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Introduction

The main ingredient in Fulton-MacPherson’s Intersection Theory is the defi-
nition, for every local complete intersection morphism of schemes f : X — Y,
of a pull-back morphism on Chow groups f' : A.(Y) — A.(X) (see [10],
Chapter 6). This pull-back morphism enjoys a number of good proper-
ties, which can be formalized by saying that it defines a bivariant class
f' € A*(X —Y) (see [10], Chapter 17).

This theory has been extended to Deligne-Mumford stacks by Vistoli ([32])
and later to Artin stacks by Kresch ([23]).

Fulton describes another case in which a bivariant class is defined. Let
i : X — Y be a closed embedding of schemes and Cyx/y the normal cone
of X inY. If Cx/y C E is a given closed embedding of the normal cone
of 7 into a rank-r vector bundle, then these data determine a bivariant class
iy € A"(X — Y) (see Example 17.6.4 in [10]). The main result of this thesis
is a wide generalization of this example as follows. Let f : FF — G be a
Deligne-Mumford type morphism of algebraic stacks (see Definition 1.1.1).
Kresch defines a normal cone C} (or Cp/g) to this morphism (see Section
1.1.3). Assuming we have a closed embedding of C} into a vector bundle
stack € (see Definition 1.1.10), or equivalently a perfect obstruction theory
for the morphism f in the sense of [3], then we define a wvirtual pull-back
morphism fsA.(G) — A.(F). We show that fi defines a bivariant class and
it enjoys the same properties as the Fulton-MacPherson counterpart. In par-
ticular it is functorial, that is, given morphisms f: F — Gand g: G — H
which have compatible obstruction theories (see Definition 1.3.3), then one
has (go f)' = flog'.

These generalizations allow us to view Behrend-Fantechi virtual classes (see
[3]) as certain virtual pull-backs. This approach will allow us to deduce
certain relations between Gromov-Witten invariants, which were the initial
reasons for doing this work.
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It should be said that the idea is not entirely new, although we did not find
this approach in the literature. The main inspiration point was the “functo-
riality property of the Behrend-Fantechi class” of Kim, Kresch and Pantev
in [19]. Also, a similar situation appears in Jun Li’s [M, N]¥'"-construction
(see [26]).

When the core of this thesis was in an advanced state, we have been informed
of Hsin-Hong Lai’s paper on “Gromov-Witten invariants of blow-ups along
manifolds with convex normal bundle” ([24]). The key ideas in Lai’s work are
closely related to ours, with the main difference that he treats one specific
map of Deligne-Momford stacks which possesses a perfect relative obstruc-
tion theory.

The thesis is divided into two chapters. In the in the first chapter we develop
the general theory of Virtual pull-backs. In the second Chapter we give a
number of applications. In the following we give a detailed description of the
contents.

Chapter 1

In the first section we recall the notions of normal cones of Behrend-Fantechi
and Kresch and prove that these two notions are canonically isomorphic.
This allows us to show that that normal cones in this generalized sense have
similar properties to the normal cones defined in Fulton’s book Intersection
theory ([10]). In particular, Kresch’s “deformation to the normal cone” is the
correct analogue of the classical “deformation to the normal cone” explained
in [10].

The main idea of the second section is to replace the normal sheaf Np/q
with a “virtual normal bundle”. The appropriate context for this is given by
obstruction theories. Precisely, if f is a DM-type morphism of Artin stacks
(see Definition 1.1.1) that admits a perfect relative obstruction theory E%, e
(see [3]), then we take the virtual normal bundle to be 7' /h°((EY,)®). Using

this, we obtain a well-defined morphism f': A,(G) — A.(F), that we call a
virtual pull-back. As a byproduct of our construction we obtain a generalized
notion of virtual fundamental class that applies to some examples of Artin
stacks.

In Section 3 we show that the virtual pull-back satisfies the basic properties
enjoyed by Gysin maps. The only point where we need to be careful is the
functoriality property, where we need a compatibility condition between the
vector bundle stacks that replace the normal bundles. The statement of the
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functoriality property may be seen as a generalization of the functoriality
property in [3] and [19]. In particular, when we deal with stacks possessing
virtual classes we prove that, subject to a very natural compatibility relation
between obstructions (see Definition 1.3.3), the virtual pull-back sends the
virtual class of G to the virtual class of F'.

The last section of the first chapter concerns push-forwards along a surjec-
tive morphism of stacks f : F' — G, with F' and G stacks which possess
perfect obstruction theories. We denote the virtual dimension of F' by k;
and the virtual dimension of G by ke. The main result in this section (see
Theorem 1.4.6) states that if the induced relative obstruction theory for f is
perfect and k; > ko, then the push-forward of the virtual class of F' along
f is equal to a scalar multiple of the virtual class of G. This result is a
generalization of the straight-forward fact that given a surjective morphism
of schemes f : FF — G, with G irreducible, then f,[F] is a scalar multiple of
the fundamental class of G (possibly zero).

Chapter 2

The second chapter treats several applications of the theory developed in the
first chapter to Gromov-Witten theory.

In the first section we investigate the relation between the four moduli spaces
of stable maps associated to a cartesian diagram of smooth projective vari-
eties. This situation will appear in most of the following sections.

In the second section we show that given an embedding of smooth projec-
tive varieties ¢ : X — P, with P convex, the pullback along the natural
map induced by 7 on the corresponding moduli spaces of stable maps sends
boundary divisors of My ,,(P,i.3) to boundary divisors of M, (X, 3).

In the third section we provide the answer to a very natural question. Given
a smooth projective variety X and its blow-up p : X — X along some smooth
projective subvariety, we would like to know when do certain Gromov-Witten
invariants of X and X agree. More precisely, if we start with a given homol-
ogy class § € A;(X) and a collection of cohomology classes v; € A*(X), then
we can associate a “lifted” homology class in A;(X) (see Definition 2.3.1 for a
precise statement) and cohomology classes p*y; € A*(X). One could expect
that the Gromov-Witten invariants associated to these data should be equal.
This was first analyzed by Gathmann ([12]) where X was a convex space and
Y a point and by Hu and collaborators ([15], [16] [17]) where it was treated
the blow-up along points, curves and surfaces. Recently, it was shown by Lai
([24]) that (subject to a minor condition) the expectation is true for genus



zero Gromov-Witten invariants of blow-ups along subvarieties with convex
normal bundles. Our idea is to show the equality of rational Gromov-Witten
invariants for X convex and then “pull the relation back” to an arbitrary
X (see Proposition 2.3.6). The statement we get should be compared with
Theorem 1.6 in [24]. We also added a short proof of this result for points
and curves. The method we use is different from the one of Hu and it relies
more on the degeneration method than on the virtual analysis.

The fourth section concerns rational Gromov-Witten invariants of projective
bundles px : Px(V) — X. These were studied by Qin and Ruan ([31]) where
X was taken to be a projective space and by Elezi ([7], [8]) when V is a split-
ted bundle and X is a toric variety. Here, we analyze the map induced by
px between the corresponding moduli spaces of stable maps to Px (V') and
X. Assuming we know the genus zero Gromov-Witten theory of X, we can
compute certain genus zero Gromov-Witten invariants of arbitrary projective
bundles using Elezi’s result.

In Section 2.5 we give a proof of the conservation of number principle for
virtually smooth morphisms. As a consequence we obtain that the virtual
Euler characteristic is constant in virtually smooth families (see Definition
1.4.4). This statement is a generalization of Proposition 4.14 in [11] of Fan-
techi and Gottsche.

In Section 2.6 we consider a situation similar to the Quantum hyperplane
section principle. The starting point data of the Quantum hyperplane sec-
tion principle is a smooth complete intersection X in a smooth projective
variety P which is obtained by cutting out P by r hyperplanes Hy, ..., H,.
Let us denote by V := O(H;) @ ... ® O(H,) the splitted vector bundle on
P associated to these hyperplanes. Then, the Quantum hyperplane section
principle states that one can find a formula relating the Gromov-Witten in-
variants of X (twisted by V') in terms of Gromov-Witten invariants of P.
This situation was studied by many people, but we mainly have in mind the
work of Kim, Kresch and Pantev [19] and the Quantum Lefschetz formula
of Coates and Givental ([5]). In this thesis we are intersted in a smooth
morphism p : P — X and we relate certain Gromov-Witten invariants of
[P (twisted by the relative cotangent bundle Qp,x) with the Gromov-Witten
invariants of X.

In the last section we show that Costello’s push-forward formula follows as
an easy consequence of our formalism.
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Notation and conventions. Unless otherwise stated we denote inclusions
by ¢ and projections by p.

We work over a fixed ground field.

An Artin stack is an algebraic stack in the sense of [25] of finite type over
the ground field.

Unless otherwise specified we will try to respect the following convention:
we will usually denote schemes by X, Y, Z, etc, Artin stacks by F, G, H,
etc. and Artin stacks for which we know that they are not Deligne-Mumford
stacks (such as the moduli space of genus-g curves or vector bundle stacks)
by gothic letters M,, €, §, etc.

By a commutative diagram of stacks we mean a 2-commutative diagram of
stacks and by a cartesian diagram of stacks we mean a 2-cartesian diagram
of stacks.

Chow groups for schemes are defined in the sense of [10]; this definition
has been extended to DM stacks (with Q-coefficients) by Vistoli ([32]) and
to algebraic stacks (with Z-coefficients) by Kresch ([23]). We will consider
Chow groups (of schemes/stacks) with Q-coefficients.

For a fixed stack I we denote by Dy the derived category of coherent Op
modules.

For a fixed stack F' we denote by L its cotangent complex defined in [30].
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Chapter 1

Virtual pull-backs

In this chapter we develop the general theory of Virtual pull-backs which are
generalizations of Fulton-MacPherson’s Gysin pull-backs. More precisely,
given a DM-type morphism of algebraic stacks f : FF — G (see Definition
1.1.1) and a perfect obstruction theory for f (see Definition 1.1.4) we will
define a morphism f : A,(G) — A.(F) and we will show that it satisfies the
same properties as the classical pull-back, namely: compatibility with pull-
backs and push-forwards, functoriality, commutativity and excess. In the
last section we will also treat the problem of push-forwards along morphisms
which posses a perfect obstruction theory.

1.1 Preliminaries

Given a morphism of algebraic stacks f : ' — G, we will give two equivalent
definitions of the normal cone of f and we will prove some basic properties
of normal cones. This will be the key geometric object which will allow us
to develop the theory of virtual pull-backs.

1.1.1 Background

We shortly review the basic notions we will use in this thesis. Most of the
definitions in this section appeared for the first time in “The intrinsic normal
cone” of Behrend and Fantechi ([3]).
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DM-type morphisms

Definition 1.1.1. A morphism f : F — G of Artin stacks is called of
Deligne-Mumford type (or shortly of DM-type) if for any morphism V' — G,
with V' a scheme, F' x4 V is a Deligne-Mumford stack.

Remark 1.1.2. Let us consider the following Cartesian diagram

L,

F—G.

If f is a DM-type morphism, then f’is a DM-type morphism.

Remark 1.1.3. Let f : ' — G be morphism of stacks and let L; be the
relative cotangent complex. Then f is of DM-type if and only if L € D;O

Obstruction Theories

Definition 1.1.4. Let E* € Dx. FE* is said to be of perfect amplitude if
there exists n > 0 such that E* is locally isomorphic to [E~" — ... — EY],
where Vi € {—n, ...,0}, E' is a locally free sheaf.

Definition 1.1.5. Let E* € D5". Then a homomorphism & : E* — L* in
Dr is called an obstruction theory if h°(®) is an isomorphism and h~1(®) is
surjective. If moreover, E* is of perfect amplitude, then E*® is called a perfect
obstruction theory.

Convention 1.1.6. Unless otherwise stated by a perfect obstruction theory
we will always mean of perfect amplitude contained in [—1,0].

Definition 1.1.7. Let f : ' — G be morphism of stacks such that Lg/g is
perfect. In this case we call Lp/g the tautological obstruction.

Let E* := [EY — 0] be a perfect complex with E # 0. Then, under the
assumptions above we call Lr/q @ E* a superfluous obstruction.

Cone stacks

Definition 1.1.8. Let X be a scheme and F be a coherent sheaf on X. We
call C(F) := SpecSym(F) an abelian cone over X.
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As described in [3], Section 1, every abelian cone C(F) has a section
0: X — C(F) and an A'-action.

Definition 1.1.9. An Al-invariant subscheme of C'(F) that contains the
zero section is called a cone over X.

Similarly, Behrend and Fantechi define in [3] Section 1, abelian cone stacks
and cone stacks. Let us recall the definition.

Definition 1.1.10. Let F' be a stack and let E* be an element in (Dg)>o.
We call the stack quotient 2! /h°(E®) (in the sense of [3] Section 2) an abelian
cone stack over stack F'.

A cone stack is a closed substack of an abelian cone stack invariant under
the action of A! and containing the zero section.

If a cone is flat over F, then it is called a vector bundle stack.

Convention 1.1.11. From now on, unless otherwise stated, by cones we will
mean cone-stacks.

Example 1.1.12. (i)Let i : X — Y be a closed embedding of schemes. If
denotes the ideal sheaf of X in Y, then Ny, y = SpecSym Z/I? is called the
normal sheaf of X in Y and Cy,y := Spec ®y>o I¥/I*! < Ny/y is called
the normal cone of X in Y.

(ii)) If f: F — G is a local immersion of DM-stacks, then Vistoli defines
(see [32], Definition 1.20) the normal cone to f as described below. Let us
consider a commutative diagram

(1.2)

with U, V schemes, the upper horizontal arrow a closed immersion and the
vertical arrows étale. Then Cr/q is the cone obtained by descent from Ciy .
Note that Cr/g = Npjq = SpecSym h™ (Lgq).

1.1.2 Intrinsic normal cones to DM-type morphisms

In this section we recall the definition of (relative) intrinsic normal cones
of Behrend and Fantechi ([3]) and we generalize it to DM-type morphisms
of Artin stacks. We also prove that intrinsic normal cones behave nicely in
Cartesian diagrams.
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Definition 1.1.13. Let f : ' — G be a DM-type morphism and let L/ €
ob D(OF) be the cotangent complex. Then we denote the stack h'/h(Lg/c)"
by Mp e and we call it the intrinsic normal shea.

Proposition 1.1.14. (Behrend-Fantechi) Let us consider diagram (1.2) with
the upper horizontal arrow a closed immersion, U — F' an étale morphism
andV — G a smooth morphism. Then for any U and V' as above, there exists
a unique cone-stack €p/q C Np/g such that €pig xXp U = [CU/V/f*TV/G].

Definition 1.1.15. We call &g/ the intrinsic normal cone to f.

Lemma 1.1.16. Let
F/ L G/

pl lq
rl.¢g

be a commutative diagram of Artin stacks with f and f' of DM-type. Then,
there is an induced morphism of abelian cone stacks 3 : Nprjcr — p*Npq.

Proof. The claim follows easily from the morphisms of cotangent complexes

p*LF/G — LF’/G — LF’/G’-

Proposition 1.1.17. Let

F/i)G/

|

F——d

be a commutative diagram of DM-stacks stacks with f and f' of DM-type.
Then, the morphism of Lemma 1.1.16 induces a morphism of cone stacks o :
Cryqr — p*Cpyq. If the diagram is cartesian, then « is a closed immersion.
If moreover, q is flat, then « is an isomorphism.

Proof. This is a generalization of Proposition 7.1 in [3] where the authors
treat the case G and G’ are smooth. We will do the proof in several steps.
Step 0. If f and f’ are locally closed embeddings of DM-stacks the claim
follows from [32] Section 1.
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Step 1. Given F' 5 F La morphisms of DM-stacks we show that the nat-
ural morphism Mg/ — p*™Ng/q induces a morphism €p/ /¢ — p*€p/g. For
this, let M be a scheme such that j : F' — M is a locally closed embedding.
Moreover, we can choose M smooth over GG such that the following diagram

M
/]
F—G
commutes. In the same way we choose N smooth over M such that F' — N

is a locally closed embedding. Putting all together we have a commutative
diagram

.
F'—>F—@G
with 7 and j locally closed embeddings. Using Step 0 for these maps we

obtain a morphism Cgr/ny — p*Cr/pr. On the other hand we have a morphism
Tn/g — ™1y q. From the commutative diagram

(N BNITe Crin
P j Tvyg —p° CF/M

we obtain a morphism [Cr/n/i*Tn/c] — [p*Cra/p*j*Thyc) and therefore
the conclusion.

Step 2. Let us first treat the case in which the given diagram is cartesian.
As before, let V' a scheme such that F' — V is a locally closed embedding
and V smooth over GG. Let us now consider V/ = V x4 G’. Then we have
the following diagram

Fl—V —

Lk

F—V——GC.
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Let us moreover consider F” := F xy V'. By the universal property of
cartesian diagrams we obtain a map ¢ : F” — F’. As the diagram on the
left and big rectangle are both cartesian we obtain that ¢ is an isomorphism.
This implies that I — V"’ is a closed embedding. Using Step 0, we obtain a
map o : [Cpyvr [Tvryar] — [0 Cryv [Ty jcr]-
If moreover, f is flat, the proof follows from the corresponding statement in
Step 0.
Step 3. Let us consider I := F xg G’ with maps p’ : I/ — F” and
p” : F” — F'. By Step 2, we have a morphism Cpv/cv — p""Cp/c and by
Step 1 we have a natural morphism € /v — p*€pr . Composing the two
morphisms we obtain a morphism €p/ /o — p*€p/q. O
Remark 1.1.18. It can be easily seen that the canonical morphism €rr /o —
p*€r/q is injective if and only if Npr /g — p*Npy is injective.

In the following we generalize the notion of intrinsic normal cone to a DM-

type morphism f : F' — G to the case F' is an Artin stack (not necessarily a
DM-stack).

Construction 1.1.19. Let us consider the following commutative diagram

U (1.3)

pl \

r1-¢
with U a scheme and p a smooth morphism. By Lemma 1.1.16 we have a
morphism

v: Ny — p*mp/g. (1.4)

Let us consider the restriction ¥ : €y/¢ — p*MNp/q. We denote the image of
¥ by €pq|lu and we call it the local normal cone on U of F' to G .

Let us now show that local normal cones glue. For this, we need the
following easy lemma.

Lemma 1.1.20. Let us consider the following commutative diagram
U/

/|
N

F—G
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with p and p' smooth morphisms. Then Cp/c|lu xu U’ is naturally isomorphic
to Q:F/G|U’ .

Proof. The claim easily reduces to showing that the following diagram is
commutative
Cyrig — (pop ) Np/a

| |

P ¢y —= (pop) N

and this is obvious from the corresponding diagram between normal sheaves.
O

This lemma shows that there exists a unique closed subcone €r/g —
MNr/ such that for every diagram (1.3) we have €p/¢ Xp U = Cp/qlu.

Definition 1.1.21. The cone CF/q is called the intrinsic normal cone of f,
or when there is no risk of confusion the intrinsic normal cone of F' to G.

Remark 1.1.22. Let us consider diagram (1.3) with F' a DM-stack. Let us
show that restricting the natural map Ny,¢ — p*Np/e — 0 to €y/q we
obtain a morphism of cones €y — p*€p/g — 0. For this, let us consider
V' — G a smooth morphism and let us construct the following diagram

FxoViay.
(O
F—1 .¢

By Proposition 1.1.2 we have that C is canonically isomorphic to Cf. Let
now q : U — F an étale morphism and U — M, with M smooth over
V. Then ¢*Cy = [Cy/a/Taryv]. This shows that restricting the natural map
Nu/a — P Nrje — 0to €y we obtain a morphism of cones [Cy/ar/Tar/a| —
[Comt/ Taryv].

Therefore our definition is consistent with Definition 1.1.15.

Remark 1.1.23. Let us consider diagram (1.3), with p a smooth morphism.
By Proposition 1.1.2 and Remark 1.1.18 we obtain a closed embedding &/ p —
€y/a. This shows that the sequence 0 — Ny /p — Ny — ‘JIF/G|U — 0 in-
duces the exact sequence of cones (in the sense of Definition 1.12 in [3])

O—>€U/F—>¢U/G_>€F/G‘U_>O' (15)



10 CHAPTER 1. VIRTUAL PULL-BACKS

Proposition 1.1.24. Let

L

|

F—d

be a commutative diagram of Artin stacks with f of DM-type. Then, there is
an induced morphism of cone stacks a : €prjer — p*Cpq. If moreover, the
diagram is cartesian, then « is a closed immersion. If q is flat, then « is an
1somorphism.

Proof. We argue as in the proof of Proposition 1.1.2.
Step 1. Let us consider the diagram is cartesian. Let U — F' a flat scheme
over FFand U’ := U xp F'. Then from the cartesian diagram

U/ > F/ > G/

o

U——F—(
and Proposition 1.1.2 we obtain that
QtU//G’ — q*QtU/G (16)

is a closed embedding. Using sequence (1.5) for €p/¢ly and Cpr/er|yr we
see that the embedding (1.6) induces an embedding €p/clv — ¢*(Cyrjer|ur)
which glues to a closed embedding €r/q — ¢*€yr /g from the corresponding
morphism between normal sheaves.

If moreover, f is flat, the proof follows similarly.

Step 2. The general case follows from Step 1 and Proposition 1.1.2; in the
same way as in the proof of Proposition 1.1.2 Step 3 follows from Step 2 and
Step 1. O

1.1.3 Normal cones to DM-type morphisms

Here we recall Kresch’s fundamental notion of normal cone of a DM-type
morphism and we compare it to the intrinsic normal cones from the previous
subsection.

Let f: F — G be a morphism of DM-type. The normal cone of f, denoted
Cf or Cp/ was defined by Kresch in [23], section 5.1 under the assumption
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f representable and locally separated; it is a cone stack over F. In [22],
Section 5.1 and in the proof of Proposition 1 in [19], Kresch mentions that
the definition of C'y and its abelian hull Ny extends to DM-type morphisms.
We spell out the definition.

Lemma 1.1.25. Let f : I — G be a DM-type morphism of Artin stacks.
Then one can construct a commutative diagram (not unique)

v
G
where U and V' are schemes, the vertical arrows are smooth surjective and
the top arrow U — V s a closed immersion. Moreover, U and V' in diagram

(1.8) can be taken such that the natural map R — S is a locally closed
1MMErsion.

N

(1.7)

=0

I

Proof. Let W be a smooth atlas of G. As f is a DM-type morphism F xo W
is a DM-stack. Let U be an affine étale atlas of F' x4 W. Then, there exists
a smooth scheme M such that U — M is a closed embedding of schemes.
Taking V' to be M x W, we obtain the following commutative diagram with
the vertical arrows smooth morphisms and the natural map f U —-Voa
closed immersion

U Lv=Mxw (1.8)
"
FXGW W
F G.

O

Lemma 1.1.26. Let R:=U xpU and S :=V xgV. Then the natural map
R — S is a locally closed immersion.

Proof. We can factor the morphism R — Sas R - U xqgU — S =V xgV.
The last map is a closed immersion. Let us now show that the first map
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is a locally closed immersion. But this follows easily from the fact that the
following diagram is Cartesian

UxpU——=UxgU (1.9)
F A FxgF.
O

Proposition 1.1.27. (Kresch) Let us consider the cone Cr/s. There are
natural morphisms making Cr/s = Cy v into a smooth groupoid in the cat-
egory of schemes.

Proof. (Sketch) Let ¢1, g2 : S — V be the obvious projections. Then we
have natural maps

R=UxpU —-UxgU —-UxgV ~U xy S,

the last isomorphism depending on ¢;. These maps induce natural maps
81, S2: OR/S - CU/V

OR/S = (OUXVS/S) XUxy S R~ OU/V Xy R — CU/V- (1.10)

In the same manner as in [22] Section 5.1 the maps s; are smooth and deter-
mine a groupoid. O

In a completely analogous manner one can define a groupoid [Ng/g =
Nyjv], where Ngs, Nyv are the normal sheaves (where the normal sheaf
Ng/s is the abelian hull of the normal cone Cg/s of [32], Definition 1.20).
This groupoid defines a stack that we denote Np/q.

Definition 1.1.28. Let Cr/¢ be the stack associated to the groupoid [Cr/s =
Cyyv] and Npj¢ the stack associated to the groupoid [Np/s = Nyv]. We
call Cr/q the normal cone of f and Ng/g the normal sheaf of f.

Theorem 1.1.29. (Kresch) Let f : F — G be a DM-type morphism of Artin
stacks. One can define a deformation space, i.e. a flat morphism MyG — P*
with general fibre G and special fibre the normal cone Cr/g. Moreover, for
any cartesian diagram
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there exists an induced morphism M7, G" — M7pG that fits into a cartesian
diagram
Cricr — M3, G’

L

CF/G — MG

Proof. A detailed proof can be found in [23], proposition 13.52 for locally
closed immersions. Let us sketch the construction in the general case. As in
the case of cones there are natural morphisms making M}, = My, v into
a smooth groupoid. Let us denote by M}, e the stack (in general it is not
algebraic) associated to the groupoid [Mp s = My /).

Let us consider the diagram in Lemma 1.1.25. Taking V' := V xs G’ and
U' .= U xy V' we obtain a similar diagram for f’. This gives a morphism
of groupoids M7, e B M, es which induces a morphism of cones Cr/¢ —
Crryqr. The diagram we obtain it can be easily seen to be cartesian. O

Remark 1.1.30. From Theorem 1.1.29 it follows that whenever G is of pure
dimension 7, then Cr/ is again of pure dimension 7.

Let us now compare the normal cone defined by Kresch with the intrinsic
normal cone.

The following Lemma in probably well-known to experts, but as we did not
find it in the literature, we give a detailed proof for completeness.

Proposition 1.1.31. If f : FF — G is a DM-type morphism, then the cone
stack Cpiq of Definition 1.1.28 is canonically isomorphic to the intrinsic
normal cone Cr/q of Definition 1.1.15.

Proof. We divide the proof in several cases. In what follows we use the no-
tation “=" for canonical isomorphisms.

Case 1. If f is a closed embedding of schemes the statement is trivial.
Case 2. It f is a locally closed embedding of stacks, then Ng/,g and Cp/q

are obtained by descent on F' (see [32]) and hence it suffices to check the
statement locally. This shows that the statement follows by the first case.
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Case 3. If f factors as

with ¢ a locally closed embedding and M a smooth scheme, then Mg/ =
NF/W/Z'*TM. Let us take U, V étale covers of FF and G x M such that
U — V is a closed embedding of schemes. Then, it suffices to show we have
an isomorphism

x M

F

Ny v X Npyw/Tu Ny = Nuxpuvxev

compatible with the groupoid structure. For this, we see the first term is
isomorphic to p*i*Ty X Nyyv Xng,, Nyyvy and using Vo — W is étale we
obtain the first term is isomorphic to p*i* T X Ny .u/v. On the other hand,
we know by the previous case that Ny .u/vx,v is canonically isomorphic
to Ny pu/vxey for which we know it is isomorphic to Ny vy X p*i* Ty q.
This shows Nr/q = Np/q.

Case 4. In general, we show Ng/c = Np/g. The proof is very similar to Case
3, above. Let us consider diagram (1.8) with the diagonal map ¢g : U — G.
By Case 3 we have

NU/G = ‘ﬁU/G = NU/V/TV/G- (111)

In order to analyze the lower triangle of diagram (1.8), we consider the dis-
tinguished triangle of relative cotangent complexes

P Lr/c — Lujc — Lu/r — p*Lpjc[l].

As p : U — F is smooth it is easy to see that we are in the conditions of
Proposition 2.7 in [3] and thus we get a short exact sequence of intrinsic
normal sheaves

0 — Ny/p — Ny — P Npje — 0. (1.12)

By (1.11) and (1.12), in a similar way as before we get local isomorphisms.
Moreover, the same equations (1.11) and (1.12) give a smooth morphism of
abelian cone stacks Ny v — Mg/ and in a completely analogous fashion we
get morphisms of abelian cone stacks Ny .v/vxov — Nyjv. This shows we
obtain a morphism of abelian cone stacks Ny .v/vxov — Nujv X Nuyv-



1.1. PRELIMINARIES 15

Since as remarked above, this morphism is a local isomorphism, we obtain
an isomorphism Ny /vy XN Ny =~ Nuxpuvxgv. Checking the diagram
below is commutative

Ny pvvxev ——= Nyyv

| |

Nuw X, Nuyy —= Nyyv
we obtain an isomorphism of groupoids and therefore the conclusion.

Case 5. By Case 4 above, it is enough to check that Cr/g is canonically iso-
morphic to the relative intrinsic normal cone €/ locally. For this, we look
at the groupoid [Cy v x,v = Cyyv] with the two maps obtained by replacing
F with U. It is easy to see that Ny v,y is isomorphic to Ny X f*TV/G.
Via this isomorphism, the two maps defining the groupoid are the projec-
tion and the natural action of f*TV/G on Cyv. This shows Cy g is locally
isomorphic to [Cyv/ f *Ty)i| and therefore the claim follows. O

Remark 1.1.32. By the above Lemma we are allowed to identify the normal
cone to a morphism with the intrinsic normal cone. In particular, the above
Lemma shows that Definition 1.1.28 is independent of the choice of U and
V in diagram 1.8. Although normal cones are cone stacks, we will use for
simplicity the notation Cp/s instead of €p/q.

If X is a scheme, E is a vector bundle on X and 7 : X — FE is the
zero section, then Cx /g is naturally isomorphic to £. We prove a series of
successive generalizations of this result.

Example 1.1.33. Let G be a DM-stack, F a vector bundleon G and G — E
the zero section. Then Cg/g is canonically isomorphic to E.

Proof. Let V' be an étale atlas of G and Fy the pull-back of E to V, then
we can construct a commutative diagram as above and Cg/ g is obtained by
descent from Cy,p, ~ Ey. This shows that Cg g is canonically isomorphic
to E. O

Example 1.1.34. Let F L Ghbea DM-type morphism and p : £ — G a
vector bundle on G. Let i : G — E be the zero section, and let g : FF — F
be g :=io f. Then Cp/g is canonically isomorphic to Cr/q X f*E.
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Proof. Let us consider the distinguished triangles corresponding to g and f

respectively. The morphism 4 induces a morphism i% — Lg and therefore

we obtain the following morphism of distinguished triangles

[ LE Lp Lp/k *i*Lg[l] .
R
[*Le Ly Lp/c f*La[1]

Using p instead of 7 we obtain in the same way a morphism Lp/¢ — Lp/g
and thus we get a morphism f*Lg/p ® Lp/¢ — Lp/p. To show it is an
isomorphism it suffices to show the statement locally. As we may assume G
is an affine scheme, it is easy to see that i* Ly = Lg® E"Y. On the other hand,
Le/p = [EY — 0], where EY stays in degree —1 and therefore we reduced
the problem to showing the triangle

f*L¢ ® EY — Ly — Lpjc ® [f*EY — 0]

is distinguished. But this follows trivially from the definition of the map-
ping cone. This shows that h'/h%(L}, ) is isomorphic to h'/h°(L} ;) Xk
ht /RO (f*L¢, ). We have thus obtained Cp/p is isomorphic to Cr/g Xp
fTE. O

Example 1.1.35. Let F L G be DM-type morphism, € := E'/E" a vector
bundle stack on G. Let G - & denote the zero section. If g : F — G is the
composition F’ Lad ¢, then Cp ¢ is naturally isomorphic to Cr/g xp [*€

Proof. Using the above factorization of the morphism F — G, we see that
Crpje = [Cp/pr/E]. Using (ii) above for Cp/p1, we obtain that the normal
cone of F'in € is isomorphic to Cr/q X f*€. Ol

We include two examples in which the normal cone is a vector-bundle
stack.

Example 1.1.36. Let F' — G be a smooth morphism of DM-stacks. Then
CFr/c is isomorphic to [F/Tp/q|, hence is a vector bundle stack.
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Example 1.1.37. Let X Ly bea morphism of smooth schemes. Then, U
and V above can be taken to be X and X x Y as below

idX f

X—XxY
X Y

where 7, is the projection on Y. It is then easy to see that the normal cone
is [Nx/xxv/Tx] that is a vector bundle stack.

1.1.4 Deformation of cones

Proposition 1.1.38. (Behrend-Fantechi) Let us consider a distinguished tri-
angle of elements of Dp

E// ﬁ) E — E/ _ E”[l]

with E" a complex of perfect amplitude contained in [—1,0]. Let us consider
the associated cone-stacks € := h'/R°(EY), & = h'/hO(E")Y and ¢" :=
h*/RP(E")Y. Then

0—-¢ —-¢—-¢" -0

is an exact sequence of cone-stacks.
Proof. This is Proposition 2.7 in [3]. O

Proposition 1.1.39. Let us consider a distinguished triangle of elements of
Dp
E// i} E — E/ _ E”[l]

with E' a complex of perfect amplitude contained in [—1,0]. Then, there
exists a cone € over F' x P! flat over P! with €, isomorphic to & & ¢" and
&, wsomorphic to €. Moreover, we have a commutative diagram

¢ x Pl ——(C

U

Pl
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Proof. Consider the morphism v := (T"-id,U - ¢) : E, @ Op1(—1) - E" ® FE
in D(F x P') and the associated distinguished triangle

E'® Op(—1) % E' & E — c(v) — E"' @ O (—1)]1].

Then, by construction c¢(v) has a morphism to P'. The restriction of c(v)
to T" # 0 is isomorphic to F and the restriction to 7' # 0 isomorphic to
E" & E'. Looking now to € := h!/h%(v) — P! we see that the general fiber
is isomorphic to & and the special fibre over T' = 0 is isomorphic to ¢" & &'
By the proposition above € and &” @& ¢ are locally isomorphic and therefore
¢ is flat. The morphism of distinguished triangles in Definition 1.3.3 gives a
morphism of distinguished triangles

(fp)*E"(~1) —=— (fp)*E" ® p*E* we(v) ——= (f@)"E"* (=1[1]

| | l |

(fp)* Leyom(—1) =% (fp)* Lo © p* Lijom — w*c(w) — (£@)* Leymm(—1)[1]
over F' x P, O

Proposition 1.1.40. Let Y be a variety of pure dimension n which s flat
over P' and let X — Y be a closed subscheme of Y flat over P'. Then the
push-forward of s(Cx,v,) to X does not depend on t. Here X, Y; indicate
the fiber of X — P, respectively of Y — P! over the point {t}.

Proof. Step 1. Let us first show that the restriction of Cyy — P{ to any
point ¢ in P! is canonically isomorphic to C, y;.
We have the following diagram with exact rows

0 T Oy Ox, 0

N

0 7 Oy, Ox, 0.

As X and Y are flat over P{ we have that the restriction of Z to {t} is isomor-
phic to Z;. This shows that (Cx,y); is canonically isomorphic to Cy,y,. In
particular the restriction of Oc, , to t is canonically isomorphic to OCxt .
From now on, without loss of generality we may assume that t; = 0 and
t, = 1.

Step 2. Introduce deformation space M := My, — P} x P} with general
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fiber over P} isomorphic to Y and i : C'— M the special fibre over P x {0}
isomorphic to Cx/y. As Y is a variety of pure dimension M is flat over P},
i = 1,2. Let us denote the fibers of py : M — P} over the points 0 and
1 by Dy, respectively D;. As p; is flat we have that Dg is a Cartier divi-
sor isomorphic to My Yo and D, is a Cartier divisor isomorphic to M3, -
Similarly, the fibers of py : M — P] are Cartier divisors isomorphic to Y
respectively C. Let us show that [Cx,/v,] = [Cx,/v;] in A.(C). Using the
fact that Mg . is flat over P} for i = 1,2 we obtain that

[C1- [Di] = [Cx,/vi]

in A.(D;). By the definition and the commutativity of intersections with
divisors this shows that [i*D;] = [Cx,/v,| in A.(C). As [Do] = [D;] in A, (M),
this implies that

[CXO/YO] = [OXl/Yl] (1.13)

in A.(C). Passing to the closure we also obtain that
[P(CXO/YO D 0)] = [P(CX1/Y1 ® 0)] (1.14)

in A*(]P)(Cx/y D Ox))

Step3. We are now ready to conclude the proof. Let us denote the first Chern
class of Opc, . w0)(1) by §;. Intersecting [P(Cx; /vy, ® O)] with £, pushing
forward to X x P! and summing up, by Step 1 we have that

W*Zf (Cx, v, ® O0)] Zf (Cx,v; © O)] (1.15)
i>0 120

Using relation (1.14) we note that the first term in (1.15) does not on j and
therefore S(CXO/YO) = S(OXI/YI). U

1.2 Construction

In the following we will use a result of Kresch.

Proposition 1.2.1. ([22/, Proposition 5.3.2) Let F' admit a stratification
by global quotients (see [22], Definition 3.5.3). Then, for any vector bundle
stack €, we have a canonical isomorphism s* : A.(F) — A.(€) .
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Remark 1.2.2. Every DM-stack admits a stratification by global quotients.
If G admits a stratification by global quotients and F' — G is a DM-type
morphism then F' admits a stratification by global quotients.

1.2.1 Definition of virtual pull-backs

Condition 1.2.3. We say that a morphism F' — G of algebraic stacks and
a vector bundle stack & — [ satisfy condition (%) if

1. fis of DM-type,
2. we have fixed a closed embedding C; — €.

Convention 1.2.4. Will shortly say that the pair (f, €) satisfies condition

(%)

Remark 1.2.5. Let us consider a Cartesian diagram

F/ > G/

|

F—G.

If € is a vector bundle on F' such that Cr/g — € is a closed embedding,
then Cpr /g — p*€ is a closed embedding.

Construction 1.2.6. Let F' be an Artin stack that admits a stratification
by global quotient stacks and & a vector bundle stack of (virtual) rank n on
F such that (f, €) that satisfies condition (%) for f, we construct a pull-back
map fe: Au(G) — A._,(F) as the composition

*

A(G) S A (Crig) 2 A(€) S A, (F).
where
1. o is defined on the level of cycles by o (> n;[Vi]) = > ni[Cvyxerv;]
2. i, is the push-forward via the closed immersion 7

3. s* is the morphism of Proposition 1.2.1.
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The fact that o is well defined is a consequence of Lemma 1.1.29 (see [22]).
Going further, for any cartesian diagram

L

|

F—d

such that F’ admits a stratification by global quotient stacks and & — F'
satisfies condition (x) for f, let f: A.(G') — A._,(F’) be the composition

AG) D Ad(Cryer) 25 Ad(Crig xp F') 25 A (p°€) S A, (F)).

Definition 1.2.7. In the notation above, we call fi : A(G) — A.(F) a
virtual pull-back. When there is no risk of confusion we will omit the index.

Remark 1.2.8. In this remark we do not respect Convention 1.1.11. If F is a
vector bundle such that (f, F) satisfies (x), then the above construction can
be applied to any Artin stack F'. It is clear that in order to have E a vector
bundle Ny must necessarily be a cone and not a cone stack.

If f is a locally closed embedding, then Ny is a cone and not a cone stack.
Under this assumption if E is a vector bundle such that (f, E) satisfies (%),

then all the properties in the following section hold without any assumptions
of F.

Remark 1.2.9. Note that in case X, Y are schemes such that X is regularly
embedded in Y, then the normal bundle of X in Y satisfies condition x and
i!NX/Y is precisely the refined Gysin pull-back of [10], Chapter 6 (Section 6.2).
We remark that the pull-back depends on the chosen bundle. For example,
if (i, F) satisfies condition () we can construct iy, where E' is any other
vector bundle. These morphisms will be obviously different from each other.
Remark 1.2.10. If f : X — Y is a smooth morphism of schemes, then by
Example 1.1.36 Cx/y is a vector bundle stack and hence we can construct
the associated virtual pull-back f!CX/Y c A(Y) — A (X). We will show later
that our definition agrees with the usual flat pull-back.

Proposition 1.2.11. If F L Gisa DM-type morphism and there exists a
perfect relative obstruction theory E}/G, then condition () is fulfilled.

Conversely, if F L Gisa morphism that satisfies condition (%), then
there exists a unique perfect obstruction theory E}/G — Lp/q such that

€ = h'/hO(E})
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Proof. By Proposition 1.1.31, the normal sheaf Np/s is nothing but Mg q.
On the other hand we know that M embeds in €r/g = h'/R°((E}q)Y)
if and only if (E};)" is an obstruction theory ([3], Proposition 2.6.). Our
condition on the relative obstruction theory is equivalent to €r/; being a
vector bundle stack ([ibid.]). O

Corollary 1.2.12. If F LGisa DM-type morphism such that there exists
a perfect relative obstruction theory E}/G and G is a stack of pure dimension,
then F has a virtual class in the sense of [3].

Proof. We define [F]¥'" to be f}%/g([G]). O

1.2.2 Two fundamental examples of Obstruction The-
ories

The purpose of this section is to explain two examples of obstruction theory
which will play a fundamental role in the last chapter.

Example 1

Construction 1.2.13. Let f : F' — G be a DM-type morphism and let F’
and G be DM-stacks having relative obstruction theories with respect to some
smooth Artin stack 9. Let us denote them by E%, Jom and £, Jom respectively.
Given a morphism ¢ : f*EE:/sm — E}/9p commuting with f*Lgom — Lp/on,
we construct a relative obstruction theory E3. G

The morphism f : F' — G induces a distinguished triangle of cotangent
complexes

f*Layom — Lrjom — Lrja — f*Laym[1].

Similarly, ¢ gives rise to a distinguished triangle

f*EE:/sm o z.f/sm - I.T/G - f*EG/Sm[l] (1.17)

hence we have a morphism of distinguished triangles that induces the
following morphism in cohomology

W S EY ) —= W (B ) —= b (B o) —= WO(f* B ) —= BO(E} o) —= (B} ;)

Y T R AN S

RL( L8 an) —= D H(Ljgn) —> WU (LS ) —> hO(f* LY, jgy) —> hO(LY qn) —> hO(L} )
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We know that the first vertical arrows are surjective and by the definition of
obstruction theories we get by a simple diagram chase that E7. /G 18 also an
obstruction theory.

Remark 1.2.14. If G is smooth over 97 then the above diagram shows that
Erjq is perfect in [—1,0].

Example 1.2.15. A special case of this construction is when F' — G is
a locally closed immersion and G is taken to be smooth over 9. Then,
h=H(f*Eg jon) = 0 and this shows that h™*(E}, ;) = 0. This makes E}, ., into
a perfect obstruction theory concentrated in degree —1 and consequently &
into a vector bundle.

Let us now motivate Definition 1.2.7. For this, let us assume FE3}. Jom and
E?, jon are perfect in [—1,0]. Then on F' and G we have well defined virtual
classes [F]"" and [G]'"* respectively and we will show in the following that
f!@Yv/c sends the virtual class of G to the virtual class of F'. As remarked in

the previous example, the situation is particularly nice when G is taken to
be smooth over 901.

Example 1.2.16. The basic case.

In the notation above, let us suppose G is smooth and F <5 @ is a closed
substack and there exists a morphism f*L¢g E3.. For simplicity we take
9N to be Spec k. Then we have

(i) (Crsa, E})) induces the same virtual class on F as (Cr, E}).

(ii) The pull back defined by E3. . respects the relation

/(6] = [P

Proof. As G is smooth, the intrinsic normal cone € defined in [3] is nothing
but [Cp/q/Tc]. Moreover, i*Lg, can be represented by a complex concen-
trated in 0 and E7, /G by a complex concentrated in —1. By abuse of notation,
we will indicate the corresponding sheaves by ¢*Lg and Ep/q respectively.
Taking the long exact cohomology sequence of the exact triangle (1.18), we
see that E} is quasi isomorphic to [Ep/c — i*Lg]. Therefore the vector
bundle stack ¢ := h!/R°((E})") is equal to [(Er/q)Y/Tg). Thus we have
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the diagram with cartesian faces

F Cr
e
Cria
r 4% ¢,
\ /
Erq

In other words, the morphism A, (&r) — A,(F) factorizes through A, (Er/c)
as follows:

A (Cp) = A(Era) — Ad(F)
[CF] — [CF/G] — [F]Virt.

For the second statement, we just have to note that by our definition
i'|G] = s*([Cr/c)), and by (i) is precisely [F]"™ as defined in [3]. O

Example 2

Construction 1.2.17. Let f : FF — G be a DM-type morphism with an
obstruction theory E}/G and let GG be a stack having a relative obstruc-
tion theory with respect to some smooth Artin stack 9. Let us denote
it E¢ gp. Given a morphism ¢ : E}/G[—l] — [*Eg 9y commuting with
Lric — [*Layam[l], we construct a relative obstruction theory E7j, Jon-

The morphism f : F — G induces a distinguished triangle of cotangent
complexes

Lpja|—1] — f*Lajm — Lrom — Lrjc-.

Similarly, ¥ gives rise to a distinguished triangle

(] /l/) * [ ] [ ] [ ]
ricl=1 = [ Eg o — Epjon — Ee- (1.18)

Noting that h'(E},q[—1]) = A '(E};) we obtain as in the previous
example a morphism in cohomology

WS ) —= 0 (B ) —= BN (B o) —= WO(f* B ) —= BO(E} o) —= (B} ;)

Y T R AN S

RL( L8 an) —= D H(Ljgn) —> WU (LS ) —> hO(f* LY, jgy) —> hO(LY qn) —> hO(L} )
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Using the definition of obstruction theories we get by a simple diagram chase
that £, /o 18 also an obstruction theory.
Moreover if EY, e and EZ, Jom Are perfect, then F3, Jom is perfect.

1.3 Basic properties

Once we have defined a “pull-back”, we want to show it has good properties.
Due to the geometric properties of the normal cone (1.1.29), the proofs follow
essentially in the same way as the ones in [10]. The fact that our pull-back
defines a bivariant class is analogous to Example 17.6.4 in [10]. The only
point we need to be careful, is the functoriality property, where we need a
compatibility condition between the vector bundle stacks that replace the
normal bundles.

1.3.1 Pull-back and push-forward
Theorem 1.3.1. Consider a fibre diagram of Artin stacks

F// S G//

)
P

|

F——G
and let us assume
1. F', F" admit stratifications by global quotient stacks,

2. € is a vector bundle stack of rank d such that (f, €) satisfies condition
(%) for f.

(i) (Push-forward) If p is either a projective morphism of Artin stacks or a
proper morphism of DM-stacks and o € Ay(G"), then fep.(a) = q.fsa in
Ap_a(F").

(11) (Pull-back) If p is flat of relative dimension n and o € A(G'), then
Fip*(0) = g fec in Ay ina(F")

(iii) (Compatibility) If o € Ax(G"), then fya = f;*@a in Ag_a(F").
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Proof. (i) It is enough to show that the diagram of groups commutes

A(G") =T Au(Cpoyn) (1.19)

p*l lq*

A (G) —Z> A (Crryer)

where ¢ is the map induced by the map between the deformation spaces
P : Mg, F" — Mj;,G'. This follows similarly to Prop 4.2 in [10]. More
precisely, let us consider the following factorizations of ¢’ and o”

A*(G//) _Z":A*(G// X Al) —>A*(CF”/G”) .

p*l l(pXZ‘d)* lq*

A*(G/) l> A* (G/ X Al) — A*(CF’/G’)

The diagram on the left commutes and we are left to show that the diagram
on the right commutes. But the diagram on the right is induced by the
commutative diagram below

A*(M;//G”) —— A*(OF”/G”)

P*l lq*

A (M3,G") —— A (Crrycr)

where the horizontal maps are the ones induced by the natural inclusions of
Crrigr (and Cprjer) in Mg, F" (and respectively Mp,G"). The commutativity
of this diagram shows that diagram 1.19 commutes.

(ii) By (i) it is enough to show the statement for G’ irreducible and o = G'.
Let s;: F/ — g*€ and sy : F” — g*q*€& be the zero sections. Then using the
definition of virtual pull-backs we have that

¢ felG'] = ¢*51Crrjcr.

By the flatness of p we obtain that fip*(G’) = feG" and using again the def-
inition of virtual pull-backs we obtain fxG” = s5Cpn/qv. Using now Propo-
sition 1.1.24 we have that Cpv/qr = ¢*Crrjqr. We are thus left to show that
q*s1Crryqr = 857" Crryqr, where we denoted by r the obvious flat morphism
¢ Cprigr — Cpryer. Noting that s = (s1)} the last statement is true by the
corresponding statement for s;.

(iii) Is obvious. O
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Remark 1.3.2. As remarked before, the generalized Gysin pull-back is well-
defined for smooth pull-backs. Let us show that the two definitions agree.
By (i) above, it is enough to prove the claim for av = [G], for which it follows
trivially by construction.

1.3.2 Functoriality

Definition 1.3.3. Let F & G % 9 be DM-type morphisms of stacks. If
we are given a distinguished triangle of relative obstruction theories which
are perfect in [—1, 0]

9" Egjon = Ebyon — Evyg — 9"E& (1]
with a morphism to the distinguished triangle

9" Leyom — Lrjm — Lrja — 9" Layom[1],
then we call (E% 1 B joms B3 /a;n) a compatible triple.
Remark 1.3.4. As in Construction 1.2.13, if there is a morphism Et 4,
g E?, /m[l] compatible with the corresponding morphism between the cotan-
gent complexes, then 1) determines a complex E}/m that fits in a distin-

guished triangle as above. Moreover, E}/m defines a relative obstruction
theory. If E%, s and B¢, oy are perfect, then F}, Jom 1 perfect.

Lemma 1.3.5. Consider a fibre diagram

e, 7

| )

F—>0—2-3%.

with F' an Artin stack that admits a stratification by global quotients, § a
vector bundle stack on F and §' its pullback to G'. Let us assume €' is a
vector bundle stack such that (f, &) satisfies condition (x). Then

Cpizg— €= 0 [fF
and for any o € Ag(F)
(00 fle(a) = fe(05(a)).
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Proof. For the first part it suffices to show that Cr/ 5 is canonically isomor-
phiC to OF’/G’ X pr (Og/g Xa G/), that is example 1.1.35 (111)

The equality follows in the same way as in ([10]) Let us notice that by the-
orem 1.3.1 (i) and the homotopy property for vector bundle stacks ([21]) we
may assume « to be represented by §' and G’ can be taken to be irreducible.
Now, the problem reduces to

(00 /)3 = G (1.20)

If 71 : E — p*¢® and my : & — F’ are the natural projections, then we have
by the above
[Cr 3] = [m1Crje] € AE).

From the construction of Gysin pull-backs
(Crye] =m f[G] € A(p'e)

and
[Cryg] = (mma)* (00 f)[F') € Au(E).

Combining the three equalities we get equality (1.20) above, and therefore
the conclusion. O

Theorem 1.3.6. (Functoriality) Consider a fibre diagram

P g o

Lk

F——G—2m.
Let us assume f, g and g o f are DM-type morphisms and have perfect rel-
ative obstruction theories E'*, E"® and E* respectively and let us denote the
associated vector bundle stacks by &, & and € respectively. If F', F' admit
stratifications by global quotients and (E'*, E"*, E®) is a compatible triple,
then for any o € Ag(I)

(90 flela) = fe(ge(@)).

Proof. We argue as in the proof of Theorem 1 in [19] (or Theorem 6.5 of
[10]).

In the same way as in the proof of the previous lemma 97 may be assumed
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irreducible and reduced and o = [9V'].

Consider the vector bundle stacks: p : € — F, 7 : & — G and o :
@/ @ f*QE’// — F'
By definition
(go /)M =(p")" ([Crryjam])
g M =(7*) " ([Caryom))-

Let us now look at the cartesian diagram

F’ SN G — Caryow

L

F o 2 ¢ Cq .

From the definition of the pull-back we know that f'(¢'0) is equal to
f'(0'[Cer/aw]) and by the previous lemma

SO [Caryon]) = (00 f)'[Coryom]-

If we denote Cgr o by Cy, then the above shows that f'(g'90) is represented
in €p/c® f* € om by the cycle [Crr/¢,]. The construction respects equivalence
in Chow groups and so we are reduced to showing

(") ([Cryco)) = (0°)H([Crrjam]) (1.21)
in A, F".

Introduce the double deformation space M’ := M;’Xﬁ”l/Mg,m, — Pt x P!

over {0} x P! (see
[19], proof of Theorem 1). Restricting to this special fibre and considering
the rational equivalence on the second P! we see that

gj't/

with general fiber M2, Jow and special fibre Cprypr /Mg,

[Crrycel ~ [Crojon] (1.22)

in A* (CF’X]P’l/MO

).
G /m’
In a completely analogous fashion there exists a double deformation space
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X 1ﬂ,1

M = M? . Tf we consider the map w : F' x P! "' [ x P!, then

FXPU/ME, oy
the general fibers of M and M’ are related by the cartesian diagram

F' x Pt —— My joy

|l

F x P1—>Mé‘/9ﬁ

This implies CF/XPI/Mg,/Em/ 2 (p x 1p1)*CFXp1/M8m is a closed immersion
and consequently we can push forward relation (1.22) in A, (w*Cpypt /Mé/wz)‘

Now, by Proposition 1, in [19], we have a morphism

Au(Crxpr/ng,,, ) < AR/ (c(w)"))
where u := (T - id,U - can) is the map
f*Lejm ® Opi(—1) = f*Lejon @ L

in D(F x P') and c(u) its mapping cone. Here we denoted by T and U
the homogeneous coordinates on P!. Let us consider the closed immersion
w*i A*(w*CFXpl/Mgm) — A, (w*h'/h%(c(u)")). Then pushing forward via
w*7 the equivalence relation we have in A*(w*OFX]pl/Mé/m), we obtain the
equivalence relation (1.22) in A, (w*h!'/h%(c(u)V)).

Let us now use the notation of Construction 1.2.13. Consider the morphism
v:=(T-id,U-p): f[*Eq/m®Op(—1) — f*Eq/m® Erjom in D(F xP'). The
morphism of distinguished triangles in Definition 1.3.3 gives a morphism of
distinguished triangles

(fp) E"(~1) —"Y~ (fp)*E" & p*E* w*e(v) —— (fq)*E"*(~1)[1]

| | l l

(f2)* Leyom(—1) 2% (fp)* Lo © p* Liryom —— w* c(w) — (£@)* Leyom(—1)[1]

over F’ x P!. Dualizing and taking h'/h° of the map w*c(v) — w*c(u), we
obtain a morphism of Picard stacks w*h!/h%(c(u)") — w*h!/h°(c(v)Y) that
is a closed immersion. Therefore, we can push forward the rational equiva-
lence (1.22) on w*h!/h°(c(v)Y) that is a vector bundle stack on F’ x P!. The
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fact that the above map between cone stacks is a closed immersion follows
from Prop 2.6 in [3] and the fact that the maps in cohomology induced by
the vertical maps in the above diagram are isomorphisms in degree 0 and
surjective in degree —1.

Let us now conclude the proof. We have obtained [Cpr/c,] ~ [Crrjon] in
A, (w*h* /% (c(v)Y)). Looking at w*h! /h%(c(v)¥) — P!, we see that w*h! /h%(c(v)V)
restricts to Fy := p*€ @ p*f*€” and F; := p*€ in F’ x {0} respectively
F’ x {1}. As the map
Au(wh' /B (e(v)")) — Al(F) — F'
does not depend on ¢ we deduce equality (1.21). O

Corollary 1.3.7. Let us assume we have a commutative diagram

f

L

m

F

G

with M of pure dimension. If F' and G admit stratifications by global quo-
tients and (E;,/G, Eé/m, E;«“/sm) a compatible triple, then

f!GF/G [G]virt — [F] Virt‘

Proof. By the definition of virtual classes we have

[F] = (cr)l, [0
(G1 = (ca),, oy [)

€g/m

Moreover, by the construction of Er/; we are in the hypotheses of Theorem
1.3.6 and therefore

(660 1)'ep o [T = by (6 )i oy [0

The two equations above show that f’@F/G [G]Vrt = [F]virt.
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Remark 1.3.8. Let us consider a cartesian diagram of DM stacks

F—

| b

F——=G
with obstruction theories E}, Eg, Ep,, EZ, and let us assume Ef. ., and
B} exist and are perfect. If ¢"€p/q = €p/jcr, then iGNV = [PV,
This is a version of Proposition 5.10 in [3] and Theorem 1 in [19]. The

advantage is that looking at obstruction theories is much easier than looking
at cotangent complexes, which in general are difficult to compute.

1.3.3 Commutativity
Theorem 1.3.9. (Commutativity) Consider a fiber diagram of Artin stacks

) ”;G// “;H

Lk

F—G—K

L,

F——G

such that F' and G" admit stratifications by global quotients. Let us assume
f and g are morphisms of DM-type and let € and § be vector bundle stacks of
rank d, respectively e such that (f, &) and (g,F) satisfy condition (). Then
for all a € Ak(G'),

g5fe(@) = fegz(a)
m Ak—d—e(F”) .

Proof. Using Theorem 1.3.1 we may assume o = [G']. We see that the
pull-back of ¢'f'[G'] to p*¢* € @ v*u*F is equal to Cyt % 1G"/Cr i a0 the

pull-back of f'¢'[G’] to p*¢*& @ v*u*F is equal to CCG”/G’XG’F,/CG”/G" By
Vistoli’s rational equivalence ([32] Lemma 3.16, or equivalently [23])

[CCF//G’ XG/G///CF’/G/] = [CCG”/G/ XG’FI/CG”/G’]

in A,(Cpryar xar Cgryer). This equivalence pushes forward to A.(p*¢*€ @
v*u*F) and therefore the equality in the theorem follows. O
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Remark 1.3.10. In Fulton’s Intersection theory ([10]), the commutativity of
Gysin maps is used in the proof of the functoriality. We did not use the
commutativity of virtual pull-backs in our proof of property functoriality

property.
In the same manner as in Example 6.5.3 in [10] the commutativity of virtual
pull-backs is a consequence of the functoriality property.

1.3.4 Excess
Setting 1.3.11. Consider a fibre diagram of Artin stacks
F// > G//

| ]

F/ > G/
gl lh
Frl.q

and § — F a vector bundle stack of rank d which satisfies condition (x)
for f. If f’is an lci morphism of codimension d’, then 7w : 9 — F’ with
M := h'/h°(L;) is a vector bundle stack of rank d’ and p*§ satisfies condition
(%) for f’. Let us denote by E the cokernel of the inclusion 9 — p*F. Then
E is a vector bundle of rank e := d — d’ which we call the excess bundle.

Theorem 1.3.12. (Excess Intersection Formula) In notations as above
Ja=c(E) (e
for any o € A(G").
Let us first prove a technical lemma.
Lemma 1.3.13. Let us consider a distinguished triangle of elements of Dp
E'"% E— E — E"[1]
with E, E', E" complezes of perfect amplitude contained in [—1,0]. Consider

¢ the cone of Proposition 1.1.39 flat over P! with & isomorphic to & @& ¢&"
and € isomorphic to €. Then, we have a commutative diagram

¢ xPl——=¢

U

Pl
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Proof. Let us consider the morphism of distinguished triangles

E'(-1)—~F'aF c(v) £ (-1)[1]

| L

E'(-1)—E"®F E" E"(-1)[1]

over F' x P!. By Example 1.2.2 ¢(v) — E’ is an obstruction theory. This
gives us a closed embedding ¢ — €. U

Proof of the Theorem. Let F'* € Dg be an obstruction theory for f such that
S :=h'/hY(F). Let us consider the distinguished triangle

E* — F* — Ly — E°[1].

Then E* is a complex quasi-isomorphic to [EY — 0] and therefore we are
under the hypothesis of the above lemma. This shows that we have a vector-
bundle stack € over F” x P! flat over P! with general fiber isomorphic to §
and special fiber isomorphic to 1 @ E and a commutative diagram

NxPl——¢

N

P!
Let us denote by ¢ the embedding {t} < P!, by i the zero-section embedding
i: F" x P! — € and by i; the zero-section embedding i; : F” x {t} — &,
Then for any cycle [€,] € A.(M)
iL[€4] = t'i'[€4 x P

and the second term of the above equality does not depend on the point {¢}.
We have thus obtained that

in[Cq] = i1 [C4]. (1.23)

Let us now fix o € A,(G") and let us consider €, the normal cone associated
to a. Then by the definition of virtual pull-backs we have that

flo=1i[¢,)] (1.24)
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Let us consider the following cartesian diagram

F// Qta Qta

L

r—sn—LSnaokFE

where 0 denotes the zero-section embedding and 1 indicates the inclusion on
the first factor. Then by the excess formula for the square on the right and
Lemma 1.3.5 we have that

io€a = (100)'[C,] (1.25)
= 0'1[¢,] (1.26)
= 0'(ce(m* B)[€a]) (1.27)
= ce(E)0'([¢.]) (1.28)
= c(B)f"a. (1.29)

Let us now conclude the proof. By equation (1.23), equation (1.24) and
equation (1.25) we have that f'a = c.(E)f"a.

O

Remark 1.3.14. By the definition of virtual pull-backs we may write the
conclusion of the Excess Theorem in the following form

(f'a = c.(E) fha.

Remark 1.3.15. The proof of the Excess Theorem is very similar to the proof
of the Functoriality of virtual pull-backs. Let us show that we may interpret
it as a functoriality property. Let us consider the following cartesian diagram

n__id 1" "
F'——F"——(

L,

F/ id > F/ > G/
with f” an lei morphism and equipped with a (possibly nontautological) per-
fect obstruction theory F** and a superfluous obstruction theory E® := [EY —
0] for the identity morphism id : F© — F. The excess formula we proved
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shows that ffa = c.(F) - (fha) and the same excess formula implies that
idy3 = c.(E) - 3. Putting these together we obtain that

(f3)'a = idp(fa).

Let us emphasize that the triple (E®, F*, Lp//¢) is not a compatible triple
(instead, the rotated triple (F'*, Lp ¢, E*) is a compatible triple) and there-
fore the Excess Intersection Formula in not implied by the Functoriality
Theorem.

Remark 1.3.16. More generally, if F’® is an obstruction theory for f’ with a
morphism v : F'* — F'*, then we have a distinguished triangle

E* — F* — Fre — E°*[1].

with E* quasi-isomorphic to the two-term perfect complex. Let € := h! /h0(E*®)
be the associated vector-bundle stack. With the arguments above we obtain
that

(fg)a=1fza
where 1:§ — § @ € is the identity on the first factor of ' @ €.

Remark 1.3.17. In the above remark, we do not have any way of “explicitly
computing” 1'. Let us assume that € is a global quotient E'/E°. By the basic
properties of virtual pull-backs it is enough to determine 0' in the following
cartesian diagram

which means to determine d'. This shows that there is no “easy” analogue
excess formula in the general case as we need to take into account the mor-

phism d. Note that under the assumptions of the theorem d is the zero-section
embedding d =0: F — E*.

1.3.5 Conclusion

The properties in the previous sections (Theorem 1.3.1 and Theorem 1.3.9)
show the following fundamental result which we anticipated several times.
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Theorem 1.3.18. Let F' admit a stratification by global quotients, let f :
F — G be a morphism and € — F be a rank-n vector bundle stack on F
such that (f, €) satisfies Condition (x). Then f& defines a bivariant class in
AM(X —Y) in the sense of [10], Definition 17.1.

We will often use the following statement.

Corollary 1.3.19. Let F' admit a stratification by global quotients, let f :
F — G be a morphism and € — F be a rank-n vector bundle stack on F' such
that (f, €) satisfies Condition (x). Let us moreover consider the following

cartesian diagram

F/LG/‘

|

F—G
and let E be a vector bundle on G'. Then for any o € Ai(G’) and any m > 0

f!(CM(E) co) = cp(fE) - f!04
in A.(F")

1.4 Virtual push-forward

In this section we consider a proper surjective morphism f : F' — G of stacks
which possess perfect obstruction theories and we analyze the push-forward
of the virtual class of F' along f. The strongest statement can only be ob-
tained in homology and therefore in this section we will work with homology
groups instead of Chow groups. The main result of this section states that if
the virtual dimension of F' is greater or equal to the virtual dimension of G
and the induced relative obstruction theory is perfect, then the push-forward
of the virtual class of F' along f is equal to a scalar multiple of the virtual
class of G. This result is a generalization of the straight-forward fact that
given a surjective morphism of schemes f : ' — G, with G irreducible, then
f«[F] is a scalar multiple of the fundamental class of G.

Let us first recall a definition of Gathmann ([13])

Definition 1.4.1. Let p : F' — G be a proper morphism of stacks possessing
virtual classes [F]''* € A, (F) and [G]'"™ € A, (G) with k; > ko and let
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v € A*s(F), with ks < ki — ko be a cohomology class. We say that p satisfies
the virtual pushforward property for [F]*'"* and [G]"" if the following two
conditions hold:

(i) If the dimension of the cycle - [F]""" is bigger than the virtual dimension
of G then p,(vy - [F]V'") = 0.

(i) If the dimension of the cycle 7 - [F]""* is equal to the virtual dimension
of G then p,(vy - [F]"") is a scalar multiple of [G]""".

Remark 1.4.2. Let p : F — G be a morphism as above. If G is smooth of
the expected dimension, then p satisfies the virtual pushforward property.

Lemma 1.4.3. Let p : F' — G be a proper morphism of stacks possessing
virtual classes of virtual dimensions ki respectively ko with ky > ko and let
v e AR (F), with ks < ky — ky be a cohomology class. Let [G]{", ..., [G]Y™ be
cycles corresponding to the irreducible components of G such that |GV =
[GIY™ + ... + [G]J". If the relative obstruction theory Y, is perfect (in the

S

sense of [3]), then
ey - [FI™™) = my [G™ + ... 4 n [G]™ (1.30)

for some ny,...,ns € Q. Moreover, all n; are zero if ks < ky — ko.

Proof. Let €p := h'/hO(E}), €q = h'/hO(EZ) and €pyq = h' /h°(E} ).

Let Op : F' — €p, Og : I' — &g and Op)g : ' — €p/g be the zero-

section embeddings. Then by the definition of the virtual class we have that

(G = 0,,Cq and [F]''* = 0%Cr. Let us denote by GV any closed substack

of G such that [G]""* = [G"] in A.(G). With this notation we have that
[G]™ = 0g[€gev]. (1.31)

Let us now consider the following cartesian diagram
F/ q S GV
F——=G.
By the proof of Theorem 1.3.6 we have that
[F]virt = O!F/G[CF//GV]
= O!F‘/GO!G[CF//GV X g7 q*GGva]

= O!GO!F‘/G[OF//GV X g q*QEG|GV]
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Let us denote [C'] := O’F/G[CF//GV Xp *Cqlav] € Au(¢*€glev). Then the
above computation shows that

¥ [P = 0ty - [C]

where 7 : ¢*€; — F' denotes the canonical projection. By the commutativ-
ity of the pull-back with proper (projective) push-forward in the following
cartesian diagram

Fr—0p*€q

|

F—>p*€G r

|

G—¢¢

we obtain that '
oy - [F] = oty - [C]. (1.32)

By construction C” has a natural map to €g|gv compatible with r and there-
fore p.y-[F]""™ = 3 n;[€¢|ev]i, where the sum is taken over all the irreducible
components of €g|gv. We can now conclude the proof using equation 1.31.

If k3 < ky — ko, then rym*y - [C'] = 0 for dimensional reasons and therefore
pey - [FT™ =0. u

Definition 1.4.4. Let p : F' — G be a proper morphism of stacks possessing
virtual classes of virtual dimensions k; respectively ko with k1 > ko such
that f maps each connected component of F' surjectively to some connected
component of G. Then we call p a virtually surjective morphism.

If moreover, p has a perfect relative obstruction theory EY%, L then we call p
a virtually smooth morphism.

Remark 1.4.5. This definition is very similar to Definition 3.14 in [11] of a
family of proper virtually smooth schemes. The main difference is that we do
not ask the base G to be smooth.

Theorem 1.4.6. Let p : F — G be a virtually smooth morphism. If G is
connected, then p satisfies the virtual push-forward property.

Proof. By the above lemma all we need to show is that all coefficients n;
which appear in formula (1.30) are equal.
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Let GY, ..., GY be the irreducible components of GV and let my, ..., m be their
geometric multiplicity. Then [G]'™ = m,[GY] + ... + m,[GY] and therefore
C=>_, miO!F/G[C’{], where C} := Crr /gy X1 ¢*€glay. By equation (1.32)
we have that p.y - [F]"" = ro*y - (307, m[CY]). With this we have shown
that it is enough to show the statement for G reduced.

Let us consider the cartesian diagram

XPL>F/

QP\L lq
P——=Gv
where P is a general point in GV and Xp is the fiber of ¢ over P. As GV is
reduced we may assume that P is a smooth point and therefore 7 is a regular
embedding. By the commutativity of pull-backs with proper push-forwards
we have that
. vir % vir
(ap)eiy - [F]™ = i"quy - [F]™. (1.33)
This shows that (gp).i'y - [F]""™ = i* >, n;[GY]. Without loss of generality
we may assume that P is a point on G and with this we obtain that

(gp)aity - [FI = [P). (1.34)

On the other hand by the commutativity of pull-backs we have that
1[G = gy’ (6] (1.35)
— gp[P). (1.36)

By the functoriality property of pull-backs we have that
i'q'[GY] = i [F] (1.37)
Equations (1.34), (1.35) and (1.37) imply that
m[P] = (qp).y - 4p[F].

As G is connected the right-hand side of the above equation does not depend
on P, hence p satisfies the push-forward property. O

Remark 1.4.7. The only point where we need to work with homology is the
last part of the proof of the above theorem. For any connected G we have
that Ho(G) = Q, but this is usually no longer true for the corresponding
Chow group.
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Remark 1.4.8. Let us consider a cartesian diagram of stacks

F'—F

o lp

o —=a.

If F', G, G’ posses virtual classes and the relative obstruction theory E?. /G

is perfect, then we have an induced virtual class on F’, namely [F']"'"" :=
q![G/]virt‘

Corollary 1.4.9. Let us consider a cartesian diagram of stacks

F'—F

o lp

G/_Z>G

such that p is proper and F, G, G’ posses virtual classes. If the relative ob-
struction theory LY, /G 18 perfect, G is connected and no connected component
of G' N Greq is contained in the singular locus of Gr.q, then q satisfies the
virtual push-forward property for [F'|"™ and [G']""*, where [F']"™ is the one
defined in Remark 1.4.8.

Proof. By Lemma 1.4.3 we have that p,(y-[F']"'") = ni [G']Y™ + ... +-n G|V
for some nq,...,ns € Q. We have to show that all non-zero n;’s are equal.
As is the proof of the theorem we may assume that G and G’ are reduced.
The hypothesis translates in no connected component of G’ is contained in
the singular locus of G.

Let us consider the following cartesian diagram

X—F —F .

|1

P—G ——G

By the hypothesis P can be taken to be a smooth point of both G and G’.
Looking at the big diagram, the proof of Theorem 1.4.6 implies that

¢ (v [FI'™) = (qp)+7 - qp[P]
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and in the same manner for the small diagram

@ (v [FT™) = (qp)+7 - 4p[P)-

As G is connected (gp).7y - ¢»[P] does not depend on P and therefore we
obtain that ¢, (7 - [F']'") is a scalar multiple of [G']". 0



Chapter 2

Applications to
Gromov-Witten Theory

In this chapter we collect some applications of the virtual pull-back we de-
fined. We take the ground field to be C. By a homology class of a curve
we will mean an element of A%Y(X)- the group of 1-cycles modulo algebraic
equivalence (see [10], Chapter 10).

2.1 Preliminaries

Let us fix notations. Let X be a smooth projective variety and § € A, (X)a
homology class of a curve in X. We denote by M, (X, 3) the moduli space
of stable genus-g, n-pointed maps to X of homology class § (see [9]). Let

ex 1 Myn (X, 3) — 9M, . be the morphism that forgets the map (and does not
stabilize the pointed curve) and wx : M, ,11(X, 5) — M (X, ) the mor-
phism that forgets the last marked point and stabilizes the result. Then it is

a well-known fact that E'MM x.8/m = (R*(mx)weviTx)" defines an obstruc-

tion theory for the morphism p, where evy indicates the evaluation map evy :

Myni1(X,8) — X (see [1]). We call [M,,(X,8)]"" := (ex)e. M,

Mg,n(X,8)/Mm

the virtual class of M,,(X,3). The dimension of [M, (X, 3)]' is called
the virtual dimension of M, (X, 3) and we denote it by vdimM, (X, 3).
To a collection of Chow (or cohomology) classes v; € A% (X) such that
S ki = vdimM,,, 1 (X, 3), one can associate a Gromov-Witten (shortly

GW) invariant defined to be I\, 5 := [T, ev;i - [Mg,(X, B)]"

43



44  CHAPTER 2. APPLICATIONS TO GROMOV-WITTEN THEORY

Remark 2.1.1. Let f: X — Y be a morphism of smooth algebraic varieties.
Let 5 € Ai(X) and g, n be any natural numbers such that

e cither g > 2
e cither g < 2 and f,0 #0
e cither g =1, f,f=0and n > 1, either ¢ =0, f, =0 and n > 3.

Then f induces a morphism of stacks f : M, (X, 3) — M, (Y, f.3).
Convention: Given a morphism of smooth algebraic varieties f : X — Y, we
will indicate the induced morphism between moduli spaces of stable maps by
the same letter with a bar.

Convention: In the following, everytime we write f : M, (X, 3) — M, (Y, f.3)
we will assume that M, (Y, f.3) is non-empty.

Let us now state the version of Cohomology and Base Change we will
use in our applications. We refer to Proposition 1.15 in [29] which is the
stack-version of Corollary 6.9.9 in EGA, III, Second part.

Theorem 2.1.2. (Cohomology and Base Change) Let G' —? G be a flat
morphism of tame separated DM stacks and E a locally free sheaf on G'. If
Rip.E are locally free sheaves for any i, then for any base change

we have that

Lf*Rp,F = Rq.Lg*F.

Corollary 2.1.3. Let f : X — P be a morphism of smooth projective schemes
and let T* := [T — T'] be a two term complex of bundles in Dp concentrated
in [0,1]. Then we have the following canonical isomorphism in Dz, (x5

R (mp)wevpT® ~ R®(7x) vy f*T°.

Proof. Step 1. By abuse of notation we denote by 77 the complex having
T7 in degree 0 and zero in all other degrees. Let us show that_evfp‘,Tj can be
replaced by a quasi-isomorphic complex of vector bundles on Mg 11 (P, i.3),
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K such that Ri(mp). K’ are all vector bundles. By [1], Prop. 5, we can
construct for any k € {0, 1} an exact sequence

0 — EO,k N El,k N Tk =0

such that Ri(mp).E7* is a bundle Vi, j, k. By Theorem 2.1.2 applied to K’
and the fact that evy f* = f*evi we obtain that R*(7x ). f*K = f*R*(7p). K’
and therefore R (mx ). f*T" = f*R(7p).T7.

Step 2. Let us consider the distinguished triangle

evpT? — evpT! — evsT® — evpT[1].
Applying f*R*(mp), we obtain a distinguished triangle
F R (mp) ety T — f*R®(mp)sevpTt — fF*R*(mp)cevpT® — f*R*(7p) . cvpT (1]
and applying R*(7x).f* to the same triangle we obtain
R (mx)ufrevpT? — R (mx)ofrevpTt — R (1x).frevsT® — R*(mx ). frevpTO[1].
Using Step 1 in order to compare the two triangles we deduce that f *Re(mp)evpT® ~
R*(mx).evi f*T°. O

Proposition 2.1.4. Let f : X — P be a morphism of smooth projective
varieties and let T'x p be the dual of the cotangent complex of X to . Then,
in notations as above

(i)f : My (X, ) = My, (P, f.3) has a dual obstruction theory B3
isomorphic to R*(mx ).evyTxp in Dx.

(ii) If f = i is an embedding and Nxsp denotes the normal bundle of X
in P, then i : My ,(X,8) — M,,(P, f.3) has a dual obstruction theory
Eﬂg,n(xﬂ)/ﬂg,n(ﬁi*ﬁ)

[0 = (R(mx)wevx Nxsp)” — (R (mx)wevx Nxyp)"]

g,n(Xyﬁ)/Mg,n(IRf*ﬂ)

in [0,2].

1) If g =0 and P is conver, then E3- 18 perfect.
9 M

n(X,8)/Mg,n(P.f+3)
Proof. (i) In notations as in the beginning of the section, the relative ob-

struction theories are F3 (R () wevpTp)” and B3 =

om(BfuB)/T0 om(X,8)/0

(Ri(mx)«eviTx)". The distinguished triangle
f*Qp — Qx — Lxp — f*Qp[1] (2.1)
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induces a distinguished triangle
R (Tx) vy [ Qp = R (x)ueviQx — R (mx)seVy Lx/p — R (mx)weviy f*Qp[1].
We now need to show that

R (mx )€V f*Qp = f*R*(7p).evpllp

in the derived category of M, (X, 3) and this follows by Corollary 2.1.3.
(ii) If f =4 is an embedding, then Lyp is quasi-isomorphic to [Ny, — 0]
in degrees [—1,0] and the claim follows by (i).

(iii) If P is convex, then My, (P,./5) is smooth and the claim follows from
Remark 1.2.14. O

Proposition 2.1.5. Let

lp lq
X—>PpP

be a cartesian diagram of smooth projective varieties and let € Hy(X') be
any homology class of a curve.
(i) Then the induced diagram of moduli spaces of stable maps

=7 J

Mgﬂl(le 6) - Mg,n(Pl7j*ﬂ)

| )

Myn(X, pu) —> M40 (P, (i 0 p).5)

is commutative. If i is a closed embedding, then it induces an open and closed
aneddmg of My.(X',B) in the fiber product M, (X, p.3) X, (P, (iop)s )
Mg,n(]P)/? j*ﬁ)

(ii)If the natural map p*Lxp — Lxp is an isomorphism, then it induces
an isomorphism

Eﬂg,n(X’,ﬂ)/Mg,n(P’,j*ﬂ) =D Eﬂg,n(X,p*ﬂ)/ﬁg,n(lp’,(iop)*ﬁ)'

If moreover, g =0 and P is convex then, B 18 perfect.

Qvn(X/nG)/Mg:n(P/vj*/B)
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Proof. The first statement is clear, so let us treat the second one. The proof
of part (ii) follows by Proposition 2.1.4 (i) applied to the morphism i, followed
by Corollary 2.1.3 with f =p and T := L}/P.

If g = 0 and P is convex then M, (P, (i o p),3) is smooth and therefore
is perfect. The claim now follows from the first

Mg,n(va*ﬁ)/ﬂg,n@v(iop)*ﬁ)
part of the proof. O

Example 2.1.6. Let us consider a cartesian diagram of smooth projective
varieties as above. The induced commutative diagram of moduli spaces of

stable maps will not be cartesian in general. One counterexample is the case
of Pis a point P := Spec k, P' :=Y and X' := X x Y. The diagram

Mg (X XY, (B1, Bo) | == My n(Y, Bs)

| |

Mg,n(X7 ﬁl) Mg,n(Pa O)

is not cartesian. Let M be the cartesian product M, (Y, ) X, n(P0)

Mg, (X,B1). Then, we still have a nice relation between the virtual class
of M and the virtual class of M, (X X Y, (f,52)). This was studied by
Behrend (see [2], Theorem 1).

Remark 2.1.7. Let us consider the commutative diagram

Mg,n(X/’ B3) %Mg,n(ch*ﬂ)

lp ]
Myn(X,puf8) —= My (P, (i 0 p).f3)
with 7 a closed embedding. If j induces an isomorphism Hy(X') — Hy(P),
then the above diagram is cartesian. In general, the cartesian product will

be a disjoint union of components corresponding to all homology classes
d € Ho(X') such that j.0 = j.0.

Example 2.1.8. Let
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be a cartesian diagram of smooth projective varieties as in the above propo-
sition. Let us moreover suppose that ¢ and j induce injective morphisms of
groups i, : Ho(X) — Hy(P), respectively j. : Ho(X') — Hy(IP'). Then, the
corresponding commutative diagram between moduli spaces of stable maps
is cartesian.

Proof. Let us fix a scheme S and let us consider f : Cp — P an element
in M,,(P,(iop).3)(S). Now let us consider f : Cp — P’ an object in
M, (P, 5.8)(S) and f: Cx — X an object in M, (X, p.3)(S) which map
to f : Cp — P. We have that f : Cp — P is canonically isomorphic to
Cstab — P the stabilization of the composite map Cpr — P’ — P. Then, by
our hypothesis on ¢ we have that the curve Cx is also canonically isomorphic
to Csl%°. We have thus obtained a commutative diagram

C]p/ —

\

P

/

Csw/ﬁab X

and therefore by the universal property of cartesian products, we have ob-
tained a canonical map Cp — X’. By our hypothesis on j all maps Cxr — X’
are obtained in this way. O

Example 2.1.9. Let us now look at an example where our construction of

virtual pull-backs does not apply. If we consider M, (X, 3) = M, (P",i.3)
with P convex, then the construction applies without further conditions only
in genus zero. In general h_Q(EMM( X,8)/T g n(Brin)) Might not vanish.

To see an example, let us consider P" < P" x P®, the inclusion into the first
factor. Then we have an induced map M, (P", dy) — M, (P" x P*, (dy,0)).
The above argument (see 2.3) shows that the dual relative obstruction theory
we obtain is R*m.ev* Npr /pryps. We have that the normal bundle Npr/pryps is
isomorphic to Og?°. Since the map RO, f*(Op) — Rlm, f*(Op?) is obviously
not surjective for g > 1, the (dual) relative obstruction theory will never be
perfect.
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2.2 Pulling back divisors

Let P be a convex variety and d € A;(P) be the class of a curve. If X < P
is an embedding of smooth projective varieties, then ¢ induces a morphism

Mo (X,d) < Mo, (P,d) where we made the convention that M, (X, d) is
the union of all My, (X, ) such that i, = d. Let Dp := Dp(0,ny,d; |
0,72, ds) be a boundary divisor in M, (P, d) that comes with a virtual class
obtained by pull-back along the obvious forgetful morphism

Dp — Mo ny+1 X Mo pyt1

and analogously we have a boundary divisor Dx := Dx(0,n1,dy | 0,n2,ds)
in My ,.(X,d) equipped with a virtual fundamental class. Constructing the
following cartesian diagram

Dx Dp Mon+1 X Mo not1

|

Mom (X, d) —Z> M(]’n (]P), d)

Mm
we get
g! [DP(O, ny, d1 | 07n27 d2)]virt — [DX(Oynh dl | 07 N, d2)]virt'

Indeed, it is easy to check that the obstructions are compatible.

Remark 2.2.1. One could naively hope to obtain new relations between the
rational GW invariants of X by pulling back the WDVV relations in P. The
above shows that for any X < P pulling-back the WDVV equations in
My,.(P,d) gives the WDVV equations in My, (X, d).

2.3 Blow-ups

Let X be a smooth r-dimensional projective variety, Y C X a smooth 7'-
codimensional subvariety and py : X — X the blow-up of X in Y, with
exceptional divisor . We are interested in comparing GW invariants of X
with GW invariants of its blow-up X.

Definition 2.3.1. For every blow up px : X — X and every class 3 € A;(X)
we call the class p'3 the lifting of 3 and we denote it by 3, where p' is the
refined intersection product of [10], Chapter 8.
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Remark 2.3.2. The lifting of 3 satisfies two basic properties that follow triv-
ially from the projection formula, namely (px).3 = and §-E = 0.

Lemma 2.3.3. The moduli space of stable maps to X of class B and the
moduli space of stable maps to X of class 3 have the same virtual dimension.

Proof. By [10] we know that

vdim(M,,(X,3)) = (1 - g)(r—=3) = Kz - f+n
=(1—=g)(r—3)—[pxEx+ (" —1DE]- B+n
= (1—g)(r—3)—pxKx-B+n
=(1-g)(r—=3)—Kx-f+n

0

Remark 2.3.4. Let py : Mgvn(f(,ﬁ) — M, (X, 3) be the morphism induced
by the natural projection py : X — X. After the above lemma it is natural to
ask whether (7p).[M g, (X, 6)]"" = [M,,(X, 8)]"**. We will show that under
additional assumptions the answer to this question is positive. However, we
cannot hope this result to hope in general, and not even in genus zero (for a
counter example see [4]).

Lemma 2.3.5. In notations as_before, the natural projection px : X 5 X
induces a morphism px : Mon(X, 8) — Mon(X,3). If X =P is convex and
X =P the blow up of P, then

(Pe)+[Mo.n(B, B)]Y™ = Mo (P, B)]".

Proof. The proof is a straightforward generalization of [12], Proposition 2.2.
Let us write the proof for completeness. Since P is convex the stack My, (P, 3)
is smooth of expected dimension d. Let Z1, ..., Z; the connected components
of My,(P,f3). As Mom(ﬁ”, () has expected dimension d we have

(Pp)«[Mon(P, )™ = [ Z1] + ... + i[Z4]
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for some «; € Q. If we show that p is a local isomorphism around a generic
point C := (C, 1, ..., xp, f) € Z; for some 1 < i < k then by [12] we have

(78)[Mon(P, B)¥™ = [Z1] + ... + [Z1] = Mon(P, ).

Let us suppose that for some generic C € Z;, p~1(C) is not a point. As C is
generic, we may assume that C' is irreducible. Then f(C') must intersect the
blown up locus and the subscheme M of My, (P, 3) consisting of such maps
must have dimension d. But P is convex and Y has codimension at least two,
hence M has codimension at least 1. This leads to a contradiction. O

Proposition 2.3.6. Let X, Y be smooth projective subvarieties of some
smooth projective convexr variety P and let us assume that there exists Z
a smooth subvariety of P, such that X and Z intersect transversely. Let
Y := XNZ and X be the blow-up of X alongY. Then for any non-negative
integer n and any € Ay(X) with lifting 3 € A,(X)

(pX)*[MO,n(X,B)]Vm _ [MO”Z(X’ ﬁ)]vnt'

Proof. fY =XnNZ, X is the blow-up of X along Y and P is the blow-up
of P along Z then the diagram

J
—_—

X P
X—=P

is cartesian. By Proposition 2.1.5 this induces a cartesian diagram of DM-
stacks

Mo,n (Xa B) —]> Mo,n (I@, Z:B)
ﬁxl lﬁp
Mo,n(X, ﬁ) _5> Mo,n(P, Z*ﬂ)

In order to apply the virtual push-forward machinery to this diagram, we first
need to analyze the obstruction theories involved. By Construction 1.2.17
and Corollary 1.3.7 applied to i, we have

U [Mon(P,iuB)]™ = [Mou(X, B)]™. (2.2)
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We know that py Nx/p = Ng 5. By Proposition 2.1.5 (ii) we obtain that
Mon(X,B)/Mon(BinB) pXEMo,n(Xﬁ)/Wo,n(Pﬁi*ﬂ)'

This shows 1n_part1cu1ar that Eﬂo,n (%.3)/Fon i) perfect. Applying Corol-
lary 1.3.7 to 5 we get

?[Mo,n(f@, Z*ﬂ)]vm _ [Mo’n(X’ B)]Virt
and by Proposition 1.3.1 (iii) we obtain that

#[Mo(P,i.3)]" = [Mo (X, B)]™ (2.3)
Proposition 1.3.1 (i) gives
F(P8) (Mo (B, 0 B)]™ = (px )i [Mon(B, . 5)]"™. (2.4)
By Proposition 2.3.5 we have
7 (Pe)+ (Mo (P, 1. 3)]"™ = 0! [Mon(P, 0. 8)] ™. (2.5)

Gathering all together, equations 2.2, 2.3, 2.4, 2.5 translate in
(B o [Mon (X, B)]™ = [Mon(X, B)].

The projection formula gives the following Corollary.

Corollary 2.3.7. Let X andY as above, and let v € A*(X)®" be any n-tuple
of classes such that Y codim(vy;) = vdimMg,(X, ). Then, IX (p%7y) =

0,n,B
[(i(n,,@ (’7) :

Remark 2.3.8. This result was obtained in [24] in a more general context.
Lai starts with X and Y such that Ny, x is convex and he analyzes the map

Mo,n(f( , B) LN Mo,,(X,3). Under this hypothesis the relative obstruction
theory induced by p is perfect that in our language means that p admits a
virtual pull-back. We should stress however, that we cannot use the usual
relative obstruction theories to 991 in order to obtain the previous result
because the diagram in Corollary 1.3.7 is not commutative. In [24], Lai uses
the absolute obstruction theories and he shows they are compatible. In our
language this means that p [Mo,, (X, 3)]¥" = [My.,(X, 5)]""*. Under these
assumptions Lai analyzes the normal cones of Mo,n(f( , B) and M (X, 3) and
uses the relation between them in order to obtain that (px).[Mo, (X, 5)]"" =
[Mo..(X, 3)]" (see [24] Theorem 4.11).
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Remark 2.3.9. If X is the zero-locus of a section s € H(P,V), for some
convex vector bundle V on P and Y respects the hypothesis of Proposition
1.3.7, then the equality (5x).[Mon(X, 5)]"" = [Mo,(X, )] follows from
the “Conjecture” proved in [19] as described below. In notations of [ibid.]
we have

[ Mo (X, B)™ = crop(RO(mp)weviV) - [Mon (P, i 3)] .

Again, using equality Proposition 2.1.4 we get the same relation with blow-
ups, namely,

j* [Mo,n(j(, B)]Virt = Ctop(ﬁ*Ro(W@)*evg,V) . [Mo,n(ﬂi), Z':B)]Virt‘

Now, the equality follows from the projection formula.

2.3.1 Blow-ups of points and curves

Although this section is not a relevant application to virtual pull-backs we
decided to include this result since we find it useful. The main technique is
the degeneration method which is combined with a very weak version of the
virtual push-forward property.

Proposition 2.3.10. Let n be some fixed natural number, let 5 € Hy(P) be
a fized curve class and v € @Q H*(P) any n-tuple of cohomology classes such
that 3" codim(v;) = vdimM (P, B). IfP is convez, then p[Mo,(X, §)]"" =
[Mo,(X, 3)]V" and in particular, Ig’(nﬂ(p*'y) = Igfnﬁ('y).

Corollary 2.3.11. (Hu [15]) If Y s either a point or a curve of positive
genus, then p,[Mo, (X, 3)]"" = [Mo.(X, B)]". In particular,

I3, 30T = Igis(T),

Jor every T € @ H*(X).

Proof. By our assumption on Y, IP is convex (see for instance [9], §0.4) and
hence the conditions of the above proposition are fulfilled. O

Construction 2.3.12. Li’s degeneration formula
Let F — P! be a family of projective schemes with 0 € P! a distinguished
point, so that the general fiber F; over t # 0 are smooth varieties, and
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the special fib re Fy has two irreducible components F,", F, intersecting
transversely along a connected smooth divisor £ of F.

By [27] we have that the moduli space of stable maps to JF; is expressible as a
product of moduli spaces of maps to F,” and F, and moreover the following
formula holds

—F

Myu(F D)= S m(TDy)- [Mr, (Fy)]™ R My

OH
F17F2€Q(g,n,d)

(FH™ (2.6)

2

where we have used the following notation. The space Mi (FS), (Mi (Fy))
is a moduli space of stable relative maps to F; (respectively F; ) relative
E. Here I" stands for the triple (g, n,d), with d := 8- H, (§ is any homology
class in Ho(X), H is a fixed relative ample line bundle on F) and I'y, I'
denote the collection of the following data:

(i) the number r of connected components of the stable relative maps,

(ii) the (non-zero) homology classes of all connected components,

(iii) for every connected component a subset {1,...,n'} of {1,...,n} of the
marked points lying on it, where all these points have multiplicity O,

(iv) for every connected component of class 81" € Hy(F), i € {1,...,r"},
a collection of additional marked points {y;} lying on X with
associated positive multiplicities ozj-, such that Z oz;“i =4,3" - F and

2y}

analogously for F .

We denote by ng’d) in the sum above, the set of all pairs of data (I'y,T's)
such that

e the glued stable map is connected and has the correct homology
class, and

e the additional marked points y; are labeled on both the F," and the F; side
by the same index set {1, ...,m} for some m, and the multiplicities «; asso-

ciated to these points agree on both sides.

and by Qg’m 2 the set of equivalence classes in Qg ) from re-ordering of the

points ;.
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The coefficient m(I'1I'y) is defined to be “=%=. The notation X means that
we take the moduli spaces of collapsed stable relatlve maps on both sides and

take their fiber product over the r-fold evaluation map to X at the points y;
(see [13]).

Construction 2.3.13. We are interested in the following two particular
situations. Let F be the blow up of X x P! along Y x {0}. We obtain a
family with general fibre X and special fibre equal the union of X and P
glued along the exceptional divisor of X. In this case we know by [28] gives
us even more.

Let us fix the notations and restate the result. The family F induces a
morphism p : Fy — X. We denote the restrictions of p to the irreducible
components of Fo by p1 : P — X and py: X — X. If 8 ¢ Hy(X) is a fixed
homology class, then consider

Qg,nﬂ) ={(I',T2) € Qg,n,d)\ P1(B7) + pau(87) = B}

Let us now consider s the strict transform of Y xP* in F. A direct verification
shows that s N Fy = Y. If F is the blow up of F along s, then the general
fiber of this new family is X and the special one is the union of X and P
glued along the F.

As before, we have morphisms p; : P — X andpy : X — X. If f € HQ(X)
is a fixed homology class, then consider

anﬁ {(FI’FQ) Gand)‘pl*( )+p2*(ﬁ ):B}

Lemma 2.3.14. (Liu,Yau, [28]) Li’s result holds with I" = (g,n,d) replaced
(g,n,B) and the homology classes of curves in P and X replaced by 'y, Ty €
QH

(g.n.8)"

Lemma 2.3.15. If we take 3 to be 3 the lifting of some fized 3 € Hy(X),
then

B :EOI and
By = By
Proof. Let us fix 3~ € Hy(X) and take 5~ := $~. Then, the conditions

P1e(B7) £p2.(B7) = B and p1.(B%) +pa.(87) = B give f = 67 —mf, where
f € Hy(PP) is the class of a fibre in £ and m € Z some integer number. To
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see that m must be zero, all we have to do is to notice that the degree of the
glued curve in F, cannot be independent of m. Take for instance H to be
A — F in the fibers, where A is a sufficiently ample line bundle in X. This
concludes the proof. O

2.4 Projective bundles

The this section we are interested in the situation which appeared in Section
1.4, in the special case of the map between the moduli space of genus zero
stable maps to a projective bundle px : Px (V) — X and the moduli space of
genus zero stable maps to the base X. The virtual machinery applied to this
case gives rise to a way to compute the scalar which appears in the state-
ment of the Theorem 1.4.6. More precisely, we show that the scalar we are
interested in is equal to the scalar corresponding to a projective bundle over
a projective line. This reduces the computations to Elezi’s computations of
Gromov-Witten invariants of splitted bundles over a toric base (see [7], [8]).
Having computed this scalar and assuming we know the genus zero Gromov-
Witten theory of X, we can compute certain genus-zero Gromov-Witten
invariants of arbitrary projective bundles.

Let X be a a smooth projective variety of dimension n. Let Cx be the
trivial line bundle on X and V := W & Cx be a rank r vector bundle on X
with non-zero Chern roots {¢y, ..., ¢,_1}. We denote by px : Px(V) — X the
associated projective bundle. It is well known that there exists an isomor-
phism ¢ : A;(Px(V)) — A1 (X)® f-Z, where fx denotes the class of a curve
in a fibre of px. Let us fix such an isomorphism. For this, let us consider the
following exact sequence

0— A (P 5 A (Py(V)) & A (X) — 0

where i is the map induced by the inclusion of a fiber of px and p denotes
the push-forward by pyx. Then, taking sx : X — Px (V) the zero section of
the projective bundle Px (V') we see that the map s : A1 (X) — A (Px(V))
induced by sx splits the sequence above. This fixes .

Definition 2.4.1. Let 5 € A;(X), then we call 5 := s(3) the lifting of [.

In these notations any class of a curve in Px (V) can be written uniquely
as 0 + qfx, for some f € A;(X) and some g € Z. Let us consider a €
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AR (M, (Px(V), B+ qfx)) such that
vdim M, (Px(V), B + qfx) — k = vdim M, (X, 3). (2.7)

We will say that (3, W, ¢, a) satisfies condition (2.7) or when there is no risk
of confusion that (W, ¢, ) satisfies condition (2.7).

In the same way as in the case of blow-ups, we will relate genus-zero GW
invariants of Px (V') to genus-zero GW invariants of X.

Remark 2.4.2. Let X be a convex variety, 8 € A;(X), W arank-(r—1) vector
bundle on X with Chern roots ¢y, ...,¢,_1, ¢ € Z and a € A*(M,,(Px(V), G+
qfx)) satisfying condition (2.7). Let Zy,...Zy be the connected components
of My,(X,[3). As X is convex, by dimensional reasons

k
(). (- o (Bx(V), B+ af0)l™) = >_ Ni(Z)

for some N; € Q, possibly zero.
In particular, if X = P!, then M, (X, 3) is smooth and irreducible and
therefore

(5x)+ (@ Mon(®x (V). B+ af)]"™) = N[Mon (X, 5)

for some N € Q.

Definition 2.4.3. (i) In notations as above, let us consider the locally con-
stant function

Nxwpql) : Mon(X,8) — Q
defined by the formula

(px)+ (@ on(®x (V). 3+ af)]"™) = Nxwsa(@)Mon(X, ).

(i) Let X =PL, d = (dy,....d,_)) €Z"V, V = O® Op1 (d)) © ... ® Op1 (dy_y),
and k = (ki,....,k,) € N". Let &, (v) = c1(Opy)(1)) and assume that
a = ev;EFi satisfies the dimension condition (2.7). We define N(q, d, k) € Q
by the formula

(Px)« (04 (Mo, (Px(V), 1+ QfX)]Virt) = N(q,d, k)[Mon(X,1)].
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Remark 2.4.4. Let X and Y be smooth projective varieties, let f : Y — X
be a morphism and By € A;(Y) such that f.0y = (. Let W be a vector
bundle on X. Then there exists an induced map h : Py (f*V) — Px(V).
This induces a map o : Mo, (Py (f*V), By +afy) — Mon(Px(V), 5+ qfx)

Proposition 2.4.5. Let X and Y be smooth projective convex varieties, let
f:Y — X be a morphism and By € Ay(Y) such that f.By = . Let W
be a vector bundle on X and a € A*(Mo,(Px(V), 3 + qfx) satisfying the
dimension condition (2.7). Then

(i) (By, f*W, q, h*a) satisfies condition 2.7.

(i1) Let us assume that [ is a closed embedding and let Zy, ..., Zy be the
connected components of Mo ,(X,3). For anyi € {1,....,k} we denote by V;
the open and closed component of Ho,n(Y, By) which maps to Z;. Then we
have an equality

Ny7f*w7gy7q(il*05) v, = NX,Wﬂ,q(@> Zis Vi € {1, ey k}

Proof. (i) Let us consider the following diagram

Mo, (Py (f*V), By + qfy) B—>M0,n(Px(V)> B+ aqfx)

K T
Mon(Y, By) Mo (X, ).

Applying Proposition 2.1.5 we obtain that the relative obstruction theories
Ej and Ej, are compatible. This shows that (8y, f*W,q, h*a) satisfies con-
dition 2.7.
(ii)Without loss of generality we may assume that M, (X, 3) is irreducible.
Let us denote its unique connected component by Z;. By Remark 2.4.2 we
have that

()« (@ Mon(Bx(V), B+ af)"™) = Nxwsa(a)l (2]

Applying Proposition 1.3.1 (iii) to the above diagram we obtain that

T ((px)-a-[Mon(Bx (V). +afx)]™) = (ﬁY)*f!(a'[Mo,n(IP’x(V),ﬁ+qfx)(];ir8t§ .

As the obstruction theories py £y and Ej, are compatible by Proposition 2.1.5,
we obtain that

fe, = he, - (2.9)
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This shows that
f! (a . [Mo,n(]P)X(V); B + qu)]Virt) — B*Q . f‘! [Mo,n(]P)X(V), B + qu)]virt'

By Corollary 1.3.7 we obtain f'[M,(X, 3)]"™ = [M,,(Y, By)] and using
moreover relation (2.9) we get

FIMon(Bx(V), B+ afx)]™ = [Mon(Py (fV), By +afy)]™.  (2.10)
From equations (2.8) and (2.10) we see that

Nxwsa(@lz = (v). (Ba) - Moa(Py(FV), By +afy)) . (211)
This concludes the proof. O
Corollary 2.4.6. We follow the notations of Proposition 2.4.5. Let

n

H evieh € A*(Mo,(Px(V), B+ qfx))

=1

satisfy condition (2.7). Then

(ﬁX)* (Oé . [MO,H(PX(V),B + qu)]virt> — N(q, Cl, k)[ﬁo,n(X> B)]virt7
where d = (8- ¢y, ..., 3+ ¢p).

Proof. In notations as above, let us fix j and look at (C, x4, ...,z,, f) € Z;.
As X is convex, it suffices to look at irreducible curves. We apply Proposition
245 withY =Cand f =1, f: C — X and h : Po(f*V) — Px (V) the
map induced by f. As 7 does not stabilize any curve, the induced diagram
is cartesian. Since C is isomorphic to P!, f*V ~ @7_,O(e;), where ¢; :=
g*c;. By the projection formula g.c1(O(e;)) = - ¢, Vi € {1,...,r} and
therefore e; = d;. It can be easily seen that h*&p,(v) = &p and therefore
N; = N(q,d, k). 0

Let us now extend the result to a more general base X.

Setting 2.4.7. As before, we consider a convex space P and g : X — P
be a closed embedding of a smooth projective variety X in P. Let V' be a
vector bundle on X such that there exists a vector bundle W @ Cp on P with
V =g*(W®Cp) and let p : Px (V) — X be the associated projective bundle.
In notations as above we have an induced map px : Mo, (Px(V), 3+qfx) —
MO,n (Xa ﬂ) :
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Corollary 2.4.8. In notations as in 2.4.7, let

o= Hevjfki € A*(Mo,n(PX(V)7B +qfx))

i=1

satisfy condition (2.7). Then we have that
(ﬁX)* (a . [Mo,n(PX(V), B + qu>]Virt> — ]\[(q7 d, k)[M07n(X, ﬁ)]virt7

where d = (- c1,..., 3 ¢n).
Proof. The proof follows from Proposition 2.1.5 and Corollary 2.4.6. O

Remark 2.4.9. In Corollary 2.4.8 we have shown that we can compute GW
invariants of projective bundles in terms of GW invariants of the base X and
GW invariants of a projective bundle over P!. The latter can be analyzed
using toric methods (see [7], [8]). More precisely, we can compute in this
way GW-invariants of Px (V) with at least vdimM,,, (X, 3) insertions that
are pull-backs from X.

2.5 Conservation of number for virtually smooth
morphisms

Let us recall Fulton’s principle of conservation of number (see Proposition
10.2 [10]).

Proposition 2.5.1. Let f : F — G be a proper morphism, G an m-
dimensional irreducible scheme. Let ip : P — G be a point in G and «
be an m-dimensional cycle on F'. Then the cycle classes ap := ipa have the
same degree.

In this section we will give a version of this principle in the situation when
f F — G is a virtually smooth morphisms.
As a consequence of the conservation of number principle we give a proof of
the fact that the virtual Euler characteristic is constant in virtually smooth
families (see Definition 1.4.4). This statement is a generalization of Proposi-
tion 4.14 in [11] of Fantechi and Géttsche.
As in the section on virtual push-forwards we work with homology rather
than with Chow groups.
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Let us now state the conservation of number principle for virtually smooth
morphisms.

Proposition 2.5.2. Let G be a connected stack of pure dimension and let
f: F — G be a proper virtually smooth morphism of stacks (see Definition
1.4.4) of virtual relative dimension d. Leti: P — X be a point in X and let
us consider « € AY(F). Then, the number

o [X p]
18 constant.

Proof. Let P be any point of G and let us consider the following cartesian
diagram

XPL)F

| b
P——a

where Xp is the fiber of X over P and g : Xp — P is the map induced by
f. By Theorem 1.4.6 we have that there exists n € Q such that

foa - [F]™ = n[G). (2.12)
By Proposition 1.3.1 (i) we have that
i oo [F]0 = gojla - [F]VT,
Using equation (2.12) we obtain that
i fuor - [F]™" = n[P]

and by the commutativity of virtual pull-backs (see Theorem 1.3.9) we have
that j'[F]" = [Xp]""* and therefore

j!Oé . [F]virt — - [Xp]Virt.
The three relations above show that the the number
o [Xp]

1S constant. O
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Definition 2.5.3. Let f : FF — G be a morphism of proper stacks with a
1-perfect obstruction theory Er/g which admits a global resolution of Er/q
as a complex of vector bundles [E' — E°] (e.g. if F' can be embedded as
closed substack in a separated stack which is smooth over G.) We denote by
[Ey — E1] the dual complex and by d the expected dimension d := rkEp/q =
rkE® — rkE'. We denote the class [Ey] — [Ei] € K°(F) by Ty, and we call
it the virtual relative tangent of f.

Definition 2.5.4. Let f : FF — G be a morphism of stacks as before. We
define the relative virtual Euler characteristic of f to be the virtual Chern
number e (F/G) := ca(TH)S)-

Remark 2.5.5. The definition is coherent with Definition 4.2 in [11] by Corol-
lary 4.8 (Hopf index theorem) in [11].

Corollary 2.5.6. Let G be a connected stack of pure dimension and let
f: F — G be a proper virtually smooth morphism of stacks (see Definition
1.4.4). Then, all the fibers of f have the same virtual Euler characteristic.

Proof. We use the above proposition with a := cd(T}i/rg). O

Remark 2.5.7. Taking GG to be smooth we obtain the conservation of number
principle in families of virtually smooth schemes (see definition 3.14 in [11])
which is Corollary 3.16 in [11].

Taking G to be smooth we obtain that the virtual Euler characteristic is
constant in a family of virtually smooth schemes which is the statement of
Proposition 4.14 in [11].

2.6 Quantum hyperplane section principle for
projective bundles

Let us briefly recall the Quantum hyperplane section principle. Let us
consider a smooth projective variety Y and smooth complete intersection
1 : X — Y which is obtained by cutting out Y by r hyperplanes Hy, ..., H,.
Let us denote by V := O(H;) @ ... @ O(H,) the splitted vector bundle on P
associated to these hyperplanes. If Vy,y is convex (i.e. H(C, f*Vx;y) =0
for any stable map f: C' — X) of fixed homology type (3, then by the work
of Kim, Kresch and Pantev ([19]) we have that

Cd('RO'/r*ev*VX/Y) . [Mo,n(Y, i*ﬂ)]virt _ Z'*[Mo,n(X, ﬂ)]virt’
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where d is the rank of the bundle R%7.ev*Vy/y. The Quantum Lefschetz
formula of Coates and Givental ([5]) gives a precise formula which computes
the Gromov-Witten invariants of X in terms of Gromov-Witten invariants
of Y.

In this thesis we are intersted in a similar situation. We consider a smooth
morphism p : P — X from a projective bundle to its base. Let Qp,x be
the relative cotangent of p. Then we relate Gromov-Witten invariants of P
twisted by the relative cotangent bundle with Gromov-Witten invariants of
X. The basic idea is to apply the virtual machinery in order to reduce the
computation to a smaller relative toric variety.

Construction 2.6.1. Let X be a smooth projective variety and E a rank r
bundle on X. In notations as in the beginning of Section 2.1 we consider the
K-theoretic element E,,, 5 on M, (X, 3) defined by

Eynp = [R'm.ev*E] — [R'm.ev*E].

Let rg denote the rank of E° := Rr.ev*E and similarly, let r; denote the
rank of B! := Rlm,ev*E. Using the fiberwise C*-action on E;nﬁ we define

er(EY) i=1" + " e (B + ... + ¢, (EY)

for any ¢ € {0,1}. We call e,(E") the C*-equivariant Euler class of E.
Moreover, we define the the C*-equivariant Euler class of E,,, 3 as

€t(EO>
€t(E1)

ct(Egnp) = € A" (Mgn(X, 3)(2).
If T is another torus which acts equivariantly on M, (X, ), E°, E', then
we define ‘ ‘ ‘
ef (BY) ==t +1"""c[(E") + ... + . (E")
for any ¢ € {0,1}. We call e,(E") the C*-equivariant Euler class of E".
Moreover, we define the the C* x T-equivariant Euler class of £, g as
e (E£°) 7

cu(Byn) = iy € AR, 9)(0).

Convention 2.6.2. Let X be a smooth projective variety, and let V' a vector
bundle over X. We denote by Px (V') the associated projective bundle. Let
B € Hy(X). By abuse of notation, we indicate a lifting of 5 again by 5. We
recall that a lifting of 3 is a curve class in Px (V') which maps to £.
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Proposition 2.6.3. (B. Kim [18]) Let Px (V') be a splitted projective bundle
of projective rank r over X. Then

P D (€dTy)yn - [Men(Px(V), B)]™) = (r+ 1)[Myn(X, B)]
Bp
modulo t.

Proof. Let T := (C*)™*' and let £ := T,. Then T induces an equivari-
ant action on M, (Px(V),3), E°, E'. As the T-fixed components of Py
are X; = P(L;), for i = 0,...,7 we see that the induced action of T on
M, . (Px(V),[) fixes maps (C,zy,...,z,, f) such that f(C) is a curve with
components included in X;, glued to components included in the fibers of p.
All the marked points map to X;. To such maps we can associate a marked
graph I' as in [14] with the additional marking £, € Hy(Px(V)) for each
vertex v. For any graph I' we have an evaluation map

H €r . H Mg(v),val(v) (PX(V)vﬂv) - H (PX(V))

flags vertices flags

Let us consider
My = (H er) H Apy(v))
flags edges
where Ap, (1) is the diagonal associated to an edge e is the diagonal of
Px(V) x Px(V) associated to two flags of e. By the virtual localization
formula we have that
virt

ef(Tp)g,n,B ’ [Mgm(PX(V>7 B)]virt = Z ef(Tp)g,nﬁ ’ %

T
in A%(M,,.(X, 3))(t) ® C[[A\7Y]], where C[A\] = A%(pt). In the above formula
Ar indicates the semidirect product of Aut(vy) and [] g0, Z/de-

Let E be a vector bundle over Px(V), then we formulate ef (E, , 3)x. in

e » g
terms of Euler classes of vector bundles on M, ,,(Px(V'), 3) which we indicate

by their fibers:

i (H°(C, f*E)) _ 11 ci (H(Cy, [*E)) yp € (H'(Ce, f°E)) 11 1

FHVC fB) AL e, ey M orme, re) L e Ey
(2.13)

vertices edges
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Using the Euler sequence of the relative tangent bundle we see that e™(T},), . 5
has zero T-weight from ™ (H°(C,, T,). All the other terms from vertices and
flags which appear on the right hand side of equation (2.13) have non-zero
T-weights. This shows that the left hand side of equation (2.13) is an element
in A%(M,..(X,3))[t] ® C[[A\7!]] and modulo ¢ it vanishes, unless ' has one
vertex. The contribution of each of the r + 1 one vertex graphs is modulo ¢
equal to M, (X, ). This concludes the proof. a

Proposition 2.6.4. Let X be a smooth projective variety such that My (X, 3)
is connected for some 3 € Ho(X). Let p : Px (V') be a projective bundle of
projective rank r over X. Then

e Y (al Ty - Mo (Bx (V) D) = (r + 1)[Moa (X, B)]™™. (2.14)
B—p

Proof. By Proposition 2.5.6 it is enough to show the claim for a smooth map
(C, 21, ...k, f) € Mon(X, ). Asis in the proof of Corollary 2.4.6 we have a
Cartesian diagram

Mon(Pe(f*V), 14 qfc) L>Mo,n(PX(V)a B+ qfx)

d 7 ’

M. (C,1)

and therefore for any § and q € Z

Pi(ca(T)™) - [Mon(Px (V), B+ ¢fx)]'™) =
@ (ca(TY™) - [Mon(Pe(f*V), 1+ qfc)]™).

Summing on both sides over all curve classes 1 := 1+ qfc and respectively
G := 0B+ qfx we obtain that

P (T Mo (B (V), A1) = . 3 (T (Mo (Bl £V), D).
B8

=

—1

But over a smooth map C', the vector bundle f*V splits as a direct sum

of line bundles and therefore the conclusion holds by Proposition 2.6.3 for
C. O
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Remark 2.6.5. If X is a flag variety, then M, (X, ) is connected for any
[ € Ho(X) (see [20]).

Corollary 2.6.6. Leti:Y — X be a closed embedding of smooth projective
varieties and let V' be any vector bundle on X. Then

Ds Z Z (T3) - [Mon (Py (*V), B =

fr=d fi s
G ) (caTy™) - [Mon(Px(V),d)]"™™).
d—d
Proof. The proof follows from Proposition 2.1.5 and Corollary 2.4.6. O

Remark 2.6.7. The scalar on the right hand side of equation 2.14 is equal to
the Euler characteristic of the fiber of p. We do not know if this phenomenon
apprears for any other smooth morphism p: P — X.

Remark 2.6.8. Let us note that although this statement is different from the
one of Proposition 2.5.6. For a general choice of a curve class 3, the virtual
relative tangent is not equal to (7,),, 5. This happens because, in general
the map p : Px — X stabilizes the curve and therefore the virtual relative
tangent has a “contribution” from the deformation of the curve.

2.7 Costello’s push-forward formula

We can use the basic properties of virtual pull-backs (push-forward and func-
toriality) to give a short proof of Costello’s push-forward formula in [6]. We
recall the set-up.

Let us consider a cartesian diagram

F—f>G

3 |7

oy S RUE
such that
1. f is a proper morphism;

2. My and M, are Artin stacks of the same pure dimension;
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3. ¢ is DM-type morphism of degree d;

4. F and G are DM-stacks equipped with perfect relative obstruction
theories Ep/on, and Eg/on, inducing virtual classes [F]""* and [G]'"™;

5. EF/E))?l ~ f*Eg/gnQ.

Proposition 2.7.1. (Costello, [6], Theorem 5.0.1. ) Under the assumptions
above, f.[F|"" = d[G]"".

Proof. As Epsop, and Egjan, are perfect, p; and p, induce pull-back mor-
phisms and Er/sn, = f*Eq/om, implies p} is induced by pb. Applying Theorem
1.3.1 (i) we get f.pi[9] = phg.[9]. Using the fact that g.[90] = d[9Ny)]
and the definition of virtual classes we get

f* [F]virt _ d[G] virt.
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