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A Fourier approach to valuating derivative assets Oskar Rasmusson

Abstract

This paper valuates two different financial contracts, the European Call and the Spread
option using the Fourier transform. In the European Call case the underlying asset
is modelled by the geometric Brownian motion stochastic differential equation. All
necessary conditions in order for the transform to exists are examined and it turns out
that the payoff needs to be scaled by an exponential factor which includes a constant
a where a < 0. Later an optimization problem is defined in order to find the a which
yields the best numeric integration. At the end the Fourier method is compared against
the Black Scholes formula yielding a difference with 107'° in magnitude.

In the Spread option case the underlying assets are modelled by a two-dimensional
Heston model with three volatilities, one for each asset and one for how they effect
each other. Here the payoff need to be scaled by two different exponential factors each
including one constant, call them a and b where a < 0 and b < 0. Again an optimization
problem is defined in order to find the a,b which yields the best numeric integration.
The Fourier method for this case is compared against a Monte Carlo simulation with
and without a control variate.
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1 A first approach

The section ”A first approach” derives and presents a result that is already known in
the field of valuating derivative assets using the Fourier method. The section should
be seen as a theory section where both the author and the reader get familiar with the
Fourier approach. So that later when approaching a more advanced financial contract,
the experience gained from the first section, will make the second part easier to read
and work through. All calculations have been done by the author and thus, hopefully
will come across as easy to follow.

1.1 The model

This subsection starts by defining what kind of financial contract will be valuated. After
a model is chosen, which determines the behaviour of the stock in the financial contract.
In order to understand the model a few definitions are mentioned. At the end it is
explained how the value of the financial contract is obtained.

The financial contract that will be used in section is known by the name European Call.
A European Call is an option, giving the buyer the right to purchase an asset at a certain
price on a certain date in the future. We see S as a stochastic process, i.e a family of
random variables S; which are all defined on the same probability space (£2, 4, P). One
could imagine that the value of the stock S; depends on time and some randomness,
e.g. 100 SEK is worth more today than 100 SEK one year later due to inflation, on the
other hand, the cost of energy might raise which leads to less profit and less dividends to
stockholders and the value decreases. There fore we assume that the value of S; can be
described by some function S; = f (¢, W;) where W, is a Brownian motion, i.e we assume
that S; is an [to process.

Definition 1. An [té process is defined to be an adapted stochastic process that can be
expressed as the sum of an integral with respect to Brownian motion and an integral with
respect to time

t t
Sy =Sy, +/ o(s, Ws)dWj —i—/ (s, Ws)ds. (1)
to to
This is of course, a bit heavy notation, so one usually write
dSy = pudt + o dW,

The above (1) is called a Stochastic differential equation (SDE), and it’s used to model
many things, where one of them is the value of a stock. A natural question to ask is,
what if we instead have a process S; = f(t, X;), where X, itself may be another process
driven by time and a Brownian motion. How would the dynamics look for S;? The
famous Itos lemma answers this question.

Definition 2. In its simplest form, Ito’s lemma states the following: for an Ito drift-
diffusion process
dXt = ,utdt + O-tth
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and any twice differentiable scalar function f(t,x) of two real variables t and x, one has

of . of 0*f of

dSt = df<t7Xt> = < +,U a_ + ) dt+0ta th

ot Ox 282

In this paper the value of a stock will be modelled by different SDE:s where the first one
we consider is called a geometric Brownian motion (GBM).

dSt = TStdn + O'Stth GBM (2)

It is a well known result that the solution to (2) is S; = sie (r=5 )0 W [1]. Given a
European Call contract we have the following payoff function ¢(S7) = (S — K)* where
K is the strike price. We now wish to derive that arbitrage free price of this contract
using the Fourier method.

In the book written by Bjork, the author argues on page 103 that the fair price is given
by P, = ¢ "(T—t0) EQ [(S’T - )ﬂ]—"ﬂ [2]. Where Q represent the risk-neutral measure.
The book presents the mathematical details of why this must be true, here we will aim
for the intuition why it must be true. One could simply argue that in a fair world, the
price of a financial contract at some date, should be the discounted payoff received at
that date. E.g if you were to receive 100 SEK with certainty today, it would be fair to
sell this certainty at a price equal to your payoff, i.e 100 SEK. But if you were to receive
100 SEK with certainty in one year, and wanted to sell that certainty today. Then the
fair price would be 100 SEK discounted to todays value. But of course most contracts
does not give a specific amount of money with certainty. Thus in pricing of a contract,
we need to look at the payoff the holder expects to receive, and discount that value to
today. The risk-neutral measure Q is a probability measure such that each share price
is equal to the discounted expected future payoff, i.e exactly what we want. One can
prove that such a measure exists if and only if the market is free of arbitrage [2].

Now by letting f be the log distribution of St given S; and s = log(Sr), further more
let kK =log(K) 7= (T —ty), and P, be the value/price, then we obtain

Pt — T EQ [(ST _ K)+|]:t5'] — T EQ [(eln(ST) . 6k)+|FtS} _

oo 3
/Re_” (es - ek)+ f(s)ds = /k e (e — ) f(s)ds = g(k). @)
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1.2 The Fourier transform

In this subsection the Fourier transform is defined and the condition necessary for the
transform to exist is presented. At the end it is investigate if the value of the financial
contract, above defined as g(k) can be transformed.

Definition 3. For f € L'(R) its Fourier transform, is defined as

Flw) = F(f)w) = [ e fla)da
) =

F : LY(R) — Cy(R) = {Set of bounded and continuous functions on R}

Given f € L'(R) then

Fw)l =17 () w)| = | [ e fa)da

That is, f is bounded. And considering

< [le7 f(@)ldr = [ |f(x)ldz < oc.

|f(w+h) — f(w)| = dr —

/f —z(w—i-h —e zwx)dx S/R‘f(x)<e—i(w+h)x_e—iwx)
L@l (e = Djde < [ 1f@)l(e" = Dlde = [ [f@)e " = f(a)|da

Now f(z)e ™" converges point wise to f(x) and |f(z)e ™" < f(z) € L*(R) then by
the dominated convergence theorem we have

| f(w +h) — |</yf Ye~h _ f(z)|dr — 0 (h = 0).

That is, f is uniformly continuous and thus, continuous, and the Fourier transform is
well defined.
By plugging in what we know we can investigate the integrability of (3).

gl = |

_1o? _ _ g2
(806 2+\/Fas_e rT€k>e s/2d

dk =

/:o e (e — k) f(s)ds

s|dk =

R (V2T

>0

(s=/T0)" k—rm— 52/2d dk =
/ _27T/ . s

/ s0D(—k + /7o) — T D(—k) d
R
&) 0

Where (x) does not converge, while (k) is finite.
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1.3 Calculating the Fourier transform and setting up the in-
verse Fourier transform

In this subsection we start by tacking care of the problem of the non-converging integral.
This is followed up by calculating the transform. Then the inverse Fourier transform is
defined. In our case the inverse transform represents the value that we seek. Again we
verify the necessary conditions that must be fulfilled in order for the inverse transform
to exists. At the end we express the value of the European call as an inverse Fourier
transform.

Earlier we saw that (x) does not converge, while (xx) is finite. Thus we conclude that
g & L'Y(R). On the other hand, we also learned that the factor e made (xx) converge,
this becomes useful.

The trick is now to define p; = e % P;, a < 0 then p, € L'(R) Vk thus the Fourier
transform exists. If p;(w) denotes the Fourier transform of p; then we obtain

p(w) = /Re’mke’“kﬂ(k)dk = /Re’“”ke’ak /koo e "(ef —eF)f(s)dsdk =

/ efrTf(S) /s efiwk(esfak - ekfak)dkds —_
R

—00

/Refwf(s)es(f(aﬂw)) ( ¢ ¢ ) ds = )

a—l—i—z'w_a—i—z'w

1 /]Rf(s)es(l_“_iw)ds.

e—’r”?’

(a+iw)(a+iw —

Definition 4. For a random variable X the characteristic function ¢ is defined as the
expected value of e

bx(t) = E[e"¥] = /Remfx(x)dx.

Using the definition of characteristic function, we notice that (5) becomes

5 (w) — €_TT¢log(ST)<_w - (1 - a)z) o
Pr(w) = (a+iw)(a+iw—1) (6)

Where log(St) ~ N (ln(st) +(r—27), 027) = N(u,d?).

242

Theorem 1.1. If X is normal distributed, X ~ N (u,0?), then ¢x(t) = ¢'=32°

Proof. Set Y ~ N(0,1) then oY + u ~ N(u,0?), and
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2 2
oy (t) / et ’%dy = cos(ty)e” El dy.
= - v
2n cos(ty)+isin(ty

vl

Since y — sin(ty)e” 7 is odd

[

Differentiating with respect to t yields

@5 (t) \/_ / sin(ty)ye” T dy integration by parts yields

oy (t) = \/12_7r [sin(ty) J?] /tcos ty)e” T dy =

=0 (odd)

(In(¢y (t))" = —t and with ¢y (0) = 1 we conclude that

¢y (t) = e 7. Thus
02,2

¢X (t) _ ¢aY+,u _ E[eit(aY—i—u)] _ eitu E[eitaY} Zt’uqby(at) _ eztue—T

. 52.2
And thus, ¢igs,)(7) = et "3

Definition 5. For f € LY(R) its inverse Fourier transform, is defined as

F@) = F)w) = o [ e
R
F 1 LY(R) — Cy(R) = {Set of bounded and continuous functions on R}

To show that the definition of the inverse Fourier transform is well defined is analogue
to showing that the Fourier transform is well defined.

Now we want to calculate the inverse Fourier transform of (6). Thus we must first verify
that p; € L'(R). We have

—TTeiu(—w—(l—a)i)—%o27(—w—(1—a)i)2

e77’7’¢10g(ST)(_w - (1 - (I)Z)
(a+iw)(a+iw—1)

e

(a+iw)(a+iw—1)
6(17(1)#7%U2T(w27(17a)2)+iw((17a)027'7u)’

Va2 +w?y/(a—1)? +w?

7TT+(17(1)/J,7%0'2T(’[1)27(17(1)2)

—rT

e

e

e (1=a)7?r=1)

Va2 +w?/(a —1)% + w?

e rmt(-a)u—zoir(w?=(1-a)?)

Va2 +w?/(a —1)% + w?

Page 9



A Fourier approach to valuating derivative assets Oskar Rasmusson

We are interested in determining the integrability (in w) thus the interesting part in this
e wi-(1—a)?)
\/a2+w2\/(a 1)2+4w?
doesn’t have any singularities. By Weierstrass the maximum value of g exists on any

compact set, and thus we can conclude that ¢ is integrable by

case is = g(w). We have that ¢ is an even function, continuous and

o Hw?—(1-a)?)

/ dw—Q/ :
m./ e

o (1-a) / ~Lw?—(1-a)?)

0 Va?+w?/(a +w2 \/a2+w2\/ +w2

—3(w?~(1-a)?)
M max g(w)+/

we[0,M] v a2 +U)2 / +U)2

e~ 3w
M / d <
ax g(w) + g dw <00

Therefore we conclude that p(w) € L'(R) and its inverse is

nh) = o [ epu)du.

Using that p, = e P,, and that the price is a real number, we obtain

P, =R (eak eiwkﬁt(w)dw) =
eak27r /]R (7)
P = g/ﬂ{% (e”"k (W )) dw.

1.4 The real part of the integrand is an even function

This section proves that the integrand in the inverse transform i.e the value of the
European call is an even function. This result comes handy later when numerically
calculating the inverse.

Focusing on the product e®*p,(w) we obtain
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_TT¢log(ST)(_w - (1 - (Z)Z) _
(a+iw)(a+iw—1)

41y

eiwkﬁt<w) — eiwk €

e’’’ : i i(—w—(1—a)i)—50°T(—w—0“(1l—a)i
Ix+iy|2’(m+zy)ezwk+w( (1=a)i) = go*r(—w—o(1-a)i)® _

q

w(—p+o'r(l—a)+k) _

efrTJr,u(lfa)f%azr(wzf(lfa)z)

|z + iy|?
fr‘rer,(lfa)f%JQT(wzf(lfaﬁ)

(z +iy)e’

e

PEE (x cos(q) + iz sin(q) + iy cos(q) — ysin(q))

By taking 3 we obtain
§R( w)kﬁt( )) —

(x cos(q) + iz sin(q) + iy cos(q) — y sin(q))) =

P e—m——l—,u(l—a)—%027—(102—(1—(1)2)
|z + dy|?

71”7'+,u(17a)7%027(11)27(17(1)2)

|z + 1y?

‘ (2 cos(q) — ysin(g))

with
_ 2 2 .
r=a"—a—w" even in w
y = 2wa — w odd in w

|z +iy|* = (a* — a — w?)? + (20w — w)?

even in w

_ )1 2 2 (1_ )2 .
e rr+u(l—a)—50T(w*—(1-a)?) even in w =

R (eiwkﬁt(w)> even in w

1.5 Calculation of the inverse Fourier transform

Here we conclude that the inverse transformation is not possible to calculate analyti-
cally and thus we present on how we approximate the integral in order to calculate it

numerically.

The price is even in real numbers and therefore (7) is equal to

Ai/ e u(w) ) dw =
ek /Ooo " (e“"’“e (¢1og ) (—w— (1—a)i )> dw (8)

s a+iw)(a+iw —1)

e’ /oo - Gk iw+a) qblog(ST (—'LU 1 _ CL
m Jo (a+zw)(a—|—zw—1
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It is not possible to calculate (8) analytically, which implies that we must calculate it
numerically. We approximate in the following way:.

e~ 00 ek(iw+a)¢log(ST)(_w o (1 . a)@)
7r /o §R< (a+iw)(a+iw —1) )dwN

e T Z w(n)% ek(mk +a)¢log(ST)(_x](€ ) o (1 o CL)Z)
g (a+ ix,(ﬁn))(a + ia:,(ﬁn) -1)

keN

1.6 How to choose a?

In the section ”"Calculating the Fourier transform and setting up the inverse Fourier
transform” we said that we can make the transform exists as long as a < 0. In this
section we determine the actual value of a, i.e how to find an a that suits the numerical
inverse integration the best.

We have not commented on how to choose a more than that a < 0. We want to choose a
in such a way, that the integrand behaves as "nice” as possible, to improve the behaviour
of the numerical integration. Here "nice” means that the integrand oscillates as little as
possible. First of all since the integrand is holomorphic, the value of a will not change
the value of the integral (in theory). Set

ha) = g [ € Prgtsn) (—w — (1~ a)i)
(a+iw)(a+iw—1) ’
2
remember that p = In(s;) + (r — %)T =

6If(inra) ei(ln(st)—‘r r—%)T)(—w—(l—a)i)—%(0272(—w—(1—a)i)2)

(
Ma) = (a+iw)(a+iw— 1)

k(iw+a)+(ln(st)+(r7%)7)(7iw+(1fa))f%(0272(7107(17(1)1')2)
(a+iw)(a+iw —1)

In the paper by M.Wiktorsson, see [3], Wiktorsson argues that that in order for the
inverse transform to exists. We can choose any a such that a € Ang, where

e

AL ={x>0: EC[S+] < oo}

Furthermore he draws the conclusion that the oscillations are proportional to |h(a)|, and
that the oscillations will be more pronounced when the modulus of w is small. From
there he draws the conclusion that the oscillations will only be significant when |w] is
small. There after he conclude that |h(a)| < h(a)|y=o0, Where h(a)|,—o is given by
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6ka+(ln(st)+(r—%)’r)(l—a)—%(azr((l—a)i)Q)

@) =0 = ala+1) -

ka+(In(se)+(r— 22 )7)(1—a)+ S o2 r(1-a)?
ala+1)

Then he states that the function h(a)|,—o is convex in a on the set Af , and therefore
has a unique minimum in AgT. Wiktorsson says that as a rule of thumb, a is chosen
such that @ = ap;, = min, h(a)|w—o. Then he states that it turns out that a = ap;, and
w = 0 is a saddle point for the function h(a).

All in all, if we run an optimizer, finding an a which is a local min for h(a)|,—o, then
convexity tells us that it is a global minimizer. Thus, we can run a simple routine, in
this case, the golden-section method on (—o00,0) to find a.

e

1.7 Implementation

In this section the Fourier method is implemented in MATLAB and tested against
another method of pricing an European call. At the end the results are compared.

We are now interested to see how the Fourier approach compares to the standard way of
valuating a European Call. In both [1] p.105 and [2] p.153 the Black-Scholes formula is
mentioned and derived as an exact way of pricing the European Call. Where the price
is given by

C(St,t) = N(dl)st - N(dg)K€_rT
1 Sy o?
- (m (2 7
v () (0 3))
dg = d1 — 0'\/;
With the following values taken from [4] example 21.3

Table 1: Values of constants needed to determine the price.

K= $5976
r= 0.01
t= 0

r-

s; = 5.03
o= 0.65.
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With table 1 we then obtain

Table 2: The price of a European Call, with values from table 1 for the two different
methods.

Fourier method price $ 0.511475842046357
Black Scholes formula price $ 0.511475842046358
Error $ —1.998401444325282 - 10715,

In table 2 we can see that the Fourier method is highly accurate. Below follows an image
showing the value of the European Call for different strikes K = 2,4,6,8,...,20 using
both the Fourier method and the Black Scholes formula. Running the golden section
method yields a = —3.470177.

35 I 1 T 1 T 1 T 1

Cad
Fa
LE
i

1571 4

Value of the European Call

0.5 & 7

'F -l: E B A I
2 4 G 8 10 12 14 16 18 20
The Strike

Figure 1: Here we see the value of the European Call using both the Fourier method '+’
and the Black Scholes formula ’o’ for different strikes.
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2 Spread option

In this section the spread option is valuated under the assumptions that the assets follows
a Heston model. The idea is to follow the same recipe as in the case of the European call.
A Fourier approach to the spread option has been done before, but with other models for
the assets. Thus, the combination of the spread option and a two dimensional (assets),
and three dimensional (volatilities) Heston model is the contribution of this paper.

A spread option is a type of option where the payoff is based on the difference in price
between to underlying assets. Here we will consider what is called the spread call, which
has a payoff defined as (S1(7T") —S2(T) — K)*. With arguments as before, the price of this
contract is given by P,(K) = e 7T~ EQ [(Sl (T) — So(T') — K)ﬂ.ﬂs}. Since we have
two underlying assets we have to use a two-dimensional Fourier transform. Here we are
going to first transform in K and then later in Sy. Let k = log(K), « =log(51(T)), y =
log(S2(T)), and let P; be the Fourier transform of the payoff.

2.1 The Fourier transform of the spread option

In this subsection we set up the Fourier transform and investigate whether it fulfills
the necessary conditions for existence. Just as in the case of the European call it turns
out that the transform doesn’t exist but using again an exponential factor solves the
problem.

We are interested in calculating
I =e "I RE (Sy(T) - Sy(T) — K)|F| =

e—T(T—t()) EQ {(ez — eV — 6k)+|ft5} _

1 Tway twik D
(27?)2/1R/R€ Ye thdwldngFtS].

(10)

Where P, denotes the Fourier transform of the spread option, and the integral in the
expectation the inverse Fourier transform.

Before we can start transforming in £ we need to make sure that the integrand is inte-
grable. By letting f(k) = (% — e¥ — ¥)*, we continue by

log(S1—952) - .
”f : IL~{7<>o<lc<10g(51sz)}||1 = /Rf(k‘)]l{fOO<k<log(S1752)}dk7 = [ e’ —e’ —edk.
(11)

Which is directly a problem, f ¢ L*(R). We will use same trick as before multiply with
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e then |e=® f|| € L}(R),Va < 0.

Hfe_ak]l{*oo<k<log(51752)}Hl - /Rf(k)e_ak]1{*00<k<10g(51752)}dk -

log(S1—S2) log(S1—S2)
/ e~ (e® — eV — eM)dk = / e®m _ gymak _ k(e gr o« oo

— 00 —00

(12)

Since e~ f € L'(R), a < 0 we can now calculate its Fourier transform in k.

ot —ak—iwik ) log(S1—52) o 1k
/(e:”—ey—e)e“ Wtk =/ —a —iwy = 2 :/ (e® —e¥ —e¥)e*  dk =
R —00

<€:E _ ey)zlJrl
z1(z1+ 1)
(13)
Since a < 0 the integral vanish at —oo. Now we wish to compute the transform in y,
which means that first we must investigate the integrability.

H (e —ev)t! Loyt | = / (e" —ev)t!
z1(z1 + 1) L S P (z1 + 1)

1 x
r Zl—‘rld
B |/-oo(€ y / /

Ligsyydy =

—_— i@ 14
|Zl z1 + 1 | / ¢ U) ( )
x z d
/v—pe/ |2121+ |/e—pe IHp —
1 / ex(zl—‘rl)(l . p)z1+1 d o Z1+1) / p Z1+1dp
|z1(z1 + 1)] Jo P |z1 21+ 1)

Where (14) doesn’t converge, which is easily seen by investigating the integrand in a
neighbourhood around the boundary. We investigate what happens if we use our normal
trick and multiply by e~%.
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H —by( ey)ZH_l 1 ”1 / et (em - ey)zl+1
gz +1) T 2z + 1)

# /ac e_by - Zl+1dy ey =wv
|Zl(21 + 1)| —00

e —b/ x zl+1 _
N AN—— v(et — =
|21 21+ )l / ( ) v

dpe”
v = 6 6 —xb x o x\z1+1 —
/ b / |z1(z 4+ 1)| / P pe’) per

(z1+1-b) " z(z1+1-b)
g = S B(—b,m +2) =
|Zl CEs |/ P p |Zl(zl+1)|ﬁ( ,21+2)

P10 T (—p)T(2; + 2)

We see that in (15) we must have b < 0 in order to have integrability (remember a < 0).
Thus the Fourier transform becomes

x (ex _ ey)zﬁ—l by —iway /:p (6:0 — 6y)zﬁ-l b '
e Wy = 7 ey gy — Sy = 2 =
/—oo Zl<21 + 1) 4 -0 21 (21 + 1) 4 2 2

T ( Z1+1 _ 21+1 .
yZQd / ZQ? d = = z =
/oo Zl<21+1 B 4 / / 21 21—|—1 v /U pe /

1 (T _ spx\21+1 z(z1+1) 1 — p)atl
/ pe) (pe*)2tetdp = / : d-p) p?ten= Vetdp =
o 21(z+1) z1(z1 + 1)

:z:(Z1+1+22 e 1 21+2)—1d B 6m(z1+1+z2) 5
Zl 21+1 /p _21(21+1)5(22’21+ )
eI D20 (2 +2) eI D)0 (2 + 1)
21(2’1 + ]_) P(Zl + 29 + 2) N 21 F(Zl + 29 + 2) N
['(22)I'(21)
F(Zl + Z9 + 2)

Lipspdy =

(15)

i) = filwr,wa).

(16)
Where R(21) > 0, R(22) > 0. With p(t) = e~ %*e~% P(t) we have that (10) becomes

1

—r(T—to) ,ak by 7Q
7(277_)26 e K

//einy@iwlkﬁt(wl,w2>dw1dw2’]:ts . (17)
RJR

2.2 The inverse Fourier transform of the spread option

In this subsection we verify that the transform fulfills the necessary conditions in order
for the inverse Fourier transform to exists. Then the inverse is calculated.
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Now in order to continue, we must verify that the inverse Fourier transform exist, i.e
that p;(wy,wy) € L'Y(R?). The gamma function is an analytical function in the right
half-plane and has no zeros, which implies that p;(w;, ws) is continuous and integrable
at every compact subset. Thus, the only problem to consider is how p;(wy,ws) behaves
for large values of w; and wy i.e what happens at the limits of [ [& |Pi(w1, w2)| dwdws.
While investigating if §; (w1, ws) € L'(R”) the factor e*(*171+22) is not of interest as it the
imaginary part becomes 1 while taking the absolute value, the real part doesn’t depend
on wy,w; and thus doesn’t affect integrability. The interesting part is what happens
with the gamma functions when the absolute value of w; and ws becomes large.

Theorem 2.1. Stirlings formula For |z| — o0, § > 0 and |argz| < m — 0 it holds
that

1 1 1
logl'(z) ~ (z - 2> logz — 2+ 3 log(27) + log (1 +0 <>>
z
See [5] p.257 Eq 6.1.41 for a reference. Then we can see that

logl'(z 4+ z) ~ (z+a— %) log(z4+2)—z—a+ %log(Qn)—i—log (1—|—O (é))
(erafl)lo (z)+<z+a71>lo (1+9)7z7a+110 (2m) + 1o, (1+O(1>)
2) %8 2) %8 2 g 0BT T8 z
N(a+z—%)log(z)—kzlog(l—&—%)—z—a—&—%log(%r)—i—log(l—i—o(%))
~ (z+a— %) log(z) — z + %log(%r) + log (1 +0 (l>>
z

logT'(2)

Since e = I'(z) we obtain

02 (W) = |T(& + iw)| = Vame 3|3 4 (1 Lo <|w1|>>

under the condition that x is fixed and that w € R. Since g, is continuous and doesn’t
have any zeros it follows that there exists constants 0 < ¢, < C, such that

e VAT g (w) < CLe 2"I/1 + w?

By using these approximations on the quotient of Gamma functions in p(wy, ws) (16)
we obtain that

7017; 7bfl
2 2 2 2
’ﬁ(wwa)‘ < Cm \/@b+3 6*%(‘w1|+|w2\*|w1+w2|)

\/1+(w1+w2)2 2

Let 0 < § <1 and
Mj = {(wy,wy) € R* : § - (Jwy| + |wa]) > (Jwi| + |wa]) — |wy + ws| > 0}.

Then for (wy,ws) € R?\ M,
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[P(wy, we)| < Cm m e~ % (lwil+w2[=[witw2])

—a—b+3 -
J1+ (w1 Fwy)?

1/1—|—w% \/1+w2 53 (unHhus)) <
Cl 03
V1+ (w0 +wy)? E

—a—1 —p—1
Crfl+w?  “e%3ml. 14w e 3l e LH(R?)

On the set M we instead have the following upper bound

_a_, —b——
v/ 1 —|—U)1 \/1 —|—U12 ,% w1 |+ wa | — w1 +ws)) <

1D(wy, we)| < C — <
2
\/1 + (wy + wg)2

CZ\/1+w% \/1+w2

—a—b+32
V1+ (wr + w,)? ?

Since v/1 + 2 is an even function of ¢, and with the property that v/1 + 62¢2 > §v/1 + t2
it holds on Mj; that \/1 + (wy +wq)? > \/1 +52w]2~ > 5\/1 +wj2. with 7 = 1V 2. This
implies that

2

w17w2 “a—bt3
2

\/1+(w1+w2)

—a—1 _p—1
C 1+w?  *J1+wd ° _3 5
5—a—i+§ \/ 1_a_3\/ 2_b+§ :C'a\/l—i-w% 4\/1+w2 Y e LY(R?).
lwl o 1wl

The final conclusion is then that
3w, w2)ll = [ [ 1pon, wa)ldwsdus =
// U)l,UJQ |dw1dw2 + // wl,wg)\dwlde <00 =

€L1(R?)
p(wy, wy) € Ll(RQ)

The idea on how to prove that p(w;, ws) € L*(R?) was developed under communication

with Anders Holst at the mathematical department LTH.
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2.2.1 The moment generating function

Since its now clear that the inverse Fourier transformation exists, the next step is to
calculate it. This is done in this sub subsection, and it turns out that the moment
generating function appears.

Due to Fubinis theorem (17) can be rewritten as

1 , . .
We—r(T—to)/R/RE@ {e(zw1k+ak)+(zw2y+by)pt(wl7w2)|]_~ts} dw,dw, =
1
e
(2m)?

1 e I'(22)I'(21)
r(T—to) EQ |p—k—z2y go(ai+ltz) 2 \F2)2 21 S| g
(2%)26 L1 [ ’ Totmrz ] 0=

r(T—to) —21k Z2 (Zl) EQ —zoy+a(z1+1+22) fS dw+d
( // 21+Z2+2) [6 | t} Ww1aWa,

remember that  and y are the random variables. Taking use of the following definition:

_T(T—to)/ / EQ {€—z1k—z2yﬁt(w1’ w2)|./—'f} dw1dw2 =
R JR
(18)

Definition 6. The moment generating function of a multivariate n-dimensional random
variable X = (X1, Xo, ..., X,,) is

Mx(t) =E [etTX} = /Rn e X fx (z)dxy . . . dx,

And then defining the conditional moment generating function with respect to the con-
ditional probability density function as

MX\Y(t) = /Rn etTXf)qY(I)dIl Ce d[L‘n

We can rewrite (18) as

Tto)// —zik L(z2)I(#1) =N M 21+ 14 29, —29)dwidwy =11 19
Z1+22+2) Xl,x2(1 2, 2) 10W2 ( )

(

Where My, x, is to be understood as the conditional moment generating function for
(X1, X2) = (log(S1(T)),log(S2(T))), and will here after be refereed as the moment gen-
erating function.

Above in (19) we have an expression for the inverse transform. If we knew the moment
generating function, the only thing left would be to evaluate the integral. Which leads
to the next part.
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2.3 Derivation of the moment generating function

Earlier we saw that if we only knew the moment generating function we could valuate
the inverse transformation. The idea here is to derive the moment generating function.
To be able to do this we must determine on how to model our two different assets in
the spread option. With our model at hand it is possible to derive a partial differential
equation that the moment generating function must fulfill. By solving the differential
equation, the function is then derived.

Up to this moment we have not said anything about the structure for the underlying
assets, we have just derived a formula for the price for an arbitrary structure. Therefore
we are going to assume the following model for the underlying assets.

41 = St + S (VVid Wit + 7100/ VW22

dSy = rSadt + S5 <\/‘72dW21 + Tomy/ deW22>

Vi = k(61 — Vi)dt + \[ViordW, (20)
Vs = ka(B — Va)dt + /Vaosd Wi,

AV = Fo (O — Vi)t + \/Viomd W

Where dWiy, dWs; are idiosyncratic risks and dWiy, dWsy are common risk. The factors
O1m, 02, determines on how much the assets are exposed to the common risk.

Further more we assume the following non zero correlations.

dWhs - AWy, = prydt
AWas - AWy, = pomdt
dWhy - dWhy, = pndt
AWay - AWy, = pasdt
AWra - dWas = promdt (21)

We wish to derive the moment generating function for (log(S1(7")),log(S2(7"))), thus
we set X7 = log(S1(T)) and X, = log(S2(7)) and calculate the dynamics for them
respectively, according to (20). By Ito, definition 2, setting X; = log(.S;(T")) implies that

1/ 1., 1
dX; = <0+ 5 (—Sgd&» + g dSi =

Vi Tin
<7~ - =Vl ) dt + (ﬁczwi1 + aim\/vdem)

5~
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and thus we obtain the following system of equations for X, X,
ax, = (r— Y2y, i dt+ (VWi + 01 VindWia)
1 — 9 m 9 1 11 1m m 12

V- o2
0%, = ( S vm;m> at + (\Vad Wy + o[V

d‘/l = /{1(91 — ‘fl)dt + \/‘710'1dWV1 (22)
Vs = ka(Bs — Va)dt + \/Vaosd Wi,
AV = B (O — Vi) dt + \/ Vo dWy,, .

Going back do the definition of the moment generating function and using general ar-
guments we have that

m(t) = Mx, x, (21, 22) = E[en X1 H2Xe| Fi152 Ve Vn) (23)
Which implies for t < u < T

m(t) — E@[eZ1X1+Z2X2‘Ft317527V17V2,Vm] _

S1,52,V1,Va, Vi S1,92,V1,Va, Vi
EQ [EQ |:621X1+2’2X2’ffl,SZ,Vl,VQ,Vm} ‘I:t 1,52,V1,V2 } _ ]EQ [m(u)|]:t 1,592,V1,Va }

Thus, m(t) is a martingale which further implies that when applying Ités lemma to m(t)
the drift is identical equal to zero. By definition and by using that (X7, Xo, Vi, V5, V},)
is a Markov chain, we obtain m(t) = Mx, x,(#1, 22) =

EQ[f(t? Xl(t)v XQ(t)v Vl<t)7 VQ(t)7 Vm(t))

|(X1(0), X2(0), V1(0), V2(0), V;,(0)) = (21, 22,01, v2,vy)]. While restricting our self to
the set where My, x,(z1, 22) is well-defined, we can apply Itos lemma directly to f and
thus obtain the following.

O fdt + Oy, fAX) + Oy fAX5 + Oy, fAVr + DyydVa + By, fdVi+
(02 fdt> + 02, FdX? + O FAVE + 02, fdVE + 02, fdV2)+

r1T1 22 V2V2

Op,, fdtdXy + Op,, fdtd Xy + O, fdtdVy + O}, fdtdVa + 0, dtdVi,+

tvy

fdX2 +0?

V1U1

DO —

02, fdX1d Xy + 02, fdX1dVy + 02, fdX1dVo + 02, fdX1dVi,+ (24)
02, JAXodVi + B2, fdXodVy + 02, fdXodV;n+

2, fAVidVs + 2, fdVidVy,+
82

vy, AV d V1.
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Using the box algebra and the correlations from (21) we have that
dt* =0
dX} = Vidt + o3V, dt
dX3 = Vadt + o3, Vi, dt
dV? = Vioidt
dVy = Vaosdt
dV2 = V02 dt
dtd X, = dtd Xy = dtdVy = dtdV, = dtdV,, =0
dX1dXs = 01m02mpP12m Vindt
dX1dVy = o1 Vippdt

dX,dVo =0
Xmde = UlmOmeplmdt
dXodVy =0

dXodVs = 09Vapaadt
dX5dV,, = 0950, Vi pamdt
dVidVy = dV1dV,, = dV,dV,, = 0.
Inserting all the differentials into (24) we obtain

0, fdt+

v,

0, f ((r -5 = Va "1’”> dt + <\/ LdW, +alm\fdwm>>
V- 2

Ors f ((r -5 - vag“> dt + <\/V2dW21 + ngMdW22>> +

lef <I€1<01 — %)dt + \/ﬁgldWm) +
81,2 <I€2(92 — ‘/Q)dt + \/‘7202dWV2) +
Oy, f (M(em _V)dt+ \/VmadeVm> +

(fﬁmf(vl + 01 Vi) + 02,0, f (Vo + 05, Vi )+

fViot + 0, fVaos + 02

'Ulvl UmUm

fVio >dt+

szUlmUQm,OmmV dt+
92 o fo1Vipndt+
D2 o fO1mOmVinprmdt+
x2v2f02‘/2p22dt+
xzv fo2mom Vinpamdt.
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As mentioned earlier, m(t) is a martingale, and thus the drift must be zero. Thus, by
collecting all contributions ”in” dt those term must equal zero, i.e

O, fdt+
Vi Oim
8x1f<r—2—vm ! )dt+
2
amzf (T V - Vmo-;m> dt"’
0,

(9v2 fliz 02 V )dZH‘

2

v1f"{1(91 Vl)dt+
(

Ov,, frm(Om — Vi) dt+

<ailxlf<vl + 01 Vin) + 02 f (Vo + 05, Vin)+

2
vlvl f‘/lo-l + avgvg

fVaos + 02 . fVimo >dt+

aglngalmgzmﬂlzmv dt+
Ilvlfal‘/lplldt+
zlv falmamvmplmdt+
x2v2f02v2[)22dt+
:vgv fUQmUmepgmdt = 0.
Which can be rewritten as the following PDE

o f+
% o2 Vi+ 0}, Vi
(T a 51 a Vm1> 8I1f * 0-1‘/1'011 mlvlf T 01mom mplmaﬁlvmf % z1a:1f+
Va oa Va+ 03, Vin
(T - ?2 - V . ) 8$2f + 0-2‘/2p22 mgvgf + 0-27710-771 memaigvmf % x2m2f+

T1mO2mP12mV, xmf—i‘

fﬁl(el Vl)av1f+ Ulvl v1v1f+
52(92 %)avzf—i_ 2‘/2832U2f+

K (O — Vi) Oy, f + —mV w0 f=0.

(25)
Going back to the definition of m(t) (23), we see that

51,52, Vi, Va,Vin . .
m(T) = E[es X1 22X Foro2 072 Vn ] we know all information =

m(T) _ €z1X1+z2X2 = f(T, X17X2: ‘/'1’ ‘/2’ Vm)
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That is, f(T, X1, X2, Vi, Va, Vi) = e5X172%2 {5 a boundary condition to (25).

Now by making the ansatz that
f(T, ‘)(17‘)(27 ‘/‘17 ‘/’27 Vm) — 6A(T)+21X1+22X2+Bl(T)V1+B2(T)V2+Bm(T)Vm’ 7+ = T — ¢t and by
setting 7 = 0 the above boundary condition implies

f(o Xl )(2 ‘/1 ‘/2 Vm) — eA(0)+ZIX1+ZZX2+B1(O)VI+BZ(0)V2+B7n(0)vm —

€z1X1+22X2

=
I

The ansatz for f might appear as magic, but it can be justified. There are no correlations
between V;,V; i # j ie p(V;,V;) = 0 ¢ # j. Thus, there will be no cross-terms in
Vi, Vj © # j i.e they can be linearly separated. There is correlation between V; and Xj,
p(Vi, X;) = pjdt and dX; - dV; = Vio;p;;dt which is captured as term in the function
B;. Also dX; - dXy = 0102 Vimpiamdt which is captured in the function B,,. Thus
the moment generating function can be linearly separated in the exponent in terms of

X17X27‘/17‘/2 and Vm

From here and throughout this subsection, X; will be thought of as X;(0) and V; as
Vi(0) in order to improve readability in the coming somewhat messy calculations. With
our ansatz we can determine A, By, By and B,, by plugging f into (25). Now remember
that 7 =T — t which means that dr = —dt and we obtain

0=—(A"+B\Vi+B\Va+ B, V,)f+

> 02 Vi+ 01,V

<T - ?1 — Vi ; > af +oVipuziBif + 01m0mVipim 21 Bm [ + % al+
v o2 Vo + 05, Vim

<7" - ?2 = Vi ; ) zof + 02VaparzaBao f + 0onOmVinpam 22 Bm f + % al+

01mO2mP12m Vm 2122 f_'_

2
m1(61 = Vi)BLf + B+
0.2
Ka(0r — Vo) Baf + ;%Bgf‘l'
0.2
K (O — Vi) B f + %VmB?nf

We regroup in the following way
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Vi -

O = f ( —A/ —+ T(Zl + ZQ) —+ m@lBl + KJQ@QBQ + mmeBm

€1

/ U% 2 Z% <1
Vi|-B;+oipuzBr+ ?Bl — k1B + 5 "5t
€2
/ 03 1 5z
Vé —B2 + O'QpQQZQBQ + ?BQ — Iing —+ 5 - 5 +

€3
2

o
B;n + 21 (UlmamplmBm - 1m> + Z9 (UZmampZmZQBm -

2
2 2

2 2 2

61+€2+€3+64.

2>+

o o 0'2
im 2 2m 2 m 2
—Q <1 + —Q <9 + O1mO02mpP12m~<122 — limBm + 7Bm =

We now claim that to obtain A, By, B, and B,, we can solve ¢; = 0 for i = 1,2,3,4
as a system of equations. As in earlier when we justified the ansatz for the moment
generating function. We argued that Vi, V5 and V,,, could be linearly separated due to
the correlation structure. This then leads to that es, e3 and ey can be thought of as,
having nothing to do with each other. Thus, there can never be combination of the three
yielding zero. Since all of those three must individually be zero, logic tells us that e;
must be individually zero.

None of f,V;, V5 and V,, are identically zero thus, we obtain

— A + T(Zl + 22) —+ lil(ngl + K/26232 + ijemBm =0

o7 2z
— B+ o1puz1 By + EIB% — k1B + 51 - 51 =0
— By + 09p2222 By + 023322 — koBy + 223 - % =0
— B+ (cnmamplmBm — Ui’”) + 2 (UQmePQmBm _ Oom
Uzmzf + Uimz% + O1mOompPr2m172 — KmBm + (7231372” =0

(29)

We notice that (27), (28) and (29) are separable differential equations, and we start by
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solving (27).

o? 22 4
Bj +o1pnz1Br + ?13% B+

2 2

, o ., 2 oz

_Bl +Bl (0101121 — Iil)—l- —_ Bl + = —
N——

0= —

2 2 2
yl v W
Y2 Y3
dB
- L — By + 1B+ 3 &
.
dB,

=dr &
Biyi + 2B + 3

\ 2y —y?

:T+01<:>
\VAiys — yi
B Ayoys — yi tan(\/4y2y3—y%(7+01)> B
i a4 —

290 2y 2

This looks awful, but be patient, set id; = /4y2y3 — v then

id id arctan Zy—l
31(7'):—&4-@71’6&11 (Z 17——1—'d (d1)> =

2 TG
U dy (Sinh(d{) -5 cosh("llT))
2y> 2y \ cosh(4T) — 2t sinh(
(1 — e_le) (22 — 21)

(k1 = oupnzr) (L —em) +dy (L)’

dy = \/(/ﬁ — o1pnz)’ + o3z — 23)

Due to the similarities between (27) and (28) the solution to (28) will be the same as
for (27), just changing ; to .

2 —
%)

B <1 _ e—sz) (222 o 22)
2(7—) - (/{2 — O'2p2222) (]_ _ e—sz) + d2 (1 + 6_Td2)7

dy = \/(/@ - 02P222’2)2 + 03 (29 — 23)
For (29) we do the following
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B _ Tim _ Tom
Bm + 21 UlmamplmBm + Z9 UQmamemBm 9 +

2
2 2 2
o (2 g,
im _2 2m 2 m 2
72 21 + 72 Z9 + O1mO2mpP12m~<122 — KmBm -+ 72 Bm =

— B!+ By (2101m0mpim + 2202m0mpPam — km) +

Y1

o2 o2 o2

B3 By, + %(212 —21) + %(25 — 22) + T1mOomPram 2122

Py ps

Bo—_Y VAY2ys — y7 tan VAy2ys — v (1 + Cry)
T 2y 2y, 2

Setting ids = \/4ysys — y7 we apply the same strategy as before, and hence the solution
becomes

Bm(T) _ (1 - edem) (U%m(zl - Z%) + Ugm(ZQ - Z%) - 201m02mp12m2122)

(Iim — 2101mO0OmpP1im — 2202m0mp2m) (1 - e_Tdm) + dm (1 + e_Tdm)7

ds = \/(Fm — 210m01mpim — 220m02mpam))? + 0% (02, (21 — 22) + 02, (22 — 22) — 201mO2mpPi2mz122)
Then we can solve for A in
— A"+ r(21 + 22) + K101 B1 + K202 By + Kb By = 0 =
A(r) = r(z1 + 22) + /0 " k101B1(Y) + £202Bo() + Kb B (7)Y
Thus we need to integrate By, By and B,,. For simplicity we rewrite B; i = 1,2, m in a

way such that anything which not contains 7 will be collected in a constant. Thus we
can write B; i = 1,2, m as

(1—e*) 29,
Y1 (]. — 6_Tdi) + dz (]. —+ G_Tdi)

Bi (T) =
Where

T T 1-— G_Vdi) 2y3z’
Bi(v)dy = / ( ’ dy =
Jo Bt = [ e F g e
l_ 2ys.i(diy(y1,; — di) + 2d; log(yr (7% — 1) — d;(e?% + 1)))]T
di(yr: — di)(y1,i + d;) 0

1 —y1,i<67di — 1) + di(eri + 1)
52 <<_yl,i +d;)T — 2log ( 24,

7

Which then gives us that
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A(r) =1r(z1 + 22)+

id —o1puz + Fr) (€7 — 1) +da(e™ +1
% ((—01,011Z1+/€1+d1)7—210g<( 1P11%1 1)( o ) 2( ))) n
’ 1
0 _ Tdy 1 d rds 1
% ((—UQPQQZQ + ko + d2)7— _ 210g (( O9p22%9 + :‘432)(6 y ) + 2(6 + ))) N
’ 2

Km Qm

g ((—Zlolmamplm — 2909mOmpPom + Em + ) T—
m

(_Zlglmamplm — 2209mO0mP2m + Km)(erm — 1) + dm(GTdm + 1)
2log >

2.4 Simulation of the Heston model

In the case of the European Call, we presented another method for valuating the value of
the financial contract. Here we wish to do the same, to somewhat have a justification for
our calculations. In the case here, there is no answer sheet to look at the end. Thus, we
will provide a Monte Carlo pricing strategy and compare the answer against our Fourier
Method. We argue that if the value from the Monte Carlo simulation corresponds to
the value with the Fourier method, then we can be convinced that our calculations
are correct. Since the probability that two independent methods would yield the same
incorrect value seems very low.

We wish to simulate the value of the assets S; and S3. The details of the simulation will
not be presented since, it’s not the main focus of this paper. But the simulation that
will be used is the one presented in [6].

2.5 Simulation scheme

The scheme for the Monte Carlo simulation is presented below.
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Initialization

Vio = Vi(0), Voo = Va(0), Vino = Vin(0),

A A T
Sio = S1(0), Sy = 55(0), h=
0 = Si0), S0 = 50, h=
49 4 —hk1 2 1— —hk1
4 = 12/€17 )\1:%7 CH:M’
o1 o1(1 — e~hm1) 4Ky
40 ko dpige=ir2 o3(1 — e~ hn2)
dy = 2 Ao = 91 o hro\ Y2 T T o
o3 05(1 — e~hn2) 4k
i - 40, Ko o 4egpeltrm oz (1 — e hrm)
o g2 T g2 (1 —ehem) T 4K, ’

P12m — P1mP2m

a V1= /1= o
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for k=1 to nsteps do

Vi =
Vak
Vm,k =

Sy, =

Gk
G
G12k
G22k

end

C} X ncx2rnd(dy, Vl’k,l)\l)(MATLAB’S non-central-y? random number)
Cg X IlCXQIIld(dQ, ‘72’]{,1)\2)
Chn X nex2rnd(d,,, mG_l)\m)

& 0 V; Vi 1
S1,k—1 exp <h ((r _ puk 1> 4+ Lk + Vig—1 (Hlpll B ))
’ 01 2 o1 2

O 1mP1mbimOm Vik + Vit [ OtmbmpPim 02,
+h<<_1ﬂ1 >+ k ,kl(l P1 _;))

Om, 2 Om

‘71 kT ‘71 k-1
s s 1 2 G
9 ( /311) 1k

O1mPlm ;& ~ Vm + Vm _
1001 (Vink — Ving—1) + Ulm\/h’kQ’kl(l — p%m)ka)

Sop_1exp | h r— P22Kol9 X 2k T Vor—1 <m2p22 B )
| 72 2 02 2

+h<<_202 >+ k ,k1<2 P2 _2))

+&(‘71k — V1,k71) + \/h

01

+

Om 2 Om 2
. . Vo + Vare

+ 22 (V= Vo) + ¢ h=25 (1 = 03y G

09 2

mM2m > ‘A/m + Vm —

+020p2 (Vine = Ving—1) + Uzm\/h’kQ’kl(l - p%m)Gz%)

1 00 0 Xk

010 0 Xon

0 01 0 X

0 0 P 1-— p2 X4k

where { X1k, Xok, X3k, Xk 7, are iid standard Gaussian r.v.

2.6 The value of a spread option according to simulation

The implementation of the scheme was done in a way, that for every time step, a vec-
torized simulation of M number of assets were done. That is, at every step, M numbers
of S] assets and M number of S5 assets were simulated. This then meant that at the
last step, we had M simulations of S;(7") and Sy(7"). With these two, we were able to
calculate the payoff according to (S1(T') — S2(T) — K)™ and then take the mean, dis-
counting the mean and the value was obtained. At this time the standard deviation was
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as well calculated. Thus being able to construct at confidence interval for the discounted
payoff.

After running a few simulations, it was noticed that the variance was higher than wanted.
By adding a control variate, the variance was reduced. Thus, by recalculating the dis-
counted payoff with the same simulations, but with a control variate. We obtained an
approximation for the value of the spread option with lower variance and a narrower
confidence interval.

The following values was used in the simulation:

2.6.1 Correlations and exposure

Table 3: The correlations used in the Table 4: The different exposure constants
simulation of the Heston model used in the Heston model

Pim = -0.5 Olm = 0.3

pom = -0.6 oom = 0.35

P11 = -0.6 01 = 0.2

P22 = -0.7 09 = 0.3

piam = 0.7 om = 0.25

2.6.2 Kappas and Thetas

Table 5: The constants kappa and theta

K1 = 2

Rg = 3

Km = 2.5
0, = 0.015
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2.6.3 Initial values, Strike and interest rate

Table 7: Strike, rate, time to maturity,

Table 6: Initial values of the assets starting time, steps, number of assets per

and volatilities time step
5:'1,0 = 80 K = 20
Sog = 60 r = 0.05
Vio = 001 T = 0.5
Voo = 0.01 t =0
V.. = 001 nstep = 1000
’ M = 10°

This lead to a value of 3.302221 for the spread option and a confidence interval [3.2728, 3.3317].

E[e™"7(S1(T)—Sa(T)—K) e~ "7 (S1(T)—Sa(T)— K)—(S1(0)—S2(0)—e "7 K)]
E[(e=7(S1(T)—S2(T)—K)—51(0)—S2(0)—e =7 K)?| ’

a value of 3.305545 , a standard deviation of 0.0076 and a confidence interval of [3.2903, 3.3208]

By using a control variate, g =

was obtained. Now the idea is that, being confident enough that the simulation is done
correct, if the value of the inverse Fourier transform lies in the confidence interval created
using a control variate. Then we can be confident that the calculations of the inverse

Fourier transform are correct.

The simulation was tested against different kind of strikes K = 10, 15, 20, 25, and the

result is presented in the image below.

9 92 94 96 98 10 102 104 106 108 11
The Strike

Figure 2: A confidence interval of the
value of the spread option for the strike
K = 10. The blue dot represents the
mean.

> o o 9 © © o
@ 8B 8 ¥ & & 9

Value of the spread option

o
o

6.49

6.48
14 142 144 146 148 15 152 154 156 158 16
The Strike

Figure 3: A confidence interval of the
value of the spread option for the strike
K = 15. The blue dot represents the

mearn.

Page 33



A Fourier approach to valuating derivative assets Oskar Rasmusson

w o o
S 8 ®

Value of the spread option

Value of the spread opfion
w
w

33

3.29 - 1.325
19 192 194 196 198 20 202 204 206 208 pal 24 242 244 246 248 256 252 2654 256 258 26

The Strike The Strike

Figure 4: A confidence interval of the Figure 5: A confidence interval of the
value of the spread option for the strike value of the spread option for the strike
K = 20. The blue dot represents the K = 25. The blue dot represents the
mean. mean.

2.7 How to choose a and b?

Up until now we have concluded that in order for the Fourier transform to exist we must
choose a and b such that @ < 0 and b < 0. In theory, the exact value of (a,b) doesn’t
matter, as long as they fulfill their constraints. However in practice the values of (a,b)
are critical. Just as in section 1.6 there exist optimal values of (a,b), call the optimal
values (@min, bmin ), Which gives the highest precision of the numerical integration. Going
back to (19) we wish to calculate

r(T—to) (Zl) NP\ M P _
X (21 + 14 29, —29) dwidwy =11
// Z1+Z2+2) X,X(l 2 2) 14W2

h(a,b)

Just as in section 1.6, the numerical integration of h(a,b) will be precise when the
oscillation are low, and they will only be significant when |w;], |w;| are small. Fur-
thermore the oscillations of h(a,b) are proportional to |h(a,b)|. One also has that
|h(a,b)| < h(a,b)|w;—0ws—0- From here it makes sense to restrict one self to search
for (amin, bmin) by solving

min h(a, b)|w,=0,ws=0- (30)

(S,t)G{R<0 XR<0}

2.7.1 Can we find a minima for h(a,b)|w,—0.w,—07

We wish to find a minima for h(a, )|y, —ow,—o0- First we note that h(a,b)|w,=0ws=0 is
defined on the set {(z,y) € R* x Rt} which is a convex set. Thus, if we could prove that
h(a, b)|w,=0,ws—0 is convex, it would be sufficient to find a local min for h(a, b)|w,—0.ws=0
which would imply a global min. Lets study the log of h(a, b)|w,—0.ws—o0-

Remember that

EQ {6%2 log(SQ(T))HZlHJrZQ)1Og(SI(T))} = Mx, x,(z1 + 1+ 29, —22) (31)
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We define

Cfll]i;k — eA(T)—‘rBl(T)V1+BQ(T)V2+Bm(T)Vm Where

E*[X] = /Q X (w)dP* (w)

Then (31) can be rewritten as E*[e~*X170X2] Thus we can rewrite h(a, b)|w,=0.ws=0 as

ko L(=a)I'(=b) —aX14+bX>
ca—br T |

Taking the log yields

log (h(av b)’w1=0,w2=0) =

log(T'(—a)) + log(T'(—=b)) — log(T'(—a — b+ 2)) + ka + log (E* {e—aXl—l—ng}) (32)

Theorem 2.2. Let Mx(t) = E [etTX} be the moment generating function for X. Then
log(M(t)) is convex.

Proof. Holders inequality says that

Theorem 2.3. Let (S,3, 1) be a measure space and let p,q € [1,00] with 1/p+1/q = 1.
Then, for all measureable real- or complez-valued functions f and g on S,

1fglle < [/ 1lpllgllq

Put f =06 X =X ,— 5 and ¢ = 5 for any 0 < § < 1. Taking log on both
sides we obtain

log (E [e0=0F+4DX]) < (1 — 0) log (E [¢F%]) + log (E [¢£1%])
0

By the Bohr-Mollerup theorem the log(I'(z)) function is convex on the positive reals.
Thus, log (h(a,b)|w;=0.w,—0) is convex which implies that h(a, b)|u,=0w,—o is convex!

2.7.2 Can we restrict ourselves to a smaller set when searching for the min?

We concluded that h(a,b)|w,—o0w,—o is convex and if we can find a local min, we know
that it is a global min. But to search numerically for a local min on the entire positive
reals seems unnecessary, if we can find a smaller set which includes a local min. While
we know that My, x,(z1 + 1 + 22, —22) is well-defined for a < 0, b < 0 we can use
this information to construct our desired smaller set. Actually, in this case, trying to
calculate the set where My, x, (21 + 1+ 29, —22) is well-defined is to complicated, which
is another reason for why we are pursuing the strategy of constructing another set.

Page 35



A Fourier approach to valuating derivative assets Oskar Rasmusson

Focusing at the moment on My, x,(#1, 22) and applying the above theorem by Holder
Wlth q — 2%17 one gets

1 p=1
My, x, (21, 20) = B[em0722%2) < (B[er25]) 7 (B[er52%7]) 7 =

p—1

1 P P
Mx, (pz1)7 - Mx, <p_122>
Which implies that whenever My, and My, are well-defined, then
Mx, x,(21, z2) is well-defined. Now for a moment, imagine My, (1) being well-defined
on (c1,dy), i.e whenever ¢; < R(z1) < dy and My, (22) being well-defined on (cz, ds), i.e
whenever ¢; < $(29) < dy. Below in figure 6 the set of suitable R(z), R(z2) is visualized.

Re (z;)

Figure 6: By making the assumption that My, (z;) being well-defined on (¢;,d;) and
that Mx, (z2) being well-defined on (cq, dz). Then this is the set of suitable R(z;), R(z2).

Now since My, (z1) is defined on (¢;,d;) and since p € [1, 00| we have that My, is well-
defined on (<, %1). By similar argument we have that

My, is well-defined on (¢ (1— ), ds (1 - ]%)) Now remember that any p € [1,00] is

acceptable, which means that for any point in any of the sets

(2,9) x (e (1=1) dy (1 ;2) we have that My, x,(21,2) is well-defined. Thus,
e one constructed by taking the unions over all p, i.e

the set we are looking for, is t
Upe[t,00) (& %) X (025 — l) , do (1 - %)) The natural question now is, how can we

p’ p
visualize the set Upe[l,oo)(%, %1) X (02 (1 — %) , do (1 — %))? Well, setting p = oo gives
us {0} X (¢2,ds), below in figure 7 the points included in this set is visualized by a green
line.
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Figure 7: By setting p = oo we obtain the set {0} x (c2, ds) which is visualized by the
green line.

Setting p = 1 gives us (c¢1,d;) x {0} below in figure 8 the points included in this set is
visualized by a blue line.
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Figure 8: By setting p = 1 we obtain the set (c1,d;) x {0} which is visualized by the
blue line.

Going back to (%, %1) X (02 (1 — ]l)) ,do (1 - %)) we can visualize this as rectangle, where
(%, %) determines the width and (02 (1 — %) ,da (1 - %)) determines the height of the
rectangle. The union of all these rectangles will give use the desired set. Consider an
arbitrary p and we want to consider where the upper left corner of the rectangle will lie.

Well in the expression (%, %) X (02 (1 — }%) . do (1 — %)) the upper left corner is given
by (%, Co (1 — %)) But this is exactly a parameterization of a linear curve! And we
already know two points which must lie on this curve, the two points (¢1,0) and (0, ds)
which we obtained with our blue and green lines. Since the parameterization is a linear
curve and we know two points which must lie on the line. We know the upper left corner
for any p. Below in figure 9 a red line visualize all the possible points for which the
upper left corner can lie.
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(€1.dy) (dy.d,)

Re z,)

Figure 9: Visualization of the where the upper left corner of the rectangle can lie for
arbitrary p. Any point on the red line corresponds to a upper left corner of a rectangle
for some p.

This argument can of course be repeated for any corner of the rectangle, and thus we
can obtain three other lines, each for any of the other corners, which is seen in figure 10
below.
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(C1,dy) (dy,d,)

Figure 10: The red lines indicate where any of the four cornes of the rectangle may lie,
for arbirtrary p. The upper left line indicates the upper left corner. Upper right line
indicates upper right corner. Lower right line indicates lower right corner. Lower left
line indicates lower left corner. Any of the rectangles constructed by putting corners on
the line corresponds to some p. Any any of those rectangles is included in the union

Unpeftoo) (2, 9) x (c2 (1= 2) ,dy (1= 1)),

But this means that we have found our desired set Upe[1 o) (%, %) X <02 (1 — %) , do (1 — %))
The final image of the entire set can be found below in figure 11.

The set above in 11 is only dependent on the values of the parameters in the Heston
model, the initial volatilities, the correlations and the time to maturity. That is, the
set will be same independent of the initial values of 57,5, and K. Thus, the result can
reused over and over for valuating the spread option with different initial values on the

assets and the strike.
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Figure 11: The set of all R(z;) and R(z) where My, and My, are both well-defined.
Given the assumption that My, (z;) being well-defined on (¢;,d;) and My, (22) being
defined on (cz, ds).

The above picture can be characterized by the following inequalities
dy
%(22) < —j%<21) + dg
1

d
R(z2) < = “R(2) +dy
1

%(22) Z —%%(21) + Co
1

%(22) Z —2%(21) + Ca.
dy

This is all in all good, but the set we have constructed is the one in consideration for
My, x,(#1, 22), we want the one for My, x,(z1 + 1+ 22, —22). Now we are going to be a
bit clever and put a ~ on z; and z in My, x,(21,22) i.e

R(z) < —Z?%(?l) + dy
R(z) < ~2R() + dy
R(%) > —Z?R(zl) + e
R(z) > ~ R +o
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Now set Z; = z1 + 1 4 25 and 25 = —29, and we obtain

dy

8%(—22) S —E%(Zl +1+4+ 2’2) + dg
1
d

%%ﬂﬁg—me+1+@sz
1

g%%ﬂz—?m%+1+éﬂﬂ2
1

R(—29) > —%3?(21 + 14+ 29) + co.
1

We have that (z1) = —a and R(z2) = —b, which gives us

bﬁ—@(—a+1—b)+d2
dy

d
b< —=(—a+1—0b)+dy
(&1

1

Remember that we must still guarantee that the Fourier transform to exist, so we must
add —a > 0 and —b > 0, and finally we obtain

—a >0
—b>0
b< -2 —a+1-b+d,
b< -2 —a+1-b+dy

b>—-2—-a+l-b+c
b>—-F—a+l-b+o.

Now by going back to (30) our problem is reduced to search for a min in a smaller set,
ie

(SIE)IEHD h(a> b) |w1 =0,w2=0

2.7.3 The set where the marginal Moment generating functions are defined
is not arbitrary

Earlier we assumed that M, (z;) was well-defined on (¢;,d;) and My,(z) was well-
defined on (c9,dy). These sets are of course not arbitrary, they are unique sets that
we can calculate. Since we know the structure for both assets S; and Sy (20) and the
correlations (21). Actually we also need to know the time to maturity. The sets are
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obtained by solving a third degree polynomial, obtaining the zeros. Doing that, with
7 = 0.5 (year) and the same values as presented in 3, 4, 8, 6 and 7 we obtain

| My, (21)] < 00 YR(21) € {(—25.458563,61.182879) N R(z1) > 0}
| My, (22)] < 00 YR(22) € {(—17.381963, 58.169061) N R(25) > 0}.
The set D i.e. (33) can thus be rewritten as

—a >0

—b>0

0.0518565b < a + 60.1855
1.43766b < 26.4581 — a
0.464558b > a — 26.4569
4.51989b > —a — 60.1827.

All these inequalities looks messy, and it can actually be simplified. By drawing the set
in GeoGebra, we obtain the following picture.

Figure 12: Here we see the set D, as the red filled in part in the above plane.
Thus, we realize that the set D can be described using only

—a>0
D={_b>0 (35)
451989 > —a — 60.1827.

2.7.4 Running an optimizer to find the values of ¢ and b

By using MATLABSs built in function fmincon the solution to
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min h(a, b)|w, =0.ws—0

(s,t)eD
where P B (—a)
_ _ — 7(1]6 - M 1 _
h(a7 b)’w1—07w2—0 € F( a—b+ 2) X1 Xz( a+ b, b)
and
—a >0
D=¢-b>0 (36)

4.51989b > —a — 60.1827.

In order to improve numerical calculations and reduce the risk for overflow. We are
going to ask MATLAB to minimize the function log (h(a, b)|w,=0,ws—0) instead. Giving
the advantage to use the function gammaln with its clever implementation which directly
calculates the log of the gamma function, instead of first calculating the gamma function,
then taking the log. By finding the values of (a,b) that minimizes log (h(a, b)|w,—=0.ws=0)
and using the logic that if x; < x5 then €' < e* we obtain the minima.

With the same values of all the constants in our model as in the simulation of the Heston
model, the minima of h(a, b)|u,—0.w,—o 1S Obtained at

(@min, bminy = (—3.975063; —9.947600) € D\OD. It is important that the minima doesn’t
lie on the boundary. Because if it did, we couldn’t be certain that what we had found
actually was a local minima. We have focused on looking for a minima in a smaller set
than the actual set. A potential minima on the boundary could mean that there is a
local minima outside our set but the method can’t find it, since it’s not allowed to search
there. If that were the case, we would have had to find another way to approximate the
complicated set where My, x, is well-defined.

2.8 Valuation of the spread option

Now going all the way back (19) we want to evaluate

e "(T—=to) // ik _L(2)T(21) — = L M 1 —29)dwidwy = 11
T+ 22+ 2) Xl,X2<Zl+ + 29, —22)dwydw,

This can not be done analytically, so we are going to calculate II numerically. We know
that the value of II is real, thus by taking $(IT) wont change anything. Doing this, we

27T
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will use the following approximation

393((

(27

e—T(T to)

(N)
(2#)2 Z 1 kw? ]

keN jeN

e () Oy - )T'(z1)
Z Z wl k 2] MX1,X2(21 +1+ 22 _22 _ gn) - (n)+

T tO —z1k 22 (zl) M 1 B d d _
// [(z1 4+ 22+ 2) 1% (21 14 20, —2p)dwidwy

['(z1)
r(T— to)/ / _ZlkLM 1 _ dued N
( I(z1+ 20+ 2) x1xe(21 1+ 22, —20) | dwndwy

—zlk ( )
I'(% + 2o + 2)

—————— My, x, (21 + 1+ 22, —22)

keN jeN 21+22+2)

)'(21)

21+2’2+2)

77‘(T to

) Z Zwl kw2,]

keN jeN

e

MXl,Xz(Zl + 1+ 2, _22

) =)

wlzzlyky 2

—r<T 2 )
—zZk 2 1 - = =
w'™ W= Mx, x,(Z1 + 1+ 2z, —2)
B ( YR

Using the same values as in the simulation, a value using the Fourier method is obtained
and II = 3.3175. While valuating the spread option using the Fourier method the
number of weights were varied. Below follows an image showing the convergence as a
function of the number of weights.

Page 45



A Fourier approach to valuating derivative assets Oskar Rasmusson

100 : : :

s S L D (LA 0

0 50 100 150 200

Figure 13: Here we see the convergence of the value of the spread option using the
Fourier method as a function of how many weights were used. The convergence is fast
and remains stable while increasing.

The value of the spread option using the Fourier method was tested against different
strikes, K = 2,4,6,8,...,40, and the result is presented in the image below.

Page 46



A Fourier approach to valuating derivative assets Oskar Rasmusson

— — - — %]
[ R s3] o s’
L] 1 L] L] 1

+
+

Value of the spread option
=

0 5 10 15 20 25 30 35 40
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Figure 14: Here we see the value of the spread option using the Fourier method for
different strikes.

2.9 Monte Carlo vs Fourier Method

Using the values presented in the simulation section all results are presented below.

Table 8: The result for the different methods

Kind of simulation Value Standard deviation Confidence interval
Monte Carlo 3.302221 0.0147 [3.2728,3.3317]
Monte Carlo with control variate 3.305545 0.0076 (3.2903, 3.3208]
Fourier Method 3.3175

Below follows images showing the value of the spread option according to the Fourier
method and a confidence interval from the Monte Carlo simulation illustrating its per-
formance and accuracy.
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Value of the spread option

10 102 104 106 108
The Strike

9 92 94 98 98 "

Figure 15: Here we see the confidence
interval of the Monte Carlo simulation
of the spread option for the strike K =
10. The blue dot represents the mean
and the red '+’ represent the value ac-
cording to the Fourier method.
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Value of the spread opfion
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w

3.29

192 194 196 198 20 202 204 206 208 21

The Strike

19

Figure 17: Here we see the confidence
interval of the Monte Carlo simulation
of the spread option for the strike K =
20. The blue dot represents the mean
and the red '+’ represent the value ac-
cording to the Fourier method.
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Value of the spread option
=3 o @ o
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14 16
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The Strike

Figure 16: Here we see the confidence
interval of the Monte Carlo simulation
of the spread option for the strike K =
15. The blue dot represents the mean
and the red '+’ represent the value ac-
cording to the Fourier method.

Value of the spread option

242 244 246 248 25 252 254 256 268 26

The Strike

Figure 18: Here we see the confidence
interval of the Monte Carlo simulation
of the spread option for the strike K =
25. The blue dot represents the mean
and the red '+’ represent the value ac-
cording to the Fourier method.
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We see that the value of the Fourier method lies in the confidence interval which is what
we aimed for. There fore we conclude that the calculations are correct and valuation of
the spread option using the Fourier method is accomplished.
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