíåøíþþ ñðåäó, MfRi0g = bi0, ri�t - óâåëè÷åíèå äîõîäà ñèñòåìû Si çàâðåìÿ�t, êîãäà ñîñòîÿíèå ñåòè íå ìåíÿåòñÿ, �Hi0 - óáûòêè ñèñòåìû Si, ïðèíîñÿùèååé çàÿâêîé êîòîðàÿ óõîäèò èç íåå âî âíåøíþþ ñðåäó, íå äîæäàâøèñü îáñëóæèâà-íèÿ, i = 1; n; rji - äîõîä ñèñòåìû Si, êîòîðûé ïðèíîñèò åé çàÿâêà, ïîñòóïàþùàÿèç ñèñòåìû Sj, Mfrjig = aji, �Rij - óáûòêè ñèñòåìû Si, ïðèíîñÿùèå åé çàÿâêîé,óõîäÿùåé èç íåå â ñèñòåìó Sj, MfRijg = bij, hji - äîõîä ñèñòåìû Si, ïðèíîñÿùèéåé çàÿâêîé, êîòîðàÿ ïîñòóïàåò èç ñèñòåìû Sj, íå äîæäàâøèñü â íåé îáñëóæèâà-íèÿ, Mfhjig = hji, �Hij - óáûòêè ñèñòåìû Si, ïðèíîñÿùèå åé çàÿâêîé, êîòîðàÿ, íåäîæäàâøèñü â íåé îáñëóæèâàíèÿ, ïåðåõîäèò â ñèñòåìó Sj, MfHijg = Hij, i 6= j,i; j = 1; n.Çàïèñûâàÿ, ó÷èòûâàÿ (2), âûðàæåíèÿ äëÿ Mf�V (t;�t)=k(t)g ïðè �èêñèðîâàí-íîé ðåàëèçàöèè ïðîöåññà k(t), è óñðåäíÿÿ ïî k(t) ñ ó÷åòîì óñëîâèÿ íîðìèðîâêèXk P (k(t) = k) = 1, äëÿ èçìåíåíèÿ îæèäàåìîãî äîõîäà ñèñòåìû Si ïîëó÷àåìMf�Vi(t;�t)g =Xk P (k(t) = k)Mf�Vi(t;�t)=k(t)g =227



= 2664�p0ia0i + i �0BB�pi0bi0 + nXj=1(j 6=i) pijbij1CCAXk P (k(t) = k)�i(ki(t))u(ki(t))�
�0BB�qi0H i0 + nXj=1(j 6=i) qijH ij1CCAXk P (k(t) = k)�i(ki(t))u(ki(t))++ nXj=1(j 6=i)Xk P (k(t) = k)��j(kj(t))u(kj(t))pjiaji++ �j(kj(t))u(kj(t))qjihji�#�t + o(�t): (3)Ïóñòü ñèñòåìà Si ñîäåðæèò mi èäåíòè÷íûõ ëèíèé îáñëóæèâàíèÿ, â êàæäîé èçêîòîðûõ âðåìÿ îáñëóæèâàíèÿ çàÿâîê ðàñïðåäåëåíî ïî ïîêàçàòåëüíîìó çàêîíó ñïàðàìåòðîì �i, i = 1; n. Â ýòîì ñëó÷àå�i(ki(t)) = � �iki(t); ki(t) � mi;�imi; ki(t) > mi; �i(ki(t))u(ki(t)) = �imin (ki(t); mi):È ïóñòü òàêæå�i(ki(t)) = � �iki(t); ki(t) � mi;�imi; ki(t) > mi; ò.å. �i(ki(t))u(ki(t)) = �imin (ki(t); mi):Áóäåì ïðåäïîëàãàòü, ÷òî óñðåäíåíèå âûðàæåíèÿ �i(ki(t))u(ki(t)) äàåò âåëè÷èíó�imin (Ni(t); mi), ãäå Ni(t) = Mfki(t)g - ñðåäíåå ÷èñëî çàÿâîê (îæèäàþùèõñÿ èîáñëóæèâàþùèõñÿ) â ñèñòåìå Si, â ìîìåíò âðåìåíè t, ò.å.M min (ki(t); mi) = min (Ni(t); mi); i = 1; n: (4)Ââåäåì îáîçíà÷åíèå vi(t) = MfVi(t)g, i = 1; n. Òîãäà èç (1) ñëåäóåòvi(t+�t) = vi(t) +Mf�Vi(t;�t)g:Ó÷èòûâàÿ (3) è ïåðåõîäÿ ê ïðåäåëó ïðè �t ! 0, èìååì íåîäíîðîäíîå ëèíåéíîåÎÄÓ ïåðâîãî ïîðÿäêàdvi(t)dt = �2664�i0BB�pi0bi0 + nXj=1(j 6=i) pijbij1CCA + �i0BB�qi0Hi0 + nXj=1(j 6=i) qijHij1CCA3775min (Ni(t); mi)++ nXj=1(j 6=i) ��jpjiaji + �jqjihji�min (Nj(t); mj) + �p0ia0i + i:228



Çàäàâ íà÷àëüíûå óñëîâèÿ vi(0) = vi0, i = 1; n, ìîæíî íàéòè îæèäàåìûå äîõîäûñèñòåì ñåòè: vi(t) = vi0 + (i + �p0ia0i)t++ nXj=1(j 6=i)(�jpjiaji + �jqjihji) Z t0 min (Nj(s); mj)ds� 2664�i0BB�pi0bi0 + nXj=1(j 6=i) pijbij1CCA +
+ �i0BB�qi0H i0 + nXj=1(j 6=i) qijHij1CCA3775Z t0 min (Ni(s); mi)ds; i = 1; n: (5)Çàìå÷àíèå. Ôóíêöèÿ y = min (xi; mi) ÿâëÿåòñÿ âûïóêëîé êâåðõó è ïîýòîìóèç íåðàâåíñòâà Èåíñåíà ñëåäóåò, ÷òî M min (ki(t); mi) � min (Ni(t); mi), ïðè÷åìðàâåíñòâî äîñòèãàåòñÿ, êîãäàNi(t) = Mfki(t)g = ki(t); i = 1; n: (6)Òàêèì îáðàçîì, ïðè âûïîëíåíèè óñëîâèÿ (6) ñîîòíîøåíèÿ (4), (5) ÿâëÿþòñÿ òî÷-íûìè. Ýòî óñëîâèå âûïîëíÿåòñÿ, íàïðèìåð, êîãäà âõîäÿùèå â ñåòü ïîòîêè çàÿâîêÿâëÿþòñÿ ðåãóëÿðíûìè, à âðåìåíà îáñëóæèâàíèÿ çàÿâîê â ñèñòåìàõ ïîñòîÿííû-ìè. Îòìåòèì òàêæå, ÷òî óñëîâèå (4) âûïîëíÿåòñÿ, êîãäà âñå ÑÌÎ ñåòè �óíê-öèîíèðóþò â óñëîâèÿõ ìàëîé íàãðóçêè, ò.å. 8t ki(t) � mi èëè âûñîêîé íàãðóçêè,ò.å. 8t ki(t) > mi, i = 1; n. ËÈÒÅPÀÒÓPÀ1. Ñòàòêåâè÷ Ñ. Ý., Ìàòàëûöêèé Ì. À. Îá îäíîì ìåòîäå èññëåäîâàíèÿ ÍÌ-ñåòåé ñ îãðàíè÷åííûì âðåìåíåì îæèäàíèÿ çàÿâîê // Âåñòíèê �ðîäíåíñêîãîãîñóäàðñòâåííîãî óíèâåðñèòåòà. Ñåð. 2, 2010. � 1. Ñ. 13�19.
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ASYMPTOTIC ANALYSIS OFMARKOV QUEUEING NETWORKWITH UNRELIABLE SYSTEMSS. Statkevih, T. RusilkoGrodno State University of Y. KupalaGrodno, Belarussstat�grsu.byThe losed exponentional queueing network with unreliable systems with the largenumber of messages is investigated. We have reeived the systems of di�erential equa-tions for average number of messages and servieable hannels of network systems.Keywords: unreliable queueing systems, approximation.1. INTRODUCTIONLet us examine the losed exponential queueing network with the K messages ofthe same type whih onsist of n+1 queueing systems (QS) S0; S1; : : : ; Sn. The systemSi inludes mi idential servie hannels, i = 1; n, and m0 = K.Considering that servie hannels of the system S0 are absolutely reliable and inthe other systems systems S1; S2; : : : ; Sn the servie hannels are exposed to randomfailure; besides the time of the proper funtionality of eah Si system's hannel hasthe exponential distribution with the parameter �i, i = 1; n. After the breakage thehannel starts to reonstrut immediately. The time of reonstrution also has theexponential distribution with the parameter i, i = 1; n. After serviing in system Sithe message immediately transfer into the system Sj with probability pij, i; j = 0; n,p00 = 0, nXi=0 pij = 1. The matrix P = kpijk(n+1)�(n+1) is transition probability matrixof irreduible Markov hains. If the arrived in the system Sj message �nds at least oneservie hannel operable and free from the other messages it is immediately serviedand the time of servie is a random variable with the parameter �i, i = 1; n. Otherwisethe message expets the beginning of servie without restrition on duration of waiting.Let's assume that if the servie hannel would fail while ompleting some message,then after the restoration the interrupted message will be ompleted. Disiplines of themessage proessing in the network systems are FIFO.Our aim is to reeive the system of the di�erential equations for the average numberof messages and servieable hannels in the network QS at the large values of K. Itshould be noted that the presented tehnis of the results reeption has been o�ered forthe �rst time in the works [1, 2℄ for the exponentional networks without the spei�edfeatures (with reliable QS). 230



2. THE SYSTEM OF EQUATIONS FOR THE STATESPROBABILITIESAssuming that the servie time of messages, durations of servieable work of hannelsand restoration time of servie hannels are independent random variables. The stateof suh network at the moment t ould be desribed through vetorz(t) = (d(t); k(t)) = (d1(t); d2(t); : : : ; dn(t); k1(t); k2(t); : : : ; kn(t)); (1)where di(t) and ki(t) are the numbers of servieable hannels and the messages numbersin the system Si at the moment t aordingly, 0 � di(t) � mi, 0 � ki(t) � K,t 2 [0;+1). It is obvious that k0(t) = K � nXi=1 ki(t) is the number of messages inthe system S0 at the moment t.Vetor z(t) desribes 2n�dimensional Markov proess with the ontinuous time andthe de�nite number of states. Let's onsider, thatP (d; k; t) = P (d(t) = d; k(t) = k);where d = (d1; d2; : : : ; dn), 0 � di � mi and k = (k1; k2; : : : ; kn), 0 � ki � K, i = 1; n.Let's denote Ii as n�vetor with zero omponents exluding i, that is equals to 1. Let'sdesribe the possible passages of Markov proess z(t) in the state z(t+�t) = (d; k; t+�t)at the time �t:� from the state (d; k + Ii � Ij; t) the passage is possible with the probability�ipij min (di(t); ki(t) + 1)�t+ o(t); i; j = 1; n;� from the state (d; k � Ii; t) with the probability�ipij  K � nXi=1 ki(t) + 1!�t + o(t); i = 1; n;� from the state (d; k + Ii; t) with the probability�ipi0min (di(t); ki(t) + 1)�t + o(t); i = 1; n;� from the state (d� Ii; k; t) with the probabilityi(mi � di(t) + 1)�t+ o(t); i = 1; n;� from the state (d+ Ii; k; t) with the probability�i(di(t) + 1)�t + o(t); i = 1; n;� from the state (d; k; t) with the probability1� "�0 K � nXi=1 ki(t)!+ nXi=1 �imin(di(t); ki(t))++ nXi=1 i(mi � di(t)) + nXi=1 �idi(t)#�t + 0(�t);231



� from all other states with the probability o(�t).Then, the usage of the formula of total probability makes it possible to write thesystem of di�erene equations for the probabilities of states from whih at �t ! 0we reeive the system of di�erene-di�erential equations of Kolmogorov for the statesprobabilitiesdP (d; k; t)dt = nXi=1 nXj=1 �ipij min(di(t); ki(t)) [P (d; k � Ii + Ij; t)� P (d; k; t)℄++ nXi=1 nXj=1 �ipij [min(di(t); ki(t) + 1)�min(di(t); ki(t))℄P (d; k � Ii + Ij; t)++�0 K � nXi=1 ki(t)! [P (d; k � Ij; t)� P (d; k; t)℄ + �0P (d; k � Ij; t)++ nXi=1 �ipi0min(di(t); ki(t)) [P (d; k + Ii; t)� P (d; k; t)℄++ nXi=1 �ipi0 [min(di(t); ki(t) + 1)�min(di(t); ki(t))℄P (d; k + Ii; t)++ nXj=1 i(mi � di(t)) [P (d� Ij; k; t)� P (d; k; t)℄ + nXi=1 iP (d� Ii; k; t)++ nXi=1 �idi(t) [P (d+ Ii; k; t)� P (d; k; t)℄ + nXi=1 P (d+ Ii; k; t): (2)The solution of this system in the analytial form is generally inonvenient. There-fore we will onsider the important ase of the large number of messages in the network,K >> 1. In order to determine probability distribution of the random vetor z(t), it isonvenient to swith to the relative variables, onsidering vetor�(t) = �d1(t)K ; d2(t)K ; : : : ; dn(t)K ; k1(t)K ; k2(t)K ; : : : ; kn(t)K � ;In this ase possible values of this vetor at the �xed t will belong to the bounded losedsetG = ((y; k) = (y1; y2; : : : ; yn; x1; x2; : : : ; xn) : xi � 0; nXi=1 xi � 1; 0 � yi � miK ) (3)in whih they plae in the nodes of the 2n�dimensional grid at the distane " = 1Kfrom eah other. While magnifyingK "the harging density" of the multipleG with thepossible omponents of vetor �(t) will inrease, and it is possible to onsider, that it has232



a ontinuous distribution with the probabilities density p(y; x; t), and K2nP (d; k; t)!p(y; x; t) if K ! 1. Therefore it is possible to use the approximation of the funtionP (d; k; t), using the relation K2nP (d; k; t) = K2nP (yK; xK; t) = p(y; x; t), (y; x) 2 G.Let denote that ei = "Ii, i = 1; n, (b) = � 1; b > 00; b � 0 , andmin(b; a+ 1) = min(b; a) + (b� a); (b� a) = �min(b; a)�a ; (4)thus min(b; a) = � a; b � ab; b < a . Using the relative variables yi = diK , xi = kiK , li = miKfor i = 1; n, expression (4) and that at K ! +1, "! 0, system (2) an be written asfollows: �p(y; x; t)�t = nXi=1 nXj=1 K�ipij min(yi; xi) [p(y; x+ ei � ej; t)� p(y; x; t)℄++ nXi=1 nXj=1 �ipij �min(yi; xi)�xi p(y; x+ ei � ej; t)++K�0 1� nXi=1 xi! [p(y; x� ej; t)� p(y; x; t)℄ + �0p(y; x� ej; t)+ nXi=1 K�ipi0min(yi; xi) [p(y; x+ ei; t)� p(y; x; t)℄++ nXi=1 �ipi0�min(yi; xi)�xi p(y; x+ ei; t)++ nXi=1 Ki(li � yi) [p(y � ei; x; t)� p(y; x; t)℄ + nXj=1 ip(y � ei; x; t)++ nXi=1 K�iyi [p(y + ei; x; t)� p(y; x; t)℄ + nXj=1 �ip(y + ei; x; t): (5)3. THE SYSTEM OF DE FOR EXPECTEDCHARACTERISTICSLet's present the right part (5) with the auray of term "2. If p(y; x; t) is twieontinuously di�erentiated at y and x, thanp(y; x� ei; t) = p(y; x; t)� "�p(y; x; t)�xi + "22 �2p(y; x; t)�x2i + o("2);p(y; x+ ei � ej; t) = p(y; x; t) + "��p(y; x; t)�xi � �p(y; x; t)�xj �+233



+"22 ��2p(y; x; t)�x2i � 2�2p(y; x; t)�xi�xj + �2p(y; x; t)�x2j � + o("2);p(y � ei; x; t) = p(y; x; t)� "�p(y; x; t)�yi + "22 �2p(y; x; t)�y2i + o("2); i = 1; n: (6)Using them and that "K = 1, it is possible to reeive that the density p(y; x; t) satis�eswith the auray within the term "2 to the Kolmogorov-Fokker-Plan equation:�p(y; x; t)�t = � nXi=1 ��yi �A(y)i (y)p(y; x; t)�� nXi=1 ��i �A(x)i (y; x)p(y; x; t)�++ "2 nXi;j=1 �2�yiyj �B(y)ij (y)p(y; x; t)�+ "2 nXi;j=1 �2�xixj �B(x)ij (y; x)p(y; x; t)� ; (7)where A(y)i (y) = i (li � yi) ; i = 1; n; (8)A(x)i (y; x) = nXj=1 �jp�jimin(yj; xj) + �0p0i 1� nXi=1 xi! ; (9)p�ji = � pji; j 6= i;pii � 1; j = i; B(y)ii (y) = i(li � yi) + �iyi; B(y)ij (y) = 0; i 6= j;B(x)ii (y; x) = nXj=1 �jp��ji min(yj; xj) + �0p0i 1� nXi=1 xi! ;p��ji = � pji; j 6= i;1� pii; j = i; B(x)ij (x) = ��ipij min(yi; xi); i 6= j; i; j = 1; n:As the density p(y; x; y) satis�es the Kolmogorov-Fokker-Plan equation and A(y)i (y),A(x)i (x) pieewise linear funtions on y, x, aording to [3℄, the mathematial expeta-tions wi(t) = M �di(t)K �, ni(t) = M �ki(t)K �, i = 1; n, with the auray within theterms of in�nitesimal order O("2) are de�ned from the systems of the equationsdwi(t)dt = A(y)i (wi(t)) = i(li � wi(t))� �iwi(t); i = 1; n; (10)dni(t)dt = A(x)i (wi(t); ni(t)) = nXj=1 �jp�jimin(wj(t); nj(t))�+ �0p0i 1� nXi=1 ni(t)! ; i = 1; n: (11)The right hand sides of system (11) are ontinuous pieewise linear funtions. Bysegmentation of phase spae and obtaining solutions of system (11) in ranges of righthand sides linearity it is possible to solve whole system.234



Let 
(t) = f1; 2; : : : ; ng be set of vetor n(t) omponent indies. Let's divide 
(t)into two disjoint sets 
0(t) and 
1(t):
0(t) = fi : wi(t) < ni(t) � 1g; 
1(t) = fj : 0 � nj(t) � wj(t)g:Eah partitioning spei�es disjoint regions G� (t) in setG(t) = (n(t) : ni(t) � 0; nXi=1 ni(t) � 1);suh that: G� (t) = (n(t) : wi(t) < ni(t) < 1; i 2 
0(t);0 � nj(t) � wj(t); j 2 
1(t); nX=1 n(t) � 1) ; � = 1; 2; : : : ; 2n; 2n[�=1G� (t) = G(t):Then system of equations (11) of expliit form is:dni(t)dt =X0 �jp�jiwj(t) +X1 �jp�jinj(t)++ �0p0i 1� nXi=1 ni(t)! ; i = 1; n; (12)for eah region G� (t).The solution of uniform system of equations (10), (12) allows obtaining average rel-ative number of messages and servieable hannels at any queueing system of queueingnetwork. REFERENCES1. Medvedev G. A. Closed queueing systems and their optimization // Proeedingsof the USSR Aademy of Sienes: Engineering Cybernetis, 1978. � 6. P. 199�203.2. Medvedev G. A. About optimisation of losed queueing systems // Proeedingsof the USSR Aademy of Sienes: Engineering Cybernetis, 1975. � 6. P. 65�73.3. Parajev Y. I. Introdution statistial dynamis of ontrol proesses. M.: Sov. Radio,1976.
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ÍÀÕÎÆÄÅÍÈÅ ÇÀÊÎÍÀÓÏ�ÀÂËÅÍÈß ÖÅÍÎÉ Ï�ÎÄÀÆÈÒÎÂÀ�ÀÍ. ÑòåïàíîâàÒîìñêèé ãîñóäàðñòâåííûé óíèâåðñèòåòÒîìñê, �îññèÿnatalia0410�rambler.ruÀííîòàöèÿ: Îïòèìèçàöèÿ ïðîäàæè ñêîðîïîðòÿùåéñÿ ïðîäóêöèè (ìîëîêî, òâî-ðîã è ò.ä.) ïðåäñòàâëÿåò îïðåäåëåííûé ïðàêòè÷åñêè èíòåðåñ, òàê êàê ïðîäóêöèþ,íå ðåàëèçîâàííóþ â òå÷åíèå òîðãîâîé ñåññèè, â ëó÷øåì ñëó÷àå íàäî ïóñêàòü âïåðåðàáîòêó, à â õóäøåì ñëó÷àå - ïðîñòî âûáðàñûâàòü. Ïîýòîìó ïðè ðåàëèçàöèèòàêîé ïðîäóêöèè âîçíèêàåò ðÿä âîïðîñîâ, òàêèõ êàê à) êàêîé îáúåì ïðîäóêöèèíàäî çàâîçèòü íà òîðãîâóþ òî÷êó; á) ïî êàêîé öåíå åå ïðîäàâàòü; â) êàê óïðàâëÿòüöåíîé ïðîäàæè ïðîäóêöèè, ÷òîáû ê êîíöó òîðãîâîé ñåññèè îíà áûëà ïîëíîñòüþðåàëèçîâàíà. Âñå ýòè çàäà÷è íàäî ðåøàòü ïðè âïîëíå åñòåñòâåííîì êðèòåðèè îï-òèìàëüíîñòè - ìàêñèìèçàöèè ïðèáûëè, ïîëó÷àåìîé îò ðåàëèçàöèè ïðîäóêöèè.Êëþ÷åâûå ñëîâà: èíòåðâàë, ðàñïðåäåëåíèå, äè��óçèîííîå ïðèáëèæåíèå, àï-ïðîêñèìàöèÿ. 1. ÂÂÅÄÅÍÈÅÏóñòü â òîðãîâóþ òî÷êó çàâîçèòñÿ ïàðòèÿ ïðîäóêöèè îáúåìîì Q0, êîòîðàÿäîëæíà áûòü ïðîäàíà â òå÷åíèå òîðãîâîé ñåññèè äëèòåëüíîñòè . Ïóñòü d - îáúåìçàòðàò íà âûïóñê åäèíèöû ïðîäóêöèè, òàê ÷òî ïðîèçâîäèòåëþ ýòà ïàðòèÿ ñòîèëàQ0d ðóáëåé.Ïóñòü (t) åñòü öåíà, ïî êîòîðîé ïðîäóêöèÿ ïðîäàåòñÿ â ìîìåíò âðåìåíè t. Âäàííîé ðàáîòå ðàññìàòðèâàåòñÿ âîïðîñ óïðàâëåíèÿ öåíîé ïðîäàæè (t) â çàâèñè-ìîñòè îò âðåìåíè t è îáúåìà Q(t) ïðîäóêöèè, íå ðåàëèçîâàííîé ê ýòîìó ìîìåíòóâðåìåíè. Öåëü ýòîãî óïðàâëåíèÿ - äîáèòüñÿ òîãî, ÷òî ïðîäóêöèÿ áóäåò ðåàëèçîâàíàê êîíöó òîðãîâîé ñåññèè è ïðè ýòîì áóäåò ïîëó÷åíà ìàêñèìàëüíàÿ ïðèáûëü.Áóäåì ñ÷èòàòü, ÷òî ïîòîê ïîêóïàòåëåé ÿâëÿåòñÿ ïóàññîíîâñêèì ïîòîêîì èíòåí-ñèâíîñòè �(), çàâèñÿùåé îò ðîçíè÷íîé öåíû . Âèä ýòîé çàâèñèìîñòè áóäåò óòî÷íåííèæå.Áóäåì ñ÷èòàòü, ÷òî ïîêóïàòåëè ïîêóïàþò òîâàð íåçàâèñèìî äðóã îò äðóãà, èîáúåì ïîêóïêè � åñòü ñëó÷àéíàÿ âåëè÷èíà ñ Mf�g = �1 è Mf�2g = �2.Ïóñòü Q(t) åñòü êîëè÷åñòâî ïðîäóêöèè, êîòîðàÿ îñòàëàñü íå ðåàëèçîâàííîé âìîìåíò âðåìåíè t. �àññìîòðèì ðåøåíèå çàäà÷è â òàê íàçûâàåìîì äè��óçèîííîìïðèáëèæåíèè, êîãäà Q(t) àïïðîêñèìèðóåòñÿ äè��óçèîííûì ñëó÷àéíûì ïðîöåñ-ñîì. 236



2. ÌÀÒÅÌÀÒÈ×ÅÑÊÀß ÌÎÄÅËÜÏóñòü òåïåðü ïðîèçâîäèòñÿ óïðàâëåíèå öåíîé ïðîäàæè òîâàðà, è öåíà ïðîäàæè(t) â ìîìåíò âðåìåíè t âûáèðàåòñÿ èç óñëîâèÿa1�() = Q(t)'(t) ; (1)ñ íåêîòîðîé, ïîêà íåèçâåñòíîé �óíêöèåé '(t).Òîãäà, â äåòåðìèíèðîâàííîì ïðèáëèæåíèè, Q(t) îïðåäåëÿåòñÿ ðåøåíèåì ñëåäó-þùåãî äè��åðåíöèàëüíîãî óðàâíåíèÿ�Q�t = ��Q(t)� Q(t)'(t) ; (2)ïîëó÷åííîãî ïîäñòàíîâêîé, êîòîðîå íàäî ðåøèòü ïðè íà÷àëüíîì óñëîâèèQ(0) = Q0:�àçäåëÿÿ ïåðåìåííûå è èíòåãðèðóÿ, ïîëó÷èìQ(t) = Q0exp���t� Z t0 �z'(z)� (3)�àññìîòðèì ÷àñòíûé ñëó÷àé, êîãäà çàâèñèìîñòü �() èìååò âèä�() = �0 � �1 � 00 :Òîãäà öåíà ïðîäàæè (t) â ìîìåíò âðåìåíè t íàõîäèòñÿ èç óñëîâèÿ�1�() = �1��0 + �1 � �1 0� = Q(t)'(t) ;îòêóäà ïîëó÷àåì (t) = 0�1 + �1�0 � Q(t)�1�1'(t) :� (4)Âûðó÷êà îò ïðîäàæè íàøåé ïàðòèè òîâàðà â òå÷åíèå âðåìåíè T áóäåò ðàâíàS = Z T0 (t)�1�((t))dt = 0�1 + �1�0�Z T0 Q(t)'(t) dt� 0�1�1 Z T0 Q2(t)'2(t) dt: (5)Åñëè òîâàð ïðèîáðåòàåòñÿ ïî îïòîâîé öåíå d, òî ïðèáûëü îò åãî ïðîäàæè áóäåòðàâíà P = S � dQ0 = 0�1 + �1�0�Z T0 Q(t)'(t) dt� 0�1�1 Z T0 Q2(t)'2(t) dt:� dQ0 (6)237



Íàéäåì îïòèìàëüíûé âèä �óíêöèè '(t). Ìû âèäèì, ÷òî çàâèñèò îò äâóõ �óíê-öèîíàëîâ Z T0 Q(t)'(t) dt è Z T0 Q2(t)'2(t) dt:Îáîçíà÷àÿ Q(t)='(t) = f(t) ïîëó÷èì çàâèñèìîñòü îò äâóõ �óíêöèîíàëîâ -Z T0 f(t)dt è Z T0 f 2(t)dt:Â ëþáîì ñëó÷àå, ïîïûòêà íàéòè maxP ïî âèäó �óíêöèè f(t) ïðèâîäèò ê çàäà÷åâèäà Z T0 f 2(t)dt+ � Z T0 f(t)dt) extr; (7)ãäå � - íåîïðåäåë¼ííûé ìíîæèòåëü Ëàãðàíæà. Ïðèðàâíèâàÿ íóëþ âàðèàöèþ ïîf(t), ïîëó÷èì, ÷òî f(t) = onst.Òàêèì îáðàçîì, f(t) = Q(t)'(t) = C;èëè, â ÿâíîì âèäå, 1'(t)exp���t� Z t0 dz'(z)� = C: (8)Ïåðåïèñûâàÿ åãî â âèäå 1'(t)exp�� Z t0 dz'(z)� = Ce�tè çàìå÷àÿ, ÷òî 1'(t)exp�� Z t0 dz'(z)� = ��exp�� Z t0 dz'(z)��t ;ïîëó÷èì �exp�� Z t0 dz'(z)��t = �Ce�t :Îòñþäà èìååì exp�� Z t0 dz'(z)� = �C� e�t + C1:Òàê êàê ïðè t = 0 R t0 dz'(z) = 0; òî1 = �C� + C1; C1 = 1 + C� ;è ïîýòîìó exp�� Z t0 dz'(z)� = C� � C� e�t + 1:238



Ëîãàðè�ìèðóÿ ýòî âûðàæåíèå è äè��åðåíöèðóÿ, ïîëó÷èì, ïîñëå íåêîòîðûõóïðîùåíèé '(t) = eCe��t � 1� :Âîçüìåì êîíñòàíòó eC â âèäå eC = e�CT ñ íåêîòîðûì C � 1. Òîãäà îêîí÷àòåëüíîçàêîí óïðàâëåíèÿ öåíîé ïðèìåò âèä�1�() = Q(t)'(t) ; ' = e�(CT�t) � 1� : (9)Èìåííî ýòîò çàêîí óïðàâëåíèÿ öåíîé è áóäåò ðàññìàòðèâàòüñÿ â äàëüíåéøåì.Çàìåòèì, ÷òî ïðè � ! 0 '(t) ! CT � t, òî åñòü ìû ïîëó÷àåì òîò âèä '(t),êîòîðûé îáåñïå÷èâàë ìàêñèìóì ïðèáûëè ïðè ïðîäàæå ñêîðîïîðòÿùèõñÿ òîâàðîââ ïðåäûäóùèõ ðàçäåëàõ.Íàéä¼ì òåïåðü âûðó÷êó è ïðèáûëü ïðè äàííîì çàêîíå óïðàâëåíèÿ öåíîé âäåòåðìèíèðîâàííîì ñëó÷àå. Âû÷èñëÿÿ èíòåãðàëû, ïîëó÷èìQ(t) = Q0 e�(CT�t) � 1e�CT � 1 ;Z T0 Q(t)'(t) dt = Q0�Te�CT � 1 ; Z T0 Q2(t)'2(t) dt = Q20�2T(e�CT � 1)2 :Ïîýòîìó ïðèáûëü îò ïðîäàæè íàøåé ïàðòèè òîâàðà ðàâíàP = 0�1 + �0�1� Q0�Te�CT � 1 � 0�1�1 Q20�2T(e�CT � 1)2 � dQ0: (10)Îòñþäà íàõîäèòñÿ îïòèìàëüíîå çíà÷åíèå Q0:Q0 = �0�1 + �0�1� �Te�CT � 1 � d� �1�1(e�CT � 1)22�2T0 ; (11)è ìàêñèìàëüíîå çíà÷åíèå ïðèáûëèPmax = �0 �1 + �0�1� �Te�CT � 1 � d�2 �1�1(e�CT � 1)24�2T0 : (12)3. ÇÀÊËÞ×ÅÍÈÅÎäíàêî â ýòîì ñëó÷àå åñòü äîïîëíèòåëüíàÿ âîçìîæíîñòü - ïðîâåñòè îïòèìèçà-öèþ è ïî ïàðàìåòðó . Îáîçíà÷àÿ êîìáèíàöèþ e�Ct � 1 = z , ïîëó÷èìPmax = �0�1 + �0�1��Tz � dz2�2 �1�14�2T0 ;è îïòèìàëüíîå çíà÷åíèå z ðàâíîzopt = 0(1 + �0=�1)�T2d = e�CoptT � 1:239
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PROCESSOR SHARING SYSTEMSWITH RANDOM CAPACITYDEMANDSO. TikhonenkoCzestohowa University of Tehnology, Institute of MathematisCzestohowa, Polandoleg.tikhonenko�im.pz.plWe disuss proessor sharing queueing systems with non-homogeneous demands.This non-homogenity means that eah demand (independently of others) has somerandom apaity and its length (or amount of work for its servie) generally dependson the apaity. In real systems, a total sum of apaities of demands presenting in thesystem is limited by some onstant value (memory volume) V > 0. But we estimate lossharaterists for suh system using queueing models with unlimited memory volume.Keywords: random apaity demand, total demands apaity, memory volume.1. INTRODUCTIONEgalitarian proessor sharing (EPS) systems are used for modeling of omputerand ommuniating networks [1℄. Presently, they are appliable to situations where aommon resoure is shared by a varying number of onurrent users [2℄ (for example,to WEB-servers modeling [3℄).We introdue the following additional assumption for the lassial M=G=1� EPSsystem. Assume that eah demand is haraterized by some non-negative random a-paity. This random variable an be interpreted as a part of system's memory spaeused by the demand during its presene in the system. A total sum of demands a-paities �(t) in the system at arbitrary time instant t is referred as the total demandsapaity. The random value �(t) an be limited by some onstant value V (0 < V <1),whih is alled the memory volume of the system. In this ase we have a non-lassialproessor sharing system that will be notated by M=G=1(V )�EPS. Later on, we shallall demand length the amount of work neessary for demand's servie, i.e. the servietime under ondition that there are no other demands in the system during its presenein it. Analogously, we shall all residual length of the demand its residual servie timeafter some time instant under the same ondition (see [2℄).The purpose of the paper is 1) to obtain the non-stationary and stationary distri-bution of total demands apaity in the system M=G=1� EPS; 2) to determine someestimations of loss harateristis for systems M=G=1(V )�EPS with limited memoryvolume (V <1) based on the model with unlimited one; 3) to ompare proessor shar-ing systems M=G=1(V )�EPS andM=G=1�EPS from the point of view of estimationof loss harateristis. 241



2. CLASSICAL PROCESSOR SHARING SYSTEMDenote by �(t) the number of demands present in the system at the time in-stant t and ��i (t) be the residual length of ith demand at this instant, i = 1; �(t).Let F (x; t) = Pf� < x; � < tg be the joint distribution funtion of the demandapaity � and its length � (we assume that the demand apaity and its lengthdoesn't depend on his arrival time and on harateristis of other demands). ThenL(x) = F (x;1) and B(t) = F (1; t) be the distribution funtions of the randomvariables � and � onsequently. Let a be an arrival rate of entrane �ow of demands,�(s; q) = R10 R10 e�sx�qtdF (x; t) be the double Laplae-Stieltjes transform (with respetto x and t) of the distribution funtion F (x; t), '(s) = �(s; 0) and �(q) = �(0; q) be theLaplae-Stieltjes transform (LST) of the distribution funtions L(x) and B(t) onse-quently, D(x; t) = Pf�(t) < xg be the distribution funtion of total demands apaityat the time instant t, Æ(s; t) = R10 e�sxdxD(x; t) be the LST of the funtion D(x; t) withrespet to x, Æ(s; q) = R10 e�qtÆ(s; t)dt be the Laplae transform of the funtion Æ(s; t)with respet to t. The mixed (i + j)th moments of the random variables � and � (ifthey exist) take the form: �i j = (�1)i+j �i+j�si�qj�(s; q)���s=0;q=0:Assume that demands in the onsidered system at an arbitrary time t are numeratedas random; i.e. if the number of demands is k, then there are k! ways to enumeratethem, and eah enumeration an be hosen with the same probability 1=k!.One an easily show that the system under onsideration is desribed by the Markovproess (�(t); ��i (t); i = 1; �(t)); (1)where omponents ��i (t) are absent if �(t) = 0. In this ase we also have �(t) = 0.In what follows, to simplify the notation, we denote Yk = (y1; : : : ; yk). We hara-terize the proess (1) by funtions with the following probabilisti sense:P0(t) = Pf�(t) = 0g; (2)�k(Yk; t) = Pf�(t) = k; ��j (t) < yj; j = 1; kg; k = 1; 2; : : : ; (3)Pk(t) = Pf�(t) = kg = �k(1k; t); k = 1; 2; : : : ; (4)where 1k = (1; : : : ;1) is a k-omponent vetor.Note that the funtions �k(Yk; t) are symmetri with respet to permutations ofomponents of the vetor Yk due to our random enumeration of ustomers in the system.Let us determine the funtion Æ(s; q) under zero initial ondition �(0) = �(0) = 0.Denote by p0(q) = R10 e�qtP0(t)dt and �k(Yk; q) = R10 e�qt�k(Yk; t)dt the Laplaetransforms with respet to t of the funtions P0(t) and �k(Yk; t) onsequently. It'sknown (see [2℄) that p0(q) = [q + a� a�(q)℄�1 (5)under zero initial ondition, where �(q) is the LST of the busy period distributionfuntion for the system under onsideration. Note [2℄ that �(q) is a unique solution ofthe funtional equation �(q) = �(q + a� a�(q)) suh that j�(q)j � 1.242



Lemma. Under zero initial ondition, the funtions �k(Yk; q), k = 1; 2; : : : , havethe form �k(Yk; q) = p0(q)Qki=1 R yi0 [q + a� aB(u)℄du:Let �i = E�i = (�1)i�(i)(0) be the ith moment of ustomer length, i = 1; 2; : : : .Corollary 1. If � = a�1 < 1, limits �k(Yk) = limt!1�k(Yk; t), k = 1; 2; : : : , existbeing independent of initial ondition and have the form �k(Yk) = (1��)akQki=1 R yi0 [1��B(u)℄du:Corollary 2. Let pk(q) be the Laplae transform of the funtion Pk(t), k = 0; 1; : : : ,under zero initial ondition. Then we have pk(q) = ak(1��(q))k(q+a�a�(q))k+1 :From the orollary 1 we an obtain the known relation for the stationary distributionfpkg of the number of demands in the system (� = a�1 < 1)[2℄: pk = �k(1k) == (1� �)�k; k = 0; 1; : : : :Let �(t) be the apaity of a demand being on servie at the time t and ��(t) bethe residual length of this demand at the time t. We shall use the notation Ey(x) == Pf�(t) < xj ��(t) = yg. It is known [4℄ that the LST of the onditional distributionfuntion Ey(x) has the form:ey(s) = [1�B(y)℄�1 Z 1x=0 e�sx Z 1u=y dF (x; u): (6)Theorem 1. For zero initial ondition the funtion Æ(s; q) is determined by therelation Æ(s; q) = f[q+a�a�(q)℄[1�I(s; q)℄g�1; where I(s; q) = R10 (q+a�aB(y))ey(s)dyand ey(s) is determined by the relation (6).Corollary 3. If the random variables � and � are independent, we have:Æ(s; q) = [q + a(1� �(q))(1� '(s))℄�1: (7)Corollary 4. Under zero initial ondition, the Laplae transform g(s; q) with respetto t of generation funtion P (z; t) =P1k=0 Pk(t)zk, jzj � 1, of the demands number inthe system at time instant t have the following form:g(z; q) = Z 10 e�qtP (z; t)dt = [q + a(1� z)(1� �(q))℄�1: (8)Corollary 5. Let � = a�1 < 1. Then stationary mode exists. The LST Æ(s) of thestationary distribution funtion D(x) = limt!1D(x; t) of demands total apaity hasthe form: Æ(s) = 1� �1 + a�0q(s; q)jq=0 : (9)Note that the relation (9) was �rst obtained by B. Sengupta [5℄.Corollary 6. Let Æ1(t) be the �rst moment of the total demands apaity �(t)under zero initial ondition, Æ1(q) be the Laplae transform of the funtion Æ1(t). Thenwe have: Æ1(q) = a�11 + q R10 R10 xS(t)dF (x; t)[q + a� a�(q)℄ �1� �� q R10 S(t)dB(t)�2 ;243



where S(t) = R t0 [1� B(y)℄�1dy.Let � be a stationary total demands apaity (�(t) ) � in the sense of a weakonvergene). From the relation (9) the following known formulas [5℄ an be obtained:Æ1 = E� = �Æ0(0) = a�111� �; Æ2 = E�2 = Æ00(0) = a�211� � + 2Æ21: (10)For some speial ases we an obtain the view of the distribution funtion D(x) fromthe formula (9). For example, onsider the ase when the demand apaity � and itslength � are onneted by the relation � = � + �1,  > 0, where the random variables� and �1 are independent (suh dependene for demand apaity and its length is truefor many real information systems).Denote by �1 = E�1 the �rst moment of the random variable �1. In this ase we have�(s; q) = '(s+q)�(s), where �(s) is the Laplae�Stieltjes transform of the distributionfuntion of the random variable �1. The the relation (9) takes the following form:Æ(s) = 1� �1 + a['0(s)� �1'(s)℄ : (11)Assume that ustomer apaity � has an exponential distribution with the parameterf > 0. Then from the formula (11) we obtain: Æ(s) = (1��)(s+f)2(s+f)2��1f2��2f(s+f) ; where�1 = a=f , �2 = a�1, so that � = a�1 = �1 + �2.Now we an determine the original of Laplae transform Æ(s)=s, where Æ(s) is de�nedby formula (11), and obtain the view of the stationary distribution funtion D(x):D(x) = 1� (1� �)e�fx2b �(�2 + b)2e(�2+b)fx=22� �2 � b � (�2 � b)2e(�2�b)fx=22� �2 + b � ; (12)where b =p�22 + 4�1.3. ESTIMATION OF LOSS CHARACTERISTICSThe M=G=1 � EPS is a system without losing of ustomers (V = 1). But withthe help of this model we an estimate the memory apaity V in order to guaranteeinexeeding of given loss probability.Assume that we have a stationary queueing system Q1 with Poisson entrane �owwithout losses of demands. Let QV be a stationary system that di�ers from Q1 onlywith the fat that its total apaity is limited by the onstant value V . We denote byD(x) the distribution funtion of total demands apaity for the system Q1 and byDV (x) the distribution funtion of this random value for the system QV .Theorem 2. The inequality D(x) � DV (x) takes plae for all x > 0.Proof of the theorem see in [4℄.It follows from theorem 2 that the loss probability P for the system QV satis�es thefollowing inequality [4℄:P = 1� Z V0 DV (V � x)dL(x) � 1� Z V0 D(V � x)dL(x) = P �: (13)244



Thus, the value P � is an upper estimation of loss probability for the system QV . Ifwe hoose V under ondition that P � is given so that the equality R V0 D(V �x)dL(x) == 1 � P � is satis�ed, then the real loss probability P doesn't exeed P �. If only veryrare losses are permitted in the system under onsideration, the di�erene between thevalues P and P � is inessential.Note that the loss probability is not exhaustive harateristi of losses, beauseits value shows a part of losing demands, not a part of losing apaity or, in otherwords, information being lost. Really, it is obvious that demands having large apaitywill be lost more often. Therefore, more objetive losses estimation is the value Q == 1� 1'1 R V0 xDV (V � x)dL(x):The value Q is the probability of losing of a unit of demand apaity. The nextinequality follows from theorem 2:Q = 1� 1'1 Z V0 xDV (V � x)dL(x) � 1� 1'1 Z V0 xD(V � x)dL(x) = Q�:If only very rare losses are permitted in the system under onsideration, the di�er-ene between the values Q and Q� is inessential.For example, in the ase of the distribution funtion (12) we obtain:P � = �1� 1� �b �a11� e�(1�b1)fVb+ �2 + a2 1� e�(1�b2)fVb� �2 �� e�fV ;where a1 = (�2+b)22��2�b , a2 = (�2�b)22��2+b , b1 = �1 + �2+b2 , b2 = �1 + �2�b2 ;Q� = (1 + fV � 2(1� �)b "(a1 + a2)fV8�1 + a1 1� e�(1�b1)fV(b+ �2)2 � a2 1� e�(1�b2)fV(b� �2)2 #)e�fV :Note that in most ases the alulation and estimation of the probability Q is veryompliated. Therefore, we often must restrit ourselve to the alulation and estima-tionof the loss probability P .If it is impossible to determine the view of the distribution funtion D(x), we anestimate the value P � by approximation of the funtion �(x) = R x0 D(x � u)dL(u),being the distribution funtion of the sum of independent random variables � and �,with the distribution funtion of gamma distribution ��(x) = (h; rx)=�(h), where(h; rx) = R rx0 th�1e�tdt is the inomplete gamma funtion, �(h) = (h;1) is thegamma funtion. The parameters h and r of the approximate distribution should behosen so that its �rst and seond moments f �1 = h=r and f �2 = h(h + 1)=r2 be equalto the �rst and seond moments of the distribution funtion �(x) respetively. It isobvious that these moments have the formf1 = Æ1 + '1; f2 = Æ2 + '2 + 2Æ1'1: (14)Thus, the parameters of the distribution funtion ��(x) should be hosen as follows:h = f21f2�f21 ; r = f1f2�f21 ; where f1 and f2 an be alulated from relations (10), (14).Hene, we have the approximate formula P � �= 1� ��(V ):245



Note that in the ase of not very small permissible loss probabilities, using theestimation P � instead of P leads to unjusti�ably surplus hoie of the apaity volumeV . Therefore, the diret analysis of proessor sharing systems with limited memoryspae is very important.4. THE CASE OF LIMITED TOTAL CAPACITYThe system M=G=1(V ) � EPS with demands of di�erent types was analyzed indetail in [6℄. We shall onider a speial ase of demands of the same type. Then, forstationary probabilities of number of demands present in the system we have:p0 =  1Xk=0 akA(k)� (V )!�1 ; pk = p0akA(k)� (V ); k = 1; 2; : : : ;where A(k)� (x) is a kth order Stieltjes onvolution of the funtion A(x) == R xu=0 R1t=0 udF (u; t). The loss probability has the formP = 1� p0 "L(V )� 1Xk=1 akA(k)� (V )# :Assume additionally that demand apaity has an exponential distribution withparameter f , and let the demand length be proportional to its apaity (� = �,  > 0).Then, we obtain after some alulation:p0 = 8>>>><>>>>: 1� �1�p�e�fV �sinh(p�fV ) +p� osh(p�fV )� ; if � 6= 1;1 + e�2fV1 + fV ; if � = 1;pk = p0�k "1� e�fV 2k�1Xi=0 (fV )ii! # ; k = 1; 2; : : : ; P = p0e�fV osh(p�fV );where � = a=f .Now we an ompare values P � and P or Q� and Q using analytial results orsimulation. Table 1 presents the dependene of loss harateristis upon the memoryapaity V . We assume here that � = 0:6, the demand length is proportional to itsapaity (� = �), where  = 1, and apaity � has an exponential distribution withparameter f = 1.Values P �, Q�, P were obtained by alulation from above relations, and the valueQ was estimated by simulation. The table shows that estimators P �, Q� are not verypreise and we an use them for the ase when the proper loss harateristis are nearzero. 246



Table 1: Probabilities P and Q for � = 0:6V P � Q� P Q0.0 1.00000 1.00000 1.00000 1.000000.2 0.92721 0.99569 0.81994 0.982690.4 0.86622 0.98366 0.67754 0.940340.6 0.81392 0.96529 0.56700 0.884820.8 0.76815 0.94194 0.48156 0.824091.0 0.72735 0.91487 0.41516 0.763112.0 0.56855 0.75562 0.23586 0.512903.0 0.45178 0.60242 0.15775 0.355964.0 0.35651 0.47628 0.11281 0.256405.0 0.28750 0.37679 0.08340 0.189936.0 0.22947 0.29888 0.06291 0.143307.0 0.18316 0.23763 0.04811 0.109638.0 0.14620 0.18925 0.03716 0.0846410.0 0.09314 0.12034 0.02263 0.0516515.0 0.03018 0.03896 0.00697 0.0158920.0 0.00978 0.01262 0.00222 0.0051230.0 0.00103 0.00133 0.00023 0.0005440.0 0.00011 0.00014 0.00002 0.0158950.0 0.00001 0.00002 0.00000 0.00001REFERENCES1. Litjens R., Van der Berg H., Bouherie R. J. Throughputs in proessor sharingmodels for integrated stream and elasti tra� // Performane Evaluation. 2008.V. 65. P. 152�180.2. Yashkov S. F. Analysis of Queues in Computers. Radio i Svyaz, Moskow, 1989. (InRussian).3. Yashkov S. F., Yashkova A. S. Proessor sharing: a survey of the mathematialtheory // Autom. Remote Control. 2007. V. 68. � 9. P. 1662�1731.4. Tikhonenko O. Computer systems probability analysis. Akademika O�ynaWydawniza EXIT, Warszawa, 2006. (In Polish).5. Sengupta B. The spatial requirement of an M=G=1 queue or: how to design forbu�er spae // Let. Notes Contr. Inf. Si. 1984. V. 60. P. 547�564.6. Tikhonenko O. M. Queueing systems with proessor sharing and limited resoures// Autom. Remote Control. 2010. V. 71. � 9. P. 804�815.
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STATISTICAL ANALYSIS OFQUEUEING NETWORKS WITHINFINITE NUMBER OF SERVERSG. TsitsiashviliInstitute for Applied Mathematis Far Eastern Branh of RASVladivostokguram�iam.dvo.ruIn this paper a problem of suessive hanging of individuals states or tehnialmeans from some population is onsidered. This hanging is onneted as with individ-uals aging so with appearane of new individuals. The problem is solved using queueingnetworks with in�nite numbers of servers in their nodes.Keywords: produt theorem, Markov proess, stationary distribution.1. INTRODUCTIONLast years in the reliability theory a large attention is devoted to the life timemodels with a large number of states [1℄. New appliations appear in models of adynamis of populations with multistage individuals [2℄. These appliations demandto develop theory of queueing networks with in�nite number of servers beginning fromprodut theorems through an aggregation of nodes to onvenient statistial proeduresof parameters estimates.2. OPENED NETWORKSConsider opened queueing network with the nodes set S = f0gS I; I = f1; : : : ; mg;the indivisible route matrix � = jj�(i; j)jji;j2S and Poisson input �ow with parameter�(0) > 0: The node i 2 I ontains in�nite number of servers with exponentially dis-tributed servie times with the parameter �(i) > 0: The node 0 is imaginary, it is asoure of arrival ustomers and a runo� for ustomers leaving the network. The routematrix � is alled indivisible if for any i; j 2 S; i 6= j; there are i1; : : : ; is 2 S; so thatthe inequality 0 < �(i; i1) � �(i1; i2) � : : : � �(is�1; is) � �(is; j): (1)is true. From (1) we have that for �xed �(0) > 0 the system of linear algebrai equations(�(0); �(1); : : : ; �(m)) = �(�(0); �(1); : : : ; �(m)) (2)[3℄ has single solution (�(1); : : : ; �(m)); �(i) > 0; i 2 I: Then the proess (n1(t); : : : ;nm(t)) whih desribes numbers of ustomers in nodes of opened network [4, Proposition248



1.10, Example 1.29℄ is ergodi and its limit distributionP (n1; : : : ; nm) = mYi=1 pi(ni); pi(ni) = e( � �(i))(�(i))nini! ; �(i) = �(i)�(i) ; i 2 I: (3)Theorem 1. Almost surelylimT!1 R T0 ni(t)dtT = �i; i 2 I: (4)Proof. From the formula (3) the distribution pi(ni) is Poisson and its mean oinideswith �(i): So the law of large numbers for ergodi markov proesses [4, Theorem 1.2℄leads to the formula (4).Theorem 2. Suppose that the sets I1; : : : ; Ir reate a deomposition of the set Ionto noninterseted subsets. Denote Nk(t) =Xi2Ik ni(t); k = 1; : : : ; r; then the randomproess (N1(t); : : : ; Nr(t)) has limit distribution rYk=1Pk(Nk) wherePk(Nk) = e( � Rk)RNkkNk! ; Rk =Xi2Ik �(i); (5)and almost surely limT!1 R T0 Nj(t)dtT = R(j); j = 1; : : : ; r: (6)Proof. The formula (5) arises from the formula (3) and from well known fat that a sumof independent random variables x; y with Poisson distributions with the parameters a; bis a random variable with Poisson distribution with the parameter a+ b: Indeed assumethat generating funtions of random variables x; y are 'x(z) = e(a(z � 1)); 'y(z) =e(b(z � 1)) then 'x+y(z) = 'x(z)'y(z) = e((a+ b)(z � 1)): The formula (6) arises from(4), (5).Remark. Denote N(t) = Xi2I ni(t); then from Theorem 1 the disrete randomproess N(t) has Poisson limit distribution with the parameter R =Xi2I �(i): Assumethat k-the input ustomer remains the time �k in the network with the mean f = M�k:The quantity f may be interpreted as mean life time of some individual. So from [5,x 31, Theorem 6℄ we have R = �(0)f: Consequently if there is statistial estimate ofinput Poisson �ow intensity �(0) then using Theorem 2 it is possible to estimate theparameter R and so them mean individual life time f: This statement may be spreadonto nodes subset I 0 � I where �(i; j) = 0; i 2 I n I 0; j 2 I 0 and �k is time interval ofk-the input ustomer stay in I 0: 249



Example. Analogously with [2℄ assume that the route matrix � ontains the fol-lowing nonzero elements:�(1; 2); �(1; 0) = 1� �(1; 2); �(2; 3); �(2; 0) = 1� �(2; 3); : : : ;�(m� 1; m); �(m� 1; 0) = 1� �(m� 1; m); �(m; 0) = 1:Then it is easy to obtain that�(1) = �; �(2) = �(1)�(1; 2); �(3) = �(2)�(2; 3); : : : ; �(m) = �(m� 1)�(m� 1; m);�(i) = �(i)�(i) ; i = 1; : : : ; m;with the mean life timeM = 1�(1) + �(1; 2)�(2) + �(1; 2)�(2; 3)�(3) + : : :+ m�1Yk=1 �(k; k + 1)�(m) :3. CLOSED NETWORKSConsider now losed queueing network with the nodes set S; the route matrix �; nustomers irulating in the network and n (that is equivalent in�nity) servers in eahnode with servie intensity �i on a server of i-th node, i 2 S: Assume that for �xed�(0) > 0 positive numbers �(1); : : : ; �(m) reate single solution (�(1); : : : ; �(m)) of thesystem (2). Denote �(0) = �(0)=�(0); then disrete Markov proess (n0(t); : : : ; nm(t));desribing number of ustomers in nodes of the losed network has polynomial limitdistribution [4, Example 1.29℄P (n0; : : : ; nm) = n! mYi=0 dniini! ; di = �(i)�(0) + : : :+ �(m) ; i 2 S; mXi=0 ni = n: (7)Lemma. The random proess (n0(t) + n1(t); n2(t); n3((t); : : : ; nm(t)) has limit dis-tribution P (n0 + n1; n2; n3; : : : ; nm) = n! (d0 + d1)n0+n1(n0 + n1)! mYi=2 dniini! : (8)Proof. Lemma statement is based on binomial theorem.Theorem 3. Almost surelylimT!1 R T0 ni(t)dtT = ndi; i 2 I0: (9)
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Proof. Using the formula (8) by mathematial indution it is easy to prove that therandom proess (n0(t); n1(t) + : : :+ nm(t)) has limit distributionP (n0; n1 + : : :+ nm) = n!dn00 (d1 + : : :+ dm)n�n0n0!(n� n0)! :Consequently the random proess n0(t) has limit Bernoulli distribution with the meannd0: Analogously it is possible to prove that the random proess ni(t) has limit Bernoullidistribution with the mean ndi; i = 1; : : : ; m: So from the law of large numbers forergodi disrete Markov proess [4, Theorem 1.2℄ we obtain the formula (9).Theorem 4. Suppose that I1; : : : ; Ir reate a deomposition of the set S onto non-interseted subsets. Denote Nk(t) = Xi2Ik ni(t); k = 1; : : : ; r; then the random proess(N1(t); : : : ; Nr(t)) has polynomial limit distributionP (N1; : : : ; Nr) = n! rYk=1 DNkkNk! ; Dk =Xi2Ik di; k = 1; : : : ; r; (10)and almost surely limT!1 R T0 Nk(t)dtT = nDk; k = 1; : : : ; r: (11)Proof. The formula (10) may be obtained from the formula (8) by mathematial indu-tion. The formula (11) arises from the formula (10) and Theorem 3.4. CONCLUSIONTheorems 1 - 4 allow to aggregate nodes of initial network and so to simplify statis-tial estimate of its parameters. As a result random proess, whih desribes ustomersmotion along nodes-states and whih is de�ned by the route matrix � with the di-mension m�m and by servie intensities �(i); i = 1; : : : ; m; is replaed by statistialmodel of ustomers distribution in aggregated nodes. It allows not only to get rid ofompliated solution of the system (2) but to simplify a proedure of observation anda olletion of neessary information. It is well known that to de�ne a state i is moredi�ult than to de�ne its belonging to the subset Ij � I: More over it is possible toonstrut su�iently simple estimate of mean life time also. This quantity is importantin analysis of e�ieny indexes. REFERENCES1. Liu Y.W. , Kapur K.C. New Models and Measures for Reliability of Multi-state Sys-tems. In Handbook of Performability Engineering. Krishna B. Misra (ed). SpringerVerlag. 2008. P. 431-445. 251
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�ÈÑÒÅ�ÅÇÈÑÍÀß ÑÒ�ÀÒÅ�ÈßÄËß ÑÈÑÒÅÌÛ ÑÏÎÂÒÎ�ÍÛÌÈ ÂÛÇÎÂÀÌÈÈ. Óñàð�, È. ÌàêóøåíêîÊèåâñêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè Òàðàñà Øåâ÷åíêîÊèåâ, Óêðàèíà� usar�uniyb.kiev.ua�àññìàòðèâàåòñÿ ìàðêîâñêàÿ ñèñòåìà ñ ïîâòîðíûìè âûçîâàìè è óïðàâëÿåìîéèíòåíñèâíîñòüþ âõîäíîãî ïîòîêà. Â ÿâíîì âèäå ÷åðåç ïàðàìåòðû ìîäåëè íàéäå-íû ñòàöèîíàðíûå âåðîÿòíîñòè è óêàçàíû óñëîâèÿ ñóùåñòâîâàíèÿ ñòàöèîíàðíîãîðåæèìà.Êëþ÷åâûå ñëîâà: ñòîõàñòè÷åñêàÿ ñèñòåìà, ïîâòîðíûå òðåáîâàíèÿ, ãèñòåðåçèñíàÿñòðàòåãèÿ, ñòàöèîíàðíûé ðåæèì.1. ÂÂÅÄÅÍÈÅ�åçóëüòàòû äëÿ ñèñòåì ñ ïîâòîðíûìè âûçîâàìè ñîñòàâëÿþò îäèí èç âàæíûõðàçäåëîâ òåîðèè ìàññîâîãî îáñëóæèâàíèÿ. Îñíîâíûå èç ýòèõ ðåçóëüòàòîâ ñèñòå-ìàòèçèðîâàíû â ìîíîãðà�èè [1℄. Ìàòåìàòè÷åñêèå ìîäåëè ñèñòåì ñ ïîâòîðíûìèâûçîâàìè èìåþò øèðîêîå ïðèìåíåíèå â ýêîíîìèêå, òðàíñïîðòå, â ïðàêòèêå ïðîåê-òèðîâàíèÿ êîìïüþòåðíûõ ñåòåé (ëîêàëüíûõ è ãëîáàëüíûõ), ñèñòåìàõ ñ çàêàçîì âòåëå�îíèè è ìîáèëüíîé ñâÿçè, äëÿ îïèñàíèÿ ïðîöåññà ïîñàäêè âîçäóøíûõ ñóäîâ èäð. (Ñì., íàïðèìåð, [1, 2, 3℄).Õàðàêòåðíàÿ îñîáåííîñòü ðàññìàòðèâàåìûõ ñèñòåì çàêëþ÷àåòñÿ â òîì, ÷òî òðå-áîâàíèÿ, ïîñòóïèâøèå â çàíÿòóþ ñèñòåìó, ÷åðåç ñëó÷àéíûé ïðîìåæóòîê âðåìåíèïîâòîðÿþò ïîïûòêó ïîëó÷èòü îáñëóæèâàíèå. Òàêèå òðåáîâàíèÿ ñòàíîâÿòñÿ èñòî÷-íèêàìè ïîâòîðíûõ âûçîâîâ, ãåíåðèðóþùèõ âòîðè÷íûé ïîòîê âûçîâîâ.2. ÎÏÈÑÀÍÈÅ ÑÈÑÒÅÌÛ�àññìàòðèâàåòñÿ ñèñòåìà îáñëóæèâàíèÿ òèïà MQ=M=m=1 ñ ïîâòîðíûìè âû-çîâàìè, ñîñòîÿùàÿ èç m èäåíòè÷íûõ îáñëóæèâàþùèõ ïðèáîðîâ, ðàáîòàþùèõ íåçà-âèñèìî. Âðåìÿ îáñëóæèâàíèÿ èìååò ïîêàçàòåëüíîå ðàñïðåäåëåíèå ñ ïàðàìåòðîì �.Èíòåíñèâíîñòü �j ïîòîêà ïåðâè÷íûõ âûçîâîâ çàâèñèò îò j - êîëëè÷åñòâà èñòî÷-íèêîâ ïîâòîðíûõ âûçîâîâ. Êàæäûé ïîâòîðíûé âûçîâ ÷åðåç ïîêàçàòåëüíîå âðåìÿñ ïàðàìåòðîì � ïîâòîðÿåò ïîïûòêó ïîëó÷èòü îáñëóæèâàíèå. Êðîìå òîãî, ïîòîêïåðâè÷íûõ âûçîâîâ ïîä÷èíÿåòñÿ ãèñòåðåçèñíîé ñòðàòåãèè, êîòîðàÿ ìîæåò áûòüîïèñàíà ñëåäóþùèì îáðàçîì. Ïóñòü h1 � h2 áóäóò �èêñèðîâàííûå íàòóðàëüíûå÷èñëà (ïîðîãè). Åñëè êîëëè÷åñòâî ïîâòîðíûõ âûçîâîâ j � h1�1, òî èíòåíñèâíîñòü253



âõîäíîãî ïîòîêà ðàâíà �1 è ñèñòåìà ðàáîòàåò â ïåðâîì ðåæèìå. Åñëè j � h2, òîèíòåíñèâíîñòü âõîäíîãî ïîòîêà ðàâíà �2 è ñèñòåìà ðàáîòàåò âî âòîðîì ðåæèìå. Àåñëè h1 � j � h2 � 1, òî ñèñòåìà ñîõðàíÿåò òîò ðåæèì, â êîòîðîì îíà ðàáîòàëà âïðåäûäóùèé ìîìåíò âðåìåíè. ×àñòíûì ñëó÷àåì ãèñòåðåçèñíûõ ñòðàòåãèé ÿâëÿåò-ñÿ êëàññ ïîðîãîâûõ ñòðàòåãèé (äëÿ íèõ h1 = h2). Òàêèå ñèñòåìû ðàññìàòðèâàëèñüâ ðàáîòå [4℄.Îïèñàííóþ ìîäåëü ìîæíî èçîáðàçèòü òðåõìåðíûì ïðîöåññîì Ìàðêîâà Q(t) =(Q1(t); Q2(t); Q3(t)) ñ íåïðåðûâíûì âðåìåíåì â �àçîâîì ïðîñòðàíñòâå S =f0; 1; :::; mg�f0; 1; :::g�f1; 2g, ãäå Q1(t) - ÷èñëî çàíÿòûõ ïðèáîðîâ â ìîìåíò âðåìåíèt, Q2(t) - ÷èñëî èñòî÷íèêîâ ïîâòîðíûõ òðåáîâàíèé, Q3(t) - ðåæèì ðàáîòû ñèñòåìûâ ìîìåíò âðåìåíè t. Åñëè Q3(t) = 1, òî ñèñòåìà ðàáîòàåò â ïåðâîì ðåæèìå, à åñëèQ3(t) = 2, òî ñèñòåìà ðàáîòàåò âî âòîðîì ðåæèìå.3. ÓÑËÎÂÈß ÑÓÙÅÑÒÂÎÂÀÍÈß È ÔÎ�ÌÓËÛ ÄËßÝ��ÎÄÈ×ÅÑÊÎ�Î �ÀÑÏ�ÅÄÅËÅÍÈßÂûÿñíèì óñëîâèÿ ñóùåñòâîâàíèÿ ñòàöèîíàðíîãî ðåæèìà äëÿ ïðîöåññà Q(t).Ëåììà 1. Ïóñòü �2 = limsupj �j < 1. Òîãäà ïðè �2=m� < 1 ñóùåñòâóåòýðãîäè÷åñêîå ðàñïðåäåëåíèå äëÿ ïðîöåññà Q(t) è îíî ñîâïàäàåò ñ åäèíñòâåííûìñòàöèîíàðíûì.Cíà÷àëà íàéäåì ýðãîäè÷åñêîå ðàñïðåäåëåíèå äëÿ ñèñòåìû, â êîòîðîé êîëëè÷å-ñòâî ïîâòîðíûõ òðåáîâàíèé îãðàíè÷åíî íåêîòîðûì ÷èñëîì N , à çàòåì, ïåðåéäÿ êïðåäåëó N ! 1, ïîëó÷èì ýòî ðàñïðåäåëåíèå áåç îãðàíè÷åíèé íà äëèíó î÷åðåäè.Äëÿ MQ=M=m=N ýðãîäè÷åñêîå ðàñïðåäåëåíèå ñóùåñòâóåò è áóäåì îáîçíà÷àòü åãî�(r)ij (N) = limt!1PfQ1(t) = i; Q2(t) = j; Q3(t) = rg.Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:ei(m) = (Æi0; Æi1; :::; Æim�1)T ; Æij = � 1; ïðè i = j;0; ïðè i 6= j; e(m) = (1; 1; :::; 1)T ;�(r)j = ��(r)0j ; �(r)1j ; :::; �(r)m�1j�T :Ïóñòü Arj =  ajik (r)m�1i;k=0, j = 0; 1; : : : ; N � 1 - òðèäèàãîíàëüíàÿ ìàòðèöà âèäà
ajik (r) = 8>><>>: �(r) + i�+ j�; ïðè k = i; i = 0; 1; :::; m� 1;��(r); ïðè k = i� 1; i = 0; 1; :::; m� 1;�(i + 1)�; ïðè k = i + 1; i = 1; 2; :::; m� 2;0; â îñòàëüíûõ ñëó÷àÿõ,
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Brj =  bjik (r)m�1i;k=0 ; bjik (r) = 8>>>>><>>>>>: (j + 1)�; ïðè k = i� 1; i 6= m� 1;(j + 1)�m��(r) ; ïðè k 6= m� 2; i = m� 1;(j + 1)�(�(r) +m�)�(r) ; ïðè k = m� 2; i = m� 1;0; â îñòàëüíûõ ñëó÷àÿõ,Crj =  jik (r)m�1i;k=0 ; jik (r) = ( h1�m��(r) ; ïðè i = m� 1;0; â îñòàëüíûõ ñëó÷àÿõ,D = k dikkm�1i;k=0 ; dik = � 1; ïðè k = 0; i = 0;aNi�1k (2) ; â îñòàëüíûõ ñëó÷àÿõ.�(1)1j =  h1�1Yi=j A�11i B1i! " h2�2Yi=h1 A�11i B1i!A�11h2�1C1h2�1 + h2�2Xk=h1 k�1Yi=h1A�11i B1i!A�11k C1k#++E)"E + h2�1Xk=h1 k�1Yi=h1A�12i B2i!A�12k C2k#�1 N�1Yi=h1A�12i B2i!D�1e0(m); j = 0; 1; :::; h1 � 1;�(1)2j = " h2�2Yi=j A�11i B1i!A�11h2�1C1h2�1 + h2�2Xk=j  k�1Yi=j A�11i B1i!A�11k C1k#��"E + h2�1Xk=h1 k�1Yi=h1A�12i B2i!A�12k C2k#�1 N�1Yi=h1A�12i B2i!D�1e0(m); j = h1; :::; h2 � 1;
�(2)1j = 0�E � "h2�1Xk=j  k�1Yi=j A�12i B2i!A�12k C2k#"E + h2�1Xk=h1 k�1Yi=h1A�12i B2i!A�12k C2k#�11A�� N�1Yi=j A�12i B2i!D�1e0(m); j = h1; :::; h2 � 1;�(2)2j =  N�1Yi=j A�12i B2i!D�1e0(m); j = h2; :::; N � 1;�(1)j = ( �(1)1j ; ïðè j = 0; :::; h1 � 1;�(1)2j ïðè j = h1; :::; h2 � 1; �(2)j = ( �(1)1j ; ïðè j = h1; :::; h2 � 1;�(2)2j ïðè j = h2; :::; N � 1:Ïðîâåðèì óñëîâèÿ ñóùåñòâîâàíèÿ îáðàòíûõ ìàòðèö, êîòîðûå èñïîëüçóþòñÿ ïðèîïðåäåëåíèè âåêòîðîâ �(1)j è �(2)j . 255



Ëåììà 2. Ìàòðèöû Arj; r = 1; 2; j = 0; 1; :::; N è D íåâûðîæäåííûå.Íàéäåì òåïåðü ÿâíûå �îðìóëû äëÿ ýðãîäè÷åñêîãî ðàñïðåäåëåíèÿ ïðîöåññàQ(t); t � 0, ïðè óñëîâèè, ÷òî îíî ñóùåñòâóåò.Òåîðåìà 1. Ñòàöèîíàðíûå âåðîÿòíîñòè ñèñòåìû èìåþò âèä�(1)j (N) = �(1)j �(2)0N (N); j = 0; :::h2 � 1; �(2)j (N) = �(2)j �(2)0N (N); j = h1; :::N � 1;�(2)N (N) = D�1e0(m)�(2)0N (N);�(1)mj(N) = ��(1) �(j + 1)�(1)j+1 + �1(j)h1�(2)h1 � e(m)T�(2)0N(N); j = 0; :::; h2 � 1;�(2)mj(N) = ��(2) �(j + 1)�(2)j+1 � �2(j)h1�(2)h1 � e(m)T�(2)0N(N); j = h1; :::; N � 1;�(2)mN (N) = ��(2) +N� + (m� 1)�� em�1(m)T � �(2)em�2(m)Tm� D�1e0(m)�(2)0N (N);ãäå �(2)0N(N) = 24h2�1Xj=0 �(1)�(1)j + � �(j + 1)�(1)j+1 + �1(j)h1�(2)h1 ��(1) e(m)T++ N�1Xj=h1 �(2)�(2)j + � �(j + 1)�(2)j+1 � �2(j)h1�(2)h1 ��(2) e(m)T++e(m)Tm�+ ��(2) +N� + (m� 1)�� em�1(m)T � �(2)em�2(m)Tm� D�1e0(m)#�1 ;�1(j) = � 1; j > h1 � 2;0; j�h1 � 2; �2(j) = � 1; j < h2;0; j�h2:Ïðè âûïîëíåíèè óñëîâèé ëåììû 1 è N !1 ñòàöèîíàðíûå âåðîÿòíîñòè �(r)ij (N)ïðèáëèæàþò ñîîòâåòñòâóþùèå âåðîÿòíîñòè äëÿ ñèñòåìû MQ=M=m=1. Òàêèì îá-ðàçîì, òåîðåìà ñîäåðæèò ý��åêòèâíûé àëãîðèòì ðåêóðåíòíîãî òèïà äëÿ ïîäñ÷åòàñòàöèîíàðíûõ õàðàêòåðèñòèê.�àññìîòðèì ïðèìåíåíèå òåîðåìû äëÿ ðåøåíèÿ îïòèìèçàöèîííîé çàäà÷è.Ïóñòü S1(t; h1; h2) - ÷èñëî âûçîâîâ, îáëóæèâàíèå êîòîðûõ çàâåðøåíî â ñèñòåìåçà âðåìÿ t, S2(t; h1; h2) - ÷èñëî âûçîâîâ, êîòîðûå ïîëó÷èëè îòêàç â îáñëóæèâàíèèè ñòàëè ïîâòîðíûìè âûçîâàìè, S3(t; h1; h2) - ÷èñëî ïåðåêëþ÷åíèé èíòåíñèâíîñòèâõîäíîãî ïîòîêà.Åñëè ñóùåñòâóþò ïðåäåëû limt!1 t�1Si(t; h1; h2), òî áóäåì îáîçíà÷àòü èõSi (h1; h2) ; i = 1; 2; 3.�àññìîòðèì îïòèìèçàöèîííóþ çàäà÷ó:W (h1; h2) = C1S1 (h1; h2)� C2S2 (h1; h2)� C3S3 (h1; h2)! max;256



ãäå C1 - ïðèáûëü ïîëó÷åííàÿ îò îáñëóæèâàíèÿ îäíîãî òðåáîâàíèÿ, C2 - øòðà�çà îòêàç â îáñëóæèâàíèè, C3 - øòðà� çà ïåðåêëþ÷åíèå èíòåíñèâíîñòè âõîäíîãîïîòîêà.�åøåíèåì çàäà÷è åñòü òàêèå ïîðîãè h1 è h2, êîòîðûå ìàêñèìèçèðóþò ñðåäíþþïðèáûëü îò ðàáîòû ñèñòåìû. Ïîäîáíûå îïòèìèçàöèîííûå çàäà÷è ðàññìàòðèâàëñüâ ðàáîòàõ [5, 6℄. 4. ÇÀÊËÞ×ÅÍÈÅÂ çàêëþ÷åíèå õîòåëîñü áû îòìåòèòü, ÷òî ïîëó÷åííûå ðåçóëüòàòû èìåþò áîëü-øîå çíà÷åíèå äëÿ ïðàêòè÷åñêîãî ïðèìåíåíèÿ. Íà îñíîâàíèè íàéäåííûõ �îðìóëäëÿ ñòàöèîíàðíûõ âåðîÿòíîñòåé ìîæíî ïîñòðîèòü ý��åêòèâíûå àëãîðèòìû äëÿðåøåíèÿ îïòèìèçàöèîííûõ çàäà÷ â êëàññå ãèñòåðåçèñíûõ ñòðàòåãèé.ËÈÒÅPÀÒÓPÀ1. Falin G. I., Templeton J. G. C. Retrial queues. London: Chapman & Hall, 1997.2. Óîëðýíä Äæ. Ââåäåíèå â òåîðèþ ìàññîâîãî îáñëóæèâàíèÿ. Ìîñêâà: Ìèð, 1993.3. Anisimov V. V., Artalejo J. R. Analysis of Markov multiserver retrial queues withnegative arrivals // Queuing Systems. 2001. � 39. Ñ. 157�182.4. Ëåáåäåâ Å. À., Óñàð È. ß. Ïðî ñèñòåìû ñ ïîâòîðíûìè òðåáîâàíèÿìè è óïðàâ-ëÿåìûìè âõîäÿùèìè ïîòîêàìè // Äîêëàäû ÍÀÍ Óêðàèíû. 2009. � 5. Ñ. 52�59.5. Êëèìåíîê Â. È. Îïòèìèçàöèÿ äèíàìè÷åñêîãî óïðàâëåíèÿ ðåæèìîì ðàáîòûèí�îðìàöèîííî-âû÷èñëèòåëüíûõ ñèñòåì ñ ïîâòîðíûìè âûçîâàìè // Àâòîìà-òèêà è âû÷èñëèò. òåõíèêà. 1990. � 1. Ñ. 25�30.6. Äóäèí À. Í., Êëèìåíîê Â. È. Îïòèìèçàöèÿ äèíàìè÷åñêîãî óïðàâëåíèÿ âõîä-íîé íàãðóçêîé â óçëå èí�îðìàöèîííî-âû÷èñëèòåëüíîé ñåòè // Àâòîìàòèêà èâû÷èñëèò. òåõíèêà. 1991. � 2. Ñ. 25�31.
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ÑÈÑÒÅÌÀ BMAP=G=1 ÑÎØËÞÇÎÂÛÌ ÎÁÑËÓÆÈÂÀÍÈÅÌÈ ÀÄÀÏÒÈÂÍÛÌÈ ÎÒÄÛÕÀÌÈÂ. Âèøíåâñêèé1, À. Äóäèí2;?, Â. Êëèìåíîê2,Î. Ñåìåíîâà1, Þ. Ñèíþãèíà31 ÇÀÎ ¾Èí�îðìàöèîííûå è ñåòåâûå òåõíîëîãèè¿,2 Áåëîðóññêèé ãîñóäàðñòâåííûé óíèâåðñèòåò,3 �îìåëüñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ô. Ñêîðèíû1 Ìîñêâà, �îññèÿ2 Ìèíñê, �åñïóáëèêà Áåëàðóñü3 �îìåëü, �åñïóáëèêà Áåëàðóñü� dudin�bsu.byÂ ðàáîòå ðàññìîòðåíà ñèñòåìà BMAP=G=1 ñ îòäûõàìè ïðèáîðà è øëþçîâûìîáñëóæèâàíèåì. Äëèòåëüíîñòü îòäûõà ïðèáîðà çàâèñèò îò òîãî, ñêîëüêî ðàç ïîäðÿäñèñòåìà îêàçûâàëàñü ïóñòîé â ïðåäûäóùèå ìîìåíòû îêîí÷àíèÿ îòäûõà. Ïîëó÷åíûñòàöèîíàðíûå ðàñïðåäåëåíèÿ: ÷èñëà çàÿâîê â ñèñòåìå â ìîìåíò çàâåðøåíèÿ îòäûõà,ñîñòîÿíèé ñèñòåìû â ïðîèçâîëüíûé ìîìåíò âðåìåíè, âðåìåíè îæèäàíèÿ.Äàííàÿ ðàáîòà áûëà ÷àñòè÷íî ïîääåðæàíà �îññèéñêèì �îíäîì �óíäàìåíòàëü-íûõ èññëåäîâàíèé (ãðàíò � 10-07-90006) è Áåëîðóññêèì ðåñïóáëèêàíñêèì �îíäîì�óíäàìåíòàëüíûõ èññëåäîâàíèé (ãðàíò � Ô10�-010).Êëþ÷åâûå ñëîâà: ãðóïïîâîé ìàðêîâñêèé âõîäíîé ïîòîê, àäàïòèâíûå îòäûõè,øëþçîâîå îáñëóæèâàíèå, ìàòðè÷íî-àíàëèòè÷åñêèå ìåòîäû.1. ÂÂÅÄÅÍÈÅÂ ñâÿçè ñ èíòåíñèâíûì ðàçâèòèåì øèðîêîïîëîñíûõ áåñïðîâîäíûõ ñåòåé ïåðå-äà÷è èí�îðìàöèè â ïîñëåäíèå ãîäû çíà÷èòåëüíî âîçðîñ èíòåðåñ ê ìîäåëÿì ñè-ñòåì ìàññîâîãî îáñëóæèâàíèÿ ñ íåñêîëüêèìè î÷åðåäÿìè è îáùèì îáñëóæèâàþùèìïðèáîðîì (ñèñòåìàì ïîëëèíãà). Îòäåëüíóþ î÷åðåäü ñèñòåìû ïîëëèíãà ìîæíî ðàñ-ñìàòðèâàòü êàê ñèñòåìó ìàññîâîãî îáñëóæèâàíèÿ (ÑÌÎ) ñ îòäûõàìè ïðèáîðà, ãäåïîä îòäûõîì ïîíèìàåòñÿ âðåìÿ, â òå÷åíèå êîòîðîãî ïðèáîð îáñëóæèâàåò äðóãèåî÷åðåäè ñèñòåìû. Ñ òî÷êè çðåíèÿ ïðàêòèêè çíà÷èòåëüíûé èíòåðåñ ïðåäñòàâëÿþòìîäåëè ñ òàê íàçûâàåìûì àäàïòèâíûì îïðîñîì, â êîòîðûõ äëèòåëüíîñòü îòäûõàïðèáîðà çàâèñèò îò òîãî, áûëè ëè â äàííîé î÷åðåäè çàÿâêè íà îáñëóæèâàíèå â ìî-ìåíò çàâåðøåíèÿ ïðåäûäóùåãî îòäûõà. Èññëåäîâàíèþ òàêèõ ìîäåëåé ïîñâÿùåíàäàííàÿ ðàáîòà. 258



2. ÌÀÒÅÌÀÒÈ×ÅÑÊÀß ÌÎÄÅËÜ�àññìîòðèì îäíîëèíåéíóþ ÑÌÎ ñ äâóìÿ áåñêîíå÷íûìè áó�åðàìè, ñîåäèíåííû-ìè øëþçîì. Íà âõîä ñèñòåìû ïîñòóïàåò BMAP -ïîòîê çàÿâîê, õàðàêòåðèçóþùèéñÿóïðàâëÿþùèì ïðîöåññîì �t; t � 0; ñ ïðîñòðàíñòâîì ñîñòîÿíèé f0; 1; : : : ;Wg è ìàò-ðè÷íîé ïðîèçâîäÿùåé �óíêöèåé D(z) = 1Pk=0Dkzk; jzj < 1. Ìàòðèöû Dk çàäàþòèíòåíñèâíîñòè ïåðåõîäîâ ïðîöåññà �t; êîòîðûå ñîïðîâîæäàþòñÿ ïðèõîäîì ãðóïïûçàÿâîê ðàçìåðà k; k � 0. Ìàòðèöà D(1) ÿâëÿåòñÿ ãåíåðàòîðîì ïðîöåññà �t; t � 0.Ñðåäíÿÿ èíòåíñèâíîñòü BMAP -ïîòîêà � çàäàåòñÿ �îðìóëîé � = �D0(1)e; ãäå� ÿâëÿåòñÿ åäèíñòâåííûì ðåøåíèåì ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé�D(1) = 0; �e = 1, e - âåêòîð-ñòîëáåö ñîîòâåòñòâóþùåé ðàçìåðíîñòè, ñîñòîÿùèéèç åäèíèö, 0 - âåêòîð-ñòðîêà ñîîòâåòñòâóþùåé ðàçìåðíîñòè, ñîñòîÿùèé èç íóëåé.Ïîñòóïàÿ â ñèñòåìó, ãðóïïà çàÿâîê ïîïàäàåò â ïåðâûé áó�åð (áó�åð-1). Îá-ñëóæèâàíèå çàÿâîê èç ýòîé ãðóïïû áóäåò âîçìîæíî òîëüêî ïîñëå îòêðûòèÿ øëþçàìåæäó áó�åðàìè, êîãäà âñå çàÿâêè, íàõîäÿùèåñÿ â áó�åðå-1, ìãíîâåííî ïåðåìå-ñòÿòñÿ â áó�åð-2 è øëþç çàêðîåòñÿ. Â ìîìåíò îòêðûòèÿ øëþçà âîçìîæíû äâåñèòóàöèè. Ïåðâàÿ ïðåäïîëàãàåò, ÷òî áó�åð-1 îêàæåòñÿ ïóñòûì è â ïðåäûäóùèår-1 ìîìåíòû îòêðûòèÿ øëþçà îí òàêæå áûë ïóñò, r � 1: Â ýòîì ñëó÷àå ïðèáîðóõîäèò íà îòäûõ, íàçûâàåìûé îòäûõîì òèïà-r. Åãî äëèòåëüíîñòü õàðàêòåðèçó-åòñÿ �óíêöèåé ðàñïðåäåëåíèÿ (Ô�) Hr(t) ñ ïðåîáðàçîâàíèåì Ëàïëàñà-Ñòèëòüåñà(ÏËÑ) hr(s) = 1R0 e�stdHr(t); Re s > 0; è êîíå÷íûìè íà÷àëüíûìè ìîìåíòàìèh(r)k = 1R0 tkdHr(t): Åñëè æå áó�åð-1 íå áûë ïóñò â ìîìåíò îòêðûòèÿ øëþçà, òîçàÿâêè, íàõîäÿùèåñÿ â íåì, ïåðåìåùàþòñÿ â áó�åð-2 è íà÷èíàåòñÿ îáëóæèâàíèåïðèáîðîì çàÿâîê èç áó�åðà-2 â ïîðÿäêå èõ ïîñòóïëåíèÿ â ñèñòåìó. Âðåìÿ îáñëó-æèâàíèÿ çàÿâîê èìååò Ô� B(t) ñ ÏËÑ �(s) = 1R0 e�stdB(t); Re s > 0; è íà÷àëüíûìèêîíå÷íûìè ìîìåíòàìè bk = 1R0 tkdB(t): Îáñëóæèâàíèå çàÿâîê ïðîäîëæàåòñÿ äî òåõïîð, ïîêà áó�åð-2 íå îêàæåòñÿ ïóñòûì. Ïîñëå ýòîãî ïðèáîð óõîäèò íà îòäûõ, íà-çûâàåìûé îáû÷íûì èëè îòäûõîì òèïà-0, äëèòåëüíîñòü êîòîðîãî õàðàêòåðèçóåòñÿÔ� H0(t) ñ ÏËÑ h0(s) = 1R0 e�stdH0(t); Re s > 0; è íà÷àëüíûìè êîíå÷íûìè ìî-ìåíòàìè h(0)k = 1R0 tkdH0(t): Ïîñëå îêîí÷àíèÿ îòäûõà øëþç ìåæäó áó�åðàìè âíîâüîòêðûâàåòñÿ.Ïðîàíàëèçèðóåì îïèñàííóþ ñèñòåìó. Áóäåì ðàññìàòðèâàòü ïðîöåññ�(t) = fi1(t); i2(t); r(t); �tg; t � 0;ãäå ik(t) � ÷èñëî çàÿâîê â áó�åðå-k, à ïðîöåññ r(t) õàðàêòåðèçóåò ñîñòîÿíèå ïðèáîðà:r(t) = � �; åñëè â ìîìåíò t ïðèáîð çàíÿò îáñëóæèâàíèåì çàÿâêè;r; åñëè â ìîìåíò t ïðèáîð íàõîäèòñÿ íà îòäûõå òèïà-r, r � 0:259



Ïîíÿòíî, ÷òî i2(t) = 0; åñëè r(t) 6= �. Ïðîöåññ �(t); t � 0; íå ÿâëÿåòñÿ ìàðêîâñêèì,è äëÿ åãî èññëåäîâàíèÿ ìû ïðèìåíèì ìåòîä âëîæåííûõ öåïåé.3. ÑÒÀÖÈÎÍÀ�ÍÎÅ �ÀÑÏ�ÅÄÅËÅÍÈÅ ÂËÎÆÅÍÍÎÉÖÅÏÈ ÌÀ�ÊÎÂÀÏóñòü tn åñòü n-é ìîìåíò îêîí÷àíèÿ îòäûõà, jn åñòü ÷èñëî çàÿâîê â áó�åðå-1 âìîìåíò tn� 0 è rn ïðèíèìàåò çíà÷åíèå 0, åñëè áó�åð-1 íå áûë ïóñò â ìîìåíò tn�1;èëè çíà÷åíèå r, åñëè áó�åð-1 áûë ïóñò â ìîìåíòû tn�r, tn�r+1, ... , tn�1, r � 1; è�n = �tn :Ïðîöåññ �n = fjn; rn; �ng, n � 1; ÿâëÿåòñÿ öåïüþ Ìàðêîâà. Ïóñòü ìàòðèöûP(i;r);(j;r0); i; j � 0; r; r0 � 0; ñîñòàâëåíû èç åå îäíîøàãîâûõ ïåðåõîäíûõ âåðîÿòíîñòåéP(i;r);(j;r0) = Pfjn+1 = j; rn+1 = r0; �n+1 = � 0 jjn = i; rn = r; �n = �g:Íåíóëåâûå ìàòðèöû P(i;r);(j;r0) èìåþò âèä:P(i;r);(j;0) = 1Z0 P (j; t)dB�(i) �H0(t); i � 1; j � 0; r � 0; (1)P(0;r);(j;r+1) = 1Z0 P (j; t)dHr+1(t); j � 0; r � 0; (2)ãäå ìàòðèöû P (l; t) îïðåäåëÿþòñÿ êàê êîý��èöèåíòû ðàçëîæåíèÿ eD(z)t = 1Pl=0P (l; t)zl;B�(i)(t) åñòü ñâåðòêà i-ãî ïîðÿäêà Ô� B(t) è A �H(t) åñòü ñâåðòêà Ô� A(t) è H(t):Ïðè âûïîëíåíèè óñëîâèÿ � = �b1 < 1 ñóùåñòâóþò ñòàöèîíàðíûå âåðîÿòíîñòèñîñòîÿíèé öåïèq(j; r; �) = limn!1Pfjn = j; rn = r; �n = �g; j � 0; r � 0; � = 0;W :Ñãðóïïèðóåì ýòè âåðîÿòíîñòè â âåêòîðû-ñòðîêè q(j; r) = (q(j; r; 0); : : : ; q(j; r;W )):Ýòè âåêòîðû óäîâëåòâîðÿþò ñèñòåìå ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèéq(j; 0) = 1Xr=0 1Xi=1 q(i; r) 1Z0 P (j; t)dB�(i) �H0(t); j � 0; (3)q(j; r + 1) = q(0; r) 1Z0 P (j; t)dHr+1(t); j � 0; r � 0: (4)Óìíîæàÿ óðàâíåíèÿ ñèñòåìû (3), (4) íà ñîîòâåòñòâóþùèå ñòåïåíè z è ñóììèðóÿ,ìîæíî óáåäèòüñÿ, ÷òî âåêòîðíûå ïðîèçâîäÿùèå �óíêöèè qr(z) = 1Pj=0q(j; r)zj; jzj <260



1; r � 0 óäîâëåòâîðÿþò ñëåäóþùåé ñèñòåìå �óíêöèîíàëüíûõ óðàâíåíèé:q0(z) = 1Xr=0 (qr(�(�D(z)))� qr(0))h0(�D(z)); (5)qr+1(z) = qr(0)hr+1(�D(z)); r � 0; (6)ãäå �(�D(z)) = 1R0 eD(z)tdB(t); hr(�D(z)) = 1R0 eD(z)tdHr(t); r � 0:Ñèñòåìà óðàâíåíèé (5), (6) ìîæåò áûòü ïåðåïèñàíà â ñëåäóþùåì âèäå:q0(z) = q0(�(�D(z)))h0(�D(z)) + q0(0)A(z); (7)qr+1(z) = q0(0)�rhr+1(�D(z)); r � 0: (8)ãäå A(z) = h0(�D(z))" 1Xr=0 �r(hr+1(�D(�(�D(z))))� hr+1(�D(0)))� I# ;�r = rYj=1 hj(�D(0)):Äëÿ ðåøåíèÿ ìàòðè÷íîãî �óíêöèîíàëüíîãî óðàâíåíèÿ (7), ââåäåì â ðàññìîò-ðåíèå ïîñëåäîâàòåëüíîñòü ìàòðèö Nm(z); çàäàâàåìûõ ðåêóðñèåéN0(z) = zI; Nm+1(z) = �(�D(Nm(z))); m � 0: (9)Â [3℄ ïîêàçàíî, ÷òî ïðè ëþáîì z; jzj � 1; ïîñëåäîâàòåëüíîñòü ìàòðèö Nm(z) ñõî-äèòñÿ ê ìàòðèöå G, îïðåäåëÿåìîé êàê ðåøåíèå ìàòðè÷íîãî óðàâíåíèÿG = �(�D(G)) = 1Z0 eD(G)tdB(t):Ïîñëåäîâàòåëüíî ïîäñòàâëÿÿ ìàòðèöû Nm(z) âìåñòî ñêàëÿðíîãî àðãóìåíòà z â�óíêöèîíàëüíîå óðàâíåíèå (7), ìû ïîëó÷àåì ñîîòíîøåíèÿq0(N0(z)) = q0(Nn(z)) n�1Ym=0 h0(�D(Nm(z)) + q0(0) n�1Xm=0A(Nm(z))m�1Yk=0 h0(�D(Nk(z))):Óñòðåìëÿÿ ïàðàìåòð n ê áåñêîíå÷íîñòè, ïîëó÷àåì âûðàæåíèåq0(z) = q0(G) 1Yl=0 h0(�D(Nl(z))) + q0(0) 1Xr=0 A(Nr(z)) r�1Ym=0 h0(�D(Nm(z))): (10)261



Äëÿ âû÷èñëåíèÿ âåêòîðîâ q0(0) è q0(G) ïîäñòàâèì z = G â óðàâíåíèè (7) èz = 0 â (10). Â ðåçóëüòàòå ìû ïîëó÷èì ñëåäóþùåå óðàâíåíèå:(q0(0);q0(G)) = (q0(0);q0(G))0BB� 1Pr=0A(Nr(0)) r�1Qm=0h0(�D(Nm(0))) A(G)1Ql=0 h0(�D(Nl(0))) h0(�D(G)) 1CCA :(11)Åùå îäíî óðàâíåíèå äëÿ êîìïîíåíò íåèçâåñòíîãî âåêòîðà (q0(0);q0(G)) ìû ïî-ëó÷àåì èç óñëîâèÿ íîðìèðîâêèq0(0)� 1Xr=0 A(Nr(1)) r�1Ym=0h0(�D(Nm(1))) + 1Xr=0 �rhr+1(�D(1))�e++q0(G) 1Yl=0 h0(�D(Nl(1)))e = 1: (12)Òåîðåìà 1. Âåêòîðíàÿ ïðîèçâîäÿùàÿ �óíêöèÿ q0(z) çàäàåòñÿ �îðìóëîé (10),ãäå âåêòîðû q0(0);q0(G) îïðåäåëÿþòñÿ êàê ðåøåíèå ñèñòåìû (11)-(12).Òåîðåìà 2. Âåêòîðíàÿ ïðîèçâîäÿùàÿ �óíêöèÿ q(z) = 1Pr=0qr(z) çàäàåòñÿ �îð-ìóëîé q(z) = q0(G) 1Yl=0 h0(�D(Nl(z)))++q0(0) 1Xr=0�A(Nr(z)) r�1Ym=0 h0(�D(Nm(z))) + �rhr+1(�D(z))�: (13)4. �ÀÑÏ�ÅÄÅËÅÍÈÅ ÂÅ�ÎßÒÍÎÑÒÅÉ ÑÎÑÒÎßÍÈÉÑÈÑÒÅÌÛ Â Ï�ÎÈÇÂÎËÜÍÛÉ ÌÎÌÅÍÒ Â�ÅÌÅÍÈÎáîçíà÷èìp(i1; i2; �; �) = limt!1Pfi1(t) = i1; i2(t) = i2; rt = �; �t = �g; i2 � 1;p(i1; r; �) = limt!1Pfi1(t) = i1; rt = r; �t = �g; i1 � 0; r � 0; � = 0;W :Ââåäåì âåêòîðûp(i1; i2; �) = (p(i1; i2; �; 0); : : : ; p(i1; i2; �;W )); p(i1; r) = (p(i1; r; 0); : : : ; p(i1; r;W )):Òåîðåìà 3. Âåêòîðû ñòàöèîíàðíûõ âåðîÿòíîñòåé p(i1; i2; �); p(i1; r); r � 0âûðàæàþòñÿ ÷åðåç âåêòîðû q(i; r); i � 0; ñëåäóþùèì îáðàçîì:p(i1; i2; �) = ��1h 1Xj=i2+1 1Xr=0 q(j; r) i1Xl=0 1Z0 P (l; t)dB�(j�i2)(t) 1Z0 P (i1 � l; t)(1�B(t))dt+262



+ 1Xr=0 q(i2; r) 1Z0 P (i1; t)(1�B(t))dti;p(i1; 0) = ��1 1Xj=1 1Xr=0 q(j; r) i1Xl=0 1Z0 P (l; t)dB�(j)(t) 1Z0 P (i1 � l; t)(1�H0(t))dt;p(i1; r) = ��1q(0; r � 1) 1Z0 P (i1; t)(1�Hr(t))dt;ãäå ñðåäíåå âðåìÿ � ìåæäó ìîìåíòàìè îêîí÷àíèÿ îòäûõîâ âû÷èñëÿåòñÿ ïî �îð-ìóëå � = b1q0(z)jz=1e+ h(0)1 (1� q(0))e+ q0(0) 1Xr=0 �rh(r+1)1 e:Äîêàçàòåëüñòâî ïðîâîäèòñÿ ñ ïîìîùüþ òåîðèè ïðîöåññîâ âîññòàíîâëåíèÿ ñ çà-âèñèìûìè öèêëàìè ðåãåíåðàöèè, ñì., íàïðèìåð, [1℄.Ââåäåì âåêòîðíûå ïðîèçâîäÿùèå �óíêöèè�(z; y; �) = 1Xi1=0 1Xi2=1p(i1; i2; �)zi1yi2; jzj � 1; jyj � 1;�(z; r) = 1Xi1=0p(i1; r)zi1 ; jzj � 1; r � 0:Òåîðåìà 4. Âåêòîðíûå ïðîèçâîäÿùèå �óíêöèè �(z; y; �); �(z; r); r � 0 âû÷èñ-ëÿþòñÿ ïî �îðìóëàì�(z; y; �) = ��1(q(�(�D(z)))� q(y))y(yI � �(�D(z)))�1(�D(z))�1(I � �(�D(z)));�(z; 0) = ��1(q(�(�D(z)))� q(0))(�D(z))�1(I � h0(�D(z)));�(z; r) = ��1qr�1(0)(�D(z))�1(I � hr(�D(z))):5. �ÀÑÏ�ÅÄÅËÅÍÈÅ Â�ÅÌÅÍÈ ÎÆÈÄÀÍÈß ÂÑÈÑÒÅÌÅÏóñòü W (x) åñòü Ô� âðåìåíè îæèäàíèÿ ïðîèçâîëüíîé çàÿâêè â ñèñòåìå, w(s) =1R0 e�sxdW (x); Re s > 0 - åå ÏËÑ.Òåîðåìà 5. Ïðåîáðàçîâàíèå Ëàïëàñà-Ñòèëòüåñà w(s) âðåìåíè îæèäàíèÿ ïðî-èçâîëüíîé çàÿâêè â ñèñòåìå çàäàåòñÿ �îðìóëîéw(s) = (��)�1(q(�(s))(h0(s)�1)+ 1Xr=0 qr(0)hr+1(s)�q(0)h0(s))(1��(s))�1B(s); (22)263



ãäå B(s) = (sI +D(�(s)))�1D(�(s))e: (23)Äîêàçàòåëüñòâî ïðîâîäèòñÿ ñ èñïîëüçîâàíèåì òåõíèêè, îïèñàííîé â [2℄.Ñðåäíåå âðåìÿ îæèäàíèÿ W1 ïðîèçâîëüíîãî çàïðîñà âû÷èñëÿåòñÿ ïî �îðìóëåW1 = 1��(1� �)� �2b21�(q(1)� q(0))(h(0)2 b1 � h(0)1 b2) + h(0)1 2b21q0(1)+1Xr=0 qr(0)(h(r+1)2 b1 � h(r+1)1 b2)�++b�11 �h(0)1 (q(1)� q(0)) + 1Xr=0 qr(0)h(r+1)1 ��~ID(1) + ê�(I � b1D0(1))��1���~I(�� b1D0(1)) + 12 ê�(b21D00(1) + b2D0(1))��e:Çäåñü ~I � äèàãîíàëüíàÿ ìàòðèöà  äèàãîíàëüíûìè ýëåìåíòàìè f0; 1; : : : ; 1g è ê �âåêòîð-ñòîëáåö  ýëåìåíòàìè f1; 0; : : : ; 0g:6. ÇÀÊËÞ×ÅÍÈÅÂ ðàáîòå ðàññìîòðåíà ñèñòåìà BMAP=G=1 ñ àäàïòèâíûìè îòäûõàìè ïðèáîðàè øëþçîâûì îáëóæèâàíèåì. Ïîëó÷åíî ñòàöèîíàðíîå ðàñïðåäåëåíèå âåðîÿòíîñòåéñîñòîÿíèé ñèñòåìû è âðåìÿ îæèäàíèÿ.ËÈÒÅPÀÒÓPÀ1. E. Cinlar, Introdution to stohasti proess. N.J.: Prentie-Hall. 1975.2. D.M. Luantoni, M.F. Neuts, Some steady-state distribution for the MAP=SM=1queue, Communiations in Statistis-Stohasti Models 10 (1994) 575-598.3. M.F. Neuts, Strutured Stohasti Matries of M=G=1 Type and TheirAppliations, Marel Dekker, New York. 1989.
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ÑÅÒÜ Ñ ÎÒ�ÈÖÀÒÅËÜÍÛÌÈÇÀßÂÊÀÌÈ È ÑÈ�ÍÀËÀÌÈ ÈÎ��ÀÍÈ×ÅÍÈÅÌ ÍÀ ÈÕ Â�ÅÌßÏ�ÅÁÛÂÀÍÈß Â ÓÇËÀÕÎ. ßêóáîâè÷�îìåëüñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò�îìåëü, Áåëàðóñüyakubovih�gsu.byÂ íàñòîÿùåé ðàáîòå èññëåäóåòñÿ ìîäåëü îòêðûòîé ñåòè, â óçëàõ êîòîðîé �îð-ìèðóþòñÿ òðè î÷åðåäè èç ïîñòóïàþùèõ ïîëîæèòåëüíûõ, îòðèöàòåëüíûõ çàÿâîê èñèãíàëîâ. Âðåìÿ ïðåáûâàíèÿ â êàæäîì óçëå ïîñòóïàþùèõ òðåáîâàíèé îãðàíè÷åíîñëó÷àéíîé âåëè÷èíîé, èìåþùåé ïîêàçàòåëüíîå ðàñïðåäåëåíèå. Ñèãíàë îêàçûâàåòíà ñîñòîÿíèå óçëà îäíî èç âîçäåéñòâèé: óìåíüøàåò äëèíó î÷åðåäè ïîëîæèòåëüíûõçàÿâîê íà åäèíèöó, óâåëè÷èâàåò äëèíó î÷åðåäè ïîëîæèòåëüíûõ çàÿâîê íà åäè-íèöó èëè íå ïðîèçâîäèò íèêàêîãî èçìåíåíèÿ. Îïðåäåëåíî óñëîâèå ýðãîäè÷íîñòèìàðêîâñêîãî ïðîöåññà, îïèñûâàþùåãî �óíêöèîíèðîâàíèå ñåòè, ñòàöèîíàðíîå ðàñ-ïðåäåëåíèå âåðîÿòíîñòåé ñîñòîÿíèé íàéäåíî â �îðìå ïðîèçâåäåíèå ìíîæèòåëåé,ïðåäñòàâëÿþùèõ ñîáîé ñòàöèîíàðíûå ðàñïðåäåëåíèÿ èçîëèðîâàííûõ óçëîâ.Êëþ÷åâûå ñëîâà: îòêðûòàÿ ñåòü, ïîëîæèòåëüíûå çàÿâêè, îòðèöàòåëüíûå çàÿâ-êè, ñèãíàëû, îãðàíè÷åííîå âðåìÿ ïðåáûâàíèÿ, óñëîâèå ýðãîäè÷íîñòè, ñòàöèîíàðíîåðàñïðåäåëåíèå. 1. ÂÂÅÄÅÍÈÅÂ àíàëèòè÷åñêèõ èññëåäîâàíèÿõ ñòàöèîíàðíîãî �óíêöèîíèðîâàíèÿ ñåòåé ìàñ-ñîâîãî îáñëóæèâàíèÿ êëþ÷åâûì ÿâëÿåòñÿ âîïðîñ î íàõîæäåíèè ñòàöèîíàðíîãî ðàñ-ïðåäåëåíèÿ, êîòîðîå ÿâëÿåòñÿ îòïðàâíîé òî÷êîé áîëüøèíñòâà èññëåäîâàíèé â òåî-ðèè ìàññîâîãî îáñëóæèâàíèÿ. Äëÿ òî÷íîãî íàõîæäåíèÿ ñòàöèîíàðíîãî ðàñïðåäåëå-íèÿ ìíîãîìåðíîãî ïðîöåññà, îïèñûâàþùåãî ïîâåäåíèå ñåòè ìàññîâîãî îáñëóæèâà-íèÿ, èñïîëüçóþò âîçìîæíîñòü ìóëüòèïëèêàòèâíîãî ïðåäñòàâëåíèÿ ðàñïðåäåëåíèÿ,ìíîæèòåëè êîòîðîãî õàðàêòåðèçóþò îòäåëüíûå óçëû. Òðåáîâàíèÿ ñîâðåìåííîñòèäèêòóþò íåîáõîäèìîñòü ðàçâèòèÿ àíàëèòè÷åñêîãî àïïàðàòà èññëåäîâàíèÿ îáúåê-òîâ, èìåþùèõ ñåòåâóþ ñòðóêòóðó, ÷òî ïðèâîäèò ê ïîÿâëåíèþ íîâûõ èíòåðåñíûõìîäåëåé ñåòåé ìàññîâîãî îáñëóæèâàíèÿ. Èñïîëüçîâàíèå ñëîæíûõ ìàòåìàòè÷åñêèõìîäåëåé îòêðûâàåò âîçìîæíîñòè ý��åêòèâíîãî êîíñòðóèðîâàíèÿ è ýêñïëóàòàöèèèññëåäóåìûõ ñèñòåì. Â ïîñëåäíåå âðåìÿ áîëüøîé èíòåðåñ èññëåäîâàòåëåé âûçûâà-þò ìîäåëè ñ îòðèöàòåëüíûìè çàÿâêàìè è ñèãíàëàìè, îòëè÷àþùèìèñÿ îò îáû÷íûõïîëîæèòåëüíûõ çàÿâîê òåì, ÷òî îíè íå íóæäàþòñÿ â ðåàëüíîì îáñëóæèâàíèè, à265



îêàçûâàþò íåêîòîðîå âîçäåéñòâèå íà ñîñòîÿíèå ñèñòåìû, íàïðèìåð, îòðèöàòåëü-íûå çàÿâêè óìåíüøàþò î÷åðåäü îáû÷íûõ çàÿâîê íåïóñòîé ñèñòåìû íà åäèíèöó.Îòðèöàòåëüíûå çàÿâêè áûëè âïåðâûå ââåäåíû â ðàññìîòðåíèå �åëåíáå [1, 2℄.Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ ìîäåëü îòêðûòîé ñåòè, â êîòîðóþ ïîñòó-ïàþò ïóàññîíîâñêèå ïîòîêè ïîëîæèòåëüíûõ çàÿâîê, îòðèöàòåëüíûõ çàÿâîê è ñèã-íàëîâ. Î÷åðåäè â óçëàõ �îðìèðóþòñÿ èç ïîëîæèòåëüíûõ çàÿâîê, îòðèöàòåëüíûõçàÿâîê è ñèãíàëîâ. Îáñëóæèâàíèÿ òðåáóþò òîëüêî ïîëîæèòåëüíûå çàÿâêè. Âðåìÿïðåáûâàíèÿ â î÷åðåäè óçëà äëÿ ïîëîæèòåëüíûõ, îòðèöàòåëüíûõ çàÿâîê è ñèãíà-ëîâ îãðàíè÷åíî ñëó÷àéíîé âåëè÷èíîé, èìåþùåé ýêñïîíåíöèàëüíîå ðàñïðåäåëåíèå ñïàðàìåòðîì îáðàòíî ïðîïîðöèîíàëüíûì êîëè÷åñòâó ñîîòâåòñòâóþùèõ òðåáîâàíèé,íàõîäÿùèõñÿ â óçëå. Îòðèöàòåëüíàÿ çàÿâêà, âðåìÿ ïðåáûâàíèÿ â óçëå êîòîðîé çà-êîí÷èëîñü, óìåíüøàåò êîëè÷åñòâî ïîëîæèòåëüíûõ çàÿâîê â óçëå íà åäèíèöó, åñëèòàêèå åñòü â óçëå. Ñèãíàë ïîñëå îêîí÷àíèÿ âðåìåíè ïðåáûâàíèÿ îêàçûâàåò îäíî èçñëåäóþùèõ âîçäåéñòâèé íà î÷åðåäü ïîëîæèòåëüíûõ çàÿâîê, íàõîäÿùèõñÿ â óçëå:óìåíüøàåò äëèíó î÷åðåäè íà åäèíèöó, åñëè î÷åðåäü ïîëîæèòåëüíûõ çàÿâîê íåïó-ñòà, óâåëè÷èâàåò äëèíó î÷åðåäè íà åäèíèöó èëè íå ïðîèçâîäèò íèêàêîãî èçìåíå-íèÿ. Äàííîå ïðåäïîëîæåíèå ìîæåò íàéòè ïðèìåíåíèå â ìîäåëèðîâàíèè ðåàëüíûõñåòåé ñâÿçè, ïîñêîëüêó ïðè ïåðåäà÷å çàïðîñà ÷àñòî óñòàíàâëèâàåòñÿ òàê íàçûâàå-ìûé òàéì-àóò, èñòå÷åíèå êîòîðîãî îçíà÷àåò, ÷òî ïåðåäà÷à çàïðîñà íå óêëàäûâàåòñÿâ ïëàíèðóåìûé èíòåðâàë âðåìåíè, ïîñëå ÷åãî çàïðîñ óäàëÿåòñÿ èç î÷åðåäè. Îòðè-öàòåëüíûå çàÿâêè è ñèãíàëû â ðàññìàòðèâàåìîé ìîäåëè, íàïðèìåð, ìîãóò îïè-ñûâàòü âèðóñû â ñèñòåìå, êîòîðûå íà÷èíàþò äåéñòâîâàòü ÷åðåç ñëó÷àéíîå âðåìÿ,ïðè ýòîì ñèãíàë ëèáî "èñïðàâëÿåòñÿ\ � ñòàíîâèòñÿ ïîëîæèòåëüíîé çàÿâêîé, ëèáî"íåñåò ðàçðóøåíèå\ , óíè÷òîæàåò ïîëîæìòåëüíóþ çàÿâêó â ñèñòåìå � ñòàíîâèò-ñÿ îòðèöàòåëüíîé çàÿâêîé, ëèáî "îòðàæàåòñÿ\, "óíè÷òîæàåòñÿ \� íå îêàçûâàåòâîçäåéñòâèÿ íà óçåë.2. ÈÇÎËÈ�ÎÂÀÍÍÛÉ ÓÇÅË�àññìîòðèì ñèñòåìó ìàññîâîãî îáñëóæèâàíèÿ, â êîòîðóþ ïîñòóïàåò òðè íåçà-âèñèìûõ ïóàññîíîâñêèõ ïîòîêà ïîëîæèòåëüíûõ çàÿâîê, îòðèöàòåëüíûõ çàÿâîê èñèãíàëîâ ñ ïàðàìåòðàìè �+; ��; �s ñîîòâåòñòâåííî. Êàæäàÿ ïîëîæèòåëüíàÿ çàÿâ-êà, ïîñòóïèâøàÿ â ñèñòåìó, óâåëè÷èâàåò äëèíó î÷åðåäè ïîëîæèòåëüíûõ çàÿâîê âñèñòåìå íà åäèíèöó è òðåáóåò îáñëóæèâàíèÿ. Âðåìåíà îáñëóæèâàíèÿ ïîëîæèòåëü-íûõ çàÿâîê â ñèñòåìå íåçàâèñèìû, íå çàâèñÿò îò ïðîöåññà ïîñòóïëåíèÿ è èìåþòïîêàçàòåëüíîå ðàñïðåäåëåíèå ñ ïàðàìåòðîì �. Çàÿâêè îáñëóæèâàþòñÿ â ïîðÿäêåïîñòóïëåíèÿ. Êàæäàÿ ïîëîæèòåëüíàÿ çàÿâêà, íàõîäÿùàÿñÿ â ñèñòåìå, èìååò âðå-ìÿ ïðåáûâàíèÿ, îãðàíè÷åííîå ïîêàçàòåëüíî ðàñïðåäåëåííîé ñëó÷àéíîé âåëè÷èíîéñ ïàðàìåòðîì �(n) = �=n, åñëè n 6= 0, �(n) = 0, åñëè n = 0, ãäå n � ÷èñëî ïîëî-æèòåëüíûõ çàÿâîê â ñèñòåìå, � � íåêîòîðàÿ ïîëîæèòåëüíàÿ ïîñòîÿííàÿ. Ïîëîæè-òåëüíàÿ çàÿâêà, êîòîðàÿ çàâåðøèëà îáñëóæèâàíèå â ñèñòåìå èëè âðåìÿ ïðåáûâà-íèÿ êîòîðîé çàêîí÷èëîñü, ïîêèäàåò ñèñòåìó. Îòðèöàòåëüíàÿ çàÿâêà, ïîñòóïèâøàÿâ ñèñòåìó, óâåëè÷èâàåò äëèíó î÷åðåäè îòðèöàòåëüíûõ çàÿâîê íà åäèíèöó. Êàæ-266



äàÿ îòðèöàòåëüíàÿ çàÿâêà, íàõîäÿùàÿñÿ â ñèñòåìå, îñòàåòñÿ â î÷åðåäè ñëó÷àéíîåâðåìÿ, èìåþùåå ïîêàçàòåëüíîå ðàñïðåäåëåíèå ñ ïàðàìåòðîì �(m) = �=m, åñëèm 6= 0, �(m) = 0, åñëè m = 0, ãäå m � ÷èñëî îòðèöàòåëüíûõ çàÿâîê â ñèñòåìå, � �íåêîòîðàÿ ïîëîæèòåëüíàÿ ïîñòîÿííàÿ. Ïîñëå îêîí÷àíèÿ âðåìåíè ïðåáûâàíèÿ îò-ðèöàòåëüíàÿ çàÿâêà óìåíüøàåò äëèíó î÷åðåäè ïîëîæèòåëüíûõ çàÿâîê íà åäèíèöó,åñëè â ñèñòåìå åñòü ïîëîæèòåëüíûå çàÿâêè, è íå ïðîèçâîäèò íèêàêèõ âîçäåéñòâèéíà ñèñòåìó, åñëè â ñèñòåìå íåò ïîëîæèòåëüíûõ çàÿâîê. Ñèãíàë, ïîñòóïèâøèé âñèñòåìó, óâåëè÷èâàåò äëèíó î÷åðåäè ñèãíàëîâ íà åäèíèöó. Êàæäûé ñèãíàë, íàõî-äÿùèéñÿ â ñèñòåìå, îñòàåòñÿ â î÷åðåäè ñëó÷àéíîå âðåìÿ, èìåþùåå ïîêàçàòåëüíîåðàñïðåäåëåíèå ñ ïàðàìåòðîì !(k) = !=k, åñëè k 6= 0, !(k) = 0, åñëè k = 0, ãäå k �÷èñëî ñèãíàëîâ â ñèñòåìå, ! � íåêîòîðàÿ ïîëîæèòåëüíàÿ ïîñòîÿííàÿ. Ïîñëå îêîí-÷àíèÿ âðåìåíè ïðåáûâàíèÿ â ñèñòåìå ñèãíàë ñ âåðîÿòíîñòüþ p� óìåíüøàåò äëèíóî÷åðåäè ïîëîæèòåëüíûõ çàÿâîê íà åäèíèöó, åñëè â ñèñòåìå åñòü ïîëîæèòåëüíûåçàÿâêè, íå èçìåíÿåò ñîñòîÿíèå ñèñòåìû, åñëè â íåé íåò ïîëîæèòåëüíûõ çàÿâîê,ñ âåðîÿòíîñòüþ p+ óâåëè÷èâàåò äëèíó î÷åðåäè ïîëîæèòåëüíûõ çàÿâîê íà åäèíè-öó, ñ âåðîÿòíîñòüþ p0 íå ïðîèçâîäèò íèêàêèõ âîçäåéñòâèé íà ñèñòåìó. Î÷åâèäíî,÷òî p� + p+ + p0 = 1. Ïîñëå îêîí÷àíèÿ âðåìåíè ïðåáûâàíèÿ è ñîîòâåòñòâóþùåãîâîçäåéñòâèÿ íà ñèñòåìó îòðèöàòåëüíûå çàÿâêè è ñèãíàëû àííóëèðóþòñÿ.Êàæäîå ñîñòîÿíèå ðàññìàòðèâàåìîé ñèñòåìû â ìîìåíò âðåìåíè t áóäåì õàðàê-òåðèçîâàòü âåêòîðîì x(t) = (n(t); m(t); k(t)), ãäå n(t) � ÷èñëî ïîëîæèòåëüíûõ çà-ÿâîê â ñèñòåìå â ìîìåíò t, m(t) � ÷èñëî îòðèöàòåëüíûõ çàÿâîê â ñèñòåìå â ìî-ìåíò t, k(t) � ÷èñëî ñèãíàëîâ â ñèñòåìå â ìîìåíò t . Òîãäà x(t) � îäíîðîäíûéìàðêîâñêèé ïðîöåññ ñ íåïðåðûâíûì âðåìåíåì è ñ÷åòíûì �àçîâûì ïðîñòðàíñòâîìX = fx = (n;m; k); n;m; k = 0; 1; : : :g. Ïóñòü fp(x); x 2 Xg � ñòàöèîíàðíîå ðàñïðå-äåëåíèå âåðîÿòíîñòåé ïðîöåññà x(t).Óðàâíåíèÿ ðàâíîâåñèÿ äëÿ ñòàöèîíàðíûõ âåðîÿòíîñòåé ðàññìàòðèâàåìîé ñèñòå-ìû èìåþò ñëåäóþùèé âèä:p(n;m; k)h�+ + �� + �s + (�+ �)Ifn6=0g + �Ifm6=0g + !Ifk 6=0gi == p(n� 1; m; k)�+Ifn6=0g + p(n;m� 1; k)��Ifm6=0g + p(n;m; k � 1)�sIfk 6=0g++p(n+ 1; m; k)(�+ �) + p(n+ 1; m+ 1; k)� + p(n;m+ 1; k)�Ifn=0g++p(n� 1; m; k + 1)!p+Ifn6=0g + p(n+ 1; m; k + 1)!p�++p(n;m; k + 1)!(p0 + p�Ifn=0g); (n;m; k) 2 X:Çäåñü Ifxg �õàðàêòåðèñòè÷åñêàÿ �óíêöèÿ, ïðèíèìàþùàÿ çíà÷åíèå 1, åñëè x èñòèí-íî, è 0 � â ïðîòèâíîì ñëó÷àå.Òåîðåìà 1. Ïóñòü âûïîëíåíî óñëîâèå�+ + �sp+�� + �sp� + �+ � < 1; ��� < 1; �s! < 1;267



òîãäà ìàðêîâñêèé ïðîöåññ x(t) ýðãîäè÷åí, à �èíàëüíîå ñòàöèîíàðíîå ðàñïðåäåëå-íèå âåðîÿòíîñòåé ñîñòîÿíèé ñèñòåìû èìååò ñëåäóþùèé âèäp(n;m; k) = h �+ + �sp+�� + �sp� + �+ � inh��� imh�s! ikp(0; 0; 0);ãäå p(0; 0; 0) = h1� �+ + �sp+�� + �sp� + �+ � ih1� ��� ih1� �s! i:Äîêàçàòåëüñòâî. Ïðîâîäèòñÿ ñòàíäàðòíûì îáðàçîì: ïîäñòàíîâêîé ñòàöèîíàðíûõâåðîÿòíîñòåé â óðàâíåíèÿ ðàâíîâåñèÿ. Óñëîâèå ýðãîäè÷íîñòè íàõîäèòñÿ èç òåîðåìûÔîñòåðà.3. ÑÒÀÖÈÎÍÀ�ÍÎÅ �ÀÑÏ�ÅÄÅËÅÍÈÅ ÎÒÊ�ÛÒÎÉÑÅÒÈ�àññìîòðèì îòêðûòóþ ñåòü, ñîñòîÿùóþ èç N , óçëîâ ñî ñòðóêòóðîé, îïèñàí-íîé âûøå. Ïðåäïîëîæèì, ÷òî â ñåòü ïîñòóïàþò òðè íåçàâèñèìûõ ïóàññîíîâñêèõïîòîêà ïîëîæèòåëüíûõ çàÿâîê, îòðèöàòåëüíûõ çàÿâîê è ñèãíàëîâ ñ ïàðàìåòðàìè�+; ��; �s ñîîòâåòñòâåííî. Êàæäàÿ ïîëîæèòåëüíàÿ çàÿâêà âõîäíîãî ïîòîêà íåçà-âèñèìî îò äðóãèõ çàÿâîê íàïðàâëÿåòñÿ â i-ûé óçåë ñ âåðîÿòíîñòüþ p+0i (i = 1; N);NPi=1 p+0i = 1. Êàæäàÿ îòðèöàòåëüíàÿ çàÿâêà âõîäíîãî ïîòîêà íåçàâèñèìî îò äðóãèõíàïðàâëÿåòñÿ â i-ûé óçåë ñ âåðîÿòíîñòüþ p�0i (i = 1; N); NPi=1 p�0i = 1. Êàæäûé ñèãíàëâõîäíîãî ïîòîêà íåçàâèñèìî îò äðóãèõ íàïðàâëÿåòñÿ â i-ûé óçåë ñ âåðîÿòíîñòüþ ps0i(i = 1; N); NPi=1 ps0i = 1. Î÷åðåäè â óçëàõ �îðìèðóþòñÿ èç ïîëîæèòåëüíûõ, îòðèöà-òåëüíûõ çàÿâîê è ñèãíàëîâ, ïîñòóïëåíèå êîòîðûõ óâåëè÷èâàåò ñîîòâåòñòâóþùóþî÷åðåäü â óçëå íà åäèíèöó. Îáñëóæèâàíèÿ òðåáóþò òîëüêî ïîëîæèòåëüíûå çàÿâêè.Âðåìåíà îáñëóæèâàíèÿ ïîëîæèòåëüíûõ çàÿâîê íåçàâèñèìû, íå çàâèñÿò îò ïðîöåñ-ñà ïîñòóïëåíèÿ è â i-îì óçëå èìåþò ïîêàçàòåëüíîå ðàñïðåäåëåíèå ñ ïàðàìåòðàìè�i ñîîòâåòñòâåííî (i = 1; N). Êàæäàÿ ïîëîæèòåëüíàÿ çàÿâêà â i-îì óçëå èìååòâðåìÿ ïðåáûâàíèÿ, îãðàíè÷åííîå ýêñïîíåíöèàëüíî ðàñïðåäåëåííîé ñëó÷àéíîé âå-ëè÷èíîé ñ ïàðàìåòðîì �i(ni) = �i=ni, åñëè ni 6= 0, �i(ni) = 0, åñëè ni = 0, ãäåni � ÷èñëî ïîëîæèòåëüíûõ çàÿâîê â i-îì óçëå, �i � íåêîòîðàÿ ïîëîæèòåëüíàÿïîñòîÿííàÿ (i = 1; N). Ïîëîæèòåëüíàÿ çàÿâêà, âðåìÿ ïðåáûâàíèÿ êîòîðîé â i-îìóçëå çàêîí÷èëîñü, ïðîäîëæàåò äâèæåíèå ïî ñåòè è âåäåò ñåáÿ òàêæå, êàê ïîëî-æèòåëüíûå çàÿâêè, ïîëó÷èâøèå îáñëóæèâàíèå â i-îì óçëå (i = 1; N; k = 1; M).Êàæäàÿ ïîëîæèòåëüíàÿ çàÿâêà, çàâåðøèâøàÿ îáñëóæèâàíèå â i-îì óçëå, íåçàâè-ñèìî îò äðóãèõ çàÿâîê ìãíîâåííî íàïðàâëÿåòñÿ â î÷åðåäü j-ãî óçëà è ñòàíîâèòñÿïîëîæèòåëüíîé çàÿâêîé ñ âåðîÿòíîñòüþ p+ij, èëè ñòàíîâèòñÿ îòðèöàòåëüíîé çàÿâêîéñ âåðîÿòíîñòüþ p�ij, èëè ñòàíîâèòñÿ ñèãíàëîì ñ âåðîÿòíîñòüþ psij, à ñ âåðîÿòíîñòüþpi0 ïîêèäàåò ñåòü. Ïðè ýòîì NPj=1(p+ij + p�ij + psij) + pi0 = 1; i = 1; N . Ïðåäïîëîæèì,268



÷òî ìàòðèöà P = (pij; i; j = 0; N), â êîòîðîé p00 = 0; pi0 = p+0i; pij = p+ij + p�ij + psij,íåïðèâîäèìà. Êàæäàÿ îòðèöàòåëüíàÿ çàÿâêà â i-îì óçëå èìååò âðåìÿ ïðåáûâàíèÿ,îãðàíè÷åííîå ýêñïîíåíöèàëüíî ðàñïðåäåëåííîé ñëó÷àéíîé âåëè÷èíîé ñ ïàðàìåò-ðîì �i(mi) = �i=mi, åñëè mi 6= 0, �i(mi) = 0, åñëè mi = 0, ãäå mi � ÷èñëî ïîëîæè-òåëüíûõ çàÿâîê â i-îì óçëå, �i � íåêîòîðàÿ ïîëîæèòåëüíàÿ ïîñòîÿííàÿ (i = 1; N).Îòðèöàòåëüíàÿ çàÿâêà, âðåìÿ ïðåáûâàíèÿ êîòîðîé â i-îì óçëå çàêîí÷èëîñü, óìåíü-øàåò äëèíó î÷åðåäè ïîëîæèòåëüíûõ çàÿâîê íà åäèíèöó, åñëè â óçëå åñòü ïîëîæè-òåëüíûå çàÿâêè, è íå ïðîèçâîäèò íèêàêèõ âîçäåéñòâèé, åñëè â óçëå íåò ïîëîæèòåëü-íûõ çàÿâîê. Êàæäûé ñèãíàë, íàõîäÿùèéñÿ â óçëå, îñòàåòñÿ â î÷åðåäè ñëó÷àéíîåâðåìÿ, èìåþùåå ïîêàçàòåëüíîå ðàñïðåäåëåíèå ñ ïàðàìåòðîì !i(ki) = !i=ki, åñëèki 6= 0, !i(ki) = 0, åñëè ki = 0, ãäå ki � ÷èñëî ñèãíàëîâ â óçëå, !i � íåêîòîðàÿïîëîæèòåëüíàÿ ïîñòîÿííàÿ. Ïîñëå îêîí÷àíèÿ âðåìåíè ïðåáûâàíèÿ â óçëå ñèãíàë ñâåðîÿòíîñòüþ p�i óìåíüøàåò äëèíó î÷åðåäè ïîëîæèòåëüíûõ çàÿâîê íà åäèíèöó, åñ-ëè â óçëå åñòü ïîëîæèòåëüíûå çàÿâêè, íå èçìåíÿåò ñîñòîÿíèå óçëà, åñëè â íåì íåòïîëîæèòåëüíûõ çàÿâîê, ñ âåðîÿòíîñòüþ p+i óâåëè÷èâàåò äëèíó î÷åðåäè ïîëîæè-òåëüíûõ çàÿâîê íà åäèíèöó, ñ âåðîÿòíîñòüþ p0i íå ïðîèçâîäèò íèêàêèõ âîçäåéñòâèéíà óçåë. Î÷åâèäíî, ÷òî p�i + p+i + p0i = 1. Ïîñëå îêîí÷àíèÿ âðåìåíè ïðåáûâàíèÿ âóçëå è îêàçàíèÿ ñîîòâåòñòâóþùåãî âîçäåéñòâèÿ íà ñîñòîÿíèå óçëà îòðèöàòåëüíàÿçàÿâêà èëè ñèãíàë àííóëèðóþòñÿ.Îáîçíà÷èì ÷åðåç "+i ñðåäíþþ èíòåíñèâíîñòü ïîñòóïëåíèÿ ïîëîæèòåëüíûõ çà-ÿâîê â i-ûé óçåë, ÷åðåç "�i ñðåäíþþ èíòåíñèâíîñòü ïîñòóïëåíèÿ îòðèöàòåëüíûõçàÿâîê â i-ûé óçåë, ÷åðåç "si ñðåäíþþ èíòåíñèâíîñòü ïîñòóïëåíèÿ ñèãíàëîâ â i-ûéóçåë. Ýòè èíòåíñèâíîñòè óäîâëåòâîðÿþò ñëåäóþùåé ñèñòåìå íåëèíåéíûõ óðàâíå-íèé òðà�èêà: "+i = �+p+0i + "sip+i + NXj=1 "+j (�j + �j)"�j + "sjp�j + �j + �j p+ji;"�i = ��p�0i + NXj=1 "+j (�j + �j)"�j + "sjp�j + �j + �j p�ji;"si = �sps0i + NXj=1 "+j (�j + �j)"�j + "sjp�j + �j + �j psji; i = 1; N:Äîêàçàòåëüñòâî ñóùåñòâîâàíèÿ ðåøåíèÿ íåëèíåéíûõ óðàâíåíèé òðà�èêà ïðî-âîäèòñÿ ñ ïîìîùüþ òåîðåìû Áðàóýðà î íåïîäâèæíîé òî÷êå [3℄.Ñîñòîÿíèå ðàññìàòðèâàåìîé ñåòè â ìîìåíò âðåìåíè t áóäåì õàðàêòåðèçîâàòüâåêòîðîì x(t) = (x1(t); x2(t); : : : ; xN (t)), ãäå xi(t) = (ni(t); ki(t); mi(t)) îïèñûâà-åò ñîñòîÿíèå i-ãî óçëà, òî åñòü ni(t) � ÷èñëî ïîëîæèòåëüíûõ çàÿâîê â i-îì óçëåâ ìîìåíò âðåìåíè t, mi(t) � ÷èñëî îòðèöàòåëüíûõ çàÿâîê â i-îì óçëå â ìîìåíòâðåìåíè t, ki(t) � ÷èñëî ñèãíàëîâ â i-îì óçëå â ìîìåíò âðåìåíè t (i = 1; N). Òî-ãäà x(t) � îäíîðîäíûé ìàðêîâñêèé ïðîöåññ ñ íåïðåðûâíûì âðåìåíåì è ñ÷åòíûì�àçîâûì ïðîñòðàíñòâîì X = fx = (x1; x2; : : : ; xN); xi = (ni; mi; ki); ni; mi; ki =269



0; 1; 2; : : : ; i = 1; Ng. Ïóñòü fp(x); x 2 Xg � ñòàöèîíàðíîå ðàñïðåäåëåíèå âåðîÿò-íîñòåé ñîñòîÿíèé ïðîöåññà x(t).Óðàâíåíèÿ ãëîáàëüíîãî ðàâíîâåñèÿ äëÿ ñòàöèîíàðíûõ âåðîÿòíîñòåé èìåþò ñëå-äóþùèé âèä:p(x)h�+ + �� + �s + NXi=1 �(�i + �i)Ifni 6=0g + �iIfmi 6=0g + !iIfki 6=0g�i == NXi=1 hp(x+ ei;1)(�i + �i)pi0 + p(x + ei;2)�iIfni=0g + p(x+ ei;3)!i(p�i Ifni=0g + p0i )++p(x� ei;1)�+p+0iIfni 6=0g + p(x� ei;2)��p�0iIfmi 6=0g + p(x� ei;3)�sps0iIfki 6=0g++p(x+ ei;1 + ei;2)�i + p(x+ ei;1 + ei;3)!ip�i + p(x� ei;1 + ei;3)!ip+i Ifni 6=0g++ NXj=1 [p(x + ei;1 � ej;1)(�i + �i)p+ijIfnj 6=0g + p(x + ei;1 � ej;2)(�i + �i)p�ijIfmj 6=0g++p(x+ ei;1 � ej;3)(�i + �i)psijIfkj 6=0gi; x 2 X:Çäåñü ei;k�åäèíè÷íûé âåêòîð ðàçìåðíîñòè 3N ñ åäèíèöåé â ((i�1)N+k)-îé ïîçèöèè.Òåîðåìà 2. Ïóñòü äëÿ ëþáîãî i = 1; : : : ; N âûïîëíåíû óñëîâèÿ"+i"�i + "sip�i + �i + �i < 1; "�i�i < 1; "si!i < 1;òîãäà ìàðêîâñêèé ïðîöåññ x(t) ýðãîäè÷åí, à �èíàëüíîå ñòàöèîíàðíîå ðàñïðåäåëå-íèå âåðîÿòíîñòåé ñîñòîÿíèé ñèñòåìû èìååò ñëåäóþùèé âèäp(x) = p1(x1)p2(x2) : : : pN(xN ); x 2 X;ãäå pi(xi) = h "+i"�i + "sip�i + �i + �iinih"�i�i imih"si!iikipi(0; 0; 0);pi(0; 0; 0) = h1� "+i"�i + "sip�i + �i + �iih1� "�i�i ih1� "si!ii;("+i ; "�i ; "si ; i = 1; N) íàõîäÿòñÿ êàê ðåøåíèå íåëèíåéíûõ óðàâíåíèé òðà�èêà.Äîêàçàòåëüñòâî òåîðåìû ïðîâîäèòñÿ ñòàíäàðòíûì îáðàçîì, ïîäñòàíîâêîé ñòà-öèîíàðíîãî ðàñïðåäåëåíèÿ â óðàâíåíèÿ ðàâíîâåñèÿ.ËÈÒÅPÀÒÓPÀ1. Gelenbe E. Produt-form networks with negative and positive ustomers // J. Appl.Prob. 1991. V. 28. P. 656�663.2. Gelenbe E., Shassberger R. Stability of produt-form G-networks // Probab. Eng.and Inf. Si. 1992. V. 6. P. 271�2763. Äàí�îðä Í., Øâàðö Äæ. Ò. Ëèíåéíûå îïåðàòîðû. Îáùàÿ òåîðèÿ. Ì.:ÈË, 1962.270



ON STABILITY FORNONSTATIONARY M=M=N=N +RQUEUEA. Zeifman1, A. Korotysheva2, T. Pan�lova2,Ya. Satin2, G. Shilova21 Vologda State Pedagogial University, Institute of InformatisProblems RAS, and ISEDT RAS,2 Vologda State Pedagogial University1;2 Vologda, Russiaa_zeifman�mail.ruWe onsider nonstationary M=M=N=N + R queueing model and obtain the �rstbounds of stability.Keywords: Nonstationary queues; Mt=Mt=N=N + R queueing model; bounds; sta-bility. 1. INTRODUCTIONIn this note we onsider the estimates of stability for the simplest generalization ofnonstationary Erlang queueing model. There is a number of investigations of nonsta-tionary ontinuous-time Markov hains, see for instane �rst results in [5℄, and moredetail studies for birth and death proesses (BDPs) in [1, 6℄. Now we onsider nonsta-tionary Mt=Mt=N=N +R queue and obtain some simple stability bounds.Let X = X(t), t � 0 be queue-length proess for Mt=Mt=N=N +R queue. This is aBDP on state spae EN+R = f0; 1 : : : ; N +Rg and birth and death rates �n(t) = �(t),�n(t) = min (n;N)�(t) respetively. We suppose that arrival and servie intensities�(t) and �(t) are loally integrable on [0;1). Let pi(t) = Pr fX(t) = ig be stateprobabilities of X(t), and p(t) = (p0(t); : : : ; pN+R(t))T be the respetive olumn vetor.Then we an write the forward Kolmogorov system8>><>>: dp0dt = ��(t)p0 + �(t)p1;dpkdt = �(t)pk�1 � (�(t) + k�(t)) pk + (k + 1)�(t)pk+1; 1 � k � N � 1;dpkdt = �(t)pk�1 � (�(t) +N�(t)) pk +N�(t)pk+1; N � k < N +R;dpNdt = �(t)pN�1 �N�(t)pN (1)in the following form: dpdt = A (t)p; t � 0; (2)271



where A(t) = faij(t); t � 0g is the transposed intensity matrix of the proess, andaij(t) = 8>><>>: � (t) ; if j = i� 1;min (i + 1; N)� (t) ; if j = i+ 1;� (� (t) + min (i; N)� (t)) ; if j = i;0; overwise: (3)We denote throughout the paper by k � k the l1-norm, i.e. kxk = P jxij, for x =(x0; :::; xN+R)T and kBk = maxjPi jbijj for B = (bij)N+Ri;j=0 .Let 
 = fx : x � 0; kxk = 1g be a set of all stohasti vetors.Let Ek(t) = E fX(t) jX(0) = kg be the mean of the proess at the moment t underinitial ondition X(0) = k, and Ep(t) be the mathematial expetation (the mean) atthe moment t under initial probability distribution p(0) = p.Consider also a "perturbed" queue-length proess �X = �X(t), t � 0 with generalstruture of intensity matrix �A(t). In general, �X(t) is not BDP. Put Â(t) = �A(t)�A(t).We assume that the perturbations are uniformly small, i.e. kÂ(t)k � " for almost allt � 0. 2. STABILITY BOUNDSLet d1; : : : ; dN+R be positive numbers. Consider the following expression:�i(t) = �(t) + min (i; N)�(t)� di+1di �(t)� di�1di min (i� 1; N)�(t);i = 1; 2; : : : ; N +R; (4)where d0 = dN+R+1 = 0. Put G =PN+Ri=1 di and d = min1�i�N+R di.Theorem 1. Let there exist a positive sequene fdig and a positive number � suhthat �i(t) � �; i = 1; 2; : : : ; N +R; t � 0: (5)Then the following stability bounds hold:lim supt!1 kp(t)� �p(t)k � " �1 + log 4Gd �� ; (6)and lim supt!1 ��Ep(t)� �E�p(t)�� � (N +R) " �1 + log 4Gd �� ; (7)for arbitrary initial probability distributions p(0) and �p(0) for X(t) and �X(t) respe-tively.Proof. Firstly we �nd the basi estimate of the rate of onvergene. The propertyPN+Ri=0 pi(t) = 1 for any t � s allows to put p0(t) = 1�Pi�1 pi(t), then we obtain thefollowing system from (2) 272



dz(t)dt = B(t)z(t) + f(t); (8)where z(t) = (p1(t); : : : ; pN+R(t))T ; f(t) = (�(t); 0; : : : ; 0)T , B(t) = (bij(t))N+Ri;j=1 andrespetive bij(t), see details in [7, 8℄. Consider now the triangular matrixD = 0BBBBB� d1 d1 d1 � � � d10 d2 d2 � � � d20 0 d3 � � � d3... ... . . . . . .0 0 0 0 dN+R
1CCCCCA ; (9)and the respetive norms kxk1D = kDxk, and kBk1D = kDBD�1k.We have now the following bound of the logarithmi norm  (B(t)) in 1D�norm(see for instane [2, 3, 7, 9℄): (B)1D = maxi �di+1di �(t) + di�1di min (i� 1; N)�(t)�(�(t) + min (i; N)�(t))) = max (��i (t)) � ��; (10)in aordane with (5). Therefore the following inequality holds:kz�(t)� z��(t)k1D � e��(t�s)kz�(s)� z��(s)k1D; (11)for any initial onditions z�(s) , z��(s) and any s; t; 0 � s � t. Then we obtainkp�(t)� p��(t)k � 2kz�(t)� z��(t)k =2kD�1D (z�(t)� z��(t)) k �4dkz�(t)� z��(t)k1D �4de��(t�s)kz�(s)� z��(s)k1D � (12)4Gd e��(t�s)kz�(s)� z��(s)k �4Gd e��(t�s)kp�(s)� p��(s)k � 8Gd e��(t�s);for any initial onditions p�(s) , p��(s) and any s; t; 0 � s � t.Consider the forward Kolmogorov system for perturbed proess:d�pdt = �A(t)�p(t): (13)273



We an apply the approah of paper [4℄. Put�(t; s) = supkvk=1;P vi=0 kU(t; s)vk =12 maxi;j Xk jpik(t; s)� pjk(t; s)j; (14)where U(t; s) is Cauhy matrix of (2), and pik(t; s) = Pr fX(t) = kjX(s) = ig. Mitro-phanov in [4℄ proved the bound of stability, that in the nonstationary ase is the fol-lowing one: kp(t)� �p(t)k � �(t; s)kp(s)� �p(s)k+ Z ts kÂ(u)k�(u; s) du: (15)Moreover, the following estimates hold:�(t; s) � 1; �(t; s) � e�b(t�s)2 ; 0 � s � t; (16)where under our assumptions  = 8Gd , b = �: Finally the following stability bound holds:kp(t)� �p(t)k � 8>><>>: kp(s)� �p(s)k+ (t� s)";0 < t� s < b�1 log 2 ;b�1(log 2 + 1� e�b(t�s))"+2e�b(t�s)kp(s)� �p(s)k; t� s � b�1 log 2 ; (17)for any initial onditions p(s), �p(s). Let t� s!1. Then (17) implies our laim.Consider here the ase of su�iently large servie rate, namely let there exist d > 1suh that the following assumption holds:N�(t)� d�(t) � �� > 0; (18)for any t � 0.Put d1 = 1, dk+1dk = Æk = 1; k � N � 2; and dk+1dk = Æk = d; k � N � 1:Then �k (t) = 8>><>>: � (t) ; k < N � 1;� (t)� (d� 1)� (t) ; k = N � 1;�1� 1d� (N� (t)� d� (t)) ; N � k � N +R � 2;N� (t) �1� 1d�� � (t) ; k = N +R� 1: (19)Let d � NN�1 , then we obtain� = infk �k (t) = �1� 1d� (N� (t)� d� (t)) � �1� 1d� ��: (20)Hene we obtain the following statement.274



Theorem 2. Under assumption (18) stability bounds (6) and (7) hold for � =�1� 1d� ��, d = 1, and G = N � 1 +PR+1k=1 dk.Let now our original proess have 1-periodi intensities.Then the following laim holds.Theorem 3. Let �(t) and �(t) be 1-periodi. Let there exist a positive sequene fdigand a positive number '� suh that�i(t) � '(t); i = 1; 2; : : : ; N +R; 0 � t � 1; (21)where Z 10 '(t) dt � '�: (22)Let K = supjt�sj�1 tZs '(�) d� <1: (23)Then we have the following stability bounds:lim supt!1 kp(t)� �p(t)k � "�1 + log 4GeKd �'� ; (24)and lim supt!1 ��Ep(t)� �E�p(t)�� � (N +R) "�1 + log 4GeKd �'� ; (25)for arbitrary initial probability distributions p(0) and �p(0) for X(t) and �X(t) respe-tively.Proof. The statement follows from inequality e� R ts '(u) du � eKe�'�(t�s).In the ase of su�iently large servie rate we obtain the following laim.Theorem 4. Let arrival and servie rates be 1-periodi, and let1Z0 (N�(�)� d�(�)) d� =  > 0; (26)instead of (18). Then stability bounds (24) and (25) hold for '� = �1� 1d� , d = 1,and G = N � 1 +PR+1k=1 dk.
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COST OF REACHING WITHPROHIBITION FOR ANEXPONENTIAL TIME-SHARINGQUEUEING PROCESSA. ZorineN.I. Lobahevsky State Universityof Nizhni NovgorodNational Researh UniversityNizhni Novgorod, Russiazoav1�ui.nnov.ruA proess of serviing of on�it �ows with a time-sharing algorithm with readjust-ments is onsidered. Input �ows are formed in a random environment synhronized withthe serviing devie. Servie and readjustment durations are exponentially distributed.A mathematial model for the serviing proess is onstruted in form of a denumer-able ontinuous-time Markov hain. To estimate the loading degree of the time-sharingqueueing system with readjustments an expeted ost of reahing with prohibition isproposed. It generalizes Chung funtionals for homogeneous denumerable disrete-timeMarkov hains. A ontrol is searhed for whih minimizes the funtional in a lass ofsimple priority ontrols with threshold.Keywords: time-sharing servie with readjustments, random environment, loadingof a queueing system, Chung funtionals, denumerable ontinuous-time Markov hains.1. INTRODUCTIONIt is important for pratie to be able to estimate the loading of a queueing system.As a rule a loading is understood as a fration of time whih the system spends on ser-viing of ustomers. However this de�nition is not that unambiguous for a number ofreal queueing systems, beause it does not take into aount a possibility of �xed ylesin serviing of queues (e.g. in serviing of tra� �ows) or presene of readjustment-and-ontrol periods in serviing of on�it �ows (queueing systems ontrolling tra��ows, time-sharing information proessing systems, et.). In partiular, no expliit ex-pression is known for the loading of a time-sharing queueing system with readjustmentsin random environment [1℄.In a series of papers a reahing with prohibitions funtional is used for estimationof the system's loading. Suh a funtional is alled a Chung funtional ([2℄). In thepresent paper we extend the notion of a Chung funtional to a lass of denumerableontinuous-time Markov hains. 277



2. PROBLEM STATEMENTThere are m < 1 input �ows �1, �2, . . . , �m of ustomers entering into thequeueing system. The �ows are formed in a random external environment with twostates, e(1) and e(2). During the environmental state e(k), k = 1, 2, the �ow �j, j == 1, 2, . . . , m, is poissonian with intensity �(k)j . Customers from the �ow �j are putinto an in�nite bu�er (a queue) Oj. Customers are seleted for servie in order ofarrival. A serviing devie has n = 2m + 1 states, �(0), �(1), . . . , �(2m). In a state�(r), 1 6 r 6 m, a ustomer from the queue Or is servied. After the state �(r) theserviing devie swithes into a state �(r0) with r0 = r +m, m + 1 6 r0 6 2m. Duringthe state �(r0) a readjustment-and-ontrol at is done and no ustomers are servied.If at an readjustment-and-ontrol at termination the queues are empty the serviingdevie swithes into the state �(0) of waiting for arrivals. Upon an arrival of the �rstustomer its servie begins immediately and the server swithes to a state �(j) if theustomer is from the �ow �(j). If the queues' lengths are desribed with a nonzero vetorx = (x1; x2; : : : ; xm) after a readjustment-and-ontrol at termination then a ustomerfrom the queue Oj, j = h(x), is seleted for servie where h(�) is a given mapping of thenon-negative integer lattie X = f0; 1; : : :gm onto the set f0; 1; : : : ; mg. The mappingmust satisfy to the following onstraints: h(x) = j implies xj > 0 and only the zerovetor �0 = (0; 0; : : : ; 0) 2 X is mapped into 0. Servie durations and readjustmentdurations are independent random variables with exponential distributions. The meanservie time at the state �(r) is ��1r , and the mean readjustment-and-ontrol time at thestate �(m+r) equals ���1r . The random external environment is synhronized with theserviing devie. Change of the environmental state an our only at instant of servieor readjustment-and-ontrol ats terminations. A probability of hanging the state frome(k) to e(l) equals ak;l, k, l = 1, 2. Thus the proess of environmental state hanging isnot markovian. After a servie a ustomer from the queue Oj an get into the queueOr with probability pj;r for a repeated servie, and an quit the queueing system withprobability pj;m+1 = 1 �Pmr=1 pj;r. So, besides the �ows of primary ustomers thereare �ows of seondary ustomers entering the queueing system. The total input �owshave a ompliated probabilisti struture. A sojourn ost for one ustomer in Oj pertime unit is given and it equals j. Suppose a deomposition of the set X of vetorsof queues' lengths info non-empty disjoint subsets X0, X+, X�, X = X0 [X+ [X� isde�ned. The set X0 is interpreted as a set of admissible queues' lengths, the set X+stands for a set of desired queues' lengths, �nally, the set X� onsists of prohibitedqueues' lengths. In essene the aim of the present paper is to give a mathematialformulation of an optimization problem and to study numerially an algorithms h(�)whih minimizes the onditional expeted ost of reahing the desirable set X+ fromthe admissible set X0 under hypothesis of not visiting the prohibited set X�.The queueing system desribed an be obtained as a speial ase of a time-sharingqueueiny system in [1℄ with exponentially distributed servie and readjustment dura-tions. It was shown in the ited paper that a priority algorithm minimizes the expetedsojourn ost of all ustomers int the system during an at in the stationary mode.278



3. MATHEMATICAL MODEL AND OPTIMIZATIONPROBLEMIn what follows all objets are de�ned or onstruted on a probability spae (
;F;P)where 
 is a set of desriptions ! of elementary outomes, F is a �-algebra of events A �� 
, P is a probability. Introdue the following random variables and random elements.Let �(t) 2 fe(1); e(2)g be the state of the environment at the instant t > 0, �(t) 2 � == f�(0);�(1); : : : ;�(2m)g the state of the serviing devie at the instant t, {j(t) thenumber of ustomers in the queue Oj at the instant t, {(t) = ({1(t);{2(t); : : : ;{m(t)).Sine the evolution of the proessf(�(t);{(t); �(t)); t > 0g (1)after the instant t is determined only by the instant of termination of an at takingplae at t, by arrivals of ustomers after the instant t, and by the states of the randomexternal environment after the instant t, the random proess (1) is markovian withdenumerable number of states and a states spaeS = f(�(0); �0; e(k)) : k = 1; 2g[[ f(�(r); x; e(k)) : r = 1; 2; : : : ; m; x 2 X; xr > 0; k = 1; 2g[[ f(�(r); x; e(k)) : r = m+ 1; m+ 2; : : : ; 2m; x 2 X; k = 1; 2g:The Markov proess (1) is homogeneous. Denote by q(r; x; k; r0; w; l) the intensity oftransition from (�(r); x; k) 2 S into (�(r0); w; l) 2 S. Put q(r; x; k) = �q(r; x; k; r; x; k),let Æs;s0 be the Kroneker delta. For s = 1, 2, . . . , m+ 1 introdue non-random vetorsy(s) = (Æ1;s; Æ2;s; : : : ; Æm;s) 2 X, where y(m+1) = �0.Theorem 1. The transition intensities of the Markov proess (1) areq(0; �0; k) = �(k)1 + �(k)2 + : : :+ �(k)m ;for r = 1, 2, . . . , m q(r; x; k) = ��1r + �(k)1 + �(k)2 + : : :+ �(k)m ;for r = m + 1, m + 2, . . . , 2mq(r; x; k) = ���1r + �(k)1 + �(k)2 + : : :+ �(k)m ;for r = 1, 2, . . . , m q(0; �0; k; r; y(r); k) = �(k)r ;for r = 1, 2, . . . , m, x 2 X, xr > 0, j = 1, 2, . . . , mq(r; x; k; r; x+ y(j); k) = �(k)j ;q(r; x; k;m+ r; x� y(r) + y(s); l) = ��1r pr;sak;l;279



for r = m + 1, m + 2, . . . , 2m, j = 1, 2, . . . , m, r0 = h(x)q(r; x; k; r; x+ y(j); k) = �(k)j ;q(r; x; k; r0; x; l) = ���1r ak;l:Remaining intensities are equal to zero.It follows from the form of the transition probabilities that the Markov proess (1)has only stable non-absorbing states and a onservative in�nitesimal matrix.Let �0 = 0 and �1, �2, . . . be the jump instants of the proess (1). Consider theembedded Markov hain f(�i;{i; �i); i = 0; 1; : : :g (2)with �i = �(�i + 0), {i = {(�i + 0), �i = �(�i + 0). It is well known that for theMarkov hain (2) the probability of transition from a state (r; x; k) 2 S into a state(r0; w; l) 2 S equals q(r; x; k; r0; w; l)(q(r; x; k))�1 for (r; x; k) 6= (r0; w; l) and equals 0for (r; x; k) = (r0; w; l), while the time interval �i+1� �i given (�i;{i; �i) = (�(r); x; e(k))has an exponential distribution with parameter q(r; x; k). DenoteS0 = f(�(r); x; e(k)) : (�(r); x; e(k)) 2 S; x 2 X0g;S+ = f(�(r); x; e(k)) : (�(r); x; e(k)) 2 S; x 2 X+g;S� = f(�(r); x; e(k)) : (�(r); x; e(k)) 2 S; x 2 X�g:For a state (�(r); x; e(k)) 2 S0 de�ne on the set 
(r; x; k) = f! : �0 = �(r);{0 = x; �0 == e(k)g an instant of reahing with prohibition �(r; x; k) = minfi : {i 2 S+;{�� 62 S�; 0 66 �� 6 ig. For i = 1, 2, . . . and a sequene of states (�(r��); x(��); e(k��)) 2 S0, 0 6 �� < i and(�(ri); x(i); e(ki)) 2 S+ introdue a random variable �(r0; x(0); k0) whih takes on valuei�1X��=0 (q(r��; x(��); k��))�1(1x(��)1 + 2x(��)2 + : : :+ mx(��)m )on the set f! : ��� = �(r��);{�� = x(��); ��� = e(k��); 0 6 �� 6 ig. A variable �(r; x; k) de�nesthe ost of reahing with prohibition of the set S+ from a state (�(r); x; e(k)) 2 S0 withoutvisiting the prohibited set S�. It is interesting to investigate the onditional expetedost of reahing with prohibitionE(�(r; x; k)j
(r; x; k) \ f! : �(r; x; k) <1g):Reall that the solution to a system of linear algebrai equations obtained by suessiveiterations with zero initial ondition is alled its main solution [3℄.Theorem 2. Probabilities f(r; x; k) = P(f! : �(r; x; k) < 1gj
(r; x; k)) of reah-ing with prohibition, (�(r); x; e(k)) 2 S0, are the main solution to the system of linearalgebrai equationsq(r; x; k)f(r; x; k) = X(�(r0);w;e(l))2S+ q(r; x; k; r0; w; l)++ X(�(r0);w;e(l))2S0 q(r; x; k; r0; w; l)f(r0; w0; l): (3)280



The onditional expeted osts of reahing with prohibition areE(�(r; x; k)j
(r; x; k) \ f! : �(r; x; k) <1g) = G(r; x; k)(f(r; x; k))�1;where the quantities G(r; x; k), (�(r); x; e(k)) 2 S0, are the main solution to the systemof linear algebrai equationsq(r; x; k)G(r; x; k) = f(r; x; k) mXj=1 jxj + X(�(r0);w;e(l))2S0 q(r; x; k; r0; w; l)G(r0; w0; l): (4)Theorem 2 generalizes theorems in [2℄, whih haraterized the onditional expetednumber of steps for reahing S+ from the states in S0 with prohibition by a denumerableMarkov hain. Equations (3), (4) allow to alulate the onditional expeted ostsof reahing with prohibition given the swithing funtion h(�), for any initial statein S0. Regarding the onditional expeted osts as objetive funtionals we have amultiobjetive optimization problem. To formulate an optimization problem with oneobjetive we have to introdue the onvolution of the original objetives. De�neJ(h) = 1jS0j X(�(r);x;e(k))2S0 G(r; x; k)(f(r; x; k))�1: (5)Given a deomposition S = S�[S0[S+ the optimization problem is redued to solvingJ(h0) = minh(�) J(h):If the deomposition of the states spae S was generated, e. g., by sets X+ = fx : xj 66 Nj; j = 1; 2; : : : ; mg, X� = fx : (9j)xj > N 0jg, or X+ = fx : x1+x2+ : : :+xm 6 N1g,X� = fx : x1 + x2 + : : : + xm > Ng, for ertain positive integers Nj, N 0j, j = 1, 2, . . . ,m, then the orresponding optimization problem an be understood as a problem ofminimization of the onditional expeted ost of unloading the queueing system sinethe set X+ in essene onsists of vetors of small queues' lengths.4. SOME NUMERICAL RESULTSTo arry out numerial experiments we have to bound ourselves with a lass ofswithing funtions of a simple form sine solving the optimization problem by ex-haustive searh is pratially unahievable. Assume m = 2 input �ows. Introdue thefollowing swithing funtions. Let x = (x1; x2) and a = 0, 1, . . . . Puthmax(x) = 8><>:0; x = �0;1; x1 > x2;2; x1 < x2;hpri;1(x) = 8><>:0; x = �0;1; x1 > 0;2; x1 = 0; x2 > 0;281



hpri;2(x) = 8><>:0; x = �0;1; x2 > 0;2; x2 = 0; x1 > 0;hthr;1(x) = 8><>:0; x = �0;1; x2 = 0 or x1 > a,2; x2 > 0 and x1 < a;hthr;2(x) = 8><>:0; x = �0;1; x1 > 0 and x2 < a,2; x1 = 0 or x2 > a.The swithing funtion hmax(�) orresponds to serviing of the longest queue, hpri;1(�) andhpri;2(�) orrespond to servie with relative priorities, hthr;1(x) and hthr;2(x) orrespondto a priority servie with positive threshold value a for the high priority queue. Assumethe following parameters are given: a1;1 = 0:5, a2;2 = 0:8, �(1)1 = 0:1, �(2)1 = 0:2,�(1)2 = 0:15, �(2)2 = 0:05, �1 = 0:375, �2 = 0:5, ��1 = 0:125, ��2 = 0:25, p1;1 = 0,p1;2 = 0:05, p2;1 = 0:02, p2;2 = 0:01, 1 = 2 = 1, N1 = 5, N 01 = 15, N2 = 4, N 02 = 10.The hoie of osts 1, 2 gives us the total sojourn time of all ustomers in the systemuntil unloading. Then J(hmax) = 205:779, J(hpri;1) = 237:444, J(hpri;2) = 239:188,and the smallest value 193:852 is ahieved by J(�) for the swithing funtion hthr;1 witha = 6. Although we haven't found the optimal swithing funtion among all possibleswithing funtions, we still an onlude that a priority algorithm (whih was knownto be optimal to minimize total sojourn ost of all ustomers present in the queueingsystem per tat, f. [1℄) is not the best way to unload a time-sharing queueing systemwith readjustments at least with the deomposition of X onsidered here.REFERENCES1. Fedotkin M. A., Zorin A. V. Optimization of Control of Doubly Stohasti Nonor-dinary Flows in Time-Sharing Systems // Automation and remote ontrol, 2005.V. 66, �7. P. 1115�1124.2. Fedotkin M. A. Algebrai properties of distributions for Chung funtionals of ho-mogeneous Markov hains with a denumerable set of states // Sov. Math., Dokl.,1976. V. 17, P. 43�46.3. Kantorovih L. V., Krylov V. I. Approximate methods in higher analysis. L.: Fiz-matlit, 1962.
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