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Modelling Tidal Energy Extraction
in a Depth-Averaged Coastal Domain

S. Draper, G.T. Houlsby, M.L.G. Oldfield and A.GRorthwick

Department of Engineering Science,
University of Oxford,
Parks Road, Oxford, OX1 3PJ, UK

Abstract
An extension of actuator disc theory is used tocudles the properties of a tidal

energy device, or row of tidal energy devices, mita depth-averaged numerical
model. This approach allows a direct link to be enbdtween an actual tidal device
and its equivalent momentum sink in a depth-avetadgmain. Extended actuator
disc theory also leads to a measure of efficiencyah energy device in a tidal stream
of finite Froude number, where efficiency is defires the ratio of power extracted by
one or more tidal devices to the total power rerdofrem the tidal stream. To

demonstrate the use of actuator disc theory inptheleveraged model, tidal flow in a
simple tidal channel is approximated using thelshalvater equations and the results

compared with published analytical solutions.



1 Introduction

The deployment of a large-scale tidal farm willugince the hydrodynamics within a
coastal basin. To understand this influence, restmties have considered analytical
models of tidal power extraction from channels (skee example [1, 2, 3, 4]),
numerical models of site specific coastal regiosee( for example [5, 6, 7]) and
numerical models of general coastal regions [8, T9lese studies have typically
considered the maximum power that can be extratted a coastal site and the
impact of tidal devices on tidal variables suchheslocal tidal range and tidal current.
As a result, a reasonably complete understandisgbkean developed of the power
potential of well-bounded tidal streams, such daltflow through a single channel
between two basins [1, 2, 3]. However, a growingber of less well-bounded sites
have been identified as having potentially sigaifictidal energy resources (see, for
example [10, 11]).

Fig. 1 sketches a set of idealised geometriesstiramarise the different generic types
of coastal sites that might be encountered in me&ciThis basis set defines four
coastal geometries: a) a channel between two dismb@d basins; b) a coastal inlet,
estuary or bay; c) a headland; and, d) an islacatéal near a much larger land mass.
Noting that the hydrodynamic behaviour of the gewynédepicted in Fig. 1(a) has
received considerable attention to date [1, 2a3letailed understanding of the power
potential and hydrodynamic effects of energy exibacin the remaining geometries
would provide an ideal reference point for tidaoerce assessment.

Numerical simulations offer a useful means of preédg how less well-bounded
coastal sites, such as those depicted in Figs drid) 1(d), react to tidal power
extraction. Previous numerical models have all begsed on approximations to the

Shallow Water Equations (SWEs), with the effects tmfal devices typically
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introduced through an added roughness or a gesetate term [5, 6]. Although
added roughness can represent tidal devices tostdider approximation, it is
difficult to relate the roughness value to a palttc tidal device configuration.
Attempts to do so have been empirical and haveyabtbeen verified [7]. In the
present paper we use actuator disc theory to teseritidal device within a depth-
averaged numerical model, following Garrett and @uns who used a similar
approach within a 1D analytical model [12]. A kewvantage of actuator disc theory
is that it provides a theoretical argument thakdira tidal device, defined by a
blockage ratio and porosity (see Section 3 for nighins), to the equivalent
momentum sink that the device should impart withindepth-averaged domain.
Furthermore, simple scaling arguments suggestat@iator disc theory might also
provide a useful approach for unbounded flows.

The layout of the paper is as follows. Section\Zaws the literature on analytical and
numerical modelling of tidal power extraction. Sewt3 presents an extension to the
actuator disc model of Whelan et al. [13] that arts for downstream mixing. The
extended model is used to investigate the effigierfa tidal device in a tidal stream
of finite Froude number. Using simple scaling asgtioms, it is argued in Section 4
that actuator disc theory can provide a useful rijgsan of tidal power extraction in
coastal basins driven by long waves. In Sectiaheés SWEs are outlined and the
numerical boundary condition for a line of tidalvams is discussed. Section 6
presents results obtained for a simple tidal chiabeéveen two basins including
power extraction. The numerical results are contpaii¢gh an analytical model due to

Garrett and Cummins [1].



2 Literature Review

1.1 One-Dimensional Theoretical Modéds

The following one-dimensional (1D) theoretical misdéave been developed to
describe energy extraction from a channel. The, finge to Garrett and Cummins [1],
investigates a channel connecting two large basinsceans, whose tides differ in
phase and/or amplitude. Such a model might, fotamt®, represent a first
approximation to the Pentland Firth, between Saodtland the Orkney Islands. The
geometry therefore resembles Fig. 1(a), or, ifishend is large, Fig. 1(d). The second
theoretical model, due to Garrett and Cummins [i2] Blanchfield et al. [3], concerns
a channel connecting a large basin or ocean tm@osed basin or bay. This model is
a generalised form of Fig. 1(a) if the two largeiba are only connected through the
channel. It is also a compact case of Fig. 1(lngesthe bay dimensions are assumed
small in comparison to the tidal wavelength. Botlithe theories adopt the 1D SWEs

and make several simplifying assumptions which diseussed in detail by Garrett
and Cummins [14]. Based on these assumptions tk@mm average poweP that

can be extracted from the channel when subjectea $musoidal driving tide of

amplitudea, is shown to be

P = YPgaQmax; (1)
where Q.. IS the maximum flow rate in the undisturbed chanpeis the density g
is acceleration due to gravity andis a dimensionless factor that varies between 0.19
and 0.26. The range of is representative of the dynamic balance in thenohl,

with a value of 0.21 in both models indicating tta flow is dominated by quadratic

drag losses as opposed to acceleration effec8.[However, since the range pfis

small, takingy = 022 provides a useful approximation to both reginiesif]. The
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maximum average power is then defined in term$efundisturbed flow rate and the
driving amplitude, both of which can be measureanfrobservations and numerical
simulations [1, 5, 14]. As a result Eq. (1) prowda useful prediction of power
potential that is accurate to the leading ordeoyigied the exit separation and other
non-linear losses vary with the flow rate squaredidal devices are introduced [14].
The analytical models also provide an indication hydrodynamic effects. For
instance, at optimum power extraction the flow ridwe®ugh a channel between two
large basins is reduced to 58% if drag forces areidant in the undisturbed state [1].
However if, for example, a 10% reduction in thewfloate is considered 44% of

maximum average power can still be achieved (whenO. 1) [Z]. For the second

model, a similar trend is noted [6, 15].

Garrett and Cummins [12] have suggested a way teiheling 1D theory to channels
partially blocked by tidal devices, using linear nmmentum actuator disc theory
(LMADT) in the region containing the devices. Altigh actuator disc theory ties in
well with the assumptions of the 1D theoretical ®led it also requires further
assumptions in the vicinity of the power extracta®vice, including constant channel
width, uniform along channel bathymetry, uniformstrpam flow, and steady state

conditions.

1.2 Numerical Simulations

Several site-specific numerical simulations havenbdocumented. Amongst these are
studies of the Minas Passage by Karsten et altljg]Johnstone Strait by Sutherland
et al. [5] and the Portland Bill by Blunden and Bpfy, 16]. In each of these studies,
the presence of tidal devices is modelled by antiaddl bed friction source term
which varies according to the square of the loickll tcurrent velocity. For example,

in both [5] and [6] the friction coefficient is deéd as
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Cy =k, Tk, (2

where k, is related to natural friction ané, represents tidal turbines. Since the

objective of [5] and [6] was to investigate the mmaxm extractible power, no

particular physical description ok, is discussed. In [7, 16] the coefficient was

assigned based on a case study of a yawed hoilizxgéamarine current turbine and
a hypothetical array design.

Bryden and Couch [8] and Polagye et al. [9] haudist]l general coastal basins using
shallow flow numerical models. Bryden and Couchstdered flow around an island
with turbines idealised as added roughness. Poleggk simulated uniform flow in a
channel with one open boundary, one closed bourataywo discontinuous changes
in width that define an internal extraction zonbeTidal devices were represented as

line discontinuities across the complete widthhaf power extraction zone.



3 Momentum Actuator Disc Theory

The linear momentum actuator disc theory (LMADT)esented by Garrett and
Cummins [12] considers an actuator disc in a fldwanstant cross section, bounded
by parallel channel walls and a constant free serfarofile. Recently Whelan et al.
[13] applied LMADT to provide an approximation thet flow field around an
actuator disc in an open channel flow with a notfioum free surface. Houlsby et al.
[17] extend Whelan et al.’s theory to include dotkesm mixing and hence provide a
local steady state description of a real turbine,lime of turbines, that can be
introduced as a perturbation in both velocity areptd into a depth averaged
numerical model. We provide a summary of that apginchere.

Fig. 2 illustrates a one dimensional channel coigi an actuator disc with
associated downstream mixing. It is assumed tleatipistream conditions are uniform
with constant velocityu and depthh. The channel, or centre to centre spacing
between adjacent turbines, has constant widtfihe flow is inviscid. At Stations 1, 4
and 5 in Fig. 2 it is assumed that the pressulgdsostatic and the flow is uniform.
The velocity u,, =p,u denotes the bypass flow velocity at Station 4, lavhi
u, =a,u and u, =a,u define the turbine flow velocity at Stations 2 a#d
respectively. The thrusk is the horizontal force applied to the fluid frahe turbine.
The turbine(s), idealised as actuator discs, oceupgreaA, and so a dimensionless
blockage ratio may therefore be definedBas A/(hb). The analysis which follows is

indifferent to the location or shape of the actuatisc in the effective cross section

hb.



Following Whelan et al. [13], applying continuitgnd energy and momentum
conservation selectively between Stations 1 andeadld to a quartic equation

describing the bypass velocity

Fr2

2
2 Fr2 2 _

404 + 204Fr< —4)B4g + T+40(4—280(4—2 =0,

B +2a4Fr2p3 - (2— 2B + FrZ)BE1 - -

where Fr :u/@ is the upstream Froude number. Provided that th&tream
Froude number is known and the turbine is defingdabblockage ratio and the
velocity coefficienta 4, equation (3) can be solved f@y. Applying the Bernoulli
equation and continuity in the bypass flow therow#l for the calculation of the

remaining velocity coefficientt 2

— 2
az = g@f‘ia?) {1- F; (B4 +1)] (4)

Alternatively, the turbine could be defined by adiage ratio and an induction factor

a=1-apy, in which case equations (3) and (4) are solvetuaneously for 4

and a4. In general any three independent parametersufieient to define the flow
field provided that the bypass flow does not becam@cal (where the relevant
physical root of (3) becomes complex [17]). The powmd thrust can be determined

in terms of a power coefficier@, and a thrust coefficiert;
T :%pUZBbh(Bf1 —aﬁ):CT%pUZBbh, (5a)
and

P=auT :%pu?’Bbhaz(Bi —aﬁ):CP%pu3Bbh. (5b)



Since the flow is not uniform with depth at Statibhwe assume that downstream
mixing will occur. Applying momentum conservation the horizontal direction

between Stations 1 to 5 then leads to

1 2 _(ho A2 T = uh
Ep@ﬂw (h-an)?)-T pmm[h_Ah u} (6)

Substituting for the thrust coefficient and reagiag then gives

3 2 2
(o] oo
(7)

2
C;BFr- _ 0.
2

This is a cubic expression that can be solved ler downstream depth change

Ah=h-h. Notably for zero Froude number the relative degtange tends to the

solutions Ah/h - 0, 1, and 2, with the former being the physicalymissible

solution. We determine the power lost in the wak&erms ofAh from

Ry =%pu3Bbh0(2cxﬁ +%pu3bh(1— Ba,)B3 -

= u3bh[—j + hbulh, - h
2™ "\h-an (h = hs)og
Combining (8) with (5b) gives the total power lasthe channel
P + Ry = pgubhAh 1—Fr2Lh/(2h) o
' L-ah/h)? )’

and a measure of efficiency, defined as the ratipawer extracted by the tidal

device(s) to the total power removed from the tgtedam, follows directly as,

-1
n P P (1—Fr2Lh/(2h)j . (10)

"~ P+R, pgubhAh (L - Ah/h)?
We can make several observations about this measueéficiency and its design

implications for tidal turbines. Firstly, ar — , @) - a,, which agrees with the
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result discussed by Garrett and Cummins [12] foraetuator disc in a constrained

volume flow. This result is easy to deduce from)(H§y ignoring the term
proportional to Fr?, noting that the power can be written ﬁ’sz(azu)'l', and
rearrangingu x (6) to give

uT = pgubh(Ah—A—hA—h— Fr2_nan j
2 h h - Ah

(11)

Ignoring terms proportional t&r? and Ah/h (sinceAh/h — 0 whenFr — Ofrom

(7)), we havepgubhAh — uT and son - o, as required.
For arbitrary Froude number, the effect of the feegface on efficiency is best

appreciated through manipulation of (10). Combin{a§) with the expression for

power from (5b) and substituting f@; BFr 2 /2 from (7) leads to

(1- Ah/(2h)) - Fr2(1- ah/h)™
“1-Fr2(1-ah/(2h)L-ah/h) 2

(12)

For small but finite Froude number and downstreaaptid change (so that

Fr2(1-Ah/h)™ <<1), which is often realistic for tidal flows, thefiefency can be

written as

1 Ah

n :Gz[l_z?j. (13)

This indicates that the main effect of the non-zEBroude number and associated

relative depth change, is to reduce efficiency lbgchor of (1—%Ah/h), as compared

to a device with a depth change that is negligtiol@pared to upstream depth.

The measure of efficiency defined by (12) is masedi whena, -1 and

Ah/h - 0. However this only applies when no power is exadcrom the flow.

Based on this result it is tempting to abandoncedficy as a primary optimisation

10



parameter. However, an interesting problem arises irestrict the downstream depth
change, possibly for environmental reasons, oriceéshe total amount of power that
can be removed from the channel, and then optiizeiency. For a given Froude
number and downstream depth change, it then followsctly from (13) that
increasinga, will improve efficiency. An equivalent conclusias that efficiency
increases with blockage ratio, since the blockag® increases monotonically with
o, when the Froude number and depth change are (gesdFig. 3). Of course there
is a limit to how close to unityt, and B can become to extract the required depth
change. Using the theory described here the byjimssbecomes critical whem ,

and B are too large (see Fig. 3).

Efficiency can also be improved by increasing thenher of turbine fences that in
combination lead to an overall fixed downstreamtldegmange. This gain is achieved
because, as the number of fences increases, tfenectal depth change across each
fence reduces, causing the incremental efficiermyrise according to (13). In

addition, a, is a decreasing function of the downstream depémge, which leads to
a further gain in incremental efficiency from (13h fact, sincea, is strongly

dependent on the incremental depth change, andsiise to the small increase in
Froude number and blockage ratio between succes&mees, the optimum
distribution of depth change across a series afderis very close to a simple average.
Fig. 4 shows the net efficiency for a channel omewus turbine fences, each
extracting an equal proportion of the total doweatn depth change and positioned in
series so that complete mixing occurs between ssoeeturbines. It is interesting to

observe from Fig. 4 that extraction of a fixed amioof power from a flow at higher

11



Froude number can be more efficient, for a giveminer of turbine rows, because a

larger a, is permissible.

12



4 Useof Actuator Disc Theory in a Depth-Averaged Dynamic Model

We now discuss how a row of turbines might be daefiin a 2D depth-averaged
numerical model using LMADT. Fig. 5 illustrates twypical scenarios for a row of
turbines. Fig. 5(a) depicts a fence that extendspbetely across a channel. Here flow
passes through the fence and mixes to form a smmetn vertical velocity profile

over a lengthl,,, which from available experimental evidence maydugghly of the

order of 20 tidal device diameters [18] (or perhap8-300 m for a 10-15 m diameter
axial flow turbine). Within this mixing region (deted by the shaded region in Fig.
5(a)) the flow structure will be highly three dinsgonal as the faster bypass flow
mixes vigorously with the slower turbine flow. Ixperiments on porous disks this
mixing process has been shown to be dependenicmtbient turbulence in the tidal
stream and the proximity of the tidal device to S8eabed and free surface [18].
Additional dependence on turbulence introducedheytidal device, the tidal device
size, blockage and shape, and seabed frictionpeoted.

Due to the periodicity of the turbine placementhe fence shown in Fig. 5(a), and

becausel, is much smaller than a tidal wavelength so that ftaw is essentially

guasi-steady, it is reasonable to assume thateherpation to the free surface and
depth-averaged velocity at each discrete locatiomgathe fence can be approximated
well by Equation (7) when the blockage ratio iscoddted takingo to be the centre to
centre spacing between turbines. Furthermore, dincealso smaller than the typical
mesh discretisation in a 2D depth-averaged modkeltHe order of kilometres),
introducing this momentum sink as a line discontipuindicated in Fig. 5 and
discussed further in Section 5, offers a usefulagagh to account for the tidal devices

in a 2D depth-averaged model.

13



Fig. 5(b) illustrates a fence of turbines in arbaumded 2D flow. The flow field
about this fence can be split into two fields: (¢ near field extending over the

distancel, and (2) a far field extending over a distarigethat will be dependent on
the extent of the tidal fence and so will generatymuch larger thal,.

Within the near field the flow structure is expette be similar to that in Fig. 5(a). In
the far field region behind the fence $> |y in Fig. 5) the extraction of momentum at
the fence will lead to a depth-averaged wake weloeity lower than that in the
surrounding tidal stream. Generally, actuator diseory cannot be used to describe
the energy extraction of the entire fence over kbigth scale because the upstream
flow may not be uniform, there might be substantiel roughness and changes in
bathymetry, or the length scale may be too largeatmlate the assumption of steady
flow.

However, we propose that LMADT can be used in tharrfield to determine the
momentum sink imparted by the turbines within teece. This amounts again to the
assumption that a turbine within the fence hasaklalge ratio that is calculated based
on the centre to centre spacing between turbines.

By analogy to experiments on a line of diffuser8,[21] and similar flow structures
in shallow flows [19], the mixing of the far fieldill result from shear generated
turbulence, and will be dependent on the bed roeghnbathymetry and, as
mentioned above, the length of the fence. Thesanpaters will typically vary
between different locations and can be accountede@sonably well in the depth-

averaged numerical model.

14



5 Numerical Modelling

To provide insight into the physical relationshipisat govern shallow flow
hydrodynamics in a coastal basin the SWEs are cartynaalopted:

on, ofun) , o)

=0,
ot oX oy (142)
2
ofun) , olu’h) , alwh) _ ot T (14b)
ot ox oy ox p
and
2
a(vh) + 9(uvh) .9 (V h) - —gh% L fuh, (14c)
ot ox ay ady p

where x and y are spatial coordinated) is the total water depth; is the free

surface elevation above the mean water deptlgnd v are the horizontal depth-

averaged velocity componentg, is the acceleration due to gravitp, is fluid
density, t is time, f is the Coriolis parameter and, andt, are frictional shear
stress terms due to bed friction

T, =pCquu| andt, =pCyvul, (15)

where|u| = vu® +v? andCy is a drag coefficient.

In the present work, the SWEs given by (14) are esblusing the discontinuous
Galerkin finite element method (see [20, 21] fgemeral description of this method).
The model commences from quiescent initial condgidNith reference to Fig 1(b),
three boundary conditions are implemented. Tidatifgy is imposed at the open

boundaryrl ,, such that

h(x, y.t) = hy(x, y) + X" a codwt + ¢;), onT,, (16)
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where h, (x, y) is the mean water depth along the open oceandaoynanda; is the
amplitude,w, is the frequency and; is the phase of theth tidal constituent. At the
coastlinel’, a reflective boundary condition is implied, subhtt

un=0, onl,. (17)
The third boundary condition represents the fencetiddl devices as a line

discontinuity, whereby

%h = G(Fr,B,a,),onT, (18)

where Ah/h is, as in Section 3, the relative depth changesacthe tidal devices.

Condition (18) is acceptable provided the lengtlesof the wake behind the turbine
array is much smaller than the mesh size [9]. (Hpgroach is also consistent with
observations for a line of diffusers, each withnaeer smaller than the water depth,
discharging into shallow water. Considerable susdes been achieved numerically
and analytically in treating diffusers as a lineure@ of momentum in a depth-
averaged framework [22, 23].) To understand howdibeontinuity is implemented in

a finite volume or discontinuous Galerkin finiteeglent scheme, consider two

adjacent finite volumesy, andV,, separated by a fence of tidal turbines. Values fo
h,, u,, h, andu,, (where the subscript refers to the component in the direction
of the unit normal vector directed out of the fnitolumeV,) are determined either
side of the interface betwe&fj andV, by interpolation from the discrete solution of
the SWEs. Modified interface quer(hf,uFﬂ,v{) and F(h§ ,—uﬁg,vf) are then
calculated for each finite volume, using the tidd¢vice properties and the
characteristic invariants. The four equations dafinthe unknownsh, , u,, h, and
u,, are

16



Unt +2y/gh = up + 2,/ ght (19a)

Unz = 2y/gh, =Up, —2y/gh;, (19b)
hIU:u :hZU:m (19¢)
and
AT R
== S|gn(unl)(h1 - h, )/max(hl, h,) = G( Fr,B,a,), (19d)

where G characterises the tidal devices. Using LMAD3, is given by (7) thereby
defining the dimensionless depth change implicity a given Froude number,
blockage ratio, and wake induction factor. The Bewumber is a function of the
upstream depth and velocity chosen appropriateiyfn, un;, hp andu,,,.

There is no direct adjustment required for the ¢autigl velocity componentsy; and
vt2 (where the subscript refers to the tangential component directed dotikavise
around V,) because it is assumed that the devices will xetrtea force in the
tangential direction. This is consistent with thassical actuator disc analysis. The
tangential velocity used to compute the numeritat fi; is determined relative to

the contact wave speed as defined in the HLLC nief24).

17



6 A Simple Channél

Fig. 6 depicts the computational mesh used to septea simple channel between two
large basins. A series of simulations was undentaieexamine the idealisation of the
turbines in the present numerical model (as dismlgs Section 5), and to compare
the predictions with solutions obtained from thstftheoretical model due to Garrett
and Cummins [2], discussed in Section 2.

Fig. 6 shows the reference geometry considered¢chwhas an aspect (breadth to

length) ratio ofW/L = 0.4. Simulations were also carried out f/L = 0.1 and 0.2.
In all cases, the bathymetry was uniform and theeflietion coefficientC, was kept

spatially constant for each test, taking the valnégcated in Table 1. To simulate a
tidal stream through the channel, the left openndawy of the domain, located a
distance oflOL from the channel, was driven by a single sirdedatonstituent, with
amplitude varying around the perimeter to simulatplane incident and reflected
linear wave propagating parallel to the channeddion. The depth at the right open
boundary was kept constant. The maximum averag#abie power was explored
over the parameter range given in Table 1. Inesiist the mean depth was 70 m and
L =10000m. Coriolis terms were ignored and the amplitudehef driving tide was
adjusted to ensure that the Froude numbar« 005- )O&8s realistic in the
undisturbed channel for a tidal energy site. Téstand 6 represent steady state
simulations representative of a quasi-steady flow.

For each test, the sinusoidal boundary conditios nat changed as more turbines
were introduced. The boundary therefore had zerpedance, which could be

physically interpreted as a very deep and abruptimental shelf [25].

18



W/L w (oF a/h, Fr
Test 1 0.4 0.00014 0.035 0.040 0.102
Test 2 0.4 0.00014 0.0035 0.015 0.169
Test 3 0.4 0.00014 0.0105 0.015 0.104
Test 4 0.4 0.00014 0.00105 0.008 0.089
Test 5 0.4 0 0.035 0.113 0.163
Test 6 0.4 0 0.0105 0.034 0.163

Table 1: Parameter range considered for the sirapémnel. The Froude number
represents the simulated value at the centre ottlhenel when no tidal devices are
present.

Fig. 7 shows the power extracted from the chansel &unction of the channel flow
rate for various tidal device fence blockage ratineach case, the devices are placed
across the centre of the channel (see Fig. 6) lmmavake induction factor is taken to
be a, =1/3, which is close to optimum local power extractidhe power displayed

in Fig.7 is normalised against the predicted maxmaverage power calculated from
(1) usingy= 022(y= 021 for the quasi-steady tests 5 and 6), the drividglt
amplitude, and the simulated flow rate when thekdge ratio is zero. The flow rate
is normalised against the simulated flow rate wttem blockage ratio is zerdt is
clear from Fig. 7 that there is an optimal blockag#io for power extraction.
Furthermore the normalised optimum power appealsetolose to unity for all tests
indicating satisfactory agreement with the anafjtimodel of Garrett and Cummins
[1]. In general, the numerical and analytical resare unlikely to be identical for
atleast three reasons: (1) The valueycf 022only an approximation to the

dynamics in the channel and in general will be lexge for shallow channels with

high natural friction (higle,) and too small for deep channels with low natural
friction (small C,) [1]; (2) the analytical model assumes that theihes experience

a drag that is quadratic with flow rate, whereasltMADT defined in Section 3, and

used numerically to define the turbines, does xgegence drag that is quadratic
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with flow rate if the Froude number is large; aB)lthe 2D numerical model includes
separation losses and other non-linear lossesntgt not vary with the flow rate
squared.

To investigate the last of these reasons Fig. Blalts velocity contours along the
channel for low and high blockage ratio for onetipafar test case. It is clear that the
velocity fields are almost self-similar despite @ddition of turbines. Consequently,
separation losses from the channel, which are g#yequadratic with the flow
velocity, are simulated as quadratic in the floteras more turbines are added (since
the exit cross sectional area is unchanged). Timipart, ensures that the agreement
between the analytical theory and the numericalltess satisfactory.

Lastly, in Fig. 7 it is clear that a lower blockagio is required to reach maximum
power when friction drag is small. This result isegicted by the theory [1] and
discussion in [14] where, for a small Froude numlbiee optimal blockage ratio is
noted to be an increasing function of friction kssin the case of separation losses,
but no friction losses, the smallest optimal blagkaatio is given as approximately
0.46, provided the channel area at the locatioth@fturbines is equal to the channel
area at the exit [14]. For the channel geometrfig 6 it is clear that the exit area
should be greater than the channel area at thenéssband so this lower bound
reduces slightly. For all the tests in Fig. 7 tipeiraal blockage ratio is above 0.46, but
not by a significant amount. The important con@uasiherefore, as noted in [14], is

that the optimal blockage can be achieved with only row, or fence, of devices.
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6 Conclusions

Existing 1D theoretical models provide a reasonatdynplete explanation of the
physics of tidal energy extraction from channelam¥rical 2D simulations are useful
for channels that do not vary smoothly in geometnyd for channels with
asymmetrically placed turbine fences that partiddlgck the flow. There is also
considerable scope to better understand unbounoed &ind the power potential of
the scenarios sketched in Fig. 1(c) and (d). ExtendMADT to account for both a
deforming free surface and downstream mixing presidn efficiency measure for a
tidal device(s) in a uniform tidal stream. Givermanstraint on the amount of power
that can be extracted from the flow, then largbihgs and many rows of turbines are
most efficient. In practice upper limits have to beposed on both of these
parameters, both for serviceability requirements aeonomic reasons. LMADT
provides a theoretical means of introducing a limrefence, of tidal turbines into a
depth-averaged numerical model. A numerical mo@esled on the SWEs has been
shown to produce results that are consistent wiiktig analytical models. This
numerical approach is being extended to unbounidiadl flows, typical of those in

Fig. 1(c) and (d), and further testing and validiatis planned.
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Nomenclature

Area of a turbine(s)

Amplitude of a tidal constituent
Blockage ratio

Uniform channel width
Dimensionless coefficient

Numerical flux

Froude number

Coriolis parameter

Acceleration due to gravity

Depth of water

Change in depth

Dimensionless drag coefficient
Channel length

Power

Flow rate

Thrust exerted from a turbine(s) to thedflu
Depth averaged velocity components
Net force between turbine and bypass flows
Cartesian co-ordinate system
Velocity coefficients

Tidal phase

Multiplier

Numerical boundary

Efficiency

Fluid density

Shear stress

Wave height

Angular frequency of the tide
Channel breadth
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Subscriptsand Superscripts

Bypass streamtube
Dimensionless drag
Horizontal and vertical directions

Index
Normal direction
Open ocean boundary
Dimensionless power
Boundary value external to a finite volume
Dimensionless thrust
Turbine streamtube
Wake
Solution at flux interface

b
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Figure 1: Idealised coastal basins for tidal eneegiraction. Fig. 1(b) includes a
partitioned boundary , discussed in Section 5.
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Figure 2: Linear momentum actuator disc theoryrinopen channel flow. The flow
field has a uniform widttb, out of the page. Figure taken from [17].
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Figure 3: Contours of dimensionless depth change function of turbine velocity
coefficient a,, and blockage ratid . The dashed lines are féir =  00the solid

lines for Fr = 015 and the dotted lines represent the cut-off camdiit which the
bypass flow becomes critical.
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Figure 4: Efficiency as a function of the numbertwfbine rows, used in series, to
extract energy. The initial blockage ratio is 0.#he total non-dimensional
downstream depth change is labelled. The dashegd kne forFr = 005and the
solid lines for Fr = 015 Note in some instances several rows are needienebe
extraction occurs because, if fewer rows are uderyequired depth change across
the first row is physically inadmissible.
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Figure 5: Plan view of a fence of tidal turbines(@ a confined channel and (b) an
unbounded 2D flow.
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Figure 6: Example numerical mesh and geometryHersimple channel (half mesh
only, exploiting axis of symmetry).
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Figure 8: Contour lines of velocity, normalised tmaximum velocity, after 9 tidal
periods for Testl. The solid lines are calculatdaf turbine fence with no blockage
(B =0), the circle marker line is calculated for a tadbifence of blockag® = Q.7
Note that both lines have considerable overlap.
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