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M. ITSKOV, 0.0. LARIN

SIMPLE SHEAR: EIGENVECTORS OF CAUCHY-GREEN TENSORS ROTATE
AGAINST EACH OTHER

Simple shear represents a somewhat complex case of deformation although it is very good studied. In this paper, we discuss a new
aspect of simple shear which has not been observed before. Rotations of the eigenvectors of the right and left Cauchy-Green tensors
with increasing amount of shear under the kinematically defined simple shear are theoretically studied. An analysis has been done
within a framework of the nonlinear theory of elasticity. Mathematical processor Maple is used for the calculations and animation of
the results. Phenomena of mutually opposite rotations of the eigenvectors of the right and left Cauchy-Green tensors is fond that can
be important for anisotropic and in particular fibre-reinforced materials. We studied rotations of principal strain directions under the
kinematically defined simple shear. Accordingly, eigenvectors of the right and left Cauchy-Green tensors rotate against each other
with the increasing amount of shear. Interestingly, the eigenvectors of b rotate in the same direction as line elements of the material
while the eigenvectors of C in the opposite direction. For example, this can be important for anisotropic and in particular fiber rein-
forced materials. In this case, the direction of the maximal stretch will rotate with respect to reinforcement directions.
Keywords: simple shear, rotation, eigenvectors, Cauchy-Green tensors.

M. IIIKOB, 0.0. JIAPIH

MPOCTHUM 3CYB: BJIACHI BEKTOPH TEH30PIB KOIII-TPIHA OBEPTAIOTHCS
OJJUH IMTPOTH THIIOT'O

[Ipoctuii 3cyB sBiIsIE OO0 ACUIO CKIAAHUI BHMAOK Aedopmaii, Xoua BiH ayke H00pe BUBUCHHUH. Y il poOOTi MH 0OTOBOPIOEMO
HOBUH aCIIeKT MPOCTOTO 3CYyBY, SIKHI paHilie He crocTepirascs. TeopeTHIHO BUBYAIOTHECS 00EPTaHHS BJIACHUX BEKTOPIB MPaBOTO Ta
niBoro TeH3opiB Komri-I'piHa 3i 3011bIIEHHAM KUIBKOCTI 3CYBY IiJi KIHEMaTHYHO BU3HAYEHHM IIPOCTHM 3CYBOM. AHali3 3po0JieHO B
paMKax HemiHiiHOI Teopii mpyx)HOoCTi. MaremaTinuHuil mporecop Maple BUKOPHUCTOBYETBCS 111 OOUMCIICHD Ta aHIMAaIlil pe3yJIbTaTiB.
3’SBIISIOTHCS B3a€MHO TIPOTIIICKHI 00epTaHHS BIIACHUX BEKTOPIB IIPaBoro Ta JiBoro TeH3opiB Komi-I'pina, ski MOXXYTh MaTh BaXIIH-
BE 3HAQUCHHS [UISl aHI30TPOITHUX 1 30KpeMa apMOBAHUX BOJIOKHAMH MaTepiaiB.

KurouoBi ci1oBa: npoctuii 3cyB, obepTanHsi, BiacHi Bektopu, Tenzopu Kowi-I'pina.

M. HIIKOB, A.A. TAPHH

MPOCTOM CABUT': COGCTBEHHBIE BEKTOPBI TEH30POB KOIIIU-TPUHA BPAILAIOTCS
JAPYT TPOTUB JAPYT'A

IMpocToii caur npeacTaBisieT co0ol JOBOIBHO CIOXKHBIN Ciiydail AehopManuy, XOTsS OH O4eHb XOPOLIO U3ydeH. B 3Toil cTaTbhe Mbl
o0cyskIaeM HOBBIIT acIeKT IIPOCTOTO CIIBUTra, KOTOPHIH paHee He Habonaycs. TeopeTHueckd HCCieOBaHbl TOBOPOTEI COOCTBEHHBIX
BEKTOPOB MPaBOro U JieBoro TeH3opoB Kommu-I'puHa ¢ yBenuueHHeM BEIMYMHBI CABUIA IPU KMHEMAaTUYECKH 3aJaHHOM IIPOCTOM
c/BUre. AHaNIN3 MPOBECH B paMKax HEIMHEHHOI Teopuu ynpyroctu. MaremaTudeckuil mporeccop Maple ucrmonb3yercst uist pacye-
TOB U aHUMAIWHU pe3ynbTaTtoB. OOHApYKEHBI SIBICHHS B3aMMHO IPOTHBOIOIOKHBIX BpAaIICHUH COOCTBEHHBIX BEKTOPOB IPABOTO H
neBoro TeH3opoB Komm-I'punHa, KOTOpbIe MOTYT OBITH Ba)KHBI JUISI QHU3OTPOITHBIX U, B YaCTHOCTH, aPMHPOBAHHBIX BOJIOKHOM Marte-
pHAOoB.
KnrodeBble c10Ba: mpocToii CIIBUT, BpallleHHe, COOCTBEHHBIE BEKTOPHI, TeH30phl Komu-I'puHa.

Introduction. Simple shear represents a very impor-
tant case of deformation which can be defined either in
terms of stresses or strains. Both definitions generally lead
to different deformation states which coincide only in the
reference (undeformed) configuration (see, e.g. [1]). The
kinematical (strain based) definition of simple shear was
first formulated by Rivlin in 1948 [4]. Since then, the so
defined simple shear has intensively been studied. Ogden
[3] dealt with Lagrangian and Eulerian orientations of
principal strain directions. He expressed the double incli-
nation angles of these directions and obtained the bounds
for these angles in the reference configuration and in the

case of infinite shear.

In the present paper, we study rotations of these an-
gles with the increasing amount of shear. It appears that
the principal directions of the right and left Cauchy-Green
tensors (Lagrangian and Eulerian, respectively) rotate
against each other. This interesting aspect of simple shear
seems to be overseen in literature.

Simple share. Consider a rectangular sheet one edge
of which is moved parallel to the opposite one so that the
distance between edges remains constant (Fig. 1). Let
x=x"e;and X = X' ¢; be position vectors of a material
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point of the sheet in its current and reference configura-
tion, respectively, where e; = ¢’ (i = 1,2,3) represent or-
thonormal vectors. Assuming that the deformations of the
sheet are homogeneous we can write [4]

X=X"ty X P=XE =X, (1)
where y = tan ¢ is referred to as the amount of shear while
¢ denotes the shear angle. Thus, the deformation gradient
F = grad x can be given by F = F';-¢; ® ¢, where the
matrix [F ij] is represented by

I v O
[F]=[o 1 o @)
00 1
Xz,xz
=7
¢
X! x!

Xx3

Figure 1 — Simple shear of a rectangular sheet

For the tensor notation and summation convention
we refer to [2].

The right and left Cauchy-Green tensors take thus
the form

C=F'F=C,e;® ¢ and b=FF'=}'¢, ® ¢,
respectively, where
2

1 Y 0 I+y° v O
e )=y 1y of; Pil=] v 1 0] ©
0 0 1 0 01
The characteristic equation of these matrices can be
written by
(1-A 1 -A) 1 +y =N -y]=0. “

Eigenvalues of C and b are roots of (4) which can be
expressed by

yzix/4y2+y4 3 \/4+y2 ty
2 - 2

2

Ay =1+ As=1. (5)

The eigenvectors N = N ' - ¢; of C corresponding to
the first two eigenvalues result from the equation system:

2 _ 2, 4

- Vay© +

Y+ ZY Y ~N1+Y~N2=0;

2 _ 2, 4
Vay© +

y-N1+Y + ZY Y N2 =0;
_,}/2¢ '4,Y2+y4 .NZZO
—2 .

Since the first and second equation are equivalent we
only obtain

4+’
N2 =TEVETE N N2 =0,

2
so that N’=,A, -N' or N’=-JA, -N' After the
normalization this yields the following unit eigenvectors

1
N, = e + -ey;
boleA, kA,
) | (6)

N, = e — ‘e,.
Y E VN T
where we take into account that A; - A, = 1. Applying the
above procedure to the third eigenvector corresponding to
the eigenvalue A, =1 we easily obtain: N, = e,.
The same procedure applied to yields the following
unit eigenvectors of b (see, e.g. [1]):

1
S TS Y W
n2:¢1i/\1 .el_\/liAz o @

n, =e,.
The inclination angles o and B of the vectors N, and
ny, respectively, to x-axis result from

tana:\/,\—l:_v‘”zyz”;

e ®)
tanB = A, = $
so that (cf. [3])
tan o - tan f=1. 9)

In Fig. 2 they are plotted versus the shear angle.
Thus, the eigenvectors of C and b rotate counterclockwise
and clockwise, respectively, and consequently against
each other. This rotation is illustrated in Figs. 3 and 4,
where the eigenvectors of C and b are plotted for various
values of the shear angle versus the corresponding de-
formed configuration of the rectangular sheet. One can
also observe that the eigenvectors of b rotate in the same
direction as the edges of the sheet while the eigenvectors
of C in the opposite direction.
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Figure 2 — Inclination angles o and B of the first eigenvectors of
C and b, respectively, versus the shear angle ¢
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p=0

Figure 3 — Positions of the eigenvectors of C for various
values of the shear angle versus the deformed configuration of
the rectangular sheet. The eigenvectors rotate counterclockwise

Conclusion. We studied rotations of principal strain
directions under the kinematically defined simple shear.
Accordingly, eigenvectors of the right and left Cauchy-
Green tensors rotate against each other with the increasing
amount of shear. Interestingly, the eigenvectors of b rotate
in the same direction as line elements of the material
while the eigenvectors of C in the opposite direction. For
example, this can be important for anisotropic and in par-
ticular fiber reinforced materials. In this case, the direction
of the maximal stretch will rotate with respect to rein-
forcement directions.

T T T ] . . . .
2 3 4 h] 2 3 4 5
o= 15 ¢ =15
T T T 1 T T T 1
2 3 4 5 2 k) 4 5
& = 309 @ = 30°
T T 1 T T T 1
3 3 4 5 2 3 4 5
o= 45 @ = 45
T T 1 1 T T T 1
2 3 4 5 2 3 4 5
I 6 @ =607
T T 1 T T T 1
2 4 5 2 3 4 5
§="75 o ="ThH°
T L} T 1 T T T 1
2 3 4 5 -1 ] 1 2 3 4 5

Figure 4 — Positions of the eigenvectors of b for various values of
the shear angle versus the deformed configuration of the
rectangular sheet. The eigenvectors rotate clockwise
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