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Abstract

Empirical Time Series is too linear. After the 2008 great depression, the board members
of the central banks realize that they were unable to foresee the financial meltdown until
it was too late, due to the linear structure of the models used for the forecasts, claiming
the need for non-linear models. The field of non-linear time series model is too vast, and
sometimes these models are too complex to use them for forecasting. Furthermore, most of
the economic variables are persistent, viewed as unit roots, adding an extra level of difficulty
in the study of non-linear time series models. The challenge is to develop non-linear models
with persistent variables.

Threshold models are a class of non-linear model characterized by different regimes, de-
termined by a threshold variable. These regimes can represent the different stages of the eco-
nomic cycles, for example, economic expansions and recessions, periods with high volatility
and low volatility in the stock market, among many other examples. Many of the advan-
tages of the threshold models are the simplicity of estimation using least square estimation,
interpretation of the non-linear structure, and testing.

In this dissertation, we study threshold models with unit roots from two different perspec-
tives. In one had we introduce a univariate analysis and on the other hand, a multivariate
analysis.

In the first chapter, titled "Threshold Stochastic Unit Roots Models” co-authored with
Jestis Gonzalo and Raquel Montesinos, we present the univariate analysis by introducing a
new class of stochastic unit-root (STUR) processes. This new model, namely the threshold
autoregressive stochastic unit root (TARSUR) process, is strictly stationary, but if we do
not consider the threshold effect, it can mislead to conclude that the process has a unit
root. The TARSUR models are not only an alternative to fixed unit root models but present
interpretation, estimation, and testing advantages to the existent STUR models.

This study analyzes the properties of the TARSUR models and proposes two simple tests
to identify this type of processes. The first test will allow us to detect the presence of unit
roots, which can be fixed or stochastic, and the asymptotic distribution (AD) of this test

presents a distribution discontinuity depending if the unit root is fixed or stochastic. The



second test we propose is a simple t-statistic (or the supremum of a sequence of t-statistics) for
testing the null hypothesis of a fixed unit root versus a stochastic unit root hypothesis. It is
shown that its asymptotic distribution (AD) depends if the threshold value is identified under
the null hypothesis or not. When the threshold parameter is known, the AD is a standard
normal distribution, while in the case of an unknown threshold value, the AD is a functional
of Brownian Bridge. A Monte Carlo simulation shows that the proposed tests behave very
well in a finite sample, and the Dickey-Fuller test cannot easily distinguish between exact
unit roots and threshold stochastic unit roots. The study concludes with applications to U.S.
stock prices, U.S. house prices, U.S. interest rates, and USD/Pound exchange rates.

The second chapter, we present the multivariate analysis with "Multiple Long Run Equi-
libria Through Cointegration Eyes”. In this chapter, we introduce threshold effects in the
cointegration relation. Cointegration has succeeded in capturing the unique long-run linear
equilibrium. Specific non-linearities have been incorporated into cointegrated models but
always assuming the existence of a single equilibrium. In this study, we explore the possi-
bility of different long-run equilibria depending on the state of the world (i.e., good and bad
times, optimism and pessimism, frictional coordination) in a threshold framework. Starting
from the present-value model (PVM) with different discount factors and depending on the
state of the economy, we show that this type of PVM implies threshold cointegrated with
different long-run equilibria. We present the estimation and inference theory, and the study
finishes with two empirical applications where the variables are not linearly cointegrated but
threshold cointegrated.

The third chapter, we continue in the multivariate framework and introduce the paper
titled "Quasi-Error Correction Model”. Cointegration captures single long-run equilibrium
relationships between economic variables and the error correction model (ECM) is the mech-
anism in which the equilibrium is maintained. In this study, we introduce the quasi-error
correction model (QECM), derived from the cointegration relation with threshold effects,
where each regime represents a different equilibrium relation between the variables. In con-
trast to the linear ECM, the QECM has a regressor which captures the switching between
equilibria, capturing the dynamic structure of the equilibrium change. This regressor will
pose a problem similar to the non-linear error correction models, where the model cannot be
balanced using the traditional definitions of integration. We present the estimation and the
inference theory and finish with an empirical application for U.S. interest rate of instruments

with different maturities.
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Chapter 1

Threshold Stochastic Unit Root Models

1.1 Introduction

It is well established that many economic series contain dominant, smooth components, even
after simple deterministic trends are removed. Since the seminal work of Nelson and Plosser
(1982), this characteristic has been adequately captured by unit root (UR) models and unit
roots have become a "stylized fact" for most macroeconomic and financial time series data.
This has produced extensive literature on econometric issues related to unit root models (see
Phillips and Xiao (1998) for a survey).

In order to avoid the tight constraints that an exact unit root imposes on a process, and
to be able to generate more flexible and realistic models, research has recently evolved in two
directions. The first line of research generalizes UR models by allowing for fractional roots:
ARFIMA models (see Granger and Joujeux (1980), Beran (1994), Robinson (1994), Baillie
(1966), Dolado, Gonzalo and Mayoral (2002) ) The second one makes the UR model more
flexible by allowing the unit root to be stochastic (see Leybourne, McCabe and Tremayne
(1996), Leybourne, McCabe and Mills (1996), McCabe and Tremayne (1995), Granger and
Swanson (1997), Gourieroux and Robert (2006), Distaso (2008), Lieberman and Phillips
(2014) ) instead of a fixed parameter. With both extensions, a more general form of non-
stationary are allowed than those implied by the standard exact unit root autoregressive
models. This study forms part of the second line of research.

Stochastic unit root models (STUR) arise naturally in economic theories, as well as in
many macroeconomic and financial applications (see Leybourne, McCabe and Mills (1996),
Granger and Swanson (1997) and Lieberman and Phillips (2014)).The STUR models can be
stationary for some periods or regimes, and mildly explosive for others. This characteristic
makes them not to be difference stationary. If a series shows evidence of non-stationarity,

which is not removable by differencing, it is inappropriate to estimate the conventional



Chapter 1. Threshold Stochastic Unit Root Models

ARIMA or cointegration/error-correction models because the properties of the estimators
and the tests involved are not the same as those in the standard difference stationary case.
For instance, two series generated by two independent STUR models will be wrongly detected
to be cointegrated according to some of the most used cointegration tests (see Gonzalo and
Lee (1998)). This problem is not detected with standard unit root tests, such as the Dickey-
Fuller test, because they cannot easily distinguish between exact unit roots and stochastic
unit roots. In order to obtain a better statistical distinction between these two types of
unit roots, McCabe and Tremayne (1995) proposed a locally best invariant test (assuming
gaussianity) for the null hypothesis of difference stationary versus a stochastic unit root.
The application of this constancy parameter test to the macroeconomic variables analyzed
in Nelson and Plosser (1982) suggest that about half of them are not difference stationary, as
opposed to what has been widely believed (see Leybourne, McCabe and Tremayne (1996)).
Hence, the notion that some economic time series are non-stationary in a rather more general
way needs to be considered and, consequently, more elaborate techniques of modeling and
estimation need to be explored.

From a statistical point of view, a suitable justification for using time varying parameter
models to approximate or represent non-stationary processes are provided by Cramer’s (1961)
extension of the Wold theorem (see Granger and Newbold (1986), page 38). This extension
implies that any non-stationary stochastic process, with finite second order moments, may be
written as a ARMA process with coefficients that can vary with time. Most of the literature
previously cited above considers that the time-varying unit root varies as a sequence of
independent and identically distributed (i.i.d.) random variables. This assumption is not
necessarily the most appropriated in economics because it implies that the model structure
will change too often between states corresponding to stationary and explosive roots, whereas
we might assume that the transition between those two states occurs in a more gradual
fashion. One way of introducing this gradual behavior is by allowing the unit autoregressive
root itself to follow a random walk (see Leybourne, McCabe and Mills (1996)). In this case,
the change is smoother than in the i.i.d. case, but again it has the inconvenience that it
occurs regularly at every moment in time. In this study it is assumed that the economy stays
in a "good" or "bad" state for several periods of time until certain determining variables
overpass some key values. This assumption is perfectly captured by modeling the evolution
of economic variables via threshold models. In particular, to model the random behavior of
the largest root of an ARMA process, we propose a threshold autoregressive (TAR) model
where the largest root is less than one in some regimes and larger than one in others, in
such a way that on average it is equal to one. This threshold autoregressive stochastic unit

root (TARSUR) model presents several advantages with respect to the previously mentioned
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approaches. First, its computational simplicity. The estimation of all the parameters is done
by least squares (LS) regression. Second, the ¢-statistic is used to test the hypothesis of non-
threshold effects versus threshold effects, in some cases it follows asymptotically a standard
distribution and, therefore, there is no need to generate new critical values. Third, the
threshold variable is suggested by economic theory and it will likely provide an explanation
or cause for the existence of a unit root, which to the best of our knowledge is still lacking
in the econometric literature. Fourth, in many situations, threshold models are easier to use
for forecasting than random coefficient models. This is the case when the threshold variable
is an observable variable with past time dependency.

The rest of the study is organized as follows. In Section 1.2, we present economic con-
ditions when asset prices follow a TARSUR process. In section 1.3, we define the TARSUR
model and examine its properties: strict stationarity, covariance stationarity, geometric er-
godicity and impulse response function. In Section 1.4, we present two different tests for
identifying this type of process, the first one checks the presence of unit roots which can be
either fixed or stochastic, and the second test checks for the presence of threshold effects.
The asymptotic distribution of this test is developed under two different situations: when the
threshold value is known and when the threshold value is unknown and unidentified. Section
1.5 analyzes the finite sample performance (size and power) of the tests developed in this
study . Section 1.6 briefly discusses some practical issues present in all the threshold mod-
els. Section 1.7 shows four empirical applications of the proposed model: U.S. stock prices,
U.S. house prices, U.S. interest rates, and U.S./Pound exchange rates. Finally, Section 1.8

provides the concluding remarks. Proofs are provided in the Appendix.

1.2 Predictability of Return and TARSUR

Since the work of Samuelson (1965), asset prices have been modeled as a martingale process
considering returns to be unpredictable. Following Leroy (1973) and Lucas (1978), the mar-
tingale property is obtained from the Euler equation that describes the optimal behavior of

the representative consumer:

pU = E|(1+ P)il<pt+1 +dy) Ui

Ft] (1.1)

, where the information set F; contains all the past and current information available,
pe is the stock price at time ¢, d, is the dividend, p is a constant discount factor, and U’ is
the marginal utility. The simplest way to derive the martingale equivalence for asset pricing

and the stochastic difference equation (1.1) is to assume that the asset has a zero-dividend
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payment, with risk neutrality and p = 0. This setup is unrealistic for many assets and

only can be appealing for intrinsically worthless assets like money. For a non-zero dividend

payment, under risk neutrality, Samuelson (1973) shows that the martingale property holds
de

if the discount factor is the dividend-price ratio p = o

E(pis1|Ft) =

In order to generalize the martingale property, we propose a stochastic unit root spec-
ification that can be derived from an inter-temporal optimization framework. Assume a
two-period lived representative agent at time ¢, which maximize the expected utility function

Max B(U(e) + AU (cos)|F),

where (z;) > 0 represents the individual time preference and depends on the percep-
tion of the individual about the state of the world (expansion and recession, high or low
unemployment). The individual has the opportunity to buy h; amount of a risky assets at
the beginning of period ¢ at known price p; and sells it in the next period at an unknown
price p;y1. The considered asset yields a dividend d; at the end of period ¢ increasing the

possibility of consumption at time ¢+ 1. Given an exogenous steam of income w;, the budget

constraints are

ct = Wy — pely

cir1 = hi(peyr + dy)

Then, the equilibrium condition for this model is:

pU = E{(1+ p(2)) " (pey1 + di)Upa

Ft], (1.2)

where p(z;) is the state-dependent discount factor. Following the work of Samuelson
(1973), under risk neutrality, and assuming that the state-dependent discount rate can be
represented as a dividend-price ratio with a state-dependent premium 5 (z;) with zero mean,
plz) = & +6(2), we can establish the stochastic unit root specification. If we further assume
that §(z:) = p1l(z < 7)+ p2l(z > r) have a threshold structure, we can get the TARSUR

process:
E(pis1|Fe) = (1+0(20))pe = 0(2)pe, (1.3)
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where 0(z;) = p11(2¢ <)+ pol(z > r) with E(6;) = 1. Under rational expectation

Pey1 = 6(2¢)ps + & (1.4)

1.3 TARSUR model

Consider the following threshold first order autoregressive (TAR) model

Vi = [pl(Zica<m)+ -4 pndl(Zieg > 1) Yic1 + 60 =
= 5t§/t—1+€ta t:17 ,T (15)

, where &, = p1I(Zi—q < 7r1)+- -+ pul(Zi—q > r,-1), 1(+) is an indicator function, and &, is
an innovation term. Z; is the threshold variable and, in this study, it will be a predetermined
variable (E (€44 Z:) = 0,Vj > 0). d is the delay parameter, and 71 < ry < --- < r,_; are the

threshold values.

Definition 1. A TARSUR process is defined by equation (1.5) with E(8:) = > . pipi = 1,
Vt,, where p; is the probability of Z,_q being in regime i, and V(§;) > 0.

For simplicity, and without loss of generality, in this section, where the properties of the
TARSUR model are analyzed, we will not introduce any deterministic terms. They will be
considered in the testing section.

The variables {e;} and {Z,} satisfy the following assumptions.

Assumptions

A.1) {g. 7} is strictly stationary, ergodic, and adapted to the sigma-field =
( ty &t y YJ g ’ p g t

{(e1:2) . < 1),

(A.2) {Z;} is strong, mixing with mixing coeflicients «, , and satisfies > ~_, a7 <
oo for some 7 > 2.

(A.3) ¢, is independent of S;_1, E(g;) =0 and F |g,|" = k < oo with w = 4.

(A.4) Z, has a continuous and increasing distribution function.

(A.5) €, admits a positive continuous probability density function.

(A.6) E(max(0,logl|e1])) < oo.

(A.7) ess.supley| < oo

(A.8) For i =1,2,--- ,n the coeflicients p; have the following form, p; = exp{%}, where
c1,Ca, "+ ,C, are constants.

Assumptions (A.1) and (A.3) specify that the error term is a conditionally homoskedas-

tic martingale difference sequence. (A.3) also bounds the extent of heterogeneity in the

!The essential supremum of X is ess sup X =inf{z: P (|X|>z) =0} = ||2|| -

5
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conditional distribution of &;. (A.1), (A.2), (A.3), (A.4), and (A.8) are used to obtain the
asymptotic distributions of the statistics proposed in this study. (A.3) is the most restrictive
assumption but is essential for inference purpose. We need it to prove the tightness of a
partial sum process. Assumptions (A.1) and (A.6) are required to show strict stationarity
of Y;, and (A.7) is needed for weak stationarity of {Y;}. In many cases, (A.7) can be re-
laxed . For instance, if {¢;} and {Z;} are mutually independent, (A.7) can be replaced by
lell, = [Ele1P]? < oo, ¥p < oo (see Karlsen (1990)). Finally (A.8) restricts the autore-
gressive coefficients for different regimes move around unity. This assumption is required to
solve the asymptotic distribution discontinuity in one of the tests, proposed in this study to
identify these types of models.

It is important to notice that if we limit the analysis to self-exciting threshold autore-
gressive models (Z; = Y;), then it is not possible to handle the issue of stochastic unit roots
(unless we introduce deterministic components with size and sign constraints). This is be-
cause if any of the parameters p; is greater than one, the process Y; will not be stationary
and ergodic (see Petrucelly and Woolford (1984)) and, therefore, assumption (A.1) will not
hold.

1.3.1 Stationary Properties

Equation (1.5) represents a specific case of a stochastic difference equation, where ¢, is a
discrete random variable that takes different values depending on the location of the threshold

variable Z;_4. Tterating backwards, the stochastic difference equation (1.5),

(1.6)

m—1 /j—1 m—1
Y, =¢e + Z (H(St—i) €5 + ( H 5t—i> Yiom
j=1 \i=0 i=0

= CLt(m) + 027t<m)7

s where C’Lt(m) =&+ Z;n:_ll (Hz_é 5t—i> Et—js and Cg’t(m) = <Hzn—01 5t—i> Yt—m~ The
following results are obtained from (1.5) and (1.6):
(a) If Cy 4 (m) converges, as m — oo in L? for p € [0, oc]?, the C ;(m) = 5t+22n:]1 1=, (5tj> Et—j

is a strictly stationary solution of the stochastic difference equation defined by (1.5).
(b) If Cy4(m) converges in probability to zero, then the above solution is unique.
(c) If p > 0 in result (a), then {Y;} has a finite pth order moment.

2L0 is equivalent to convergence in probability.



Chapter 1. Threshold Stochastic Unit Root Models

The problem of finding conditions on ({0, ¢;}) such that {Y;} has a strictly or second-
order stationary solution has been studied by several authors. Vervaat (1979) and Nicholls
and Quinn (1982) assume ({0, £;}) to be i.i.d. and mutually independent. Pourahmadi (1986,
1988) and Tj¢stheim (1986) allow J; to be a dependent process. More general conditions are
given in the following theorem based on Brandt (1986) and Karlsen (1990).

Theorem 1. If the sequence {e;, Z;} satisfies assumptions (A.1), (A.6), and

—o00 < Elog|o1] <0 (1.7)

holds, then the process (1.5) is strictly stationary. Moreover, if (A.7) is satisfied and

> (lif)’ <o (L9

=0
with Yo =1 and Y ; = Hg;ol d; for j > 1, then the process (1.5) is second-order stationary.

Theorem 1 provides sufficient conditions for (a) and (b) to hold when p = 0,1, or 2.
It shows that strictly and covariance stationary will depend on the type of convergence of
the infinite sequence {;;}72,. In fact, if condition (1.7) is satisfied, {¢;;} will converge
absolutely almost sure to zero as j goes to infinity, and this implies the strict stationarity
of process (1.5) (see Brandt (1986)). The mean square convergence of {1 ;}32, is obtained
provided condition (1.8) holds, and in this case, process (1.5) is also second-order stationary.

Note that there is a trade-off between (A.7) and (1.8). For instance, assumption (A.7)
can be relaxed by imposing ||¢||, < 0o, Vp < oo; but in this case, we need to modify (1.8)

requiring a stronger condition

Z (E’lbt,ﬂ?ﬂ)m < oo, forar > 0. (1.9)

=0
Also, as mentioned before, it is assumed that {¢;} and {Z;} are mutually independent
with |[|e1||, < 00, ¥p < oo, then condition (1.8) is a sufficient condition for second-order

stationary.
Corollary 1. A TARSUR process with p; > 0, fori=1,--- n, is strictly stationary.

Corollary 1 follows from Theorem 1 and establishes sufficient and easy to check conditions
for a TARSUR process to be strictly stationary. It covers the most appealing TA RSUR model
from an empirical point of view, that is, the model with p; values around unity: stationary

for some regimes and mildly explosive for others. Notice that The fixed unit root models are
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not stationary, but if we allow the root to be stochastic around unity we can archieve strict
stationarity.

Theorem 1 produces explicit conditions for strict stationarity. However, no moments need
to exist and, to the best of our knowledge, they are not explicit conditions for second-order
stationarity; therefore, each case must be studied. In order to obtain explicit expressions, we

work with the following representative case:
{6:} is a 1°%-order stationary Markov Chain with two regimes or states (p1 and py)

This case can be generalized to an N-order stationary Markov Chain with N > 1, and to
more than two regimes; however, nothing is gained on the understanding of the process and
the algebra becomes very tedious.

Sufficient conditions for second-order stationarity are presented in the following proposi-

tion.

Proposition 1. Suppose {Y;} is generated by (1.5) and {6;} is a 15*-order stationary Markov
Chain with two regimes (p1 and py). Define the following 2 X 2 matrix

2 2
Fy = P;pll P;pm
PaP12  PoP22
, where p;; denotes the conditional probability P(0; = p;|6—1 = pi), i, = 1,2. If the spectral

radius of Fy, p(Fy), is less than one, {Y;} is covariance stationary.

Notice that if we consider {d;} to be i.i.d. process, the above proposition becomes the
necessary and sufficient condition established by Nicholls and Quinn (1982) for second-order

stationarity in random coefficient autoregressive models (RCA):

p(Fy) <1 <= BE(6}) = pp1 + pips < 1 (1.10)

From this inequality, it can be concluded that the TARSUR process with an i.i.d. thresh-
old variable is not covariance stationary, since F(§7) > 1.

Proposition 1 determines that the covariance stationarity of a TARSUR process depends
on the transition probabilities p1o and psy, and on the parameter values p; and ps. For
instance, for the values of the parameters p; = 0.9, po = 1.1, p1s = 0.8 and pyy = 0.2,
the TARSUR process is covariance stationary. Overall, it is straightforward to show that a
necessary condition for p(Fy) < 118 p12 > paa (or equivalent pg; > p11). In other words, the
transition probability of being in the same regime must be smaller than the probability of
the changing regimes. The idea underlying this condition is to avoid staying in the explosive

regime for too long.
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1.3.2 Geometric Ergodicity

From the works of Chan (1993), geometric ergodicity is required to obtain consistency for
the estimator of the threshold value (), in the case where the TARSUR process is covariance
stationary. Also, this condition is needed to apply sub-sampling latter on to obtain valid
critical values for one of the proposed tests.

Finding conditions for {Y;} to be geometrically ergodic have been studied by several au-
thors. Chan and Tong (1985), Chan (1989), and Chen and Tsay (1991) give conditions on
the coefficients for the self-exciting threshold autoregressive models. Gonzalo and Gonzalez
(1998) and Gourieroux and Robert (2006) show geometric ergodicity for the threshold au-
toregressive model assuming that one of the states follows a unit root process. Basrak, Davis
and Mikosch (2002), Cline (2007) and Fraq, Makarova and Zakoian (2008) show geometric
ergodicity for the stochastic unit root process assuming that the sequence {d;} and {e;} are
independent and identically distributed. More general conditions are given in the following
result based on the works of Yao and Attali (2000).

Theorem 2. If the sequence {Z;, e} satisfy (A.1), (A.3), (A.5), and {0;} is a positive
recurrent Markov chain on a finite set E = {1,2...n} with a transition matriz F' and invariant

measure 1, then if:

E(log(6:)) = mlog(p1) + nalog(pz) + - - + nalog(p,) < 0 (1.11)

then there is a vy € (0,w] for w = 4 such that the chain X; = {0, Y3} is V-uniformly
ergodic with V(z,y) = |y|"° + 1.

Note that here we show V-uniform ergodicity, which implies geometrical ergodicity (Meyn
and Tweedie, 2005 Chapter 16).

Corollary 2. A TARSUR process with a positive recurrent Markov chain {0,} equipped with
pi >0 forie E={1,2...n}, is V-uniformly ergodic.

Corollary 2 follows from Theorem 2, which establishes a sufficient condition for the TAR-
SUR process to be geometrically ergodic. Note that the exact unit root processes are not
ergodic, but if we allow the root to be stochastic and vary around unity and impose conditions
on the behavior of the stochastic unit root, we can archive a stronger form of geometrical

ergodicity.
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1.3.3 Impulse Response Function

In order to obtain the impulse response function (IRF') of {Y;}, we need to derive its M A(c0)
representation. From the conditions of the first part of Theorem 1, this representation exists

and can be written as:

00 7j—1 00
Sft =&+ Z (H 515_@') Et—j = Z wt,jgt—j- (112)
j=1 \ i=0 Jj=0

8Yt+h

The response of Y; to a shock, = 1) opposite to the fixed root case, becomes

stochastic now. For this reason, the 1mpulse response function (IRF') is defined as:

fh:E<a};—t:h> ,lvbth <H5t z)a _1727"'7 (113)

Proposition 2. Under Proposition 1 conditions, the IRF of the process {Y;} defined by (1.5)

1S given as

=1 1)) h=120 (1.14)
P2P2

P1P11 P2P21

P2D12  P2P22
the spectral radius of Fy, p(Fy) is less than one.

where F} = ( ) Shocks have transitory effect (limy_,o &, = 0) if and only if

Proposition 2 establishes that depending on the transition probabilities, shocks can have
transitory or permanent effects. It is easy to check that for the TARSUR process, the

following implications hold:

1. If pag > pro: limy oo & = 00, as it happens in an explosive model.

2. If poo = pro: limy, o &, = 1 VA, as it happens in a random walk model. Note that in

this case {Z;} is an i.i.d. process.

3. If poo < pro: limy, o & = 0, as it happens in a stationary model.

Proposition 1 and Proposition 2 show that the TARSUR models are more flexible than
fixed unit roots, specifically in the sense of being able to produce a rich set of plausible
scenarios. If pao > p1o the process is not covariance stationary and shocks have permanent
effects and even increasing effects on the mean; but if pos < pi2, shocks have only transitory

effects on the mean and depending on the parameter value, it can be stationary or not. This

10
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latter case of no covariance stationary but transitory shocks resembles, in the IRF sense, the
ARFIMA model with a long memory parameter between 0.5 and 1. (see Dolado, Gonzalo
and Mayoral (2002)).

Figure 1.1, a-c, displays simulated realizations from TARSUR and random walk (RW)
models. The TARSUR series are generated by model (1.5) with two regimes , &, is an i.i.d.
Normal (0,1). The random walk series is generated from the same set of innovations. The
first 50 observations of each series have been disregarded to avoid any initial conditional
dependency. For comparison, each figure shows a random walk versus three different types
of TARSUR processes: pas > pi1a, pe2 = P12, and pas < p12. Each figure differs by the value of
the variance of the stochastic unit root coefficient. More specifically, in figure 1.1a, p;=0.99
and po = 1.01 (V(d;) = 0.0001), in figure 1.1b, p;=0.97 and ps = 1.03 (V' (J;) = 0.0009), and
in figure 1.1¢ p;=0.9 and py = 1.1 (V(d;) = 0.001). For small values of V(d;), the RW and
TARSUR are indistinguishable. As V'(§;) increases the TARSUR series become more volatile
than the corresponding RW. It is worth mentioning that even in the most unstable case (see
figure 1.1c), the "explosive" TARSUR series (pa2 > p12) does not look like a standard AR(1)

with a fixed explosive root.

[Figure 1.1 enters here|

1.3.4 Differencing a TARSUR process

By differencing model (1.5), we obtain

AY; = (5, — 1)Yi1 + &, (1.15)

Proposition 3. Assume that {Y:} is generated by model (1.5). If 0, has a strictly positive
variance, {AY;} is strictly (covariance) stationary if and only if {Yi} is strictly (covariance)

stationary.

In contrast to fixed unit root models, stochastic unit root models are not difference
stationary, in the sense that if the process is not stationary in levels, its difference will
not be stationary either. Alternatively, if the process is strictly stationary (i.e., conditions of
the first part of Theorem 1 are satisfied), its first difference will also be strictly stationary.

In this case we can express model (1.15) as a M A(o0)

AY, = Z W jer—j (1.16)
j=0

, where W, o = 1 and ¥, ; = (0; — 1)¢4—_1 j—1, j > 1. From (1.16) the IRF of {AY;} can be

easily obtained.

11
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1.4 Testing for TARSUR

Since the TARSUR model requires both conditions, E(d;) = 1 and V(d;) > 0 holds. In this
section we propose a testing strategy to check both conditions. We present two independent
tests, on one hand, we test the null of £(d;) = 1 without any knowledge about V'(d;); on the
other hand, we test the null of no threshold effect V' (d;) = 0 without imposing any restriction
on E ().

To simplify the notation, as in Caner and Hansen (2001) and Gonzalo and Pitarakis
(2002), from (A.4) we can replace the threshold variable with a uniform distributed variable
using the following equality:

[(Zi—g < 1) = I(P(Z—g) < P(r)) = I(Ur_g < \), (1.17)

where P(.) is the marginal distribution of {Z;}, and U;_, denotes a uniformly distributed
random variable on [0, 1] and A = P(r). Using the suggested transformation, we can rewrite
the TARSUR process defined in (1.5) as follows:

Y, = p1d(Ui—qg < N)Yior + p2l (Up—g > N)Yio1 + &4 (1.18)

Since our objective is to test the conditions F(d;) = 1 and V(d;) > 0, it is important to
rewrite the above model in such a way that these two conditions are expressed in terms of
parameters in an equivalent regression. To do this, we add and subtract on the right hand
side of model (1.18), E(;)Yi—1 = [p1A + p2(1 — N)]Y;—1, then we can rewrite the TARSUR
model as:

Y, =E0)Yi1 + (p1 — p2) [ {(Ui—a < A) = AYioy + &4 (1.19)

subtracting on both sides Y;

AY; = [E(6) = 1)Yi1 + (o1 — p2) [[(Uima < A) = A]Yi1 + & (1.20)

rearranging the different terms

AY, = oY, + yH (N)Yi_1 + &y, (1.21)

where Hy(A) = I(Ui—qg < A) — A\, v = (p1 — p2) and ¢ = E(6;) — 1.
Both conditions of the TARSUR process can be characterized by the parameters ¢ and
~ in model (1.21) because:

12
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e The parameter v captures the variability of the coefficients, since for all A € (0,1),
V(6;) = ¥*A(1 — ) is non-zero, unless v = 0.

e The parameter ¢ by construction captures the condition E(d;) = 1.

As it occurs with the Dickey-Fuller (DF) ¢-test, in order to obtain asymptotic distributions
that are invariant to the deterministic terms contained in the data generating process (DGP),

the regression model to implement the test will contain the state dependent constant:
AY, = i1 I(Up—g S A) + pol (Up—g > N) + @Yy + vH (N)Yioq + & (1.22)

1.4.1 Testing for E(d;) =1

For testing the null of E(J;) = 1 against the alternative E(d;) < 1 without having any
knowledge on V(d;), which can be zero or positive, this can be examined by testing in

regression model (1.22):

Hy: =0

1.23
Hi:$<0 (1:23)

Under Hy, the asymptotic distribution of ¢4—¢ statistic shows a distribution discontinuity,
like the case when we test for the autoregressive coefficient in an AR(1) process. This
distribution discontinuity will depend if V'(é;) > 0, or V(4;) = 0.

e For the case when V(§;) = 0, it implies that v = 0. Under Hy, the DGP (1.21) becomes:
Y, =Y, 1 +ey, (1.24)
which is the random walk (RW) process.
e For the case when V(d;) > 0, v # 0. Under Hy, the DGP (1.21) becomes:
AY, = vH(N) + &, (1.25)

which is the TARSUR process from Definition 1.

The distribution discontinuity is due to the fact that the random walk is a non-stationary
process and the TARSUR process, from the first part of Theorem 1 and Corollary 1, is strictly
stationary and also possibly covariance stationary under the conditions given in Proposition
1.

13
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Lemma 1. Suppose that V(6;) = 0 and assumptions (A.1), (A.2), (A.3), and (A.4) hold.

1. Consider DGP (1.21), and regression model (1.22) with no deterministic terms. Then,
under Hy : ¢ = 0, the ty— statistic has the following asymptotic distribution:

1w(1)? 1]
{J) W (r)zdryi2

tomo = (1.26)

2. Consider the DGP (1.21), and regression model (1.22) with a threshold constant term.
Then, under Hy : ¢ = 0, the ty— statistic has the following asymptotic distribution:

%[W(l)2 (1) fp W
{hw QdT— fo dr] }1/2

where W (.) is the standard Brownian motion.

too = (1.27)

Note that in the case when V' (6;) = 0, the asymptotic distribution of the ¢4—, statistic is
the same as the case when we test for unit roots.

Lemma 2. Suppose that V(6;) > 0, under the conditions in Proposition 1, the TARSUR
process is covariance stationary; then, the ty—o statistic has the following distribution:
to—o = N(0,1) (1.28)

Since we do not know if V(¢&;) is positive or zero, we do not how it is the asymptotic
distribution of t4—¢. Furthermore, even if the V(6;) > 0, we do not know if the TARSUR
process is covariance stationary or not. To overcome these problems, we will assume that the
coefficients of the TARSUR process move around unity, following the work of Phillips (1987)
and Chan and Wei (1987) for the autoregressive parameter of AR(1).

Lemma 3. Under assumptions (A.2), (A.3), and (A.8), then as T — oo:
(a) T2Yirg = 0Jey.ca(a):
(6) T2 Y = 0 [ Jeyer(a)dg;
() T23Y72 = 0? [ ., (a)dg;
(d) T=3 VI (Upg < N) ) = oA [ T e (q)dy;

(e) T2 Y2I(Uig < \) = X [ J2 . (q)dg;

C1, C2

14
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(f) TV Yae = 02 [ Jey ey (@)dW (q);
(9) T3V I(Uii—a < Ny = 02 [ Joy ep (@)W (g, N);

, where the integral is over (0,1) with o* = E(e?), W{(.) is the standard Brownian motion,
and Je, o, (q) = [W(q)+(crA+ca(1=N)) [of e te20=2D1 (5)ds] is the Ornstein- Uhlenbeck
process.

One may wonder how V'(d;) enters the process J., .,, similar to the autoregressive process,
it is captured by the term C' = ¢; A+ c3(1 — A). Then, the asymptotic distribution of the t4—o
statistic under Hy using the near unit root set up is

Proposition 4. Suppose that assumption (A.1), (A.2), (A.3), (A.4), and (A.8) hold.

1. Consider DGP (1.21) and the regression model (1.22) with no deterministic term.
Then, under Hy : ¢ = 0, the ty— statistic has the following asymptotic distribution:

I Ter.ea(0)dW (q)
(o T2 o, (q)dg} 1/

2. Consider DGP (1.21) and the regression model (1.22) with a threshold constant term.
Then, under Hy : ¢ = 0, the ty—o statistic has the following asymptotic distribution:

tg=0 = (1.29)

fol Jcl 02( )dW f() c1, 02
{fo €1, 62 dq_ [f JCl,C2( )dQ] }1/2

Note that the distribution presented above is a function of the nuisance parameters C' =

tomo = (1.30)

1A+ c2(1 — X), and this distribution will change depending if the V' (¢;) is positive or zero.

o If the V(6;) > 0, under Hy of E(d;) = 1, the strictly stationary condition in Theorem
1 imposes the restriction —oo < E(log|d:|) < log(E|é;|) = 0, which under assumption
(A.8) implies that —oo < C' < 0.

e If the V(d;) = 0, under H, of E(d;) = 1, this imposes the restriction p; = p = 1 and,

therefore, under assumption (A.8) ¢; = ¢; = 0, which implies C' = 0.

Since C' is unknown and cannot be estimated, we use sub-sampling to obtain critical
values, (Romano and Wolf, 2001 and Berg, McMurry and Politis, 2010). Sub-sampling
requires knowledge about the rate of convergence of the estimator, ngS, which in this case can
be v/T or T depending on V(d;) and E(J;). To overcome this problem, we follow the work
of Romano and Wolf (2001) by using the studentized statistic.

In order to apply sub-sampling, two more conditions must be checked:
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1. Under Hy, the studentized statistic, 43—, has a non-degenerated distribution.

2. The sub-sampling statistic is strongly mixing.

For our propose both conditions are satisfied since, from Proposition 4, the first condition
stated above is satisfied whether V(d;) = 0 or V(d;) > 0. The second condition is also satisfied
because when V' (6;) > 0, form Theorem 2 and Corollary 2, the process {Y;} is geometrically
ergodic and for the case where V' (6,) = 0, it is proven in Romano and Wolf (2001).

1.4.2 Testing for Threshold Effect

This section attempts to construct a test for the null of no-threshold effect versus the alterna-
tive of a threshold effect. It is worthwhile to emphasize that we do not make any assumption
about E(d;), which can be equal to one or less than one. Assuming that 0 < A < 1, the null
hypothesis of the no-threshold effect (V' (4,) = 0) versus the alternative of a threshold effect
(V(6;) > 0) can be tested by testing

Hy:v=0

Hyo 20 (1.31)

in regression model (1.22)
The proposed test and its asymptotic distribution depend on whether the threshold pa-

rameter \ is known or unknown and unidentified under the null.

1.4.2.1 Threshold Value Known

The case of a known threshold value, A\ = X, becomes relevant for pedagogical or explanatory
reasons as well as for cases where the regimes are determined by the sign of the threshold value
(see Enders and Granger (1998) momentum TAR model). In this situation, the proposed is
the t-statistic for v = 0, t,—¢(\) in the regression model (1.22), and its asymptotic is shown

in the next proposition.

Proposition 5. Suppose that the threshold value is known, then A\ = X, and assumptions
(A.1), (A.2), (A.3), and (A.4) hold. Whether E(d;) is equal to one or less than one, under
the null of no threshold, tvzo(j\) statistic has the following asymptotic distribution

ti—o(A) = N(0,1) (1.32)
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1.4.2.2 Threshold Value Unknown

When the threshold value A is unknown, it is assumed that this parameter lies in the interval
(0,1). The least squares (LS) estimate of A is the value that

argmin  6°(\) (1.33)
A€(0,1)

, where 62(\) = T7' 3], &2 denotes the residual variance from the LS estimation of
model (1.22). This estimate A coincides with the one obtained by maximizing the Wald
statistics, Wr(A), that test the null hypothesis of no threshold in regression (1.22)

Wy = Wr(A) = sup - Wr(}) (1.34)

A€(0,1)

, where Wrp(X) = #2_y()). Then, the asymptotic distribution of W is

Proposition 6. Suppose that assumptions (A.1), (A.2), (A.3), and (A.4) hold. Whether

E(8;) is equal to one or less than one, under the null of no threshold:

1. Consider DGP (1.21) and regression model (1.22) with no deterministic terms. Then,
under the null Hy : v = 0, the Wr statistic has the following asymptotic distribution:

Wr = sup (S W(s)dV(s, )" _ [BB(\)]?

= Sup o\ 1.35
re A1 —X) [ W (s)ds Ae(ol,jl) 1=\ (1.35)

where W (.) is the standard Brownian motion and V (s, )\) is a Kiefer-Muller 3 process
on [0,1]2. BB()) is a standard Brownian bridge (zero mean Gaussian process with
covariance \y A Ay — M Ay). The last equivalence is due to the fact that W(s) = W (s, 1)
and V (s, \) are independent.

2. Consider DGP (1.21) and regression model (1.22) with a threshold constant term.
Then, under the null Hy : v = 0, the Wr statistic has the following asymptotic distri-

bution:

(JW(s)dV(s,))" _  [BBA)P
W= o TN JW(s)2ds — 2oty M=)

(1.36)

where W*(.) = W (.) — fol W(s)ds.

3A Kiefer-Muller V on [0,1] is given by V(t1,t2) = B(t1,t2) — t2B(t1,1) is a standard Brownian sheet.
The standard Brownian sheet B(t1,t2) is a zero-mean Gaussian process indexed by T' = [0, 1]? and covariance
function COU[B(Sl, tt), B(SQ, tz)] = (81 A tl)(SQ A tg).
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From an empirical perspective, we cannot search the threshold parameter A\ in the unit
interval because as A approaches zero or one, we do not have enough observations to estimate
the parameters of one of the states. As in the structural break literature (Andrews (1993,
2003) and Estrella (2003)), they search for the break in a subset of the unit interval defined
by [m1, m2]. We propose the same approach by dropping a proportion 7 of the set of threshold

parameter candidates in the right and the left, such that 7 = my and 7, = 1 — 7, then

o [BBOV?

1.37
AE[m1,m2] )‘(1 - )\) ( )

For different 7y, the critical values of the asymptotic distribution (1.37) are tabulated in
(Andrews (1993, 2003) and Estrella (2003)).

1.5 A Monte Carlo Experiment and Testing Strategy.

Using the Monte Carlo method, we examine the performance of the proposed tests, as well as
the power of the Dickey Fuller test t-test against different TARSUR alternatives. The Monte
Carlos experiment consists of 10,000 replications with sample sizes 7' = 200 and 500. The
error term &; is generated as 7.i.d. N'(0,1), and the threshold variable follows, and without

loss of generality, a first order Markov process with transition matrix:

F— <p11 Pm) (1.38)
P21 P22

To fill these transition probabilities such that E(d;) = 1 holds, first we fix the coefficient
p1 and po, choose a A = P(r) such that E(d;) = Ap1+(1—\)p2 = 1. Second, we fix py;, and by
using the conditional probabilities property we can fill the rest of the transition probabilities
since pag = 1 — po1, p12 = p21ﬁ, and pao = 1 — p1o.

Tables 1.1 and 1.4 show the empirical size for the two proposed tests, that is, for the
mean E(0;) = 1 and for the variance V(0) = 0, under different sample sizes and dependence
levels of the threshold variable. In these simulations, we assume that the probability of being
in regime p; = 1 is the same as being in regime py = 1, that is, A = P(r) = 0.5. This
condition imposes symmetry restrictions on the matrix F', where p;o = ps1, and also in the
case when po; = 0.5, all the entries of matrix F' are equal to 0.5, which represents the case
where the threshold variable is i.7.d.. Table 1.1 summarizes the results by assuming that
the threshold parameter is known, and we can see that the empirical size coincides with the
nominal size of 5% for both tests. Table 1.4 reports the same results as in Table 1.1 but

assumes that the threshold parameter is unknown and unidentified. For the latter case, we
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search the threshold parameter in a subset generated by sorting the threshold variables from
smallest to the biggest and dropping 15% of the elements on the left and the right side, that
is, mp = 0.15.

Tables 1.2 and 1.5 show the empirical size of the test for the mean, E(6;) = 1, and the
power of the tests for the variance, V' (d;), under different levels of dependency in the threshold
variable po; = {0.5,0.7,0.9}, and different values of |y| = {0.02,0.04,0.1,0.2}. We choose
p1 and py such that A = 0.5 and |p; — p2| = |y|. The results in Tables 1.2 are constructed
by assuming that the threshold parameter is known, and we can see that independent of the
value of ||, the empirical size for the test of the mean (E(d;) = 1) coincides with the nominal
size of 5%. Also, we can see that as |y| gets bigger the empirical power for the test of the
variance, V' (&;) changes to one. Tables 1.5 shows the same result under the assumption that
the threshold parameter is unknown and unidentified.

Tables 1.3 and 1.6 report the same information as in Tables 1.2 and 1.5, but in these
cases, we will choose p; and py such that A = P(r) is different from 0.5, which allows the
matrix I’ to be asymmetric.

Tables 1.7, 1.8, 1.15, and 1.16 shows the power for the test of the mean, E(d;) = 1, and
the size for the test, V(4;) = 0, under different dependency levels of the threshold variable,
po1 = {0.5,0.9}. Using a local alternative approach, we allow the coefficients to take the form
pi=1— % for some k£ > 0 and 7 = 1,2. The threshold variable is generated by assuming that
the probability of being in regime p; is the same as being in regime po, that is, A = 0.5. As
before, for the case where py; = 0.5, all the entries for the matrix F' will be 0.5, which means
that the threshold variable is i.i.d.. Tables 1.7 and 1.8 assume that the threshold value is
known, and as shown in Proposition 5, independent of the value of &, the empirical size of
the test for V(9;) coincides with the nominal level of 5%. For the test of the mean, E(6;) = 1,
as k — oo the empirical power of the test tends to one. Tables 1.15 and 1.16 show the same
results but assume that the threshold parameter is unknown and unidentified.

Table 1.9, 1.10, 1.11, 1.12,1.13, and 1.14 show the power for the test of E(d;) = 1 under
different specifications of |y| = {0.02,0.04,0.1,0.2} and dependency levels of the threshold
variable, po; = {0.5,0.9}. We select the coefficients p; = a3 — :ﬁp and py = ag — % for some a;
and ag such that A = 0.5 and |p; — ps| = |y|. We can see that as k — oo, the power of the
test for the mean E(d;) = 1 goes to one. Also, as |y| gets bigger, the power of the test for the
V' (d;) tends to one. Tables 1.17, 1.18, 1.19, 1.20, 1.21, and 1.22 show the same results but
assume that the threshold parameter is unknown and unidentified. For illustrative purpose,
we present the power of the Dickey-Fuller (DF) unit root test against the same TARSUR

alternatives previously considered. The t—statistic is calculated from the regression
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AY, = by + bYi_1 + v, (1.39)

The conclusion is that the DF unit root test cannot easily distinguish between a pure

unit root and a threshold stochastic unit root.

1.6 Some Extra Issues

From the empirical point of view, there are four extra issues that are present in all the

threshold models and need to be discussed. These issues are:

1. Models with higher dynamics. For practical purpose, model (1.5) is rather too simplis-
tic, so it must be replaced as in Leybourne, McCabe and Tremayne (1996) by a more

general version of (1.5)

Y =60Y," ) +& (1.40)
where
p
Y=Y =) wiY, (1.41)
=1

with all the roots of the lag polynomial ®,(L) =1 — 7  w;L* lying outside the unit
circle. The advantage of this formulation is that when F(d;) = 1, under the null, the
process is integrated for order one, and the hypothesis for the threshold effect can still
be framed in terms of the single parameter, namely v. The model has the following

representation

p+1
Yo =) naYii+en (1.42)
=1

where n1y = (8 + w1), Nt = (w; — dyw;—q) for i = 2,--- | p and wy1 = —d¢,. With
E(d;) = 1, under the null hypothesis v = 0, Y; is an AR(p + 1) process with a non-
random unit root because the coefficients 7;; still sum to unity. Alternatively, when
v # 0, Y; is a random coefficient of the AR(p + 1) process. The sum, s;, of the p+ 1
AR coefficient is given by
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p p
sy = 0¢(1 — sz) + sz‘a (1.43)
=1 =1

so that s, has a mean of unity and variance V(6;)(1 — >_%_ w;)®. Thus, when v # 0
(V(6;) > 0), Y; represents an AR(p+ 1) process with a random unit root. It is straight-
forward to show that the result of Theorem 1 and the asymptotic theory developed in
Section 4 still hold. For the latter, the only required modification is to add p lags of AY;
in the regression model (1.22). The number of lags can be chosen by some information

criteria (see Kapetianos (2001)).

. Determination of number of regimes. The number of regimes can be determined by
sequential testing or by some model selection technique. The first approach consists
of running the TARSUR tests sequentially in a similar fashion as it done in Bai and
Perron (1998) for structural breaks. The second approach inherits the spirit of the first
one, but it uses some information criteria instead of a test. This has been introduced in
Gonzalo and Pitarakis (2002). The consistency of both approaches needs to be proved
for a TARSUR framework.

. Inference on the threshold parameter r. This is the toughest topic in the literature. To
the best of our knowledge, the most general solution is given via the use of sub-sampling
methods in Gonzalo and Wolf (2004). Extensions of this approach to a TARSUR

framework are currently under investigation by the authors.

. Misspecification of the threshold forcing variable. This type of misspecification pro-
duces, as in the standard omission of a relevant variable case, inconsistency of the
parameter estimate, unless the true and wrong threshold variable splits the sample in
a similar fashion. In practice, we propose to choose the threshold variable based on

some information criteria.

1.7 Empirical Applications

In order to provide an empirical illustration of how the estimation and testing of a TARSUR

model can be applied in practice, we present four applications where some theoretical and /or

empirical controversy exists about the randomness of the unit root in the AR representation.

The first example models U.S. stock prices, the second investigates the U.S. house prices,

the third analyzes the U.S. interest rates, and fourth the nominal exchange rate between the
USD/Pound exchange rates.
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1.7.1 U.S. Stock Price

Following the economic model presented in Section 1.2, in this application we investigate via
our TARSUR model the link between asset prices and real activity, as well as the predictabil-
ity of asset returns. The data analyzed are the quarterly series of real Standard & Poor’s
Composite Stock Price Index from 1947:1 to 2016:4. The threshold variable representing the
real activity is the increment in real GDP. More information about the data on stock prices
can be found in Shiller (http://www.econ.yale.edu/ shiller/data.htm), and the GDP (S.A.)
series in the U.S. Bureau of Economic Analysis, retrieved from FRED
(https://fred.stlouisfed.org/series/ GDPC1).
The estimated model for the stock prices is the TARSUR model

AY, = l(Ziqg < X))+ pol(Zi—g > N) + @Yoy + vHi(r)Yi1 + &,

, where Y; is the real stock price index and Z; corresponds to changes in the real GDP
(Argdp;). The Dickey-Fuller unit root test suggests that real stock prices as well as the real
GDP contain a unit root, therefore, Z; is 1(0).

[Tables 1.23 and 1.24 here]

Table 1.23 summarizes the estimation results for the TARSUR model. Since we have to
estimate the threshold parameter, we search in the set generated by ordering the observation
of Argdp; from the smallest to the biggest and dropping 15% of the elements of this set
in the right and the remaining in the left, in terms of the distribution (1.37), m = 0.15
and m = 0.85. Testing for E(d;) = 1, we can see that t4,—o = —1.398 and the 5% critical
value obtained using sub-sampling is C'V;,_; = —2.43; therefore, we fail to reject the null of
E(6;) = 1. Testing for V' (&;) > 0, the null hypothesis of no threshold effect is clearly rejected
at the 5% significant level since Wr = 13.76 versus the critical value of C'V, , = 8.86
tabulated in Estrella (2003) for 7y = 0.15.

The TARSUR model does not only capture a clearly positive relationship between the
stock market and real activity but also it finds a candidate variable Z; to explain the causes of
why stock prices may have a unit root. To evaluate the forecast performance, we test the one
step-ahead forecast of stock returns, AY;, produced from our TARSUR model with respect
to the RW with drift (AY; = ¢+w;). Since the TARSUR process is a nested model of the RW
process, we follow the method proposed by Clark and West (2006) where the one step-ahead
forecast errors are constructed by using the estimated parameters ((5, 9, 5\, fi1, andjfiz) from a
rolling window regression and construct the mean square prediction adjusted statistic (MSPE-

adjusted). We test under the null of equal forecast error variance Hy : 0hy = 0%4psyr-
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Following the argument of Ashley, Granger and Schmalensee (1980), Clark and McCracken
(2001, 2006), the alternative hypothesis considered will be one-sided Hi : 0%y, > 0% 4psur
because if the process does not follow a RW, we expect forecast from the TARSUR model to be
superior to those from the RW. The MSPE-adjusted statistic we obtain is tyrspp—qqj = 5.03
which is greater than the 5% critical value of a standard normal. Also, we measure the
forecasting performance by counting the number of times that the sign of the returns is
predicted correctly. The TARSUR model predicts the sign correctly 69% of times, whereas
the RW model predicts 55% of times correctly. From the forecasting point of view, the
TARSUR model also has a good performance.

To recover the estimates of p; and py there are two forms. After failing to reject the null

of Hy : ¢ = 0, the first method is to estimate the following unrestricted model:

Y =il (Zica SN+ pol (Ziea > N) + p1l (Zica S ANt + prd(Uimg S N)Yio + 60 (1.44)

The second form is to impose the null of ¢ = 0 on the regression model (1.22) such
that from the maintained hypothesis of unit root (p1A + p2(1 — A) = 1) and the estimated
parameters, 4 and 5\, is straightforward to recover the estimates of p; and p, and the transition
probabilities pay and pro (see Table 1.24). When E(d;) = 1 holds the estimates of p; and po,
in both methods it should be the same. The results in Tables 1.23 and 1.24 show that when
the increment of real GDP is less than 78.71, the stock price index is in the stationarity and
mean reverting regime (autoregressive parameter equals to 0.976). The estimated probability
of being in this regime is 0.68. On the other hand, when the increment of the real GDP is
larger than 78.71, prices follow a mildly explosive model (autoregressive parameter is equal to
1.023). This occurs with probability 0.32. Overall, the stochastic root of the autoregressive

representation is on average unity.
[Insert figure 1.2 here]

Figure (1.2) presents the plot of the U.S. stock prices, the green dots represent the periods
in which the TARSUR model tells us that the stock prices are in the explosive state, and the
red dots represent the periods in which the stock prices are in the mean reverting period. The
vertical lines represent the U.S. recessions (www.nber.org/cycles/cyclesmain.html). From this
plot, we can see that the TARSUR model is able to identify the periods in which the stock
prices are expanding and the periods in which they are contracting.

Given that the estimated value of the delay parameter d is equal to one, at time t — 1 it

is known in which regime we are at period ¢t. Therefore, stock prices will not be a martingale
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process with respect to the information set formed by past values of Y; and Argdp;. In other
words, if Argdp; is considered a plausible explanation of the stochastic unit root, future

returns could be predictable in the sense that

Y, —-Y,_
T I »
t—1

From (1.45) and the results in Tables 1.23 and 1.24 we conclude that if we were in a
"recession" state at time ¢t — 1 (Argdp, < 78.71), the expected value of returns at time ¢
would be negative. On the contrary, if we were in an "expansion" state (Argdp, > 78.71) the
expected return would be positive. In this way, we find that there exists a positive non-linear
relationship between the expected stock returns and the real activity of the economy. The
linear links between the stock returns and macroeconomic variables are found widely in the
financial literature (Chen et al. (1986), Fama (1990)).

1.7.2 U.S House Price

In this application, we study the link between house prices and real activity using the TAR-
SUR model. The analyzed data are the quarterly series of the U.S. real home price index from
1961:1 to 2016:04. The threshold variable representing real activity is the quarterly growth
rate of real GDP per-capita. More information about the U.S. real house price index can be
found in the website of Shiller (http://www.econ.yale.edu/ shiller/data.htm) and about the
real GDP per-capita (S.A) series can be found in the Federal Reserve Bank of St. Louis (
https: / /fred.stlouisfed.org).

Price bubbles is not a new phenomenon and it was modeled as an explosive autoregressive
process. From a historical perspective (Tulipmania, South sea bubble, 1929 stock market
crash, Dotcom bubble, and the more recent house market bubble) we observe that bubbles
have a peculiar behavior, that is, a period during which the asset price grows sharply followed
by a sudden steep drop.

Modeling price bubble as an explosive autoregressive process captures the period in which
the bubble is expanding but is unable to capture the price drop. The TARSUR model solves
this problem by allowing some of the autoregressive coefficients to remain above unity for
some periods and bellow unity for others, but on average one. This change on the coefficients
will be able to capture the explosive and implosive behavior of price bubbles, and we will
also able to find a plausible random variable capable of explaining this behavior change.

As before, the estimated TARSUR model for the house prices is:
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AY, = l(Zi—qg < N) + pol(Zia > N) + @Y1 + vHi(r)Yio1 + &,

, where Y} is the real house price index and Z; is the quarterly growth rate of GDP per-
capita (ARgdpP;). The usual Dickey-Fuller test suggests that the home price index and real
GDP per-capita have a unit root but ARgdpP, is 1(0).

|Insert Tables 1.25 and 1.26 here]

Table 1.25 summarizes the estimation results; however, since the threshold parameter is
unknown, we search the threshold parameter in a subset generated by dropping 15% of the
threshold value of candidates from the right and the left in the set generated by ordering
the observations of (ARgdpP;). Testing for E(d;) = 1, the ¢-statistic is t,—o = 0.551, which
compares with the critical value obtained using sub-sampling C'V;, , = —2.969, clearly we
fail to reject the null of E(d;) = 1. Testing for threshold effect, the null hypothesis is clearly
rejected at the 5% significant level since the Wald test is Wy = 16.556, compared to the
critical value of C'V,—_y = 8.86 tabulated in Estrella (2003) for my = 0.15.

In this empirical application, we also compare the one-step ahead forecast performance
of the estimated TARSUR process with respect to the UR with drift (AY; = p+ u;). Again,
following the procedure proposed by Clark and West (2006), we test the null of equal forecast
error variance (Hy : 0%y = 0% 4psur)- LThe MSPE-adjusted is tysp—ag; = 3.06, which is
greater than the 5% critical value of a standard normal, rejecting the null of equal forecast
error variance in favor of the TARSUR model. Also, we measure the number of times the
sign is predicted correctly, which also shows that the TARSUR model is slightly superior by
predicting 69% correctly against the 65% predicted by the RW.

In Table 1.26 we recover the estimates of p; and p, and the transition probabilities poo
and pio. The results in Tables 1.25 and 1.26 show that when the quarterly growth rate
of the GDP per capita is less than 0.28%, the real house price is in the stationary regime
(with autoregressive parameter of 0.97). The probability of being in this regime is 0.33. If
the quarterly growth rate of the GDP per capita is larger than 0.28%, the real house price
follows a mildly explosive process (autoregressive parameter 1.02). The probability of being

in this regime is 0.67.
|Insert Figure 1.3 here]

Figure 1.3 presents the plot of the U.S. real house price index, the vertical lines represent

the U.S. recessions (www.nber.org/cycles/cyclesmain.html). The green dots represent the
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periods in which the TARSUR model tells us that the house price is in the explosive state
and the red dots represent the periods where the TARSUR model tells us that the house
price is in a mean reverting state. Note that the TARSUR model is able to assess something
about the 2008 house price bubble, since it is able to capture the explosive behavior of house
prices between 2001 to 2008, represented by green dots, and the implosion of house prices
between 2008 to 2010, represented by red dots.

1.7.3 U.S Interest rates

In this empirical application, we analyze the U.S. three-month treasury bill interest rates
using our TARSUR model. The series have monthly frequency from January 1949 to De-
cember 2016, more information is available in the Federal Reserve Bank of St. Louis (
https:/ /fred.stlouisfed.org).

Leybourne, McCabe and Mills (1996) perform a similar exercise for the international U.S.
bond yield data (BUS) but with higher frequency data on a shorter period (daily close of
trade observation from April 1% to December 295 1989). They find that the null hypothesis
of fixed unit root versus the alternative of a stochastic unit root is clearly not rejected.

In order to apply our TARSUR model, we need a candidate for a threshold variable.
There is an extensive body of literature showing the negative relation between interest rates
and unemployment rates (Sargent, Fand and Goldfeld (1973), Friedman (1977), Blanchard
and Wolfers (2000)). Then, the threshold variables we use will be the annual changes in the

unemployment rate (Aunrate;) available in the Federal Reserve Bank of St. Louis.
[Insert Tables 1.27 and 1.28 here|

Table 1.27 shows the estimation results of the TARSUR model. Testing for E(d;) = 1,
we fail to reject the null hypothesis of E(d;) = 1 since the t-statistic ty—g = —0.843, which
is greater than the critical value generated by sub-sampling CV,—y = —3.56. Testing for
Var(d;) > 0, we reject the null of no-threshold effect since the Wald test W = 16.548, which
is greater than C'V,—y = 8.86 from Estrella (2003) for my = 0.15.

The TARSUR model captures a negative non-linear relationship between the interest
rates and the annual increment of unemployment rates. We can see from Tables 1.27 and
1.28 that if the annual change in unemployment rate is less than 0.4%, the interest rate is in
the "explosive" state with the autoregressive coefficient of 1.006, which is close to one, and
the probability of being in this regime is 0.74. If the annual change in unemployment rate is
greater than 0.4%, the interest rate is in the mean reverting state with the coefficient 0.968,

and the probability of being in this regime is 0.26.
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|Insert Figure 1.4 here]

Figure 1.4 plots the series of interest rates, the green dots represent the periods in which
the interest rates are in the "explosive" state (Aunrate, < 0.4%), and the red dots are the
periods in which the interest rates are in the mean reverting state (Aunrate; > 0.4%). The
vertical lines represent a recession as determined by the National Bureau of Economic Re-
search (NBER)(www.nber.org/cycles/cyclesmain.html). As we can see during the recession
periods, during which the unemployment rate increases and interest rate tends to decline,
consistent with the economic theory and the TARSUR model is able to capture a non-linear
relationship of this phenomena.

Also, we evaluate the forecast performance of the TARSUR model against the UR process
with drift (AY; = p+u;). The MSPE-adjusted statistic is tyrspp—_aqj = 1.98, which is rejected
at the 5% significant level but not rejected at the 1% significant level. Furthermore, we
evaluate the number of times the TARSUR model predicts correctly the sign with respect to
the RW. In this case, the TARSUR model has a similar performance to the RW with 48%
and 47%, respectively.

1.7.4 Dollar/Pound Nominal Exchange Rates

For the last empirical application, we try to find a non-linear behavior of the U.S. dollar
and the British pound nominal exchange rates using our TARSUR model. The data we use
are the monthly series of nominal exchange rates of the U.S. dollar per British Pound from
January 1978 to December 2016. More information is available in the Federal Reserve Bank
of St. Louis database ( https://fred.stlouisfed.org).

In order to estimate a TARSUR model, we need to find a suitable threshold variable.
In their work, Messe and Rugoff (1983)and Barbara Rossi (2006) use the first difference of
the nominal short-term interest rate differential between countries as one of the explanatory
variables suggested by the economic theory. Following their work, we use this first difference
of the nominal interest differential as a threshold variable. More information about the series
of short-term interest rates can be found in the OECD database (http://www.oecd.org/std).

Meese and Rogoff (1983) show that economic models used to forecast exchange rates
are outperformed by the random walk. A possible explanation for this phenomenon is the
presence of parameter instability. In order to explore this puzzle and improve the out-of-
sample forecast, there is a lot of work in the time-varying parameter models, Engle (1994)
and Marsh (2000) use regime-switching models, but it is still unable to beat the random
walk. Schinasi and Swamy (1989) and Rossi (2006) use random coefficient models and they

can have a better out-of-sample forecast than the RW.
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|Insert Tables 1.29]

Table 1.29 shows the estimation of the TARSUR model. Testing for E(6;) = 1, we fail
to reject the null hypothesis of ¢ = 0 since the ¢-statistic t4—o = —1.79, which is greater
than the critical value obtained using sub-sampling, C'Vy_y = —2.90. Testing for V(¢;), we
clearly do not reject the null of no-threshold effect since the Wald statistic W = 7.84, which
is smaller than C'V,— = 8.86, from Estrella (2003) for my = 0.15. The results from the tests
suggest the presence of a unit root that is fixed.

From the forecast perspective, using the method of Clark and West (2006), we compare
the TARSUR model with respect to the random walk with drift (AY; = u + ;) and, clearly,
we fail to reject the null of equal variance of error forecast. The MSPE-adjusted statistic is
trspe—adi = 0.94. Furthermore, the proportion where the TARSUR model predicts correctly
the sign of the exchange rates is 51.42%, which is slightly better than the RW at 47%.
This result that we obtain is like the one obtained by Engle (1994), but with a different
methodology. The advantage of the TARSUR model is that we can find a reason why both
models have an equal out-of-sample forecast performance in terms of mean squared error.

This is because we are not able to reject the existence of fixed unit roots.

1.8 Conclusion

This study introduces a new class of stochastic unit root models (TARSUR) where the random
behavior of the unit root is driven by an economic threshold variable. By doing that, we not
only make the unit root models more flexible but also find an explanation for the existence
of unit roots. Flexibility is obtained because depending on the values of certain parameters,
the TARSUR process can behave like an explosive process, an exact unit root process, or a
stationary process. Explanatory power is gained because TARSUR models, by identifying an
economic variable as a threshold variable, can provide a cause for the existence of unit roots.

Empirical applications show that estimation and testing of TARSUR models is not more
difficult than the estimation and testing involved in fixed-unit root models. This is a clear
advantage of the TARSUR models with respect to other stochastic unit root methodologies

available in the literature.
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Appendix

1.A Proofs

Proof of Theorem 1. The condition for strict stationary follows from Brandt (1986), and
the weak stationary from Karlsen (1990).

Proof of Corollary 1. From V(é;) > 0 and by Jensen’s inequality we get
Elog|o1| < logE|01| = logEd; =0 (1.46)
Therefore condition (1.7) holds.

Proof of Proposition 1. The condition for covariance stationary is given by,

JiOEQWF)% = [(1 1) inj <p1p1>] < oo, (1.47)

j=1 P2P2

PP Pipa

) ) . This infinite sum converges if the spectral radius of F5 is less
PaD12 PaD22

with Fy = (
than one.

Proof of Theorem 2. The proof is in the paper of Yao and Attali (2000), Theorem 1,
with |fx(y)| = akly| + by for k € E = {1,2...,n} where {ax, b} are positive constants.

Proof of Corollary 2. The proof is the same as Corollary 1.

Proof of Proposition 2. The IRF can be expressed as

&= (1 1)iFf<p1p1>, h=1,2 (1.48)

j=1 P2D2

P1P11 P1P21

P2D12  P2D22
spectral radius of F} is less than one.

where [} = ( > Therefore limy,_,..&, converges to zero if and only if the

Proof of Proposition 3. Iterating backwards equation (1.15),

AY, =+ (6, — 1) mz: (J 5t_i> gi—j+ (6 — 1) (ﬁ 5t_i> Y . (1.49)

j=1 \ i=1
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Subtracting (1.15) from equation (1.49)

AY;&(thm) - AY; = (515 - 1)(}/;,1(3/;,7”) - }/;71)7 (1'50)

where A(Y;_,,) correspond to equation (1.49) and AY; to equation (1.15). As long as
V() > 0, A(Y;_,,) converges almost sure (in mean square) to AY; as m — oo, if and only

if i1 (Y;_,) converges almost sure (in mean square) to Y;_.

In order to derive the asymptotic distribution of the proposed tests we need to use some
of the asymptotic tools developed in Caner and Hansen (2001).

Define the partial-sum process

T's]

[
1
Wr(s,\) = = > I(Ui—g < Ne, (1.51)
t=1
with A = P(Z;_4 <r) = P(r). Theorem 1 in Caner and Hansen (2001) establishes that

Wr(s,A) = oW (s, A), (1.52)

on (s,)\) € [0,1]*> as T — oo, where W (s, ) is a standard Brownian sheet on [0,1]?, and
o? = E(e).

Definition 2. A standard Brownian sheet S indezed by R™ x [0, 1] is a zero-mean Gaussian

process with continuous sample paths and covariance function,
Cov[S(s,u), S(t,v)] = (s At)(uAwv).

Following Theorem 2 in Caner and Hansen (2001) if V; =Y, 1 + &

N N [ W), (1.53)

where W(.) is a standard Brownian motion. Finally from Theorem 3 in Caner and Hansen
(2001)

T 1
1
T Y ViI(Ua <) = )\a/ W (s)ds (1.54)
t=1 0
1 & !
7% ZYf](Ut_d <)) = /\02/ W2(s)ds (1.55)
t=1 0

The proofs are divided into two parts depending if the deterministic components are
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included in the regression model (1.22): (1) no deterministic components included p; = pg =
0, and (2) including state dependent constant terms gy # po.
Let’s start writing a close form of the estimator of ¢ and v for the case in which no

deterministic components are considered and allow us to rewrite model (1.22) as follows,

A}/t = Xt_lﬁ + &4 (156)

¢

where X, — (Y,;,l Ht(A)YH) and 8 = (7

T -1/ 7
B = (Z Xt’_lXH) (ng_lm/g) , (1.57)
t=1 t=1

). Then the least square estimate of [ is,

equivalently

T -1/ 7
B —fp = (Z X£1Xt—1> (Z X£1€t> , (1.58)
t=1 t=1

Now,

T
ZX/ Xt .= ( ZZ;I Y;Z—l ZZ;I }/;2—1Ht()\>> (1 59)
t—13—1 = .
S VR H(N) S YA HE(N

T 0
Define I'y, = 0 T for b = {%, 1} depending if the process Y; is covariance stationary

or not, and multiplying both sides of (1.58) we get

2 _ 5) _ < T_QbTZf1 Yt2—1 T 251 Yt2—1Ht(/\)> - ( T_QbTZZl Yiae )
T2 YA H(N) T2 50, Y2 HE(N) T2 Y Hi(Vee
(1.60)
Equation (1.60) is key since we derive the asymptotic distribution of the tests from here,
for the case in which the regression model (1.22) we do not considere deterministic terms.
Let’s write the least square estimate of ¢ and v when state dependent constants are intro-
duced in the regression model (1.22). We can estimate both parameters from the following

regression,
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[[(Ui—a € NAY + 1(Up—a > NAY] = 0[I(U—g < VYL + 1(Up—a > VY]
+ (1= NI (Uia S VYL + M (Ur—a > MY
(1.61)

I _ S I(Ui—a<NAY, o ST (U g>NAY, I
where AY, = <AYt > Sy Ay )’ AYT = (AYt Sy )’ Yoo =

Sty IUi—aSA)Yis n_ XL IUia>NYi
(YH TGSy ) and Y, = (YH S 10 )
Let us rewrite model (1.61) as follows

[(Up_g < NAYL + 1(U_g > VAY = X)_ B+ (1.62)

where = (¢> and
Y

X, = (I(UH <SNYL + T(Ug > Y (1= NI(Upg < YL+ M(Up_g > A)Y;f_fl)
(1.63)

Then as before the least square estimate

T -1/ 7
= () () 64
t=1 t=1
equivalently
T

B-B= (ZX;_I)@_1> 7 (i)@_let), (1.65)

t=1

Now,

T ~ ~
> XK= (m “) (1.66)
t=1

Ty T

where 71 = 1, [10a € WO+ 100 > WP 22 = 70 = S5, [0
MNI(Ui—g < NV + M (Up—g > A)(Ytl_fl)ﬂ and &, = 3|, {(1 — N2 (U_g < V(L) +
NI(Up_g > A)(Yt”l)z} :

T 0
For I'y = (O T) and multiplying both sides of (1.65) we get,
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25 —o- \ ! -15~T I 11

r (B B 5) T—2x1 T “I9 T thl[I(Ut—l < )‘)Y;f—l + I(Ut_l > A)th_l]é't
! T-25; T34 TS (1= NI(Upeg < NYL, + M (Up_g > MY e

(1.67)

Expression (1.67) is important since we will use to derive the asymptotic distribution of

the tests when we include in the regression model state dependent constants.

Proof of Lemma 1. For the case in which V'(é;) = 0, under the null of ¢ = 0 the DGP
(1.21) became a Random Walk process Y; = Y;_ 1 + ;.

To prove paragraph (1), we use the close form of the estimator of 5 in equation (1.60),
for b =1, that is

—1
FI(B —B) = T Zthl V2, T Zthl Y2 Hy(N) T Zthl Yi o1&
T2 Y2 H(N) T2 Y2 HE (N !

(1.68)
Note that since Y; is a RW we have that
T 1
T2y Y, = 02/ W2(s)ds (1.69)
t=1 0
by construction of Hy(\) = I(U;_q < X\) — X and (1.55) with (1.69) we know that
T T T
T2 Y2 HA) =T I(Ug S NY2, = AT ) Y2 =0 (1.70)
t=1 t=1 t=1

Finally from (1.55) and (1.69) we have

T
ZHHQ ) = o2A(1— A /W2 )ds. (1.71)

From (1.69), (1.70) and (1.71) the matrix

< Trern T Z;lef—lﬂg(”>_ = (o [ wropas)” (1 0 )
T Zt:l Y;—lHt()‘) T Zt:l Y;t—lHt O‘) 0 0 P‘(l - A)]
(1.72)

From the usual unit root asymptotic we known that
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T
1
TN Y W (1)? -1 1.
;tlet;x%[vv() ] (1.73)
and
T 1
T_letlHt()\)stéaz/ W (s)dV (s, \), (1.74)
t=1 0

where V (s, \) is a Kiefer-Muller process on [0, 1]%, then

Ty Y LW (1)? — 1
. thzr t—1E¢ = 52 12[ (1) ] (1.75)
T Zt:1 erlet()\)gt fO W(S)dV(S, )\)
Putting all together we have

$[W(1)2-1]

FI(B - /8) = fofo WdV(S ) (176)
A(1-X) fo W2(s)ds

From (1.76) the distribution of the t4—¢ is the same as the Dickey-Fuller test, and is free
of the threshold parameter \.
The proof for paragraph (2) is done in the same way as the paragraph (1) by using the

closed form of the estimator B

<T BT m2> 1;x 1 <1 0 ) L
T-%%3 T 2iy ( f01W(s)2ds—[f01W(s)ds]2> 0 (1= '

T [0 S WYL+ 10a > WY e\ (W) - W W
-1y {( NI(Up—q < NYL, = MN(Up_g > )\)thfl}at JEW (s)dV(s,A) — V(1,2) fo s)ds
(1.78)
Putting all together we have that:
Jo W(s)dW (s)-W (1) [} W
M=) = | e Wera-liwe d“”] ) (1.79)

Jo w(s)dV (s,\)=V (1,)) fo ds
(fo W (s)2ds— [fo W (s) ds]z)

This complete the proof of Lemma 1.

Proof of Lemma 2. The proof of this Lemma is straightforward, since the TARSUR

process is covariance stationary, from equation (1.60) with b = we apply the ergodic

27
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stationary martingale differences central limit theorem.

Proof of Lemma 3 To show the convergence of T-V/2Yz, = J., ,(q), first note that

In(d;) = n(p1l(Up—qg < AN)+ pol(Up—qg > N)) = In(p1) I (Up—q < X) +1n(p2) I (Up—q > A) (1.80)
Let define S; = 25:1 g;, from this sequence of partial sum construct.

1 ;
Xr(q) = T~ 207 Sy = T-V20715, 1., jT <q< % (1.81)
we have that,

Xr(q) = W(q) (1.82)

Iterating backward the TARSUR model (1.5) we have that:

[Tq] [Tq]—i [Tq]
Yirg = Z ( H O[rq] j+1>5z <H5 )Yo (1.83)
Taking logs and exponential in the product of d;
(Tq] — (Tq]
Yirg = )Xot 0t (H 5j>Yo (1.84)
i=1 1

j=
by adding and subtracting inside the exponential ([T'q] — 7)E(In(d;)) and reordering the

terms

[Tq] (Tq]

Z (ITa1-)Bn(50) T4 in(5 1)~ E(n(50) (H(g)yo (1.85)

First focus on the term e(Ta=DE)) in equation (1.85). From assumption (A.8) we have
that

e([Tal=)En@) — = lexte(1-2) = JH=0 (1.86)

where C' = [c1 A + c2(1 — V)]

(Tq
Second, focus on the term Xt Mn(Orraie)- BN we can write as follows
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625211]71‘ In(p) I (Uirg—d—j+1<M)+In(p2) I(Uirg)—a—j+1>A)—In(p1)A—In(p2) (1-N)]
— I (o) U Uprg) a5 41 0=V Hn(p2) [ (Uirg)—a— 41 >N —=(1=N))] (1.87)

_ on(p1)=n(p2) ST U (U a1 <0

From assumption (A.8)we have that:

— o272 Y Ui g <N-N (1.88)
Note that as T' — oo
T =i 2 [WUma-ag < A) = A =, 0 (1.89)
j=1

such that expression (1.88) can be written as

_ e, ) (1.90)
From (1.86) and (1.90) we can rewrite (1.85) as follows
[Tq]

T2y = 3 e T, L o(T112) (1.91)

i=1

Then

[Tq] i
—1/2 - Tl cpo,1) 7 —1/2
Ty oZ r dXr(s) + O(T )

T

(Tq] .4 ,
_ O—Z /T e[T%:Z]CJ'_Op(l)dXT(S) + O(T_1/2) (192)
im1 Y

q
. / e1=51C+05(1) g (5) 1+ O(TY/2)
0

¢ is continuous

We use integration by parts on the first term which is valid since (9=
and Xr(s) is increasing and of bounded variation. From (1.82) and the continuous mapping

theorem as T" — oo,
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q q
J{XT(q)—l—(C'—l—op(l))/ el1=9CFor ) X (§)ds}+O(T?) = a{W(q)—i—C’/ eI (s)ds}
0 0
(1.93)
The proofs of (b) and (¢) are similar. To prove (d) we follow the results of Gonzalo and

Pitarakis (2012). We have to show the strong approximation

Y;
Sup [Tq]

q€[0,1] ﬁ

Following the steps in Phillips (1998) lemma A.3 we use the Hungarian strong approxima-

- Jc1,c2 (Q) = Oa.s<1) (194)

tion to the partial sum process , Z;l g; and construct an expanded probability space that
contains {g;, ¥;} and the Brownian motion W(.) for which the following strong approximation
holds:

[Tq}gv
Sup |21 1w(g)| = 0,..(1) (1.95)

Then

T~y =0 (a=9)CH([Ta/T]=a) =0/ T=5)}CFoas (V) g X (5)

/e
a/ e T ICAX () (1 + 04.5(1)) (1.96)

[e=]

g/ @90 G X1 (5) + 0q.s(1)

=]

since el(TU/TI=0=(/T=9)} = OT™) = 1 4 (1) uniformly in ¢ € [0,1] and s € [L7, 4]
uniformly over j = 1,---,T. Since /¢~ is continuous and Xr(s) is increasing and bounded

variations we can integrate by parts (1.96)

q
T = o{Xr(q) + C/ e 99O X 1 (5)ds} + 0q.5(1) (1.97)
0

Yirg)
Sup | <04 — J,, ()] < Sup |Xr(q) = Wr(q)
gefo.)! VT ¢€[0,1]
/q ela=9)C
0

The rest of the proof of part (d) follows from Gonzalo and Pitarakis (2012). (e) follows

(1.98)

+ Sup
qe [071]

Sup |X7(a) — Wr(a)| + 04.5(1) = 045

s€[0,1]
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identical lines to the proof of (d).

To prove (f) note that by squaring (1) and summing over ¢ we have

T 1YT_2c1TQZI Ui—g < NY2 |+ 2¢ 221 Ui_qg > \Y2 1+2TZYt 160+ = Zet+0 —1/2)
t=1 t=1

(1.99)

From the strong law of large numbers for weakly dependent sequence T-!> ¢ — o2

almost surely. From (a) and (d) with the continuous mapping theorem, as T" — oo,

T 1 1
271 ZY}_lst = 0 {Joy e, (1)}? — 2020/0 {Jey ey (8)}2ds — 0% = 202/0 ey en(8)dW ()
t=1
(1.100)

The last inequality came form

(Jo(D)}2 =1+ 20/01{Jcl,02(5)}2ds + /01 ey e (8)dW (5) (1.101)

Our result in (g) follows along the same lines as in Lemma 1 in Gonzalo and Pitarakis
(2012) and Theorem 2 of Caner and Hansen (2001).

Proof of Proposition 4.
To prove the first part of Proposition 4, we use the close form of the estimators presented
in (1.60) with b = 1, and the results in Lemma 3 with the continuous mapping theorem. The

second part of Proposition 4 is proven similarly, by using in this case equation (1.67).

Proof of Proposition 5.

For the cases where E(d;) < 1 the proof can be found in Gonzalez and Gonzalo (1997).

For the case where F(d;) = 1, under the null of Hy : v = 0, note that DGP (1.21)
became a random walk process. For this case, whether the regression model does not have
deterministic components or have state dependent constants is already proven in Lemma 1.

Case 1: Regression model (1.22) with p1 = pp = 0. From (1.78) we can see that

Y4 — = 1.102
(=7) A1 =) fol W2(s)d ( )
From the continuous mapping theorem
W(s)dV (s, A
fo (5)dV (s, ) (1.103)

ty—0 =
VAL =) fiw(s)

38



Chapter 1. Threshold Stochastic Unit Root Models

Since V(s,\) and B(s) = B(s, 1) are independent, it can be proved for a fixed A,

[ W(s)dV (s, \)

fol W(s)2ds

= N(0,03), (1.104)

where 03 = V(H(Ne/o) = A1 — ).
Case 2: Regression model (1.22) with state dependent constants. From equation (1.79)

we have that:

T1(5 — ) :> f B(s)dV (s, )\) - V(LX) fo B(s)ds _ fo W*(s)dV (s, \) (1.105)

=N (o wzds = [ W(ds) AL =X (fy W (s)ds)

where W()*=W(.) — fol W (s)ds. From the continuous mapping theorem we have that:

f W*(s)dV (s, \)

VAL =) [ W (s)2ds

Again note that W*(s) and V (s, \) are independent, we get the desired result.

t—o = (1.106)

Proof of Proposition 6. Since the threshold value is unknown and unidentified,the test

statistic proposed is
Sup t,—(A)*. (1.107)

A€(0,1)
All the cases considered in Proposition 6 are examined in Proposition 5. Applying the

continuous mapping theorem we have that
Wr = Sup t(M\)? (1.108)
A€(0,1)

where £()) is the asymptotic distribution of the t—statistic obtained in Proposition 5.
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1.B Tables and Figures

Table 1.1: Empirical size of test for £(d;) and the V' (d,). Threshold parameter known A = 0.5.

Coefficients Dependence T=200 T=500
t¢:0 tvzo t¢:0 t,y:()
_ _4 |P2=05(iid) [483]5.00 540 |5.20
I =07 | 510524 [ 5.90 | 5.10
(1 =0) P12 = 0.9 6.12 | 5.44 || 6.10 | 5.11

Table 1.2: Empirical size of test for E(d;) and power of the test for V(d;). Threshold param-
eter known and A = 0.5.

Coefficients Dependence T=200 T=500

t¢:0 t,y:() t¢:0 t,y:()

P12 =05 (i.i.d.) | 491 | 12.53 || 5.07 | 46.93
piz = 0.7 6.20 | 13.16 || 6.10 | 45.22
pi2 =09 5.85 | 13.49 || 5.94 | 45.79

pr2 = 0.5 (ii.d.) | 4.54 | 35.34 || 5.00 | 85.73
piz = 0.7 5.68 | 34.91 || 5.61 | 86.40
piz = 0.9 6.03 | 34.35 || 6.02 | 85.50

p12 = 0.5 (i.i.d.) | 4.66 | 83.85 | 4.50 | 99.96
p12 = 0.7 5.04 | 87.32 || 4.72 | 99.92
p12 = 0.9 5.54 | 85.47 || 4.98 | 99.93

0011 |p2=05 (iid) [ 452 ] 99.64 || 5.57 | 100.00
al =0 2’;2 o piz=0.7 | 3.97 | 99.58 | 3.60 | 100.00
e pz=0.9 | 440 | 99.51 || 3.26 | 100.00

p1=0.99 p, =1.01
(Iy| = 0.02)

(Iv] = 0.04)

(vl =0.1)
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Table 1.3: Empirical size of test for £(d;) and empirical power of the test for V'(6;). Threshold
parameter known.

Coeflicients A F T=200 T=500
t¢:0 t,yzo t¢:0 tvzo

p1=0.985, po =101 | 0.4 (83 8?) 5.46 | 17.39 | 5.33 | 58.16

p1 =0.95, po =1.02 | 0.28 (82 8;) 4.70 | 66.23 | 4.98 | 98.42

0.2 0.8
p1=0.99, po =1.03 | 0.75 (0.27 0'7?)) 0.29 | 2847 | 5.16 | 78.85

04 0.6
p1 = 0.8, po =1.08 0.8 (0.15 0.85) 4.44 | 76.27 | 4.68 | 99.26

0.7 0.3
0.75 0.25

5.16 | 63.46 | 4.99 | 98.40

p1 = 0.95, p, = 1.02 | 0.28 (

Table 1.4: Empirical size of test for E(d;) and the variance, V' (d,). Threshold parameter
unknown and A = 0.5.

Coefficients | Dependence T=200 T=500
t¢:0 t’y:() t¢:0 Zf’y=0
(i.i.d) | 5.17]3.97 | 5.33 | 4.45
pm=r =l T 580 | 3.06 || 5.62 | 4.46
(h=0) po1 =09 |5.69 | 383 5.53 | 4.33

Table 1.5: Empirical size of test for £(d;) and empirical power for V'(6;). Threshold parameter
Unknown A = 0.5

Coefficients Dependence T=200 T=500
lo=0 | ty=0 | lo=0| ty=0
(i.3.d.) 539 | 828 || 5.11 | 33.28
por =07 [535] 799 |[532] 32.85
po1 =09 | 573| 842 || 558 | 32.86

(ii.d) | 5.29] 22.86 || 5.41 | 76.31
por = 0.7 | 578 | 2241 | 5.32 | 75.63
por =09 | 599 | 22.01 |[5.80| 74.39

(i.id) |5.38] 7885 [ 4.92] 99.76
por=0.7 |5.60| 76.35 || 5.19 | 99.67
por =09 |6.05| 7389 |[5.22 | 99.65

09— 11 (i-i.d.) 5.00 | 100.00 || 5.62 | 100.00
'(0|1 |__ 0 2'0)2 T por = 0.7 | 557 | 98.32 | 3.88 | 100.00
= Por =09 | 4.96 | 98.77 | 3.46 | 100.00

(Iv] = 0.02)

(vl = 0.04)

p1 = 0.95 py = 1.05
(Il =10.1)
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Table 1.6: Empirical size of test for £(d;) and empirical power for V'(6;). Threshold parameter
Unknown.

Coefficients P(r) F T=200 T=500

p1=0.985, pp =101 | 04 (83 8?) 5.60 | 9.71 | 5.63 | 45.34

p1 =095, po =1.02 | 0.28 (82 8;) 5.20 | 53.26 | 5.80 | 96.18

0.2 0.8
p1=0.99, po =1.03 | 0.75 (027 0.73) 5.23 | 12.60 | 4.87 | 52.69

04 0.6
p1 = 0.8, po = 1.08 0.8 <0‘15 0.85) 4.17 | 42.14 | 3.91 | 90.21

0.25

p1=0.95, po =1.02 | 0.28 <00'775 0'3) 5.69 | 48.91 | 5.76 | 95.77

Table 1.7: Local power of the test E(d;), compared with Dickey-Fuller test. Empirical size
for V(6;). Threshold parameter is known with i.i.d. threshold variable.

p=1—7F.p=1-7 (y[=0)

T=200 T=500
ty—o | D-F tests | ty—o || ty—0 | D-F tests | t,—o
k=0 | 511 5.43 5.10 || 5.01 4.90 5.09
k=2 | 6.00 6.80 5.20 || 7.07 7.35 5.14
k=5 |10.72 12.81 5.59 || 11.48 11.83 4.95
k=8
k
k

19.68 23.80 5.72 || 21.01 22.89 5.16
0| 26.66 33.37 5.12 || 29.94 32.71 5.11
21 35.36 44.68 5.24 || 39.49 44.95 4.99
k=15 | 49.61 64.31 5.44 || 54.72 62.77 2.38
k=18 | 63.09 80.45 5.15 || 69.65 78.54 2.27
k=20 | 70.47 87.26 2.30 || 77.19 86.89 2.06
k=28 |89.99 99.30 5.58 || 94.83 99.05 4.91
k=30 |92.80 99.73 5.08 || 97.12 99.59 5.34
k=35|96.98 99.97 5.29 || 98.95 99.94 4.75
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Table 1.8: Local power of the test F(d;) and compared with Dickey-Fuller. Empirical size
for V'(d;). Threshold parameter is known generated by p12 = 0.9 and A = 0.5.

p=1—7F.p=1-7 (y[=0)
T=200 T=500

ty—o | D-F tests | ty—o || ty—0 | D-F tests | t,—o
6.04 5.37 5.17 || 6.04 4.89 4.97
8.18 7.13 5.06 || 8.03 6.78 4.85
13.60 12.81 5.20 || 13.75 12.51 5.00
24.78 23.80 4.85 || 24.40 22.86 5.11
33.29 34.35 5.06 || 34.07 32.93 4.83
43.70 45.58 4.93 || 45.03 44.65 4.91
k=15 58.33 64.01 4.98 || 61.27 62.82 4.82
k=18 | 70.98 87.40 5.33 || 75.21 78.55 5.12
k=201|79.18 87.40 5.33 || 82.34 86.82 4.83
k=281 94.28 99.17 5.37 || 96.66 99.06 4.84

=30 | 96.15 99.70 4.79 || 98.07 99.69 5.47
k=351 97.95 99.99 37 | 99.32 99.98 4.67

T T o] | o]
I
ocolo N O

|
=
[\ Nan]

Table 1.9: Local power of the test for F(d;) compared withDickey-Fuller test. Empirical
power for V(9;). Assumed threshold parameter is known with i.7.d. threshold variable.

p1 =099 — % p,=1.01-E% (][ =0.02)

T=200 T=500
to—o | D-I tests | t,— to—o | D-I tests | ¢,
k= 4.88 5.26 12.81 || 4.55 4.57 47.32
k= 6.07 6.76 10.23 || 6.63 6.87 34.94

k=5 |10.62 12.74 8.967 || 11.44 11.76 25.71
k=8 |19.75 23.85 8.08 || 21.38 22.96 19.91
k=10 | 26.95 34.32 7.04 || 29.71 32.95 17.28
k=12 | 35.45 45.59 6.89 | 39.53 44.81 16.02
k=15 49.80 64.05 6.80 || 55.12 63.22 14.15
k=18 |62.35 79.53 6.70 || 69.73 78.79 12.44
kE=20|71.13 88.16 6.05 | 77.48 86.95 11.91
k=28190.16 99.29 6.24 || 94.97 98.98 10.33
k=30 | 92.90 99.73 2.87 || 96.70 99.67 9.91
k=35 |96.62 99.99 2.88 || 99.01 99.98 9.10
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Table 1.10: Local power for E(d;) compared with Dickey-Fuller. Empirical power forV/(d;).
Threshold parameter known with p;o = 0.9 and A = 0.5.

p1=0.99—Z p,=1.01— % (7] =0.02)
T=200 T=500

tg—o | D-F tests | 1,9 ty—o | D-F tests | 1,9
k= 6.17 5.66 13.14 || 5.73 5.06 46.64
k= 7.91 6.87 9.64 7.87 7.03 34.19
k= 13.81 12.97 8.35 || 13.73 12.62 24.76
k=28 | 24.51 24.01 7.05 || 24.47 23.16 20.25
k=10 | 33.57 34.34 6.74 || 34.26 .33.29 16.90
k=12 | 42.97 45.76 7.09 || 44.98 45.06 15.27
k =15 | 58.47 64.42 6.49 || 60.96 63.07 13.64
k=18 | 71.83 80.17 5.92 || 75.21 78.87 12.88
k=20 |79.14 87.50 6.43 || 82.21 86.48 11.45
k=281 94.41 99.31 6.05 || 96.56 99.07 10.12
k=301 95.62 99.76 5.99 || 98.06 99.69 10.34
k=35 98.27 99.97 6.03 || 99.42 99.99 8.95

Table 1.11: Local power for E(d;) compared with Dickey-Fuller. Empirical power for V(d;).
Threshold parameter known with ¢.2.d. threshold variable.

p1=095—F% po=105-% (]7[=0.1)
T=200 T=500

to—o | D-I tests | t,— to—o | D-I tests | ¢,
k= 4.65 5.06 88.36 || 4.76 4.67 99.95
k= 7.04 7.17 80.31 || 7.74 7.25 99.87
k=5 |11.75 13.92 68.75 || 14.25 13.58 99.65
k=8 | 2041 23.91 58.26 || 23.99 24.80 99.36
k=10 | 27.77 35.33 51.45 || 32.52 34.12 98.93
k=12 | 37.14 45.87 46.42 || 43.27 46.58 88.36
k=15 | 49.88 64.47 40.54 || 57.32 63.00 96.96
k=18 | 63.66 80.24 36.14 || 72.01 79.72 95.44
k=201 71.22 88.31 34.42 || 78.19 86.55 94.19
k=28 1| 90.57 99.34 26.36 || 95.34 98.96 88.53
k=301 93.38 99.67 25.95 || 96.76 99.50 86.58
k=35196.43 99.99 23.19 || 98.89 99.97 82.11
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Table 1.12: Local power for F(d;) compared with Dickey-Fuller. Empirical power for V' (d;).
Threshold parameter known with p;o = 0.9 and A = 0.5.

p1=095— % p,=1.05— L% (]7[=0.1)
T=200 T=500

tg—o | D-F tests | t,—g tg—o | D-F tests | 1,9
k=0 | 5.44 9.28 86.13 || 4.80 11.37 99.91
k= 7.32 8.43 78.65 || 7.01 10.80 99.85

=5 | 13.99 15.33 67.42 || 12.80 17.04 99.60
k=8 | 23.62 25.89 57.32 || 22.82 29.42 99.18
k=101 32.26 36.83 51.75 || 32.08 40.12 98.81
k=12 | 41.72 48.03 46.09 || 42.24 52.34 98.26
k=15]| 57.84 66.94 40.09 || 59.05 70.31 97.12
k=18 | 70.96 82.15 35.75 || 72.59 84.51 95.34
k=201 77.96 89.70 34.28 || 80.24 90.80 94.60
k=281 93.74 99.42 27.29 || 96.79 99.68 88.36
k=301 95.49 99.76 25.76 || 97.80 99.85 86.81
k=351 .98.13 99.96 23.30 || 99.30 99.98 82.34

Table 1.13: Local power for E(d;) compared with Dickey-Fuller. Empirical power for V(d;).
Threshold parameter is known with ¢.7.d. threshold variable.

p=09-—F p=11-% (h[=02)

T=200 T=500
to—o | D-I tests | t,— to—o | D-I tests | ¢,
k= 4.49 5.83 99.66 || 5.92 7.66
k= 8.48 8.34 99.21 || 10.85 10.46

k=5 |13.48 15.09 98.29 || 21.00 18.86
k=8 | 23.14 26.23 96.23 || 32.26 30.15
k=10 | 30.98 36.67 95.09 || 41.76 40.10
k=12 | 38.90 47.53 93.56 || 50.04 50.94
k=15 | 53.42 65.36 89.63 || 64.38 66.85
k=18 | 66.39 80.26 86.96 || 75.86 79.83 99.99
k=201 73.20 87.70 84.32 || 82.15 87.02 99.99
k=281 90.61 99.12 74.90 || 95.21 98.46 99.98
k=30 | 93.50 99.60 72.16 || 96.90 99.33 99.98
k=35 |96.65 99.99 67.42 || 99.05 99.88 99.97

= = = =] =] = =
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Table 1.14: Local power for F(d;) compared with Dickey-Fuller. Empirical power for V' (d;).
Threshold parameter known with p;o = 0.9 and A = 0.5.

p1=09—5% py=11-% (7] =0.1)
T=200 T=500

tg—o | D-F tests | 1,9 ty—o | D-F tests | 1,9
k= 4.23 16.52 99.47 || 3.31 23.60 1
k= 6.30 13.30 99.09 || 5.23 24.21 1
k= 11.92 20.49 098.12 || 11.12 35.02 1
k=8 | 2242 34.40 96.09 || 19.75 51.43 1
k=10 | 30.60 45.78 95.07 || 27.96 62.72 1
k=12 | 40.32 58.51 92.82 || 37.06 73.83 1
k=15 | 55.74 75.11 89.83 || 52.56 86.29 1
k=18 | 68.21 87.37 86.37 || 66.33 94.39 1
k=20 | 75.53 92.47 84.23 || 74.98 97.47 1
k=281 92.99 99.61 74.73 || 94.30 99.95 99.99
k=30 | 94.96 99.84 71.90 || 96.54 99.98 1
k=351 97.66 1.00 67.08 || 98.79 1 99.99

Table 1.15: Local power forE(d;) compared with Dickey-Fuller. Empirical size for V(d;).
Threshold parameter is Unknown with 7.7.d. threshold variable.

plzl—%,m:l—%, (v =0)

T=200 T=500
to—o | D-I tests | t,—o | ty=0 | D-I" tests | t,—
= 5.4 5.53 4.10 || 5.03 4.84 3.7

6.86 7.06 3.72 || 6.96 7.04 4.19
12.43 13.28 4.13 || 12.49 12.70 4.36
20.58 23.73 4.00 || 21.83 23.33 4.17
27.89 33.33 3.8 | 30.23 33.23 4.13
37.15 45.76 3.58 || 40.02 44.63 4.03
51.40 64.48 3.70 ]| 55.92 62.25 4.30
k=18 |63.38 79.76 4.06 || 69.09 79.16 4.06
k=201 70.98 87.82 3.67 || 77.39 87.41 4.25
k=281 90.18 99.37 3.75 || 95.19 99.24 4.11
k=301 92.46 99.65 3.50 || 96.97 99.57 4.08
k=35|96.67 99.96 3.95 || 98.88 99.96 4.25

I
—| =] =
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Table 1.16: Local power for E(J;) compared with Dickey-Fuller. Empirical size for V(d;).

Threshold parameter is Unknown with p1o = 0.9 and A = 0.5.

p=1=-F p=1-F (4 =0)

T=200 T=500

ty—o | D-F tests | ty—o || ty—0 | D-F tests | t,—o

k=0 | 5.71 5.45 3.91 || 5.33 4.84 4.00
k=2 | 7.34 7.19 3.90 | 7.86 7.04 4.04
k=5 1]12.38 13.03 3.84 || 13.02 12.70 4.08
k=8 | 21.26 23.06 3.69 || 23.18 23.33 4.39
k=10 | 30.66 34.40 3.91 || 31.79 33.48 4.00
k=12 | 39.06 45.59 3.91 || 41.94 44.85 4.06
k=151 53.51 63.80 3.95 || 58.17 63.47 4.16
k=18 | 66.75 80.86 3.58 || 72.03 78.25 4.44
k=201 7373 88.01 4.44 || 80.28 86.67 3.96
k=281 92.00 99.33 3.93 || 95.98 99.10 3.94
=30 | 93.87 99.67 4.12 || 97.33 99.73 4.32
k=235197.04 99.96 3.94 || 99.11 99.96 4.01

Table 1.17: Local power for E(d;) compared with Dickey-Fuller. Empirical power for V(d;).

Assumed threshold parameter is Unknown with 7.i.d. threshold variable.

p1 =099 — % p,=1.01-E% (][ =0.02)

T=200 T=500
to—o | D-I tests | t,—o || typ=0 | D-I' tests | t,—0
k=0 | 545 5.32 7.73 || 5.17 4.94 33.31
k= 6.59 6.92 6.75 || 7.29 6.96 23.23
k=5 |12.04 13.24 5.78 || 12.53 12.79 16.11
k=28 | 20.77 23.84 4.96 | 21.60 23.44 12.64
k=10 | 27.58 33.23 4.55 || 29.34 32.40 11.25
k=12 | 36.33 45.64 4.82 || 40.60 44.62 10.18
k=15 | 50.64 64.94 4.73 || 55.87 63.48 8.86
k=18 | 63.40 79.83 4.82 | 70.02 78.40 7.93
k=20 | 71.08 87.70 4.17 || 78.90 86.89 7.91
k=28 | 89.86 99.11 4.25 || 94.92 99.18 6.99
k=30 | 93.06 99.73 4.31 || 96.83 99.55 6.69
k=35 96.31 99.96 3.90 || 98.81 99.95 6.18
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Table 1.18: Local power for F(d;) compared with Dickey-Fuller. Empirical power for V' (d;).
Threshold parameter Unknown with p;s = 0.9 and P(U;_q < A) = 0.5.

p1=0.99—Z p,=1.01- % (]y] =0.02)

T=200 T=500
ty—o | D-F tests | 1,9 tg—o | D-F tests | 1,9
k=0 | 5.82 5.49 8.00 || 6.08 5.78 31.71
k=2 | 7.63 7.26 6.76 || 7.03 6.38 22.74
k=5 |12.69 13.00 5.78 || 12.48 12.18 16.37
k=8 | 21.34 23.37 4.93 || 22.89 23.68 12.61
k=10 30.43 34.71 4.61 || 30.88 33.00 11.32
k=12 | 38.55 45.73 4.,75 || 42.61 45.67 10.36
k=151 53.94 65.09 4.30 || 58.60 63.85 8.99
k=18 | 66.86 80.16 4.43 || 72.04 78.53 8.62
k=20 | 75.05 87.66 4.49 || 80.07 87.58 7.80
k=28 | 91.55 99.10 4.48 || 95.88 99.25 6.89
=30 | 94.02 99.72 4.79 || 97.64 99.59 6.92
k=235]97.24 99.96 4.01 || 98.99 99.95 6.01

Table 1.19: Local power for E(d;) compared with Dickey-Fuller. Empirical power for V(d;).
Threshold parameter Unknown with ¢.7.d. threshold variable.

p1=095—F% po=105-% (]7[=0.1)
T=200 T=500

to—o | D-I tests | t,— to—o | D-I tests | ¢,
k= 5.46 5.13 79.75 || 5.13 4.90 99.76
k= 7.33 7.25 67.11 || 7.97 7.48 99.45
k=5 1]12.63 13.38 51.11 || 14.21 13.95 98.77
k=8 | 21.52 24.77 40.39 || 24.22 24.97 97.76
k=10 | 28.53 34.35 34.70 || 32.74 35.05 96.06
k=12 | 38.51 46.81 30.40 || 42.30 46.66 94.93
k=151 50.52 64.44 26.59 || 57.92 63.26 91.91
k=18 | 63.77 79.86 22.26 || 71.27 78.14 88.70
k=201 71.66 88.02 20.17 || 78.88 86.43 85.87
k=28 190.15 99.27 16.01 || 95.16 98.92 75.61
k=301 92.62 99.62 14.62 || 96.35 99.51 73.34
k=351 96.46 99.95 13.78 || 98.69 99.93 67.48
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Table 1.20: Local power for F(d;) compared with Dickey-Fuller. Empirical power for V' (d;).
Threshold parameter Unknown with p;s = 0.9 and P(U;_q < A) = 0.5.

p1=0.95—% p,=1.05— % (4] =0.1)

T=200 T=500
tg—o | D-F tests | 1,9 ty—o | D-F tests | 1,9
k= 6.27 9.43 74.89 || 5.32 10.99 99.67
k= 7.67 8.75 64.04 || 6.76 11.05 99.06
k= 12.99 14.75 49.89 || 13.00 17.44 98.58

k=8 |22.19 26.76 38.64 || 22.66 29.57 97.65
k=10 | 30.01 36.63 34.93 || 31.65 39.97 95.96
k=12 ] 39.94 48.80 29.66 || 42.59 53.04 94.57
k=15 54.08 67.32 25.22 || 57.73 69.33 91.44
k=18 | 67.57 82.71 2211 || 71.17 83.01 87.82
k=20 | 74.08 89.62 20.39 || 79.30 90.32 85.41
k=28 |92.09 99.38 15.21 || 95.88 99.49 75.04
k=30 | 94.03 99.75 14.48 || 97.31 99.79 71.25
k=35197.36 99.98 13.44 || 99.04 99.96 66.98

Table 1.21: Local power for E(d;) compared with Dickey-Fuller. Empirical power for V' (d;).
Threshold parameter Unknown with ¢.7.d. threshold variable.

p=09-—F p=11-% (h[=02)

T=200 T=500
to—o | D-I tests | t,— to—o | D-I tests | ¢,
k= 4.99 6.15 99.01 || 5.79 7.60 100
k= 9.10 7.91 98.00 || 10.35 10.31 100

k=5 | 14.52 14.88 95.58 || 20.92 19.11 100
k=8 |23.39 26.48 91.24 | 32.05 29.56 100
k=10 | 30.41 36.64 87.49 || 41.13 39.76 100
k=12 | 40.20 47.97 84.53 || 50.27 50.28 100
k=15 |53.03 65.80 78.58 || 63.31 65.80 100
k=18 | 65.61 80.07 72.97 || 75.00 80.41 99.99
kE=20| 7261 87.68 68.75 || 81.97 86.45 99.99
k=28 190.16 98.95 96.08 || 95.64 98.62 99.84
k=301 93.07 99.65 93.60 || 97.14 99.38 99.87
k=35 96.60 99.99 47.75 ]| 98.95 99.96 99.78
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Table 1.22: Local power for E(d;) compared Dickey-Fuller. Empirical power for V(d;).
Threshold parameter is Unknown with p12 = 0.9 and P(U;_q < \) = 0.5.

p1=09—5% py=11-L% (]7]=02)
T=200 T=500

tg—o | D-F tests | 1,9 ty—o | D-F tests | 1,9
k=0 | 5.15 16.80 98.41 || 3.50 23.47 100
k=2 | 7.10 14.11 96.94 || 6.01 24.76 100
k=5 |12.11 20.45 94.22 || 10.74 34.67 100
k=8 |22.43 34.61 89.52 || 20.19 50.95 100
k=10 | 29.61 45.80 86.80 || 27.74 62.21 100
k=12 | 39.08 58.08 82.14 || 37.52 73.44 100
k=15 | 53.77 75.55 75.92 || 51.88 87.05 99.99
k=18 | 66.10 87.52 71.00 || 66.36 94.28 100
k=20 |74.14 92.92 67.04 || 74.35 97.08 99.97
k=28 | 91.57 99.76 55.95 || 94.21 99.97 99.98
k=30 | 93.80 99.89 51.54 || 95.98 99.94 99.91
k=35 196.94 99.98 46.69 || 98.48 99.99 99.63

Table 1.23: TARSUR model for U.S. Stock Prices.

fia fi2 ol ¢ to=0 | CViyo |d| 7 | Wr |CViy,
15.398 | —0.893 | -0.0466 |-0.0088 | -1.3983 | -2.4307 | 1| 78.71|13.76 | 8.86
(6.728) (11.892) (0.0125) (0.0063)
Table 1.24: U.S. Stock Prices TARSUR regime roots.
Zi—d p1 p2_ | P(r) | p22 | pi2
Agdp;_q10.9761 | 1.0226 | 0.677 | 0.528 | 0.225
Table 1.25: TARSUR model for U.S. real house prices.
1 f2 Y ¢ | tp=0 |CViyo|d| T Wr | CViy,,
3.374| —1.811(-0.049|0.003 | 0.551 | -2.969 |1|0.0028 | 16.556 | 8.86

(1.271) | (0.885) (0.012)

(0.005)

Table 1.26: U.S. house prices TARSUR regime roots.

Ziq

p1

p2 | P(r)

P22

Db12

Agdppc;_q10.970

1.019|0.327

0.723

0.569

Table 1.27: TARSUR model for U.S. interest rates.

fin

fi2 v

¢

ts—o |CVi, o |d

f

Wr |CViy,

0.012

(0.023)

0.0290.038

(0.042) | (0.009)

-0.004 | -0.844

(0.005)

-3.557 |1

0.4

16.548| 8.86

20



Chapter 1. Threshold Stochastic Unit Root Models

Table 1.28: U.S. interest rates TARSUR regime roots.

Zi_q

p1

p2 | P(r)| pao

Pp12

Agdppei_q

1.006

0.968| 0.74 | 0.920

0.028

Table 1.29: TARSUR model for U.S.Dollar/Pound.

fix

fi2

4

¢

to—o

Vi,

d|r| Wr

CViwy

—0.013

(0.020)

0.058

(0.019)

0.047

(0.017)

-0.015

(0.008)

-1.787

-2.90 |1

07.78

8.86
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Figure 1.1: Random Walk versus different TARSUR series. For different V' (d;).
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Chapter 2

Multiple Long-run Equilibria Through

Cointegration Eyes

2.1 Introduction

Most of the financial and macroeconomic time series show persistent behavior (Granger,
1966), such that the unit root (UR) become stylized facts. The economic theory assesses the
interrelation between economic variables with unit roots via long-run equilibrium relation-
ships. When the relationship between variables is linear, we can test the existence of such
relationships through the concept of cointegration (Granger, 1981 and Engel and Granger
1987). Indeed, when two or more economic variables are in equilibrium, then they must be
cointegrated. For example, the literature suggests links between short-term interest rates
and long-term interest rates (Froot 1989, Campbell and Shiller 1991, Hall, Anderson and
Granger 1992, Choi and Wohar 1995), and also links between price and dividends via the
present value models (PVM)derived by Campbell and Shiller (1987).

Nearly all the economic models in macroeconomics are highly non-linear, and this gives
us good reasons to think that the actual data-generating process of the macroeconomic series
is non-linear; for instance, the DSGE models predict a complicated non-linear relationship
between the variables and between the past and future. Many other examples are the non-
linear Taylor rules, environmental Kuznets curve, models for financial bubbles, and non-
linear growth models. The concept of non-linear cointegration captures persistence with
non-linear behavior of economic variables, and the research has moved in two directions.
One line of research focuses on the short-term dynamic where the non-linearity arose from
the adjustment mechanism toward a single linear equilibrium, Balke and Fomby (1997),
Hansen and Seo (2002), Seo (2006), Kapetanios, and Shin and Snell (2006). Another line of

research attempts to introduce non-linear behavior in the long-run equilibrium relation, see,
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for instance, Park and Phillips (2001) Chang, Park, and Phillips (2001), and Saikkonen and
Choi (2004, 2010).

Economic theory has developed models with the presence of multiple equilibria, that is,
Azariadis and Drazen (1990) propose a Diamond-type model that allows multiple, locally
stable equilibria, while Benhabib, Schmitt-Grohé and Uribe, (2001) explore the condition
where the Taylor rule generates multiple equilibria, but Time Series econometrics has not
considered this type of non-linear cointegration with persistent variables.

The goal of this study is to analyze the presence of multiple long-run equilibria via a
threshold cointegration framework where the non-linearity arises from introducing state-
dependent behavior in the long-run equilibrium relationship. Specifically, we introduce
threshold effects in the long-run equilibrium relationships to capture different relations be-
tween non-stationary variables during different stages of the business cycle. Also, we intro-
duce methods to test for the presence of threshold cointegration and inference about the
presence of multiple equilibria.

Our analysis focuses on the threshold effects induced by observable factors dictated by
the economic theory (e.g., economic growth, unemployment growth), which are assumed to
be stationary. The advantages such models offer, with respect to other non-linear models,
are a straightforward estimation by the least-squares method and an intuitive economic
interpretation of the non-linear relation. Very often, the economic theory does not specify
the type of non-linearity that links different economic variables, but a threshold specification
can be viewed as an approximation to a more general class of non-linear processes, see
Petrucelli (1992).

Inference tools to assess both the presence of non-linear cointegration and threshold ef-
fects within the long-run equilibrium regression are essential in applied work, since omitting
the presence of non-linear components in the long-run equilibrium relationship produces an
inconsistent estimation of the cointegrating vector and leads to misinterpretation of the long-
run equilibrium.

In related work, Saikkonen and Choi (2004) analyze the statistical properties of the test for
detecting the presence of non-linearities in a cointegrating regression with a smooth transition
functional form. Choi and Saikkonen (2010) test the null hypothesis of cointegration in
the non-linear regression with I(1) variables using the Kwiatkowski-Phillips-Schmidt-Shin
(KPSS) test proposed by Kwiatkowski, Phillips, Schmidt, and Shin (1992). Earlier work
that analyzes the possibility of regime change in the cointegrating vector can be found in
Seo (1998), as they test for structural breaks in the cointegrating vector and the adjustment
mechanism. Pitarakis and Gonzalo (2006) present a test to detect for threshold effects in the

long-run equilibrium equation when the threshold parameter, which determines the different
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regimes, is unknown and cannot be identified under the null hypothesis of no-threshold effects,
but assuming the existence of the cointegration relation.

In Section 2.2, we show an example stating the conditions where the PVM can generate
a threshold cointegration. Section 2.3 introduces the statistical model formally and the as-
sumption used in the study. Section 2.4 proposes tests to identify these types of processes
and its asymptotic distribution. Section 2.5 shows a relevant extension of the basic frame-
work presented in Section 2.4, generalizing the testing procedure. Section 2.6 shows the finite
sample performance of the tests proposed in this study. Section 2.7 illustrates two relevant
empirical applications where multiple equilibria may arise. The first application analyzes the
presence of multiple cointegration relationships between U.S. interest rates of different ma-
turities. The second application analyzes the existence of multiple equilibrium relationships

between prices and dividends. Section 2.8 concludes.

2.2 The Economic Model

The present value models are one of the simplest stochastic dynamic models in economics

that define price as a linear function of the expected discounted dividend.

> () e o

J=0

Pt:Et

, where E,(.) is the conditional expectation given this information up to time ¢, {d;} is
the dividend, and R is the implicit discount rate and is assumed to be constant. Campbell
and Shiller (1987) show that if {d;} is an I(1) process, {F;} must be also an I(1) process,

/
and they have to be cointegrated with the cointegrating vector <1 }%) , that is,

1 1
(P — Edt) = EEt(APt) (2.2)

Assuming that the discount rate is a state-dependent variable driven by the business

cycle, that is GDP growth and industrial production index growth.

Ry oy = Ril(z-1 <7)+ Rol(z-1 > 1) (2.3)

, where {z;_1} is the threshold variable, and r is the threshold value that determines the
different regimes (expansions and recessions, good times, and bad times). Then, the PVM

can be written as
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~5[3 (f[ e l)dtﬂ] (2.4

]:O 1=0

Reordering the different terms, we get:

(P =

R 1dt) E:(AP,) (2.5)

From the structure of the discount factor in (2.3) and assuming that dividends follow

RW, we can write (2.5) as follows:

1 1 -
P = E[(Zt_l < T)dt + EI(Zt_l > T)dt + €4 (26)

diy =di1 + &

, which is a triangular type representation that will allow us to test for threshold cointe-

gration and the presence of multiple equilibrium relations between prices and dividends.

2.3 The Econometric Model

Consider the following non-linear cointegration regression with a threshold effect:

Y = Pl (zi—n < ro)xe + Bol(zi—p > o) Tt + €4, 2.7)

Ty = Ty—1 + €y

, where e; and &, are the scalar stationary disturbance terms. z;_j is the threshold variable,
ro is the threshold parameter, h is the delay where we observe the threshold variable, which
is not essential for our analysis and we set up h = 1, and I(z,_1 < rp) is an indicator function
that takes value one when z;_; < rg and zero otherwise. If e; is an 1(0) process, then (2.7) is a
cointegration relation with the cointegrating vector (1 —Bl)/ if I(z;-1 < rp), and (1 —52>/
if 1(zi—1 > 19).

In the linear framework, the definition of cointegration says that two or more I(1) variables
are cointegrated if there exists a linear combination, which is 7(0). Overall, one of the biggest
problems to define cointegration in the threshold framework and the non-linear world are
derived from the concept of integration, which helps to classify linear processes as I(0) and
I(1), depending on its stochastic properties but is unable to establish the properties of the
non-linear processes. For instance, z; defined in system (2.7) is an I(1) process, but when it is

multiplied with the indicator function, I(z,_1 < rg)xy, it is not a 1(1) process any more since
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taking the first difference does not make the series an I(0) process; indeed, we can consider
the many differences and never will be I(0). Due to these difficulties, we follow the work
of Gonzalo and Pitarakis (2006), Berenger-Rico and Gonzalo (2014a, 2014b), and use the
concept of summability, which is the generalization of the concept of I(.)ness, to characterize

the stochastic properties of the non-linear process.

Definition 1. A stochastic process y; : t € N is said to be summable of order §, or S(9), if

there exist a slowly varying function L(T) and a deterministic sequence k; such that

1

ST:W

L(T) ) (g — ki) = Op(1), (2.8)

t=1
, where § 1s the minimum real number that makes St bounded in probability.

Definition 1 shares the same spirit as the definition of 7(0), presented in Miiller (2008)
and Davison (2009), where they define a process to be an I(0) if it satisfies the functional
central limit theorem (FLCT). Once the generalization of the order of integration for the
non-linear process is available, it is easy to extend the concept of cointegration for non-
linear relationships and this can be done through the concept of co-summability developed
by Berenguer-Rico and Gonzalo (2014b)

Definition 2. Two summable stochastic processes, y. ~ S(8,) and x, ~ S(d,), are said to be
co-summable if there exists f(x,) ~ S(0,) such that my = y,— f(x¢) is S(0y,), with 6, = 6, —0
for 6 > 0.

Proposition 1. (Berenger-Rico and Gonzalo, 2014). An I(d) with d > 0 is S(d).

Proposition 1 shows that any integrated linear process of order d is summable of order d,
for example, a random walk with i.i.d innovations is an (1) process; then, it also must be
S(1) since the partial sum — ZtT:l Ty, is convergent for § = 1.

To establish the order of summability of {I(z_1 < )z}, {I(2_1 > r)z;} and y, and the
limiting distribution of the tests required to identify non-linear cointegration. In this section
and Section 2.4 we will work under the following set of assumptions on {e;}, {e;} and {2},
which in the extension section we will relax A.3

Assumptions

(A.1) {&4, e, 2} is strictly both stationary and ergodic.

(A.2) {&t, €1, 2} is strong mixing with mixing coefficients «, satisfying » >°_, a7 <
oo for some 7 > 2.

(A.3) e, is independent of Fy_y = {(e4—j, €1—j, 2e—j), 7 > 1}, E(e;) =0 and E |et|4 =k<
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(A.4) z has a continuous and increasing distribution function P(.).

(A.5) The threshold value r is in a closed and bounded subset of the space of the threshold
variable, that is, r € [rp, rgl.

(A.6) E(g;) = 0 with E|ey|*™ < oo for some p > 0.

Assumptions A.1, A.2, and A.3 are similar to the assumptions proposed by Caner and
Hansen (2001) to establish the convergence of the partial sum \/LT ST (21 < 7)ey, which
will allow us to derive the asymptotic distribution of the tests for the presence of non-
linear cointegration. Assumption A.1 requires that the threshold variable is a stationary
process, ruling out the possibility of {z;} being an I(1) process, but general enough to
admit a rich class of stochastic processes. A.3 is very restrictive in the sense it rules out
the possibility of e; being serially correlated. The finite fourth moment assumption is not
necessary for the invariance principle, but it is required to establish the tightness properties
of the above empirical process. In the following sections, we are going to abandon this
assumption and allow it to follow a stationary linear process. A.5 restricts the parameter
space of r ensuring that there are enough observations in each regime and assures the existence
of non-degenerated limiting distribution for the test statistic of interest. We choose r; and
rg such that P(z_; <rp)=60>0and P(z_1 >rg)=1—0, where 0 is commonly selected
in the threshold literature to be 10% of 15% (see Hansen (2000), Caner and Hansen (2001),
Gonzalo and Pitarakis (2006)).

Proposition 2 establishes the order of summability of {I(z—1 < r)a}, {I(z—1 > r)x}
and y;.

Proposition 2. Under assumption A.1, A.2, and A.3, the processes {I(z—1 < r)xs}, {I(z-1 >
rz:} and {y} are S(1) and{e;} is S(0), (1(0)) and, therefore, {y:} and{xz:} are co-summable

(non-linear cointegrated).

2.4 Inference

Let us rewrite the system (2.7) as follows:

Yr = Por + I (z1—1 < 1ro)wi + €, (2.9)

Ty = Tp—1 + &

, where v = (81 — (). Also, we can define the model with state dependent constants,

namely aq and as.
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Y = ol (21 < 1o) + ol (ze-1 > 10) + Boxy + v (21 < 1o)xt + €4, (2.10)

Ty = Ty + &
Threshold cointegration requires two conditions that must be tested:

e The first condition is that the residuals e; must be an I(0). If this condition is not

satisfied, neither we have linear cointegration nor threshold cointegration.

e The second condition is the presence of a threshold effect. If there is no-threshold effect

in the long-run equilibrium equation, then the cointegration relation is linear.

In this section, we present a testing procedure to check both conditions.

2.4.1 Residual Based Test for Non-linear Cointegration

We test for the presence of threshold cointegration by testing if e; is an 7(0) process, using
the residual based KPSS test proposed by Shin (1994). Testing for cointegration in a non-
linear framework is not new, for example, Choi and Saikkonen (2004, 2010) present the
residual based KPSS test to detect the presence of cointegration assuming that the non-linear
functions are continuous, ruling out the possibility of threshold structures. The proposed
KPSS test uses specifications (2.9) and (2.10), which are very general in the sense that we
will be able to detect both, threshold cointegration and linear cointegration. If e, is an 1(0)
process and 7 # 0, then y, and x; are threshold cointegrated. If e; is an 1(0) process but
v =0, then y;, and x; are linearly cointegrated.

To set up the test, define m; = m;_1 + u; and let vi; = m; + e;; our aim is to test if the
variance of {u;} is zero, that is, 2 = 0. Under the null of cointegration, m; = mg, where mq
is a constant that produces vy, = mg + ¢; and vy, will be an I(0) process. Testing the null
hypothesis of threshold cointegration versus the alternative of no-threshold cointegration can

be done by testing

Hy:02=0
(2.11)
Hi:02>0

To perform this test, we must

1. Recover é,; and é;, which are the CLS residuals from the threshold cointegrating re-
gressions (2.10) and (2.9), respectively. Construct S, = Z;zl o and Sy = 22:1 é;
be the partial sum process based on these residuals.
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2. Then, the KPSS statistics are

CI=n""> 87/52(1)
t=1

where

n l

1 2
~2 _ A .
Ua,e(l) - E Z Cat + ﬁ ; L(Z7 l)

J=1

and L(i,1) =1 —1i/(l +1) is the Barlett window.

n

t=1+1

E Co,tCa,t—i

(2.12)

(2.13)

(2.14)

(2.15)

Following the work of Choi and Saikonnen (2004, 2010) and Shin (1994), under the null
of threshold cointegration, we derive the asymptotic distribution of the KPSS test, namely

C1I and C1,. Note that even under assumption A.3, estimation of the single-equation LS

estimator involves second-order bias due to the presence of correlations between x; and e;. To

simplify this problem, we can assume strict exogeneity between x; and e; or use an efficient

estimation proposed in the next section.

Proposition 3. Suppose that assumptions A.1, A.2, A.3, A.4, and A.6 hold and assume

that x; is strictly exogenous w.r.t e;, then the test statistic Cl, and CI have the following

limiting distribution.

1
OI=>/ Q>
0
1
Clazx/ Q2
0

where
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, where W is the standard Brownian process, W =W, —fol W, 1s the standard demeaned

Browninan motion, and V., = W, — sW, is a standard Browninan bridge.

Proposition 3 shows that under strict exogeneity, the asymptotic distribution of the test
does not depend on nuisance parameters and is the same distribution for testing the null
of linear cointegration using KPSS (Shin, 1994). Note that this distribution in the linear
case depends on the number of regressors included in the regression, but as observed in
Proposition 3, the threshold regression depends on the number of non-threshold regressors
included in the regression.

Now, we show the consistency of the KPSS test and the limiting distribution of statistics
under the alternative of no cointegration (o2 > 0). The limited distribution is based on the
same functionals of Brownian as in the tests presented by Phillips and Ouliaris (1990), but

the form of the limiting distributions is different.

Proposition 4. Under the alternative hypothesis of no cointegration o> > 0, the statistics

CI and C1,, normalized by l/n have the following distributions

WO1= / ( / @) / < (2.20)
son= [ ([ o) [ @ 21)

(2.22)

, where

Qp =W+ Ww(/ol w?) _1(/01 W) (2.23)

ag=wgvwe( [Covey) ([ wew) (2.24)

(2.25)

Proposition 4 shows that the tests C'I and CI, are consistent and diverge at rate (n/l)
under the alternative of no cointegration. As observed in Kwiatkowsky, Phillips, Schmidt
and Shin (1992) and Shin (1994), the test depends on our choice of the lag truncation of the

long-run variance estimation [, and this choice is critical for the test to have good power.
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2.4.2 Testing for Threshold Effect

Once we obtain cointegration in the first stage, we proceed to test for the threshold effect, and
the goal of this section is to construct a test for analyzing the null of no-threshold effects in
the long run equation versus the alternative of a threshold effect. Assuming that r € [rp, rg],

this can be examined by testing:

Hoi’}/:()

2.26
lefy#() ( )

in the first equation of system (2.9) and (2.10), such that if v = 0, the long-run equation
becomes y; = [oxy+e;, which is the linear cointegration, and y; = ag (21 < ro)+anl(z-1 >
ro) + Paxy + €y, which is also the linear cointegration case with a possible state dependent
drift, whether ay = as or ay # as.

The asymptotic distribution of the test depends on whether the threshold parameter r is
known or unknown, and in the latter case, whether it can be identified or unidentified under

the null hypothesis.

2.4.2.1 Threshold Parameter is Known

The case where the threshold parameter is known, » = rg, is relevant for explanatory reasons
as well as for the cases in which the different regimes are predetermined, for example, from the
economic theory or the sign of the threshold variable. In this case, the proposed t—statistic

for v =0, t,—o(ro), has the following asymptotic distribution

Proposition 5. Suppose that the threshold value is known, r = ro, and assumptions A.1,
A2, A.3, A4, and A.6 hold. Under the null of no-threshold effects, t,—o(ro), the statistic

has the following asymptotic distribution:
t,yzo(’l“o) = N(O, 1) (227)

2.4.2.2 Threshold Parameter is Unknown but Identified

In the case where the DGP has a threshold effect in the drift term, we can estimate by using
the LS threshold value, 7,, in the first stage, before testing for the threshold effect. This is
possible because under the null Hy : v = 0, we can estimate the super-consistency of the

threshold parameter (T-consistent) and it can be taken as known.

Proposition 6. Suppose that assumptions A.1-A.6 hold, under Hy : v =0, as n — oo (i)
T —p To, and (i) n|f, —ro| = O,(1).
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In this case, we can use the t-statistics for v = 0 evaluated at the estimated threshold

parameter 7, which takes us back to Proposition 5.

Proposition 7. Under assumption A.1-A.6, under Hy : v = 0 and oy # oo the t,—o(7y)

statistic has the following asymptotic distribution:
ty—o(7y) = N(0,1) (2.28)

2.4.2.3 Threshold Parameter is Unknown and Unidentified

Under assumption A.3, testing for the presence of threshold effects, when the threshold value
is unknown and unidentified, is studied extensively by Gonzalo and Pitarakis (2006). For
completeness, we include their results in this section.

When the threshold value rq is unknown and unidentified under the null of no-threshold

effect, the proposed test is the Supremum of the Wald statistics, Wy,

Wy = sup  Wa(r) (2.29)

TE[TLJ‘H}

, where W, () = t2_,(r). Then, the asymptotic distribution of the Wald statistics is given

as:

Proposition 8. Suppose that assumptions A.1-A.6 hold. Consider the long-run equation
(2.7) under the null Hy : v = 0, the W, statistics has the following asymptotic distribution:

2

oy UWOEN) BB

T'E[TLJ'H])\(l =) f We(s)?ds r€[re,rul AL =A)

, where A = P(z1 < r), W.(.) is the Brownian motion and V.(s,\) is a Kiefer-Muller

process on [0,1]%. BB(\) is a standard Brownian bridge (zero mean Gaussian process with

covariance \y A Ao — MA2). The last equivalence is due to the fact that W.(s) = W.(s,1) and
Ve(s, \) are independent.

(2.30)

Note that the asymptotic distribution presented in Proposition 8 is the same as the one
for testing structural breaks, according to Andrews (1993, 2003), and this distribution is
tabulated by Estrella (2003) for different values of 6.

2.5 Extensions to /(0) Cointegrating Errors

Assuming that e; is an independent process with respect to its own past {e;—1,e;—9,...} in

A.3 is a strong assumption, ruling out the possibility of {e;} being serially correlated and
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this will pose a problem for example, when testing for cointegration, the null of cointegration
possibly is rejected because e; is autocorrelated. Also, this assumption does not allow for
short-term dynamics, where any disequilibria are instantly corrected.

As discussed by Gonzalo and Pitarakis (2006) there is a non-natural extension for the
weak convergence of the partial sum G, f Sl e, 121 < ) as shown in the work of
Caner and Hansen (2001, Theorem 1, assuming that e, follows an i.i.d process) in which
both the marks e; as well as z; are the general stationary process. To have a tractable limit
theorem for elements like GG,,, in this section, we relax our earlier assumption A.3 by allowing
e; to follow a linear process, more formally

(B.3): Let e, = > 2 ajv;j, where 3 % %/(Z;Ot §)1/2 < oo with ag = 1 and {v}
satisfy the following conditions F(v;) = 0, E(v?) = 02, E|v]* < oo, and v; is independent
with respect Fi_; = o{v;—; : j > 1} and independent of z,_; for j = £1,£2,.. ..

1/2
The assumption »_.°, \/Lz ( Z]Oit a?) < oo and the independence between v, and z; are

needed to derive the invariance principle of G, = f Z["S] e l(z,-1 < r). Note that the

requiring y .7, \/%(Z;’it a?) v < oo is slightly stronger than assuming > |a,| < 0o, as
pointed out by Wu (2002, Lemma 1). Assuming independence between v; and z; can be
strong but it is used, for example, in the study of Caner and Hansen (2001), which requires
the independence of v, and z,_; for j = 1,2...; also the work of Gonzalo and Pitarakis (2006)
requires that v; is independent of z;,,_; for 7 = 1,2..., when e, follows a moving average of
finite order q.

The functional central limit theorem (CLT) result for G, is derived using the results in
Peligrad and Utev (2005) and Mervelede, Peligrad and Utev (2006),

Proposition 9. Under assumptions A.1, A.2, and B.3,
[ns]

G, Zet 21 < 1) = /NN Wer(s (s, \) (2.31)

B etd(z-1<r))? )

n

, where n(A) = lim,,

Proposition 9 is an extension of the result from the work of Gonzalo and Pitarakis (2006,
Proposition 3), where they derive the convergence of the partial sum G, by allowing e; to
be a finite moving average process. Also, the proposition specializes the result from Caner
and Hansen (2001) by setting a; = 0 for all j > 1 such that e, = v;, then n(\) = Ao? and

Gol5,)) = Vo AW,(s) = \EWe(s, A).

Then, it is easy to show that under assumptions A.1, A.2, A.4, A.6, and B.3, for & =
(5t er ed(z 1 < r))l we have the following result
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[ns]

\/—th = B(s) = (Buls) Buls) Guls.h)) (2.32)

with covariance matrix

g Oce Oc.e N
Q=1 o0.. 02 o0cen| suchthat Q=LL we have B(s) = LW(s) (2.33)

e

Oce ) Oee ) 77()\)

, where W(s) is the vector of the Wiener process. Since e; is a linear process and assuming
B.3, we can write 02 = 02C(1)?, 0een = Ao2C(1)? and n(\) = M\?02C(1)? + G, where
C(1) =32 ga; and G = limy, oo, EQ I, e(I(zi1 < 7) = X))

The second step is to show the limiting distribution of the process %Zle xl(zq <
r)e;. It is well known that in certain cases when G, is not a martingale process, then
L3 ad (21 < r)e, does not converge to fol B.(s)dGe(s, A), see for example Phillips
(1987). Using the martingale approximation proposed in Hansen (1992), we can derive the

following result:

Theorem 1. Under assumption A.1., A.2, and B.3,

- Zwt 21 <71)eg = / $)dGe(s, A) + AE(gie;) + A\ (2.34)

, where Ay = limy, oot >0, > i Eleieg).
From Theorem 4.1 in Hansen (1992), we know that L >%  ze, = fol B.(s)dB.(s) +
E(g;e;) +A1. Equipped with Theorem 1 and Theorem 3 in Caner and Hansen (2001), we can

show the convergence of the LS estimate for the parameter of interest 55 and ~:

Lemma 1. Under assumptions A.1, A.2, and B.3, when no drift is considered

(fo Bz (8)dBe(s)— fo 2(8)dGe(s,\)+(1— )\)[A-i—E(alel)])

rr-r = A(1=2) [y Ba(s)2ds (2.35)
Ji Bu(5)dGe(s \) =X [ Bu(s)dBe(s)
A=) [ Ba(s)?ds

when considering a state-dependent drift

)\(fol Bg(s)dBe(s)— [y BE(s)dGe(s, A)+(1—>\)[A+E(5iei)]>
7T —T%) = A1) Jy (B2 (5))ds (2.36)
J) B2(s)dGe(s,\) = [} BS(s)dBe(s)
A(1-N) [ (Ba(s))2ds
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2.5.1 Testing for Non-Linear Cointegration

In the case where the regressors are strictly exogenous, that is, 0. = 0. = 0, as it happens
in the previous section, the KPSS test is free of nuisance parameters and the distribution of
CI and C1, are the same as in Proposition 3.

In general, assuming 0., = 0., = 0 is very restrictive in time series modeling. Note
that as it happens in linear cointegration, the regressors x; may be correlated with e;, and
the asymptotic result developed for the KPSS test derived previously is not robust to the
problem of endogenous regressors, since it would involve nuisance parameters. In general,
when e; and ¢, is serially correlated it is not enough to consider only the contemporaneous
relationship between e; and ¢, and, therefore, we have to consider the past and future values
of Az, as additional regressors. Following the work of Shin (1994) and Saikkonen (1991), we
require the following conditions:

Condition 1: The spectral density ma/trix fuu(w) is bounded away from zero f.(w) > a,

w € [0,7] and a > 0, where u; = (gt e

Condition 2: The covariance function of w, is absolutely summable, Zj:_oo

[ E(usu )] <
oo, where ||.|| is the Euclidean norm.

Under the conditions stated above, we can write e; = > -~

2 o0 Tj€t—j+Er, Where 3520 ||

oo and € is a stationary process such that E(e,1;€;) = 0 for j = £1,£2,.... As discussed in
Shin (1994) and Saikkonen (1991), we cannot regress a model with an infinite number of lags
and leads of Ax; = ¢;. Since {m;} is absolutely summable, that is, 7; ~ 0 for |j| > K, and
K is large enough, we can truncate the regression for using K lags and leads. The choice of

K must satisfy the following condition, as n — oo and K — oo

K3®/n —0, and n'/? Z || =0 (2.37)

71> K
For further details see Saikkonen (1991). The assumption given in (2.37) is sufficient to
obtain the asymptotic distribution of the KPSS test, therefore, for a chosen lag truncation

K we can rewrite (2.9),

K

Yyt = Bowy + I (201 < 7o) + Z Az + €
j=——K (2.38)

Ty = Ty_1 + &
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, where & = > 7, m; + &, and similarly (2.10),

Yy = oql (21 < 19) + ol (2i21 > 10) + Poxy + v (2121 < 7o)t + Z Taj AT j + €
=K

Ty = Ty_1 + &

(2.39)

We now proceed to construct the stochastic process B, by B, = Z[ns] &, where & =

/
<5t e el(z1 < r)) . B, converges weakly to B as n — oo, where B is the vector of
Brownian motion with the following block diagonal covariance matrix, Q = diag{o., Qe.}.

~ ~ /
The elements of the vector B are B = (BE B, . Ge.g) , where B, = B, — 05760;23@ and
Gee =Ge — /\0'5760';233;. By construction, B.. and G.. are independent of B,.

Lemma 2. Let Bg, v and 7, 5’20‘, 7% and ;% be the ordinary least squares (OLS) estimators
obtained from (2.38) and (2.89). Then,

N M [MB,dB,, — [!B,dG,.,
T(F—T) > ! ( b @~ Jo BedGe ) (2.40)
Jo BodGey — A [ BodBe,

(2.41)

1 A [ B2dB,, — [ B*dG.,
T - 1) = T <1f° f°1 )

)\(1 - >\) fo (Bg) fO BgdGe,x - )‘fo B:(pdee,x
Also,

( >1/2 i 7rj 0, (1), < >1/2 Z W ) = 0,(1), (242

From the result above, let & and é* be the OLS residuals from (2.38) and (2.39) respec-
tively, and Sy = > im1 & and S, = Z] | €y Let 62(1) and &7 (1) be the estimators defined
in (2.14) and (2.15) based on ¢! and €5+ Then, the modified statistics for cointegration are

defined ass

= ”_225?/53@7 dla = n_QZS’a,t/&Z’e(l) (243)
t=1 t=1

Theorem 2. The limiting distribution of the KPSS test obtained using the modified statistic,

CTI and CI, are the same as in Proposition 3.

69



Chapter 2. Multiple Long-run Equilibria Through Cointegration Eyes

2.5.2 Testing for Threshold Effect

From (2.33) and assumption B.3 we can see that

O-EWI(S) 2191/2
B(s) = e (s) + [C2e? — ()] “wts) (241

g

AW (s) + A[C (103 - (U_)Q} P (S) VWL, )

Testing for threshold effects, we are interested in the distribution of 4 and v* from Lemma

. i Bo(8)dGo(s, M) = A i Bo(s)dB.(s) VG [ Wals)dWe(s)
Th-7= A1 = N) [)(Ba(s))2ds S oA [ (s)ds
o ov . JyBE(8)AG(s,\) = A [ Ba(s)dBu(s) VG [y We(s)dWei(s)
O =% = M1 — ) [1(Ba(s))2ds S A=A [N (We)2(s)ds
(2.45)

Jo W (8)dWer(s)

\/W = N(07 1)- Testing

for the null of v = 0 in this framework, which is free of nuisance parameters, is feasible when

Since W, and W, are independent, it is well known that

G can be estimated under the null hypothesis, which are cases where the threshold value r

is known or identified under the null.

2.5.2.1 When r is Known

When the threshold value is known, r = rg, we can recover the residuals é; from the model
(2.9), such that G can be estimated as in Phillips (1987) and Phillips and Perron (1988) by

n l n

~ 1 9
G==Y &I(z_1<r9) =)+ =Y L(i,l éri—i(I(ze—1 <o) — No)(L(2t—1—i < 19) — A
njlt((tl_o) 0) n;< )tZZ—Htt((tl_o) 0)(I(zi—1-i < 719) 0)

(2.46)

, where \g = %21(2}—1 < rg) is a consistent estimator of P(z;_1 < rg) = Ag. Now we
can define a simple transformation of the conventional test statistic for testing v = 0, which

eliminates the nuisance parameters in the distribution:
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; _ A Xo(1— o)
ty=o(ro) = 4( 0)\/@((X(ro)’X(r0))—1)22 (2.47)

, where ((X (1)’ X (1)) )22 is the element (2,2) in the following matrix

1 n 2 1 n 2 -1
nZ thl Ty nZ thl il (21 < 7”0)) (2.48)

> iz <o) 2z Yo @i (2 <o)

(X (ro)' X(ro)) ™" = (

Proposition 10. When the threshold values is known, that is, r = ro, with assumptions A.1,
A.2, B.3, A.4, and A.6, under the null Hy : v = 0, the test statistic {,—o(ro) has the following
distribution

ty—o(ro) = N(0,1) (2.49)

2.5.2.2 When r is Unknown but Identified

Again, when there is a threshold effect in the drift, we can estimate super-consistently the
threshold parameter under Hy : v = 0; then, we can use 7, as if we know ry. We can recover

€q+ from model (2.10) and estimate G as follows.

n l n

R Ly 2 2 : A SN SR
G* = - z; eit(l(zt_l < Tn)—)\)Q—FE Z;L(Z, l) tz;l €atlat—i(I(2i-1 < Fn) = A)(L(2t—1- < Fn)—A)
J]= 1= =1

(2.50)
, where \ = %Z I(z—1 < 7,), which will also be a consistent estimator of P(z_1 < 19) =

Ao, then the modified statistic for testing v = 0 is

~ A~

o . o A=A
o (7) = vw\/ L K
Go((X(70) X (Fn)) )22
Proposition 11. When the threshold value is unknown but identified under the null of v = 0,
with assumptions A.1, A.2, B.3, A.4, A.5, and A.6., the test statistic fﬁzo(f) has the following

distribution

(2.51)

t2_o(fn) = N(0,1) (2.52)

Assuming 0., = 0. = 0 is relevant for the distribution of the KPSS test to be free of
nuisance parameters, but it is not relevant for testing for threshold effects since independently
if e, and ¢, are serially correlated or not, we can construct &,—o(F) or £2_y(f,) as in (2.47)
and (2.51) such that their distribution under the null of v = 0 is free of nuisance parameters

and is the same as in Proposition 5 and Proposition 7. Gonzalo and Pitarakis (2006) found a
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similar situation, where the proposed test for threshold effects was robust under the problem

of endogeneity.

2.6 Simulations

In this section, we illustrate the key features of the different tests presented under different
scenarios, when e; is independent of past realizations, when e; is a linear process but z; is
strictly exogenous and, finally, when e, is a linear process and z; is endogenous.

Our data-generating process (DGP) is given by v = foxy + vI(2i-1 < 7)x¢ + €4 and
Yy = a1l (z—1 < 1)+ agl(zi—1 > 1) Boxy + vI(2zi—1 < 1)xy + €4, respectively, where Axy = &;.
We take z; as an AR(1) process z; = p,z;_1 + n with n, = n.i.d(0,1). e, also is constructed
as an AR(1) process e; = pe;_1 + vy, where v, = n.i.d(0, 1), and by changing the value of p we
can control the dependence structure of the shocks in the long run equation. We also consider
the cases where the threshold parameter r is known and the threshold value is estimated 7,,.
All the experiments are based on 10000 replication and setting S5 = 1, a3 = 1 and ay = 2
throughout.

First, we evaluate the behavior of the KPSS test under different scenarios. In these sim-
ulations, we choose different values of the bandwidth parameters as a function of the sample
size n, [0 = 0, 4 = 4Integer [n/lOO} Y4 and 112 = 12integer [n/lOO} Y% in the estimation of
the long run variance 67(I) and &7 .(1).

Tables 2.11 to 2.19 show the size of the KPSS under assumption A.3, that is, {e;}, is
an i.i.d process for different choices of the bandwidth parameter [, under different levels of
persistence of the threshold variable p, = {0.5,0.9} with different values of v = {0,1}. When
~v = 0, it is the linear specification, and when v = 1, it is the threshold specification. Also, we
perform the test including state dependent drifts and without drift, whether the threshold
parameter is known or unknown.

As we can see when the DGP is linear, v = 0, and we perform the KPSS test including
the regressors with a threshold effect, the size of the test is correct since the empirical
size approaches the nominal size of 5%. Also, the size is correct for the different levels
of persistence of the threshold variable p,, whether the threshold parameter is known or
estimated. Note that, independent of the choice of the bandwidth parameter, the estimation
of the long run variance does not have any effect on the size of the test.

Tables 2.20 to 2.28 show the power of the KPSS test when {e;} is an i.i.d process, con-
sidering different values of o2 = {0.01,0.1, 1}, and for different choices of 10, [4, and [12. As
we have shown in Proposition 4, the choice of the bandwidth parameter [ is relevant since

choosing a large [ will cost power, for example, as observed in Tables 2.20 to 2.22, when the
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threshold parameter is assumed to be known and the DGP does not have state-dependent
2

u?

constants, by fixing the sample size n and fixing ¢-, we can see a decrease of power as the
bandwidth parameter increases. Choosing /4 and /12 and increasing o2 but fixing the sample
size, the power approaches to a limit which is not necessarily one. The power increases as n
increases, thereby reflecting the consistency of the test. We can observe similar results when
the threshold parameter is estimated, see Tables 2.26 and 2.28.

Tables 2.29 to 2.35, show the size of the KPSS test, when e; follows an AR(1) process
with different values of p = {—0.8, —0.5,—0.2,0.2,0.5,0.8} and the different specifications of
the DGP. As we can see, the KPSS test for testing threshold cointegration have the same
problem pointed out by Kwiatkowsky, Phillips, Schmidt y Shin (1992), where under the null
of 02 =0, as p — 1 e; become a random walk, and the test will tend to over-reject the null
of threshold cointegration, also when p < 0, the KPSS tends to be conservative. The over-
rejection problem is severe for the case of [ = 0, which is not a valid test even asymptotically.
For [4, when p = 0.5, the test presents a moderate size distortion but a severe size distortion
for p = 0.8. Finally, for [12, the test has the correct size for p = 0.5 but a slight over-rejection
for p > 0.8.

In the last experiment, we use dynamic OLS estimation to control for the endogeneity

between z; with e;. In this case, we create 7, and ¢ as a bivariate normal with the covariance

2
e e (2.53)
One O

1, and we allow 0, . = {0.5,0.8}. As we can see, we have the same results

matrix.

2:
n

as in the case where z; is exogenous, in which we have over-rejection when p — 1 and the test

weset 02 =0

is conservative when p < 0, and as in the previous case, this problem aggravates when [ = 0.
When p = 0, x4, and e; are only correlated contemporaneously, and the dynamic ordinary
least squares (DOLS) estimation helps to control the second-order bias, and the empirical size
of the test approaches the nominal size of 5%. We only have a contemporaneous correlation
between z; and e; as the second-order bias, and we can see in this case the size of the KPSS
test is under control. See Tables 2.36 and 2.39.

In the next experiments, we show the behavior of the test to identify the threshold effect
in the long run equation. Table 2.40 shows the size of the test when {e;} is an i.i.d process.
In the case where the state-dependent constant is included, we can see that the empirical
size is close to the nominal size of 5% for different persistence levels of the threshold variable
p. = {0.5,0.9}, or if the threshold value is known or estimated. Table 2.41 shows the same
result in the case where the state-dependent drift is not considered.

In Table 2.42, we show the power of the test when {e;} follows an i.i.d process considering
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different values of v = {0.01,0.05,0.1,0.5}. The DGP considered has a state-dependent drift,
and we can see that the tests have correct power since both, as sample size increases and
the value of v deviates from zero, the power of the test approaches unity. Table 2.43 shows
the same results when the DGP does not have state-dependent constants and the threshold
parameter is assumed to be known.

In the last experiment for the test for threshold effect, we show the performance of the test
when e; follows an AR(1) process with autoregressive coefficients p = {—0.8, —0.5, —0.2,0.2,0.5,0.8}
and different values of 0., = {0,0.5,0.8}. The bandwidth parameter for the estimation of G
is chosen as [0, /4, and [12. In the case where [ = 0, the test rejects too often when p > 0
and too seldom when p < 0 and this problem aggravates when p, = 0.9. In the cases where
the choices are [4 and [12, and p, < 0.5 for any values of p, the empirical size of the test
is correct. When p, = 0.9 for p > 0.8, the test tends to over reject the null of no-threshold
effect for small sample sizes, but as the sample size increases the empirical size of the test
approaches the nominal size of 5%. The over-rejection of the null in small samples is due to
the estimation of the long-run variance of GG, which is poorly approximated in small samples.
See tables 2.44 to 2.50.

2.7 Empirical Applications

2.7.1 Term Structure of U.S Interest Rates

In this application, we analyze the existence of multiple equilibria between interest rates of
instruments with different maturities. It is widely known that the interest rate series are
I(1), and interest rates with different maturities must be cointegrated, as proposed by Stock
and Watson (1988). There is a vast amount of work that studies the cointegration relation
between interest rates with different maturities, but all of them assume the existence of a
single equilibrium relationship with a mixed conclusion, for example, the Johansen (1996)
procedure is unable to find cointegration at the usual significance levels. In their work,
Enders and Siklos (2001) extend the analysis by allowing a threshold structure in the short-
term dynamics, however, assuming the existence of a unique equilibrium relation. They
conclude that when the adjustment follows an autoregressive threshold structure (TAR) the
series of U.S. federal funds rate and the U.S. 10-year rates on government bonds are not
cointegrated, however, when the short-term dynamics follows a momentum-TAR, they find
a cointegration relation.

Following the work of Enders and Siklos (2001), we use monthly observations of the federal
fund rates and 10-year government bonds from January 1960 to March 2019. The data are
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daily averages and are available in the Federal Reserve Bank of St. Louis database. We use
the annual growth rate of the U.S. production index as the threshold variable, which will
determine the different periods of the business cycles, economic expansions, and recessions.

As discussed in Shin (1994) and Sikkonen (1991), the choice of the number of lags and
leads, K, and the bandwidth parameter, [, for the estimation of the long run variance are
critical, especially on [. In this application, we choose K using the Akaike information
criterion (AIC) information criteria, and for the bandwidth parameter, we present the results
of the tests using different values of [. For illustration purpose, we estimate the linear long-
run equilibrium relationship between short- and long-term interest rates using the DOLS

estimation. The optimal number of lags and leads included in the regression is K = 3

Table 2.1: Linear cointegration, estimation result.

a B
—2.88 1.166
(0.137)  (0.020)

We test for linear cointegration using the KPSS test as in Shin (1994), and note that for
different values of [ we reject at 5% significance the null hypothesis of linear cointegration,
since the KPSS statistic is higher than the critical value (CV) of 0.314 tabulated in Shin
(1994) .

Table 2.2: KPSS test using linear regression model.

=7 [=8 [=9 [=10 1=11 [=12
0.585 0.533 0.492 0.4583 0431 0.4076

Now we test for threshold cointegration, and in this case, we assume that there is a
threshold effect in the drift, which is relevant for estimating the threshold parameter that
is T-consistent. First, we test for cointegration including a non-linear component in the
long-run equation, as in the linear case, the optimal choice of lags and leads in the DOLS

estimation is ' = 3, and the estimated long-run equation is given as:

Table 2.3: Cointegration with threshold effect, estimation result.

aq (8% 51 52 r
—2.573 —0.354 1.244 0.909 0.048
(0.151) (0.023) (0.288) (0.041)
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We perform the KPSS test on the estimated residual for different values of [, and since we
find cointegration at the 5% significance level, the KPSS statistic is lower than the critical
value of 0.314.

Table 2.4: KPSS test using threshold regression model.

l=7 [=8 [=9 [=10 1=11 [=12
0.286 0.262 0.242 0.227 0.214  0.203

As we have argued before, constructing the KPSS test using a threshold specification
in the regression is unable to differentiate between linear and threshold cointegration. The
second step is to test for the presence of a threshold effect in the long-run equilibrium equation
by testing if v = (1 — B2) = 0. For different values of I, we reject the null of no-threshold
effect since the statistic is higher than the 5% CV of a standard normal.

Table 2.5: Testing for threshold effect.

=7 =8 [=9 [=10 1=11 [=12
3.621 3.547 3.499 3.468 3.452  3.448

Since we reject the null of v = 0, we can conclude the presence of two equilibrium relations
between both short- and long-term interest rates. When the annual growth of industrial
production (IP) is above 4.8%, we are in an expansion period, and the cointegrating vector is
(1 0.909)/7 implying that the long-term interest rate is higher than the short-term interest
rate. When the industrial activity slows down, the annual growth of IP is under 4.8%, and
the cointegrating vector is <1 1.244), which indicates that the short-term interest rate is

higher than the long-term interest rate.

2.7.2 Empirical Application: US Stock Price and Dividend

In this application, we investigate via our threshold cointegration model the non-linear link
between price and dividends using the Volatility Index (VIX) as a threshold variable.

The data analyzed are the monthly series of real Standard and Poor&s Composite Stock
Price Index and the real dividend from 1960:1 to 2018:7. The threshold variable representing
the different regimes is the VIX Index, which generates periods where the perceived volatility
is high and periods with low volatility. More information about the data on stock prices
and dividends can be found in Shiller (http://www.econ.yale.edu/ shiller/data.htm) and
information on the VIX Index series can be obtained from FRED (https://fred.stlouisfed.org).
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As an illustration porpoise, we estimate the linear cointegration equation and perform
the KPSS test on the estimated residuals. The optimal choice of lags and leads using AIC is
K =0,

Table 2.6: Linear cointegration, estimation result.

c B K
121.89 4725 0
(65.50) (2.21)

Testing for linear cointegration, we can see that for different values of the bandwidth
parameter [, we reject the null of cointegration at 5% significance since the KPSS test is
higher than the CV of 0.314 tabulated in Shin (1994).

Table 2.7: KPSS test using linear regression model.

[=10 (=11 =12 [=13 1=14 [=15
0.46 0.43 0.40 0.34 0.35 0.33

Now we estimate the threshold specification including the non-linear regression and test
for cointegration using the estimated residuals. The optimal number of lags and leads indi-
cated by AIC is K =11

Table 2.8: Cointegration with threshold effect, estimation result.

aq o) b1 B r K
—185.20 1357 52.14 8.22 19.57 11
(71.34)  (141.71) (2.48) (5.21)

Checking for cointegration, we can see for each value if [ fails to reject the null of cointe-

gration at 5% significant level.

Table 2.9: KPSS test using threshold regression model.

[=10 [=11 [=12 [=13 1=14 [=15
0.31 0.29 0.27 0.25 0.24 0.23

Once we find cointegration in the threshold regression estimation, as in the previous

application, we proceed to test for the presence of threshold effects by testing if 5, = 5. We
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perform the test using different choices of the bandwidth parameter in the estimation of the
long run variance of G. As we can see in the Table 2.10 for each value of [, we reject the null
of no-threshold effect at 5% significance level, thereby concluding the presence of multiple

cointegration relations.

Table 2.10: Testing for threshold effect.

[=10 (=11 =12 [=13 1=14 [=15
2.79 2.63 2.61 2.54 2.47 2.44

Since we have concluded that there is a threshold effect, the real price and real dividend
present two equilibrium relations driven by the perceived volatility in the market. When the
volatility is high, the VIX index is above 19.57, and the implicit discount rate is Ry = 51—2 =
12.17%. When the volatility is low, the VIX index is below 19.57, and the implicit discount
rate is R; = ,8% =

return of a risky asset must be higher in periods when the volatility is higher than in periods

1.92%. This result is consistent with the economic theory because the

with lower volatility.

2.8 Conclusion

Many economic relations between persistent variables are not linear, and this is captured by
the concept of non-linear cointegration. Extensions of linear cointegration to a non-linear
framework have always considered the existence of a single long-run equilibrium where the
non-linearity comes from the adjustment mechanism towards it. In this study, we analyze
non-linear cointegration with multiple long-run equilibria via threshold cointegration. We
present a test to assess the presence of non-linear cointegration, and an inference procedure
to detect threshold structures. Two empirical applications are shown, between U.S. stock
prices and dividends and U.S. interest rates from instruments with different maturities, where
cointegration with different equilibrium relations is not rejected whereas standard linear

cointegration is rejected.
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Appendix

2.A Proofs

Proof of Proposition 2

In order to show that {I(z;_4 < r)z;} is summable of order one we have to prove that:

1 n
S0 = L) 3o < )= Op(1),

(2.54)

From the asymptotic results from Canner and Hansen (2001), for §, = 1 we have that;

n

1 1
Z I(zpqg <7T)vy — / W, (s)ds,
0

3
n2Ao. =

Sy =

(2.55)

where L(n) = /\%‘E, A = Pr(zi—q <r)and Wy,(.) is the standard Brownian motion. For

{I(zt—q > 7)x+}, the proof is similar with L(n) = (17}\)05.

Also, we have to show that:

Sy, = n2+5 Zyt

by construction we know that:

- 1 n n Ll(n
S, = ———ILi(n) [51 > Izea <v)atBa Y I(z-a > 1)m +L2(n 5,

145,
n2 t=1 t=1

Note that from the work of Caner and Hansen (2001) we know that for Ly(n) = =
it is easy to show that —— > I(z-a < 7r)e; — Be(s,A) then for §,

S I(z—q < r)e; = 0p(1). Then for Li(n) =

1
n2+5y [BiA+B2(1-N)]os

have

1 1
S, = —>/ W, (s)ds
nzto B\ + Bo(1 — A)]o. ;yt 0 5)

: Li(n) _
and is easy to see that 705 = O(1).

Proof of Proposition 3

(2.56)

n

ZIzt a<r)e
t=1
(2.57)

?
e

= 1 we have

from corollary 1 we

(2.58)

The proof of proposition 3 we split into two parts. The first part we show the asymptotic
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distribution of the LS estimate of # and ~ under the null of o, = 0. The second part we
show the convergence of n='/2S),y under the null of o, = 0. Note that under the null of
cointegration o, = 0 then v; = mg + e;. Without loss of generality, set mo = 0, then v, = e;
To show the asymptotic distribution of the LS estimate of 55 and v, write equation (2.9)

as follows
v = X{I' + v, (2.59)

where X, = . and I' = &
xl(z1 <) ~y
Then the LS estimate of I' is

R n 1 n n 1 n
P= (ZXtXl;) (thyt> I+ (ZXtXt') (Zxﬂ;t) (2.60)
t=1 t=1 t=1 t=1
Under the null of cointegration:

=T+ (zn:XtXQl(zn:Xtet) (2.61)

we can rewrite equation (2.61) as follows

. 1 & -1
n(f —T) = (ﬁ 3 XtXt’>
t=1

N

(% Xtet> (2.62)

7 \\ J/

A B
Lets see the convergence of A.
1 & LN a2 LS 22 (z <
I S AT (o N = btts I Y
L w72 Tl (2 <) sm Yo wil(ze <)
Since x; is a random walk, from Caner and Hansen (2001) we know that:
1 ¢ 2 [y W2(s)ds  Aa? [} W2(s)d
LS X = (f’;fol )ds A0ty Wl )
n? Ao? [ W2(s)ds Mo? [ W2(s)ds

T x

(2.64)
! 1 A
= 03/ W2(s)ds
0 A A
Then by the continuous mapping theorem we have:
1 ¢ ~1 1 A=A
(-2 3 XtXt/) = . ( > (2.65)
n i aZN1 =) [y W2(s)ds \—A 1
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Lets see what converges the term B,

1< LN~
(5 (1 T
L S el (0 <)

) ) (2.66)

_ i Tee1C o Do ey

% Yoy wimred (o1 < 1)+ % Yo Iz < r)ege
Again from Caner and Hansen (2001) we have
n 1
1 e 2 (8)dW,
(—ZXt@t) = 7e0 fo (s) () + w1z
n —1 Oc0¢ fO )dW (S )\) + )\wlg (2 67)

_ ( aeasfo ()dW.e(s) )

OO fo 2 (8)dWe (s, \)

From the assumption where ¢, and eg; are independent, we can forget about the second
order bias wys.

Putting all together we have that:

. A=A } Wa(s)dW,
n(@—T) = e {0 (s)dWe(s) (2.68)
A1 = XNoe [y W2(s)ds \—=A 1 Jo Wa(s)dWe(s, N)
The second part of the proof consist to show the convergence n='/25,y = n='/? Zgnj]l ;.

By adding and subtracting v; and reordering

[ns] [ns] [ns]
028 =072 (0 — vy uy) =T Zv +n 2 (0 = vy) (2.69)
=1 =1

Recall that under the null of cointegration v; = e; and note that v; = y; — Xj’f with
V; =Y; — X]/F, then

(9, —v;) = —X)(I' =T (2.70)
then rewritting
[ns] [ns]
n2Y ey —n Z X/n(l'=T) (2.71)
j=1

Then as n — oo, n~ /25,4 converges to

81



Chapter 2. Multiple Long-run Equilibria Through Cointegration Eyes

o)
o Wo(s)— ‘ ( SW(s)ds A [y Wa(s)ds)
())\ fowg )ds Jo Wals) Jo W
2.72
A fo We(s) ( )
- fo dW (s,\)
Then (2.72) can be written as:
W, (s)d 2(8)dW,
o (W) — VA Wl IWels)y _ o @73
fo W2(s)ds
From (2.73) we can conclude that:
n 1
n?y St= 0—3/ Q?*(s)ds (2.74)
t=1 0
The only task left is to show that: 62 —, o2. Under the null of cointegration
1 n
6% = ﬁZe?—Fop(l) —, 02, (2.75)
t=1
Then we can conclude that
n 1
CI=n"> 8}/ = / Q% (s)ds (2.76)
t=1 0
When state dependent drift is included
vy =l (z1 < 7))+ aol(z—1 > 1)+ Prl(zeo1 < r)ay+ Bol (221 > 1)y + €4 (2.77)
Construct the following stack matrices
U1 I(zg<r) I(z>T) x1l(z9 <) x1l(z9 > 1)
Y = Y 12 = : I XZ = : :
Yn Iz <7) I(zpq >7) Tl (zno1 <71) x (241 >7)
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Define M, = I,, — 1,(1,1,)'1, where I,, is the identity matrix, then we can rewrite the

model as

MY = M. XT + M.e (2.78)
Then the LS estimate of I is the usual

~

(0 —T) = (XM, X) (X[ M.e) (2.79)
where
2
n (Z?:l zil(ziflgT))
(X,MqX ) = ZZ 1 xz[(Zi_l S T> N iy I(zim1<r) 0 2
z : " S I(zo1 )
0 Zz 1 11(21;1 > 7’) - ( zfil I(zi_1>r))
(2.80)
n S @il (zi— 1<r))( D eil(zie IST))
- I (7 <T$i6i—( :
S Iz > r)mie; — (SiimidGic 1>’">) 1 eil(ei1>1)
i=1 i—1 1C4 Z ' I(zi1>T)

Using the results from Caner and Hansen (2001) we can see that;

fo B2 (s)dBe(s,\)

i A [ (Bg s))zds
U =T) = | 1 paan.lo— [0 B2 ()dB.(s) (2.82)

(1-A) [ (B2(s))2ds

If we write each element of M.Y, M.X, and M.e we can see that
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il (z;—1<r ?: I (zi_1>T _
yr = (L0 < ) SERIHEIZ 4 12 > ) Sl =0) 7
MY = : =1:
o yil(zi—1<r) ?: I(zi—1>7 —
Yn — (I(Zn—l < T)—%Zf’](; 11<T, + I(zp1 > T)—%)?:llyl(;fl;n))) Un
»ixid(zi—1<r vl (zi_1>r L
I(z0 <) (xl — —Zzz:ll I(ii_llgr))> I(zg > 1) (a:l - —%?:11 I(z('i_11>>r))> Tz
I(zp1 <) (a:n - —Zziil x?fﬁ?) I(zp—1 > 1) (a:n — —%ﬁif&f_‘éﬁ?) T T
eil(zi—1<r T eid(zi1>r _
€1 — <I<ZO < T) %l 11 I(iz 11<7«)) + ](20 > 7’) %?211 [(,(2171;7"))> €1
Mze - : =

en= (Heoes <V FREE 1000 > Fpenzd) ) e

Such that for each t, it can be written as y;, = (92; j:j) I' 4+ é;, then the constructed

partial sum \/LHS [ns]:

ns]

1 1 .
Sins] = é — (55; j:j) (I'=T) (2.83)
\/_ t: / \\/ﬁ t=1 /
A B
In A, from the structure of é&; we have that
1 [ns] B [Z ns 1 (] I IZZ ceil(zi1 <)
- €t = —— Zt 1>
L \/_ t=1 [ns] =1 IZZ 1 1(zi <)
[ns
1 =D ic1 6 — s Qe Gl (i S
—E— I(z—1 > ) ‘FZ 11 nfz il G ):>Be(3)_33e(1)
n [ns] & =i Iz > )

(2.84)

Now from B we can see that < 73 Z["Sl] e S :Ej) n(I' — T') such that

n3/2 t=1
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[ns] [ns]

1 1 ) " I <P
_ijz_ Z[ Zt— 1<’r’>gjt ns[_Z[Zt 1< n3/2zt 1 (t 1 ) t

n3/? n — LS Iz <)

= )\(/0 B;;(s)ds)

Also is easy to see that:

[ns]

n3/2 Zm = (1-A (/ Bg‘(s)ds> (2.86)

we can see that:

1 ylns) - ns] Bi(s)dBe(s)
<n3/2 t=1Ti ns/z > i F ') = / fo (Bo(s))2ds (2.87)
Then putting all the pieces together we have that;
1 ’ Jo B2 (s )dB( / ()dW()
75715 Be — Be 1)— Bg‘ d 0— — W(x - Q,
(2.88)

The first equality came from the strong exogeneity assumption between z; and e;. The

using continous mapping theorem we have:

1 O !
EZSE = O'z/o Q%(s)ds (2.89)
i=1
Then:
1
Cl, = / Q% (s)ds (2.90)
0

Proof of Proposition 4
Under the alternative o2 > (0 the process m; = m;_; + u; is a Random Walk, the e; =
m; + vy, also will be an Random Walk. For simplicity of exposition we consider the case

without drift, a similar approach can be used when includes state dependent drift. Define

Y = (%ﬁ (21 < 7“)) (%) teé (2.91)
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Call X, = o and I' = b . Then is easy to see that
l't[( )

1

[ns] [ns] [ns] 5
1 1 B2 — B 1 1 < (B2 — B
n3/2 Stns] = n3/2 Zei 32 ZX ( ) ~ 32 th +op(1) = n3/2 ZXt 4
i=1

Zi1 <r ¥

(32 ) (L > a) 1(%;;@“) (292)

T

. oo A —A
As in (65), (# Zt XtXf{) = W{;BI(S)Q (_)\ 1 ) Let see

1 ~ %Zt xt(mt + €t) i?zt Tt +0p(1)
— Xy ) = " = "
<n2 Zt: ) (% Do el (21 <) (my + €t)> (# > el (21 < )y + Op(1)>

From the results in Caner and Hansen (2001) then

J. 5.5,
- () >

s Jo BzBom
ﬂA AN iy (2.95)
¥ =1

Then we can see that:

Then the partial sum —.S),y is

[ns]

Y=

:>/B ([ ) ([ ) =n [ @

Then we can see that:

=1

(2.96)

1 n 1 s 2
ﬁ;ans] = 03/0 (/0 Q) (2.97)

From Kwiatkowski, Phillips, Schmidt and Shin (1992), for the Barlett window, we obtain

the result that (nl)~'s*(l) = o2 fol Q>. Therefore combining the results above we have:

(l/n)C 4Zsm]/ nl)~Ls2( :>/ /Qp)g//olcgf, (2.98)
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Proof of Proposition 5
From equation (2.68), Note that

1

. fOW()dWs/\ )\fo s) f;W()dV(sA)
n(y—7) = N [ st N [0 (5)2ds

where that V.(s,\) = W.(s,\) — AW,(s, 1) is the Kiefer-Muller process. From the contin-

uous mapping theory, then the distribution of the t-statistic is:

(2.99)

f Wa(s)dVe(s, /\)

(2.100)
\/A 1= ) [ W, (s)2ds
Since W(s) and V,(s, A) are independent, it can be proven for a fixed A that:
1
W (s)dVe(s, A
Jo Wels)dVe(s, ) _ N(0,02) (2.101)

fol W,(s)2ds
where oy = A\(1 — \).

Proof of Proposition 6

(i) As T — o0, Ty = To-

Following the work of Hansen (2000) and Chen (2015), to prove consistency of 7,, we
have to show that Pr(|f, —ro| > ¢) — 0 for any € > 0. Define B(e) = {r: |r —ro| > ¢} and
B(e) = {[rr, 7]\ B(g)}. From the definition of 7, we can see:

Pr(|f, —ro| > €) = Pr( inf SSR,(r) < inf SSRn(r))

reB(e) r€B(e)
<P <mf SSR,(r) < SSRn(ro)> (2.102)
reB(e)

- Pr( inf n"Y(SSR(r) — SSRy(ro)) < o)
reB(e)
where SSR,(r) = >, & and SSR,(ro) = > i, €*. Thus, proving Pr(|f,—r¢| > ¢) — 0,
is equivalent to prove that Pr( inf n '(SSR,(r) — SSR,(ro)) > 0> — 1

reB(e)
First we define the stacking vectors, without loss of generality assume that h =1
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Y1 T 1 I(zg <r
T 1 I(z r
v — Y2 Y — 2 T=| Q= 1S
yn Tn 1 I Zn— < r
(nr < 7) (2.103)
€1 I(ZQ S 7’0)
e I(z1 <y D)
v
€n I(zn—1 < 7o)
Define the following regression for any r € [rp, ry]
Y=LTI+Xp+e (2.104)

To prove the result we use the Frisch-Waugh-Lovell Theorem, by projecting ¥ on X, and
I. on X, to get rid of X. Define the annihilator matrix M, = (I, — X (X'X)~'X") such that
M, X =0, then equation (2.104) can we rewrite as:

MY = M,I.I' + M,é (2.105)
Then the LS estimate of I is:
[ = (I'M,L) "(I' M'M,Y) (2.106)
The estimated residuals can be written as:
Myé = MY — M, I(I.M,I.) ' I.M. M,Y (2.107)
Equivalently it can be written as:
Myé = (I, — M L(I'M,I,) " I' M!)M,Y (2.108)

Call M, = (I, — M I,(I.M,I,)"*"I M), then SSR(r) = Y M,M,M_.Y" Note that equation

(2.105) can be rewritten as:

MY = M,Tas+ M,Qo6 + Mye (2.109)
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We can write the SSR(r) as follows:

SSR(r) = 8*Qy MM, M,Qo + 26Qo M, M,M,e

(2.110)
+ e M, M,M,e

The equality came from the fact that 7'M, M, = 0 since 7'M, is a linear combination of
((T —QYM, Q’Mx).
Note that SSR(ro) = €M, M]Me', then:

1 1 1
E(SSR(T) — SSR(ry)) = 562Q{)MIM(1M$QO + 255Q0MquMz

J/

-~

. 4 (2.111)
= (MM Mye — ¢ MM Mye )
(AN _
B
We can see that the term B can be written as:
e M IO (TP M IO I Mye — € M I (I,M,I.) I M,e (2.112)
B1 B2
Lets focus on the term (B.2)
1, 1, -1/1
<—e lez> <—IZMx]Z) (—IZMxe> (2.113)
n n n
Note that the first term:
1, 1, 1, 1, o\t 1 , 1
ML= —¢'L— (<X ) (5XX) (5 XL) (2.114)
Then we can see:
1
ﬁe'lz — (E[el] E[eil(qi,l < T‘)]) =0
1, /1
—eX — B,dB,
" 0 (2.115)

1 / ! 2
—~X'X — | B2
n 0
1
XL (o B Ay B.)

where B(.) is the Brownian motion A = Pr(¢; < r). Then %e’MxIZ = 0,(1)
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~1
The second step is to show the convergence of (%I;Mxlz) .

1 L (XN /X'X\1/X'L
Wt === () (G) - (o)
n

n n3/2 n2 n3/2
A A fiB2 \x N

Then we can see that:

)‘fol Ba%*)ﬁ(fol BI)2 _)\
Jo B3=(Jo Ba)? (2.117)

A1 =A) )\ 1

1 1
—IIM,I,)" =
(CILM,I.)

Then we can see that the term B.2 converges to zero. The same happens with B.1.
Now lets focus on the term A. Note that:

M M,M, = M, — S, (2.118)
Where S, = M, L (I'M,I.)~*I' M,, then:

1 1 1 1
2—0QuM, M,M,e = 2=0Qy(M, — Sy)e = 2—0Q M e —2—56Q;S,e (2.119)
n n n n

v Vv
Al A2

Lets focus on A.1

Al = 25(%@36) - 25# (#ng) (%XX)_l (%X%) 50 (2.120)
Now focus on A.2
A2 = 25(6261\530@) (];]‘gzlz)_l (%) =0 (2.121)

Then we can conclude that:

%(SSR(?") — SSR(ry)) = %52Q6MquMon +o,(1) (2.122)

The last step is to show the convergence of 162Q) M, M,M,Q,. From (18) we can see:

1 1 1
~0* QoMo My Mo Qo = 0° —QyMQo —0" ~Q5,Qo (2.123)
D.1 D.2
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To analyze properly equation (2.123), start by considering all r € [rg,rp,]. Lets focus on
D1,

RLAIEE S <;Q£f§>()if)_l()§$i°>
(B (2.124)

i)

- >\0<1 YRS 2l

where \g = Pr(¢; < rp). From term D.2, we can see:

%Q(JSQQO _ <Q6J\lez> (IzMsz>—1 (IzMxQo) (2.125)

n n

After some calculations

A2 (Jof B)?
_QOS Qo = (T — Aom) (2.126)
Then we can see that for r € [rg, 73
1
552Q6M1MqM$QQ = (52)\0(1 — )\0)\71) (2127)

Then 62Xy > 0, and for any r € (rg, 4] the term §?Xo(1 — AgA™') > 0 and the minimum is
attained at r = ro, where 62Xo(1 — \gA™!) = 0. For the case where r € [r), o], doing similar
calculation as in (125), (126) and (127) we can show that:

l6{"QE)J\M\M\@QO L) (Ao —A) (2.128)
n

(1=2)

2 (1=Xo0)

T (Ao—A) > 0 and the minimum is attained

Note again that for any r € [}, 7o) the term §2
at r = rg, with 52 (1= ’\O)(/\O —A)=0
We have shovvn that.

%(SSR(r) ~ SSR(1)) = (oL~ 2X)I(r > 1)

(1—Xo)

AN

(o = NI(r < 10))
Which is strictly positive when r € B(g), thus

Pr( inf n~ (SSR,(r) — SSRy(ro)) > o) 1 (2.129)

reB(e)
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Showing the consistency in the estimate of 7,,.

(ii) As n — oo, we have n|r, — 9| = O,(1)

Let a,, = n, To prove that 7,, converges to ro with rate a,, we need to prove that a,|r, —
ro| = O,(1) or show that 30 > 0 s.t lim,_oc Pr(|7y, — 10| < 0/a,) = 1. For any B > 0
define Vg = {r : [r —ro| < B}, when n is large enough we have - < B. From (i) we
showed that 7, — r which implies that P(7, € Vi) —, 1, so we need only to examine the
behaviour of r in V. Define V(v) = {r : ;= < |r —ro| < B}, note that Vp(v) C Vp. To
prove limy, o Pr(|7, — 10| < 0/a,) = 1 we have to show that Pr(7, € Vg(v)) = 0. Let &

. R . N2
and ¢ be &(7,) and 0(7,) and define SSR:(r) = > 1, (yt —a—0l(z1 <1)— B:Et> and

. . \2
SSR:(ro) = >0y (yt — & —0I(z1 < 1) — th> . By definition SSR}(#,) < SSR(ro),
hence is sufficient to show that Vr € Vp(v), SSR}(r) > SSR;(ry) with probability 1. As in

(i) we can write:
MY = M,I,T + M,é (2.130)

Such that M,I, = (MJ;T MJCQ) and

Y — xlg L= (30 a) (O, )
— 2503 1—=x A2 e O YA
Mxy _ Y2 . QB ’ MxT _ 2(21_1 .l) (Zz—l ) (2131)
Yn — T3 1=, (X0 27) (00 )

I(z0 <7) =21 (3o, 7)) T O0imy il (20 < 7))

o I(z <7) —2(X0, x??‘l(Z?zl il (21 < 7)) (2.132)

[(zny <7) =i ) (2 @il (2ia <))

Call y,, = (y — .0), L, = (1 —=(X, 21 (XL, Iz‘)>7
L) = (1o € 1) =20, 08) (S, @l (51 < 7)) and
Cp, = <€t — (X 22) OO0, xiei)), then we can rewrite:

=t (2.133)

n

SSR;(?”O) = Z (yﬂﬁt - 1Itd - 1Qt—1793t(r0)8>2

t=1
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Then:

M:

SSR;(T) - SSR:;(TO) = 2(5 - 5) (1Zt 1,%¢ (7") - 12t 1,%t TO el’t 262 Zt—1, fL’t - Zt 1,Tt (TO))el’t

~
Il

1
n

+ Q(d - a>52(12t—1xit (T) - 1Zt—1755t (ro))lwt + 62 Z(lzt—hwt (’I") - 1Zt—1,93t (TO))Q
t=1 t=1

+ 2(5 - 6)52(1%7171} (T) - 121571,%: (7‘0))1Qt71 Tt 2 Z Zt—1, M - Zt 17-'L't(T0))2
t=1 t=1

=Ry +Ry+R3+Ry+ Rs+ Rs
(2.134)

We have to show that R1+R2ZRE’:%;FR5+R6 > 0. Consider the case where r € (rg,ry], the

other case r € [r, ro) can be shown by symmetry.

Step 1: n(rero [ Zl‘h L (T) ez, — Zl‘h L (T0) ext]

c1 Cc.2
we can show that:

n

1 IR 1 1
Ezlqt,hmt Jew, = ZI z-1 < 1) Z Yo thI<Qt—1 < T»(ﬁ Itet)—n

From the proof of (i) note that (25 >0 27) (=5 doroy Zel (qr—1 < 7)) (2 D00 @eey) =
O,(1), then

n

1
= g (P)er, = B(I(z1 < 7)er) =0 (2.136)
n

t=1

the last equality came from (A.3). The argument for C.2 is the same es C.1, then:

fi = 0p(1) (2.137)

n(r — ro

Step 2 Using the result from Step 1 is easy to show that ﬁ = 0,(1).

1 n
Step 3: Now consider n(ﬁ“ro) p— ( Z Loy vz (7)1y, — - Z Lo vz (10)1s, ) Lets
t=1

D1 D2
analyze D.1
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1 1 < 1 I = o\l 1
D i = S <) = (i Do I <) (5 2-02)  (m 2u )
t=1 t=1 t=1 t=1 t=1
1 1 pl
:>>\[1—</ Bﬁ) / Bw]
0 0
(2.138)
. 1 5o\ 7!t Ru 2(a—a)d
Similarly from D.2 = X [1 - <f0 B$> IN Bm}, then Mo = Z5=520,(1) = o0,(1),
since 0 = 0 4 0,(1) and (& — a) = 0,(1).
560 (1 o I
. 3(5-5
Step 4: Now consider n(fjro) = Lm) ( - Z gy 1 (1) — - Z Loy 120 (T0) gy 120 (7) )
=1 t=1
P 12
From f.1 we have:
1 < 1 < 1 O 201 = o\ !
E Z 1(]157171‘7‘, (7’)2 = ﬁ ZI(Zt_l S T) — (W I(Zt_l S T)I't) (ﬁ ZZL‘%)
pu p = =1 (2.139)

m{l_A(/OlBg)*(/o 352]

Similarly from f.1 we can show that £.2 = A, [1 - )x(fol B§>7 (

conclude that n(ﬁ”m) = Sig_;g) Op(l) = 0,(1).
Step 5: Consider n(f’m) = Tfro IS (L 1z (1) — 14, 1 2, (r0))? Then we can see that:

2
fol Bx> }, then we can

—Z )= L= 0= 1= 0 ([ 8) ([ 5] 1o

again we conclude that ﬁ = (f*?f? Op(l) = 0,(1).

Step 6 Finally let see n(f_?’m) e TO) < IS (L v (1) — 14y 1 2, (70))? then

Ry & )()\_)\0) [1—()\—)\0)</01 B§)1</01 Bxﬂ (2.141)

n(r —ro) (r —ro

Note that since r > 7y, and by A.5 X > \g, then (Tf—jo)(/\ — Xo) > 0. Note that also

-1 2
(A — )\0)<f01 Bg) (fol Bx> < 1 then n(fjm) = (Tio) > 0 showing the desired result.

Proof of Proposition 7
In the paper of Gonzalo and Pitarakis (2006) Lemma 2, shows that when the least square

estimator of the threshold parameter is n-consistent, n|r, — ro| = O,(1),
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\/_ZI Zt— 1<Tn)-[(zt 1<’I“0 ZI Zt 1<’I“0 0 (2142)

and we can use the estimation 7, as if it is known, ro, and the rest is the same as in
Proposition 5.

Proof of Proposition 8

The proof is available in Gonzalo and Pitarakis (2006), Proposition 1 and 2.

Since the threshold value is unknown, the test statistic proposed is

Wy = Sup ty—o(r)>. (2.143)

TG(TL’TH)

Applying the continuous mapping theorem, we have that

W, = Sup t(r) (2.144)

re(rn,rm)
where ¢,(r) is the asymptotic distribution of the t—statistic obtained in Proposition 5.
To obtain the equivalence in equation (2.30), following the work of Gonzalo and Pitarakis
(2012), first is to show that the process W.(s) and V.(s, A) are independent. Since both

processes are Gaussian, it is enough to show that both are uncorrelated

E(W(s1)Ve(s2,A)) = E(Wc(51)[We(s2, ) = We(s2,1)]) = E(We(s1)We(s2,A)) — AE(W(51)We(s2,1))
=0 A (51N S2) — 0 e A(51 A S2) =0
(2.145)

Since W,(s) and V,(s, \) are independent equipped with E[V,(ry, )\1) Vi(ra, A2)] = 02(s1 A
$9)[(A1 A A2) — A1 Az], which give us fo L(8)dVo(s,\) = N(0,0.A(1 fo W2(s)ds). Nor-
malizing by o2 fo W2(s)ds we get the desired result.

Proof of Proposition 9

To show the invariance principle in proposition 9, we use the following result from Peligrad
and Utev (2005).

Theorem 3. Let {d;} be a stationary sequence with finite second moment E(d?) < oc.

Assume that

|| E(SL|Fo)|
Z T V1« >0 (2.146)
n=1

Then {max1<p<,Si/n : n > 1} is uniformly integrable and W, (t) = /W (t), where 1 is a
non-negative random variable with finite mean E(n) = o* and independent of {W (t) : t > 0}.
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Moreover n is determined by the limat

E(S?|T
limn_mM =1 (2.147)
n

where I 1is the invariant sigma field.

For the sake of application, Merlevede, Peligrad and Utev (2006) formulates sufficient
conditions for the invariance principle in terms of the conditional expectation of an individual

summand {e;I(z;_1 < r)} with respect Fy.

Corollary 1. If

— 1
> —E(eid (21 < 1) Fo)ll2 < 00 (2.148)
i=1 Vi

Then (2.146) is satisfied, then the conclusion of Theorem 1 holds.

Proof of Corollary 1
We have to check that:

> 1B < el Fl < o0 2149)

First let see what it is E(I(z,_1 < r)e;|Fp). From the independence assumption between

e; and z; for all ¢
E([(Zi,1 é T)@i’f.o) = E([(ZZ,1 S T)lFU)E(€Z|FQ) (2150)

Call E(I(zi—1 <71)|Fo) = P,—1,, since v; independent w.r.t F;_;, then

=P 0E( zl: a;,—jvj|Fo) = Pi_1p Z a;—jv; = P;_ 102%1), —j (2.151)
Ja— j=—o0
Then we can see that:
1B < PedFoll = 1Pio eyl (2,152
j=i
Since P,_; € [0,1] we can see that:

(e 9]

1/2
1P, Z il < HZagvz ill = sl (Y- a2) (2.153)

J=i
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Then we can see that:

[e.9]

1 \1/2
Z\/_HE s 1<7“)6z|./70)||2<||UJHQZ\/;<ZCL]~> < (2.154)

i=1 j=i

Proof of Theorem 1
The proof of theorem 1, follows the martingale approximation of Hansen (1992). For our

case we want to show the convergence of

1 n
n “—

Define the filtration F' = o{x;,€;,¢; : ¢ < r} and denote E;(e) = E(e|F;). Then we can

construct the following martingale approximation for I(z;_; < r)e;. Start with

[e.e]

M= D (Bill(ee o S 7)eies) = Bia (I S1)eis))s 6 Z Ei(I(2ey < 7)eirn)
k=0
(2.156)

then I(z;_1 <71)e; =n; + q¢i—1 — ¢;, and note that E;_1(n;) = 0. Then

—ZIIZz1<T ngzll<reZ sz i+ — szlqzl—ql) (2.157)

-

A B C’

The term A, %Z?:l eil(zi1 <1)e; =y E(gil(zim1 < 71)e;).
From the term B, it is easy to see that under our assumptions \/Lﬁx[ns] = B.(s) ,
\F S e, I (21 < 1) = Go(s, A). Then from Theorem 3.1 in Hansen (1992)

1« !
ﬁin_mi ﬁ/ B, (s)dGe(s, ) (2.158)
i=1 0

For the last term C, we add and subtract x;q; and rewrite,

1
—Z Y 1 ——— (2.159)
n

first, observe that

1
_xt
n

1
sup— |$tQt —=sup|q| — 0 (2.160)
n N t<n

t<n
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since sup|z;| = O,(v/n) and \/Lﬁsup|qt\ —, 0. Applying the Corollary of Theorem 3.3 in
t<n

t<n

Hansen (1992)

sup— Z eiqi — E(eiq:)] (2.161)

t<n T

Finally we can see that

1 & 1 1 = —
E(— Z&‘%‘) = — E(&‘ Z Ei(I(zi—14r < T)€i+k)> = — Z Z E<5iI<Zi—l+k < T)€i+k> — A\
a3 N3 k=1 [
(2.162)
as n — 00, where Ay = limy, oot D0y D poy E<€i€i+k>. Putting everything together we can
see that:

3
8

1 !
— Zm](zi_l <r)e; = AE(giei) + / B, (8)dG.(s, \) + A4 (2.163)
gt 0

Proof of Lemma 1

For the case without drift, we know that

n(—T) = (% i XtXt’> _ (% i Xtet> (2.164)

From Caner and Hansen (2001) we know that

1 & N 1 A=A
<ﬁ;XtXt> = /\(1 B /\) f01 Bx(8)2 (_/\ 1 > (2.165)

From Theorem 1 and Theorem 4.1 in Hansen (1992) we can see that

Ly Jo Bx(s)dBe(s) + A+ E(eier)
(5 tletet) = (fol Bx(s)dGe(s,\) + A\ + )\E(Etet)> (2.166)

Then putting everything together it is easy to see that:

<f0 B (s)dBe(s)— fO Bz (8)dGe(s,\)+ (1—A)[A+E(eiei)]>
nl—-T)= A(1-N) fo Ba(s)2ds (2.167)
fO B (s dG (s,A )\fo By (s)dBe(s)

A(1=X) fo By (s)2ds

For the case where state dependent constants are considered is the same, and omitted

here.
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Proof of Proposition 10
/
Start defining the vector & = <5t e ed(z-1 < 7")) then under our assumption, the

following result holds

L By(s)
7 Y &= B(s)=| B.(s) (2.168)
=1 Go(s,N)

with covariance matrix

0 =tim, (3 6) (26)) (2.169)

=1

We can writte in the matrix form

1 (2?51 St)Q (E?’:l Et)(Z{":1 Et) (2?:1 Et)(Z?:l etl(z4—1 < T))
Q= limp oo — (Siier)(Simier) (Siyer)? (Siyer)(Srereel(zo1 < 1)) (2.170)
(2?:1 m)(Z?’:l etI(zt—1 ST)) (E?’:l 6t)(2?’:1 etl(z¢—1 < T)) (2?:1 etl(z—1 < T))2

Note that under our assumptions and assumption B.3 we can see that the following

2
1. limnﬁoo%E<Z?:1 gt) =02
2. Since e; is a linear process we can use the results from Phillips and Solo (1992) among

2
others to show that limn_m%E< Yoy et> = C(1)%c2, where C(1) = 2

j=0@j

3. limn_mxj%E<ZzL:l et) (Z?:l el (21 < 7")) = \C(1)%¢?, since

B(3oe) (et )+ 2= X) = AB(3 )+ B(3 e)(Soealiecs <))
t=1 t=1 t=1 t=1 t=1
note that the firs term in therm in the sum is equal to previous point and the second
term
B(Ye) (Sediteis <)~ N) =33 B(ewsl1(e 7))
t=1 t=1 t=1 j=1

(2.171)

Il
NE
M=

E(ete;)E[I(zj—1 <71)— A =0

ﬁ
Il
—
<.
I
—

where the last inequality came from the independence between {e;} and {z;}, Vj, k and
E[I(Zj_l S 7") - /\] =0.
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2
4. limn_m%E<Z?:1 el (21 < T)) = \2C(1)?024+G, where G = lzmn_>oo (Zt Letl(zm <

2
r)— A]) . We obtain this result, since

n

(zn:et I(zg1 <71)— )\+/\])2:/\2E< et> (zn:et I(zg1 <71)— )\])2

t=1 t

I
—
o
Il
—_

n

et) (

1 t=

WE

+ 2)\E( G <) — A])

t

eI (
— \2C (Z (21 <71) — A])2

5. Finally, under our assumptions we can see that

(Z 5,:) (Z el (21 < r)) = )\( Z et) (Z et) = Ao (2.172)
t=1 t=1 t=1 t=1
Then putting everything toghether
O'g Oce >\Us,e
Q=1 o 02C(1)* Ao2C(1)? (2.173)

Noce Ao2C(1)* No2C(1)*+G

We can partition the matrix of variance and covariance as 2 = LL’, where

e
L= %= |eayed- (%) J . (2.174)
Ao )\[C(l)%g— (”) } VG

5 O¢

Then we can writte B(s) = LW(s, \), where W(s,\) = (Wx(s) We(s) Wer(s, /\)>/ such
that B(s) can be written as;
o We(s)
i o (o \21V2
B(s) = W (s) + [C(202 = (Z2) | T Wils) (2.175)
271/2
NI () + A[C1%02 = (Z2) ] Wels) + VEWea(s,3)

O¢
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Then
s - ) > 20 “G ”0 (2)B:()
fo st
o [0 )W, (s )+)\ae[C( )2027 (” ) } fo ; (5) + 0N [ Wo(s)dWer(s, \)
= o7 fo
A0 fy Wals)dWi(s >+Aae[0< )20~ (2 )" fo o(s)AWe( ffo o dWef(s /\)
)2 fo »(s)ds Ao fo
(2. 176)
Note that it easy to see that Jo Wele)dWer &) = N(0,1). When the threshold parameter is
Y \/fo W2(s)ds ( ) p
known we have an consistent estimator for G —, G, then
. A1 = A
trmo(ro) = 3ro)y | =20 D (2177)
G((X(ro) X (ro))~")22
where (X ()’ X (ro))™!)2e is the element 2x2 of the following matrix
n 2 n 2[ < -1
(XX = (o, S Zmde = 2.178)
Do Tl (zem1 < 1o) 300, 27 (21 < 7o)
Then it is easy to see that
tho(ro) = N(O, 1) (2179)
Proof of Proposition 11
The proof of Proposition 11 is the same as Proposition 10 but changing rq for 7,.
Proof of Lemma 2
We transform the models (No drift) into matrix form:
= X;T" + ¢} (2.180)
/
where X; = (2, 2,(z1 <) Argy .. Any) T = (8 4 7 . ), and

e = ¢ + Z|j|>K mjAx,_; such that E(¢;z;) = 0, Vj,t. Define the scale matrix D =
diag{(n —2k)~', (n —2k)~", (n — 2k)~'/2I};}. Using Conditions 2 and (2.38), it can be shown
that 37 x AT = 0,(n~1/?), which is also proven in Lemma A5 of Saikkonen (1991).
Following the analysis of Said and Dickey (1984) Lemma 5.1 and Saikkonen (1991) Lemma

A4, we can show that
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DI DZX X/~ DZX* *) = R DZX 1) (2.181)
where

R =diag{n™>> X, X,, E(UU,)}, with U, = (Azpsk, ..., Axiy) (2.182)
t

Solving and rearranging we obtain the asymptotic result of Lemma 2. The order of
probability for Zf:_k(frj — ;) is given in the appendix of Saikkonen (1991).
Proof of Theorem 2

Using Lemma 2 we want to show that

[ns] [ns]
n 25 =02y e T2y (e — e (2.183)
j=1 j=1
and note that
(& —e) = —2,(6— B) — 2l (21 <7)(§ —7) — U/(IT — T0) (2.184)

Given the structure of ef we can write (2.184) as follows,

[ns] [ns] [ns]
o _ N _ A 1
S =Sy S (5 ) ik
= = = (2.185)
1 [ns] [ns] k )
n(y — Tz:z]] zjo1 <1T)—n 1/22 ( Z Azj (7 —m))
j=1 j=1  i=—k
Note that the first element of the sum converges to
[ns]
n~'/? Ze] = Beo(s (2.186)
The third element of the sum
[ns I g
1 (s)dBe(s) 2 (8)dGe (s, N)
(B = ) —r e zj N / fo ~ f ) (a8
/\) fo B2(s)ds fo B2(s)ds

For the four element
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1o Bu(5)dGea(5,)) . [ Bu(s)dB.a(s)
nld - 72_/; lz<m) ;\/ fOB2sds_A(l—A)folBg(s)dJ

(2.188)
Then from (2.187) and (2.188) is easy to see that

[ns]

[ns
1 )dBez()

(2.189)
We have to show that n~"/2 Z[m] <Zi>|k| Wiﬁiﬂjﬂ) — 0 uniformly in s
1 [TLS] o [TLS
Bsupl 12> (Y erm)| < BSwp1z 3 (3 i)
J=b fil>k J=1 |i|>k
[ns]

- > (X Biinl) (2.190)

=1 |i|>k

1
< SupBlei| 3 S Il =0
li]>k

Then by Markov inequality Sup — 0

1/2 Z o (Zlcj\;k €j_z‘7Tz')

Finally the proof where n=1/2 Z[ns (Zfsz Azj (7 — 7rz)> — 0 uniformly in s can be
found in Shin (1994).

its easy to see that

1

128 = Bun(s) — /0 s B.(s) /0 1 B§<s)ds>_1 /0 Bo(s)dB. . (s) (2.191)

Since B, , = wi,/;fWe and B, , is independent of B,

Qe = WP We(s VZ/W /W2 ds /W AW, (s) = wl2Q(s) (2.192)

The estimator of the long run variance of é;, 7.(l) is a consistent estimator of w, ., since
> sk Az = 0y(n~'/?) and Theorem 3 in Hansen (1992). Therefore
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Cl= /01 Q*(s)ds (2.193)

For the case where state dependent drift is included is the same the drift-less case.
2.B Tables

Table 2.11: Size of KPSS test when r = 7 and No Drift, long run equation shocks are i.i.d,
[=0

p:=05]p. =09
e o
e o -
R

Table 2.12: Size of KPSS test when » = 7 and No Drift, long run equation shocks are i.i.d,
| = 4(n/100)Y/*

p.=05]p., =09
g LN A
o
e

Table 2.13: Size of KPSS test when r = 7 and No Drift, long run equation shocks are i.i.d,
[ = 12(n/100)/4

p.=051]p,=0.9

B ~=0] 521 5.06
n=200 —— 5.10 5.12
B ~=0| 467 164
=500 =90 | 487
B v=0| 5.15 5.27
n =100 = =375 08 5.16

104



Chapter 2. Multiple Long-run Equilibria Through Cointegration Eyes

Table 2.14: Size of KPSS test when r = 7 with state dependent Drift, long run equation
shocks are i.i.d, [ =0

p.=0.51p, =09
n=200 I
n =500 i
n=1000 | 7=

Table 2.15: Size of KPSS test when r» = 7 with state dependent Drift, long run equation
shocks are i.i.d, [ = 4(n/100)"/*

p:=051]p.=09
e
0= oS
w201 30 L 80

Table 2.16: Size of KPSS test when r = 7 with state dependent Drift, long run equation
shocks are i.i.d, [ = 12(n/100)/4

p:=05]p. =09
e .
e
no 00 s

Table 2.17: Size of KPSS test when threshold value is unknown but can be estimated with
state dependent drift, long run equation shocks are i.i.d, [ =0

0. =05]p., =09
e
n=s 2o
eI
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Table 2.18: Size of KPSS test when threshold value is unknown but can be estimated with
state dependent drift, long run equation shocks are i.i.d, I = 4(n/100)"/*

p,=051]p, =09

B ~=0] 519 136
=20 g 5.27
B N = 5.03 182
n =500 —— 187 5.60
~ ~=0] 4.73 172
n=1000 = —1—573 5.62

Table 2.19: Size of KPSS test when threshold value is unknown but can be estimated with
state dependent drift, long run equation shocks are ii.d, [ = 12(n/100)/*

p.=051p, =09
n=20
n =500 | I
m=1000 =gt

Table 2.20: Power of the KPSS for different values of o2, long run equation shocks are i.i.d,
No Drift and threshold parameter known, [ = 0

p. = 0.5 p.=0.9

02=001]02=01]02=1|02=001|02=0.1]02=1

n =200 L= 0 9.49 72.43 98.26 9.18 70.71 97.78
v=1 9.49 71.00 98.02 9.11 71.21 97.92

n—500 1= 0 25.67 94.81 99.93 25.28 94.71 99.98
v = 24.97 94.62 99.97 25.56 94.43 99.93

n — 1000 LY = 0 48.98 99.34 99.99 48.46 99.41 | 100.00
v = 48.64 99.40 | 100.00 48.63 99.34 | 100.00

Table 2.21: Power of the KPSS for different values of o2, long run equation shocks are i.i.d,
No Drift and threshold parameter known, [ = 4(n/100)'/4

p. = 0.5 p.=0.9
02=001]02=01]02=1|02=001|02=01]02=
n—200 Y= 0 8.81 55.44 69.95 8.77 54.49 69.51
v = 9.11 55.81 70.34 8.98 55.66 69.82
n—500 L= 0 22.93 82.22 87.11 23.90 81.62 87.88
v = 22.78 81.92 87.50 23.19 82.16 87.11
n— 1000 L= 0 45.70 93.49 56.64 45.49 93.74 95.07
v=1 46.81 93.30 95.51 45.95 93.00 95.18
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Table 2.22: Power of the KPSS for different values of 02, long run equation shocks are i.i.d,
No Drift and threshold parameter known, [ = 12(n/100)'/4

p,=0.5 p, =09

02=001]02=01]02=1|02=001]02=01]|02=1

n—9200 LY 0 8.19 40.18 47.45 8.20 40.75 47.64
vy=1 7.90 39.95 46.67 8.05 39.89 46.85

n—500 L= 0 21.29 59.92 63.98 21.10 61.19 63.56
v=1 20.84 61.02 64.81 20.68 61.25 64.23

n — 1000 LY = 0 41.24 75.68 77.17 41.84 76.51 77.49
vy=1 42.12 76.75 77.61 40.77 77.04 78.20

Table 2.23: Power of the KPSS for different values of 02, long run equation shocks are i.i.d,
with state dependent Drift and threshold parameter known, [ = 0

p.=0.5 p.=0.9

02=001]02=01]02=1|02=001|02=0.1]02=1

n—9200 L= 0 7.81 74.26 99.88 7.04 70.88 99.82
v = 8.05 74.87 99.89 7.06 70.67 99.83

n— 500 LY = 0 21.73 97.69 100.00 20.72 96.89 | 100.00
v = 21.52 97.61 100.00 20.11 96.95 100.00

n— 1000 L= 0 46.59 99.91 100.00 44.59 99.91 100.00
v=1 46.68 99.92 100.00 44.58 99.92 100.00

Table 2.24: Power of the KPSS for different values of 02, long run equation shocks are i.i.d,
with state dependent Drift and threshold parameter known, [ = 4(n/100)Y/*

p. = 0.5 p.=0.9

02=001]02=01]02=1|02=001|02=01]02=1

n—200 1= 0 7.51 64.21 87.48 6.82 60.87 86.72
v=1 8.41 65.15 88.29 6.66 61.24 86.29

n—500 L1= 0 21.06 92.54 97.92 19.29 91.71 98.05
v=1 20.84 92.97 98.15 20.57 92.12 97.85

n— 1000 L= 0 44.31 98.89 99.73 44.15 99.04 99.72
vy=1 44.69 99.02 99.70 43.38 99.07 99.57

Table 2.25: Power of the KPSS for different values of 02, long run equation shocks are i.i.d,
with state dependent Drift and threshold parameter known, [ = 12(n/100)/*

p. = 0.5 p.=0.9

02=001]02=01]02=1|02=001|02=01]02=1

n—200 LY 0 8.14 49.83 61.61 7.15 47.28 59.68
v = 7.88 48.66 61.84 7.19 48.58 61.44

n—500 1= 0 19.71 78.85 83.79 19.49 78.38 83.35
v = 19.33 78.34 83.39 19.43 78.07 82.83

n— 1000 L= 0 41.24 92.69 94.23 41.16 92.24 94.29
v=1 42.65 92.53 93.86 42.68 91.64 93.48
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Table 2.26: Power of the KPSS for different values of o2, long run equation shocks are i.i.d,
with state dependent Drift and threshold parameter Unknown and estimated, [ = 0

p. = 0.5 p.=0.9
02=001]02=01]02=1|02=001|02=01]02=1
n—200 L= 0 7.87 73.79 99.87 6.64 70.52 99.80
v = 7.72 71.57 99.83 10.75 67.83 99.68
n—500 L1= 0 21.27 97.51 100.00 19.67 97.08 | 100.00
=1 19.62 95.64 | 100.00 21.79 95.43 | 100.00
n— 1000 L= 0 46.55 99.99 | 100.00 45.08 99.89 | 100.00
v=1 42.51 98.96 | 100.00 44.17 99.32 | 100.00

Table 2.27: Power of the KPSS for different values of 02, long run equation shocks are i.i.d,
with state dependent Drift and threshold parameter Unknown and estimated, [ = 4(n/100)'/4

p. = 0.5 p.=0.9
02=001]02=01]02=1|02=001|02=01]02=1
n—200 L= 0 7.93 63.98 88.52 6.39 60.57 85.78
v=1 747 60.76 87.82 7.38 55.26 84.98
n—500 L1= 0 21.31 92.73 98.07 19.26 92.07 97.77
=1 19.01 89.83 98.02 17.57 87.75 97.78
n = 1000 L= 0 45.28 99.09 99.77 44.88 98.83 99.72
v=1 40.92 98.15 99.70 40.29 96.46 99.68

Table 2.28: Power of the KPSS for different values of o2, long run equation shocks are
i.i.d, with state dependent Drift and threshold parameter Unknown and estimated, [ =
12(n/100)/4

p. = 0.5 p.=0.9
02=001]02=01]02= 02=001]02=01]|02=
n—200 L= 0 8.41 48.73 60.97 7.08 46.47 59.26
v = 7.75 48.83 60.65 7.61 46.75 59.94

n— 500 L= 0 19.89 78.00 83.22 18.70 76.77 83.08
vy=1 19.44 78.30 83.18 18.74 78.03 83.25
v=20 42.45 92.05 94.29 41.67 92.16 93.66
vy=1 43.36 92.27 94.12 40.50 92.34 93.74

n = 1000
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Table 2.29: Size of the KPSS test, whe ¢, &~ AR(1), for different level of persistence and No
Drift. Threshold parameter Known, [ =0

p. = 0.5
p=—08|p==-05|p=-02|p=02]p=05]|p=038
n—200 LY 0 0.00 0.14 1.90 10.52 27.99 61.79
vy=1 0.00 0.11 1.87 11.15 27.16 61.52
n—500 L= 0 0.00 0.06 1.87 11.65 27.78 63.41
vy=1 0.00 0.08 1.80 10.54 27.98 63.08
n— 1000 L= 0 0.00 0.01 1.73 10.99 27.37 63.23
vy=1 0.00 0.05 1.51 11.00 27.80 63.73
Pz = 9
p=—08|p==-05|p=—-02|p=02|p=05]|p=038
n—200 LY 0 0.00 0.13 1.86 10.40 27.31 60.53
v = 0.00 0.14 1.73 10.74 26.69 60.57
n—500 L= 0 0.00 0.01 1.82 10.65 26.70 62.66
v = 0.00 0.12 1.69 11.31 27.67 63.60
n = 1000 L= 0 0.00 0.15 1.47 11.47 27.03 64.61
vy=1 0.00 0.11 1.74 10.71 27.42 64.02

Table 2.30: Size of the KPSS test, whe e; & AR(1), for different level of persistence and No
Drift. Threshold parameter Known, | = 4(n/100)/*

p. = 0.5

p=—08|p=—05|p=—-02|p=02|p=05]|p=038

n—200 LY 0 1.56 2.96 4.34 5.75 8.06 18.82
vy=1 1.50 2.96 3.91 5.66 8.31 19.73

n—500 L= 0 0.97 3.44 4.33 5.61 7.93 16.89
vy=1 1.10 2.08 4.34 6.05 8.02 16.86

" — 1000 L= 0 1.81 3.27 4.35 5.34 6.95 15.14
vy=1 2.03 3.56 4.57 5.69 7.10 15.53
p=—08|p==-05|p=-02|p=02|p=05]|p=038

n—200 LY 0 1.48 3.14 4.24 5.52 7.56 19.93
vy=1 1.59 2.82 4.17 5.70 8.25 18.56

n—500 L= 0 1.06 2.89 4.15 5.70 7.80 16.41
v = 1.07 3.14 4.65 5.68 7.78 17.51

n— 1000 L= 0 1.59 3.32 4.57 5.69 7.10 15.53
vy=1 1.88 3.44 4.74 5.90 5.56 15.15
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Table 2.31: Size of the KPSS test, whe ¢, =& AR(1), for different level of persistence and No
Drift. Threshold parameter Known, [ = 12(n/100)/*

p. = 0.5
p=—08|p==-05|p=-02|p=02]p=05]|p=038
n—200 LY 0 1.98 3.5 4.15 4.98 5.89 9.29
v=1 2.09 3.54 4.41 4.99 5.68 8.82
n—500 L= 0 2.80 4.46 4.74 2.32 5.74 8.39
vy=1 2.71 4.14 4.54 5.04 5.55 8.50
" — 1000 L= 0 3.04 4.31 4.67 5.17 5.72 5.17
vy=1 3.13 4.34 4.90 5.24 5.65 7.71
Pz = 9
p=—08|p==-05|p=—-02|p=02|p=05]|p=038
n—200 LY 0 2.09 3.79 4.26 4.77 5.92 8.51
v = 2.07 3.75 4.17 4.85 5.91 9.02
n— 500 L1= 0 2.71 4.07 4.69 5.19 5.33 8.75
v = 2.76 4.07 4.69 5.44 5.57 8.62
" — 1000 L= 0 3.01 4.37 4.42 4.59 5.91 8.05
vy=1 2.69 4.07 4.58 5.43 5.93 8.20

Table 2.32: Size of the KPSS test, whe e, ~ AR(1), for different level of persistence with
state dependent Drift. Threshold parameter Known, [ =0

p. = 0.5
p=—08|p=—05|p=—-02|p=02|p=05]|p=038
n—200 LY 0 0.00 0.12 1.40 12.42 36.15 84.37
vy=1 0.00 0.11 1.84 11.62 36.17 84.93
n—500 L= 0 0.00 0.11 1.69 12.60 36.68 88.13
vy=1 0.00 0.14 1.47 12.01 36.76 88.91
" — 1000 L= 0 0.00 0.12 1.45 12.25 37.62 88.99
vy=1 0.00 0.12 1.63 12.79 37.89 89.80
p. = 0.9
=—08|p=—05|p=—02|p=02|p=05| p=0.8
n—200 LY 0 0.00 0.09 1.63 9.95 32.17 81.84
vy=1 0.00 0.07 1.26 10.06 32.28 | 81.68.57
n—500 L= 0 0.00 0.01 1.52 11.35 35.58 87.08
v = 0.00 0.08 1.48 11.03 34.64 87.14
n— 1000 L= 0 0.00 0.04 1.57 11.75 36.90 88.95
vy=1 0.00 0.09 1.43 11.90 36.79 88.90
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Table 2.33: Size of the KPSS test, whe e, &~ AR(1), for different level of persistence with
state dependent Drift. Threshold parameter Known, | = 4(n/100)/*

p. = 0.5
p=—08|p==-05|p=-02|p=02]p=05]|p=038
n—200 LY 0 1.98 3.20 4.31 5.86 9.01 22.26
v=1 2.00 3.23 4.44 6.18 8.44 21.67
n—500 L= 0 1.15 3.06 4.22 2.34 8.21 20.36
vy=1 1.03 3.33 4.60 5.74 8.34 19.93
n— 1000 L= 0 1.95 3.42 4.96 5.74 7.66 17.88
vy=1 1.87 3.38 4.28 5.62 7.79 17.48

Pz = 9
p=—08|p==-05|p=—-02|p=02|p=05]|p=038
n—200 LY 0 1.78 2.73 3.88 5.30 7.42 19.14
v = 1.96 2.81 4.05 5.37 7.30 19.64
n— 500 L1= 0 1.11 2.95 4.12 5.51 8.11 19.08
v = 1.07 3.01 4.11 5.40 8.26 18.75
n = 1000 L= 0 1.88 3.43 4.25 5.82 7.30 17.36
vy=1 1.91 3.04 4.09 5.39 7.04 17.00

Table 2.34: Size of the KPSS test, whe e, ~ AR(1), for different level of persistence with
state dependent Drift. Threshold parameter Known, [ = 12(n/100)/*

p. = 0.5
p=—08|p=—05|p=—-02|p=02|p=05]|p=038
n—200 LY 0 3.11 4.75 4.81 5.82 6.11 10.26
vy=1 3.09 4.52 5.03 5.42 6.63 9.74
n—500 L= 0 2.87 4.42 4.90 5.12 6.40 9.09
vy=1 3.05 4.33 4.70 5.22 5.93 9.07
" — 1000 L= 0 3.27 4.38 5.12 5.10 5.62 8.49
vy=1 3.33 3.94 4.77 5.63 6.10 8.60
p=—08|p==-05|p=-02|p=02|p=05]|p=038
n—200 LY 0 3.28 4.23 4.29 5.08 5.76 9.56
vy=1 3.09 4.39 4.63 2,29 6.02 9.46
n—500 L= 0 2.90 3.88 4.69 5.02 5.86 8.60
v = 3.00 4.56 4.54 5.39 5.87 8.60
n— 1000 L= 0 3.35 4.42 4.97 5.06 8.52 7.82
vy=1 3.16 4.48 4.67 5.46 5.57 8.14
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Table 2.35: Size of the KPSS test, when e, & AR(1),for different level of persistence with
state dependent Drift. Threshold parameter Estimated, [ = 12(n/100)"/*

p. = 0.5
p=—08|p==-05|p=-02|p=02]p=05]|p=038
n—9200 1= 0 3.26 4.92 4.97 5.40 6.51 10.36
vy=1 3.02 4.15 5.12 5.79 6.51 10.22
n—500 L= 0 3.20 4.54 4.69 5.31 5.74 9.34
vy=1 3.22 4.79 5.16 .86 6.19 9.62
" — 1000 L= 0 3.29 4.41 4.81 4.99 5.95 8.72
vy=1 3.12 4.53 5.01 5.38 5.91 8.61
Pz = 9
p=—08|p==-05|p=—-02|p=02|p=05]|p=038
n—9200 L= 0 3.06 4.54 4.46 5.55 5.89 8.62
v = 3.07 4.50 4.29 5.08 5.84 9.38
n— 500 L1= 0 3.21 4.38 4.86 5.34 5.63 8.85
v = 2.94 4.01 4.59 5.32 6.08 8.47
" — 1000 L= 0 3.46 4.51 4.48 5.40 6.11 8.36
vy=1 3.11 4.34 4.56 5.16 6.12 8.20

Table 2.36: Size of the KPSS test, whe ¢; & AR(1) and correlated with x;, for different level
of persistence and No Drift. Threshold parameter known and [ = 0.

Oy = 0.5
p=—08|p=—05|p=—02 p=0]|p=02|p=05|p=078
n =200 L= 0 0.00 0.11 1.71 4.58 10.18 26.15 55.92
vy=1 0.00 0.13 1.93 4.93 10.60 25.02 56.12
n—500 L= 0 0.00 0.06 1.73 5.39 10.80 26.66 29.12
v=1 0.00 0.01 1.88 4.88 10.90 26.91 59.16
n = 1000 L= 0 0.00 0.07 1.90 4.85 10.33 28.01 62.27
v = 0.00 0.15 1.81 5.13 10.50 27.80 61.85
ey = 0.8
p=—08|p=-05|p=-02|p=0|p=02|p=05]p=08
n—200 L= 0 0.00 0.14 1.79 5.34 10.79 26.21 59.16
v = 0.00 0.09 1.63 4.78 10.15 25.44 58.01
n—500 L= 0 0.00 0.14 1.74 5.08 11.11 26.36 60.45
v = 0.00 0.70 177 5.14 10.50 26.73 60.92
n — 1000 L= 0 0.00 0.16 1.74 5.19 11.19 27.22 62.59
vy=1 0.00 0.09 1.97 5.28 11.16 27.68 62.37
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Table 2.37: Size of the KPSS test, whe ¢; &~ AR(1) and correlated with z;, for different level
of persistence and No Drift. Threshold parameter known and | = 4(n/100)/4.

Oeyp = 0.5
p=—08|p=-05|p=-02|p=0|p=02|p=05]p=08
n— 900 1= 0 1.51 2.66 4.29 4.73 4.35 7.90 17.11
v=1 1.35 2.85 4.46 4.63 5.23 7.91 17.23
n—500 L= 0 1.14 3.20 4.06 5.48 3.5d 8.00 16.57
v=1 1.00 3.24 4.24 4.84 5.89 7.79 15.68
n— 1000 L= 0 1.84 3.43 4.31 5.21 5.55 7.38 14.76
v=1 1.56 3.37 4.36 5.23 5.89 7.03 14.57
e =08
p=—08|p=—-05|p=—-02|p=0|p=02|p=05]p=08
n—9200 L= 0 1.55 2.88 3.94 4.18 2.57 8.07 17.57
v=1 1.47 3.03 4.38 5.04 5.36 7.40 17.49
W — 500 1= 0 1.13 3.15 4.21 5.01 5.69 8.08 15.73
v=1 0.92 3.30 4.24 4.88 5.74 7.21 15.70
n— 1000 L= 0 1.71 3.57 4.51 4.98 5.83 7.67 15.11
v=1 1.67 3.21 4.18 4.92 5.57 7.50 14.57

Table 2.38: Size of the KPSS test, whe ¢; & AR(1) and correlated with x;, for different level
of persistence and No Drift. Threshold parameter known and [ = 12(n/100)%/4.

Oy = 0.5
p=—08|p=—05|p=—02 p=0]|p=02|p=05|p=078
n =200 L= 0 2.01 3.57 4.09 4.44 5.08 5.48 8.11
vy=1 2.14 3.72 4.22 4.28 4.77 5.75 8.44
n—500 L= 0 2.89 4.33 4.99 4.53 4.87 5.77 7.65
v=1 2.36 3.90 4.85 4.71 4.98 5.34 7.92
n = 1000 L= 0 3.02 4.21 4.90 4.84 5.13 5.51 7.46
v = 3.01 4.08 4.62 4.94 5.08 3.95 7.30
ey = 0.8
p=—08|p=-05|p=-02|p=0|p=02|p=05]p=08
n—200 L= 0 2.27 3.60 4.25 4.64 4.68 5.11 7.50
v = 2.04 3.55 4.06 4.45 4.84 5.00 7.83
n—500 L= 0 2.61 3.93 4.36 4.94 4.76 5.71 7.73
v = 2.87 3.86 4.16 4.98 5.21 5.38 7.40
n — 1000 L= 0 3.17 4.54 4.80 4.92 5.08 5.58 7.47
vy=1 2.95 4.20 4.67 5.05 5.24 5.81 7.64
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Table 2.39: Size of the KPSS test, whe ¢, &~ AR(1) and correlated with z,, for different
level of persistence and with State dependent Drift. Threshold parameter known, and [ =
12(n/100)Y/4 .

ey = 0.8
p=—08|p=-05|p=-02|p=0|p=02|p=05]p=08
n— 900 1= 0 2.07 3.22 4.86 5.12 5.64 4.71 6.32
v = 2.08 3.17 4.90 4.90 5.04 5.14 6.69
n—500 L= 0 2.88 3.67 4.73 4.81 4.83 6.02 7.73
v=1 2.66 3.53 4.79 5.35 4.91 5.01 6.69
n— 1000 L= 0 3.10 4.25 4.65 5.24 5.14 5.31 7.46
v=1 3.15 4.05 4.65 4.95 4.81 5.60 7.39
ey =05
p=—08|p=—-05|p=—-02|p=0|p=02|p=05]p=08
n— 9200 L= 0 2.76 4.31 4.81 5.09 5.19 5.43 7.35
v = 2.58 4.19 491 4.86 4.28 5.33 7.17
W 500 1= 0 2.77 3.92 5.18 5.08 5.33 5.26 7.30
v = 2.62 3.92 4.96 5.15 5.44 5.41 6.98
n— 1000 L= 0 2.95 4.06 5.05 5.29 5.43 5.72 7.23
v=1 2.96 4.06 4.84 5.20 5.58 5.73 7.12

Table 2.40: Size of the test for threshold effect with state dependent Drift, long run equation
shocks are i.i.d

Threshold.P Known | Threshold.P Unknown

p.=051 p.,=09 | p, =05 p.=0.9
n=200 5.16 4.98 5.48 5.28
n—500 4.84 5.08 4.88 4.75
n=1000 5.22 5.00 4.64 4.73

Table 2.41: Size of the test for threshold effect Without Drift, long run equation shocks are

iid

p.=051p, =09
n=200 5.40 5.40
n=500 5.21 5.38
n=1000 5.26 5.19
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Table 2.42: Power of the test for threshold effect for different values of v, long run equation
shocks are i.i.d, With state dependent Drift

Threshold.P Known

Threshold.P Unknown

p.=051 p,=09 | p, =05 p. =0.9
n—9200 L= 0.01 7.16 7.42 6.88 7.46
~v=0.05| 45.95 44.03 41.61 30.70
v=0.10 | 84.86 82.57 78.16 74.13
~v=0.50 | 100.00 100.00 99.86 99.14
0500 L= 0.01 17.33 16.96 17.03 16.64
~v=0.05| 93.28 92.25 90.29 89.60
~v=0.10 | 99.96 99.83 98.90 98.26
~v=0.50 | 100.00 100.00 100.00 100.00
n— 1000 L= 0.01 45.65 46.49 44.92 44.30
v=0.05| 99.87 99.93 99.46 99.49
~v=0.10 | 100.00 100.00 99.96 99.91
~v=0.50 | 100.00 100.00 100.00 100.00

Table 2.43: Power of the test for threshold effect for different values of v, long run equation
shocks are i.i.d, Without state dependent Drift

pZ = 0'5 pz = 0.9
B =001 1089 | 11.62
n =200 =505 T 7022 | 6930
=010 9475 | 9411
~ =050 | 100.00 | 100.00
B =001 | 3654 | 34.74
=50~ 05 T 97.85 | 9751
=010 99.99 | 99.99
~ =050 | 100.00 | 100.00
B =001 | 69.74 | 69.83
n=1000 = =505 T 99.98 | 99.07
~ =010 | 100.00 | 100.00
~ =050 | 100.00 | 100.00

Table 2.44: Size of the test for threshold effect Without Drift, long run equation shocks are
AR(1) process and the threshold parameter is known, and [ =0

p. = 0.5 p.=0.9
] p -0.8 \ -0.5 \ -0.2 \ 0.2 \ 0.5 \ 0.8 |-0.8 \ -0.5 \ -0.2 \ 0.2 \ 0.5 \ 0.8
n =200 | 1.58 | 2.97 | 3.74 | 6.75 | 10.60 | 13.92 | 0.30 | 0.84 | 3.00 | 9.41 | 17.97 | 32.55
n=>500 | 1.73 | 2.36 | 3.95 | 6.87 | 9.65 | 14.49 | 0.15 | 0.86 | 2.59 | 9.20 | 18.78 | 33.72
n = 1000 | 1.20 | 2.41 | 3.81 | 6.87 | 9.99 | 15.11 | 0.03 | 0.66 | 2.44 | 9.46 | 18.13 | 35.55
n = 2000 | 1.41 | 2.66 | 3.90 | 6.51 | 10.03 | 15.60 | 0.01 | 0.43 | 2.40 | 9.09 | 18.97 | 36.75
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Table 2.45: Size of the test for threshold effect Without Drift, long run equation shocks are
AR(1) process and the threshold parameter is known, and [ = 4(n/100)'/4

Pz = 0.5 Pr = 0.9
5 [ 08[-05]02[02]05]08]|08][-05]-02]02]05] 08
n=200 | 536 | 5.86 | 5.98 | 7.02 | 7.33 | 7.78 | 5.19 | 5.43 | 6.24 | 7.18 | 8.51 | 12.14
n=0500 | 4.89 | 529 | 5.66 | 5.89 | 6.10 | 6.85 | 4.25 | 5.03 | 5.43 | 5.99 | 7.51 | 10.55
n = 1000 | 4.88 | 4.66 | 5.04 | 5.64 | 5.83 | 6.37 | 4.03 | 4.32 | 5.22 | 6.01 | 6.92 | 10.55
n=2000 | 4.46 | 5.24 | 4.93 | 5.44 | 5.85 | 6.16 | 3.80 | 4.44 | 4.86 | 5.81 | 6.58 | 9.83

Table 2.46: Size of the test for threshold effect Without Drift, long run equation shocks are
AR(1) process and the threshold parameter is known and [ = 12(n/100)%/4

p. = 0.5 p.=0.9
] p -0.8 \ -0.5 \ -0.2 \ 0.2 \ 0.5 \ 0.8 | -0.8 \ -0.5 \ -0.2 \ 0.2 \ 0.5 \ 0.8
n =200 | 6.69 | 709 | 763|797 | 788 |7.66|6.51|693|753]| 777|889 |9.90
n=>500 | 5.85|6.27 | 6.18 | 6.28 | 6.26 | 6.62 | 5.55 | 5.98 | 6.08 | 6.31 | 7.26 | 8.37
n =1000 | 5.45 | 5.28 | 5.43 | 6.00 | 5.48 | 5.76 | 5.37 | 5.10 | 5.25 | 6.12 | 6.05 | 7.49
n =2000 | 5.29 | 5.33 | 5.29 | 5.36 | 5.62 | 5.77 | 4.71 | 5.00 | 5.37 | 5.91 | 5.69 | 6.83

Table 2.47: Size of the test for threshold effect With state dependent Drift, long run equation
shocks are AR(1) process and the threshold parameter is known, and [ = 0

p. = 0.5 p. =0.9
] p -0.8 \ -0.5 \ -0.2 \ 0.2 \ 0.5 \ 0.8 |-0.8 \ -0.5 \ -0.2 \ 0.2 \ 0.5 \ 0.8
n=200 | 1.45 | 2.85 | 3.51 | 6.91 | 10.28 | 13.56 | 0.18 | 0.85 | 2.99 | 9.07 | 18.07 | 32.54
n =500 | 1.32 | 2.34 | 4.00 | 6.70 | 10.13 | 14.69 | 0.10 | 0.76 | 2.68 | 9.29 | 18.49 | 35.03
n = 1000 | 1.26 | 2.33 | 3.79 | 6.51 | 10.69 | 14.79 | 0.08 | 0.62 | 2.53 | 8.77 | 18.74 | 35.73
n = 2000 | 1.36 | 2.40 | 3.86 | 7.00 | 10.13 | 14.93 | 0.08 | 0.6 | 2.48 | 8.89 | 19.49 | 36.26

Table 2.48: Size of the test for threshold effect With state dependent Drift, long run equation
shocks are AR(1) process and the threshold parameter is known, and [ = 4(n,/100)'/4

p. =05 p.=0.9
| p -08[-05[-02]02]05]08[-08]-05]-02]02]05] 08
n =200 | 5.44 | 5.87 | 6.08 | 7.25 | 7.17 | 7.53 | 5.23 | 6.27 | 6.53 | 6.56 | 7.44 | 11.85
n=>500 | 4.96 | 5.71 | 5.71 | 6.04 | 6.02 | 6.99 | 4.31 | 4.55 | 5.82 | 6.56 | 7.44 | 17.85
n = 1000 | 4.65 | 5.12 | 5.16 | 5.72 | 6.19 | 6.04 | 3.75 | 4.83 | 5.33 | 5.96 | 7.13 | 10.65
n =2000 | 4.43 | 4.82 | 5.01 | 5.67 | 5.57 | 6.40 | 3.53 | 4.19 | 5.14 | 5.91 | 6.30 | 9.19
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Table 2.49: Size of the test for threshold effect With state dependent Drift, long run equation
shocks are AR(1) process and the threshold parameter is known, and [ = 12(n/100)%/4

p, =05 p, =0.9

] p -0.8 \ -0.5 \ -0.2 \ 0.2 \ 0.5 \ 0.8 | -0.8 \ -0.5 \ -0.2 \ 0.2 \ 0.5 \ 0.8

n=200 | 7.94 | 810 | 843 | 9.41 | 9.28 | 8.88 | 8.49 | 9.09 | 9.27 | 9.14 | 9.57 | 11.18
n=>500 | 6.04 | 648 | 6.53 | 6.83 | 6.63 | 7.21 | 6.58 | 6.90 | 7.19 | 6.68 | 8.02 | 8.84
n=1000 | 5.62 | 5.84 | 6.22 | 6.10 | 5.99 | 6.25 | 5.59 | 5.95 | 6.15 | 6.12 | 6.65 | 7.37
n =2000 | 5.76 | 5.03 | 5.37 | 5.77 | 6.09 | 5.49 | 4.98 | 5.00 | 5.57 | 5.68 | 5.91 | 6.77

Table 2.50: Size of the test for threshold effect With state dependent Drift, long run equation
shocks are AR(1) process and the threshold parameter is Estimated.

Pz = 0.5 Pr = 0.9

5 | 08]05[-02][02]05]08]|-08]-05]-02]02]05]08
n=200 | 7.96 | 7.99 | 833|842 | 852 | 7.59 | 8.47 | 8.83 | 9.06 | 8.51 | 9.69 | 8.64
n=>500 | 6.28 | 6.31 | 6.80 | 6.28 | 6.75 | 6.67 | 6.24 | 6.36 | 6.57 | 6.90 | 7.69 | 8.04
n =1000 | 5.98 | 5.54 | 6.01 | 5.65 | 6.04 | 6.54 | 5.36 | 5.92 | 6.03 | 6.36 | 6.34 | 7.44
n =2000 | 5.34 | 5.55 | 5.21 | 5.58 | 5.44 | 5.57 | 5.10 | 5.39 | 6.12 | 5.97 | 6.23 | 6.83
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Chapter 3

Quasi-Error Correction Model

3.1 Introduction

Single economic variables, observed as a time series, move freely in an aimless path and yet we
may find some pairs of series moving closely, not too far from each other. Economic theory
asses the existence of long-run equilibrium relationships between economic variables, and
cointegration is a method to study empirically the forces which keep these variables moving
together in the long-run, see Granger (1986) and Engle and Granger (1987). Cointegration
has been used, for example, to study the relation between consumption and income, to
show the link between prices and dividends through present values models, see Campbell
and Shiller (1987). Also has been used to study the relations between the short and long
term interest rate (Campbell and Shiller 1991, etc.). When the variables are cointegrated,
Granger representation theorem assures the existence of an error correction representation
which describes how variables respond to disturbances from the equilibrium. One can see
the ECM as an attractor where the long-run equilibrium is maintained.

The development of the ECM has gone into many directions. In one hand we have the
linear ECM where the adjustment mechanism is constant. In the other hand introduces
the possibility of a threshold effect in the adjustment process, see Balke and Fomby (1997),
Hansen and Seo (2002), Gonzalo and Pitrakis (2006). In the work of Granger (2001), Es-
cribano and Mira (2002), Saikonnen (2005), introduces the nonlinear ECM and analyze its
properties. In all these cases, they assume the existence of a single long-run equilibrium.

The objective of this study is to analyze the ECM representation theorem when the eco-
nomic variables present multiple long-run equilibria driven by the business cycle. We study
the simplest case where the long-run equilibrium equation presents a threshold effect, indi-
cating the presence of multiple cointegration relations but considering a common adjustment

mechanism. This work is very preliminary, and this case is a stepping stone to the most
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general case, which both, the cointegrating vectors and the adjustment present threshold
effect.

Balke and Fomby (1997) are the first to introduce a threshold structure in the adjustment
process of the ECM. It attracted much attention since it includes appealing features for
economics like the different speed of the adjustment toward the equilibrium depending, for
example, on how far the system is away from the long-run equilibrium. Also, it allows the
possibility of shutting off the adjustment mechanism over specific regimes, for instance, by
the law of one piece the price of an asset traded simultaneously in two different markets must
be the same. When the price is different, a profit can be made by buying in the cheapest
market and simultaneously sell it in the dearest market. When the price difference is small,
market participants may not be interested in taking this arbitrage opportunity due to factors
like transaction costs, interest rates, and other barriers. In other words, arbitration occurs
when the price deviation is substantial so that the profit is higher than the trading costs.

In Section 3.2 we introduce the single equation quasi-error correction model (QECM)
in the presence of multiple equilibria and discuss if the model is balanced, consistency and
asymptotic normality of the LS estimate of the adjustment parameter. In Section 3.3, we
construct confidence intervals for the adjustment parameter and show that have the correct
coverage. In Section 3.4, we introduce an application of the QECM to U.S. interest rate with

different maturities. In section 3.5 concludes.

3.2 The Quasi-Error Correction Model Representation

Consider the following triangular representation of the cointegration relation with a threshold
effect

yr = Bl (21 <r)xy+ Bol (241 > 1)y + €4 (3.1)

Ty = Tp_1 + &

where {z;} is the threshold variable variable, r is the threshold value which determines the
different regimes, expansions and recessions, high volatility and low volatility, and I(.) is the
indicator function. System (3.1) captures the existence of two cointegrating vectors driven
by the threshold variable z;, that is (1 ﬁl)/ when 2,1 < r, and <1 Bg)/ when 2,1 > r
which represent the different long run equilibrium relationships between gy, and x;. Though
all the paper, we are working under the following set of assumptions

Assumptions

e A.1: The sequence {g, z, v, } is strictly stationary and ergodic and strong mixing with
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11
mixing coefficients «, satisfying > >°, @3 " for some r > 2. The threshold variable z

has a continuous and strictly increasing distribution function F'(.).

o A.2: E(g) =0, Elgy|* < 0o and &, is independent of F7,, where F7° = o(z_j,1—;
j=0).

e A.3: ¢ follows an AR(1) process with autorregresive coefficient |p| < 1, e; = pe;_1 + vy,
and v; satisfy the following conditions, E(v;) = 0, E|v|* < oo and independent with

respect z_; for all j, also independent of v,_; for j =1,2,3...

e A.4: Assume that v, is strictly exogenous with respect to &;.

Assumptions A.1 and A.2 are standard assumptions in the threshold literature in which
the regressors has a unit root. A.l restrict the threshold variable to be stationary ruling
out the possibility of {z;} be an I(1) process but general enough to accommodate a wide
variety of processes. A.2 is required to obtain the weak convergence of the partial sum
\/Lﬁ > i€ (21 < r), which is needed to show the weak convergence of the LS estimate
of the parameter of interest, (p — 1). A.3 assumes that the shocks in the long run equation
is linear and follows an AR(1) process, this has an impact on the structure of the QECM
representation in which the adjustment speed is the same for all the different regimes. This
assumption is very restrictive but is needed to understand the most general case in which
both the cointegration relation and the adjustment mechanism has a threshold effect.

A critical aspect of the linear cointegration, i.e., 81 = (o is that taking x; to be an I(1)
process, implies that y; also is an I(1) process such that after taking first difference in both
sides Ay, = BAx;+ Ae; the equation is balanced, that is the right-hand side and the left-hand
side of the equation have the same order of integration.

When we introduce a threshold effect in the long-run equilibrium relationship linking y,
and z;, assuming that z;, is difference stationary does not imply that y, also is difference
stationary. It is easy to show that if x; is an I(1) process then y; is nonstationary but the
nonstationary of y; cannot be removed by taking first difference, more formally, we can see
that by differencing (3.1)

Ay = per 1+ BAzy +y(x I (21 < 7)) —xp 11(2 0 < 7)) + 04 (32)
AIt = & .

, where p = (p—1) and v = (81 — f2). The presence of the term (x,1(z—1 < 7)—x;_11(z_2 <
r)) in the right hand side on the first equation in (3.2) hinder the possibility of the usual

ECM representation. In summary, introducing threshold effect in the cointegration relation,
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does not admit an ECM representation which is balanced, in the sense where the right- and
left-hand side are I(0) process. To move away from the thigh constrains that arise from the
concept of integration, we use the definition of summability proposed by Berenger-Rico and
Gonzalo (2014a) which is the natural extension of the concept of integration. Summability
can characterizes the stochastic properties for both, non-linear process and also linear process.
Any integrated process I(d) for some d > 0 also is S(d). Using the results from Caner and
Hansen (2001) we can shown that x,1(z,_; <), y; are S(1) process and how the first equation

in (3.2) can be balanced in terms of summability.

Lemma 1. Under assumption A.1 and A.2, the process {xI(z—1 < 1)} is S(1) and its first
difference, (x:l(zi—1 < 1) —x1-11(2-2 < 1)) 15 S(0).

Lemma 1 show that {z,/(z,—1 < r)} is S(1) and taking first differences reduces the order
of summability to S(0). Viewing the properties of [z ](z;—1 < 1) — x;_11(2i—2 < 7)] in
terms of the variance, if z; is an ii.d process, the Var([z, (21 <71)— 24 11(z2 < 71)]) =
2F(r)(1 = F(r))o.(t — 1) + F(r)o. has a similar behaviour to the variance of a random walk
(RW), but the RW is S(1) whereas [2¢1(z—1 < r) —x;_11(2—o < 1)] is S(0). With the result

in Lemma 1, in terms of summability, the QECM representation in (3.2) is balanced.

Proposition 1. If the DGP is (3.1) and the regression model is Ay, = (p—1)e;—1 + Hy where
Hy = BAxy +y(xed (21 < 71) — 2y 11(2-2 < 1)) + v, the LS estimate of p is not consistent

(p—p) = 0p(1) (3.3)

Proposition 1 states that in the presence of multiple cointegration relation, the LS es-
timate of the short term dynamics is inconsistent when the switching effect (x.1(z—; <

r) — x4-11(2:—o < 1)) is not included in regression model (3.2).

Proposition 2. If the DGP is (5.1) and the regression model is (3.2) the LS estimate of p

1S consistent
(p—p) = o0,(1) (3.4)

Proposition 2 shows that including the switching effect in the estimation, the LS estimate
of the adjustment mechanism is consistent. Finally, we show the asymptotic normality of the

LS estimate of p

Proposition 3. Under assumptions A.1-A./, the LS estimate of p
Vilp = p) = N(0.07) (3.5)
where o2 = E(v?).
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The result in Proposition 3 tells that we can perform inference about the parameter of

interest, p, and construct confidence intervals and testing.

Proposition 4. Under assumptions A.1-A.4, Proposition 2 and 3 holds using the LS esti-

mated residuals {é;} obtained in a first stage using the regression model in (3.1).

Proposition 4 shows that using estimated residuals obtained in a first step does not affect
asymptotically the estimation of p, and this is possible due to the T-consistency of the LS

estimate of 3 and 5, which can be used as if it were known.

3.3 Simulations

In this section, we look at the performance of the confidence intervals for p. In these simula-
tions, we assume that the threshold parameter is known r = ry. The data generating process

(DGP) for this experiment is the following threshold cointegration process:

yr = Pl (zeo1 < 1)z + Bol(ze—1 > 1)ae + €4 (3.6)

Ty =Ti_1 + &

In the simulation we set up the parameters 5, = 2, f = 1. We assume that the threshold
variable, z; follow an AR(1) process, z; = p.z—1 + n with |p.| < 1. Also we generate e, as
an AR(1) process, e; = pees—1 + vi. The shocks {v;, e, 7} are generated as a multivariate
normal with the following variance and covariance matrix:

o2 0 0

v

Q=10 o2 o (3.7)

2

0 o0cy o,

We set up o7 = 02 = 07 = 1 and allow 0., = {0.5,0.9}. We consider different levels of
persistence for the threshold variable p, = {0.5,0.9} and for the shocks in the long run equa-
tion p. = {0.1,0.5,0.9}. We perform the simulations with 10000 repetitions, with different
sample sizes n = {200,500, 1000} observations.

Table 3.1 shows the coverage of the confidence interval for p in the case where 3; and [,
is known. We can see that the coverage is correct, since the empirical coverage approaches
the nominal coverage of 95%, for different values of p., and different persistence levels of the
threshold variable.

Table 3.2 shows a similar result in the case where 3; and (3, are estimated using LS in a
first step and using the estimated residual {é;} as a regressor to estimate the parameter of

interest p.

122



Chapter 3. Quasi-Error Correction Model

Table 3.1: Coverage of the CI for p, here it assumes that 3, By is known.

p. = 0.5 p. =0.9
Pe =01 pe=051]p.=09 | p,=01]|p,=0.5]p.=09
n =200 L%en= 0.5 ] 95.04 94.97 94.49 94.46 94.43 95.07
oen =091 9443 94.79 94.98 95.12 94.88 94.82
n—500 L0en= 0.5 | 94.50 94.87 94.93 94.49 94.78 95.04
e =0.9 ] 94.36 94.98 95.33 94.83 94.47 95.28
0 — 1000 L% = 0.5 | 94.62 94.77 95.07 94.93 94.97 94.95
oen =091 9512 95.31 94.93 95.20 94.84 95.45

Table 3.2: Coverage of the CI for p, with 1, S5 estimated in a first stage.

p. = 0.5 p. =0.9
Pe =01 pe=051]p.=09 | p,=01]|p,=0.5]p.=0.9
n =200 L%en= 0.5 | 94.28 94.44 92.62 94.50 94.14 91.74
oen =091 94.59 94.53 92.19 94.45 94.29 91.93
n—500 L0en= 0.5 | 94.55 94.70 94.16 94.85 94.60 93.71
oen =091 95.05 94.44 93.79 94.70 94.78 93.66
n— 1000 L% = 0.5 | 94.71 94.62 94.55 94.83 94.84 94.26
oen =09 ] 95.11 95.16 94.52 94 75 94.52 94.93

3.4 Empirical Application. U.S. Interest Rate

Application of the error correction models for U.S. interest rates of instruments with differ-
ent maturities have been studied extensively under different specifications, for example in
the work of Bradley and Lumpkin (1992), Mehra (1994) among many others, considers the
linear ECM. Siklos and Enders (1998) study the asymmetric behavior of the error correction
between interest rates with different maturities.

In this application, we use the QECM to study the adjustment mechanism where the
equilibrium between U.S. short term interest rate and the long term interest rate is main-
tained. Following the result stated above, we assume that for all the different equilibria has

the same adjustment speed. The estimated model is
Ay = per1 + PoAxy +y[I(ze-1 < 1)y — I(zi-2 < 1) 1] + 0y (3.8)

We use the Effective federal fund rates as short term interest rate and the ten years
government bond yield as the long term interest rate. These data have monthly frequency
constructed by averaging daily observation for the sample 1960:1 to 2019:3 retrieved from
FRED (at the Federal Reserve Bank of St. Louis). We consider the annual increment of the
production index as a threshold variable since it is a crucial indicator of the economic health,

expansions, and recession.
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Table 3.3: QECM estimation for the U.S. interest rates

p B i
-0.05684 0.4616 0.0649

We have to take this result carefully since it suffers two major problems. In one hand, we
estimate the threshold parameter as in Chan (1993) and Canner and Hansen (2001), but the
result stated above is based on the assumption where the threshold value is known. On the
other hand, the adjustment may be different for each regime, but we restrict to be common
for all the states.

3.5 Conclusion

Cointegration is a method to asses empirically the existence of a long-run equilibrium rela-
tionship between economic variables, and the error correction models is a process where this
long-run equilibrium is maintained.

The QECM representation have a different structure to the ECM in the linear case since
it contains an extra term which represents the switching between the different regimes. This
representation is balanced using the concept of summability.

In this study, we present the QECM under the assumption where the error correction term
is common for all the different regimes. Also, we present the consistency and asymptotic
normality of the LS estimate of the adjustment process. We finalize the paper with an

empirical application with U.S. interest rates of instruments with different maturities.
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Appendix

3.A Proofs

Proof Lemma 1
The summablility order of z;/(2;—; < r) can be found in Berenger-Rico and Gonzalo
(2014) and is based in Theorem 3 in Caner and Hensen (2001). Without loss of generality

assume that xg = 0, the second part of Lemma 1

1 n
|m Z[It[<zt—1 < 7’) - It—ll(zt—2 < 7")”
i=1
1
= | s (@l (zno1 < 7) = 20l (21 < 7)) = | gl (201 < 1)
1
< ]mer = 0,(1) for 6 = 0.
showing the desired result.
Lemma 2. Under assumptions A.1 and A.3
-
— 61'_1(](22‘_1 < 7’) — I(Zi_g < 7’)) = Ge[(S, )\) (39)
Vn
i=1

Proof of Lemma 2
To show this result we use the work of Mervelede, Peligrad and Utev (2006) where we
have to check that:

=1
> 7||E(ei[l(z,- <) —1I(zi-1 < 1)]|Fo)||2 < o0 (3.10)
i—1 V1
First note that by A.3
E(e[I(z <) —I(zi-1 < 1)]|F0)

= ijE(vij[I(zj <r)—1I(zj_1 <1)]|Fo) + ijvl;jE([I(Zj <r)—1(zi-1 < 1)]|Fo)

j=i

- ijui,jE([I(zj <r) = I(zj-1 <7)]|F)
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The last equality came from the independence between v, and z; for all ¢ and j and indepen-
dence between v; and Fy.

Since e; is an AR(1) process
= €0Pi(Fi70 - Fi—l,O)
where F;g = E(I(z; < 1)|Fo) € (0,1). Then it is easy to see that

E(es[I(z < 1) — I(ziey < 7)]|Fo)ll2 = lleop’ (Fio — Fi—10)]l2

N2 2\ /2 2 2 i (3.11)
= E((eop'2(Fuo = Firo)?) - < B((cop'?) " = lleor'll
With the result above we can see that
=1
—[[E(eill(z < 1) = I(zi-1 < 7)]|Fo)l2 < —|!60P||2
2 >
< leollz Y p' < o0
i=1
Lemma 3. Under assumptions A.1, A.2, A.3 and A.J

1 n

— eil(z <r)—1(z1<1)) = $)dGer(s, A 3.12

nizlxe((z r) zi1 <) / 1(s,A) ( )

Proof of Lemma 3

The proof came from using Lemma 2 and the result from Hansen (1992) with assumption
A4,

Lemma 4. Under assumptions A.1 and A.2

[ns
Z (zic1 <7)(2i2 <7) = Geg(s,A) (3.13)

3\

Proof of Lemma 4
For all r, {e;1(zi—1 < 1)I(zi—o < 1), F7*,} is a strictly stationary ergodic martingale dif-

ference sequence with variance 62FE(I(z;_1 < r)I(z;i_o < r)). By the central limit theorem for
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martingale difference sequence \/Lﬁ Zl[isl] el (ziy < 1)(z9 <71) =% N(0,w(s,\)), where
Wi (s,\) = s02E(I(zi-1 < r)I(zio < 1)). It is straightforward to see that the covariance
kernel is w(s1, S2, A1, A2) = (81 A 82)02E[I(zi1 < i)l (zi1 < 1) (210 < 11)I(2i2 < 1))
Combined with the Crame-Wold device the fidi convergence follows. Given our assumptions
on ¢; and z the stochastic continuity of \/Lﬁ Zz[rfl] eil(zio1 < 1r)I(zi—o < r) follows directly
from Theorem 1 of Caner and Hansen (2001).

Lemma 5. Under assumptions A.1 and A.2

—Z:EZ 18,1 (zim1 <) (2i—2 < 1) :>/ s)dG.r(s, \) (3.14)
Proof of Lemma 5
For a fixed A\, Lemma 4 and Theorem 2.2 in Kurtz and Potter (1991) £ 3" | @;_1&;(I (21 <

r)(zi_g < 1)) = fo (s)dG.;(s, \), furthermore this result can be extended uniformly for
A € [0, 1], see Caner and Hansen (2001) Theorem 2.

Lemma 6. Under assumptions A.1 and A.2
1 n
— in_lgi(f(zi_l S T) — I(Zi_g S T)) = Op<].) (315)
n
i=1

Proof of Lemma 6

It is the same as in Lemma 4 and 5.

Define the following matrices

Ay, U2 €1
. : : Ba
AY = : ) V= . , €= . ) I'=
Y
Ayn Un €n—1
AV I(z; <7r)xg —I(z0 < 71)xy

Xz = :
Azp I(zp1 S71)Tp — (202 <7)Tp

Such that model (3.2) can be written as follows:
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AY =e(p—1)+ X,T'+V (3.16)

Construct the following matrix
M,=1, - X (X X,)'X! (3.17)

where I,,_; is the (n-1)x(n-1) identity matrix.

Then equivalently we can write
M,AY = M,ep+ M,V (3.18)
where p = (1 — p). Then the LS estimate of p is

p= (e Mye)  (eM,AY) = p+ (¢ Mye) "  (eM,v) (3.19)

Proof of Proposition 1

We can write the LS estimate of p as

3

(,8 —p) = ( Bt—lHt) (3.20)

S|
@
T"I\D
—
~—
L
—~
S|

=2 =2

<

From A.3 by the LLN and Slutsky’s theorem (1", ef_l)fl —, E(e? ;). Then we

can write

n n

% ; er_1Hy = % Z er—1Vs + 51% Z €t—1€¢

Jj=2 Jj=2
n

1 1
+ g Z er16ed (21 < 1) + Rt Z er10—1[I(z—1 < 1) — I(2—2 < 1)

=2 j=2

From A.3 we can see that % Z;LZQ er—1vr =, E(e;—1v;) = 0. By the exogeneity assumption
By i seiaer =, 0, and y5 30 e ag I (21 <7) = 0.
Finally, from Lemma 2

7% Z er 1ty 1[Iz <7) = (29 < 7)] = 0,(1) (3.21)
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Proof of Proposition 2
Note that:

() = () (A (3.22)

Lets start with the term A and define the following matrix D = diag{n~/?,n"1}:

e'M,e e ¢X.D , . (DXle
( n > T on ( nl/2 >(DXZXZD> ( nl/2 )
It is easy to see that from A.3 and the LLN:
de  Di,€

Also

/
( 'X D) _ W Diza EiCic1
n1/2 # Z?:Z 6i711(2’7;,1 < 'f’)EZ' + # (% Z;-LZQ xiflei,l[l(zi,l < 7’) — I(Zi,Q < ’l")])
7 E(giei—1) + 0p(1) o
i (BleiaT(zia < 1)20) + 0,(1) + 2 (0,(1))

The second equality came from the result in Lemma 3, and from assumption A.2, A.3 and
A4 E(gie;—1) =0 and E(e;—11(zi-1 <1)e;) = 0. Now lets see

1 s 2 —1l_ s (I(z; ryax; — I(z; )T
(ox.x.D) = (" Y=ol e YieoeiI(zi—1 <)y — I(zi—2 < 1) 1,;1) (3.24)
- 7 Y=o (I(zim1 <)z — I(2i—2 < T)Ti—1)
Note that the first element of the matrix:
1 n
2 2
- E e —p E(ef) (3.25)
i=2

1 < 1
n3/22& (zic1 <1)a; — I(zia < 1)wimq) = 7/( 251211<7~)

=2

+ m(; Zmi*lgi(‘[(zifl S T) - I(zi72 g 7"))) — 0
=2
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The last result came from Lemma 6 and assumption A.2. Finally we see the convergence of

1 n
—22 (zio1 <1z —I(z,2<7=x11 = 22x1z11<r —l——le 11 (zi—2 <r)
i=2
1 1
_Q—Zx i1 I(zi1 <7)I(zi— 2<r)—2)\/ Bg(s)ds—i—op(l)—2—2236?71[(21-,1 <r)I(zi—2 <)
i=2 0 i

1/1 & !
-2 ( 3 wio1ed (21 <) (20 < 7“)) = 2()\ — BE(I(zi1 < ) (22 < 7’))) /O B2(s)ds

O, (1)byLemmab

Then we can conclude that (DX.X,D) = O,(1) and have an inverse.

, —1
Then we can conclude that (%) —, E(e?)~t. Now lets focus on B.

MYV (e/XZD> (px:x.D) ‘I(DLQV> (3.26)

n n n1/2 n1/2

It is easy to see that

VAN e
= E 221)1‘61'_1 —p E(Uiei_l) =0 by A3 (327)
Finally
DXLV LS vici ) B (E(visi) + op(1)> (3.28)
nl/2 75 i i1 I(gi1 < 1) — xial(gi2 <)) —750,(1)

teMx

Then we can see tha —p 0 showing the consistency of the LS estimator of p

Proof of Proposition 3

As in the proof of Proposition 1, note that

N (ff) (%) (3.29)

, —1
From proposition 1 we have shown that (“j—”) —, E(e?)~1. Now lets focus on B. As
before define D = diag{n'/?,n"'}
then
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eMuv\  ev y , B DXV
( = >_ v (XZD) (DXZXZD> <—\/ﬁ ) (3.30)

Again from proposition 1 we know that:

-1

(DX’X D) ) = <E(53 ) ) > (3.31)
e 0 2(A=BI(zi1 <0)I(22 < 7)) f; Bis)ds |

and also
(ﬁ):,( O ):o (3.32)

The last equivalence came from A.4. Lets see the convergence of

<e'X D) - i iz Eicict (3.33)
4 - .
%E?:g ei—1l(zi—1 <r1)ei + le Yo owicrei—1[L(zi1 < 1) — I(zi—2 <)

Lets see the convergence of —= Zl 5 €i€i—1. From assumption A.2, g,e,; is a martingale
difference sequence w.r.t. ]:t—l = o{et_j,vi—j,z—j : j > 1}. Since e;—; is a function of

{vi_1,v_9,...} then is F;_; measurable, such that

E(Etet_1|ft_1) = et—lE(gtl‘E—l) = et—lE(Et) =0 (334)

The second equality came from the independence between ¢; and F;_;. Then from the ergodic

stationary martingale differences CLT

1 n
—= > eieiss —a N(0,02E(e] ) (3.35)
=2

Finally from Lemma 3 it is easy to show that:

—Zez 1(zio1 <r)ei + sz 1€i-1[1(zi1 <7) — I(zi—2 < 7))

1 (3.36)
o Bles 1 I(31 < r)eia) + / Bo(5)dGor (s, \)

0

Then we can see that (¢'X.D) = O,(1), concluding that
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<e’XzD> (D)QXZD) "’ <D \)/(HV> 0 (3.37)

Finally from the martingale difference CLT, it is easy to see that:

e'v

vn

Since v, is independent of F;_; it is easy to see that F(e? | E(v}|Fi_1)) = 02E(e? ;).

= N(0, E(e? v})) (3.38)
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