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ANALYTICAL INVESTIGATIONS OF COIL-SYSTEM DESIGN 

PARAME'IZRS FOR A CONSTANT-VELOCITY TR4VELING 

MAGNETIC WAVE PLASMA ENGINE 

by Raymond W. Palmer, Robert E. Jones, 
and George R. Seikel 

Lewis Research Center 

Results of an analytical study of the design parameters are presented for 
one of the simplest methods of producing a traveling magnetic wave. This 
method is to excite a linear array of coils with polyphase mdiofrequency 
electric current. 

The exact and approximate equations that describe the axial and the radial 
components of the magnetic field are developed with the presence of a plasma 
neglected. The approximate equations are shown to be valid for a value of the 
accelerator to coil radius ratio as large as 0.5. A Fourier decomposition of 
the total magnetic wave shows that this wave is composed of an infinite series 
of waves of diminishing amplitude running opposite to each other at different 
velocities. The presence of magnetic waves other than the design magnetic 
wave, as well as the variation of the average magnetic intensity level, forms 
the basis for the definition of a quality factor with which all similar coaxial 
coil systems may be compared. For a given amount of coil power consumption, 
the greatest amount of magnetic energy available f o r  useful plasma acceleration 
occurs at a coil-radius to magnetic-wave-wavelength ratio af 0.3 for a value of 
accelerator-coil radius ratio of zero (centerline). 
creased to 0.35 when the accelerator-coil radius ratio is increased to 0.5. At 
this optimum value, the useful energy in the magnetic wave is independent of 
the number of phases per wavelength when that number is greater than three. 
The quality factor also applies as an approximate scaling law and indicates 
that properly designed larger coil systems will produce the magnetic energy 
more efficiently than smaller systems. 

This optimum value is in- 

INTRODUCTION 

Mission analyses indicate a need for reliable electric propulsion systems 
with thrustor specific impulses above 1030 seconds. The traveling magnetic 
wave plasma engine is one of several types being studied for producing thrusts 
in this specific-impulse ra.nge. 



The principle of operation of the traveling magnetic wave plasma engine is 
basically simple. Currents are induced in a plasma when a moving magnetic wave 
passes through it. These induced currents then interact with the moving mag- 
netic field to produce a body force that tends to drag the plasma with the 
field. Plasma engines of this type are analogous to alternating-current 
linear-induction motors. 
production of the traveling magnetic wave, or stator, to which the plasma, or 
rotor, is coupled. 

These plasma motors differ essentially only in the 

The methods of producing traveling magnetic waves encompass a variety of 
techniques. Reference 1, for example, describes a system that produces a mag- 
netic wave of nearly constant amplitude and velocity, which uses two radio- 
frequency transmitters maintained 90' apart in electrical current phase. Ref - 
erence 2 describes a system that employs a solenoidal transmission line termi- 
nated in its characteristic impedance. Reference 3 describes an axisymmetric 
system of coils with increasing coil spacing capable of producing an acceler- 
ating magnetic wave. The relative merit of any particular wave-producing sys- 
tem, however, is as yet unproved. 

It is the purpose of this report to discuss one simple method of producing 
a continuous traveling magnetic wave and to analyze the effect of several coil 
system parameters on the smoothness and strength of the wave. The presence of 
the plasma may be neglected as a first approximation, since the induced field 
in the plasma must be small compared with the applied field. Otherwise, the 
applied field penetrates and accelerates the plasma only in a thin annular 
skin. Preliminary results of this study were employed in the construction of. 
the plasma engine discussed in reference 1. 

The coil system that is considered consists of a number of identical 
single-turn loops nT mounted coaxially with a constant separation distance 
between adjacent loops 6; each coil carries sinusoidal alternating current of 
constant amplitude and frequency but differs in electrical current phase from 
an adjacent coil by a constant amount Acp. The quantity Acp is 2 ~ t / N ,  where 
N is the number of phases or coils per wavelength of the system. 

The magnetic field of the coil system is obtained by superimposing the 
fields of the nT single-turn loops. The resulting axial magnetic profiles 
for coil systems of finite and infinite extent are examined at an instant of 
time to obtain "snapshots1' of 'the traveling magnetic wave. In addition, the 
magnitude and phase angle of the magnetic field maximum are investigated. For 
systems of infinite extent, the axial magnetic profile is decomposed into a 
series of constant-amplitude constant-velocity magnetic waves traveling in both 
directions. Since the plasma acceleration process is primarily dependent on 
the radial magnetic field, the corresponding series is obtained for this field 
by utilizing Maxwell's divergence equation. Quality factors are defined to 
compare all similar coaxial coll systems on the basis of maximizing the energy 
in the radial component of the design magnetic wave and minimizing undesirable 
waves. These factors determine the values of coil system parameters that maxi- 
mize the amount of energy available for useful plasma acceleration for a given 
amount of electrical power consumed in the coil system. 
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D E V E L 0 F " T  OF EQUATIONS 

Approximate Magnetic F i e l d  of Single-Turn Loop 

Figure 1 depic ts  a s ingle- turn  loop of rad ius  a carrying a cur ren t  I. 
The a x i a l  and r a d i a l  magnetic f lux dens i t i e s  a t  any f i e l d  point P loca ted  an 
axial d is tance  d and a r a d i a l  d i s tance  r from t h e  geometric center  of t h e  
loop are given i n  re ference  4 as 

B, = PI k ( k )  + - r2 - d2 E(k4 
2s [( r + a)2 + d2] (a  - r)2 + dz 

and 

Br = PId [ a2 + ' + d2 E(k) - K(k,] 
2 s r  [(r + a)2 + d 2]l/ i  (a  - r)2 + d2 

Figure 1. - One-turn-loop geometry 

respectively.  (All  symbols are de- 
f ined  i n  appendix A. ) 

I n  equations (1) and (Z), K ( k )  i s  
t h e  complete e l l i p t i c  i n t e g r a l  of t h e  
first kind and E(k) i s  t h e  complete 

- z  e l l i p t i c  i n t e g r a l  of t h e  second kind. 
The modulus k is  defined by 

4a r  

(r  + a)2 + d2 
k2 = 

where k2 < 1. 

Equations (1) and (2) may be  non- 
dimensionalized by employing t h e  dimensionless var iab les  p = r/a and d = d/a 
and dividing each equation by 
geometric center  of an i d e n t i c a l  s ing le- turn  loop carrying a steady current 10. 
Equations (1) and ( 2 )  may be wr i t t en  as 

BO, which i s  t h e  f l u x  dens i ty  produced at t h e  

and 

where 
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-2 - 
b = l + d  (5) 

The modulus k i n  nondimensional form i s  defined by 

k =  2 4P 

P(P + 2 )  + 

where k2 < 1. 

Later ca lcu la t ions  for multiphase c o i l  systems would prove extremely d i f -  
Therefore, f i c u l t  i f  equations (3) and (4)  were re ta ined  i n  t h e i r  exact form. 

a convenient approximation w a s  made i n  t h e  form of a power s e r i e s  expansion 
i n  p. It i s  shown i n  appendix B t h a t ,  i f  terms of order  g rea t e r  than p2 a r e  
neglected, 

Figures 2 and 3 compare ca lcu la t ions  of t h e  approximate and 

(8) 

t h e  exact 

Dimensionless radial coordinate, p 

Figure 2. - Comparison of exact and approximate solutions of dimensionless axial mag- 
netic field. 
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dimensionless f i e l d  equations f o r  a s ingle- turn loop. For t h e  axial  magnetic 
f i e l d  ( f ig .  Z ) ,  t h e  approximate so lu t ion  agrees within 10 percent with t h e  
exact so lu t ion  f o r  values of t h e  rad ius  r a t i o  t o  0.6. For t h e  r a d i a l  component 
of t h e  magnetic f i e l d  ( f ig .  3 ) ,  these  two so lu t ions  agree within 10 percent  f o r  
values of t h e  radius  r a t i o  as l a r g e  as 0.5. Generally, t h e  approximate solu- 
t i o n  agrees q u i t e  w e l l  with t h e  exact so lu t ion  a t  l a r g e r  values of t h e  rad ius  
r a t i o  when t h e  d is tance  between t h e  plane of t h e  c o i l  and t h e  f i e l d  poin t  i s  
increased ( d  + m ) .  

Taese two f igu res  ind ica t e  t h a t  t h e  approximate so lu t ion  is, general ly  use- 
f u l  a.t values of the dimensionless r a d i a l  coordinate t o  0.5 for any axial d is -  
tance. 

Axial Magnetic F ie ld  of Coi l  System 

The co i l ’ sys tem t h a t  i s  used t o  generate a t r ave l ing  magnetic wave i s  
shown i n  f i g u r e  4.. This system cons is t s  of  nT = n+ f n, i d e n t i c a l  s ing le-  
t u r n  loops i n  a coaxial  a r r ay  such t h a t  a constant spacing 6 i s  maintained 
between adjacent co i l s .  Each c o i l  c a r r i e s  m a x i m u m  s inusoida l  cur ren t  Io  at 
an angular frequency w. I n  addi t ion,  each c o i l  d i f f e r s  i n  e l e c t r i c a l  current  
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Figure 4. - Multiple-coil-system geometry. 

phase from an adjacent c o i l  by a con- 
s t a n t  amount Aq. The reference,  or 
zero phase, c o i l  i s  loca ted  a t  z =O, 
and t h e  current  phase increases  posi-  
t i v e l y  t o  t h e  r i g h t ,  negat ively t o  
t h e  lef t .  Thus, t h e  current  i n  t h e  
n th  c o i l  i s  wr i t ten  as 

The axial magnetic f lux  dens i ty  
produced by t h i s  arrangement of c o i l s  
a t  a f i e l d  point  P, loca ted  an axial 
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distance z and a radial distance r from the center of the reference phase, 
is obtained by summing the axial magnetic f l u x  density of each coil at the 
field point. 
the total number of coils yield the nondimensional expression 

Substitution of equation (9) into equation (7) and summation over 

-n- 
where 

The term zn 
nth 

in equation (11) is the dimensionless axial distance from the 
coil to the field point and can be written as 

Equations (10) to (12) may be more conveniently written by defining a 
dimensionless axial coordinate 

and by noting that 

where A, the magnetic-wave wavelength, is the distance between two coils of 
identical phase angle and N 
With the use of equations (13) and (14), equations (10) and (12) may be rear- 
ranged and written as 

is the number of coils 5r phases per wavelength. 

where 

and 

bn = 1 + (:) 2 (5 - i) 2 
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Equation (15) may also be written as 

- 
Bz B - - - cos(wt - CP) 
Bo - Bo 

- 
where B/Bo 
wave and CP is the phase angle of the maximum magnetic intensity. These terms 
are given by 

is the nondimensional maximum amplitude of the traveling magnetic 

and 

' where 

Coil Systems of Infinite Extent and Number of Phases 

Per Wavelength Approaching Infinity 

No limit need be placed on the number of coils in the coil system. Fig- 
ure 4 could be considered a doubly infinite array of coils about the point 
z = 0. In this situation n+ = n- = m. 

It is of interest to consider a limiting case in which the magnetic wave 
is produced by an infinite number of coils per wavelength. The concept of an 
infinite number of coils per wavelength implies that the phase angle between 
adjacent current loops approaches zero, the distance between adjacent coils 
approaches zero, and the number of coils per wavelength approaches infinity. 

If Tn = (n/N) - 5 is substituted into equation (19) and the definitions 
of equation (15) are used, the result is 

where 
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2 
bn = 1 + ( t T n )  

Employing t h e  genera l  d e f i n i t i o n  of a d e f i n i t e  i n t e g r a l  and noting t h a t  

1 - - - 
AS, = 5, - tn - l  = 

y i e l d  t h e  r e l a t i o n  

2~c(x  + f ) d r  

-CO 
N-.. 

where F 2nd b a r e  now continuous functions of t h e  axis f and t h e  dummy 
var i ab le  5 .  Expanding t h e  trigonometric functions and noting t h a t  b and F 
are even functions of give, from equation (21) ,  t h e  r e l a t i o n  

where 

and 

Subs t i t u t ion  of equation (22) i n t o  equations ( 1 7 )  and (18) y i e lds  

and 

8 



DISCUSSION OF TOTAL MAGNETIC-WAVE PROFILES 

Magnetic-Wave Instantaneous Profiles 

The axial magnetic wave produced on the centerline of a typical six-coil 
six-phase system is shown in figure 5 for several phases of the cycle. These 
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Figure 5. - Instantaneous curves of dimensionless axial 

magnetic field for six-coil six-phase system. Coil- 
wavelength ratio, 0.245. 

wavelength approaching infinity possess 

curves, obtained from equation (15) , 
demonstrate the motion of the mag- 
netic wave through this coil system. 
It is shown in the section QUALITY 
FACTOR DEFINITIONS that the nearly 
sinusoidal shape and nearly constant 
velocity of the particular wave shown 
in figure 5 is the result of choosing 
a value close to the optimum value of 
the coil-radius to magnetic-wave- 
wavelength ratio. The selection of a 
value of the coil-radius to magnetic- 
wave-wavelength ratio far from the 
optimum value would have yielded a 
much more distorted wave. 

Variation of Magnetic Field 

Amplitude and Phase Angle 

From equation (16) it is seen 
that in order for a coil system to 
generate a perfect magnetic wave, 
which is defined as a wave with a 
constant amplitude and a constant 
velocity, both the dimensionless am- 
plitude and the slope of the phase 
angle must be independent of dis- 
tance. Examination of equations (23) 
and (24) reveals that infinitely long 
systems with the number of phases per 

these two requirements. In no other 
cases investigated, however, were these requirements entirely met. 

Equations (17) and (la), which describe the magnetic-intensity profiles 
and phase-angle variations for coil systems of both finite and infinite extent, 
were programed for a high-speed digital computer with a wide variation in the 
number of coils per wavelength, the total number of coils, and the coil-radius 
to magnetic-wave-wavelength ratio. For simplicity, these computations were 
made only f o r  the centerline magnetic field ( p  = 0). 
tions are not only simplified but also exact. 

At p = 0, the calcula- 

The cases computed are shown in table I. The number of coils listed for 
the systems of infinite extent is the number of coils required to approximate 
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'TABU I. - VARIABLES FOR FINITE ANE 
INFINITE COIL SYSTEMS 

Finite 

Number of 
phases or 
coils per 

wavelength, 
N 

Infinite 

12 

6 

4 

Ratio of coil- 
radius to 

magnetic-wave- 
wavelength, 

&/A 

0.555 
.333 
.238 
.111 
.083 
.055 
.042 
.028 

0.666 
.333 
-248 
.222 
.167 
.111 
.083 
-055 

0.500 
.333 
.250 
.166 
.125 
.083 

300 
240 
2 40 
100 
70 
70 
60 
40 

300 
150 
150 
150 
100 

70 
60 
40 

200 
150 
150 
100 
100 
60 

c lose ly  an i n f i n i t e  c o i l  array;  t h a t  i s ,  consideration of more c o i l s  than t h e  
number l i s t e d  did not a f f e c t  t h e  r e s u l t s  f o r  t h e  dimensionless axial magnetic 
flux dens i ty  amplitude and t h e  phase angle of t h e  maximum of t h e  magnetic i n -  
t e n s i t y  t o  within f i v e  s i g n i f i c a n t  f igures .  

Coi l  systems of i n f i n i t e  extent. - The va r i a t ion  of t h e  dimensionless am- 
p l i tude  with t h e  dimensionless axial coordinate from equations ( 1 7 )  and (19) i s  
shown i n  f i g u r e  6 for severa l  values of t h e  co i l - rad ius  t o  magnetic-wave- 
wavelength r a t i o  f o r  four,  six, and twelve c o i l s  per wavelength. The associ-  
a ted  va r i a t ion  i n  magnetic phase angle from equations (18) and (19)  i s  shown i n  
figure 7. Several  important q u a l i t a t i v e  c h a r a c t e r i s t i c s  are apparent from 
these  f igures .  

Figure 6 i nd ica t e s  t h a t  t h e  average l e v e l  of t h e  magnetic i n t e n s i t y  maxi- 
mizes at some value of t h e  c o i l  radius  t o  wavelength r a t io .  A t  l a r g e  values of 
t h i s  r a t i o ,  t h e  combination of c lose c o i l  spacing and d i f f e r e n t  current  phase 
between adjacent c o i l s  gives r ise t o  des t ruc t ive  interference.  A t  s m a l l  values, 
each c o i l  tends toward independent operation. This e f f e c t  may be seen i n  f i g -  
ure  6 by noting t h e  low value of t h e  dimensionless a x i a l  f l u x  densi ty  amplitude 
between c o i l s  and t h a t  t h e  phase (shown i n  f i g .  7) approaches a constant value 

10 
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(a) Four-phase system. 

* - (b) Six-phase system. 

x x 
Dimensionless distance, 5 
(c) Twelve-phase system. 

Figure 6. -Magnetic intensity envelopes for coil systems 
of in f in i te  extent. 

under each coil as the coil-radius to 
magnetic-wave wavelength ratio is de- 
creased. 

Finally, it can be seen that the 
deviation, or ripple, about the aver- 
age magnetic intensity level is in- 
creased with decreasing coil-radius to 
magnetic-wave-wavelength ratio and 
number of coils per wavelength. This 
characteristic is explained on the 
basis of superposition as was done 
previously. The physical significance 
of this deviation, or ripple, however, 
is that the total wave may be analyzed 
in terms of a series of constant- 
amplitude constant-velocity sinusoidal 
magnetic waves running in either di- 
rection within the wave-producing sys- 
t em. 

These general characteristics, 
namely, the maximization of the aver- 
age magnetic amplitude and the exist- 
ence of several waves within the sys- 
tem, were the basis for the definition 
of several figures of merit useful in 
the comparison of magnetic waves pro- 
duced by similar coil systems. 

~~~ Coil systems of finite extent. - 
Figure 8 shows the irariation of wave - 
amplitude with dimensionless distance 
for a number of coil systems of finite 
extent. Figure 9 demonstrates the 
variation of phase angle of the maxi- 
mum magnetic intensity with dimension- 
less distance. 

In the central portion of a fi- 
nite system, the magnetic wave is 
similar to that produced by a system 
of infinite extent. Figure 8 shows 

that in most cases the effect of termination of a finite coil system is to 
raise or lower the axial magnetic flux density amplitude near the ends of the 
coil system toward that value of the amplitude produced by an isolated single- 
turn loop (%/% = 1). The difference between amplitudes at the center and at 
the ends of the system is increased with increasing values of coil-radius to 
magnetic-wave-wavelength ratio and with decreasing values of the number of 
phases or coils per wavelength. 
be reduced or eliminated through very careful variation of ampere turns with 

It is conceivable that these end effects could 

11 



wavewavelength ratio, - 
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Dimensionless axial distance, 5 

r 
x 
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- 

0 Coil 

9 

xiti 

(b) Six-phase system. 

distance through the  system. Coil 
systems of i n f i n i t e  extent are de- 
serving of considerable a t ten t ion ,  
because they approximate the  cen- 
tral por t ion  of any f i n i t e  system 
and t h e  e n t i r e  well-terminated f i -  
n i t e  system. Moreover, f o r  systems 
of i n f i n i t e  extent,  some def in i -  
t i o n s  m a y  be made t h a t  a re  usefu l  
i n  comparing magnetic waves pro- 
duced by similar coaxial  c o i l  sys- 
t e m s .  

DECOMPOSITION OF TOTAL 

MAGNETIC WAVE 
8 - 

Axial Component of Total  

Magnetic Wave 
Figure 7. - Phase-angle variation for  coi l  systems of in- 

f in i te extent. A more de t a i l ed  understanding 
of t r ave l ing  magnetic waves pro- 
duced by c o i l  systems of i n f i n i t e  
ex ten t  w a s  obtained by decomposing 
t h e  t o t a l  wave i n t o  a system of 
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constant-velocity constant- 
amplitude waves running i n  both 
direct ions.  Such a system can 
be represented.by t h e  s e r i e s  

n 03 

" 1  

where t h e  coe f f i c i en t s  fm are 
t h e  amplitudes of t h e  forward, c (a) Four-coil four-phase system. 

im 
6 1.4 or downstream- running, magnetic 

waves and t h e  coef f ic ien ts  &1 
are  the amplitudes of t h e  rear-  
ward,  or upstream-running, mag- 
ne t i c  waves. The mth forward- 
running wave has t h e  constant 
ve loc i ty  cuA/2mn, while t h e  mth 
rearward-running wave has t h e  
ve loc i ty  - o ~ / 2 m .  AU waves of 
t h e  system a re  produced at the  
constant r a d i a l  frequency cu. 

0 

U 3 

It i s  shown i n  appendix C 
t h a t  

c 

2 1.2 

x 

u 1.0 .- 
c al c 

\ 
c 0 

0 0 0 
o . i ~  .a0 .375 .m .625 .no . a75 E - 

(b) Six-coil six-phase system. c3 

v 00 

fm = 2 N  4 F cos 2 Y "  dE 

,555 --- ( C 1 3 a )  ---___ - -- -- /- -_ 
2.0 i f  (m - I ) / N  i s  an in teger  or 

fm = 0 ( C13b) 

i s  not an integer,  i f  (m - 1 ) / ~  
and \ .  

0 .125 .& .375 .% .625 .80 0875= 1.000 
Dimensionless axial distance, f 

(c) Twelve-coil twelve-phase system. 
Qm = 2N l m F  COS 2,cmE dE 

Figure 8. -Magnetic intensity envelopes for coil systems of finite 
extent. (C14a) 

i f  (m + 1 ) / ~  i s  an in teger  or 
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I I I I I  
~ Coil-radius to magnetic-- 

wave-wavelength 
ratio, + 0.083 7 

.250 - 
- 

i 

il p s i  

- 
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.375 

J r\ " 
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/ 

/ 

238- 

r555 
g m = o  ( C14b) 

i f  (m + I ) / N  i s  not an integer .  

To eliminate terms from 
equations (C13) and (C14) t h a t  
are i den t i ca l ly  zero, new s e t s  of 
in tegers  m are  defined so  t h a t  
equation (25) becomes 

I 

4--1 
. 5  

* e ( ? "  fi 
.625 .750 . 8  

r\ v 
0 .125 . 2  

mensionless axial distance, 5 
(c) Twelve-coil twelve-phase system. 

Figure 9. - Phase-angle variation for coi l  systems of f in i te extent. 
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where \ 

and 

03 - 
fjji = 2 N  4 F cos + 1)F, dF, 

r m  

The coefficient fo represents the amplitude of the design wave, which is 
a forward-running wave with the design velocity 
values of my there exist both a downstream-running wave and an upstream- 
running wave that have velocities of 
spec t ively . 

LOh/2*. 

wh/2fl(NE + 1) and 

For all the other 

-U~/~TC(IE~ - l), re- 
- 

Equations (27) and (28) - were programed for integration on a digital com- 
puter, and the values of and -= corresponding to the first three waves 
of the system are shown in table I1 for a wide variation in the coil-radius to 

TABLE 11. - RFSULlcs OF FOURIER ANALYSIS 

iumber of 
?bases o r  
: o i l s  per 

wave- 
l e n g t h ,  

N 

12 

6 

4 

i a t i o  of c o i l -  
r a d i u s  t o  

nagne ti c- wave- 
wavelength,  

a /h  

0.555 
.333 
.238 
-1l.l 
-083 
.055 
,042 
-028 

0.666 
.338 
,248 
.222 
.167 
.111 
.083 
.055 

0.500 
.333 
.250 
.166 
.125 
.083 

F o u r i e r  amplitude for - 
Design 

magnetic 
wave ,  

f 0  

1.0464 
2.0716 
2.3849 
1.9628 
1.6346 
1.1948 

.9322 

.6426 

0.3373 
1.0358 
1.1829 
1.2012 
1.1645 

.9814 
8173 

.5974 

0.4262 
.6906 
.7878 
-7763 
.6960 
.5448 

- 
F i r s t  
d e t r i -  
mental  

Porward- 
running 

wgve , 
fl 

0.0 
.o 
.o 
,0012 
.0076 
-0410 
.OB47 
.1495 

0.0 
.o 
-0002 
6 0006 
.0047 
.0299 
.0673 
. E 9 2  

0.0 
.OW3 
.ooze 
-0217 
.0533 
. 1 l l 4  

F i r s t  
d e t r i -  
mental  

rearward- 
running 
wsve , 

g 1  

0.0 
.o 
.o - 0045 
.0201 
.0768 
.1336 
.1990 

0.0 
.0004 
.0044 
.0086 
.0326 
. l o46  
.1672 
.2289 

0.0013 
-0165 
.0526 - 1420 
-2084 

2626 

Dimensionless axial 
magnetic f l ux  

dens i tx amplitude,  
B/% 

Average 

1.0472 
2.0716 
2.3850 
1.9631 
1.6347 
1.1962 

* 9328 
-6438 

0.3377 
1.0358 
1.1818 
1.2012 
1.1646 

.9828 
-8204 
.6018 

0.4261 
.6906 
.7885 
.7810 
.7048 
.5561 

M a x i m u m  
l e v i a t i o n  

from 
average 

0.0 
- 0  
.o 
.0068 
.0277 
.1166 
.2096 
,3003 

0.0 
.0005 
-0045 
.0092 
.0374 
.1332 
* 2243 
-3112 

0.0012 
-0169 . 
-0548 
.1650 
.2699 
.3311 

magnetic-wave-wavelength ratio, and for four, six, and twelve coils per wave- 
length. For simplicity, these calculations were done at a value of the dimen- 
sionless radial coordinate equal to zero. These values are accurate to five 
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significant figures. It is noted in table I1 that the average values of the 
dimensionless axial  magnetic flux density amplitude correspond closely to the 
tabulated values of the amplitude of the design wave. It is further noted that 
the values of the deviation of the dimensionless axial magnetic flux density 
amplitude about the average are approximately equal to the sum of the ampli- 
tudes of the first detrimental forward- and rearward-running waves, respec- 
tively, (71 and gl). 

- 
It is apparent that equations ( 2 3 )  and ( 2 7 )  are equivalent when m is 

zero. Thus, for the limiting situation of an infinite number of phases per 
wavelength, the entire wave consists simply of the design wave. This is the 
natural result of the constant magnetic intensity envelope coupled with a 
linear variation of the phase angle with axial distance. 

Radial Component of Magnetic Wave 

Equations ( 2 6 )  to (28) completely describe the axial magnetic field for 
infinite coil systems; however, the actual plasma acceleration process is pro- 
duced by the radial component of the magnetic field. 

From Maxwell's divergence equation, 

where Br/% 
Differentiating equation (26) , substituting into equation (29), and performing 
the indicated integration give 

is the dimensionless radial component of the magnetic field. 

This expression will be used in the subsequent definitions and discussion of 
magnetic-wave quality factors. 

QUALITY FACTOR DEFINITIONS 

Total Quality Factor 

It is desirable to define a figure of merit that w i l l  be useful in com- 
paring magnetic waves produced by similar coaxial coil systems. 
merit, or total quality factor, represents, for a wavelength of the accelera- 

This figure of 
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t o r ,  t h e  ne t  average energy i n  t h e  r a d i a l  component of t h e  magnetic wave avail- 
ab le  f o r  u se fu l  plasma acce lera t ion  f o r  a given c o i l  power consumption. 

The t o t a l  magnetic wave i s  composed of t h e  design wave and an i n f i n i t e  
number of slower upstream-running waves and downstream-running waves. Since it 
i s  des i r ab le  t o  acce le ra t e  t h e  plasma t o  t h e  design wave speed, a l l  o ther  waves 
tend  t o  hamper t h e  acce lera t ion  process. Thus, t h e  n e t  average energy avail- 
ab le  f o r  useful plasma acce lera t ion  i s  taken t o  be t h e  d i f fe rence  between t h e  
energy i n  t h e  design wave and t h e  energy i n  a l l  o ther  waves. 
convenient t o  def ine  t h e  t o t a l  qua l i t y  f a c t o r  Q as t h e  product of two ind i -  
v idua l  qua l i t y  f a c t o r s  Q = &LQR. The f i rs t ,  t h e  l e v e l  qua l i t y  f a c t o r  QL 
accounts for t h e  magnetic energy i n  t h e  design wave f o r  a given c o i l  power con- 
sumption. The o ther ,  t h e  r i p p l e  qua l i t y  f a c t o r  QR, accounts f o r  t h e  f r a c t i o n  
of energy t h a t  i s  unavailable f o r  usefu l  plasma acce lera t ion  because of t h e  
presence of undesirable waves. On an approximate bas i s ,  t h e  l e v e l  q u a l i t y  
f a c t o r  accounts f o r  t h e  magnitude of t h e  average magnetic i n t e n s i t y ,  while t h e  
r i p p l e  qua l i t y  f a c t o r  accounts f o r  t h e  deviations of t h e  amplitude and t h e  
s lope  of t h e  phase from t h e i r  mean values. 
cu la t ions  of t hese  f a c t o r s  f o r  c o i l  systems of i n f i n i t e  extent t o  avoid t h e  
complications of end e f f ec t s .  

It i s ,  therefore ,  

It i s  convenient t o  make d1 ca l -  

Level Quality Factor 

The l e v e l  qua l i t y  f a c t o r  QL accounts f o r  t h e  va r i a t ion  i n  t h e  magnetic 
i n t e n s i t y  l e v e l  of t h e  design wave and i s  defined as t h e  average magnetic en- 
ergy contained i n  t h e  r a d i a l  f i e l d  of t h e  design wave f o r  a given amount of 
average power consumed i n  t h e  c o i l  system per wavelength; t h a t  i s ,  

where B,,o i s  t h e  r a d i a l  component of t h e  design wave, J i s  t h e  cur ren t  
density,  and R i s  t h e  r e s i s t i v i t y  of t h e  c o i l  material. The volume Vi re- 
fers t o  t h e  c y l i n d r i c a l  volume of a one-wavelength sec t ion  of plasma acceler- 
a t o r ,  while volume V2 r e f e r s  t o  a one-wavelength sec t ion  of t h e  c o i l  system. 

The numerator of equation (31) may be evaluated by u t i l i z i n g  equation (30) 
t o  determine t h e  r a d i a l  component of t h e  design magnetic wave. Thus, 
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0 

\ 

(32) 

where m = 0. 

The incremental annula? volume dV1 in nondimensional cylindrical coor- 
dinates is 

dVl = 2sa2Ap dp dC (33) 

The limits on the nondimensional variables in the integration shown in the 
numerator of equation (31) are from 5 = c0 to 
accelerator; and from p = 0 to PO, the dimensionless radius of the plasma 
accelerator. Substitution of equations (32) and (33) into (31) yields, for the 
numerator, 

c0 + 1, one wavelength of the 

where 

and 

The denominator of equation (31) is merely the average ohmic heating loss 
in a one-wavelength section of the coil system. It is the product of the 
square of the root-mean-square current, the resistance of an individual coil, 
and the number of coils per wavelength; that is, 

where A, is the current-carrying cross-sectional area of a coil. 
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The substitution of equations (34) and (35) and the defining relation for 
the magnetic flux density Bo 
factor, 

into equation (31) yields, for the level quality 

Thus, for systems with the same ratio of accelerator to coil radius po and the same ratio of total-current-carrying cross-sectional area per wave- 
length to resistivity A,N/R, the result is 

Ripple Quality Factor 

The ripple quality factor QR accounts for the presence of magnetic waves 
other than the design wave. This-factor 
contained in the radial component of the 
useful for efficient acceleration of the 

is the fraction of the average power 
design magnetic wave that is actually 
plasma: 

QR = 1 

(E3: - B$,o)dVl dt 

The presence of waves other than the design wave is considered detrimental 
to the best operation of the plasma accelerator. Upstream-running waves are 
obviously detrimental because they run counter to the plasma flow. Downstream- 
running waves, other than the design wave, are considered undesirable because 
they are slower than the design wave and thus tend to limit the plasma velocity 
to speeds slower than the design wave speed. 

For the cases where the undesirable waves axe not large compared with the 
design wave, the total magnetic wave is adequately represented by the first 
three terms in equation (30). ’;;; = 0 (the design wave) and 
for m = 1 (the dominant upstream- and downstream-running waves). Thus, sub- 
stituting the first three terms of equation (30) into equation (38) and inte- 
grating, using the defining relations of equations (33), ( 2 7 ) ,  ( 2 8 ) ,  and ( C 8 ) ,  
give 

These terms are for 
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where 

\ 

\. 

.6 .a 

b-3/2 cos 2a(N + 

\ 

\ 

b-3/2 cos 2s(N - 
0 

I -  2 -  ’ / m  Fm5I2 - 2 4 bB7/] COS 21 

0 

and 

RESULTS AND DISCUSSION OF QUALITY FACTORS 

Level Qual i ty  Factor  

Dimensionless radius 
of plasma accelerator, 7 P O  

/ /- 

.4 
wavelength, a h  

Figure 10. - Normalized level quality factor as funct ion 
of ratio of coil radius to magnetic-wave wavelength. 

Equation (36)  demonstrates t h e  
dependence of t h e  l e v e l  qua l i t y  f a c t o r  
% on t h e  system parameters. For par- 
t i c u l a r  values of t h e  dimensionless 
radius  of t h e  plasma acce lera tor  PO, 
expression (37) ,, which i s  completely 
independent of t h e  number of phases o r  
c o i l s  per  wavelength, may be used t o  
obtain a graphical  representat ion of 
l e v e l  qua l i t y  f a c t o r  against  c o i l  
rad ius  t o  wavelength r a t i o  for a l l  s i m -  
i l a r  c o i l  systems, t h a t  is ,  f o r  c o i l  
systems f o r  which t h e  r a t i o  of t h e  
to ta l -cur ren t -car ry ing  cross-sect ional  
area per wavelength t o  r e s i s t i v i t y  
AcN/R and t h e  dimensionless radius  of 
t h e  plasma acce le ra to r  po are t h e  
same. Similar  c o i l  systems a r e  com- 
pared on t h e  basis t h a t  t he  conductor 
materials are t h e  same and t h a t  t h e  
mass of conductor material per  wave- 
length  (propor t iona l  t o  AcN) i s  t h e  
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same. 
i s  shown i n  f igure  10. The values of 

The growth of expression (37) with increasing plasma acce lera tor  radius  

shown i n  figure 10 are r e l a t ive ,  having been normalized with respect  t o  t h e  
value obtained a t  a coi l - radius  t o  magnetic-wave-wavelength r a t i o  equal t o  0.3 
and a plasma acce lera tor  radius  equal t o  zero f o r  convenience of display. 
Since t h e  approximation used t o  obtain t h e  r a d i a l  flux densi ty  i s  accurate  t o  
values of plasma acce lera tor  radius  equal t o  0.5, t h e  values from expression 
( 3 7 )  are a l s o  accurate  only t o  t h i s  value. 
a t o r  radius  i s  equal t o  1 i s  shown here, as w e l l  as i n  subsequent calculations,  
t o  i nd ica t e  t h e  t rend of t h e  peak values of expression (37). 

The case where t h e  plasma acceler- 

Figure 10 shows t h a t  expression (37) optimizes a t  some value of t h e  r a t i o  
of c o i l  radius  t o  magnetic-wave wavelength. This optimum tends t o  s h i f t  
toward l a r g e r  values of t h e  c o i l  radius  t o  wavelength r a t i o  as t h e  plasma 
acce lera tor  radius  i s  increased. For all systems with a plasma acce lera tor  
radius  equal t o  o r  less than 0.5, t h e  optimum value of t h e  c o i l  radius t o  wave- 
length  r a t i o  l i e s  between 0.30 and 0.35. 

Thus, f o r  a l l  s i m i l a r  coaxial  c o i l  systems, an  optimum magnetic wavelength 
i s  determined t h a t  maximizes t h e  design magnetic wave and i s  completely inde- 
pendent of t h e  number of phases per  wavelength. 

Equation ( 3 6 ) ,  t h e  general  expression f o r  t h e  l e v e l  qua l i ty  f ac to r ,  may be 
considered a sca l ing  l a w  f o r  a l l  c o i l  systems. Therefore, more e f f i c i e n t  use of 
e l e c t r i c a l  energy may be gained by l e t t i n g  the  plasma acce lera tor  radius  r a t i o  
approach 1, t h e  total-current-carrying cross-sect ional  area per  wavelength in-  
crease, and t h e  r e s i s t i v i t y  of t h e  c o i l  decreasej t h a t  i s ,  c o i l s  should be l o -  
cated as close t o  t h e  acce lera tor  w a l l  as possible,  t h e  current-carrying cross- 
s ec t iona l  a rea  per wavelength should be as l a rge  as possible,  and, of course, 
t h e  c o i l  conductor r e s i s t i v i t y  should be as small as possible. Furthermore, 
equation (36)  shows t h a t  a general  increase i n  t h e  s i z e  of t h e  system y ie lds  an 
increase i n  t h e  l e v e l  qua l i ty  factor .  That i s ,  with an increase i n  t h e  c o i l  
radius  and with t h e  plasma acce lera tor  radius  and c o i l  radius  t o  wavelength 
r a t i o  held constant, it becomes geometrically possible  t o  increase t h e  current-  
carrying cross-sect ional  area of t h e  c o i l  appreciably. The l e v e l  qua l i ty  
f a c t o r  can, tiherefore, be increased with increasing acce lera tor  s i z e  even f o r  
those systems where conductor r e s i s t ance  i s  determined by high-frequency sk in  
effects, s ince  an  increase i n  conductor surface area tends t o  decrease t h e  con- 
duct o r  r e  s i stance. 

Ripple Qua l i ty  Factor 

For a l l  t h e  cases considered i n  t h i s  repor t ,  t h e  t o t a l  magnetic wave i s  
adequately represented by the sum of t h e  first three waves. 
(39)  i s  va l id  f o r  t h e  computation of t h e  r i p p l e  qua l i t y  factor.  
shows p l o t s  of r i p p l e  qua l i t y  f g c t o r  aga ins t  c o i l  radius  t o  wavelength r a t i o  

Thus, equation 
Figure 11 
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(a) Four- and twelve-coil systems. (b) Three- and six-coil systems. 

Figure 11. - Ripple quality factor as function of rat io of coil radius to magneticwave wavelength. 

f o r  var iously phased systems f o r  values of t h e  plasma acce lera tor  radius  of 0, 
0.5, and 1.0. 
length,  t h e  r i p p l e  q u a l i t y  f a c t o r  i s  1.0 f o r  a l l  values of c o i l  radius  to wave- 
length r a t i o  and plasma acce lera tor  radius. I n  general ,  however, t h e  r i p p l e  
qua l i t y  f a c t o r  rises sharply,  approaching a value of 1.0 a t  some value of t h e  
c o i l  radius  t o  wavelength r a t i o  t h a t  decreases as t h e  number of c o i l s  per  wave- 
length  increases  and t h e  plasma acce lera tor  rad ius  decreases. Thus, t h e  e f f e c t  
of increasing the  number of phases per wavelength i s  t o  diminish t h e  undesir- 
ab le  waves. 

I n  t h e  l i m i t i n g  case of an i n f i n i t e  number of phases per wave- 

Total  Qual i ty  Factor  

The product of equations (37)  and (39)  i s  proport ional  t o  Q, t h e  t o t a l  
qua l i t y  f ac to r ,  which i s  p lo t t ed  against  t h e  c o i l  radius  t o  wavelength r a t i o  i n  
f i g u r e  1 2  f o r  var iously phased similar c o i l  systems with values of the  plasma 
acce lera tor  radius  of 0, 0.5, and 1.0. It i s  seen t h a t  a family of curves with 
a common maximum poin t  a t  a value of t he  c o i l  rad ius  to wavelength r a t i o  be- 
tween 0.3 and 0.4 i s  generated a t  each value of t h e  plasma acce lera tor  radius  
when t h e  number of phases per  wavelength i s  g r e a t e r  than three.  As t h e  r a t i o  
of c o i l  radius  to t h e  wavelength increases ,  each curve asymptotically a.p- 
proaches t h e  curve f o r  t h e  number of phases per  wavelength equal t o  i n f i n i t y .  
I n  t h e  v i c i n i t y  of t h e  optimum value of t h e  c o i l  radius  t o  wavelength r a t i o ,  
t h e  number of phases per  wavelength plays an i n s i g n i f i c a n t  r o l e  i n  the  t o t a l  
qua l i ty  f a c t o r  when t h a t  number i s  g rea t e r  than three.  Therefore, t h e  most 
e f f i c i e n t  production of u se fu l  magnetic energy i s  assured pr imari ly  by t h e  
proper s e l ec t ion  of t h e  c o i l  radius  t o  wavelength r a t i o ,  but  t he  use of a 
plasma acce lera tor  with a very l a r g e  number of phases does not of i t se l f  guar- 
antee e f f i c i e n t  production of magnetic energy for plasma accelerat ion.  Indeed, 
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such a large number of phases introduces 
unnecessary complexity in electrical de- 
sign. 

CONCLUSIONS 

Analysis of the effect of several 
parameters on the design of a simple co- 
axial traveling magnetic-wave coil sys- 
tem showed that the efficiency of pro- 
duction of useful magnetic waves for 
plasma acceleration is independent of 
the number of phases per wavelength when 
that number is greater than three and 
is primarily dependent on the value of 
the ratio of the coil radius to the 
magnetic-wave wavelength. The optimum 
value of the ratio of the coil radius to 
the magnetic-wave wavelength was between 
0.3 and 0.4. An approximate scaling law 
indicates that the efficiency of produc- 
tion of traveling magnetic waves should 
increase with increasing size of the 
coil system, 

Lewis Research Center 

Administration 
National Aeronautics and Space 

Cleveland, Ohio, January 23, 1964 

(cl Dimensionless radius of plasma accelerator, 1.0. 

Figure 12. -Normalized total quality factor as function of ratio 
of coil radius to magnetic-wave wavelength. 
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APPENDIX A 

SYMBOLS 

The mks system of units is used throughout this report. 

cross-sectional area of coil that carries current 

Fourier coefficients 

radius of current carrying turn 

magnetic flux density at geometric center of single-turn loop of 
radius a with current IO; Bo = pIO/2a 

radial magnetic flux density 

radial.magnetic flux density of design magnetic wave 

axial magnetic flux density 

axial magnetic flux density amplitude, dimensionless 

1 + (h/aY)’ 

1 +z2 

ZII n F, sin -jy- c 
-ne 

25tn Fn COS - c N 

axial distance from plane of coil to field point 

axial distance from plane of coil to field point, d/a, dimensionless 

axial distance from plane of nth coil to field point, 
dimensionless 

complete elliptic integral of second kind 



set of Fourier amplitudes for forward-running waves 

nonzero 

Fourier 

Fourier 

Fourier amplitudes for forward-running waves 

amplitude for design magnetic wave 

amplitude for first detrimental forward-running wave 

set of Fourier amplitudes for rearward-running waves 

nonzero Fourier amplitudes for rearward-running waves 

Fourier amplitude for first rearward-running wave 

current 

current in nth coil 

maximum current in coil 

volume current density 

integer 

complete elliptic integral of first kind 

modulus for complete elliptic integrals; k = , k 2 < l  2 4ar 
(r + a12 + dz 

integer 

summation index for Fourier analysis 

integer 

number of phases or coils per wavelength 

number of individual coil 

total number of coils, n, + n- 

integer, 12 G ,< N 

total quality factor 

level quality factor 
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QR 

Q* 

Ql 
R 

Ro 
r 

S 

t 

Vl 

V2 

Z 

6 

f 
h 

P 

w 

ripple quality factor 

normalized total quality factor 

normalized level quality factor 

resistivity of coil material 

radius of accelerator 

radial coordinate 

time 

cylindrical volume of one-wavelength section of plasma accelerator 

annular volume of one-wavelength section of coil system 

axial coordinate 

distance between adjacent coils 

axial coordinate, z / h ,  dimensionless 

magnetic-wave wavelength 

magnetic permeability 

dimensionless variables 

radius ratio radial coordinate, r/a, dimensionless 

plasma accelerator radius ratio, %/a, dimensionless 

phase angle of maximum magnetic intensity 

constant electrical phase angle between adjacent coils 

angular frequency 
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APPENDIX B 

APPROXIMATE MAGNETIC FIELD OF SINGLE-TURN LOOP 

Equation (3) of the text may be rewritten as 

where 

The complete elliptic integrals of the first and second kind that appear in 
equation (B2) are given by the following series in k2: 

K = - l +  7c 2 [ (+r k2 + ( 3 7  2 x 4  k4 + (' 2 X 4 X 6  '))" k6 + . , 

and 

where k2 is given by equation (6). 

Equation (B2) can now be approximated by employing Maclaurin's series: 

In equations (B6a) to (B6d) partial derivatives of K and E with respect to 
p must be taken implicitly and evaluated at p = 0. The first two derivatives 
are 

a K  - x (0,b) = = 
2b 

I .- 



Determining the indicated derivatives of equation (E) by using the rela- 
tions of (B6) gives 

f(O,%) = -& 

Substituting relations (B7) into equations (B2) and (Bl) and neglecting 
terms of order higher than 
single-turn loop, 

p2 yield, for the approximate axial field of a 

A similar method could be used to compute an approximate expression for 
Br/BO, the dimensionless radial component of the magnetic field; however, since 
there is no azimuthal component of the total magnetic field from a single-turn 
loop,  Maxwell's divergence equation and equation (B8) can be used to approxi- 
mate the radial flux density with more ease. 

The divergence equation in dimensional cylindrical coordinates for a 
single-turn loop is 

(rB,) + - - 0  - l a  -- 
r a r  ad 

- 
Thus, in terms of the dimensionless variables d and p, 

- 
Partial differentiation of equation (B8) with respect to 
into equation (B10) result in 

d and substitution 
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APPENDIX c 

FOURIER EXPANSION OF TOTAL( MAGNETIC WAVE 

For c o i l  systems of i n f i n i t e  extent,  it becomes convenient t o  s u b s t i t u t e  

i n t o  equation (15) and perform t h e  double sum, first over t h e  number of c o i l s  
i n  a magnetic wavelength, and then over t h e  number of  wavelengths i n  t h e  t o t a l  
system: 

where 

and 

The assumed form of t h e  Four ie r  expansion given by equation (25) i s  

CO m 

Equating ( C 2 )  and ( C 3 ) ,  expanding t h e  tr igonometric func t ions ,  and noting t h a t  
t h e  coe f f i c i en t s  of CDS ut and s i n  ut terms must be zero r e s u l t  i n  

where 

If equation ( C 4 )  i-s mul t ip l ied  by {E::} 2fi25, where 2 i s  a n  i n t ege r ,  and i s  
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integrated from I; = 0 to 1, the result is 

Define 

Substituting equation ( C 7 )  into (C6) and exchanging summation and integration 
yield 

N W 

where 

and 

2 
b = l  +($) E 2  

When it is noted that 

the following trigonometric identity is used 

and the symmetry of the resultant integrals is used: equation ( C 8 )  becomes 
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Solving equation ( C 5 )  f o r  fm and gm and s u b s t i t u t i n g  (C11) y i e l d  

From appendix D, 

i f  z/” i s  an in t ege r  or 

i f  E/N is not  an integer .  ~klus ,  

m 

fm = 2 N  F cos 2mE dE 

i f  ( m  - I ) / N  i s  an in t ege r  or 

f, = 0 

i f  ( m  - 1)/N i s  not  an in t ege r ,  and 

gm = ZN F cos 2 m e  dl; 

(C13a) 

(C13b) 

(C14a) 

i f  ( m  + I ) /N i s  an i n t e g e r  or 
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gm = 0 

if (m + 1)/~ i s  not  an  integer .  

( C14-b) 
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APPENDIX D 

N 

PRORZRTIES OF 

N 
215z - - To evaluate  a, where m i s  an a r b i t r a r y  in teger ,  l e t  

where 

N 
215n - 

cos y m = real p a r t  of S c 

Note t h a t  S is  t h e  sum of a f i n i t e  geometric progression. Subs t i tu t ion  
of t h e  terms of equation (D2) i n t o  t h e  standard formula f o r  obtaining t h e  
value of S y i e lds  

1 - e  25r i (E/N) 

Thus,  

- - s ince  m i s  an i n t e g e r  and = 1. Thus, S = 0 i f  e2*iE/N f 1. 
But eZaiEIN = 1 i f  and only i f  Z/N i s  an integer .  Therefore, S = 0 if 
m/N i s  not an in teger ,  and from equation (Dl) 
- 



- 
i f  m/N i s  not an integer;  however, i f  E / N  i s  an in teger  

- m -  cos 231 - n = 1 N 

and 

N 

n = l  
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