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Abstract

This paper determines the conditions under which stochastic orderings of random vari-
ables, e.g., stochastic dominance and the monotone likelihood ordering, are preserved or
reversed by conditioning on competitive selection. A new stochastic order over uncondi-
tional distributions is introduced—geometric dominance—which is sufficient for a random
variable, conditioned on competitive selection, to be stochastically dominant and both nec-
essary and sufficient for it to be dominant under the monotone likelihood ratio ordering.
Using geometric dominance, we provide an “anatomy of selection bias” by identifying the
conditions under which competitive-selection conditioning preserves and reverses uncon-
ditional stochastic order relations. We show that, for all standard error distributions (Nor-
mal, Logistic, Laplace inter alia), competitive selection preserves stochastic order rela-
tions. To illustrate possible uses of these results, we develop simple conditions for signing
treatment effects in self-selected samples and derive the selection-conditioned predictions
of two auction-models (first-price and all-pay) from the models’ unconditional predictions.
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1 Introduction

Whether random prospects satisfy stochastic ordering relations has important consequences.
For instance, a wealth maximizing investor who is attempting to construct an optimal portfolio
can discard stochastically dominated assets from consideration (Hanoch and Levy, 1969). A
statistician can construct a uniformly most powerful test if the parameter set is ordered by
the monotone likelihood ratio property (MLRP) (Casella and Berger, 2002, Theorem 8.3.17).
Theoretical comparative statics based on the single-crossing property and interval dominance
order are robust to the introduction of uncertainty if compared probability density functions are
ordered by the MLRP property.1

Whether or not random variables, or their associated distribution functions, satisfy these
stochastic order relations, of course, will be affected by conditioning. One of the most ubiq-
uitous forms of conditioning is competitive selection, or “self selection” in statistical parlance.
Competitive selection occurs when the distributions of each of the compared random variables
is conditioned on the random variable producing a higher payoff than its rival. Conditioning on
competitive selection is a ubiquitous problem in statistics, econometrics, economic theory, and
real-life decision making. Selection problems appear to come in two versions, which we term
“posterior,” and “prior.” In both, the problem is to relate the unconditional and competitive
selection-conditioned properties of the random variables considered. The posterior (or “statis-
tical”) selection problem has received by far the most attention. It involves reasoning from the
expected valuation of the competitive-selection-conditioned distribution to the expected valua-
tion of the underlying unconditional distribution. For example, suppose we find that one drug
treatment, say treatment A, produces better outcomes on average another treatment, say treat-
ment B. However, patients were not randomly assigned to treatments A or B, but rather picked
the treatment that produced the best outcome in their specific case. The problem is inferring
whether treatment A would have produced a better outcome than treatment B had patients been
randomly assigned to treatments.

The prior selection problem arises when a theorist or decision maker has prior beliefs
about expected valuations of unconditional distributions but must make a decision or develop
an empirical prediction relating to the expected valuations under the competitive selection-
conditioned distribution. For example, consider a theorist trying to spin an empirical pre-
diction on the terms of procurement contracts out a comparative static result which predicts
that financially constrained firms will bid less aggressively in first-price sealed-bid procure-
ment auctions. The empirical prediction concerns the expected value of competitive-selection-

1See Milgrom and Shannon (1994) for a definition of the single crossing property or Topkis (1998) for a
more extensive treatment of the closely related concept of supermodularity; See Quah and Strulovici (2009) for
a definition of interval dominance order its relation to MLRP. See Athey (2002) for an analysis of the role of
MLRP in applying monotone comparative statics to uncertain prospects; see Milgrom (1981) for a comprehensive
discussion of the MLRP ordering in the context of economics and finance.
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conditioned winning bids while the theoretical comparative static relates to unconditional bids.
Developing competitive-selection-conditioned predictions from the theory substantially facil-
itates its testing because such predictions, being predictions about the selected sample, such
predictions are robust to competitive-selection-biased data.

This paper will provide a fairly complete answer to these sorts of questions. We start by
deriving the necessary and sufficient conditions on unconditional distributions which ensure
that one distribution competitive selection stochastically dominates (CSSD) another, i.e., one
distribution, conditioned on competitive selection, stochastically dominates another. We show
that CSSD depends only on how the quantile functions of the two distributions are related and
not on properties such as the range of their support or their absolute continuity with respect
to Lebesgue measure. We develop a function, the quantile transform function, whose behav-
ior completely determines whether the distributions are related by CSSD. These necessary and
sufficient conditions for the CSSD relation do not define an order relations over distribution
functions because the CSSD relation is not transitive. However, two sufficient conditions for
CSSD based on the character of the transform function, do order distribution functions. These
conditions relate to the “geometric convexity” of the quantile transform function. Geometric
convexity, a recent topic of extensive mathematical research, especially with respect to its con-
nection with Mulholland’s inequality, has received little attention in economics and statistical
research.2 Yet it captures the exact property—supermultiplicativity of the quantile transform
function—that generates competitive selection conditioned dominance. The weakest and most
general of these two conditions is for the quantile transform function to be geometrically con-
vex on average. The second, stronger, and less general condition for CSSD is that the quantile
transform function be geometrically convex. The second condition is much more tractable and
has the added advantage that it is also necessary and sufficient for one distribution to domi-
nate another, conditioned on competitive selection, under the likelihood ratio ordering. Thus,
geometric dominance imposes the same restrictions on competitive-selection-conditioned dis-
tributions as the monotone likelihood ratio property (MLRP) imposes on unconditioned distri-
butions.

Translating these characterizations of the quantile transform into characterizations of the
underlying distributions yields simple characterizations of the distributional requirements for
competitive-selection conditioned dominance. In the case of geometric dominance, the condi-
tion is simply that the ratio between the reverse hazard rates of the dominating and dominated
distributions be increasing.3

Using these results we show that geometric dominance implies that either (a) the geometri-

2See Jarczyk and Matkowski (2002) for applications of geometric convexity to Mulholland’s inequality and
see Baricz (2010) for an analysis of the geometric concavity of univariate distribution functions.

3The reverse hazard rate of a distribution is the ratio between its probability density function and cumulative
distribution function.
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cally dominant distribution is stochastically dominant, or (b) the geometrically dominant distri-
bution is stochastically dominated or (c) the distribution function of the geometrically dominant
distribution crosses the dominated distribution’s function once from above, i.e., roughly the ge-
ometrically dominant distribution is more dispersive.

We call case (a), the case where the geometric dominance and stochastic dominance orders
agree,“selection preservation” and term case (b) “selection reversal.” We derive the restrictions
on the distribution functions implied by both selection preservation and selection reversal and
show that preservation and reversal impose non-analogous restrictions on the behavior of the
underlying distribution functions. Preservation requires that the distributions be ordered by the
monotone likelihood ratio property (MLRP). This condition can be interpreted as the domi-
nance of the stochastically dominant distribution being fairly uniform over its support. Rever-
sal is consistent with but does not require the geometrically dominant distribution to be MLRP
dominated. However reversal imposes very strong conditions on the lower tail behavior of the
compared distributions—the ratio between the lower tail weight of the geometrically dominant
and dominated distributions must explode as the lower endpoint of the support of the distribu-
tions is approached. Roughly speaking, selection reversal only occurs when the stochastically
dominant distribution is dominant because its worst draws are much better than the worst draws
from the stochastically dominated distribution rather than because its best draws are better than
the best draws from the stochastically dominated distribution. Very bad draws from the stochas-
tically dominated distribution “admit” fairly bad draws from the stochastically dominant distri-
bution into its selection-conditional sample. At the same time these bad draws cannot compete
with the draws from the stochastically dominant distribution and thus are excluded from its se-
lection conditioned sample, resulting in the selection-conditioned stochastic dominance of the
unconditionally dominated distribution. This result, and others developed in the paper, provide
an anatomy of competitive selection bias, a characterization of the distributional properties of
random variables that render the effect of competitive selection on inference mild or severe.

We next turn to applying these characterizations to standard textbook statistical distribu-
tions. As a desideratum, we first develop simple characterizations for geometric dominance
that apply when the compared distributions are related by a location or scale shift. These
conditions relate to the logconcavity or geometric concavity of the reverse hazard rate of the
standardized member of the distribution’s location/scale family. Using these conditions, and
the more general results developed earlier, we completely characterize selection preservation
and reversal for a large number of distribution families, including the Normal, Lognormal,
Gamma, Logistic and Log-logistic. We show that, within all of these families and some others,
competitive selection preserves dominance.

Finally, using the anatomy of selection bias developed in the preceding sections of the paper,
we apply our results to illustrative inference problems. We first consider a posterior inference
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problem—the classic self-selection problem first posed in Manski (1990) of signing average
treatment effects in the presence of self selection bias. Our results show that under standard
error law assumptions, the self-selection effect is fairly innocuous in that the sign of the average
treatment effect will always be identified by standard linear regression models.

Next, we apply our results to two related prior inference problems: deriving the relation
between the unconditional and winning-contingent predictions in first-price and all-pay auc-
tion models. In the first-price auction setting, we show the stochastic dominance of the high-
valuation bidder’s unconditional bid distribution is preserved by competitive selection, i.e., the
high-valuation bidder’s bid distribution conditioned on the high-valuation bidder winning the
auction stochastically dominates the low-valuation bidder’s bid conditioned on the low val-
uation bidder winning the auction. In contrast, we show that, in an all-pay auction setting,
selection reverses inference, although the unconditional bid distribution of the high-valuation
bidder stochastically dominates the bid distribution of the low-valuation bidder, the winning
bid distribution of the high-valuation bidder is stochastically dominated by the winning bid
distribution of the low-valuation bidder.

The analysis in this paper derives the relation between unconditional outcome distribu-
tions and competitive-selection-conditioned distributions. Its place in the literature depends on
whether one views the results in terms of reasoning from the properties of the unconditional dis-
tribution to the competitive-selection conditioned distribution or vice versa. Viewed from the
perspective of determining the effect of competitive selection conditioning on the unconditional
distribution of outcomes, this paper is part of a vast research program in economics, mathemat-
ics, statistics, and operations research that has examined stochastic orders.4 Like these research
papers, this paper identifies a property of interest, in our case competitive selection dominance,
and derives an ordering over distribution functions which implies that the property holds. Per-
haps its closest relative is the Milgrom (1981) analysis of the MLRP ordering. Like Milgrom,
we consider conditions under which conditioning preserves stochastic dominance. Under the
MLRP ordering, the MLRP dominant (and thus the stochastically dominant) distribution will
remain stochastically dominant conditioned on sampling from any fixed subset of value levels.5

In our analysis, in contrast to Milgrom’s, conditioning is not with respect to a fixed range but
rather based on the realized values of the compared distribution.

If viewed from the perspective of determining the properties of unconditional distributions
from selection-conditioned distributions, this paper is related to identifying the sign of treat-
ment effects in the presence of selectivity bias. In fact, one application we consider maps
exactly into the Manski (1990) formulation of the problem of identifying the sign of treatment
effects in the presence of self-selection bias. Manski’s approach to this problem is nonpara-

4See Shaked and Shanthikumar (1994) for an exhaustive discussion of these results.
5Technically, we must require the subset to be measurable. See Theorem 1.C.2 in Shaked and Shanthikumar

(1994) for a derivation of this assertion.
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metric and involves imposing restrictions on the supports of the distributions of the treatment
effects and using ancillary information about the probability of selection. Manski’s aim is to
determine the sign of the expectation of the unconditional treatment effect. Our approach is
“quasi-parametric” in that it does not impose a specific distributional form on treatment ef-
fects but does impose stochastic order relations on outcomes under the alternative treatments.
Our identification of the sign does not use any ancillary information, such as the probability
of selection or any instrumental variables. Moreover, our approach signs all monotonically
increasing functions of the unconditional treatment effect rather than simply its expectation.

The results in this paper are also, albeit more loosely, related to papers that impose specific
distributional conditions and aim to identify average treatment effects rather than simply the
sign of treatment effects. For example, the Heckman (1979) correction for selection bias im-
poses a normality assumption and identifies average unconditional treatment effects using the
cross-sectional variation in the probability of selection estimated by an ancillary Probit predic-
tion model. Identification results from the fact that the unconditional mean of a Normal random
variable is linearly related to its truncated expectation and its inverse Mills ratio evaluated at
the truncation point. Perhaps the closest relation to our paper in this literature is Heckman and
Honoré (1990), which examines the conditions under which imposing qualitative distributional
restrictions (e.g., logconcavity of the probability density functions) permits identification of
average treatment effects. Our stochastic order approach differs from this approach because it
does not use ancillary information, imposes weaker distributional conditions, and aims to iden-
tify cases where one treatment’s effect stochastically dominates another’s rather than identify
the magnitude of unconditional expected treatment effects. Finally, our technical development
is indebted to recent mathematical research related to supermultiplicative functions and geo-
metric convexity, for example, Niculescu and Persson (2004) and Kuczma (2000).

2 Question

Suppose that X̃ and Ỹ are two independent random variables with distribution functions F and
G respectively. One of these random variables will be selected by a decision maker. The
selection will determine the value the decision maker receives. Let v be the decision maker’s
valuation function. Assume that v is strictly increasing in the realization of the selected random
variable.6 A value-maximizing decision maker will be willing to select X̃ whenever the value
it produces, v(X̃), at least equals the value produced by the alternative choice, Ỹ . Because
v is a strictly increasing function, v(X̃) ≥ v(Ỹ ) if and only if X̃ ≥ Ỹ . The expected value of

6We follow the standard convention in convex analysis and use the term “increasing” to signify that a function
is weakly monotonically increasing (e.g., nondecreasing) and the term “strictly increasing” to signify that it is
strongly monotonically increasing.
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X̃ conditioned on X̃ being selected is thus E[v(X̃)|X̃ ≥ Ỹ ]. A natural question to pose in this
context is when will the value conditioned on X̃ being selected exceed value conditioned on Ỹ

being selected? This motivates the following definition:

Definition. We say that X̃ (or its distribution function F) dominates Ỹ (or its distribution func-
tion G) under competitive selection stochastic dominance (CSSD) if, for all integrable strictly
increasing functions v,

E[v(X̃)|X̃ ≥ Ỹ ]≥ E[v(Ỹ )|Ỹ ≥ X̃ ]. (1)

If the inequality in (1) holds strictly, we will say that X̃ strictly CSSD dominates Ỹ .

This paper considers the restrictions that must be imposed on the unconditional distribution
functions of X̃ and Ỹ , F and G in order to ensure that X̃ CSSD dominates Ỹ . Our primary aim
to determine how competitive selection affects dominance, i.e., to determine the conditions
that must be imposed on the unconditional distributions, F and G, in order to ensure CSSD
dominance and to determine how these conditions relate to unconditional dominance.

The criterion for dominance in the absence of competitive selection is well known—stochastic
dominance:

Definition. We say that X̃ stochastically dominates Ỹ if for all strictly increasing functions v

E[v(X̃)]≥ E[v(Ỹ )]. (2)

A well-known result in economics and statistics is that X̃ stochastically dominates Ỹ if
and only if F(x) ≤ G(x). Thus, stochastic dominance defines a partial order over distribution
functions.

3 Basic results

We now turn to formalizing our problem. To avoid the problem of ties and indeterminacies, we
impose the following restrictions on the distribution functions we consider:

Definition. Distribution functions F and G are an admissible pair of distributions if

1. F and G have common support [x, x̄], −∞≤ x < x̄≤ ∞.

2. G is continuous and absolutely continuous with respect to F and F is continuous except
perhaps at x.

3.
∫ ∞

0 |x|dF(x)< ∞ and
∫ ∞

0 |x|dG(x)< ∞.

A collection of distribution functions is admissible if all pairs in the collection are admissible.
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Note that condition 1 does not rule out unbounded supports. It does rule out gaps in the
support. This no-gaps condition is not necessary to derive our results. However, absent this
condition, stating some of our results would become more cumbersome. If we allowed for
gaps in the support, we would need to identify points x′ 6= x′′ in [x, x̄], at which F(x′) = G(x′) =

G(x′′) = F(x′′), and then state our results in terms of the resulting equivalence classes of points.
The assumption that the supports of the two distributions are identical involves little loss

of generality. First suppose that the upper bound of support of F exceeds the upper bound of
the support of G. In this case, F could never be CSSD dominated by G. To see this, simply
consider a sequence of valuation functions whose limit equaled a valuation function that is
constant on the intersections of the supports and positive on the part of the support of F not
contained in G. Next suppose that the lower bound of the support of F is less than the lower
bound of the support of G, then draws from F below the lower bound of G’s support would
never be selected. Thus, the competitive selection-conditioned distribution of F would be the
same as it would have been if F simply had a point mass at the lower bound of G’s support.
This case is analyzed in the paper.

The assumption that G is continuous and absolutely continuous with respect to F eliminates
the problem of ties. This assumption combined with the assumption that F is continuous except
perhaps at x ensures that on their common support, [x, x̄] F and G are continuous and strictly
increasing. Note that we do not assume that F or G are absolutely continuous with respect
to Lebesgue measure and thus have associated probability density functions. The assumption
that F and G have finite expectations is simply made to ensure the the expected value of the
canonical valuation function, v(x) = x, is finite.

For admissible pairs of distributions, we can express conditioning on competitive selection
as follows:

E[v(X̃)|X̃ > Ỹ ] =
E[v(X̃) IX̃>Ỹ ]

E[IX̃>Ỹ ]
and E[v(Ỹ )|Ỹ > X̃ ] =

E[v(Ỹ ) IỸ>X̃ ]

E[IỸ>X̃ ]
, (3)

where, in the above expressions, IS represents the indicator function for set S. By the indepen-
dence of X̃ and Ỹ and Fubini’s Theorem, we have that

E[v(X̃) IX̃>Ỹ ] =
∫ x̄

x

∫ x̄

x
v(x) Iy<x dF(x)dG(y)

=
∫ x̄

x
v(x)

(∫ x̄

x
Iy<x dG(y)

)
dF(x) =

∫ x̄

x
v(x)G(x)dF(x). (4)

Using the same reformulation, we can express the other components of the conditional expec-
tations as follows:

E[v(Ỹ ) IỸ>X̃ ] =
∫ x̄

x
v(x)F(x)dG(x); E[IX̃>Ỹ ] =

∫ x̄

x
G(z)dF(z); E[IỸ>X̃ ] =

∫ x̄

x
F(z)dG(z). (5)

Using the expressions in (4) and (5) we can express the conditional expectations as follows:
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E[v(X̃)|X̃ > Ỹ ] =

∫ x̄
x v(z)G(z)dF(z)
∫ x̄

x G(z)dF(z)
and E[v(Ỹ )|Ỹ > X̃ ] =

∫ x̄
x v(z)F(z)dG(z)
∫ x̄

x F(z)dG(z)
. (6)

Define the probability distribution functions H and J by

H(x) =

∫ x
x G(z)dF(z)
∫ x̄

x G(z)dF(z)
and J(x) =

∫ x
x F(z)dG(z)
∫ x̄

x F(z)dG(z)
. (7)

Using H and J, we can express the conditioning relation as a simple expectations over distribu-
tions:

E[v(X̃)|X̃ > Ỹ ] =
∫ x̄

x
v(z)dH(z) and E[v(Ỹ )|Ỹ > X̃ ] =

∫ x̄

x
v(z)dJ(z). (8)

Thus, for competitive selection stochastic dominance (CSSD), formalized by inequality (1),
to hold, it is necessary and sufficient that H stochastically dominate J, i.e., H(x)≤ J(x). From
equation (7), we see that stochastic dominance of H over J is equivalent to the condition that
for all x > x, ∫ x

x G(z)dF(z)
∫ x

x F(z)dG(z)
≤
∫ x̄

x G(z)dF(z)
∫ x̄

x F(z)dG(z)
. (9)

Integration by parts shows that
∫ x

x
G(z)dF(z) = F(x)G(x)−

∫ x

x
F(z)dG(z),

∫ x̄

x
G(z)dF(z) = 1−

∫ x̄

x
F(z)dG(z).

(10)

Substitution of equation (10) into equation (9) yields the following equivalent condition for (9)

1
F(x)G(x)

∫ x

x
F(z)dG(z)≥

∫ x̄

x
F(z)dG(z). (11)

As the subsequent analysis will show, the conditions on the unconditional distributions, F

and G, that are necessary and sufficient for CSSD are neither very tractable nor do they yield
an order relation over the unconditional densities. However, we can immediately show that the
conditions for MLRP dominance of one competitive-selection-conditioned distribution over
another are transparent when both unconditional distributions are absolutely continuous. Note
that in this case, the densities of the competitive-selection-conditioned distributions, H and J,
defined in equation (9), are

h(x) = f (x)G(x), j(x) = g(x)F(x), x ∈ (x, x̄)

If the ratio h/ j is increasing, the competitive-selection-conditioned distribution of F dominates
the competitive-selection-conditioned distribution of G in the MLRP ordering. This motivates
the following definition and Lemma.7

7Since we are only concerned in this paper with competitive selection, for the sake of avoiding long strings of
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Definition. If x ↪→ ( f (x)G(x))/(g(x)F(x)) is increasing then Fdominates G in the competitive

selection-conditioned MLRP ordering and strictly dominates if x ↪→ ( f (x)G(x))/(g(x)F(x)) is
strictly increasing.

Using the well-known properties of the MLRP ordering, we see that competitive-selection-
conditioned MLRP imposes stronger restrictions on the expected valuations than CSSD.

Lemma 1. Let v be an increasing integrable function. Let B be a measurable set, and assume

that P[X̃ ∈ B] > 0 and P[X̃ ∈ B] > 0. Let X̃ and Ỹ be independent random variables with

distribution functions F and G respectively. Then if F competitive selection conditioned MLRP

dominates G then

E[v(X̃)|X̃ > Ỹ & X̃ ∈ B]≥ E[v(Ỹ )|Ỹ > X̃ & Ỹ ∈ B],

with the weak inequality being replaced by a strict inequality if the dominance is strict.

Proof. Follows directly from the MLRP dominance of the selection-conditioned distribution of
F and Theorem 1.C.2 in Shaked and Shanthikumar (1994).

Thus, if two distributions are ordered by competitive selection-conditioned MLRP, the dom-
inant distribution not only produces higher expected value conditioned on selection but also
when conditioning on both selection and any measurable subset of the range of possible real-
izations.

3.1 The quantile transform function, u

The key to deriving the distributional restrictions implied by inequality (11) is noting that only
the behavior of the distributions relative to each other matters. Transforming both distributions
by the same continuous strictly increasing function will not affect the validity of (11). This
permits us to reduce the dimensionality of the problem by using a transform function. First
note that, because regular pairs of distributions are continuous and strictly increase over their
support, G and F have well-defined strictly increasing inverse functions. We represent the
inverse function of F with F−1 and the inverse function of G with G−1. Thus, the function
u = F ◦G−1 is well defined and F = u◦G, where ◦ represents functional composition. We will
refer to u simply as the quantile transform function or simply the transform function.

The fact that G and F regularly related implies that u is continuous on (0,1) and that
limt↑1 u(t) = 1 and limt↓0 u(t) = F(x) Thus, we can extend the definition of the quantile trans-
form function, u, by defining u(1) = 1 and u(0) = F(x). The resulting function, u : [0,1]→
[0,1], will be strictly increasing and continuous.

compound adjectives, we will frequently simply use the term “selection” to signify competitive selection.
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Definition. If a function u : [0,1]→ [0,1] is strictly increasing and continuous, with u(0) < 1
and u(1) = 1, we will call u an admissible function.

An intuitive representation for u is provided by noting that, restricted to (0,1), the graph of
u is described by the parametric equations:

t = G(x), u = F(x), x≤ x≤ x̄.

The values of u at the endpoints 0 and 1 are simply the limit points of the graph. Figure 1 sug-

0 GHxoL 1

FHxoL

1

t

u

u H×L

u¢ HtoL

Figure 1: Parametric representation of the transform function u. Each point in the graph of the
transform function (t,u) represents the ordered pair (G(x),F(x)). The graph is produced by
varying x across the support of the distribution functions,[x, x̄]

gests three important properties of the quantile transform function, u, which we will formalize
and use in the sequel. First, it is apparent that F [x] ≤ G[x], x ∈ [x, x̄], if and only if u(t) ≤ t,
t ∈ [0,1]. Thus, stochastic dominance of F over G is equivalent to u(t) ≤ t. Second, because
the parametric representation of a curve is not unique, two pairs of distribution functions may
generate exactly the same transform function even when the pairs are very different. In fact, this
can occur even when the pairs selected are standard textbook distributions. This fact makes de-
termining selection dominance using the u transform function sometimes much more efficient
than determining selection dominance using the underlying distribution functions. Third, when
F and G are differentiable, the slope of the graph of the transform function, u′ at a given point
equals the likelihood ratio, F ′/G′ = f/g at the value of x which produces that point.
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3.2 Conditions for CSSD dominance

Using the u transform, we can express equation (11) as

1
u◦G(x)G(x)

∫ x

x
u◦G(z)dG(z)≥

∫ x̄

x
u◦G(z)dG(z). (12)

Using the change of variables formula on equation (12) shows that X̃ CSSD dominates Ỹ if and
only if the following condition holds:

For all t ∈ (0,1],
1
t

∫ t

0

u(s)
u(t)

ds≥
∫ 1

0
u(s)ds. (13)

For any admissible u, define

U(t) =





1
t
∫ t

0 u(s)ds if t ∈ (0,1],

u(0) if t = 0.
. (14)

U(t) represents the average value of u over the interval [0, t]. Note that U is continuous over
[0,1] and that the continuity of u ensures that U is continuously differentiable over (0,1]. Next,
note that (U(t) t)′ = u(t). Therefore,

t U ′(t)+U(t) = u(t), t ∈ (0,1]. (15)

Finally, define the function, Π[u] by

Π[u](t) =U(t)/u(t) =
1
t

∫ t

0

u(s)
u(t)

ds, t ∈ (0,1]. (16)

The continuity of u implies that Π[u] is a continuous function defined on (0,1]. Using the Π
representation, a necessary and sufficient condition for condition (16) to hold is that

∀t ∈ (0,1), Π[u](t)≥
∫ 1

0
u(s)ds≡Π[u](1). (17)

These observations provide the necessary and sufficient conditions on unconditional distri-
bution of F and G which ensure that the competitive selection-conditioned distribution of F

stochastically dominates the competitive selection distribution of G. This result is recorded
below.

Theorem 1. Suppose that F and G are an admissible pair of distribution functions; Let u =

F ◦G−1, then F (strictly) CSSD dominates G, if and only if u satisfies condition (17).

Although Theorem 1 provides necessary and sufficient conditions for CSSD, it does have
two limitations. First, the relation between the unconditional distributions and the Π function
which provides the necessary and sufficient conditions is opaque. Second, as we will show
later, the CSSD relation has a rather significant drawback—it does not define an order relation
over the unconditional distributions.
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For this reason we develop two sufficient conditions for CSSD. These conditions are much
more transparently related to the underlying unconditional distributions and do define an order
relation. The first and perhaps most obvious sufficient condition for (17) is that t ↪→Π[u](t) be
decreasing. Inspecting (17) shows that t ↪→ Π[u](t) being (strictly) decreasing is equivalent to
the condition that

t ↪→ u(t)
U(t)

is (strictly) increasing. (18)

To develop the second sufficient condition, first note that we can rewrite expression (17) in the
following alternative forms by a change of variables in the integral:

For all t ∈ (0,1),
∫ 1

0

(
u(t s)−u(s)u(t)

)
ds≥ 0. (19)

A sufficient condition for (19) to hold is that

for all s, t ∈ (0,1), u(st)≥ u(s)u(t). (20)

Whether these two sufficient conditions hold depends on whether u(st) > u(s)u(t), i.e., on
whether u is “supermultiplicative.” As we show in the next section, the answer to this question
hinges of whether u is “geometrically convex.”

3.3 Geometric convexity

The basic results from the theory of geometric convexity required to demonstrate this assertion
are provided below. The definition of geometric convexity results from replacing the arithmetic
mean used to define convexity with the geometric mean.

Definition (Geometric Convexity). Let I and J be subintervals of (0,∞), then a continuous
function φ : I→ J is geometrically convex if, for all s, t,∈ I and α ∈ (0,1),

φ(sα t1−α)≤ φ(s)α φ(t)1−α . (21)

If the weak inequalities are replaced with strict inequalities, we will say that φ is strictly

geometrically convex. Geometric concavity is defined analogously by reversing the inequality
in (21).

The following theorem, which is essentially specialized and simplified statement of The-
orem 1 in Finol and Wójtowicz (2000) and Lemma 2.1.1 in Niculescu and Persson (2004),
provides the basic characterization.

Lemma 2. Let I and J be subintervals of (0,∞) let φ : I → J be a continuous increasing

function. Then the following statement are equivalent.

(i) φ is geometrically convex.

(ii) The conjugate function φ̂ : log(I)→ ℜ defined by φ̂(y) = log◦φ ◦ exp(y) is continuous,

convex and increasing.
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(iii) If I is an interval of the form (0,A], A < ∞, The equivalent conditions, (i) and (ii) imply

that φ is supermultiplicative, i.e.,

∀(s, t) ∈ (0,A]× (0,A], φ(st)≥ φ(s)φ(t). (22)

These statements remain valid if we replace “convex” with “concave,” “super” with “sub”

and reverse the inequalities.

Proof. Theorem 1 in Finol and Wójtowicz (2000) establishes all of the results except the as-
sertions that û is increasing. Thus result simply follows from the fact that the we have added
the hypothesis that φ is increasing and thus conjugate map, which involves the composition of
φ with increasing functions is also increasing.

If φ is differentiable, then the following Lemma provides a simple test for verifying geo-
metric convexity.

Lemma 3. Suppose φ is differentiable, then φ is (strictly) geometrically convex if and only if

the function R defined by

R(t) =
φ ′(t) t
φ(t)

, (23)

is (strictly) increasing over I

Proof. The result follows from observations offered after Theorem 1 in Finol and Wójtowicz
(2000).

The geometric convexity of φ is equivalent to logφ(t) = φ̂(log t), with φ̂ convex. In fact,
just as the transform function, u, has a parametric representation in terms of the distribution
functions, so the conjugate transform function, û, has a parametric representation in terms of
the logs of the distribution functions, i.e.,

y = log◦G(x), û = log◦F(x), x < x≤ x̄.

This parametric representation is depicted in Figure 2. The figure suggests, as we will demon-
strate later, that, when the distributions are differentiable, the slope of û(·) is determined by the
ratio between (log◦F)′ = f/F and (log◦G)′ = g/G. Geometric convexity neither implies or
is implied by convexity.8 Convexity is a weaker condition than logconvexity. For increasing
functions, geometric convexity is a weaker condition than logconvexity. 9

8E.g., consider the functions φ1(t) = 1/2+ 1/2
√

t and φ2(t) = e−(1−t) t3, t ∈ (0,1]. Using the derivative test
provided by Lemma 3, is easy to verify that φ1 is both strictly concave and strictly geometrically convex while φ2
is both strictly convex and strictly geometrically concave.

9logconvexity requires log◦φ to be convex. Given our assumption that φ is increasing, the geometric mean–
arithmetic mean inequality ensures that logconvexity implies geometric convexity. By a different argument, log-
convexity implies convexity as well.

Stochastic orders and selection 14



Log ë GHxoL
0

L
o
g

ë
F

Hx o
L

y

ù
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Figure 2: Parametric representation of the conjugate transform function u. Each
point in the graph of the conjugate transform function (y, û) represents an ordered pair
(log◦G(x), log◦F(x)). The graph is produced by varying x across the support of these dis-
tributions. (x, x̄]

.

3.4 Geometric convexity and selection dominance

Using Lemma 2 the following result is immediate.

Theorem 2. Suppose that F and G are an admissible pair of distribution functions; Let u =

F ◦G−1, then if u is (strictly) geometrically convex, F (strictly) CSSD dominates G.

Proof. As discussed above, condition (20) is sufficient for CSSD. By Lemma 2, u satisfies this
condition when u is geometrically convex.

A slightly less obvious but weaker sufficient condition for CSSD is that the average func-
tion, U defined in equation (14) is geometrically convex. This result is stated and proved below.

Theorem 3. Suppose that F and G are an admissible pair of distribution functions; Let u =

F ◦G−1, then if u is (strictly) geometrically convex on average, i.e., the average function U

defined by equation (14), is (strictly) geometrically convex, F (strictly) CSSD dominates G.

Proof. By Lemma 3, U being (strictly) geometrically convex implies that t ↪→ (U ′(t) t)/U(t)
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is (strictly) increasing. Equation (15), implies that

U ′(t) t
U(t)

=
u(t)
U(t)

−1. (24)

The right hand side of this equation is the sufficient condition for CSSD given in equation (18).

Next note that u being geometrically convex implies that U is geometrically convex on
average. This result is recorded below.

Lemma 4. If u is an admissible function, and u is (strictly) geometrically convex, then it is

(strictly) geometrically convex on average.

Proof. Let,

I(t) =
∫ t

0
u(s)ds.

By Montel’s theorem (Niculescu and Persson, 2004, Theorem 2.4.1), u being (strictly) geomet-
rically convex implies that I is (strictly) geometrically convex. Next note that U(t) = I(t)/t.
Using the conjugate expression definition for geometric convexity given in Lemma 2.ii, we
see that Û(y) = Î/t)(y) = Î(y)− y. Because I is (strictly) geometrically convex, Î is (strictly)
convex. The sum of a linear function and a (strictly) convex function is (strictly) convex. Thus,
Î(y)−y = Û(y) is (strictly) convex. By definition, this implies that U is (strictly) geometrically
convex.

3.5 Interpreting the average transform function, U

The interpretation of the average transform function, U , is not quite as straightforward as the
interpretation of the transform function. First, note that a simple change of variables shows that

U ◦G(x) =
1

G(x)

∫ x

x
F(z)dG(z). (25)

Thus, the average transform function evaluated at G(x) represents the probability that draws
from F will be less than draws from G conditioned on the draws from G being less than x, i.e.,

U ◦G(x) = P
[
X̃ ≤ Ỹ |Ỹ ≤ x

]
, X̃ ∼

d
F, Ỹ ∼

d
G.

If x = x̄ then U ◦G(x̄) is simply the probability that draws from F will be less than draws from
G, i.e.,

U ◦G(x̄) =U(1) =
∫ 1

0
u(s)ds = P

[
X̃ ≤ Ỹ

]
. (26)

Thus, if F (strictly) dominates G by stochastic dominance, U(1)(<)≤ 1/2, In general, because
(strict) stochastic dominance implies that u(t)(<)≤ t, integrating and averaging both sides over
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the interval (0, t] and dividing by t shows that,

U(t)(<)≤ 1
2

t. (27)

The reverse inequality hold when F is stochastically dominated by G.

4 Geometric and CSSD dominance as orderings

In the case of unconditional comparisons of distributions, the stochastic dominance partial
order, <

sd
, defined by

F <
sd

G if F(x)≤ G(x),x ∈ (x, x̄), (28)

is a necessary and sufficient condition for F to dominate G. If the inequality in expression (28)
is strict we will say that F strictly stochastically dominates G. Our aim is to find a analogous
partial order in the presence of selection. Thus, we will define relations between distribution
functions based on the selection dominance and geometric convexity and examine the extent
to which we can order random variables in the presence of selection. Suppose that F and G

are an admissible pair of distributions and that u = F ◦G−1, then if u is (strictly) geometrically
convex, we will say that F (strictly) geometrically dominates G. If U is (strictly) geometrically
convex, we will say that F (strictly) geometrically on average dominates G. When F dominates
G in the (average) geometric convexity ordering, we will write (F <

ga
G)F <

g
G.

As the next lemma, Lemma 5, reports, the selection dominance relation is not transitive and
thus not even a preorder over the set of distribution functions. Thus, in the presence of com-
petitive selection, there is no order relation over distribution functions which is necessary and
sufficient to ensure that one distribution dominates another. However, geometric dominance
and geometric dominance on average are preorders over distribution functions.

Lemma 5. (i) The Geometric dominance and average geometric dominance relations are pre-

orders over the set of distributions. (ii) The CSSD dominance relation is not a preorder over

the set of distributions because CSSD dominance is not transitive.

Proof. See Appendix A.

We next show that, although geometric dominance and geometric dominance on average are
pre-orders, neither is a partial order because it is possible for F and G to be distinct distributions
yet F <

g
G and G <

g
F (F <

ga
G and G <

ga
F) When this occurs, we will say that F and G are

geometrically equivalent (on average). If, for an admissible pair of distributions, F and G, F

CSSD dominates G and G also CSSD dominates F , we will say that the pair is CSSD equivalent.
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A pair of distributions is selection equivalent, the stochastic dominance is reflected in their
probability of being selected rather than dominance conditioned on being selected. In general,
neither geometric dominance nor geometric dominance on average are necessary conditions for
CSSD dominance. However, as the next lemma demonstrates, geometric and average geomet-
ric dominance are both necessary and sufficient conditions for CSSD equivalence. Moreover,
CSSD equivalence imposes very strong conditions on distribution functions: they must be re-
lated by a power transform.

Lemma 6. For an admissible pair of distributions functions, F and G, the following statements

are equivalent:

(i) F and G are geometrically equivalent.

(ii) F and G are geometrically equivalent on average.

(iii) F and G are CSSD equivalent.

(iv) F(x) = G(x)p for some p > 0.

Proof. See Appendix A.

This result is very intuitive, especially under the assumption that the p in part (iv) of the
Lemma is a positive integer. In which case, if condition (iv) is satisfied, F is the distribution of
the maximal order statistic resulting from p independent draws from G. Thus, one can think of
G as competing against p independent copies of itself for selection. Each of the p copies of G

is selected if its value exceeds the value of the one draw from G and the value realized by the
other p− 1 copies, i.e., when its value exceeds the value of p independent draws from the G

distribution. This is exactly the same condition that a draw from G must satisfy for selection.
Thus, the expected value conditioned on selection for each of the p copies is the same as G’s
expected value. Since the expected value of draws from F conditioned on selection equals the
average of the selection-conditioned values of the copies, the selection-conditioned expectation
of G is the same as the selection-conditioned expectation of F . Of course, if p is large, draws
from F are much more likely to be selected than draws from G, but the selection-conditioned
distributions of F and G will still be identical.

This result has two significant implications: First, it applies that our results, which compare
selection-conditioned distributions of two random variables, extend to multiple random vari-
ables under the assumptions that the random variables are independent draws from two different
distributions and conditioning is with respect to the draw being the maximum draw. The second
implication is that, if we compare distributions that are different powers of the same underlying
distribution, these distributions are selection equivalent under all three relations. For example,
all distributions of the form F(x) = xp, x ∈ [0,1] are equivalent. A less obvious example is
provided by the Extreme-value type distributions (e.g., Fréchet and Gumbel distributions) with
the same shape but different location or scale parameters.
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5 Geometric convexity in terms of probability densities

We aim to characterize the extent to which our order relations can be applied to the standard
distributions used in economics and finance research. Typically, these distributions have abso-
lutely continuous distribution functions with respect to Lebesgue measure and thus are charac-
terized by their probability density functions. Restricting attention to distribution functions that
are sufficiently regular so that they can be characterized by their density functions permits us to
both develop more intuitive characterizations of geometric and average geometric dominance
and to develop tests that are frequently easy to apply to verify dominance relations between
distributions. These conditions and tests are applicable when the distributions’ relationship
satisfies the following regularity conditions.

Definition. An admissible pair of distribution functions F and G are regularly related if
(i) F(0) = G(0) = 0.

(ii) F and G are absolutely continuous with respect to Lebesgue measure on (x, x̄).
(iii) On (x, x̄), F and G have density functions, f and g that are strictly positive and continuous.

Regularity implies that u is differentiable and thus Lemma 3 can be used to verify that u is
geometrically convex. It also implies that F and G have probability density functions. Under
regularity, Lemma 3 permits us to produce a simple mapping between the properties of the
transform function, u, and the properties of the underlying distribution and density functions of
the random variables generating u. This mapping is provided by the next result, Lemma 7.

Lemma 7. Suppose that F and G are regularly related and u = F ◦G−1.

(i) u is (strictly) convex if and only if x ↪→ f (x)/g(x) is (strictly) increasing over (x, x̄), i.e.,

F dominates G in the MLRP order.

(ii) u is (strictly) geometrically convex if and only if x ↪→ f (x)
g(x)

G(x)
F(x) is (strictly) increasing over

(x, x̄).

(iii) U is (strictly) convex on average if and only if

x ↪→
∫ x

x f (z)G(z)dz
∫ x

x g(z)G(z)dz

is (strictly) increasing over (x, x̄).

(iv) U is (strictly) geometrically convex on average if and only if

x ↪→
∫ x

x f (z)G(z)dz
∫ x

x g(z)F(z)dz

is (strictly) increasing over (x, x̄).

(v) F CSSD dominates G if and only if

sup
x∈(x,x̄)

∫ x
x f (z)G(z)dz
∫ x

x g(z)F(z)dz
=

∫ x̄
x f (z)G(z)dz
∫ x̄

x g(z)F(z)dz
.
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Proof. See Appendix A.

An immediate and interesting consequence of Lemma 7 is that a geometric dominance rela-
tion between the unconditional distributions implies that their competitive selection-conditioned
distributions are ordered by MLRP.

Lemma 8. If F and G are regularly related, F (strictly) geometrically dominates G if and only

if F (strictly) dominates G under the competitive selection conditioned MLRP ordering.

Thus, Lemmas 1 and 8 show that geometric dominance implies that not only is the selection-
conditioned distribution F stochastically dominant conditioned on selection, it is also stochas-
tically dominant if we condition not only on competitive selection but also the realizations of
the competitively selected distribution lying in any interval. Thus, as well as being a sufficient
condition for CSSD dominance, geometric dominance is a necessary and sufficient condition
for the sort of dominance which, in the case of unconditional distributions, is implied by MLRP.

Note that (log◦F)′ = f/F represents the reverse hazard ratio, rF , of the distribution F .
Thus, the geometric dominance condition can be expressed as the ratio of reverse hazard ratios,
rF/rG, being increasing. Most textbook statistical distributions are log concave and thus these
distributions have decreasing reverse hazard ratios. In fact, it is not possible for a distribution
with support equal to the non-negative real line to have reverse hazard ratio which is uniformly
increasing.10 Thus, for most distributions, geometric dominance can be framed as the condition
that the rate of decrease of the geometrically dominant distribution’s reverse hazard rate is
slower than the rate of decrease of the geometrically dominated distribution’s reverse hazard
rate.

The analogy between MLRP ordering of unconditional distributions and the geometric
dominance ordering of selection-conditioned distributions is very close. MLRP can be ex-
pressed as the ratio F ′/G′ being increasing while geometric dominance can be expressed as
the ratio (log◦F)′/(log◦F)′ being increasing. MLRP dominance is equivalent to the transform
function, u being convex. Geometric dominance is equivalent to u being being geometrically
convex. The MLRP ordering implies dominance even if valuations are conditioned on a subset
of possible realizations. Geometric dominance implies selection-conditioned dominance even
if realizations of the selected variable are conditioned on a subset of possible realizations.11

10See Block, Savits, and Singh (1998) for derivation of these assertions and more details regarding reverse
hazard ratios.

11The logconvexity of the transform function, u, implies both geometric dominance and MLRP dominance.
However, the logconvexity of the transform function is not a very useful notion of dominance because it is hardly
ever satisfied by textbook distributions. u being logconvex is equivalent to ( f/F)(1/g) being increasing. If F
is logconcave and g is not always increasing on it support, this condition cannot be satisfied. As most standard
textbook distributions are logconcave and most do not have monotonically increasing densities, the logconvexity
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Geometric dominance, although a stronger condition than CSSD and average geometric
dominance, in practice, is much easier to verify because verification only requires inspection of
the graph of its defining ratio, ( f G)/(F g). In contrast, neither CSSD nor geometric dominance
on average can be identified directly from the distribution functions being compared. However,
it is possible to develop a simple, sufficient, and intuitive condition for CSSD which depends
only on the behavior of the ratio ( f G)/(F g). This condition is presented below.

Lemma 9. If (a) limx→x ( f (x)G(x))/(g(x)F(x)) = 1 (b) F strictly stochastically dominates

G, and (c) The ratio ( f (x)G(x))/(g(x)F(x)) is either increasing or U-shaped, first decreasing

and then increasing, then F CSSD dominates G. Moreover, a sufficient condition for (a) is that

limx→x f (x)/g(x)> 0.

Proof. See Appendix A.

Lemma 9 shows that CSSD dominance given stochastic dominance, is essentially a tale
of the two tails of the compared distributions. If the left tails of the two distributions are
“proportional” at some fixed ratio and the right-tail advantage of the stochastically dominant
distribution, measured by the ratio ( f (x)G(x))/(g(x)F(x)), is ultimately increasing, the dom-
inance of the stochastically dominant distribution is preserved by selection. As we show in
the sequel, not only are these two tail conditions sufficient for CSSD dominance of stochasti-
cally dominant distributions, their violation is necessary for competitive selection to completely
reverse the dominance ordering and render the stochastically dominated distribution geometri-
cally dominant.

The conditions developed in this section are aimed to provide intuition into the anatomy of
conditional dominance viewed from the perspective of the compared distributions. However,
it is worth noting, as is apparent from the u-transform approach taken in Section 3, selection-
based notions of dominance depend only on the quantile transform function, u. Properties of
the underlying distribution that are not captured by u are irrelevant for selection-conditioned
dominance. Thus, it is not possible to ensure that things “work out right,” i.e., the stochastic
dominance of the unconditional distribution implies stochastic dominance of the conditional
distribution, simply by imposing standard restrictions on the “absolute” properties of the un-
conditional distributions. Simple counterexamples to this approach can always be constructed
as follows. Take any “nice” distribution (e.g., smooth, with logconcave density, and compact
support) G. Then choose a transform function, u, with the properties that (a) u(t)> t, t ∈ (0,1),
(b) u(t) is strictly concave, and (c) u(t) is strictly geometrically convex. Such functions are

not hard to construct. One example is u(t) = 1−
√

1−
√

t + t (1− t). Now let F = u◦G. (a)

of u is not a very useful basis for ordering “typical” distribution functions. See Bagnoli and Bergstrom (2005) for
an exhaustive discussion of the logconcavity of distribution and density functions and verification of the prevalence
of logconcavity.
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implies that F is strictly stochastically dominated, (b) implies that F is strictly dominated in the
MLRP order, and (c) implies that F is strictly geometrically dominant. As long as G is “nice
enough” so that the distortion induced by u will not lead to the nice properties being destroyed,
we have two very nice distributions under which selection completely reverses the direction
of inference. For example, if we take G to be a Beta distribution with both shape parameters
equal to 5, G has a very logconcave density, a compact support, and is infinitely differentiable,
as nice as one might hope. Moreover, F = u ◦G inherits all of these properties. Yet selection
reverses dominance. Thus, the effect of selection on dominance cannot be pinned down by
placing “absolute” restrictions on the compared distributions.

6 Origins of geometric dominance

Our primary aim is to uncover the relation between conditional and unconditional stochastic
orderings. However, if only to be able to assess the limitations of our analysis, we need to
develop some understanding of how conditional dominance between distributions can arise, in
general, even in the absence of stochastic dominance. Because, CSSD is not even an order rela-
tion, the question of the distributional characteristics which lead to CSSD dominance in general
is difficult to frame. Geometric dominance on average, as noted earlier cannot be directly con-
nected to the shape of the underlying distributions. In contrast, as we show in the next theorem,
geometric dominance, even absent any stochastic dominance relation between the compared
distributions, places very strong and simple restrictions on the compared distributions.

Theorem 4. Suppose that F and G are an admissible pair of distributions and let u = F ◦G−1.

Suppose that F geometrically dominates G, i.e, that u is geometrically convex.

(i) If, on some neighborhood of x, F(x)< G(x), then for all x ∈ (x, x̄), F(x)< G(x), and thus

F strictly stochastically dominates G

(ii) If, on some neighborhood of x, F(x)> G(x), then either

(a) F(x)> G(x) for all x ∈ (x, x̄) and thus G strictly stochastically dominates F, or

(b) There exists a point xo ∈ (x, x̄) such that for all x ∈ (x,xo), F(x) ≥ G(x) and for

all x ∈ (xo, x̄), F(x) ≤ G(x). If F strictly geometrically dominates G, then for all

x ∈ (x,xo), F(x) > G(x) and for all x ∈ (xo, x̄), F(x) < G(x), i.e., the geometrically

dominated distribution crosses the dominated distribution once from below.

Proof (Sketch). The formal proof of this result is presented in Appendix A. The intuition be-
hind the proof of this result is that strict geometric convexity implies strict convexity of the
transform function when this function is plotted using logarithmic scaling. This convexity im-
poses strong restrictions on the behavior of the underlying distributions. At quantiles where
the two distribution functions, F and G, cross, i.e., points where F(x) = G(x), the transform
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function, u meets the identity function at a corresponding point, i.e., u(t) = t. The conjugate
function, û, which is just the log scaled u function, also meets its identity function at a cor-
responding point in the log-scaled space. The strict convexity of the conjugate function then
places strong restrictions on how and how often it can meet the identity function. If it starts
below the identity function, it can only meet it once. However, since the conjugate must meet
the identity at its endpoint, which corresponds to the point where both distribution functions
equal 1, it cannot meet the identity at any other point. If the conjugate function starts out above
the identity, convexity implies that it can cross the identity at most twice. Again, because one
of these crossings must occur at the endpoint, it crosses the identity at most once before reach-
ing the endpoint. Translating these properties back from the log scaled space restricts the u

transform function’s crossings of its identity function, and translating the u functions behavior
back to the underlying distributions yields the results.

In essence, Theorem 4 divides geometric dominance relations into three possible config-
urations: In the first case, developed in part (i) of the Theorem, the geometrically dominant
distribution is stochastically dominant. In the second, developed in part (ii.a), the geometrically
dominant distribution is stochastically dominated. In the third case, developed in part (ii.b) the
geometrically dominant distribution is in some since dispersion increasing. Because our aim
is to relate unconditional stochastic dominance to stochastic dominance conditioned on com-
petitive selection, our focus in the subsequent analysis will be on the first two cases, i.e., the
first case, where competitive selection preserves stochastic dominance, and the second case,
were competitive selection reverses stochastic dominance. However, when considering the ap-
plication of our results to economic and econometric models, we will need to consider the
implications of Theorem 4 for the robustness of our results to variation in the dispersion of the
compared distributions.

7 Competitive selection preservation and reversal

7.1 Selection preservation

We aim to first analyze case (i) of Theorem 4. In this case, selection preserves the ordering
of distributions: when one distribution is unconditionally better than another, it is also better
conditioned on selection. When competitive selection preservation takes the strong form of
geometric dominance, preservation imposes sharp, standard, and fairly easy to verify restric-
tions on the properties of the unconditional distributions. Weaker forms of selection dominance
naturally impose weaker restrictions.

Theorem 5. Suppose that F and G are an admissible pair of distributions and let u ◦G = F.

Suppose that F is strictly stochastically dominates G. Then,
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i. If F strictly geometrically dominates G, then

a. The transform function, u, is convex and thus,

b. if F and G are regularly related, F strictly dominates G in the MLRP order.

ii. If F strictly geometrically dominates G on average, then the average transform function,

U, is convex.

Proof. See Appendix A.

Theorem 5 shows that, when geometric dominance preserves the stochastic dominance or-
dering, it implies the MLRP ordering. The MLRP ordering controls the behavior of the distri-
bution over its entire support. Thus, selection preservation requires that the dominant distribu-
tion’s “superiority” over the dominated distribution be in some sense uniform over the support.
As discussed in Section 5, the rate of increase in the likelihood ratio must be sufficiently great
to compensate for the increase in the reciprocal ratio of the distributions. In other words, the
relative superiority of the dominant distribution needs to increase sufficiently fast as values
move from the lower to the upper end of the distributions’ support.

7.2 Selection reversal

As shown in part (ii.a) of Theorem 4 a distribution can be geometrically dominant yet stochas-
tically dominated. In this case, selection reverses dominance. Perhaps the “easiest” way to
induce selection reversal is for the selection dominant distribution to be a mixture between a
point mass at x and the rival distribution, i.e., F(x) = p+(1− p)G(x), x ∈ [x, x̄] and p ∈ (0,1).
In this case, the transform function is u(t) = p+(1− p) t, t ∈ [0,1] and the conjugate transform
function is û(y) = log(p+(1− p)ey), y≤ 0. Note that

û′′(y) =
ey (1− p) p

(ey (1− p)+ p)2 > 0,

and, thus, û is strictly convex, and therefore F strictly geometrically dominates G; yet F is
strictly stochastically dominated by G. Intuitively, the geometric dominance of F results be-
cause, whenever an x realization from F is pitted against a draw from G, the draw from G

is selected regardless of its quality. This effect, which one might term the “admission effect”
lowers the average value of selected draws from G. Moreover, because G places no point mass
at x, the x draws from F are never selected and thus have no effect on the quality of selected
draws from F . This admission effect starkly illustrates the difference between competitive and
fixed-threshold selection: under competitive selection the distribution of one alternative affects
not only its selection-conditioned quality but also the selection-conditioned quality of its ri-
val. In fact, as the next lemma shows, a point mass at x always strictly strengthens selection
dominance.
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Lemma 10. Suppose let Fo be and admissible distribution function with Fo(x) = 0 such that Fo

(CSSD) (geometrically on average) (geometrically) dominates G, let F = p+(1− p)Fo, then

F strictly (CSSD) (geometrically on average) (geometrically) dominates G.

Proof. See Appendix A.

Lemma 10 shows that a point mass at x favors selection reversal. The next result shows that
“something like” a point mass at x is the only way to induce selection reversal: a point mass
per se is not required but for selection reversal to occur the ratio between the left tail weights
assigned by the two distributions must explode as the upper bound on the left-tail shrinks to x.

Theorem 6. Suppose that F and G are an admissible pair of distributions and let u ◦G = F.

Suppose that F is strictly stochastically dominated by G. Then,

i. if F CSSD dominates G

limsup
x→x

F(x)
G(x)

= ∞.

ii. If, in addition, F strictly geometrically dominates G on average, then there exists xo ∈ (x, x̄)
such that for all x < xo, the function

a. x ↪→
∫ x
x

F(z)
G(z) G(z)d G(z)
∫ x
x G(z)d G(z)

is strictly increasing and b. lim
x→x

F(x)
G(x)

= ∞.

iii. If in addition, F strictly geometrically dominates G, then for all x ∈ (x, x̄), the function

a. x ↪→ F(x)
G(x)

is strictly increasing and b. lim
x→x

F(x)
G(x)

= ∞.

In the case of reversals, we do not have the fine control over the ratios between densities
that we had in the case of selection preservation. In this case, the likelihood ratios of the un-
conditional distributions need not be ordered. However, selection reversal does restrict the ratio
between the distribution functions and their densities around the lower endpoint of their com-
mon support: The probability weight on the left tail of the selection dominant but stochastically
dominated distribution must grow explosively relative to the selection dominated but stochas-
tically dominant distribution’s tail weight. We term this behavior a “left-tail explosion.” In the
language of asymptotic analysis, the relation between the geometrically dominant distribution,
F and geometrically dominated distribution, G, must satisfy G = o(F), x→ x, i.e., the left tail
of F has a higher order of magnitude than the left tail of G.

A left-tail explosion reproduces the effect of the point mass. As we shall see, selection
reversal can result even when comparing two distributions that are both “size” parameter shifts
of the same textbook distribution. However, we shall also see that, in contrast to selection
preservation, in the world of textbook distributions, reversal is quite uncommon.

Stochastic orders and selection 25



8 Distributions

Thus far, we have not verified that any specific distributions satisfy the geometric dominance
condition. We now turn to this task. We consider families of standard textbook distributions.
Typically, these distribution families can be represented by two parameters: a “shape” param-
eter and a “size” parameter. Typically, under standard parameterizations, for a fixed shape pa-
rameter, the map between the size parameter and the and the distribution is an order preserving
with respect to the standard order of the real line and stochastic dominance, i.e., increasing the
size parameter increases the distribution in the stochastic dominance ordering. In a few cases,
noted in the table below, the textbook parameterization is order reversing. In these cases, we
reparameterize to ensure that, under our parameterization, the map is order preserving. We then
ask the question of whether, holding the shape parameter fixed, the map between the size pa-
rameter and the distribution preserves selection-conditioned dominance as defined by the three
relations: CSSD, geometric dominance on average, and geometric dominance. If, under at least
one of these relations, the map from size to the distribution functions is order preserving, we
say that selection preserves stochastic dominance and report the strongest ordering condition
under which the map is order preserving. If the map is order reversing for at least one of the
selection-conditioned orders, we say that selection is reversed and report the strongest ordering
condition under which order reversal occurs. If the distributions are selection equivalent, we
say that selection is neutralized. Of course, it is possible that, conditioned on selection, the dis-
tributions are not ordered. However, for the textbook distributions we examine, this possibility
is never actualized.

If, within one distribution family, for a fixed shape parameter, the size parameter of one
distribution is larger than the size parameter of the other, we call the distribution with the
larger size parameter the upsized distribution and we call the other distribution the original

distribution. In most, but not all cases considered, the size parameter is either a location or
scale parameter. In the case of location/scale parameters it is possible to develop very simple
criterion for geometric dominance. These criteria are defined and developed below.

Suppose that G is an absolutely continuous distribution function with support (−∞,∞) and
that the density of g is continuous over (−∞,∞). Then if F(x) = G(x− c), c > 0 we will say
that F is a c-upshift of G and call F the upshifted distribution and G the original distribution.
Similarly, suppose that G is an absolutely continuous distribution function with support [0,∞)

and that the density of g is continuous over (0,∞). If F(x) = G(x/s), s > 1 we will say that F

is an s-upscaling of G and call F the upscaled distribution and G the original distribution. As
the next lemmas show, for upshifts and up-scalings, geometric dominance only depends on the
generalized convexity properties of the reverse hazard rate of the original distribution.

Lemma 11. All c-upshifts of G (strictly) geometrically dominate G if and only if the reverse
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hazard rate of G, r = g/G is (strictly) logconcave.

Proof. See Appendix A.

Lemma 12. All s-up-scalings of G (strictly) geometrically dominate G if and only if the reverse

hazard rate of G, r = g/G is (strictly) geometrically concave.

Proof. See Appendix A.

Because scaling and translation of both distributions by the same factor does not affect
selection dominance, in the case of location and/or scale families, Lemmas 11 and 12 provide
simple test for selection dominance. Simply take the “standard” member of the location/scale
family and examine the behavior of its reverse hazard rate.

As pointed out in Section 5, Geometric dominance depends only on the relation between
the compared distributions not their “absolute” properties. Thus, it is impossible to rule out se-
lection reversing dominance simply by placing standard restrictions on the distributions being
compared. However, if we restrict attention to location and scale shifts, we have restricted the u

transform function to some extent. Thus, a natural question is whether the location/scale restric-
tion rules out selection reversal. The answer to this question is provided by Lemma 13. The
Lemma shows that restricting the relation between the compared unconditional distributions
does provide some leverage in restricting selection reversal, but only for scale shifts and, even
for scale shifts, only a limited restriction which also requires strong additional assumptions.

Lemma 13. Suppose that G has a strictly logconcave continuously differentiable density g,

then, (i) if F is any upscaling of G, G cannot geometrically dominate F. (ii) The condition that

the density of G is strictly logconcave cannot be weakened to the condition that the G itself

is strictly logconcave.(iii) the condition that F is an upscaling of G cannot be replaced by the

condition that F is an upshift of G.

Proof. See Appendix A.

The lemma shows that if we restrict attention to scale shifts of distributions with logconcave
densities, the upshifted distribution cannot be conditionally dominated in the strongest sense,
geometric dominance. Even in this case, as we illustrate later with one of our “textbook” dis-
tributions, this result does not imply that the upscaled distribution is geometrically dominant.
When upsizing results from translation, even this restriction does not hold. As the example in
the proof of Lemma 13 shows, it is possible for an upshifted distribution to be geometrically
dominated by the original distribution even if the original distribution has a logconcave den-
sity. The recipe for producing this effect is to pick the original distribution so that, although
it support is the entire real line, it has very little mass below a fixed point, and, above this
point the density shoots up. In this case, the upshifts primary effect is to create a mass of re-
alizations of the original distribution that have almost no chance of being selected. This mass
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is “uncompetitive.” However, if matched with realizations from the upshifted distribution, this
mass permits low realizations of the upshifted distribution to be selected, lowering its selection-
conditioned quality. Thus, the upshift acts as a sort of pseudo-mass point at the pseudo-lower
bound. With upscaling, this recipe fails to produce complete reversal because upscaling has a
more significant effect on the upper tail of the distribution than upshifting.

However, the restrictions imposed by Lemma 13 are fairly weak and never actually verify
selection preservation. Thus, it appears that verification requires studying specific distribution
functions. A task to which we now turn. Using Lemmas 11 and 12 as well as the more general
characterizations of selection dominance developed earlier, we derive the effects of size shifts
under competitive selection for many standard families of distributions. The results of these
derivations are reported in Table 8. The derivations themselves are presented in Appendix D
(supplementary material).

Table 1: Selection preservation and reversal

Parameters Effect of selection on
dominance

Distribution Size Type Shape (fixed) Under selection
dominance is

Normal
F [x] = 1

2 − 1
2 Erf

(
µ−x√

2σ

)

x ∈ (−∞,∞)

µ location σ > 0 Preserved
Strictly geo. Dominant

Logistic
F [x] = 1

1+e−
x−µ

s

x ∈ (−∞,∞)

µ location s > 0 Preserved
Strictly geo. Dominant

Laplace
F [x] = 1/2 exp

( x−µ
s

)
if x≥ 0

F [x] = 1− 1/2 exp
(
−
( x−µ

s

))
if

x < 0
x ∈ (−∞,∞)

µ location s > 0 Preserved
Strictly Avg. geo.
dominant but not geo.
dominant

Gumbel
F [x] = exp

(
−e−

x−µ
s

)

x ∈ (−∞,∞)

µ location s > 0 Neutralized
Selection equivalent
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Table 1: (continued)

Parameters Effect of selection on
dominance

Distribution Size Type Shape (fixed) Under selection
dominance is

Gamma
F [x] = (1/Γ(α))

∫ x/s
0 zα−1 e−z dz

x ∈ [0,∞)

s scale α > 0 Preserved
Strictly geo. Dominant

Generalized Exponentiala

F [x] =
(
1− e−

x
s
)b

x ∈ [0,∞)

s scale b > 0 Preserved
Strictly geo. Dominant

Weibulla

F [x] = 1− e−(
x
a)

λ

x ∈ [0,∞)

a > 0 scale λ > 0 Preserved
Strictly geo. dominant

Paretob

F [x] = 1−
( xm

x

) µ
µ−1

x ∈ [xm,∞)

µ > 1 neither xm > 0 Preserved
Strictly geo. Dominant

Kumaraswamy
F [x] = 1− (1− xα)b

x ∈ [0,1]

α > 0 neither b > 0 Preserved if b > 1
Strictly geo. dominant
Neutralized if b = 1
selection equivalent
Reversed for b < 1
Strictly geo. dominated

Lognormal
F [x] = 1

2 − 1
2 Erf

(
µ−log(x)√

2σ

)

x ∈ [0,∞)

µ scale σ > 0 Preserved
Strictly geo. dominant

Fréchet
F [x] = exp

(
−
( x

s

)−α
)

x ∈ [0,∞)

s scale α > 0 Neutralized
Selection equivalent

Log-logistic
F [x] = 1

1+( x
α )
−β

x ∈ [0,∞)

α > 0 scale β > 1 Preserved
Strictly geo. dominant
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Table 1: (continued)

Parameters Effect of selection on
dominance

Distribution Size Type Shape (fixed) Under selection
dominance is

Gompertzc

F [x] = 1− exp
(
η
(
1− ex/s

))

x ∈ [0,∞)

s > 0 scale η > 0 Preserved
Strictly geo. dominant if
η ≥ 1
Strictly CSSD dominant
but not geo. dominant
and not always geo.
dominant on average if
η < 1

a The exponential distribution is a special case of the Weibull distribution, the case where λ = 1 and of the Generalized Exponential
where b = 1.

b Standard parameterization changed to ensure that increasing the size parameter produces stochastically larger distributions.
Replacing µ with α/(1−α) produces the standard parameterization.

c Standard parameterization of distribution modified to ensure that increases in the scale parameter up scales rather than down
scales. Replacing s with 1/b produces the standard parameterization.

The first and most striking observation about Table 8 is that size parameter shifts lead to
strict geometric dominance for the upsized distribution in the vast majority of cases. Because,
geometric convexity implies selection conditioned MLRP dominance, and as shown in The-
orem 5, MLRP dominance is a necessary condition for geometric dominance when the ge-
ometrically dominant distribution is stochastically dominant, these result show that, for the
overwhelming majority of distributions surveyed, the monotone likelihood ordering is robust
to competitive selection.

Given the results thus far, most of the exceptional cases where selection is not preserved
or partially preserved are quite easy to rationalize. The Gumbel and Fréchet distributions are
extreme value type distributions and as explained in Section 1, such distributions are always
equivalent conditioned on selection. For two distributions on our list, the Laplace and Gom-
pertz, upsizing does not result in geometric dominance but some other form of dominance
is preserved. For the Gompertz distribution when η < 1, the upscaled distribution is CSSD
dominant but not geometrically dominant and sometimes not even geometrically dominant on
average. The failure of geometric dominance in this case is also easy to explain. When the
Gompertz shape parameter, η is less than 1, the upscaled distribution is not MLRP domi-
nant, thus, by Theorem 5 it cannot be geometrically dominant. In contrast, for the Laplace
distribution, the upshifted distribution is MLRP dominant. As MLRP dominance of the up-
shifted distribution is a necessary but not sufficient condition for geometric dominance, the
failure of geometric dominance is, of course, consistent with our earlier results. In the case of
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the Laplace distribution, the failure of geometric convexity results from non-convexity of the
conjugate transform function around the quantile of the original distribution that maps into the
mean of the upshifted distribution. At this point, the upshifted density has a kink which leads to
nonconvexity. Averaging out the conjugate transform leads to convexity and thus the upshifted
distribution is always geometrically dominant on average.

The only distribution in the table in which selection completely reverses dominance is the
Kumaraswamy distribution for shape parameters b < 1. In this case, the upshifted distribution
is strictly MLRP dominant but strictly geometrically dominated. What accounts for selection
causing a complete reversal of dominance in this case? Perhaps the best way to understand this
reversal case is to compare it with the “normal” case where selection is preserved. What better
exemplar can one find of the normal case than the Normal distribution itself. Thus, below, in
Figure 3, we plot the u transform functions of the Kumaraswamy and Normal distributions. In
both cases u = F ◦G−1 maps the relation between a distribution, G, and its upsizing, F .
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Figure 3: Plots of the transform function, u, for the Kumaraswamy and Normal Distributions,
in both cases F is an upsizing of G. In the Kumaraswamy case, the common shape parameter
is b = 1/8 and the size parameter for F is α = 8 and for G is α = 1. In the Normal case, the
common shape parameter is σ = 1 and the size parameter for F is µ = 0.40 and for G is µ = 0.

As explained in Section 3.5, the graph of the transform function can be thought of as a
parametric plot where each point on the graph is given by (G(x),F(x)), for some point x in
the support of the distributions. Thus the abscissa in Figure 3 is labeled G and the ordinate
is labeled F . From the plot we see that u, in both the Kumaraswamy and Normal cases, is
convex and lies below the diagonal, showing that in both cases the upscaled distribution is
stochastically and MLRP dominant. However, as the graph makes apparent, the nature of dom-
inance in the two cases is very different. In the case of the Kumaraswamy, the convexity of
u is concentrated in the the very lowest quantiles. In fact, as the graph shows, u is essentially
flat below the 10% quantile, showing that 10% of the mass of the original distribution is es-
sentially beneath the entire mass of the upsized distribution. Convexity rapidly falls as the
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quantile increases and, at the top end of the quantile range, u is essentially linear. Roughly, in
the Kumaraswamy case, the worst draws of the worse (original) distribution are much worse
than draws from the best (upsized) distribution but the best draws from the worse distribution
are not that much worse than the best draws from the best. In contrast, for the Normal distribu-
tion, dominance is fairly uniform across the quantiles and, in fact, can be approximated, to the
point of visual indistinguishability, by a quadratic polynomial. As shown in Theorems 5 and
6, uniform dominance in the case of selection preservation and dominance concentrated in the
left-tail are always the signature characteristics of selection preservation and reversal. Thus,
geometric convexity of the conjugate transform, û, in the Normal case, indicating selection
preservation, and geometric concavity of û in the Kumaraswamy case, indicating selection re-
versal, are expected. This expectation is verified by Figure 4 Given these observations it is not
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Figure 4: Plots of the conjugate transform function, û, for the Kumaraswamy and Normal
Distributions, in both cases F is an upsizing of G. In the Kumaraswamy case, the common
shape parameter is b = 1/8 and the size parameter for F is α = 8 and for G is α = 1. In the
Normal case, the common shape parameter is σ = 1 and the size parameter for F is µ = 0.40
and for G is µ = 0.

surprising that, for Kumaraswamy distributions, selection reversals can be fairly dramatic. For
example, when the original distribution is Kumaraswamy with size parameter αF = 1/20 and
shape parameter b = 1/2 and the upsized distribution is distributed Kumaraswamy with size
parameter αF = 1 and shape parameter b = 1/2, the unconditional expectation of the original
distribution is approximately 0.195, and the unconditional expectation of the upsized distribu-
tion is approximately 0.667. However, conditioned on selection, the expectation of the original
distribution equals approximately 0.762 and the expectation of the upscaled distribution equals
approximately 0.701.12

12The numbers result from numerical integration. The generating code is available upon request.
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9 Applications

In this section, we illustrate, through concrete examples, how the order relations developed
above determine the toxicity of competitive selection’s effect on qualitative inference. First
we consider the posterior problem of inferring the properties of the unconditional distributions
from selection-conditioned observations. We show that in a classical linear regression model of
treatment effects, the assumption of standard error law distributions, implies that the advantage
of one treatment over another is fairly uniform over the range of possible responses. Thus,
selection is innocuous in that it never reverses the stochastic ordering of the treatments, i.e.,
the sign of the treatment effect can be identified by simple, naive, statistical approaches that
ignore the problem of selection bias. Next we illustrate the use of the ordering relations in prior
problems. Here we derive selection conditioned predictions from unconditional predictions of
two auction models.

9.1 Identifying the sign of treatment effects in standard regression mod-
els in the presence of self-selection.

In this section, we apply the results developed above to the problem of identifying the sign
of treatment effects in the presence of self-selection bias. The development follows Manski
(1990).13Manski analyzes the following problem: consider a population of subjects. Assume
that a random sample of the population is drawn and for each subject in the sample, the econo-
metrician observes x and z, where x represents a vector of individual covariates of the subjects
and z is a indicator function which equals 1 if the subject received drug treatment A and equals 0
if the subject received drug treatment B. Let yA be a scalar measure of the outcome of treatment
A and let yB represent the outcome of treatment B. The econometrician’s difficulty is selectivity
bias: the econometrician observes ỹA only when the subject receives treatment A and observes
ỹB only when the subject receives treatment B. The econometrician’s aim is to infer the dif-
ference in unconditional treatment effects, the difference in the average effects of the drugs
on subjects with covariates x under random assignment, i.e., to infer E[ỹA|x̃]−E[ỹB|x̃]. One
version of the problem considered by Manski assumes that selection is based on self selection,
i.e., treatment A is selected by a subject if and only if ỹA > ỹB.

Under self-selection, the problem of determining the sign of the treatment effect from
the observed data becomes a problem of inferring E[ỹA|x̃]− E[ỹB|x̃] > 0 from E[ỹA|x̃, ỹA >

ỹB]−E[ỹB|x̃, ỹB > ỹA]. Manski considers the question of how non-parametric restrictions on
the supports of the random variates can be used to identify the sign of the treatment effect.
We consider a different question, in a standard parametric regression, what restrictions on the

13See also Manski (1989) and Manski (1997)
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error-term distribution permit identification of the sign of the treatment effect? In a standard
parametric regression (linear or non-linear), the distribution of outcomes under treatment A and
B can be expressed as

ỹ = tB(x̃)+(tA(x̃)− tB(x̃))IA +Φ(x̃)+ ε̃. (29)

where Φ is a real-valued function of the covariates, x, and ε̃ , is an independent and identically
distributed error term.

For any fixed vector of characteristics, x, the distributions of ỹA and ỹB are location trans-
lations of the distribution of the error term ε̃ , the translation being given by the average dif-
ference in treatment effects given x. If the distribution of the error term comes from one
of the translation-shift families of distributions identified in Table 8, e.g., ε̃’s distribution is
Normal, Logistic, or Laplace, then stochastic dominance is preserved by conditioning, i.e.,
E[ỹA|x̃, ỹA > ỹB]−E[ỹB|x̃, ỹB > ỹA] implies that E[ỹA|x̃]−E[ỹB|x̃] > 0. Thus the sign (but not
the magnitude) of the treatment effect can be identified by the standard regression model even
in the presence of self-selection. Moreover, if the error term is Normally or Logistically dis-
tributed, translations of the error term are ordered by geometric dominance, and thus, even, if in
addition to self-selection bias, the self-selected sample is truncated based on observed values of
ỹ, a simple regression would still correctly identify the sign of the treatment effect. Essentially,
the same argument shows that the sign of the treatment effect in a standard Logit regression
can be identified even in the presence of self selection bias.

Note also that identification of the sign of the treatment effect does not depend on informa-
tion about the propensity of subjects to choose a given treatment. Thus, the average treatment
effect could be determined from a study that sampled a predetermined number of patients re-
ceiving each treatment, provided that the sample for each treatment was random. This contrasts
from both standard parametric and nonparametric identification approaches where the propen-
sity to choose the treatment is a key element in the identification strategy.

Of course, these results rest on the assumption that, save for self-selection and perhaps trun-
cation, the regression model is correctly specified. As we demonstrated in Section 6, dispersion
alone can induce geometric dominance. Thus, if the error term is not homoscedastic and varies
with the treatment selected, the misspecified model might not identify the sign of the treatment
effect. Even absent dispersion effects, our previous results point to a very simple case where
selection preservation would fail. Suppose that the two drugs produce identically distributed
effects for most subjects but for a fraction, ρ , of patients, drug B produces an allergic reaction
with extremely negative side effects. In this case, allergic patients would choose drug A even
if its effects were mediocre, while drug B would only be selected if it produced better effects
than drug A. Thus, becasue of the “admission effects” discussed in Section 7.2, selection rever-
sal would occur and the inferior drug B, would produce better results on average when it was
selected.

Stochastic orders and selection 34



10 Selection-conditioned theoretical predictions

In the previous section, we illustrated one application of selection conditioned stochastic orders:
inferring unconditional relations between treatment effects from selection-conditioned samples.
In this section we consider another application: developing theoretical predictions about selec-
tion conditioned outcomes. Because these predictions predict the behavior of the self-selected
sample, self selection presents no obstacle to identification. Thus, selection-conditioned pre-
dictions generate easily testable model implications. A model will be able to produce selection
conditioned predictions whenever the distributions produced by the model are ordered by a se-
lection dominance ordering. We illustrate this application of selection dominance orders with
two examples from the auction literature, a first-price auction with asymmetric bidders, and
an all-pay auction with asymmetric bidders. In both examples, one bidder is ex ante stronger
than the other, e.g., one bidder might be receiving state subsidies or have observable struc-
tural characteristics (e.g., size) that render the bidder more liekly to be able to extract value
from acquiring the auctioned good. In both cases we show that the model’s predictions about
unconditional differences in bidding behavior of the two types of bidders can be extended to
generate predictions about the bidding behavior conditioned on the bidder winning the auc-
tioned good. This extension is quite useful because, as Laffont, Ossard, and Vuong (1995)
point out, frequently bid data is only available for the winning bid in an auction because only
the winning bid is paid. In essence, under this approach, the problem of selection bias is re-
solved by the unconditional theoretical predictions of the model being adjusted to account for
selection rather than the traditional approach of adjusting the econometrics to permit the testing
of unconditional predictions with selection-conditioned data.

10.1 Example: First-price sealed bid auctions

In our first example, a first-price auction we follow a special case of the development in Kaplan
and Zamir (2012). They consider a first-price auction with two risk-neutral bidders, H and L.
The auction is a private value auction with each bidder’s valuation independently distributed.
The valuation of H is uniformly distributed over the interval [0,vH ] and the valuation of L is
uniformly distributed over the interval [0,vL]. We assume that vH > vL > 0. The auctioneer
may set a reserve price of m where m ∈ [0,vL]. In the special case where m = 0, i.e., the
reserve price is not binding, the model reduces to the auction model developed in Criesmer,
Levitan, and Shubik (1967). We extend our results to the general case of a binding reserve
price in Appendix C. In this section, we concentrate on the special case where m = 0. In
this case, the equilibrium inverse bid functions for the two bidders, B−1

i : [0, b̄]→ℜ, i = H,L,
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b̄ = (vH vL)/(vH + vL) in this auction are given by

B−1
L (b) =

2b (vH vL)
2

(vH vL)
2 +b2

(
v2

H− v2
L
) , (30)

B−1
H (b) =

2b (vH vL)
2

(vH vL)
2−b2

(
v2

H− v2
L
) . (31)

Given the uniform distribution assumption, the distribution of bids is given by

P[b̃i ≤ b] = P[Bi(ṽi)≤ b] = P[ṽi ≤ B−1
i (b)] =

1
vi

B−1
i (b).

Thus, the equilibrium bid distributions for the two bidders are given by

FL(b) =
1
vL

(
2b (vH vL)

2

(vH vL)
2 +b2

(
v2

H− v2
L
)
)
, b ∈ [0, b̄], (32)

FH(b) =
1

vH

(
2b (vH vL)

2

(vH vL)
2−b2

(
v2

H− v2
L
)
)
, b ∈ [0, b̄]. (33)

It is clear from inspection that FH strictly stochastically dominates FL. Thus, the “stronger
bidder” H will bid more aggressively for the auctioned good, i.e., the Kaplan and Zamir (2012)
model predicts that higher bids on average from the stronger bidder. Our earlier results easily
generate selection conditioned predictions from this unconditional prediction. To see this, note
that by Lemma 7, strict geometric dominance of FH over FL is verified if the ratio between the
reverse hazard rates of the distributions, rH/rL is increasing. Simple calculations show that the
ratio between the reverse hazard rates is given by

rH(b)
rL(b)

=

(
v2

H v2
L +b2 (v2

H− v2
L
)

v2
H v2

L−b2
(
v2

H− v2
L
)
)2

.

Because this ratio is clearly increasing, FH srictly geometrically dominates FL and thus the se-
lection conditioned distribution of H MLRP dominates the selection conditioned distribution of
FL. Hence, this model predicts that winning bids of the stronger bidder will stochastically dom-
inate winning bids of the weaker bidder. In fact, even if in addition to selection conditioning,
the sample of winning bids is truncated because, for example, only winning bids higher than
some threshold are reported, MLRP dominance of the conditional distributions implies that the
winning bid of the stronger bidder will still, on average, be higher. These selection-conditioned
predictions can be tested even using naive econometrics that fail to account for selection bias
because the predictions themselves are about selection-bias conditioned behavior of the bids.
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10.2 All-pay auctions

In the previous example, using the selection dominance orderings, we were able to generate
theoretical predictions about selection conditioned behavior from unconditional predictions. In
that example, the selection-conditioned predictions were in the same direction as unconditional
predictions. In this section, we develop a simple example were we are able to make equally
strong selection-conditioned predictions but the predictions are the reverse of the unconditional
predictions. The example considers an all-pay auction between two symmetrically informed
bidders. Bidder H places a valuation of vH on the auctioned good and bidder L places a valua-
tion of vL, where vH > vL > 0. In an all-pay auction bidders pay their bid regardless of whether
they win or lose. The high bidder receives the good and, we assume, if the two bids are equal
the good is allocated randomly, with each bidder having an equal probability of receiving the
good. It is easy to see that the equilibrium bid distribution for H and L is given as follows: H

randomizes uniformly over the interval (0,vL). Bidder L randomizes by bidding 0 with prob-
ability ρ = (vH − vL)/vH and, with probability 1−ρ , randomizes uniformly over the interval
(0,vL). To see that these strategies constitute an equilibrium, simply note that the payoff to H

from a bid of bH conditioned on FL is given by




1
2 (vH− vL) if bH = 0

vH− vL if bH ∈ (0,vL)

vH−bH if bH ≥ vL.

Thus, all bids bH in (0,vL) are best responses to FL, verifying that H’s strategy of uniformly
randomizing over (0,vL)) is a best response for H. Similarly, the payoff to L from a bid of
bL ≥ 0 conditioned on FH is given by





0 if bL < vL

vL−b if bL ≥ vL.

Thus, all bids in [0,vL) are best responses for L, verifying that L’s strategy of mixing between a
point mass at 0 and uniform randomization over (0,vL is a best response for L. In fact, FH and
FL essentially constitute the unique equilibrium for the game. However, this assertion is more
difficult to prove and we refer the reader to Baye, Kovenock, and Vries (1993).

It is clear that FH strictly stochastically dominates FL. Thus this model predicts that H’s bids
are stochastically larger than L’s. However, because FL = ρ +(1−ρ)FH , Lemma 10, shows
that H’s bid, conditioned on H winning, is stochastically dominated by L’s bid, conditioned on
L winning. Thus, the all-pay auction model predicts that winning bids of the stronger bidder
will be stochastically smaller than winning bids of the weaker bidder. Again, this selection
conditioned prediction could be tested on a sample of winning bids without correcting for
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selection bias.

11 Conclusion

In this paper we characterized the effect of competitive conditioning on stochastic orders. In
our analysis, the conditioning event was competitive selection, i.e., the realized value of one
of the compared random variable exceeding the realized value of another. In this setting, we
derived necessary and sufficient conditions for competitive selection conditioning preserving
or reversing stochastic order relations between compared distributions. This analysis set deter-
minant bounds on the validity of inferences from the unconditional quality of random variables
to their selection-conditioned quality and vice versa.

The analysis initiated in this paper can be extended in a number of directions. The most
obvious and natural extension is to consider conditioning on other events associated with com-
petitive selection. For example, one might consider, “deselection conditioned dominance,”
where deselection denotes the event that the realized value of a random variable is less than the
realized value of the compared random variable. This extension has some obvious applications.
For example, in two bidder English and second price auctions, the minimum reservation bid
determines the price at which the auctioned good is sold. Thus, an analysis of deselection dom-
inance could determine the distributional conditions under which a bidder, having a stochasti-
cally dominant valuation, would pay more or less in expectation for the auctioned good. The
extension of these results to deselection dominance is straightforward: it simply involves re-
placing the geometric convexity condition for dominance with a geometric concavity condition
and replacing the quantile transform of the distribution functions with the quantile transform of
the complementary distribution function, 1−F . Conditioning on other order statistics, e.g., the
median, is much more difficult because dominance cannot be characterized by geometric con-
vexity or concavity but rather depends on finer properties of the conjugate transform function.

Our analysis also assumed that random draws from the compared distributions were inde-
pendent. Relaxing this condition is a tractable problem under the assumption that each variable
is the sum of a common term and an independent error term. Extending the analysis further
is problematic because, under such extensions, dominance would depend not only on the un-
conditional distributions alone but also on the nature of their structural dependence. Another
interesting extension would be to consider noisy selection. Selection contingent, for example,
on the random variable being selected by quantile response utility function.

In short, this paper answers a question of when stochastic orders are preserved by com-
petitive selection. This question is of considerable relevance to many economic and statistical
problems. At the same time, it initiates an extensible research program into the preservation of
stochastic order under conditioning.
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Appendix A Proofs of Selected Propositions

Proof of Lemma 5. To prove (i) note that we need to show that the geometric convexity relation
is reflexive and transitive. If F , G, and K are three admissible distribution functions, then the
relation is transitive (i) if F dominates F , and transitive (ii) if F dominates G and G dominates
K implies that F dominates K. To show this, note that, by definition, F dominates itself if
the function u = F ◦F−1 is geometrically convex. Because u = F ◦F−1 is the identity, its
geometric convexity is immediate. Now consider transitivity. Transitivity will hold whenever
the functions, u1 = F ◦G−1 and u2 = G ◦K−1 being geometrically convex implies that the
function u3 = G◦K−1 is geometrically convex. Geometric convexity holds if and only if û3 =

û(y) = log◦u3 ◦ exp is convex. Because u3 = u1 ◦u2,

û3 = û(y) = log◦u1 ◦u2 ◦ exp = (log◦u1 ◦ exp)◦ (log◦u2 ◦ exp) = û1 ◦ û2.

Because u1 and u2 are geometrically convex, û1 and û2 are convex. Because, u1 and u2 are
increasing, û1 and û2 are increasing. The composition of increasing convex functions is convex.
Thus, û1 ◦ û2 is convex. Thus, the geometric convexity relation is a preorder. Exactly the same
proof, with u replaced by U , verifies that geometric convexity on average is a preorder.

Now consider(i). The selection dominance order is clearly reflexive; however, it is not
transitive. This can be verified by a counterexample available in Appendix B.

Proof of Lemma 6. First note that, by Theorem 4, (i) implies (ii). By Theorem 2, (ii) implies
(iii).

Next, we show that (i) implies (iv). To see this, let u = F ◦G−1. Then F <
g

G if and only

if u is geometrically convex. G <
g

F if and only if u−1 is geometrically convex. By part (ii)

of Lemma 2, geometric convexity implies that the conjugate functions to u and u−1 are both
convex. Thus û and û−1 are both convex. Because û−1 = û−1, û and its inverse must both be
increasing convex functions equal to 0 at y = 0. Thus, û must be a linear function of the form
û(y) = py, p > 0. Thus,

u(t) = exp(p log(t)) = t p, p > 0. (A-1)

Thus, we have shown that (i) implies (iv).
Next, we show (i) implies (iii). To see this note that the conjugate function to u(t) = t p is

linear shows that (iv) implies (i). Thus, by Theorem 2, (i) implies (iii).
To complete the proof we need only show that (iii) implies (iv). To prove this note that, by

Theorem 1, CSSD dominance is equivalent to

Π[u−1](u(t))≥Π[u−1](1) =
∫ 1

0
u−1(s)ds, t ∈ [0,1],

Π[u](t)≥Π[u](1) =
∫ 1

0
u(s)ds, t ∈ [0,1].

(A-2)
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Expanding the definition of Π[u−1](u(t)), we see that

Π[u−1](u(t)) =
1

u(t) t

∫ t

0
u−1(s).ds. (A-3)

Young’s Theorem (see for example Theorem 156 in Hardy, Littlewood, and Polya (1952))
implies that ∫ t

0
u(s)ds+

∫ u(t)

0
u−1(s)ds = t u(t). (A-4)

Equations (A-4) and (A-3) and imply that

Π[u−1](u(t)) = 1−Π[u](t). (A-5)

Letting t = 1 in (A-4) shows that
∫ 1

0
u(s)ds+

∫ 1

0
u−1(s)ds = 1. (A-6)

Thus, if we let c equal the first integral in (A-6), we see that both inequalites in expression (A-2)
implies that

Π[u](t)≥ c and 1−Π[u](t)≥ 1− c. (A-7)

Thus, Π[u−1](u(t)) = c. This implies that for all t ∈ (0,1],

1
c

1
t

∫ t

0
u(s)ds = u(t). (A-8)

Because u is identically equal to the left-hand-side of equation (A-8), and because u is contin-
uous and thus its integral is differentiable, u must be differentiable. Differentiation of equation
(A-8) shows that u must satisfy the differential equation,

(1− c)u(t)− ct u′(t) = 0, u(1) = 1. (A-9)

This differential equation has a unique solution, u(t) = t(1−c)/c.

Proof of Lemma 7. From Chan, Proschan, and Sethuraman (1990) we see that

u(t) =
∫ t

0
φ ◦G−1(s)ds, (A-10)

where φ is the Radon-Nikodym derivative of G with respect to F . If G and F are a regular pair
of distributions, φ is absolutely continuous with respect to Lebesgue measure and is given by
φ = f/g. Thus,

u′(t) = φ ◦G−1(t). (A-11)

First consider (i). Because G is continuous and its support is [x, x̄], G strictly increasing and
thus G−1 is strictly increasing over [x, x̄]. Hence u increasing if and only if φ is increasing, i.e.,
f/g is increasing.

Now consider (ii), For regularly related distributions, geometric convexity requires that

Stochastic orders and selection 42



R, defined in Lemma 3, be increasing. Substituting the definitions of u and u′ from equa-
tions (A-10) and u = F ◦G−1 into R shows that

R(t) =
φ ◦G−1(t) t
F ◦G−1(t)

. (A-12)

Now make the substitution s = G(t). This yields

R◦G(s) =
φ(s)G(s)

F(s)
. (A-13)

Because G is strictly increasing, R ◦G(s) is increasing if and only if s→ φ(s)G(s)/F(s) is
increasing.

Next, consider (iii). By equation (15), U ′ = u(t)/t −U(t)/t. This equation of can be
rewritten as

U ′(t) =
1
2
∫ t

0

(
u(t)−u(s)

)
ds

∫ t
0 sds

. (A-14)

Because the distributions are regularly related, u′ exists and is absolutely continuous, thus

u(t)−u(s) =
∫ t

s
u′(r)dr.

Thus, expression (A-14) can be rewritten as

U ′(t) =
1
2
∫ t

0

(∫ t
s u′(r)d r

)
ds

∫ t
0 sds

. (A-15)

Using Fubini’s Theorem to reverse the order of integration yields

U ′(t) =
1
2
∫ t

0 u′(r)
(∫ r

0 d s
)

dr
∫ t

0 sds
=

1/2
∫ t

0 u′(s)sds
∫ t

0 sds
=

1/2
∫ t

0 u′(s)sds
1/2 t2 =

∫ t
0 u′(s)sds

t2 .

Finally, note that as shown in the proof of part (i), u′ ◦G−1 = f/g. Using this result and
performing a change of variables shows that

U ′ ◦G(x) =

∫ x
x G(z) f (z)dz

G(x)2 =

∫ x
x G(z) f (z)dz
∫ x

x G(z)g(z)dz
. (A-16)

Because G−1 is strictly increasing, this expression must be strictly increasing if U ′ is to be
strictly increasing as required by the strict convexity of U .

Now consider part (iv). Note that equations (25) and (A-16) imply that

RU ◦G(x) =
G(x)U ′ ◦G(x)

U ◦G(x)
=

∫ x
x G(z) f (z)dz
∫ x

x F(z)g(z)dz
, where RU(t) =

U ′(t) t
U(t)

. (A-17)

Because G is strictly increasing, RU is (strictly) increasing if and only if R ◦G is (strictly)
increasing. RU being (strictly) increasing necessary and sufficient for U being (strictly) geo-
metrically convex, i.e., for F to (strictly) strictly geometrically on average dominate G.
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Now consider part (v), Define

R(x) =

∫ x
x G(z) f (z)dz
∫ x

x g(z)F(z)dz
, x ∈ (x, x̄). (A-18)

Equations (16) and (24) imply that

Π[u](t) =
1

1+RU(t)
, (A-19)

where RU is defined in equation (A-17). Using this observation we see that

Π[u]◦G =
1

1+R(x)
. (A-20)

Thus, because G is strictly increasing, The condition that CSSD condition given by equa-
tion (17) is equivalent to the condition that

sup
x∈(x,x̄]

R(x) = R(x̄). (A-21)

Proof of Lemma 9. Define,

ρ(x) =
f (x)G(x)
F(x)g(x)

, x ∈ (x, x̄). (A-22)

We first show under the hypotheses of the Lemma, R is quasiconvex: If ρ is increasing, the
Monotone L’Hospital Theorem (Pinelis, 2002, Proposition 1) implies that R is increasing and
thus quasiconvex. If ρ is U-Shaped, then the Monotone L’Hopital Rule for oscillatory functions
(Pinelis, 2006, Proposition 4.3) implies that R is either decreasing or U-shaped, decreasing and
then increasing, and thus in this case also it is quasiconvex.

Because R is quasiconvex, if x ∈ (x′, x̄),

R(x)≤max[R(x′),R(x̄)] (A-23)

The hypothesis of the is Lemma is that limx→x R(x) = 1. Moreover, R(x̄) > 1. This follows
from equation (A-20), and the fact that Π[u](1) represents the probability that draws from the
strictly stochastically dominated distribution, G exceed draws from the strictly stochastically
dominant distribution, F and thus Π[u](1)< 1

2 . Thus, for all x ∈ (x, x̄), if x′ is sufficiently close
to x,

R(x)≤max[R(x′),R(x̄)]≤max[1,R(x̄)] = R(x̄),

which implies by Lemma 7.v, that F CSSD G.
Finally, we show that the conditions imposed on the densities in the Lemma are sufficient to

ensure that limx→x R(x) = 1. First note that the stochastic dominance of F and the continuity
of f imply that in a sufficiently small neighborhood of x, f (x)≤ g(x). Thus, convergence f/g

to infinity is not possible. Hence, the sufficient condition given in the Lemma implies that
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f/g→ L, were L is finite and positive. Thus by L’Hosptial’s rule

lim
x→x

F(x)
G(x)

= L.

Thus,

lim
x→x

f (x)G(x)
g(x)F(x)

= lim
x→x

f (x)/g(x)
F(x)/G(x)

= L/L = 1.

Proof of Theorem 4. First consider (i). F < G on some neighborhood of x, implies that u(t)< t

on some neighborhood of 0. The geometric convexity of u implies by Lemma 2 that conjugate
function to u, û(y) = log◦u◦exp(y), is an increasing convex function defined over (−∞,0]. The
conjugate function to the identify function id(t) = t is simply îd(y) = y, the identify function.
Because conjugation preserves order relations, and because u(t) > id(t) in a neighborhood of
0, condition (ii) implies that there exists y < 0, such that û(y) < îd(y) when y < y. Because
û(y) is convex and îd(y) is linear and because the functions meet at 0, they cannot meet at any
other point. Thus, û(y) < id(y) for all y < 0. The order-preserving nature of conjugation then
ensures that u(t) < t, for t < 1. The definition of u then implies that F(x) < G(x), x ∈ (x, x̄),
Thus, F strictly stochastically dominates G.

Now consider (ii). F > G on an open neighborhood of x, implies that u(t) > t on some
open neighborhood of 0. Thus, for the same reasons as advanced in the proof of part (i),
there exists y > 0, such that û(y) > îd(y) when y < y. Because û(y) is continuous, either
(case (a)) û(y) > îd(y), y < 0 or (case (b)) there exists yo < y such that û(yo) = îd(yo). In
case (a), û(y) > îd(y), y < 0 implies that u(t) > t, t ∈ (0,1). The definition of u then implies
that F(x) > G(x), x ∈ (x, x̄). In case (b), because û(y) is convex, it must be the case that
for all y > yo, û(y) ≥ îd(y). Let to = exp(yo), then reversing the transformation we have that
u(to) = to, and for all t ∈ (to,1), u(t)< t. Letting x = F−1(to) = G−1(to) establishes the result.
If F strictly geometrically dominates G then û is strictly convex. The fact that û and îd meet
at 0, the strict convexity of û, and the fact that û(y) > îd(y) when y < y, then imply that û and
îd meet at, at most, one other point. Case (b) assumes that they meet and thus they must meet
at exactly one point; call this point yo. Convexity implies that for 0 > y > yo, û(y) < îd(y).
Translating these results back to the u function and then back to the underlying distributions,
then yields the result.

Proof of Theorem 5. We start by proving assertion (a) of part (i). Assertion (b) follows from
(a) and part (i) of Lemma 7.

For any real valued function of a single variable, f , let D+ f (x) represent the right derivative
of f evaluated at x. Note that a convex function has a right derivative at all points on the interior
of its domain and that a necessary and sufficient condition for convexity of a function is that its
right derivative is nondecreasing.
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Define the function v̂(y) : (−∞,0]→ R by

v̂(y) = û(y)− y, y≤ 0. (A-24)

Where û is conjugate function to u defined in Lemma 2. First note that, because u is strictly
geometrically convex, û is strictly convex and thus v̂ is strictly convex. The hypothesis of strict
stochastic dominance implies that u(t)< t, t ∈ (0,1). Because the conjugate transform is order
preserving, this implies that û(y)− y ≤ 0, Thus, v̂, which is defined on the non-positive real
line, is bounded from above by the x-axis. Thus v̂ must be increasing. To see this note that if v̂

were decreasing anywhere, it would have a support line with a negative slope. For y sufficiently
small this support line would cross the x-axis. Because v̂ is convex its graph lies above all of
its support lines. Thus, v̂ would cross the x-axis. Because, by hypothesis, such crossing is
impossible, it must be the case that v̂ is increasing.

Using the definition of the conjugate function given in Lemma 2 we can see that

v̂◦ log(t) = û◦ log(t)− log(t). (A-25)

The definition of the conjugate function implies that u(t) = exp◦û◦ log(t). Thus,

u(t) = t exp[v̂(log(t))]. (A-26)

Because û is convex, it has left and right derivatives. Thus, u has left and right derivatives. We
differentiate equation (A-26) and obtain

D+u(t) = exp[v̂(log(t))]+ t exp[v̂(log(t))]D+v̂(t)
1
t
=

exp[v̂(log(t))]+ exp[v̂(log(t))]D+v̂(t), t ∈ (0,1).
(A-27)

Because v̂ is increasing and convex, D+v̂ is positive and increasing. Thus, equation (A-27)
implies that D+u is increasing over (0, 1), which implies that u is convex.

The proof of part (ii) is almost identical. As discussed in Section 3.5, stochastic domi-
nance implies that the average transform function, U satisfies, U(t) ≤ 1/2 t. This implies that
is conjugate transform, Û satisfies Û ≤ log(1/2)+ y. We use this fact to define the function
γ̂(y) : (−∞,0]→ R by

v̂(y) = û(y)− y− log(1/2), y≤ 0. (A-28)

From this point on, the proof of part (ii) proceeds in exactly the same fashion as the proof of
part (a).

Proof of Lemma 10. To prove the assertion for geometric convexity and geometric convexity
on average define the map, Φ : (−∞,0]→ℜ by Φ(y) = log[p+(1− p)ey. Equation 7.2 shows
that Φ is strictly convex and it is obvious that it is increasing. Let uo = Fo ◦G−1 and let
u = F ◦G−1 Then û = Φ ◦ ûo. By assumption, ûo is convex. Φ is an increasing convex map,
and thus Φ ◦ ûo = û is strictly convex, i.e., F strictly geometrically dominates G. Exactly the
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same argument, with U replacing u, works to prove the assertion for geometric convexity on
average.

Now consider CSSD. Let θ(t) = p/u(t), then we can write

Π[u](t) =
p+(1− p)Uo(t)
p+(1− p)uo(t)

=
θ(t)+(1− p)Π[uo](t)

θ(t)+(1− p)
.

Because, Π [uo]< 1, the function

θ ↪→ θ +(1− p)Π[uo](t)
θ +(1− p)

(A-29)

is strictly increasing in θ . Moreover, if t ∈ (0,1), θ(t)> θ(1). Thus,

Π[u](t) =
θ(t)+(1− p)Π[uo](t)

θ(t)+(1− p)
>

θ(1)+(1− p)Π[uo](t)
θ(1)+(1− p)

, t ∈ (0,1). (A-30)

By the assumption of CSSD dominance of Fo over G, Π[uo](t)≥Π[uo](1). Thus,

θ(1)+(1− p)Π[uo](t)
θ(1)+(1− p)

≥ θ(1)+(1− p)Π[uo](1)
θ(1)+(1− p)

= Π [u](1). (A-31)

Expressions (A-30) and (A-31) imply that, Π[uo](t)> Π[uo](1), t ∈ (0,1), i.e., F strictly CSSD
dominates G.

Proof of Theorem 6. We first establish (i). First note that if F places positive mass on x then
because G places no mass on x, the result is trivially true. So suppose that F places no mass
on x. In this case, u(0) = 0.. Note that Π[u](1) =U(1)/u(1) =U(1) and that F being strictly
stochastically dominated implies that U(1) > 1/2 (See the discussion in Section 3.5. Thus
CSSD requires that Π[u](t) = U(t)/u(t) > Π[u](1) > 1/2. Thus there exists c > 0, such that
U(t)/u(t)≥ 1/2+ c. Next note (t U(t))′ = u(t) and thus u(t) = t U ′(t)+U(t). Hence,

U(t)≥
(

1
2
+ c
)

u(t) =
(

1
2
+ c
) (

t U ′(t)+U(t)
)
. (A-32)

Letting K = (1
2 + c)/(1

2 − c), algebraic rearrangement shows that there exists K > 1 such that

KU ′(t)≤ U(t)
t

, for all t ∈ (0,1). (A-33)

Because U is differentiable on (0,1) and continuous on [0,1] we can apply the mean value
theorem, to show that there exists η(t) ∈ (0, t) such that

KU ′(t)≤ U(t)
t

=U ′(η(t))≤ sup
s∈(0,t)

U ′(η(t)). (A-34)

The fact that F is stochastically dominated by G implies (see discussion in Section 3.5) that
U(t)/t ≥ 1/2. If U(t)/t is bounded on (0, t).

limsup
t→0

U ′(t) = L ∈ (0,∞) and limsup
t→0

KU ′(t) = K L = limsup
t→0

U ′(t) = L. (A-35)
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This is not possible because K > 1. Thus it must be the case that limsupt→0U(t)/t = ∞.
Next note that

U(t)
t

=

∫ t
0

u(s)
s sds
t2 =

∫ t
0

u(s)
s sds

2
∫ t

0 sds
(A-36)

u(s)/s is continuous for s > 0 and thus can only be unbounded on a neighborhood of 0. If
u(s)/s is bounded on a neighborhood of 0 there exists B < ∞ such that u(s)/s < B uniformly
on this neighborhood which by equation (27) implies that U(t)/t ≤ B/2. As this is not possible
given that limsupU(t)/t → ∞ we conclude that limsupu(t)/t = ∞.. Substituting G(x) for t

then shows that the assertion in part (i) must hold.
Now consider part (ii). First define the function

β̂ (y) = Û(y)− y, y≤ 0. (A-37)

First note that, because U is strictly geometrically convex, Û is thus strictly convex and hence
β̂ is strictly convex. Because β̂ is the conjugate transformation of U(t)/t. Because geometric
dominance on average implies CSSD dominance, and, thus by part (i) U(t)/t is not increasing
everywhere. Thus, U(t)/t must be strictly decreasing on some interval. The conjugate trans-
form is continuous, smooth, and order preserving so it must be the case that β̂ is also strictly
decreasing on some interval. But β̂ is convex and thus, if it is strictly decreasing at any point,
say yo, it is strictly decreasing for all y < yo. Thus for y < yo, β is strictly decreasing.

Using the definition of the conjugate function given in Lemma 2 we can see that

β̂ ◦ log(t) = Û ◦ log(t)− log(t). (A-38)

The definition of the conjugate function implies that U(t) = exp◦Û ◦ log(t). Thus,

U(t)
t

= exp[β̂ (log(t))]. (A-39)

Because the log and exp functions are order preserving, and β is strictly decreasing when
log t < yo, equation (A-39) implies that there exists to ∈ (0,1) such that for all t < to, U(t)/t is
strictly decreasing. Finally note that the function defined in part (ii) is simply the composition
of U(t)/t with G. Thus we have established assertion (a) of part (ii).

To prove assertion (b) of part (ii), note that monotonicity of U(t)/t combined with the result
in the proof of part (i) which showed that limsupt→0U(t)/t = ∞, implies that limt→0U(t)/t =

∞. Next note that because u ≥ U , u(t)/t ≥ U(t)/t. Hence,limt→0U(t)/t = ∞ implies that
limt→0 u(t)/t = ∞. Which implies by the same argument as used in part (i) the assertion in the
Theorem that limx→x F(x)/G(x) = ∞.

Now consider part (iii). Analogously to part (ii) define v̂(t) = û(t)− t, where û is the
conjugate function to u, (defined in Lemma 2). Note that u(1) = 1, which implies that û(0) = 0.
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The fact that F is strictly stochastically dominated implies that u(t)> t, t ∈ (0,1), thus,

v̂(y)≥ 0, y≤ 0 and v̂(0) = 0. (A-40)

Because v̂ is strictly convex, (A-40) implies that v̂ is strictly decreasing. To see this, note
that because v̂ ≥ 0 and v̂(0) = 0, v̂, and v̂ is strictly convex and thus monotone on intervals,
it is strictly decreasing in neighborhood of 0. Convexity, then implies that it must be strictly
decreasing for all y < 0. Using equation (A-26), we can write

u(t)
t

= exp[v̂(log(t))], t ∈ (0,1]. (A-41)

Because, exp and log are strictly increasing functions and v̂ is strictly decreasing, t → u(t)/t

is strictly decreasing. Thus, t → u(t)/t is strictly decreasing. Because v̂ is strictly convex
and strictly decreasing it is bounded from below by support line with a negative slope. Thus
lim

y→−∞
v̂(y) = ∞. Hence, (A-41) implies that, lim

t→0
u(t)/t = ∞. This implies for the same reasons

as given in part (ii) that, x ↪→ F(x)/G(x) is strictly decreasing. This establishes part (a) of (iii).
Part (b) of (iii) follows because geometric dominance implies geometric dominance on average
by Lemma 4, and by part (ii.b), part (b) holds.

Proof of Lemma 11. The distribution of X̃c is G(x−c), x ∈ℜ. Thus, the transform function, u,
is given by

u(t) = G(G−1(t)− c).

Using the inverse function theorem we see that

u′(t) =
G′(G−1(t)− c)

G′(G−1(t))
=

g(G−1(t)− c)
g(G−1(t))

.

Thus, the function R = (tu′)/u defined in Lemma 3 is given by

R(t) =
g(G−1(t)− c)
G(G−1(t)− c)

t
g(G−1(t))

.

Strict geometric dominance is equivalent to R being strictly increasing. Make the substitution
x = G−1(t). This yields

R◦G(x) =
g(x− c)
G(x− c)

G(x)
g(x)

=
r(x− c)

r(x)
.

The ratio r(x− c)/r(x) is (strictly) increasing for every choice of c > 0 if and only if

∀c > 0, x ↪→ log◦r(x− c)− log◦r(x) is (strictly) increasing over ℜ. (A-42)

Because log◦r is continuous, Condition (A-42) holds if and only if log◦r is concave (Kuczma,
2000, Theorems 7.3.3 and 7.3.4).

Proof of Lemma 12. The distribution of X̃c is G(x/c), x ∈ ℜ+. Let θ = 1/c < 1 Thus, the
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transform function, u, is given by

u(t) = G(θ G−1(t)).

Using the inverse function theorem, we see that

u′(t) =
θ G′(θ G−1(t))

G′(G−1(t))
=

θ g(θ G−1(t))
g(G−1(t))

.

Thus, the function R = (tu′)/u defined in Lemma 3 is given by

R(t) =
θ g(θ G−1(t))
G(θ G−1(t))

t
g(G−1(t))

.

(Strict) geometric dominance is equivalent to R being (strictly) increasing. Make the substitu-
tion x = G−1(t), this yields

R◦G(x) =
θg(θ x)
G(θ x)

G(x)
g(x)

=
θ r(θ x)

r(x)
.

The ratio θ r(θ x)/r(x) is (strictly) increasing for every choice of θ ∈ (0,1) if and only if

∀θ ∈ (0,1), x ↪→ log◦r(θ x)− log◦r(x) is (strictly) increasing over ℜ+. (A-43)

Next, let r̂ represent the conjugate function to r defined in Lemma 2. Let y = log(x) and
let β = − log(θ) and note that log◦r = r̂ ◦ log. Thus, condition (A-43) is equivalent to the
condition that

∀β > 0, y ↪→ r̂(y−β )− r̂(y) is (strictly) increasing over (−∞,0). (A-44)

By exactly the same argument given in Lemma 11, condition (A-44) is equivalent to r̂ being
(strictly) concave and r̂ being (strictly) concave is equivalent to r being (strictly) geometrically
concave.

Proof of Lemma 13. First consider part (i). Assume that F is an upscaling of G. By the same
argument as given in Lemma 12, for the upscaled distribution to be geometrically dominated it
would have to be the case that the reverse hazard rate of G was geometrically convex, which,
given differentiability, by Lemma 3, is equivalent to (xr′)/r being increasing. Note that the
quotient rule for differentiation implies that

xr′(x)
r(x)

= x
(

f ′(x)
f (x)

− r(x)
)
. (A-45)

If we differentiate the right-hand side of (A-45), the condition for geometric convexity can be
expressed as (

g′(x)
g(x)

− r(x)
)
+ x

(
g′(x)
g(x)

− r(x)
)′
≥ 0. (A-46)
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If the distribution G has a logconcave density, then (g′/g)′ is nonpositive. Thus,
(

g′(x)
g(x)

− r(x)
)
+ x

(
g′(x)
g(x)

− r(x)
)′
≤
(

g′(x)
g(x)

− r(x)
)
− xr(x). (A-47)

Thus, a necessary condition for geometric convexity is that
(

g′(x)
g(x)

− r(x)
)
− xr(x)≥ 0. (A-48)

Next note that applying the quotient rule for differentiation yields

r′(x)
r(x)

=
g′(x)
g(x)

− r(x). (A-49)

Substituting equation (A-49) into (A-48) yields the equivalent condition

r′(x)(1− xr(x))≥ 0.

Because g is strictly logconcave, r′ < 0, except perhaps on a set of zero measure. Thus, for
almost all x > 0, it must be the case that xr(x)≥ 1, i.e., r(x)≥ 1/x. However,

G(x) = exp
(
−
∫ ∞

x
r(z)dz

)
. (A-50)

If r(x) ≥ 1/x, the integral on the right-hand side of (A-50) is unbounded for all x, and thus
G(x) = 1, x > 0, contradicting G having support [0,∞).

Now consider part (ii). We construct and example where G is logconcave yet the reverse
hazard rate is logconvex. The example is constructed as follows: define

r(x) = x−2 exp(−Ei(−x)), x > 0,

were Ei represents the Exponential Integral function. Define G using equation (A-50). Note
first that

r′(x) =−e−x−Ei(−x) (1+2ex)

x3 < 0.

and thus G is strictly logconcave. Next note that (xr′(x))/r(x)=−e−x−2, and thus (xr′(x))/r(x)

is strictly increasing. Hence r is geometrically convex, which implies that G geometrically
dominates all of its upscalings.

Now consider part (iii). Again, we establish the result by means of an example, let G be
defined by

G(x) = exp
(
1− exp

(
e−x)) , x ∈ℜ.

Direct calculation using the G function defined above shows that r and g′/g are given by

r(x) = exp
(
e−x− x

)
,

g′(x)
g(x)

=−1− e−x (1− exp
(
e−x)) .
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Inspection shows that r is logconvex and that g′/g is strictly decreasing for all x ∈ℜ. Thus, G

has a log concave density yet G strictly geometrically dominates all of its upshifts.

Appendix B Example of the intransitivity of selection domi-
nance

Define the functions: u1 : [0,1]→ [0,1], u1 : [0,1]→ [0,1] as follows. Let

uo(t) =





1
2

t
ηo

if t ∈ [0,ηo)

1
2 if t ∈ [ηo,1−ηo)

1
2 +

1
2

t−(1−η0)
ηo

if t ∈ [ηo,1]

, (B-1)

where ηo = 3/50.

u1(t) =po t +(1− po)uo(t) (B-2)

u2(t) =
(t +1) log(t +1)− co t

2 log(2)− co
, (B-3)

where co = 9/10 and po = 1/10. It is easy to verify that u1 and u2 are an admissible functions.
Thus, these functions define an admissible collection of distributions, F , G, and H over the unit
interval:

H(x) = x, G(x) = u2 ◦H(x), F(x) = u1 ◦G(x). (B-4)

These distributions, as well as their associated selection-dominance functions, Π, defined in
equation (16), are graphed in Figure B. Panels B and C of Figure B verify that u1 and u2 satisfy
the CSSD condition given by expression (17). Theorem 2 shows this condition is necessary and
sufficient for selection dominance. Thus, F selection dominates G and G selection dominates
H. Because F(x) = u1 ◦ u2 ◦H(x), for F to selection dominate H it is necessary for u1 ◦ u2 to
satisfy the CSSD condition given in expression (17). This condition requires that Π[u1 ◦ u2]

have a minimum value at t = 1. As Panel D shows, this is not the case. Thus, F does not
dominate H by CSSD. Hence, the CSSD relation is not transitive.
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Figure 5: Counterexample to transitivity of selection dominance. Panel A plots the distribution
functions, F G and H. Panel B plots the function, Π(u1), (defined in expression (16)) used
to test the selection dominance of F over G, Panel C plots the function, Π(u2), used to test
the selection dominance of G over H. Panel D plots the function, Π(u1 ◦ u2), used to test the
selection dominance of F over H.

Appendix C First-price auction with minimum bid

Using the inverse bid function derived in Kaplan and Zamir (2012) and the relation between
the inverse bid function and the bid distribution developed in the body of this paper, we see that
the bid distributions for H and L are given as follows, for b < m, which corresponds to case
where the bidders valuation is less than the minimum price, bidders bid their value, and their
bids are rejected. Thus, Fi(b) = b/vi, i = H,L for b < m. Otherwise

FL(b) =
m2

vL

(
b− c

√
b2−m2

) , b ∈ [m, b̄], (C-1)

FH(b) =
m2

vH

(
b− 1

c

√
b2−m2

) , b ∈ [m, b̄], where (C-2)

b̄ =
vL vH +m2

vH + vL
, and (C-3)

c =
vH

vL

√
v2

L−m2

v2
H−m2 < 1. (C-4)
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Using some algebraic manipulation, it is possible to show that, for b ∈ [m, b̂].

FH(b) = FL(b)φ(b), where (C-5)

φ(b) =
vL

vH


c2 +

c
(
1− c2)

c−
√

1− m2

b2


 . (C-6)

Thus, the reverse hazard rate for H, for b ∈ [m, b̂] can be expressed as follows:

rH(b)= (log◦FH(b))′=(log◦(FL(b)φ(b))′=(log◦FL(b))′+(log◦φ(b))′= rL(b)+(log◦φ(b))′.
(C-7)

(C-7) implies that the ratio between the reverse hazard rates is given by

rH(b)
rL(b)

= 1+
(log◦φ(b))′

rL(b)
= 1+

(
1− c2) m2

(
bc−

√
b2−m2

)2 , b ∈ (m, b̄]. (C-8)

By Lemma 7, if we can verify that this ratio is increasing we will establish the geometric
dominance of FH over FL. Next, note that

d
db

(
bc−

√
b2−m2

)
= c− 1√

1−m2/b2
. (C-9)

The right-hand side of (C-9) is always negative because

1√
1−m2/b2

≥ 1√
1−m2/b̄2

=
vH
(
m2 + vH vL

)

vL
(
v2

H−m2
) 1

c
≥ 1

c
> 1 > c.

Thus, b ↪→ bc−
√

b2−m2, for b ∈ [m, b̄], is strictly decreasing, which implies, given (C-8) that
rH/rL is strictly increasing when b ∈ [m, b̄]. Next note that, at b = m,

rH(m+)

rL(m+)
=

1
c2 > 1,

rH(m−)
rL(m−)

=
1
c2 = 1.

For b ∈ [0,m], rH/rL = 1. Thus, rH/rL is increasing and geometric dominance is verified.
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Preliminary remarks

We will make use of the following theorem frequently and thus, to minimize repetition, we
provide it here and, in the sequel, simply refer to it as MLHR.

Theorem 1 (Monotone LH́ospital Rule MLHR (Proposition 1.1 in Pinelis (2002))). Let

−∞≤ a < b≤∞. Let φ and ν be real-valued differentiable functions defined on (a,b) and that

Suppose that either φ(a+) = ν(a+) = 0 or φ(b−) = ν(b−) = 0, and that ν ′ does not change

sign over the interval (a,b), then

x ↪→ φ ′(x)
ν ′(x)

is (strictly) increasing⇒ x ↪→ φ(x)
ν(x)

is (strictly) increasing.

We try to distinguish the specific properties of the given distribution being analyzed from
general properties of the distributions and their associated densities and reverse hazard rate. For
the short derivations, we do this by labeling the densities, distributions and hazard rates, with
a subscript indicating the specific distribution being analyzed. For the longer derivations, e.g.,
Gompertz and Gamma distributions, this is impractical because it leads to very bulky expres-
sions. Therefore, in sections devoted to these distributions, we simply state that all references
to distributions, densities, reverse hazard rates, in the given section refer to the specific densi-
ties, distributions, and hazard rates of the distribution being analyzed in that section. Note also
that we are dealing with textbook distributions. Only one of the distributions considered, the
Laplace distribution, lacks smooth derivatives of all orders. And even the Laplace is smooth at
all points in its support save one. Thus, we will frequently use continuous differentiability in
the proofs without explicitly invoking continuous differentiability is our arguments.



1 Normal

The Mill’s ratio for the Normal distribution is log convex (see, e.g., Sampford (1953)). This
implies that the hazard rate, hN of the Normal distribution is log concave. The symmetry of
the normal distribution implies that, the hazard rate and reverse hazard rate, rN , are related by
hN(−x) = rN(x), x ∈ℜ. Note that log◦hN(x) is concave if and only if log◦hN(−x) = rN(x) is
concave. Thus rN is logconcave. Geometric dominance follows from Lemma 11.

2 Logistic

Assume without loss of generality that s = 1 and µ = 0. Under this assumption, the reverse
hazard rate for the logistic is given by

rLogistic(x) =
1

1+ e−x ,x ∈ℜ.

Thus,
log◦rLogistic(x) =− log(1+ ex) .

Next note that
(log◦rLogistic(x))′′ =−

ex

(1+ ex)2 < 0.

Thus rLogistic is logconcave and geometric dominance thus follows from Lemma 11.

3 Laplace

Let GLaplace and gLaplace represent the distribution and density of the standard (s = 1, µ = 0)
Laplace distribution. First, we show that geometric dominance fails in general and then show
that geometric dominance on average holds. Note that the reverse hazard rate for the Laplace,
rLaplace is given by rLaplace = (2 exp(max[x,0]−1))−1. It is easy to verify that, restricted to
x > 0, rLaplace is log convex and thus by Lemma 11, G is not geometrically dominated by all of
its upshifts.

Let FLaplace represent a µ-upshift of GLaplace. We verify geometric convexity on average
using the conditions given in Lemma 7 to show that the function

RLaplace(x) =
∫ x
−∞ gLaplace(z−µ)GLaplace(z)dz∫ x
−∞ gLaplace(z)GLaplace(z−µ)dz

.

is increasing. After considerable, tedious, but quite standard, calculus calculations, one can
express RLaplace in the following somewhat compact form. Let w = ex, and let m = eµ , then
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RLaplace(w) =





1 if w≤ 1,

T2(w,m) if w ∈ (1,µ],

T3(w,m) if w > µ,

(D-1)

T2(w,m) =
4w−2

1+2 log(w)
−1, (D-2)

T3(w,m) =
w2 (8m−4−2Log(m))−4m2 w+m2

w2 (4+2 log(m))−4mw+m2 . (D-3)

Note that RLaplace is continuous and thus, to verify that it is increasing, one needs only verify
that it is increasing on each leg of its definition. Since RLaplace is constant on the first leg, the
assertion is verified for this leg. Now consider the second leg where w ∈ (1,µ]. Note that

∂T2

∂w
=

4(2w log(w)− (w−1))
w(1+2Log(w))2 .

w ↪→w log(w) is strictly convex for w≥ 1. It support line at 1 is w−1. Strictly convex functions
exceed their support lines. Thus, ∂T2/∂w > 0 and hence, T2 is strictly increasing in y.

Now consider the third leg where y > µ . Note that

∂T3

∂w
=

4mS(w,m)

((2w−m)2 +2w2 Log(m))
2 , (D-4)

S(w,m) = 2w2 Q(m)+2wm(2(m−1)− log(m))− (m−1)m2, (D-5)

Q(m) = 2((1+m) log(m)−2(m−1)). (D-6)

First note that differentiation shows that Q is strictly convex for m > 1. Next note that Q′(1) =
Q(1) = 0. This fact combined with the strict convexity of Q implies that Q(m) > 0, for all
m > 1.

Q is positive andS is strictly convex in y. Thus, to show that S is positive on the third leg,
we need only show that evaluated at y = m, S is nonnegative and increasing.

S(y = m,m) = m2 (2m log(m)− (m−1)), (D-7)

∂S
∂w

(y = m,m) = 2m(log(m)+2(m log(m)− (m−1))). (D-8)

Because m > 1 on the third leg, by the same argument as used in the proof for branch two,
m log(m)− (m− 1) > 0. Thus, the right-hand sides of (D-7) and (D-8) are both positive and
hence, the strict convexity of S in y implies that S > 0. Inspection of (D-4) shows that this
implies that ∂T3

∂w > 0, and thus on third leg, RLaplace is strictly increasing. Hence, we have es-
tablished that RLaplace is increasing in y. Because y = ex, RLaplace is increasing in x. Thus, the
translated Laplace distribution always geometrically dominates on average the original distri-
bution but does not dominate it geometrically.
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In essence, the kink in the density of the Laplace distribution generates a nonconvexity in
the conjugate transform distribution which is always smoothed out sufficiently by the averaging
to render the conjugate of the average transform function convex. This averaging effect is
illustrated in Figure 1.

ULaplace uLaplace

0.7 0.8 0.9 1
t
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0.4

0.6

0.8

1.0

A. Plot.

ULaplace uLaplace

0.7 0.8 0.9 1
t

1.00

0.50

0.20

0.30

0.15

0.70

B. Log-log plot.

Figure 1: Convexity and geometric convexity of the transform functions for the Laplace Distri-
bution. The figure in Panel 1 represent a plot of the transform, u, and average transform, U ,
functions when the produced by comparing a standard µ = 0, s = 1 Laplace distribution to and
upscaled Laplace distribution with µ = 1, s = 1. The first figure Panel A graphs these functions
using standard scaling of the axes. The in the second, Panel B, the axes are log scaled. The
domain of the graph, is restricted to [0.65,1] to make the non-convexity of u when plotted in
log-scale more apparent.

The convexity of the transform function, u, indicated by Panel 1A (which implies the con-
cavity of the average transform function, U) indicates by Lemma 7, that the up translated
distribution is MLRP dominant. As shown in Section 3.3, geometric dominance requires the
transform function to be convex when plotted in a log-scaled graph. Panel B shows that this is
not the case in this example. However, averaging smooths out the non-convexity and as Panel B
shows, the average transform function, U , is convex in the log scale plot.

4 Gumbel

Selection equivalence is quite easy to show using many of the tests developed in the manuscript.
Perhaps the most transparent demonstration follows from noting that if G is standard s = 1,µ =

0 Gumbel, and F is a c-upshift of G then, the transform function, u, is given by u(t) = tC, where
C = ec. The function t ↪→ tC is clearly geometrically linear. Thus, the c-upshift is geometrically
equivalent to the original distribution and hence, by Lemma 6, the distributions are selection
equivalent.
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5 Gamma

In order to make the notation more manageable. Define θ = 1/s. In this section let G represent
a standard unit scale Gamma distribution with shape parameter α , i.e.,

G(x) =
1

Γ(α)

∫ x

0
z1−α e−z dz =

γ(α,x)
Γ(α)

,

where Γ represents the Gamma function and γ represents the lower incomplete Gamma func-
tion.

Let F represent an upscaled Gamma distribution with the same shape parameter α but with
scale parameter 1/θ , θ ∈ (0,1). Thus the distribution of F is given by G(θ x), x > 0, and the
reverse hazard rates of F and G are given by

rF(x) = θ r(θ x); rG(x) = r(x), x > 0.

Note that for x> 0, the Gamma distribution, its density, and reverse hazard rate are continuously
differentiable. We will use this fact without comment frequently in the sequel. Geometric
dominance follows from a series of results.

Result 1. The reverse hazard rate, r, for a unit scale Gamma distribution is defined by

r(x) =
e−x xα−1

γ(α,x)
, x > 0.

The reverse hazard rate for the Gamma, r, has the following basic properties:
(a) r is continuously differentiable on [0,∞).
(b) r is strictly decreasing.
(c) limx→0 r(x) = ∞.
(d) limx→∞ r(x) = 0.

Proof. Part (a) follows from the infinite differentiability of the Gamma distribution. Parts (c)
and (d) follow from straightforward calculations, and part (b) follows from the log concavity
of the Gamma distribution function (Baricz, 2010).

Result 2. The reverse hazard rate of for the Gamma distribution is geometrically concave on a
sufficiently small neighborhood of 0.

Proof. Simple but tedious manipulations show that

xr′(x)
r(x)

=−1+
(

e−x xα

γ(α,x)

)2 (γ(α,x)
e−x xα −

γ(α,x)
e−x xα+1

)
. (D-9)
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Applying L’Hopital’s Rule to the terms of (D-9) shows that

lim
x→0

e−x xα

γ(α,x)
= α (D-10)

lim
x→0

γ(α,x)
e−x xα =

1
α

(D-11)

lim
x→0

γ(α,x)
e−x xα+1 =

1
1+α

. (D-12)

Therefore
lim
x→0

xr′(x)
r(x)

=− 1
1+α

< 0.

Thus, by Lemma 3, r and satisfies, in some neighborhood of 0, the conditions for geometric
concavity

Result 3. (a) limx→0
rF (x)
rG(x)

= limx→0
θ r(θ x)

r(x) = 1 and (b) limx→∞
rF (x)
rG(x)

= limx→∞
θ r(θ x)

r(x) = ∞.

Proof. First consider part (a). An application of L’Hospital rule shows that

lim
x→0

xrF(x) = lim
x→0

xrG(x) = α > 0.

Thus,

lim
x→0

rF(x)
rG(x)

= lim
x→0

xrF(x)
xrG(x)

= 1.

Now consider part (b). As x→ ∞, F(x)→ 1 and G(x)→ 1. Thus, the limiting behavior of the
ratio will be determined by the ratio f/g which clearly approaches infinity at x→ ∞.

Define,

ρ(x) =





rF (x)
rG(x)

if x > 0

1 if x = 0.
(D-13)

Result 4. On a sufficiently small neighborhood of 0, ρ ′(x)> 0.

Proof. Note from the definition of ρ , and the fact that ρ is positive, ρ ′ will be positive if and
only if

r′F(x)
rF(x)

− r′G(x)
rG(x)

=
θ r′(θ x)
r(θ x)

− r′(x)
r(x)

> 0.

For x > 0, this condition will be satisfied if and only if

xθ r′(θ x)
r(θ x)

− xr′(x)
r(x)

> 0. (D-14)

Because, θ ∈ (0,1), θ x < x. Thus Result 2 shows that condition (D-14) is satisfied on a
sufficiently small neighborhood of 0.

Note that, Result 3, Result 2, and the continuity and differentiability properties of the
Gamma distribution, imply the following result
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Result 5. The ρ function defined in equation (D-13) verifies the following conditions:
(a) ρ is continuous on [0,∞).
(b) ρ is continuously differentiable on (0,∞).
(c) There exits, ε > 0, such that, for all x ∈ (0,ε)

(i) ρ ′(x)> 0.
(ii) ρ(x)> 1.

(d) limx→∞ ρ(x) = ∞.

Define
ζ (x) =

f ′(x)
f (x)

− g′(x)
g(x)

, x > 0. (D-15)

Explicit calculation shows that
ζ (x) = (1−θ)> 0. (D-16)

The quotient rule for differentiation shows that ρ verifies the equation

ρ ′(x) = ρ(x)
(

ζ (x)− (rF(x)− rG(x))
)
, x > 0. (D-17)

Equations (D-17) and (D-16) thus imply that

ρ ′(x) = ρ(x)
(
(1−θ)− (rF(x)− rG(x))

)
, x > 0. (D-18)

Result 6. For all x > 0, ρ(x)> 1.

Proof. Suppose, to obtain a contradiction, that the result is false. Let xo = inf{x> 0 : ρ(x)≤ 1}.
By the continuity of ρ , ρ(xo) = 1. By the definition of xo, for all x ∈ (0,xo), ρ(x) > 1. Thus
ρ(x0) = min{ρ(x) : x ∈ (0,xo]}. However, because ρ(xo) = 1, rF(x)− rG(x) = 0 and thus by
equation (D-18), in a neighborhood of xo, ρ ′(x)> 0. Thus, ρ is increasing to the left of xo and
thus ρ(xo) cannot be the minimum value of ρ over (0,xo].

Result 7. For all x≥ 0, ρ ′(x)> 0.

Proof. Let B = {x > 0 : ρ ′(x) ≤ 0}. By Results 5.d and 5.c.i, B is bounded and its infimum
exceeds 0. By the continuity of ρ ′, B is open and, if it is not empty, it is thus a countable
collection of disjoint open intervals. Select any of these open intervals, say (x1,x2), where
0 < x1 < x2 < ∞. By the continuity of ρ ′, ρ ′(x1) = ρ ′(x2) = 0. Because, ρ ′ ≤ 0 on (x1,x2),

ρ(x1)≥ ρ(x2). (D-19)

Because, ρ ′(x1) = ρ ′(x2) = 0, equation (D-18), and Result 6 imply that

0 < rF(x1)− rG(x1) = rF(x2)− rG(x2). (D-20)

By Result 1.b, and the fact that x1 < x2, rG(x1)> rG(x2). This fact, and equation (D-20) imply
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that
ρ(x1)−1 =

rF(x1)− rG(x1)

rG(x1)
<

rF(x2)− rG(x2)

rG(x1)
= ρ(x2), (D-21)

contradicting expression (D-19). Thus, B is empty and hence, for all x > 0, ρ ′ > 0. Thus, ρ is
strictly increasing and hence the condition, given in Lemma 7, the geometric dominance of the
upscaled distribution, F , is verified.

6 Generalized Exponential

The reverse hazard rate for a standard (s = 1) Generalized Exponential with shape parameter b

is given by

rGExp(x) = b
e−x

1− e−x .

Applying the differential test for geometric concavity given in Lemma 3, yields

RGExp(x) =
xr′GExp(x)

rGExp(x)
=

xex

1− ex .

Differentiating RGExp yields

R′GExp(x) =
ex

(1− ex)2 (1+ x− ex) .

1+ x is the support line for ex at x = 1. Because ex is convex, ex lies above the support line
and thus 1+ x− ex < 0 for x 6= 1 and 1+ x− ex = 0 at x = 1. Hence, R is strictly decreasing,
implying that rGExp is strictly geometrically concave. By Lemma 12 this implies that G is
strictly dominated by all of its upscalings.

7 Weibull

Let aF > aG and suppose that F is distributed Weibull with size parameter aF and shape param-
eter λ and that G is distributed Weibull with size parameter aG and shape parameter λ . Then a
simple direct calculation shows the transform function, u associated with F and G is given by

uWeibull(t) = F ◦G−1(t) = 1− (1− t)r, q =

(
aG

aF

)λ
< 1, t ∈ [0,1].

Next note that

RWeibull =
t u′Weibull(t)
uWeibull(t)

=
q(1− t)q−1 t
1− (1− t)q .

Both the numerator and denominator of the above expression vanish at t = 1 and the derivative
of denominator never changes sign. Thus, we can apply MLHR. The ratio of the derivatives of
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the numerator and denominator in the above expression is given by

1+(1−q)
t

1− t
and this expression is clearly strictly increasing in t for q < 1. Thus, u is strictly geometrically
convex, and thus F strictly geometrically dominates G.

8 Pareto Distribution

Let aF > aG > 1 and suppose that F is distributed with size parameter αF and shape parameter
xm and that G is distributed Weibull with size parameter αG and shape parameter xm. Suppose,
without loss of generality that xm = 1. Then a simple direct calculation shows the transform
function, u associated with F and G is given by

uPareto(t) = F ◦G−1(t) = 1− (1− t)q, q =
αF (αG−1)
αG (αF −1)

< 1, t ∈ [0,1].

This is exactly the same transform function derived for the Weibull case above. Thus, for the
same reasons as for the Weibull, uPareto is geometrically strictly convex that thus F strictly
geometrically dominates G.

9 Kumaraswamy

The reverse hazard rate for the Kumaraswamy with parameters α and b is given by

b(1− xα)b−1

1− (1− xα)b .

We can rewrite this expression as

χ(α log(x)), χ(y) =
bey (1− ey)b−1

1− (1− ey)b , y < 0.

Suppose that αF > αG the ratio of reverse hazard rates can be expressed as

χ (αF log(x))
χ (αG log(x))

.

Because log is a strictly increasing function. This ratio will (strictly) increase if and only if
y→ χ(αF y)/χ(αG y) is (strictly) increasing over (−∞,0). By an argument very similar to the
argument used to prove Lemma 12, this ratio will be increasing if and only if χ is geometrically
convex. Geometric convexity thus depends on the monotonicity properties of

Rχ(y) =
y χ ′(y)
χ(y)

.
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If Rχ is increasing the stochastically dominant distribution will be geometrically dominant.
Similarly, the geometric dominance of the stochastically dominated distribution is equivalent
to Rχ being decreasing; stochastic equivalence is equivalent to Rχ being constant. Next, note
that

Rχ(y) = Λ (ey) M(y), (D-22)

M(y) =
ey (−y)
1− ey , y≤ 0, (D-23)

Λ(z) =
(1− z)b− (1−bz)(

1− (1− z)b
)

z
, z ∈ (0,1). (D-24)

Inspection and an application of MLHR to the right-hand side of equation (D-23) shows that

M is positive and strictly increasing. (D-25)

The geometric convexity properties of Kumarasway all follow from the following result.

Result 8. If b > 1, then Λ is positive and strictly increasing; If b < 1, Λ is negative and strictly
decreasing; If b = 1, Λ is identically 0.

Proof of Result. First note that 1−bz is the support line for (1−z)b at 0. If b > 1 then (1−z)b)

is strictly convex in z. Thus, (1− z)b > 1−bz . If b < 1 then (1− z)b is strictly concave in z.
Thus, (1−z)b < 1−bz . Since the denominator in the expression defining Λ is clearly positive,
these observations imply that if b > 1, Λ > 0 and, ifb < 1,Λ > 0 . Now consider monotonicity.
Evaluated at z = 0, both the numerator and denominator of Λ vanish and the derivative of the
denominator in the expression defining Λ never changes sign. Thus, we can determine the
direction of monotonicity using the MLHR. The ratio of the derivatives of the numerator and
denominator in the expression defining Λ is given by

DRatioKumar = b (1+λ (z))−1 , (D-26)

λ (z) =
(1− z)b−1 z(1+b)

1− (1− z)b−1 . (D-27)

Note that
λ ′(z)
λ (z)

=
1
z

1
(1− z)

(
1− (1− z)b−1

)
(

z(1−b)−
(
(1− z)b− (1− z)

))
. (D-28)

I claim that if b 6= 1, λ ′(z)/λ (z)< 0. Note that z(1−b) is the support line for (1−z)b−(1−z)

at z = 0. If b > 1, (b < 1) then (1− z)b− (1− z) is strictly convex (concave). Thus,

b > 1⇒ z(1−b)− ((1− z)b− (1− z))< 0 and b < 1⇒ z(1−b)− ((1− z)b− (1− z))> 0.
(D-29)
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Now consider the remaining part of the expression for λ ′/λ . Inspection shows that

b > 1⇒ 1
z
(
(1− z)

(
1− (1− z)b−1

)) > 0 and b < 1⇒ 1
z
(
(1− z)

(
1− (1− z)b−1

)) < 0.

(D-30)
Conditions (D-29) and (D-30) verify that λ ′/λ < 0. Now consider λ ′. λ ′ = λ (λ ′/λ ). When
b > 1, λ < 0, thus λ ′ > 0. Similarly, if β < 1, λ ′ < 0. Thus, when b > 1, λ is λ is strictly
decreasing and when b < 1, λ is strictly increasing. Inspection of equation (D-26) shows
that λ being strictly decreasing (increasing) implies that DRatioKumar is strictly increasing
(decreasing). Thus, if β > 1, DRatioKumar is strictly increasing. Hence, The MLHR implies
that the monotonicity of DRatioKumar controls the monotonicity of Λ.

Given the result, the final demonstration is simple. The definition of Rχ given by equa-
tion (D-22), Equation (D-25), and Result 8, imply that

b > 1⇒ R′χ(y)> 0 and b < 1⇒ R′χ(y)< 0.

Thus, for b > 1, χ is geometrically convex and for b < 1, χ is geometrically concave. This
result implies by the argument given at the start of this section, that if b > 1 the stochastically
dominant up-sized distribution is geometrically dominant and if b < 1 the up-sized distribution
is geometrically dominated.

10 Lognormal

Suppose, without loss of generality, that the common log variance of the original and upscaled
Lognormal equals 1. Let rLN represent the reverse hazard rate of the standard Lognormal dis-
tribution and let rN and hN represent the reverse hazard rate and hazard rate respectively of the
standard normal distribution. Then, the definitions of the Normal and Lognormal distributions
imply that

rLN(x) =
1
x

rN(log(x)), x > 0.

The symmetry of the Normal distribution implies that

rN(log(x)) = hN(− log(x)), x > 0.

Thus,
xr′LN(x)
rLN(x)

=−h′N(− log(x))
hN(− log(x))

. (D-31)

First note that x ↪→ − log(x) is strictly decreasing. Next, note that, as shown above in the
analysis of the Normal distribution, hN is strictly logconcave and thus x ↪→ h′N(x)/hN(x) is also
strictly decreasing. Finally, note that x ↪→−x is strictly decreasing. Thus, the right-hand side
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of (D-31) is strictly decreasing and, hence by Lemma 12, the upscaled distribution is strictly
geometrically dominant.

11 Fréchet

Selection equivalence is quite easy to show using many of the tests developed in the manuscript.
Perhaps the most transparent demonstration follows from noting that if G is standard s = 1
Fréchet with shape parameter α and F is an s-upscaling of G then, the transform function, u,
is given by u(t) = tS, where S = sα . The function t ↪→ tS is clearly geometrically linear. Thus,
the s-upscaling is geometrically equivalent to the original distribution and hence, by Lemma 6,
the distributions are selection equivalent.

12 Log Logistic

Consider the reverse hazard rate for Log-logistic distribution with shape parameter β > 1 and
scale parameter α = 1. The reverse hazard rate for this distribution is given by

rLLogistic(x) =
β

x+ x1+β , x > 0.

Using Lemma 12 to test for geometric concavity we see that

xr′LLogistic(t)

rLLogistic(t)
=

(
1

1+ xβ −1
)

β −1. (D-32)

This expression is clearly strictly decreasing and thus, rLLogistic is strictly geometrically con-
cave. Hence, the upscaled distribution always strictly geometrically dominates the original
distribution.

13 Gompertz

In this section let G represent the distribution function of a standard unit-scale Gompertz dis-
tribution, i.e.,

G(x) = 1− exp((1− ex) η), x > 0.

Let r represent the reverse hazard rate of the unit-scaled Gompertz distribution,

r(x) =
1
η
(
e−x (exp(η (ex−1))−1)

)
, x > 0.

Suppose that F is an upscaling of G, i.e, F(x) = G(x/s), s > 1. As in the case of the Gamma
we define θ = 1/s. Expressed in terms of θ , F = G(θ x), θ ∈ (0,1), and the reverse hazard
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rates of F and G are given by

rF(x) =
f (x)
F(x)

= θ r(θ x); rG(x) =
g(x

G(x)
= r(x), x > 0.

13.1 Gompertz distribution when η ≥ 1

When the scale parameter for the Gompertz distribution equals 1, its distribution function is
given by

G(x) = 1− exp(η (1− ex)) , x ∈ (0,∞).

The reverse hazard rate for this distribution can be written as

rGompertz(x) =
η (1−φ(x))(1−φ(η φ(x)))

φ(η φ(x))
,

φ(x) = 1− ex.

The test for Geometric concavity given in Lemma 12, requires that x ↪→ xr′(x)/r(x) be decreas-
ing. Next note that

RGompertz =
xr′Gomperz(x)

rGomperz
=−Λ(φ(x))M(φ(x)),

Λ(y) = eyη − (1+ yη)+η , y≤ 0,

M(y) =
log(1− y)

1− eyη , y≤ 0.

(D-33)

Because φ is strictly decreasing in x, equation (D-33) shows that to prove that RGompertz is
strictly decreasing and thus rGomperz is strictly geometrically concave we need only show that
the map y ↪→ Λ(y)M(y) is strictly decreasing.

First we show that Mis positive and is also strictly decreasing if η ≥ 1. To see this, first note
that because y < 0, M is clearly positive. Next note that both the numerator and denominator
of the expression defining M vanish as y→ 0 and the derivative of denominator never changes
signs, thus, by the MLHR, a sufficient condition for M to be (strictly) decreasing is that

y ↪→ ∂y log(1− y)
∂y (1− eyη)

=
e−yη

(1− y)η
is (strictly) decreasing. (D-34)

Simple differentiation shows that e−yη/((1− y)η) is strictly decreasing in y if and only if
1−η (1−y)< 0, y < 0. This condition is satisfied if and only if η ≥ 1. Thus M is positive and
strictly decreasing for all y < 0 if and only if η ≤ 1.

Now consider Λ. Λ is strictly convex over y ≤ 0 and at y = 0, the upper end point of its
domain of definition, (−∞,0], Λ and its derivative both vanish. Thus, Λ is strictly decreasing in
y and is positive. Thus, the product Λ(y)M(y) is strictly decreasing when η ≥ 1. Thus, when
η ≥ 1, rGompertz is strictly geometrically concave. This implies that when η ≥ 1, the upscaled
distribution is is strictly geometrically dominant.
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If on the other hand, η < 1, then explicit calculations show that

lim
y→0

(M(y)L(y))′ =
1−η

2
> 0.

Thus, on a sufficiently small neighborhood of 0. y ↪→M(y)L(y) is increasing. which implies
that inverse hazard rate is not geometrically convex. Thus, when η < 1, the upscaled distri-
bution is not geometrically dominant. We now turn characterizing selection dominance in this
case.

13.2 Gompertz distribution when η < 1

Result 9. The Gompertz distribution function is log-concave and thus rF and rG are strictly
decreasing.

Proof. The fact that the distribution function of the Gompertz distribution is strictly logcon-
cave, implies that r is strictly decreasing and thus that rF and rG are strictly decreasing. The
logconcavity of the Gompertz distribution is well known (Sengupta and Nanda, 1999).

Result 10. The function ρ defined by

ρ(x) =
rF(x)
rG(x)

, x > 0,

has the following properties.
(i) limx→0 ρ(x) = 1

(ii) limx→∞ ρ(x) = ∞

Proof. Explicit calculation and, in the case of (i), the use of L’Hospital’s Rule.

Result 11. The derivative of ρ verifies the equation

ρ ′(x) = ρ(x)
(

ζ (x)− (rF(x)− rG(x))
)
, x > 0, (D-35)

where ζ (x) =
f ′(x)
f (x)

− g′(x)
g(x)

, x > 0. (D-36)

Proof. Differentiate using the product and quotient rules.

Result 12. The function ζ defined in Result 11 has the following properties:
(i) ζ (0) =−(1−θ)(1−η)< 0 and limx→∞ ζ (x) = ∞.

(ii) ζ is strictly increasing.

Proof. Explicit calculation in the Gompertz distribution case show that

ζ (x) = ex
(

η− (ex)−(1−θ) η θ
)
− (1−θ).

The results then follow from calculus.
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Result 13. Let xo = inf{x > 0 : ρ(x)≥ 1}, then
(i) ρ(xo) = 1.

(ii) ζ (xo)> 0.

Proof. Part (i) follows from the definition of xo, the continuity of ρ , and Result 10. To prove
part (ii), note that by the quotient rule for differentiation:

(
F
G

)′
=

g
G

(
f
g
− F

G

)
, (D-37)

(
f
g

)′
=

g
f

ζ . (D-38)

Let x∗ be the unique 0 of ζ . Result 12 and (D-38), f/g is U-shaped, strictly decreasing for
x < x∗ and strictly increasing for x > x∗. Evaluating f/g at 0 and applying L’Hopitals’s rule
to F/G at 0, shows that limx→0 F(x)/G(x) = f (0)/g(0) = θ < 1. Thus, F/G < 1 and strictly
decreasing whenever x < x∗. Hence, x∗ < xo, and thus by Result 12, ζ (xo)> 0.

Result 14. Let xo = inf{x > 0 : ρ(x)≥ 1}, then
(i) If x < xo, then ρ(x)< 1.

(ii) If x > xo, then ρ(x)> 1.

Proof. Parts (i) simply follows from the definition of xo and the continuity of ρ . The proof
of part (ii) is essentially identical to the proof of Result 7. The only difference is that in the
Gompertz case, xo plays the role that 0 played in the analysis of the Gamma distribution.

Result 15. Let xo = inf{x > 0 : ρ(x)≥ 1}, then if x≥ xo, ρ is strictly increasing.

Proof. The proof of part (ii) is essentially identical to the proof of Result 7. The only difference
is that in the Gompertz case, xo plays the role that 0 played in the analysis of the Gamma
distribution.

Define the distribution function Mx over the positive real line by

Mx(z) =





∫ z
0 g(w)F(w)dw∫ x
0 g(w)F(w)dw if z≤ x

1 if z > x.
(D-39)

Next, note that we can write R (defined in equation (A-18)) as

R(x) =
∫ ∞

0
ρ(z)dMx(z), (D-40)

where ρ is defined in Result 10. For x > xo, let Cx represent the distribution of Mx conditioned
on z > xo, where xo is defined in Result 14, i.e.,

Cx(z) =





0 if z < xo

1
1−Mx(xo) (Mx(z)−Mx(xo)) if x≥ xo.
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Let γ(x) represent the conditional expectation of ρ under Cx, i.e.,

γ(x) = Ex[ρ(z̃)|z̃ > xo] =
∫ ∞

xo
ρ(z)dCx(z).

Results 14 and 15 show that if z≥ xo, ρ > 1 and is strictly increasing. Note that the conditional
measures, Cx are ordered by strict stochastic dominance, i.e., if x′ < x′′, then Cx′ is strictly
stochastically dominated by Cx′′ . Therefore, for x > xo,

1 < γ(x) and γ is strictly increasing. (D-41)

Next note that using equation (D-40), we can write

R(x) =
∫ ∞

0
ρ(z)dMx(z) =

∫ xo

0
ρ(z)dMx(z)+(1−Mx(xo))γ(x). (D-42)

Reverting to the definition of Mx given in equation (D-39) yields

R(x) =
∫ xo

0 ρ(z)g(z)F(z)dz+ γ(x)
∫ x

xo g(z)F(z)dz∫ x
0 g(z)F(z)dz

.

Differentiating the log of this expression yields,

(log◦R(x))′ =
γ ′(x)

∫ x
0 g(z)F(z)dz+ γ(x)g(x)F(x)

∫ xo

0 ρ(z)g(z)F(z)dz+ γ(x)
∫ x

xo g(z)F(z)dz
− g(x)F(x)
∫ xo

0 g(z)F(z)dz+
∫ x

xo g(z)F(z)dz
.

(D-43)
Next, divide the numerator and denominator of the first term on the right-hand side of (D-43)
by γ to yield

(log◦R(x))′ =
(γ ′(x)/γ(x))

∫ x
0 g(z)F(z)dz+g(x)F(x)

∫ xo

0 (ρ(z)/γ(x))g(z)F(z)dz+
∫ x

xo g(z)F(z)dz
−

g(x)F(x)
∫ xo

0 g(z)F(z)dz+
∫ x

xo g(z)F(z)dz
. (D-44)

By expression (D-41), (γ ′(x)/γ(x)≥ 0. By Results 14.i, and expression (D-41), ρ(z)/γ(x)< 1
for z ≤ xo. Thus, the numerator of the first term on the right-hand side of equation (D-44)
exceeds the numerator of the second term and the denominator of the first term is less than
the denominator of the second term. Thus, the right-hand side of equation (D-44) is positive,
which implies that for x > xo, R ′(x)> 0.

Hence (a) R is strictly increasing for x > xo. (b) For x < xo, ρ(x)< 1, and thus for x < xo,
R < 1. Because of the stochastic dominance of the upscaled Gompertz, (c) limx→∞ R(x)> 1.
Conditions (a), (b), and (c), imply that the supremum of R equals its limit as x→ ∞. Because
for the Gompertz distribution, x̄ = ∞, Lemma 7 implies that the upscaled distribution CSSD
dominates the original distribution.
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