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ABSTRACT

In this dissertation, we study extensions of graded affine Hecke algebra modules. In
particular, based on an explicit projective resolution on graded affine Hecke algebra mod-
ules, we prove a duality result for Ext-groups. This duality result with analysis on some
parabolically induced modules gives a new proof of the fact that all higher Ext-groups
between discrete series vanish. Finally, we study a twisted Euler-Poincaré pairing and show

the pairing depends on the Weyl group structure of graded affine Hecke algebra modules.
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CHAPTER 1
INTRODUCTION

1.1 Background
Graded affine Hecke algebras were defined by Lusztig [Lul] for the study of the repre-

sentations of affine Hecke algebras and p-adic groups. The relation between affine Hecke
algebras and their graded ones can be thought of as an analogue of the relation between Lie
groups and Lie algebras, and so graded affine Hecke algebras are simpler in certain aspects.

The classification of irreducible graded Hecke algebra modules has been studied exten-
sively in the literature. A notable result is the Kazhdan-Lusztig geometric classification
[KL] for equal parameter cases. In arbitrary parameters, a general result is the Langlands
classification [Ev] which states that every irreducible module can be built from a tempered
module. The classification of tempered modules can be understood from the classification
of discrete series by Opdam-Solleveld [OS2] and the decomposition of relevant parabolically
induced modules for tempered modules by Delorme-Opdam [DO]. There are also some
other classification results [CK, Ka, Kr, KR].

The main goal of this dissertation is to study the extensions of graded affine Hecke
algebra modules, that is, to understand some reducible modules rather than irreducible
ones. Since we ultimately want to apply our study to understand the extensions of smooth
representations in p-adic group, we also give connections of extensions in the relevant
categories in Chapters 2 to 4.

There are some studies and applications of the extension problem in the literature [AP,
BW, Me, OS1, 083, Or, Pr, SS, So]. In the p-adic group setting, Adler-Prasad [AP] recently
computed extensions of certain smooth representations and Prasad [Pr] also studies an Ext-
analogue of the branching problem. Motivated by the study of the étale cohomology of p-adic
domains, Orlik [Or] also computed the Ext-groups of generalized Steinberg representations.
In the affine Hecke algebra setting, Opdam-Solleveld [OS1, OS3] computed the extensions
of tempered modules of an affine Hecke algebra and applied the result to study an Arthur’s

formula and Kazhdan’s orthogonality conjecture.



While our work is motivated from some results in the setting of p-adic groups and affine
Hecke algebras, our approach is self-contained in the theory of graded affine Hecke algebras.
Moreover, because of the algebraic nature of our approach, it applies to the graded Hecke
algebra of noncrystallographic types (see [Kr] and [KR]). It is also possible to extend some
results to some similar algebraic structures such as degenerate affine Hecke-Clifford algebras

[Na] and graded Hecke algebras for complex reflection groups [SW].

1.2 Main results

Let H be a graded affine Hecke algebra (see Definition 3.3.25). Our study of the extension
problem begins with an explicit construction of a projective resolution on H-modules. This
projective resolution is an analogue of the classical Koszul resolution for relative Lie algebra
cohomology for (g, K)-modules.

The first application of the projective resolution is to prove a duality result for Ext-
groups of H-modules. To state the result, we need to introduce three operations *, e, ¢+ on
H (see Section 6.2 and Section 6.5 for the detailed definitions).

The first anti-involution * arises naturally from the study of unitary duals for the Hecke
algebra of a p-adic group (see [BM1]), but we remove the complex conjugation from the
original definition for the purpose of our study on complex parameters. The second anti-
involution e is studied in a recent paper of Barbasch-Ciubotaru [BC2] as an Hecke algebra
analogue of the compact-star operation for (g, K)-modules in [ALTV, Ye], but again we
remove the complex conjugation from their definition. The e-operation is also studied by
Opdam [Op] in the Macdonald theory for affine Hecke algebras. The last operation ¢ on
H is the Iwahori-Masumoto involution, which plays the role of tensoring with the sign
representation on the level of Weyl groups and is shown by Evens-Mirkovi¢ [EM] to have
close connection with the geometric Fourier-Deligne transform.

For each of the operations %, e, ¢, it induces a map from the set of H-modules to the set
of H-modules. For an H-module X, we denote by X*, X*® and «(X) (see Section 6.2 and
Section 6.5) for the corresponding dual H-modules, respectively.

Our first main theorem of the dissertation is the following duality on the Ext-groups:

Theorem 1.2.1. (Theorem 6.6.63) Let 11 be a based root datum (X,R,Y,RY,A) (see
Section 3.1). Let H be the graded affine Hecke algebra associated to a based root datum 11
and an arbitrary parameter function (Definition 3.3.25). Let V = C®zX and letn = dim V.
Let X and Y be finite dimensional H-modules. Then there exists a natural nondegenerate

pairing



Extyy g (X, Y) x Exty b (X*,0(Y)*) = C.

Here, the Extfn(H) -groups are taken in the category R(H) of H-modules.

(For some comments on the formulation and the proof of Theorem 1.2.1, see Remark 6.6.64.)
Theorem 1.2.1 is an analogue of the Poincaré duality for real reductive groups ([BW, Ch.I
Proposition 2.9], [Kn2, Theorem 6.10]). One may also compare with the duality result in
[SS, pg 133] by Schneider-Stuhler.

The second result of this dissertation is about the extensions of discrete series. Those
discrete series are defined algebraically in terms of weights (Definition 7.1.73) and corre-
spond to discrete series of p-adic groups when the parameter function is positive and equal.
Since discrete series are basic building blocks of irreducible H-modules, it may be important

to first understand the extensions among them. Our second main result states that:

Theorem 1.2.2. (Theorem 8.1.93) Let 11 be a based root datum (X,R,Y,RY,A) (see
Section 3.1). Let H be the graded affine Hecke algebra associated to a based root datum
IT and an arbitrary parameter function (Definition 3.3.25). Let V = C ®z X. Assume R
spans V. Let X be an irreducible tempered module and let'Y be an irreducible discrete series

(Definition 7.1.73). Then

i C f X=2Y andi=0

otherwise .

Since a discrete series is also tempered, the statement covers the case for X and Y being
discrete series. The statement for affine Hecke algebra setting is proven by Opdam-Solleveld
[OS1], and the one for p-adic group setting is proven by Meyer [Me]. Ciubotaru-Trapa
deduce the result from [OS1] for the graded setting using results of Solleveld. The method
we prove Theorem 1.2.2 with is different from theirs and essentially makes use of Theorem
1.2.1. For the outline of the proof, see the beginning of Chapter 8.

To state the last result of the dissertation, we need some more notations. Let § be an
automorphism on the root system with 6(A) = A. We assume 0 is either the identity map
or the map arising from the longest element in the Weyl group. (In the latter case, that
is the map # in Section 6.1.) The action of § can be extended to the Weyl group, and
then extended to H. For H x (§)-modules X and Y, we define the J-twisted Euler-Poincaré
pairing on X and Y (regarded as H-modules):

EPY(X,Y) =) (—1)'trace(6" : Bxthy (X, Y) = Extiyg (X, Y)).

%



Here, 6* is a natural map induced from the action of § on X and Y. We now state our
last theorem, which was previously proven by Reeder [Re] and independently by Odpam-
Solleveld [OS1] in other settings:

Theorem 1.2.3. (Proposition 9.1.97, Theorem 9.53.104) Suppose § : H — H is either the
identity map or the map 6 in Section 6.1. For any finite dimensional H x (§)-modules X
and Y, EP%I(X, Y') depends only on the Weyl group structure of X and Y. Furthermore,
EP%I(X, Y) can be expressed in terms of the characters of the Weyl group (see Theorem
9.3.104 for the explicit formula).

Theorem 1.2.3 suggests that EP]%I is simpler for the study than each individual Extg{(H)—

group. Some consequences of Theorem 1.2.3 are given at the end of Chapter 9.

1.3 Future direction

We list some possible research projects built from this dissertation:

1. Extensions among discrete series have been studied in Chapter 7. Thus, it is natural to
next study the extensions among tempered modules. Indeed, Opdam-Solleveld [OS3]
have shown that the extensions of tempered modules can be reduced to calculations
involving only finite group representations. Their proof is again in the affine Hecke
algebra setting and so it is desirable if we can have a self-contained theory in the
graded affine Hecke algebra. We believe intertwining operators will be the main tool

for such calculations (as what we see in [OS3, So]).

2. After computing the extensions of tempered modules (or simply applying the results
of Opdam-Solleveld [OS3]), we may try to look at more modules other than tempered
modules. From the calculations from Chapters 7 and 8, the known information, such
as composition factors in standard modules [Ci2, Lu3, CKK] and the duality result
(Theorem 1.2.1), may be useful. Along the way, it is also natural to think about
a homological interpretation of the Kazhdan-Lusztig type polynomials (for graded

Hecke algebras) analogous to classical ones (see [Hul, Section 8.11]).

3. In Chapter 4, we will see the relations of the extensions of smooth representations
of p-adic groups and extensions of graded affine Hecke algebra modules. However,
to translate the results to the level of p-adic groups, one may have to go through
explicitly the equivalence of categories. It may be interesting to see how the results
may be formulated more explicitly in some p-adic groups of small ranks or in GL(n, F').

Some examples of Hecke algebra isomorphisms are in [Ki, Lu2, Mo].



1.4 Outline of the dissertation

This dissertation is mainly divided into two parts. Each chapter begins with an intro-
duction giving a more detailed guide.

The first part includes Chapters 2 to 4, which explain the connections between p-adic
groups, affine Hecke algebras and graded affine Hecke algebras. The central ideas of the
connection are around the theory of types (Section 2.5), Hecke algebra isomorphisms and
the Lusztig’s reduction theorem (Section 3.4). Emphasis on the connection of Ext-groups
is in Chapter 4.

The second part includes Chapters 5 to 9, which study some aspects of extensions of
graded affine Hecke algebra modules. Chapter 5 (with some parts in Chapter 4) serves as
the groundwork for the study. Chapter 6 proves a duality result for Ext-groups. Chapter
7 reviews the Langlands classification, from which we get some general information on
extensions. Chapter 8 computes the extensions of discrete series by using results in Chapters

6 and 7. Chapter 9 studies the Euler-Poincaré pairing and gives applications at the end.



CHAPTER 2

SMOOTH REPRESENTATIONS OF
P-ADIC GROUPS

This chapter is devoted to seeing how the study of smooth representations of p-adic
groups can be transferred to the study of some related algebras. The main references for

this chapter are [BK], [HK], [BH, Chapter 4] and [Ro].

2.1 Representations of p-adic groups

Let G be a reductive p-adic group (over a field of characteristic 0). A (complex) repre-
sentation of G is a pair (7, X) consisting of a complex vector space X and a homomorphism
m: G — GL(X) from G to the set GL(X) of invertible linear automorphisms on X. We
may sometimes only write m or X for the representation. A subspace Y of a representation
X is said to be a subrepresentation if Y is G-invariant, meaning that 7(g)Y C Y for all
g € G. A representation (m, X) of G is said to be irreducible if there is no nontrivial proper
G-invariant subspace of X.

Let (7, X) be a representation of G. Let Z C Y be subrepresentations (possibly 0 or the
entire space) of X. Then, there is a natural G-representation structure 7y, on the space

Y/Z determined by
Tz 9y + 2Z) = 7(9)y + Z.

Then the G-representation (7y,z,Y/Z) is said to be a subquotient of X.

A representation (7, X) of G is said to be smooth if for every vector v in V' there is an
open compact subgroup of G such that 7w(g)v = v for all g € G. Let RR(G) be the category
of smooth representations of G. A representation (7, X) is said to be admissible if for every

open compact subgroup K, the K-invariant subspace of X is finite-dimensional.

2.2 The Hecke algebra
The Hecke algebra H(G) of G is the convolution algebra of locally constant complex-

valued functions on G with compact support. Fix a Haar measure. We shall use * to denote



the convolution of H(G). An H(G)-module V is said to be nondegenerate if H(G)V = V.
Let R(H(G)) be the category of nondegenerate H(G)-modules. For each compact open
subgroup of K, denote by H(G, K), the bi-K-invariant functions in H(G):

H(G,K) ={f € H(G) : f(kgk') = f(g) forany k,k' € KandgeG }. (2.1)

Denote by ex the normalized characteristic function of K i.e.,
~f vol(K)! forge K
eK(g)—{ 0 for g ¢ K.
The element e is an idempotent in H(G) and H(G, K) = ex * H(G) * ek
Local constancy and compact support of functions in H(G) implies that for each f €
H(G), there exists compact open subgroup K; and Ky such that f(kig) = f(g9) = f(gk2)
for all k1 € K1, ks € Ko and g € GG. Hence, since f has compact support, one sees that f
is a finite linear combination of characteristic functions of double cosets K gK. Hence,

H(G) = U’H(G,K) = UeK * H(G) x ex,
K K

where K runs over all the compact open subgroups of G. Then for a nondegenerate H(G)-

module X,

X =JexX,
K

where K again runs over all the compact open subgroups of G.

Proposition 2.2.4. The category R(G) of smooth representations of G is equivalent to
the category R(H(G)) of nondegenerate H-modules. In particular, the set of irreducible
smooth representations of G is in natural bijection with the set of nondegenerate simple

H(G)-modules.

Proof. We follow the proof of [BH, Ch. 4 Sec.1 Proposition 1]. Fix a Haar measure on G. Let
(m, V') be a smooth representation of G. Any function f € H(G) defines an endomorphism

on V via the map
m:H— End(V), [~ / . f(g)m(g)dg.
g€

Note that



1 (f1* f2) = /

heG

/ Fr(hg ™) folg)m(h)dgdh

geG

- / (1) falg)m (W g)dgdh!
'eG JgeG

- / A0 [ Ralg)m) o n(g)dgal’
h'eG geqG

- ( . fl(h/)w(h’)dh’) o ( /g . fz(g)ﬂ(g)@)
= mu(f1) o Tu(f2).

Hence, my defines an H-module structure on V. The H-module structure on V is indeed
nondegenerate since V = (J, VX by the smoothness of V and 7y (ex)VE = VE,

We now define a smooth G-representation structure for each nondegenerate H(G)-
module (73, X). First there is a canonical map from H(G) ®y ) X to X. It is clear that
the map is surjective. To see the map is also injective, we pick an element » ;" f; ® x; €
H(G) @) X in the kernel of the map. Then we pick a compact open subgroup K such

that ex * f; * ex = f; and my(ex)x; = x; for all i. Then we have

Zfi@ﬂci :eK®Z7TH(fZ'>SUZ' =0.

i=1 i=1
Hence, H(G) ®4(q) X is isomorphic to X. Then the left translation on H(G) induces
an action on X. Explicitly, for x € X, choose a compact open subgroup K such that
er * x = x. Then we define the action of g is by 7(g)x = vol(K) 1my(chyx )z, where chyg
is the characteristics function of the set gK.

With these maps and Lemma 2.2.5 below, one can check the equivalence of categories.

O

Lemma 2.2.5. Let (m,X) be a smooth representation of G. Let K be a compact open
subgroup of G. Then for x € X, w(k)x = x for all k € K if and only if my(ex)x = x.

Proof.

= / m(gk Yrw(k)x dg for any k € K

= [ ex(g)m(g)m(k)x dg

= my(er)m(k)x.



The equality implies the if direction. For the only if direction, the second expression is

equal to z if w(k)z = z.

g

Proposition 2.2.4 allows us to reduce the study of smooth representations of p-adic
groups to the study of nondegenerate H(G)-modules. The Hecke algebra H(G) is not a
unital algebra, but it has a lot of idempotents. It may be useful for us to have a more

general definition here, which may also be applied to some other context later.

Definition 2.2.6. An associative algebra A over C is idempotented if A has a countable
set of idempotents e such that A is the union of all the sets eAde. An A-module X is said
to be nondegenerate if AX = X. Since a submodule of a nondegenerate .A-module is still

nondegenerate, the category of nondegenerate A-modules is abelian.

Let A be an idempotented algebra and let e be an idempotent element. Then eAe is
an algebra with an unit. Let 93(.A) be the category of nondegenerate A-modules and let
R(eAe) be the category of eAe-modules. Let the restriction functor and induction functor

be, respectively, as follows:
r:R(A) - R(ede), X —eX,

i:R(ede) > R(A), X — ARcge X.

Note that for M € R(eAe), r(i(M)) = M, which follows from the fact that ea = (eae)e €

eAe for a € A. The relation between A-modules and e Ae-modules is given below:

Proposition 2.2.7. Let Irr(A, e) be the set of irreducible A-modules X with the property
that eX # 0. Let Irr(eAe) be the set of irreducible eAe-modules. Then r gives a canonical
bijection between Irr(A, e) and Irr(eAe).

Proof. We first see that r gives a well-defined map i.e., for X € Irr(A, e), r(X) is irreducible.
Let N be a nonzero eAe-submodule of 7(X). Then AN = X by the irreducibility of X.
Hence, (eA)N = eX = r(X). On the other hand, N = (eAe)N = (eA)N. Hence, N = r(X)
as desired.

Let M be an irreducible eAe-module. Let N be a maximal submodule of (M) such
that Homea.(M,r(N)) = 0. (The existence of the maximal submodule is guaranteed by
Zorn’s Lemma.) We first show that NV is the maximal submodule of i(M). Let N’ be a eAe-
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submodule of M properly containing N. Then we have the exact sequence 0 — N’ — i(M)
and so

0 — Hom(i(M), N') — Homa(i(M),i(M)).

By Frobenius reciprocity and our choice of N’, Hom4(¢(M), N') = Home (M, r(N')) # 0.

On the other hand, by Frobenius reciprocity again we also have
Homy (¢(M),i(M)) = Homege(M, r(i(M))) = Homege (M, M) = C.

Then the above exact sequence implies that there exists a composition of maps i(M) —
N’ — i(M) such that the composition is an isomorphism and the second map is the natural
injection. This implies the second map is also surjective and so is an isomorphism. Hence,
N 2= §(M). This shows N is the unique maximal submodule of (M) and defines a map
s:Irr(ede) — Irr(A, e).

We then show that r o s is an identity. For M € Irr(eAe), r o s(M) C r(i(M)) = M.
Since r o s(M) # 0 and M is irreducible, we have r o s(M) = M. To conclude r and s are

bijections, it suffices to show that r is injective. By Frobenius reciprocity,
Homege(r(M1),7(M2)) = Hom 4 (i o r(My), Ma) # 0.

However, by the uniqueness of the maximal submodule, M; =2 Ms. This completes the

proof.
O

We now formulate the above result in terms of smooth representations of p-adic groups,

which follows from Lemma 2.2.5 and Proposition 2.2.7.

Corollary 2.2.8. Let K be a compact open subgroup of G. The set of irreducible smooth

representations of G with K-fixed vectors is bijective to the set of simple nondegenerate

H(G, K)-modules.

It is also natural to ask if Proposition 2.2.7 can be formulated in the level of categories.
The answer is likely to be negative in general but we have the following equivalent conditions
in Proposition 2.2.9 below. We define one more notation. Let 2R(.A, e) be the full subcategory

of R(A) whose objects are nondegenerate .A-modules generated by e-fixed vectors i.e.,
R(Ae) ={X e R(A): X = AeX}.

Proposition 2.2.9. The following statements are equivalent:
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(1) i(R(eAe)) = R(A, e) as full subcategories,
(2) R(A,e) is closed under subquotients,
(3) R(eAde) = R(A,e).

Proof. We first prove (1) implies (3). By Frobenius reciprocity, Hom4(i(X),i(Y)) =
Home g (X,7(i(Y))) = Homeuse(X,Y). Hence, i(R(ede)) = PR(eAe). This proves (1)
implies (3). That (3) implies (2) is clear as PR(eAe) is closed under subquotients.

It remains to consider (2) implies (1). Since for any object M in R(eAe), r(i(M)) = M
and M generates the A-module i(M), i(PR(eAe)) is a subcategory of R(A,e). We now
prove R(A,e) is a subcategory of i(?R(ede)). Let Y be an object in JR(A, e). Now we have
seen that i(r(X)) is also an object in JR(A, e). By Frobenius reciprocity, we have a natural
surjective map from i(r(X)) to X. Let N be the kernel of the surjective map. By the fact
that 2R(A,e) is closed under subquotient, Y is an object in R(A, e). On the other hand,
since 7 is an exact functor, 7(Y) = 0 and hence Y = 0. This implies X = i(r(X)), as

desired.

2.3 The Bernstein decomposition

The Bernstein decomposition, roughly speaking, expresses the category of smooth rep-
resentations of G into the product of indecomposable full subcategories. The goal of this
section is to describe such a decomposition.

We first review a construction of irreducible smooth representations of G by using
parabolic induction. Let P = MpUp be a parabolic subgroup of G with a Levi subgroup
Mp and a unipotent radical Up. The Levi subgroup Mp is still a reductive p-adic group.
Then define Ind$ to be a functor from %(Mp) to :(G) such that for an object (o, X,) in
R(Mp),

G+ ‘ . f is locally constant and f(mug) = o(m)f(g)
IndPXU_{f'GﬁXU' for all m € Mp and u € Up ’

and G acts on Inngc, by a right translation. Indg admits a left adjoint functor, usually
called Jacquet functor with respect to U.

An irreducible smooth representation of G is supercuspidal if it is not a subquotient
of any proper parabolically induced representations. Equivalently a smooth representation
(m, Xr) is supercuspidal if and only if the Jacquet functor on X, with respect to any

nontrivial unipotent radical U, is zero.
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The following result says that each irreducible smooth representation of G appears in
the parabolic induction from a supercuspidal representation of some Levi subgroup of G in

a unique way (up to conjugation).

Theorem 2.3.10. (Jacquet) (see [Ro, Proposition 1.7.2.1, Corollary 1.10.4.3]) Let (7, Xx)

be an irreducible smooth representation of G. Then

(1) there exists a parabolic subgroup P = MpUp and a supercuspidal representation
(0,Vy) of M such that (7w, Xr) is a subquotient of the parabolic induced representation
nd%(o, X,).

(2) Suppose (P1, (01, Xs,)) and (P, (02, Xs,)) are two pairs of data satisfying the condi-
tion in (1). Then there is a g € G such that gPig~ = P and (Y01, X1) = (02, X2).

1

Here, 901 is a representation of Mp, such that 9o1(m) = o1(g~"mg) for anym € Mp,.

(3) Let P and P’ be parabolic subgroups containing the same Levi subgroup M. Then

Ind%(c, X,) and Ind$, (o, X,) have the same irreducible composition factors.

Thus, a classification of irreducible smooth representations of G can be achieved by
realizing all the supercuspidal representations and decomposing all the parabolically induced
representation Indg(a, X, ) for all supercuspidal representations (o, X,) of Mp. This is the
Harish Chandra’s philosophy of cusp forms.

In order to describe the Bernstein decomposition, we also need the notion of unramified
characters for a Levi subgroup M of G. Roughly speaking, an unramified character of M
is a character of M that is trivial on a certain normal subgroup of M. Since we will not
directly use it except in the description of Bernstein decomposition, we refer readers to
[BW, Chapter X Section 2] or [Ro, Section 1.4.1] for the precise definition. We denote the
set of those characters by Xy, (M).

We first describe the set which parametrizes the indecomposable subcategories in the

Bernstein decomposition.

Definition 2.3.11. Let .# be a set of pairs (M, o) consisting of a Levi subgroup M of
G and a supercuspidal representation o of M. Define the following equivalence relation
in A: (My,o1) ~ (Ma,02) if and only if there is ¢ € G and some unramified character
v € Xor(My) such that

1

gMyig™ and Yo = ogv.

Denote by [M, o] the equivalence classes containing the pair (M,o) in .#. Denote by
B(G) the set of all equivalence classes of .Z .
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Recall from Proposition 2.3.10(1) that each irreducible 7 is a subquotient of a paraboli-
cally induced representation IndIGDJ for a parabolic subgroup P and a supercuspidal represen-
tation o of Mp. Then we can associate such irreducible representation 7 to the equivalence
class [Mp,ol]e in B(G). Proposition 2.3.10 (2) guarantees such association is well-defined.
We say that [Mp,o|q is the inertia class of 7.

We are now ready to describe the subcategories in the Bernstein decomposition. For
each s € B(G), let R*(G) be the full subcategory of R(G) whose objects are (not necessarily
irreducible) representations 7 for which all irreducible subquotients have inertia support s.

Then the Bernstein decomposition of R(G) is as follows:

Theorem 2.3.12. The category R(G) of smooth representations of G can be decomposed

into the product of full subcategories as follows:

RG) = [[ ®©).

s€B(G)

Moreover, each R°(G) is an indecomposable full subcategory of R(G).

2.4 Representations of Iwahori-fixed vectors

We assume G = G(F') to be a split p-adic group, which is the F-rational points of a
connected split reductive group G over a p-adic field F. Let o be the ring of integers in F’
and let p be the maximal ideal in 0. The residue field o/p is isomorphic to a finite field
[, of order q. Let K = G(0) be a maximal compact subgroup of G. There is a natural
surjective homomorphism from K to G(o/p). The Iwahori subgroup Z is the inverse image
of the Borel subgroup of G(o/p). Moreover, Z is a compact open subgroup of G.

For a smooth representation (7, X) of G, let 77 or XZ be the set of Z-fixed vectors of 7
ie.,

Xt={zeX:n(g)z=x forallgeT}.

We state the following Borel-Casselman equivalence of categories:

Theorem 2.4.13. [Bo] Let G be a split p-adic group. Let B be a Borel subgroup of G. Let
t = [B, trivial|g € B(G). We have the following:

(1) Let 7 be an irreducible smooth representation of G. Then wt # 0 if and only if 7 is
an object in RYG).

(2) RYQG) is equivalent to R(H(G,T)).
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For the proof of Theorem 2.4.13, one refers to [Bo] or [HK, Corollary 4.2]. We explain

how (2) can be obtained from (1) and the Bernstein decomposition.

Proof for (2) (from (1)). Let R(G,I) be the subcategory of R(G) whose objects are smooth
representations of G generated by Z-fixed vectors. We first show that R°(G) = R(G, ).
Let X be an object in R(G,Z). Then by the Bernstein decomposition, decompose X as

X = X5,
seB(G)

Then by (1), (X*)T = 0 for 5 # [B, trivial]g. Hence, XT = (X*)Z. Then X is generated by
(XHZ and so is an object in RY(G). We now let X be an object in RY(G). Let Y be the

representation generated by XZ. Then we have a short exact sequence,
0—-Y—>X—>2-—0,

and we want to show that Z = 0. Since taking the Z-fixed vectors is an exact functor,
we have ZZ = 0. Then by (1) and the Bernstein decomposition, Z € Dscniong R (G).
Since X € RY(G), we conclude that Z = 0 from the surjective map from X to Z. Hence,
Z =Y is an object in R(G,Z). This completes the proof for RY(G) = R(G,Z). By
Proposition 2.2.4 and Lemma 2.2.5, we also have R(G,Z) = R(H(G),ez). Since we also
proved RYG) = R(G,I), R(H(G),ez) is closed under subquotients. By Proposition 2.2.9,
we have

RYG) = R(G,T) = R(H(G), ex) = R(H(G, T)).

2.5 Spherical function algebras and
theory of types

It is natural to extend the result of the previous section to other Bernstein components
R*(G). For this reason, we introduce another algebra, that is the spherical function algebra
below. The theory relating those spherical function algebras and the Bernstein components

is indeed the theory of types by Bushnell-Kutzko [BK] and others.

Definition 2.5.14. Let K be a compact open subgroup of G. Let p : K — GL(U) be a
representation of K. Let H(G, p) be the convolution algebra of the compactly supported
functions f : G — End(U). Define

p(g)
6K,p(g) _ { ol(K) forge K

0 for g ¢ K.
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ep Kk is an idempotent. Then define the algebra H(G, K, p) with an unit to be
H(G, K, p) = e,k xH(G,p) * ek p.

Let R(G, p) be a full subcategory of 53(G) whose objects are smooth representations of G
generated by the K-isotypic components of pV. Here, p" is the contragradient representation

of p.

Definition 2.5.15. (c.f Proposition 2.2.9) A pair (K, p) as in Definition 2.5.14 is called a
type in G if R(G, p) is closed under subquotients.

The following is an extension of the Iwahori subgroup case in Theorem 2.4.13:

Theorem 2.5.16. [BK, Proposition 3.3, Theorem 4.3] Suppose (K, p) is a type in G. Then

we have the followings:
(1) R(G, p) is equivalent to R(H(G, K, p)).

(2) There exists a finite subset & of B(G) such that the categories [[,ceR*(G) and
R(H(G, K, p)) are equivalent.



CHAPTER 3

AFFINE HECKE ALGEBRAS AND THEIR
GRADED VERSION

An affine Hecke algebra is, roughly speaking, a deformation of an affine Weyl group. Its
importance for the study of p-adic group representations comes from the fact that many
spherical function algebras (discussed in Section 2.5) are often closely related to an affine
Hecke algebra. Moreover, various important information in the harmonic analysis of p-adic
groups such as Plancherel measures (e.g., [HO]) and unitarity (e.g., [BM1], [BC1]) can also
be recovered from the representation theory of an affine Hecke algebra.

The graded affine Hecke algebra was introduced by Lusztig [Lul] from a filtration of the
affine Hecke algebra. The graded Hecke algebra can be thought to be the linear counterpart
of the affine Hecke algebra as an analogue of the relation between a reductive Lie group and
its Lie algebra, and so is simpler for some study compared with the affine Hecke algebra.
Lusztig [Lul] showed that the representation theory of an affine Hecke algebra is essentially
equivalent to that of its graded version, and classified all simple modules for geometric
parameters.

In this chapter, we review several definitions related to affine Hecke algebras and their
graded ones. We will also see how the study of representations of affine Hecke algebras can
be reduced to the study of the representations of graded affine ones. The main references

for this chapter are [Lul] and [OS2, Section 2].

3.1 Root data and affine Weyl groups
Let R be a reduced crystallographic root system. Let W be the reflection group
associated to R. Let A be a fixed choice of simple roots of R. Let Vj be a real vector
space containing R and let V' = Hompg(Vp,R). Let RT be the set of positive roots in R
determined by A. For a € R, let s, be the reflection associated to o and let oV € V)’ such
that

sa(v) = v — (v,a¥)a,
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where (v, ") = aV(v). Let RV C V)’ be the collection of all V. The crystallographic
condition on R means that (o, 3Y) € Z for any o € R and ¥ € R".
Let X C Vp and Y C V}’ be lattices with the following properties:

(1) X and Y span Vj and V{, respectively;
(2) the paring (.,.) : X x Y — Z defined by (z,y") = y"(x) is perfect;
(3) RC X and RV C ).

The quadruple (X, R,Y, RY) is called a root datum and the collection (X, R,Y, RY,A)
is called a based root datum.

Let V=C®g Vp and let V¥V = C®g V. Extend (,) to a bilinear form on V x VV.

Example 3.1.17. Let Q = ZR be the root lattice of R and let PV is the coweight lattice
of Ri.e.,
PY={\eVy (@A\)eZ forala€eR}.

Then (Q, R,PY, RY) is an example of root data.

The affine Weyl group W associated to R is the group Q@ x W, where Q is the root
lattice. Let W(X) = X x W. We may sometimes call W (X) an extended or generalized
affine Weyl group. For any element x € X, we shall write a® for the corresponding element
in X x W in order to avoid confusion of the multiplication in X (i.e., a*'a®? = a*'**2). For

the element w € W, we keep writing w for the corresponding element in W (X').

Example 3.1.18. Let R be of type A;. Then the group W2 is generated by two reflections
and there is no relation between the two reflections. The affine Weyl group is sometimes

called an infinite dihedral group.

Define the affine root system R associated to R to be the set RV x Z. For o € A,
set @ = (aY,0), and for the longest element oy € R, set &y = (—ag,1) and set A =
{@:a e A}y U{ao}. We call the elements in A simple affine roots. Define the set RY:* to
be the set of positive coroots in RV and the set RV>~ to be the set of negative coroots in

RV. Define the set RT of positive affine roots and the set R~ of negative affine roots:
RT =RY* x {0} URY x Z*,
R =R x{0}URY xZ".

The affine roots in RY x Z can be viewed as the linear transformations on X given by

the action (¥, k).A = a¥(\) + k. The action of W(X) on R is given by (w(a¥,k))(\) =
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(@Y, k)(w™tN). If we write w in the form a*w’ for A € X and w’ € W, then (w'a*)(a", k) =
(W' (), k —av(N).
Define the length function [ : W(X) — N by

l(w) = lw(RY) N R,

which is the number of positive affine roots sent to negative affine roots by w. Define the

subgroup

Q={weW(X):l(w)=0}.

It is known that €2 is abelian and is isomorphic to the quotient X'/Q. Moreover,
W(x) = wa Q.

Example 3.1.19. Note that in the case of type Ay, let P be the weight lattice which is the
Z-span of %a. The groups W (P) and W (Q) are isomorphic, but their length functions are
not the same under such isomorphism. Denote by s, , the reflection along the hyperplane

(or simply a point) Fo. The element s, can also be written of the form sqa"2. Then
Q(P) = (sa,-1),

and

Q(Q) = trivial.

3.2 Affine Hecke algebras

We keep using the notation in the previous section.
Define an equivalence relation on S such that s ~ s’ if and only if s and s are W(X)-
conjugate. For each equivalence class [s] in S, let ¢([s]) be an indeterminate. For s € S, set

q(s) = q([s]). We sometimes call such g a parameter function. Define A = C[q([s]), q([s]) 7" :

s € §] The parameter function g can be naturally extended to a multiplicative function
from W (X) to A* still denoted g such that q(ww’) = q(w)q(w’) whenever I(ww') = l(w) +
[(w"). The parameter ¢ defined on W (X) is also W (X)-invariant, which can be checked by

an inductive argument on the length of w.

Example 3.2.20. In type Ay, if X is the root lattice, then A is generated by two indeter-
minates over C. If X is the weight lattice, then A is generated by one indeterminate over

C.

We shall later write ¢, for g(w) (w € W (X)) for simplicity.
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We first introduce a generic affine Hecke algebra as in [OS2], from which it is more

convenient to construct a graded affine Hecke algebra.

Definition 3.2.21. Let I = (X, R, Y, RY,A) be a based root datum and let q : S — AX
be a W (X)-invariant parameter function as above. The generic affine Hecke algebra H =
H(IL, q) associated to II and ¢ is the complex associative algebra with an unit generated by

the symbols {T3, : w € W(X)} and the algebra A subject to the following relations:
(1) TwTy = Ty if l(ww') = l(w) + I(w'),
(2) (Ts = g(s)°)(Ty + 1) = 0 for s € 5,
(3) q([s])Tw = Twq([s]) for any s € S and w € W (X).
Here, CT, is identified with C i.e., 1 = T,. We may also sometimes regard H as A-algebra.

The set {T,, : w € W(X)} forms a A-basis for H (see [Hul, Theorem 7.1]).

Definition 3.2.22. Let H be a generic affine Hecke algebra as in the notation of Definition
3.2.21. Let qo : S — C* be a W-invariant function. Let £ be the ideal in H generated by
the elements ¢([s]) — qo(s) for all s € S. Then the affine Hecke algebra Hyo = HIT, qo) is
the algebra H/L.

We now introduce the Bernstein presentation for 7. Let
Xiom ={z € X : (z,0") >0 foralla e A }.

For z € Xgom, define 0, = q(x)"'T,. For any z € X, x can be uniquely written as
T = 11 — 9 for x1,29 € Xgom. Then define 6, = 9110;21. Note that for z1,20 € X,
l(a®a®™) = l(a™) 4+ I(a™) and S0 Tye1Tyez = Tye1g2 = TgzaTez1. Hence, © € X — 6,
defines a group homomorphism.

Denote by A the algebra generated by 0, (z € Xyom) and the algebra A in H. Denote

by Z be the center of H.

Theorem 3.2.23. (Bernstein) (see [Lul, Sec. 3], [0S2, Theorem 1.3])
(1) The elements in {0,T, : x € X, w € W} form a A-basis for H.
(2) The algebra A is isomorphic to the group algebra of X over A.

(3) The center Z is generated by A and the elements of the form Y,/ 0., where M runs
over all W orbits in X.
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The commutation relation between T, and 0, is given as follow:

Proposition 3.2.24. (see [Lul, Proposition 3.6]) Let © € X. For a € A, let s = s4 €
W C W(X). We have the following:

(1) If ¥ ¢ 2,
0:5 - 03(:):)

— — 2 — P S
0T Tsas(z) (QS 1) 1—6_, :
(2) If ¥ € 2,

0 — 05(:1:)

0. s — Tty = (a2 — 1) + 0_a(gsas — 05 )) T,

Here, s is defined as in [Lul, 2.4].

The condition that o € 2) occurs for the affine Weyl group of type C,, (n > 1). In

that case, 0 — Oyz) = Op — 020_13 0vya = 02(1 — 93Zv) for n = %(x,av> € Z. Thus,

the expression in the left-hand-side is well-defined and is in A. Similarly, (1) is also a

well-defined expression in A.

3.3 Graded affine Hecke algebra
We begin with a general definition for the graded affine Hecke algebra and then discuss

how to construct a graded affine Hecke algebra from an affine Hecke algebra.

Definition 3.3.25. [Lul] Let IT = (X, R, Y, RY, A) be a based root datum. Let V = C®zX,
as in Section 3.1. Let S be the set of simple reflections of W. Let k£ : S — C be a parameter
function such that k(s) = k(s') if s and s’ are W-conjugate. Write ks = k(s). The graded
affine Hecke algebra H = H(II, k) is the associative complex algebra with an unit generated

by the symbols {t,, : w € W} and {f, : v € V} satisfying the following relations:
(1) The map w + t,, from C[W] = @yewCw — H is an algebra injection.
(2) The map v +— f, from S(V) — H is an algebra injection.

For simplicity, we shall simply write v for f, from now on.

(3) The generators satisfy the following relation:

ts, v — Sa(V)ts, = ks, (v, ") aceAveV.

We say the parameter function k is equal if k is a constant function.
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From (1) to (3), one also deduces that H is naturally isomorphic to the skew group
ring S(V) x W as vector spaces. More precisely, if we fix a basis {v1,...v,} for V, then
{two™ ..o cw e W, my,...,my € Z} is a basis of H.

We now briefly review the Lusztig’s construction of the graded affine Hecke algebra from
an affine Hecke algebra in [Lul]. We specify some properties for Lusztig’s construction for
the simplification of the exposition. (Precisely, we specify to = 1 in the notation of [Lul,
Ch. 4].)

Let H be a generic affine Hecke algebra associated to II = (X, R,),RY,A) and a
parameter function ¢q. Recall that A is an commutative algebra generated by 6, (z € X)
and q([s]), q([s])~* (s € S). Let Z be the ideal in A generated by the elements of the 6, — 1
for z € X and ¢([s]) — 1 (s € S). Let A; = Z¢/Z"!. Then we define the graded algebra
A= Dicz A;. The graded algebra A has the following properties:

(i) Z is a maximal ideal in A.
(ii) Denote v, as the image of §, — 1 in A; = Z/Z%. Then for z,2’ € X, since 0, — 1 =

(O — )0y — 1)+ (0 — 1) + (0 — 1), vz = vy + v. Thus, there is a natural

isomorphism between A; and V x CP as vector spaces, where V = C ®z X and p is

the number of equivalence classes [s] in S.
(iii) From (ii), A is naturally isomorphic to the polynomial ring of V' x CP.
We then have a filtration on H
HOTIHOIT*HDO...DTHD...

This filtration is compatible with the multiplication of H (i.e., (Z'H)(Z?H) C T*ZTVH) ([Lul,
Proposition 4.2]), which can be deduced from Proposition 3.2.24. Hence, we have the graded
C-algebra

= DA

where H; = IiH/IiH’H. For w € W, let t,, be the image of T, in H. Then we have the

following:
(iv) From Proposition 3.2.23, Z8 N T"*1H = Z'*!. Hence, A is a natural subalgebra of .

(v) Fix a Z basis of X, namely z1,...,2,. Recall that v, is the image of §,, — 1 in A and
set v; = v,,. For s € S, let 7, be the image of ¢([s]) — 1 in A. Let A be the subalgebra
generated by all rs. Then H has a A-basis

{twoi™ .oopt rw e W, ma, ..., mp,m € Lo} .
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(Vi) twty = tuw for w,w’ € W.

(vii) There is a natural W-action on V = C ®z X. By (i), V is a natural subspace of Aj.
Then there is also a natural W-action on A; with w(rs) = 7 for allw € W and s € S.

Then for v € V C A; and a € A, we have the following relations in H:

(a) if o ¢ 2,

vts, — ts,Sa(v) = 2rg, (v, ozv};

(b) if a € 2,

Vts, = tsoSal(V) = (s, + Taes, ) (0, 04V>-

(viii) Denote by Z the center of H. The center Z is A"

The details of (iv)-(viii) are in [Lul, Section 4.3] by Lusztig.

Now we pick ro(s) € C for each s € S such that ro(s) = ro(s') if [s] = [¢']. Let £ be the
ideal generated by rs —ro(s) (s € S) in 7. Then the relations (iii)-(vii) determine that /L
is isomorphic to a graded affine Hecke algebra in Definition 3.3.25. The appropriate value
ro(s) we have to pick to make meaningful correspondence will be determined by specifying
q([s]) to a certain number in C*. The next section will see how the study of some affine
Hecke algebra modules can be reduced to the study of the graded affine Hecke algebra

modules.

3.4 Lusztig’s reduction theorem
In this section, we will state a variation of the Lusztig’s reduction theorem given in [OS2,

Theorem 2.8], whose proof is due to Luszitg [Lul].
Let T = Hom(X,C*). Fix ty € T. Assume for any o € A,

Ba(to) > 0. (4.1)

Let qo : S — C* be a parameter function such that qo(s) = qo(s') if [s] = [s]. The
space of parameter functions can be identified with (C*)?. (Recall that p is the number of

equivalence classes in S .) Here, we will fix a parameter function gy and assume
q@o(s)>0 forallseS. (4.2)

We sometimes call g is a positive real parameter function.
We shall naturally identify A with the coordinate ring of T x (C*)?P and consider (g, ug)
as a point in T x (C*)P . We also identify Z with the coordinate ring of (T x (C*)P)/W (see
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Theorem 3.2.23(3)) and consider the W-orbit of (¢g,ug) as a point in (T x (C*)P))/W. Here,
the W-action on T x (C*)? is determined by 0, (w(t)) = 0,,-1(;)(t) (t € T) and w(v') = v’
(u' € (C*)P)). Then define the maximal ideal

TIw (to,q0) = 1f € Z: f(to,q0) = 0}.

Let §W(to,qo) be the Jy( -adic completion of Z. Let

t0,90)

A= Z\W(toﬂo) ®z A,

/Iq == Z\W(tO,qo) ®Z H

We now further assume that ¢y is positive real, meaning that to € Hom(X,Rsg) C
Hom(X',C*). This assumption is for the consistency of our simplified construction in the
last section and is not necessary for [OS1, Theorem 2.8] (only the assumption (4.1) is
required for ¢y in [OS1, Theorem 2.8]).

Let (o be the unique element in Vy = R ®z X such that a(t) = (), (The uniqueness
is guaranteed by (4.1)). Define the function rq : S — C such that ro(s) = log go(s). In fact,
ro(s) € R, but we want to consider ry(s) as a point in C and so 7y can be considered as a
point in CP.

The algebra A is identified with the coordinate ring of V'V x CP and we consider (¢, rq)
as a point V'V x CP. We again identify Z with the coordinate ring of (VY x CP)/W (see
(viii) in Section 3.3) and consider the W-orbit of (g, 70) as a point in (VY x CP)/W. Here,
the W-action on V'V x CP is determined by 0,(w(t)) = Oy (t) (t € T) and w(ry) = rg
(ry € CP). Then define the maximal ideal

Tw(coro) = 1f € Z: f(Co,m0) =0}

Let ZW(Co,ro) be the 7W(Cojr0)—adic completion of Z. Let

W (Co,ro) OF A,

b
NP

H = Zw(¢) ®z -
We now turn to graded affine Hecke algebras in order to make some suitable identifi-

cations later. Define the parameter function ky : S — C as follows (c.f. (vii) in Section

3.3):

(1) If « ¢ 2), then

ko(sa) = 21og(qo(sa))- (4.3)
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(2) If & € 2), then

ko(sa) = log(qo(sa)) +10g(go(a®sa))- (4.4)

From the W (X)-invariance of ¢, we also have that kg is also W-invariant. The k¢ will be
the parameter function for the corresponding graded affine Hecke algebra from .

The following theorem an its consequence are the main goal of this chapter:

Theorem 3.4.26. ([OS2, Theorem 2.8/, [Lul, Theorem 9.3]) We retain the setting above.

In particular, we are assuming (4.1) and (4.2). Then we have the following:

(1) There are natural compatible C-algebra isomorphisms between Z and Z, between A

and j, and between H and i

(2) Let L be the ideal generated by s —ro(s) (s € S) in H. Then there are natural com-
patible C-algebra isomorphisms between the center of H/L and the center of H(W, ko),
between A/(ANL) and S(V), and between H /L and H(W, k).

Corollary 3.4.27. ([Lul, Section 10.9], [0S2, Corollary 2.9]) With the setting above, we
have the following:

(1) The category of finite-dimensional H-modules whose irreducible subquotients have cen-
tral character W (to, qo) is equivalent to the category of finite-dimensional H-modules

whose irreducible subquotients have central character W (o, o).

(2) Let L be the ideal generated by qs —qo(s) (s € ,§) in H. Let L be the ideal generated by
rs —ro(s) (s € §) in H. Then the category of finite-dimensional H/L-modules whose
irreducible subquotients have central character Wty is equivalent to the category of

finite-dimensional H/L-modules whose irreducible subquotients have central character

Weo.

(3) The category of finite-dimensional H/L-modules whose irreducible subquotients have
central character Wy is equivalent to the category of finite-dimensional H(W, ko)-

modules whose trreducible subquotients have the corresponding central character.

Proof. We briefly explain how to obtain the statements. Let j (resp. J ) be the maximal
ideal in gW(to,qo) (resp. éW(Co,ro)) and set J = Jw (1y,q0)- Since ﬁ/jlﬁ is isomorphic to
H/JTH, there is a bijection between finite-dimensional #H-modules which are annihilated

by J' and finite dimensional H-modules which are annihilated by J¢. The latter modules
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are also bijective to the finite-dimensional H-modules whose irreducible subquotients have
central characters W (tp,qp). We then have a similar statement for ﬁ and H. Combining
with Theorem 3.4.26 (1), we have (1). For (2), we trace the isomorphism of Theorem
3.4.26 in the proof and see the isomorphism sends é\w(to,qo) ®z L to §W(Co,ro) ®§Z. Hence,
H/ éwuo,qo) ®z L) = H (§W(§o,ro) ®z

For (3), it follows from the construction of H.

L). Then we obtain (2) by similar argument as (1).



CHAPTER 4

EXT-GROUPS IN VARIOUS CATEGORIES

Given modules X, Y of an algebra, a module Z is called an extension of X by Y if there

exists a short exact sequence:
0=-X—=>2Z2—-Y —=0.

Those equivalence classes of short exact sequences can be equipped with a natural abelian
group structure and form a group isomorphic to Ext!(X,Y"), the first dervied functor of
Hom(-,Y). The higher Ext-groups also have interpretations in terms of long exact sequences.

In this chapter, we apply discussions in the previous two chapters to transfer informa-
tion of Ext-groups among several categories. However, we will not make any attempt to
understand the Ext-groups in a specific category until next chapter. Indeed, we shall only
focus the Ext-groups in only one specific category, that is the graded affine Hecke algebra
modules. Results in this chapter are explicitly or implicitly known in the literature (e.g.,

[AP, 0S4, So)).

4.1 Ext-groups and projective objects
Since we are going to work through Ext-groups over various categories, it is convenient
for us to discuss the notation of Ext® once and for all (see for example [We, Chapter 2] for
details).
Let R be an abelian category. Recall that an object P in fR is projective if Homgy (P, .)
is an exact functor. Assume PR has enough projective objects. For objects X, Y in fR, define

Extgiﬂ as follows: Let P® be a projective resolution for X
P*— X —0.

Then Extl(X,Y) is defined to be the i-th homology of the complex Homg(X,Y). It is a
general fact in homological algebra that the Extfn(X ,Y) does not depend on the choice of
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the projective resolution of X. It is immediate from the definitions that if $R; and Ry are

two equivalent abelian categories of enough projective objects, then
Exty, (X,Y) 2 Extiy, (F(X), F(Y)),

where F is the functor from fR; to Ry for the equivalence of categories.
We now refine our consideration to the category of nondegenerate A-modules for some

algebra A.

Proposition 4.1.28. Let A be an idempotented algebra as defined in Definition 2.2.6. Then
the category R(A) of nondegenerate A-modules has enough projective objects.

Proof. Let e be an idempotent in A and let X be a nondegenerate A-module. We consider
the A-module Ae®¢ V with A acting on the first factor. Note that AA = A and so Ae®@cV
is nondegenerate. On the other hand, we note that Hom 4(Ae ®c Y, X) = eX ® Y™, where
Y* is the dual space of Y. Then for nondegenerate A-modules X, X’ and for a surjective
map f : X — X', f induces a surjective map from eX ® Y* to eX’ ® Y* and then by
naturality, f induces a surjection from Homy4(Ae ®¢c Y, X) to Homy4(Ae ®c Y, X'). Hence,
Ae ®@c Y is a projective object in R(G). Then for any A-module X, the module

@ Ae @c eX

is projective, where A acts on the first factor, and naturally surjects onto X = |J, X. Here,

e runs for all the idempotents of .A. This shows the category has enough projective objects.

O
Corollary 4.1.29. Suppose A is one of the following algebras:
(1) the Hecke algebra in Section 2.2,
(2) the spherical function algebra in Definition 2.5.14,
(3) the generic affine Hecke algebra in Definition 3.2.21,
(4) the graded affine Hecke algebra in Definition 3.3.25.
The category R(A) of nondegenerate A-modules has enough projective objects.

Proof. The Hecke algebra is an idempotented algebra and other algebras have an unit.

g
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Corollary 4.1.30. Let G be a p-adic group and let B(G) be the set parametrizing the

Bernstein components in Definition 2.53.11. Then we have the following:

(1) The category R(G) of smooth representations of G has enough projective objects.
(2) For each s € B(G), R°(G) has enough projective objects.

(3) Let X andY be objects in R(G). Use Bernstein decomposition to decompose X into
Dscn(c) X° and similarly decompose Y into Dgeqcy Y". Then
Exthyc)(X,Y) 2 @ Exth g (X5, Y7).
s€B(G)
Proof. (1) follows from Corollary 4.1.29 (1) and Proposition 2.2.4. For (2), let X be an
object in R*(G) and let P be a projective object such that there exists a surjection from
P to X. Let P® be the factor of P in the Bernstein component 2°(G) of the Bernstein
decomposition. Then we also have a surjection P° to X. By the Bernstein decomposition,
we can also check P° is projective in 8*(G). This shows (2).
For (3), let P*® be a projective resolution for X. Then by the Bernstein decomposition,
we can write the resolution as the form:
D o @
SEB(G) SEB(G)

Then each sequence (P*)® is a projective resolution of X*°. Then by definitions, we obtain

(3)-

4.2 Central characters and Ext-groups
We deal with the issue of central characters in this section. Corollary 4.2.34 will allow
us to focus on modules of the same central characters for computing Ext-groups later. We
work over a general setting in this section, but the major examples are affine Hecke algebras
and graded affine Hecke algebras, where we have explicitly known their centers.
Let A be a C-algebra with an unit and let Z be the center of A. An A module X is

said to have a central character if there is a function xyx : Z — C such that for any = € X,

z.x = xx(2)x.

Lemma 4.2.31. Let A be an C-algebra with an unit. Let X1, Xo be A-modules. Then the
left multiplication of z € Z on X1 and Xy determines two algebra maps z1 : X1 — X1 and

2o : Xo — X, respectively. Then the induced maps z1 and zo on Extg%(A) (X1, X2) coincide.
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Proof. We prove by induction similar to the proof in [BW, Ch.I Sec.4 Lemma 4.4]. For
i=0, ExtfR(A)(Xl,Xg) = Homgp4)(X1, X2). Thus, for f € Homga)(X1, X2), (21f)(x) =
f(zz) = zf(x) = (22f)(x). Hence, z1 = z9. Now assume ¢ > 1. Let P be a projective
A-module such that

0—-X —-P— X —0.

Then the associated long exact sequence for the Homg4)(+, X2) is as follows:

co Bxtig ) (P X)) = Exctiy g (X, Xo) <Bxtig (X', Xa)

e Extyg (P Xa) ...

By using P is projective, we have Extg%( A) (X1,X9) = Extfﬂ_(;) (X', X2). Then by induction

hypothesis, the action of z; and z9 agree on Extgg( A) (X1, X>2) as desired.

g

Proposition 4.2.32. Let A be a C-algebra with an unit. Let X1, Xo be A-modules with the
central characters xx, and Xx,, respectively. If xx, # Xx,, then Extgf{(A)(Xl, X2) =0 for

all .

Proof. We follow the proof in [BW, Ch. I Sec. 4]. Since xx, # Xx, and A has an unit,
there exists an element z € Z such that xx,(z) = 1 and xx,(z) = 0. Then z acts on
X1 as an identity and so induces an identity map on Extg%( A) (X1,X>2). Similarly z acts
on Xo as zero on X5 and so induces a zero map on EXt?R(A) (X1,X2). By Lemma 4.2.31,

Extg%(A) (X1, X2) =0 as desired.
O

Lemma 4.2.33. Let Xj (k = 1,2) be A-modules of finite length. Fix an integer i. If
Extgﬁ(A) (X1, X2) # 0, then there exists an (irreducible) composition factor' Y of X; and a
composition factor Z of Xo such that Extg,‘(A)(Y, Z) #0.

Proof. If X1 and X9 have length 1, then the lemma is clear. We now assume X5 has length
1 and proceed induction on the length of X;. Assume the length of X7 is greater than or
equal to 2. Let YO c Y! C ... C Y" = X be a composition series of X.
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If Extg%( A)(YO, X2) # 0, then we are done. Otherwise, by considering the short exact
sequence

0-Y% 5 X, - X,/Y° =0,

we have the associated long exact sequence
o Extyy gy (Y0, Xo) = Exctiy g9 (X1, X2) ¢ Extiy 4 (X1/Y?, Xa) ...

and so we have ExtfR(A) (X1/Y? X5) # 0. By an induction on the length of the composition
series of X7, we obtain the statement.
We now consider X5 have length greater than or equal to 2. Indeed, this can be proven

by a similar inductive argument to the case of Xj.
O

When A is an affine Hecke algebra or a graded affine Hecke algebra, any irreducible
A-module is finite-dimensional and so any irreducible A-module has a central character by

Schur’s lemma.

Corollary 4.2.34. Let A be an affine Hecke algebra or a graded affine Hecke algebra. Let
Xy (k=1,2) be A-modules of finite length such that all the irreducible subquotients of Xy
have the same central character, say xi. If x1 # X2, then ExtfR(A)(Xl,Xg) =0 for all i.

Proof. This follows from Proposition 4.2.32 and Lemma 4.2.33.

g

Corollary 4.2.35. Let A be an affine Hecke algebra or a graded affine Hecke algebra. Let
Ren(A) be the category of A-modules of finite length. Let T be the set of functions x : Z — C
which are the central characters of irreducible A-modules. For x € T, let Ren  be the full
subcategory of Ren,(A) whose irreducible subquotients have the central characters x. Then

Ren(A) can be decomposed into full subcategories as follows:

S)%ﬁn(-A) = @ SRﬁn,x(-"l)'

XETY
Proof. We proceed by an induction of the length of a module. It is nothing to prove for an
irreducible module (of length 1). We now consider an .A-module X of length n and n > 2.
Let Y be a submodule of X with length n — 1. By the induction hypothesis, Y can be
decomposed into ®X€T YX, where YX is the maximal submodule of Y whose irreducible

quotients have the central character y. Note that YX is zero except for finitely many y and
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let Ty be the collection of x € T such that Y'X is nonzero. We now consider the irreducible
subquotient X/Y" and let X’ be the central character of X/Y. Let Y/ = @, cy,\ (3 Y
X/Y' has the central character x’ and x’ is not the central character of any irreducible
subquotients of Y, then Ext’y (Y, X/Y’) = 0 for all i by Corollary 4.2.34. By the well-known
interpretation of Extl1 in terms of short exact sequence (see for example [We, Theorem
3.4.3]), we have

0-Y - X -5 X/Y' =0

splits and so X 2 Y’ @ X/Y’ as desired. This completes the proof.

4.3 Ext-groups for affine Hecke algebras and
graded ones

In this section, we discuss the correspondence of the Ext-groups of affine Hecke algebra
modules and the graded affine Hecke algebra modules. From Corollary 3.4.27, we expect
the Ext-groups for those two algebras agree in a suitable sense whenever the equivalence of
categories holds. However, it may not be completely clear since the equivalence of categories
holds for finite-dimensional modules and the category of finite-dimensional modules may
not have enough projective objects. Hence, we still want to take the Ext-groups in the
categories R(H) and R(H). We are going to work out some detail. Most of the statements
are quite standard. In view of Theorem 3.4.26, it is also natural to consider the Ext-groups
for the formal completion of H and H.

We use similar notation as in Section 3.4. Let H be a generic affine Hecke algebra

(Definition 3.2.21). Let H be the algebra in Section 3.3. Set J = Jyy(

jW(Co ,r0) "

to,q0) and set J =

Lemma 4.3.36. Let Y be a finite-dimensional H-module and let Y = ZAW(tO,qo) ®zY. Then

Homﬁ(ﬁ,?) ~ Homy (H,Y) as vector spaces and the isomorphism is natural.

Proof. Since Y is finite-dimensional, there exist an integer ¢ such that J°Y = 0. For
any 2/ € ZA, there exists z € Z such that 2/ — z € ZJ°. Hence, Y and Y are iso-
morphic as H-modules via a natural map, say ¢ : Y — Y. We now define a map
F: Homﬁ(ﬁ, Y) — Homy (H,Y) such that F(f)(h) = ¢~ 'of(1®h). Similarly, define a map
F': Homﬁ(ﬁ,i}) — Homy (H,Y) such that F'(f)(z ® h) = ¢(zf(h)). It is straightforward

to check that F' and F’ are inverse of each other.
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Proposition 4.3.37. Let X and Y be finite-dimensional H-modules whose irreducible
subquotients have central characters W (to,qo). Let X = §W( ®z X and let Y =

ZW(tmqo) ®zY.

t0,90)

Ext?

iy (XY) = Extis 34 (X, Y).

Proof. We first construct a projective resolution for X as follow:
.o Heckerd1 B Hockerd_o — ... - HOckerdg B Hoc X B X 50 (3.1)

Here, d, is defined as d,(h®@z) = ha. We now take the exact functor Z®z ([AM, Proposition
10.14]). Then we have the resolution

...—>7Tl®(ckerdr,1%ﬁ@ckerdr,Q—>...—>7f[\®ckerdod47/-Z®<ch4)?,}7—>O

Each H®@cker d, and H®@c X is still a projective object in (7). Now taking the Homg(., Y)
functor ([AM, Proposition 10.14]), we have the complex Homﬁ(?’?[ @ kerd,,Y). Then we
also obtain a complex Homﬁ(”H ®c ker d, }7) by Lemma 4.3.36. By using the explicit map
F given in the proof of Lemma 4.3.36, one also checks that the complex also agrees with the
complex obtained by taking the Homy/(-,Y") functor on the resolution (3.1). This implies

O
A similar proof of Lemma 4.3.36 and Proposition 4.3.37 then yields the following result:

Proposition 4.3.38. Let X and Y be finite-dimensional H-modules whose irreducible
subquotients have central characters W (to, qo). Let X = §W(C0,T0)®§X and letY = §®§Y.

Bxt] o (X, V) 2 Bty ) (X,Y).

Corollary 4.3.39. Let Hgy, be an affine Hecke algebra associated to a parameter function
qgo : R — Rsg. Let H be the corresponding graded affine Hecke algebra associated to a
parameter ko defined in (4.3) and (4.4). Let X, and Yy, be finite-dimensional Hg,-
modules whose irreducible subquotients have positive real central characters and let Xy and
Yu be the corresponding finite-dimensional H-modules, respectively, under the equivalences

of categories in Corollary 3.4.27 (2) and (3). Then

EthR(Hq) (Xqu ’ Yqu) = EXtEiR(]HI) (XH7 YH)



33

Proof. 1t suffices to consider Xqu and Yqu are indecomposable. We may further assume
the central characters of irreducible subquotients of both Xqu and Yqu are the same
(otherwise by Corollary 4.2.34, the Ext-groups vanish and we are done). Then Proposition
4.3.37, Proposition 4.3.38 and Corollary 3.4.27 imply the corollary.



CHAPTER 5

RESOLUTIONS FOR H-MODULES

Starting from this chapter, we study extensions of graded affine Hecke algebra modules
from elementary principles. Our goal is to develop an algebraic approach for the study and
we hope to bring another perspective to the extensions of smooth G-representations at the
end via the equivalence of categories. (However, we will not address the latter part in this
thesis apart from what we discussed in Chapter 4.)

In this chapter, we construct an explicit projective resolution for graded affine Hecke
algebra modules, which is the main tool for studying Ext-groups later.

We fix and recall some notations. Fix a root datum II = (R, X, RV, Y, A) (see Section
3.1). Let V. = C®z X and equip V with a natural W-action. For v € V and w € W,
write w(v) to be the resulting element of the action w on v. Let k : S — C be a parameter
function such that k(s) = k(s') if s and s’ are W-conjugate. Write k, = ks, = k(s4) for all
a € A. Let H be the graded affine Hecke algebra associated to II and k (Definition 3.3.25).

For any two complex vector spaces X; and Xs, we shall simply write X; ® X9 for

X1 ®c Xa.

5.1 Projective objects and injective objects

In this section, we construct some projective objects and injective objects, which will be
used to construct explicit resolutions for H-modules in the next sections.

Let X be an H-module and let U be a finite-dimensional C[W]-module. H acts on the
space H @cpy) U by the left multiplication on the first factor while H acts on the space
Homyy (H, U) by the right translation, explicitly that is for f € Homyy (H, U), the action of
h' € H is given by:

(W.f)(h) = f(hh), forallhecH.

Denote by Resy the restriction functor from H-modules to C[W]-modules.
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Lemma 5.1.40. (Frobenius reciprocity) Let X be an H-module. Let U be a C[W]-module.
Then
Homg ) (X, Homyy (H, U)) = Homyy (Resw X, U),

and

Homgy gy (H @w U, X) = Homy (U, Resy X ).

Proof. Let F': Homg g (X, Homyy (H, U)) — Homyy (Resy X, U) given by

Let G : Hompy (Resw X, U) — Homg gy (X, Homy (H, U)) given by

(G(f)(@))(h) = f(hx).

It is straightforward to verify F' and G are linear isomorphisms. This proves the second

equation. The proof for the second one is similar.

g

Lemma 5.1.41. Let U be a C[W]-module. Then H®cw U is projective and Homy, (H, U)

18 injective.

Proof. We consider H ®cy) U. Every C[W]-module is projective and so Homy (U, .) is an
exact functor. The functor Resy is also exact. Thus, the space Homyy (U, Resyy.), which
is the composition of the two functors Homy (U, .) and Resy, is also exact. Hence, by
the Frobenius reciprocity, the space Homy (H ®cpy U, .) is also exact. Thus, H Qcw) U 1s

projective. The proof for Homyy (H, U) being injective is similar.

5.2 Koszul-type resolution on H-modules

Let X be an H-module. Define a sequence of H-module maps d; as follows:

0 — Hecpy (Resw X ® A"V) 5 % H ooy (Resw X ® ATV)

S

i—1

S B Heow Resw X) S X —0  (2.1)
such that € : Hl ®cpy) Resw X — X given by

e(h®@x)=hx
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and for i > 1, d; : H ®¢pw) (Resw X ® ALY - H ®cw) (Resw X ® A'V) given by

di(h®(l‘®’01 /\.../\U¢+1)) (2.2)
i+1
_Z ]+1 hv RKr v N. /\ﬁj/\.../\viﬂ—h®vj.x®vl/\.../\ﬁj/\.../\viH).
(2.3)

In priori, we do not know d; is a well-defined H-map, but we prove in the following:

Lemma 5.2.42. The above d; are well-defined H-maps and d*> = 0 i.e., (2.1) is a well-
defined complex.

Proof. We proceed by induction on 4. It is easy to see that € is well-defined. For convenience,
we set d_1 = €. We now assume ¢ > 0. To show d; is independent of the choice of a

representative in H ®cpy (Resw X ®@ A™H1V), the nontrivial one is to show
di(tw ® (.%‘ XUV A... A 'Uz'—H) = di(l & (tw.{B & w(vl) VANPAN w(vi“))). (2.4)

For simplicity, set

PY = di(tw®(a:®v1/\.../\vi+1))
i+1
= wz 170, @ (@ @vi AL ATj A ... Avip1)

—1®(vj.x®v1/\.../\ﬁj/\...Avm)

and
P, = i(1®(tw.a:®w(v1) /\.../\w(vi+1))
i+1 -
= (=17 w(v;) @ (tyx @ wwr) A .. Aw(v) A ... Aw(vitr))
=1
’ i+1 ' o
D (1 @ (w(vy) twa @ w(v) A Aw(v) AL Aw(vig).
j=1

To show the equation (2.4), it is equivalent to show P“ = P,. Regard C[W] as a natural
subalgebra of H. By using the fact that t,v — w(v)t, € C[W] for w € W, P¥ — P,
is an element of the form 1 ® u for some u € Resy X ® A'V. Thus, it suffices to show

that © = 0. To this end, a direct computation (from the original expressions of P and
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P,) shows that d;_1(P"¥ — P,) = 0. By induction hypothesis, d;_; is well-defined and so
di-1(1®u) =di—1(P* — P,) = 0. Write 1 ® u of the form
1®u= Z 1@ (Tryors) @y Ao ANy, (2.5)
1<rm<..<r;<n

where z,, . € ResyX and eq,...,e, is a fixed basis of V. By a direct computation of

di—1(1 ® u) from the expression (2.5), we have
di-1(1®u)

%
= Z Z(—l)jﬂew ® (Try,ry) @€y Ao c NE AL Nery)
1<m<.<ri<n j=1

7
— Z Z(—l)j“l®er]..(:nhwm)®er1 Ao oA Al Ney,).

1I<rm<..<r;i<n j=1
We have seen that d;—;(1 ® u) = 0 and so u = 0 by using linearly independence arguments.

Verifying d? = 0 is straightforward.

O

Theorem 5.2.43. (1) For any H-module X, the complex (2.1) forms a projective reso-
lution for X.

(2) The global dimension of H is dim V.

Proof. From Lemma 5.2.42, it remains to show the exactness for (1). This can be proven
by an argument which imposes a filtration on H and uses a long exact sequence (see for
example [HP, Section 5.3.8] or [Kn2, Chapter IV Section 6]). We provide some detail. Let
H" be the (vector) subspace of H spanned by the elements of the form

tyoit .oyt forwe W, v, ..,y eV,

with ny +ng+ ...+ n; < r. Note that H" is still (left and right) invariant under the action
of W. Let
E™ =H" ®(C[W] (ReSWX &® /\SV)

Then the differential d,_; defines a map from E™* to E"t1~1 For convenience, also set

Er+stL=1 — X and there is a map from E™"%° to X and d_; = e. Then for a positive



38

integer p, we denote by £(p) the complex {E"*, ds_l}r+s=p,s>fl’ We now define a graded
structure. Let

F"s — ET,S/ET—LS

and let Em : Fs — Frtbs—1 he the induced map from ds;_1. Then {IF’"’S,EM}HSZP forms
a complex for each p. Denote by F(p) for such complex. In fact, F(p) forms a standard
Koszul complex and hence the homology H'(F(p)) = 0 for all 4.

Now consider the following short exact sequences of the chain of complexes for p > 1:

0 X FP 10 Ep2l, ...

0 X EP.0 Ep—L1,. ...
0 0 [P0 FP—10 . ...
0 0 0

The vertical map from EP~5~15 to EP~%# is the natural inclusion map. Then we have the

associated long exact sequence:
.= HYF(p) —» HYE(p—1)) — HYEWp) = HYNF(p) — ...

Since H*(F(p)) = H*(F(p)) = 0, H*(E(p—1)) = H*(E(p)). It remains to see H*(£(0)) =
0 for all k, but it follows from definitions.

We now prove (2). By (1), the global dimension of H is less than or equal to dim V.
We now show the global dimension attains the upper bound. Let v € VV be a regular
element and let vy be a vector with weight v € VV. Define X = Indg(v) Cv,. By Frobenius
reciprocity and using 7 is regular, Exty (X, X) = Extig (Cv,y,Cu,y) # 0 for all ¢ < dim V.
This shows the global dimension has to be dim V.

5.3 Alternate form of the Koszul-type resolution
In this section, we give another form of the differential map d;, which involves the terms

v defined in (3.6). There are some advantages for computations later on.
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For v € V, we define the following element in H:

0 =v— 33 cn+ ka(v,a¥)ts,. (3.6)

This element is used by Barbasch-Ciubotaru-Trapa [BCT] for the study of the Dirac coho-
mology for graded affine Hecke algebras and is sometimes called the Drinfield presentation
[Dr]. It turns out it is quite useful in several aspects. An important property of the element
is the following:

Lemma 5.3.44. [BCT, Proposition 2.10] For any w € W and v € V, t,0 = w(v)ty.

Proof. Tt suffices to show for the case that w is a simple reflection sg € W.

~ 1
tss0 = ts, V=g Z ko (v, a¥)ts,

a€ERtT
1 1
= Sﬁ(v)tsﬁ + k‘ﬁ<’0,ﬁ\/> - 5]€5<U,BV> - 5 Z ka<vvav>tsg(a)t55
acRT\{B}

1 1

= Sﬂ(”)tSﬁ - 5k6<”755(5v)> 3 Z ka<“asﬁ<av)>t8at8ﬁ
aeRT\{B}

1

= Sﬁ(v)t55 9 Z ka<55(1}),av>t5at5ﬂ
a€ERT

P

= sB(U)tsﬁ.
O

We consider the maps d; : H @cw) (Resw X @ ATV = Hocm (Resw X @ A'V) as
follows:

dz(h® (I@’Ul N /\7),'4_1)) (37)
i+1 '

:Z(—l)J+1 (h5j®x®v1 /\.../27]‘.../\1)1‘ —h@@/j.CE@’Ul/\...i)\j.../\vH_l). (38)
7j=1

This definition indeed coincides with the one in the previous subsection:
Proposition 5.3.45. c?l =d;.

Proof. Recall that for v e V,

Z ko (v, oY)t .

a€eR*

DN

v=v—
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Then

Up @@ RUIA...AUA . AV41) = 1R (Vpx QU A AT Ao  Avigr)
= 0, R@RAVA...ATA...AV41) —1® (V2 @UIA...AD Ao AVig1)

== ) ka(vr, @) @ (ts, ) @ sa(v1) A A sa(Br) A A sa(Vig)

1 ~
+§ Z Eo(vr,aV) @ (te, ) @ UL A ... ATp Ao AVigy

= vr®( QUIA AU A A1) — 1R (Vpx @UI A .. AT A e Avjgr)

5 3 S Phadun ) p,0") © (15,0) @

a€R+ p<r
a/\sa(vl)/\ Sa(Up) A oosq(Ur) Ao A Sa(vigr)

D) Z Z p 1k v”? ><vp7av>®(tsa-x)®

ozGRJr r<p
aASsa(Vi) A sa(Ur) Al sa(Up) A A sa(Vig1).
The second equality follows from the expression of v,.. Taking the alternating sum of the

above expression with some standard computations can verify d; = d;.

5.4 Complex for computing Ext-groups
We now use the resolution in Section 5.2 to construct a complex for computing Ext-
groups. Let X and Y be H-modules.
Then taking the Homy(-,Y) functor on the projective resolution of X as the one in

(2.1), we have the induced maps for i > 1,
d; : Homp (H ®@cy (Resw X @ A'V),Y) — Homp (H @cpy) (Resw X @ ATV),Y).
Then by using the Frobenius reciprocity, we have induced complex

*

dx_ dr .
0 + Homypy (Resyy X @ A"V, ResyyY') & & Homyy (Resyy X @ AV, ResyY)

dr_ dz
&hoe Homypy (Resy X, ResyyY') < 0,
(4.9)

where the map d can be explicitly written as:

i+1 ‘

& ()@@ A Avig) =Y (D) fr@ui A AT AL Avig)
j=1
i+1

— Z(—l)j+1f(:5j.$ XRvi A... A i)\j VANPAN Ul'_|_1),
j=1



41

where the action of v on the term f(z @ vy A...ADj A... Aviy1) is via the action of U; on
Y and the action of v; on the term x is via the action of v; on X.

Thus, we obtain the following:

Proposition 5.4.46. Let X andY be H-modules. Then ExtfHI(X, Y') is naturally isomorphic
to the i-th homology of the complex in (4.9).

An immediate consequence is the following:
Corollary 5.4.47. Let X and Y be finite-dimensional H-modules. Then
dimExtl; (X,Y) < oco.

Proof. Since X and Y are finite dimensional, Homp (Resyy X ® AV, ResyY) is finite

dimensional. Then the statement follows from Proposition 5.4.46.

d

It is not hard to see that d! can be naturally extended to a map from Homg(Resy X ®
AV, ResyY) to Home (Resyy X @ A1V, Resy ). We denote the map by E;k, which will be

used in Section 6.4.



CHAPTER 6

DUALITY FOR EXT-GROUPS

In this chapter, we prove a duality result for the Ext-groups of graded affine Hecke
algebra modules, which can be thought of as an analogue of some classical dualities such
as Poincaré duality or Serre duality (also see Poincaré duality for real reductive groups
in [Kn2, Theorem 6.10]). Along the way, we discuss several duals of graded affine Hecke
algebra modules involved in the duality result. The duality result is our first main theorem.

We keep using the notation from Chapter 5.

6.1 6#-action and 6-dual
We define an involution # on H in this section. This 6 is not needed in the duality result
(Theorem 6.6.63), but it closely relates to the * and e operations defined in the next section.

Let wg be the longest element in W. Let 6 be an involution on H characterized by

O(v) = —wp(v) for any v € V, and  6(t,) =t —1 for any w € W, (1.1)

woww,,

where wq acts on v as the reflection representation of W. Since #(A) = A, (,,.) is
W-invariant and ko = kg, for any a € A, it is straightforward to verify 6 defines an
automorphism on H.

Note that 6 also induces an action on V', still denoted as 6. For a € R, since wo(a") =
wo(a)Y, we also have 0(a") = 6(a)”. The action 6§ on V" will be used in Chapter 7 when
we need to consider weights of an H-module.

Recall that for v € V, v is defined in (3.6).

Lemma 6.1.48. For anyv €V, 6(v) = 6(v).

Proof.
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(v) = 6 U—% Z Cala,v)sq

a€ER*

= 0(@)—% Z ca<a,v>89(a)
aeRt

= 00) 5 D coPl0), vhsa
acRt

= 00) 5 3 calonb0))sa
acRt

g

Definition 6.1.49. For an H-module X, define #(X) to be the H-module such that 6(X)

is isomorphic to X as vector spaces and the H-action is determined by:
To(x)(h)z = mx (0(h))z,

where 7y and 7y(x) are the maps defining the action of H on X and 6(X), respectively.

6.2 *-dual and e-dual

In this section, we study two anit-involutions on H. These two anti-involutions are
studied in [BC2|, but we make a variation for our need. More precisely, those anti-involutions
are linear rather than Hermitian, and we will discuss how to recover the results for the
original anti-automorphisms at the end of this chapter. The linearity will make some
construction easier. For instance, it is easier to make the identification of spaces in Section
6.4.

Define * : HH — H to be the linear anit-involution determined by

V* =ty ()t forveV, ti=t, forweW.

w w

Define o : H — H to be another linear anti-involution determined by

v=v forveV, &=t forweW.

w w

It is straightforward to verify * and e are well-defined maps. Indeed, for e-operation, we

have
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(tsyv — Sa(V)ts,)® = vts, —ts, 5a(v) (@€ AjvelV)

For s-operation, we need the following equation (see e.g., [BCT, Lemma 2.6]):

v = —v+ Z kg (v, B )ts,.

B8>0

Then
(ts,v — s(V)ts,)" = vts, —ts,Sa(v)" (€ AjveV)

= [ v+ D ka0, 8, | tey —tan | —sa@)+ > kalsal(v), )t

BERT BERtT
= ts,5q(v) — vts, + 2ka(v,aV)

= ko (s(v),a") + 2kq(v,a")
= ko (v, ")

— (ka(v,a"))"

Definition 6.2.50. Let X be an H-module. A map f : X — C is said to be a linear
functional if f(Az1 + z2) = Af(x1) + f(x2) for any x1,29 € X and A € C. The *-dual of X,

denoted by X*, is the space of linear functionals of X with the action of H determined
(h.f)(x) = f(h*.x) for any x € X. (2.2)
We similarly define e-dual of X, denoted by X*, by replacing h* with h® in equation (2.2).

Lemma 6.2.51. Let X be an H-module. Define a bilinear pairing (,)% : X* x X — C
(resp. *(,)x : X* x X — C) such that (f,z)% = f(x) (resp. *(f,z)x = f(z)). (We reserve

(,)% for the use of another pairing later.) Then
(1) forveV, (v.f,z)% = (f, —v.x)% (resp. *(v.f,z)x =*(f,0.2)x ),
(2) forw e W, (ty.f,z)% = (f,txtx)% (resp. *{tw.fr2)x = *(fitytx)x),

(3) (,)% (resp. *(,)x) is nondegenerate.
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~——

Proof. We first consider x-operation. Note that (0)* = t4,0(0)t,. = wof(v) = —v, where
the second equality follows from Lemma 5.3.44 and Lemma 6.1.48. This implies (1). Other

assertions follow immediately from the definitions.

= v from the definitions. This then implies (1). Other

For e-operation, we have (v)

assertions again follow from the definitions.

Lemma 6.2.52. Let X be an H-module. Then (X*)® = 0(X).

Proof. Let 6’ be an automorphism on H such that §'(h) = (h*)® = ty,0(h)t,, for any h € H.
Then we have €' sends H-modules to H-modules and we denote #'(X) to be the image of
the map of an H-module X. Note that 6'(X) = (X*)® by definitions. Then it suffices
to show #'(X) = 6(X). We define a map F : X — X, z + tl.z. Then by definitions
O(h).F(x) = F(0'(h).x). This implies ¢'(X) = 0(X) as desired.

6.3 Pairing for A’V and A"V
Fix an ordered basis ey, ..., e, for V. We define a nondegenerate bilinear pairing (, ) xiy/

as

AV x AV 5 C
determined by
<7)1 N AV, Vi /\.../\'Un>/\iv :det(v1 VAN .../\vn),

where det is the determinant function for the fixed ordered basis eq,...,e,.

Define (A*V)Y to be the dual space of A'V. For w € A"V, define ¢, € (A'V)Y by

Pu(W') = (w, W) iy (3-3)

By using det(w(v1) A ... A w(vy,)) = sgn(w) det(vi A ... Awvy) for any w € W, we see the
map w > ¢, from A"V to (A'V)Y defines a W-representation isomorphism from A"~V
to sgn @(AV)V.

We also define a pairing (, ) (yn-iyyv : (A" V)Y x (A'V)Y — C such that

<¢W7¢w’>(/\”*iV)V = <w’w,>/\i\/v

where w € A'V and W' € AV,

By definitions, we have the following;:
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Lemma 6.3.53. For w € A'V and ' € A"V,

<¢w7 ¢w/>(/\n—iv)\/ = <w7w/>/\iV = (bw(w/)'

Lemma 6.3.54. For any w € W,

(W.Puy A Av; w-¢v¢+1/\.‘./\vn>(/\nfiv)v = sgn(w){PuviA...Av; ¢v¢+1/\.../\vn>(/\"*iv)\/-

Proof. As noted above,

w-¢v1/\.../\vi - Sgn(w)¢w.(vl/\.../\vi) ’

w'¢vi+1/\.../\vn = Sgn(w)gbw‘(vwl/\.../\vn) .

Then

(W.Buy A Avgs W-Puy 1 Ao ) (an—iv)v = (W (V1 A o A ), W (Vi1 Ao AUp)) (an—ivyv
= Sgn(m)(vl AN AN V70 OV VAN ’Un>(/\n7iv)\/

= sgn(w) (v A...Avi5 ¢U¢+1/\.../\vn>(/\n%v)\/-
O

The following technical lemma is a simple linear algebra consequence, but we shall use

it a number of times.

Lemma 6.3.55. Recall thateq,..., e, is a fized basis of V. Consider gbeklAmAEkn,i € (AV)Y
and ¢ek’1/\~-/\€k§+1 c (/\n—i-i-l‘/)v‘ Suppose all ki, ..., kn—; are mutually distinct (otherwise
¢6k1A"'Aekn—i € (A'V)Y = 0) and also suppose all ki, ..., ki, are mutually distinct. If
|{kl,...,k:n_i}ﬂ{ki,...,kQH}| > 2, then foranyp=1,....n—tandq=1,...,1+1,

<¢ek1/\.../\€kpA...Aekn7i7Cbek/l/\.../\ekgﬂhiv = <¢ek1/\.../\ekn_i7d’ek/lA...Aék{]A“.Aek;H)NV =0.

If | {k1,... kn—i} N {l{:’l, e k‘;H} | =1, then there exists a unique pair of indices p and
q such that

<¢€k1/\"'/\gkp/\"'/\ekn_i ) ¢ek’1/\"'/\€k£+1 >(/\iflv)\/

_ —itptqtl
=(—1)" P <¢8k1/\~~~/\ekn7i’(bek’l/\~~~/\€k{1/\~--/\5k;+1>(NV)V

and the terms do not vanish, and for r # p or s # q,

<¢5k1/\---/\€kr/\-"/\ekn_i ) ¢ek/1/\m/\ek§+1 >(/\iflv)v

=(Pey, A her, > @bek/l/\.../\ékg/\.../\ek§+1 Y(nivyv = 0.
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Proof. 1t is straightforward to verify this lemma with the fixed basis. We only prove the
middle equality. Suppose | {k1,...,kn—i}N {k’ e, k£+1} | = 1. Let e be the unique element
in the ordered basis {e1,...e,} such that e = ey, = e, for the unique indexes k; and Ky

Then

<¢ekl/\"'/\é\kp/\“‘/\ekn7i ) (;Seklll\"'/\ek;+1 >(/\’iV)V
=det(eg, /\.../\/e\kp N Nek, ; Neg /\"‘/\ek§+1)
=(=1)" TP  det(eg, A Aep,  Neg A NGy Al Aey )

4 1
=(-1)" vetet <¢ek1 AlNeg, o ¢ek,1 A..‘/\Ek‘/]/\.../\ek4+1 >(/\i\/)v .
T

This proves the lemma.

6.4 Complexes involving duals

It is well-known that there is a natural identification between the spaces Homyy (Resyy X ®
AV, ResyY) and (X* @Y @ (ANV)V)W (or (X* @Y @ (A'V)V)W). Here, we consider a
natural W-action on X* @Y @ (A'V)Y and (X*®Y @ (A'V)V)W is the W invariant space.

In order to prove Theorem 6.6.63 later, we need to construct some pairing, which will be
more convenient to be done for the spaces (X*®@Y @ (AV))W (or (X* @Y @ (ATV)V)W).
The goal of this section is to translate the differential maps d; in Section 5.4 into the
corresponding maps for (X* @Y @ (ATV)V)W.

We define a (linear) map D; : X* @Y ® (A'V)Y — X* @Y ® (A1V)Y on the complex,
which is determined by

Ei f X Yy & (Zﬁvl/\.../\vnq)

n—i
= Z(_l)jJrl(f ® V.Y ® Por A joon_; T ;. f QY ® ¢v1/\...ﬁj.../\vn7i)a (4.4)
j=1
for f@Y® dupyn..nv, ; € X* @Y @ (A'V)Y, where v; acts on f by the action on X* and v;
acts on y by the action on Y.
Note that there is a natural W-action on X* @ Y ® (A'V)Y (from the W-action of X*,
Y and V). Such W action commutes with D; and so D; sends (X* @ Y @ (A'V)V)W to
(X*®Y @ (N*HV)V)W. We denote the map D; restricted to (X* ®@ Y @ (A'V)V)W by D;.
If we want to emphasis the complexes that D; or D; refer to, we shall write ﬁX*®Y®( NV)V
for D; and D x-gygnivyvyw for D;.

In the priori, we do not have D? = 0, but we will soon prove it in Lemma 6.4.56.
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We define another map D, : X* @Y @ (A'V)Y = X*®Y @ (A1V)Y determined by:

E:(f X y & stl/\.../\vnfi)
—i

= Z(_l)]+1 (f ® fﬁjy & (ﬁvl/\...ﬁj.../\vn,i - :Z}/]f & ) & ¢v1/\...ﬁj.../\vn,¢)‘
7=1

Similar to D;, the restriction of D; to (X* ® Y ® (A'V)Y)W has image in (X*®Y ®
(AW Denote by DS the restriction of D; to (X* @Y @ (A'V)V)W.
Define a linear isomorphism ¥ : X* ® Y ® (A'V)Y — Homg (X ® A'V,Y) as follows,

where we also regard X and Y as vector spaces: for f @y ® ¢pa.nv, ;) € X QY ® (NV)Y
has the action given by: for f ®y ® ¢y, ;A Avy, ., EX QY @ (NV)Y,

ﬁ(f ® y ® d)vk,l/\.../\vk,n,i)(x ® (75} VANRIAN ul) f(x)d)m/\“./\vn,l(ul Ao A ul)y S Y
forc@ui A...ANu; € X @ A'V. The map ¥ indeed depends on i, but we shall suppress

the index i. By taking restriction on the space (X* ® Y @ (A'V)V))W we obtain the linear
isomorphism:

U:(X*®Y @ (AV))Y = Hompy (X @ AV, Y).

Since X* and X*® can be naturally identified as vector spaces, the maps ¥ and ¥ are also
defined for the corresponding spaces involving e instead of x*.

Recall that df and E: are defined in Section 5.4 and we remark that the * on d; has
nothing to do with the *-involution on H.

Lemma 6.4.56. Let X and Y be H-modules. Then

(1) For anyw € X* @Y @ (ANV)Y, U(Di(w)) = (—1)" 14, (¥ (w))

(2) For any w € X* @Y @ (ANV)Y, ¥°(D] (w)) = (—1)"1d; (T°(w)).
Proof. Recall that eq,...,e, be the fixed basis for V. Let w = f Ry ® (;56,61/\._,/\6,6 €
X*®Y ® (A'V)V. By linearity, it suffices to check that

n—i

U(Di(w)(z@exy Ao Ney ) = (=) (T (W) (z @ er Ao Negr )

for any z € X and any indices ki,...,kj_; € {1,...,n}.
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Suppose | {k1,...,kn—i} N {K},...,kl,1} | > 2. By Lemma 6.3.53 and Lemma 6.3.55,

aj\IJ(UJ)(l‘ & €k/1 VAN €k§+1)
=0

:‘I’(EZW)($ X €k VANPAN ek;-kl)'

Suppose |{ki,...,kn—i} N {K},... ki, }| = 1. Let k, and k; be the unique pair of

indices such that ey, = ek - Then

AV (W)(z@ey Ao Ners )

=U(w)(di(z @ ep A-.. A ekgﬂ))
:(_1)q+1f(x)¢ek1A,,.Aekm (ehy Ao Ay A Negr ey

= (—1)q+1f(5k{1-33)¢ek1/\.../\ekn_i (epr Ao Ay A A ek§+1)y (by Lemma 6.3.55)
=(=1)" P F (@) bey nneiphner, (€ Ao Ners er-y

- (_1)n_i_pf(€k{1-$)¢ek1/\.../\Ekp/\.../\ekn_i (ek/l AT ekQH)y

(by Lemma 6.3.53 and Lemma 6.3.55)

:(_1)n_i_pf(x)¢ekl/\.../\é\kp/\.../\eknii (ek’l ARTIWA ekgﬂ)gkpﬁ/

- (_1)n_i_pf(gkp-$)¢ek1/\.../\Ekp/\.../\ekn_i (€k3 ARERWA €k§+1)y (by ex, = €k{1)
:(_1)n7i7pf($)¢ek1/\.../\akp/\.../\eknfi (ekll ARERWA €k;+1)€kp-y

+ (71)n_i_p_1(gkp'f)($)¢ek1/\.../\/e\kp/\.../\eknii (ek”l ARERWA ekzgﬂ)y (by Lemma 6.2.51)
Z(—l)n_iH‘I/(Di(f RY R ¢ek1/\"'/\ekn71‘))(m Reg Ao A ekgﬂ) (by Lemma 6.3.55)

(~1)" (D) @ ey A Aey,)-

This completes the proof for (1).

The proof for (2) follows the same style of computations. (One of the differences is in
the fifth equality of the computation in the second case and that explains why the definition
of D; and D; differs by a sign in a term.)

Lemma 6.4.57. We have the following:
(1) D? =0 and (D*)? =0,

(2) The complex Homyy (Resy X @ A'V,Y) with differentials d} is naturally isomorphic to
the compler (X* @Y @ (NV )W with differentials D;.
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(8) The complexz Homyy (Resyy X ® ATV, Y') with differentials d} is naturally isomorphic to
the compler (X* @Y @ (NV )W with differentials DS .

Proof. By Lemma 6.4.56 (1) and the fact that ¥ is an isomorphism, D; = =1 o d} o U.
Then (1) follows from Lemma 5.2.42. (2) follows from Lemma 6.4.56 (1). The proof for (3)

and another assertion about D*® in (1) is similar.

Proposition 6.4.58. Let X,Y be H-modules.

Exctiyary (X, Y) 22 Exctgy ) (Y*, X*) 2 Extgy g (Y, X*) 2 Extig g (0(X), 0(Y)),
and the isomorphisms as vector spaces between them are natural.
Proof. We first prove that Extg g (X, Y) = Extg ) (Y, X*). By Lemma 6.4.57 (2),

ExtfR(H) (X,Y) = ker D(ysgygnivivyw/im D x-gygni-1y))w,

and

Exty ) (Y, X*) 2 ker D(yey-g x=g(aivyv)w /I D((yeysg x =g (ri-1v)v )W
With (Y*)* 22 Y, there is a natural isomorphism between the spaces (X*®Y @ (A"~¢V)V)W
and ((Y*)* @ X* @ (A""V)V)W. Tt is straightforward to verify the isomorphism induces
an isomorphism between the corresponding complexes by using (4.4). It can be poven
similarly for Extg%(H)(X, Y) = Extg{(H)(X',Y'). For the equality of Extg%(H)(X, Y) =
Extfﬁ(H)(Q(X ),0(Y)), it follows from the two equalities we have just proven. Indeed,

Extyy (X, Y) = Exctig gy (Y, X*) = Bxtyg ) (X7)°, (V7)*) = Exctiyygs) (0(X), 0(Y)),

where the last equality follows from Lemma 6.2.52.

6.5 Iwahori-Matsumoto dual
Definition 6.5.59. The Iwahori-Matsumoto involution ¢ is an automorphism on H deter-
mined by

t(v)=—v forveV,i(w)=sgn(w)w forwe W.
This defines a map, still denoted ¢, from the set of H-modules to the set of H-modules.

Lemma 6.5.60. For anyv € V, 1(v) = —v.



51

Proof. This follows from ¢(sy) = —s, and definitions.
O
Lemma 6.5.61. Let  be the natural (vector space) inclusion from Y to «(Y) so that

h.k(y) = k(e(h).y). LetY be an H-module. Define a bilinear pairing (,)}, : Y x (Y)* = C
by (y,9)y = 9(k(y)). Then

(1) forveV, (vy,g)y = (y,—0.9)y,

(2) forw e W, (tw.y, g)y = sgn(w)(y, t,,'.9)3,

(3) (,)} is nondegenerate.
Proof. By a direct computation, v®* = v and then (1) follows from Lemma 6.5.60 and the
definitions. (2) and (3) follow from the definitions.

O
Proposition 6.5.62. For H-modules X and Y, Extg%(H) (X,uY)) = Extgg(H)(L(X),Y).

Proof. We sketch the proof. Let P! — X be a projective resolution of X. (To avoid confu-
sion, we do not use P* for projective resolutions as before.) Then «(P?) is still a projective
object and «(P?) — ¢(X) is a projective resolution of +(X). There is a natural isomorphism

Homg, ) (1(P?),Y') = Homgy gy (P*, o(Y)). Hence, EthR(H)(L(X), Y)= ExtSiR(H) (X,u(Y)).

0

6.6 Duality theorem

In this section, we state and prove our first main result.

Theorem 6.6.63. Let H be the graded affine Hecke algebra associated to a based root
datum 11 = (X, R,Y, RV, A) and a parameter function k : A — C (Definition 3.5.25). Let
V=C®z X and let n =dimV. Let X and Y be finite dimensional H-modules. Let X™* be
the x-dual of X in Definition 6.2.50. Let (YY) be the Iwahori-Matsumoto dual in Definition
6.5.59 and let L(Y)® be the o-dual of L(Y') in Definition 6.2.50. Then there exists a natural

nondegenerate pairing

Extiy g (X, Y) x Extyy ) (X*,(Y)*) = C.
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Proof. We divide the proof into a few steps.
Step 1: Construct nondegenerate bilinear pairings.
The space
Homyy (X ® AV, Y) x Homy (X* @ A"V, 4(Y)*)

is identified with
(X* @Y @ ANV x (X @u(Y)* @ (A" V)W

as in Section 6.4. Let (,)% be the bilinear pairing on X* x X such that (f,z)% = f(x) for
feX*andx € X. Let (,)} be the bilinear pairing on Y x¢(Y")*® such that (y, ¢)} = g(k(y))
for g € «(Y)® and y € Y. Here, & is defined as in Lemma 6.5.61.

For each i, we first define the pairing (,)x y iy on a larger space (X* @Y ® (A'V)Y) x
(X @u(Y)* @ (A"'V)Y) via the product of the pairings (, )%, (,)} and (,)(aiv)v Le.,

<f & ) & Cf)vl/\.../\vn,i,l‘ & g & ¢Un—i+1/\~.-/\vn>X,Y./\iV

=(f, )% (s 9V (Poincchva—i> Pon_ip1Achvn) (AiV)Y -

Since all the pairings (,)%, (,)} and (, )iy are bilinear, (,)x yriy is bilinear and well-
defined.

This pairing (, ) x y,1iv is nondegenerate because (, )%, (,)} and (,)(riy)v are nondegen-
erate. Note that (,)y y iy is W-invariant, which follows from Lemma 6.2.51(2), Lemma
6.5.61(2) and Lemma 6.3.54.

In order to see (,)x.y niy restricted on (X*®@Y @ (AV)V)W x (X @u(Y)* @ (A"V)V)W
is still nondegenerate, we pick w € (X*®@Y @ (A'V)V)W. There exists w’ € X @ (A" V)V ®
W(Y)* ® (A"'V)Y such that (w,w’)x y aiy # 0. Then by the W-invariance of (,) x y iy, we
have (w,> e w(W'))x v aiv # 0, as desired. Hence, (,)x y iy restricted on (X*®@Y ®
(NI x (X @ 1(Y*) @ (A"HV)V)W is still nondegenerate.

Step 2: Compute the adjoint operator of D for (, )XY AV

Recall that D is defined in (4.4). For notational simplicity, set Eil = E( X*@Y®(AV)V)

and Ei_i_l = D(xgu(y)a(rn—i-1v)v), Where we regard X = (X*)*. Recall that we fixed a

basis eq,...,e, for V. We first show that

Di(foy® Dey Avher, )1 TR GR ¢ek/1/\.../\ek/_+l )X, YNV

—9
=+ (fRy® ¢ek1/\.../\ekn_i D, _, (r®g® d)ek/l/\.../\ek;_'_l )Xy ni-1y (6.5)

( f € X*’ S X7 g E Y*v Yy e Y7 ¢ekl/\"‘/\ekn7i S (/\ZV)V and ¢ek/1/\'"/\ek/~+1 S /\niiil‘/).
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We divide into two cases. Suppose |{ki,... kn—i} N {k{,..., k.1 }| = 2. Then by
Lemma 6.3.55,

—1
(Di(feoy® ¢ek1/\.../\ekn_i)7 TRIX ¢ek/1A...Aek/_+1 )XY AV
=0
i —2
=(-D)""(feoy (Zsekl/\---/\ekn_i D1z ®@g® ¢ek’1/\"'/\ek’.+1 ))>X7Y7/\i—lv.

For the second case, suppose |{k1,...,kn—i} N {k|,... K, }| = 1. Let k, and ky be

the unique pair of indices such that ey, = ek - Then

—1
<Di (f Y& ¢6k1/\.,./\€kn7i )7 T®GX ¢ek’1/\"'/\ek’.+1 >X,Y,/\1'V

:(—1)p+1 <gkp-f7 .ZU)} <y7 g>;’ <¢ek1/\.../\/e\kp/\.../\ekn_i ) ¢ek/1/\m/\ekf;+1 >(/\n—i—lv)\/

+ (_1)P+1 <f7 $>i§( <gkp-y7 g>;/ <¢ek1/\~~-/\€kp/\-~/\ekn,i ) (lsek/l/\.../\ek;_‘_1 >(/\n—i—lv)\/

1 ~ * )
:(—]_)IH‘ <f7 —ekp.fE>X <y, g)y <¢€k1/\"'/\ekn—i ) ¢ek£A...A€k&A...Aek{+1 >(/\n7iv)v
+ (1P a5 (Y =€y 9)Y (Pe nner, s Doy By Ny ) (AM=1V)Y

:(_1)nii+q<f7 _gka x);( <y7 g>§/ <¢6k1/\.../\ekn_i ) ¢ek/ /\.../\é\k/ A...\eg >(/\n—iv)\/
1 q

41
+ (=D)LL )k (v, —€k-9)y <¢ek1/\.../\ekn_i7¢ek/1/\4../\é\%/\.../\ek ) (An=iv)v

:(_1)nii<f Y ¢ek1/\.../\ek

141

L)
n—i

-2
anifl(m ®g® ¢ek/1 A...Aek<+1 )>X7Y7/\i—1v.
K3

The first and last equalities follow from Lemma 6.3.55. The second equality follows from
Lemma 6.2.51 (1) and Lemma 6.5.61 (1). The third equality follows from ey, = e, . Hence,
we have shown the equation (6.5). By linearity, we have for w; € (X*®Y ® (A'V)V)" and
we € (XRY @ (A=)

<Dz'1w17 W2) X,y Ai+1Y = (=1)" " {wr, D'rQL—i—lw2>X,Y,/\iVa (6.6)

where l)z1 = D(X*®Y®(/\iv)v)W and D721—z'—1 = D(X®L(Y)o®(/\n7iflv)\/)w.
Step 3: Descend the pairing to Extga(H) (X,Y) x Ext;zﬁ) (X*,u(Y)*) — C.

We use implicitly the fact that X and Y are finite-dimensional for linear algebra results
below.

For U C (X @ u(Y)* @ (A" *V)V)W let U+ to be a subspace of (X*®Y @ (A'V)V)W
Ut={we(X*0Y e ANV))W :(w,0)xyry =0forall ' € U}.

For a subspace U C (X* @Y @ (A'V)V)W define UL to be a subspace of (X ® ¢(Y)* ®
(/\n—i—lv)\/)W as

Ut ={w e (Xa.V) 0N M)W (wu)xyry=0forallweU}.
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We first show the following two equations:

(ker D))t =im‘D?_, | (6.7)
and
(im D} )" =ker D2_,. (6.8)

For the inclusion (ker D})* C im D?_;, we instead show the equivalent equation ker D} D
(imD2Z_, )+ Forw e (imD?2_;, )t (w,D2_, w')xyny =0foralw € (X®(Y) ®
(A LV)YW . Then with (6.6), we have (Djw,w’) xy iy = 0 for all ' € (X @ ¢(Y)* ®
(AP==1Y)V)W . By the nondegeneracy of (,)x y i (shown in step 1), we have D}w = 0
and so w € ker Dil7 as desired.

For another inclusion (ker Dil)L D im Di_i_l, let W" = D,Ql_z-_lw’ € im Di_i_l. Then
for any w € ker D}, (w,D?_, |w') = (D}w,w’) = 0. Hence, w” € (ker D})*, as desired.
This completes the proof for the equation (6.7). The proof for the equation (6.8) is similar.

By (6.7), the pairing (., .) x y.iy first descends to

ker D! x (X @ 1(Y)* @ (A" VY)W /im D2, ).

n—i—1
Then by (6.8), the pairing (.,.) x y.iy further descends to

ker D} /im D} ;| x ker D?_,/im D?

n—i—1*
By Proposition 5.4.46 and Lemma 6.4.57(2), we have a natural nondegenerate pairing on

Exctgg ) (X, Y) x Extg i (X*,0(Y)*) — C.

O
Remark 6.6.64. We give few comments concerning the statement and the proof of Theo-

rem 6.6.63.

(1) If X and Y have the same central character, then X* and ¢(Y®*) also have the same

central character (see Example 6.7.68 below).
(2) The use of the element v makes the computation in step 2 of the proof easier.

(3) The choice of the duals is necessary to compute the adjoint operator for the pairing

(., .) x,y,av in step 2. By Proposition 6.4.58, one also obtains a nondegenerate pairing

Extgﬁ(H) (X,Y) x EXt;{E&) (X*,u(Y)*) = C.

(4) The Iwahori-Matsumoto involution is necessary to show the pairing (.,.)x y aiy is

W-invariant and so nondegenerate in step 1.
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6.7 Examples
In this section, we give few examples to illustrate how Theorem 6.6.63 is compatible

with some known results.

Example 6.7.65. Let St be the Steinberg module of H, which is an one-dimensional module

Cx with the H-action defined as:
v = (v,p"Vr forveV, wx=sgn(w)z forwecW.

Here, p" is the half sum of all the positive coroots. Then Resy St is a sign representation

and Resyy¢(St) is a trivial representation. By Proposition 5.4.46,

ker d* : Homyy (sgn ® A® V, sgn) — Homyy (sgn ® ATV, sgn)
im d* : Homyy (sgn ® A= V,sgn) — Homypy (sgn ® A? V,sgn)

It is well-known that {AiV}?i:rgl Y are irreducible and mutually nonisomorphic W-representations.

Hence,

Homyy (sgn @ A"V, sgn) = { 0 otherwise.
Hence, we have Exty(St,St) = C for i = 0 and Ext{;(St,St) = 0 for i # 0. By a similar
consideration, we have Exty(St, (St)) = C for i = n and Ext(St, St) = 0 for i # n. This

agrees with the conclusion from Theorem 6.6.63.

Example 6.7.66. Let R be the root system of type As. Let aj,as be a fixed choice of
simple roots of R. Assume R spans V. Let v = o) + a3, which is the central character
of the Steinberg module. There are four irreducible modules of H(Ag). We parametrize
the four irreducible modules by their weights and denote the corresponding modules as
X(7), X(a, —a), X (o, —ay ), X(—7). For example, the weights of X (ay,—ay) are oy

and —ay. For v/ =~ or —v,

For other irreducible modules,
X(a\l/v_a}/)* :X(aé/v_ag/)v X(Oél\e/a_a%). :X(OZZ,—O[X) for k = ]-52

(X (o, —a))) = X (o, —a)l) for k=1,2.

We have X* % +(X*) for any irreducible module X. Results in [Or], which in particular
compute Ext-groups of all pairs of irreducible H-modules of center character W+, agree

with Theorem 6.6.63.
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Example 6.7.67. Let k, # 0 for all « € A. Let X be the minimal parabolically
induced with the central character 0. Then X is irreducible. Then by [OS3, Theorem
5.2], Extgﬁ(H)(X,X) > ATV, We also have X* = X*® = ((X) = X. Then we have

. . n n . —1 * .

dim Extgy g (X, X) = < ; ) = ( " > = dim Ext;(ﬁﬂ)(X ,L(X*®)).
Example 6.7.68. Let k, # 0 for all & € A. Let X be an irreducible principle series with a
regular central character W~ (v € V). Then X* has the central character W6(y) = —Wr
(since O(y) = —wo(7)) and ¢(X*) has the central character —W+~. By the irreducibility, we
have X* = (X*).

On another hand, by the Frobenius reciprocity and ~ being regular,

EXt;R(H) (X, X) = EthELR(S(V)) ((C’Ury, (C’Ury) = /\Z‘/,

where v, is a vector with the S(V')-weight v. We again have
. 7 n n : n—1 * °
dim Extg g (X, X) = e R dim Exty g (X™*0(X?)).

Similar consideration can extend to examples of (not necessarily irreducible) minimal

principle series with a regular central character.

Example 6.7.69. Let £ = 0. Let X and Y be irreducible H-modules with the central
character 0. Then Resyy X and Resy/Y are also irreducible W-representations. By Propo-
sition 5.4.46, Extg{(H) (X,Y) = Homy (Resyy X @ A'V, ResyY'). Since all W-representations
are self-dual, we have X* = X and «(Y*) = sgn ®Y, where the sgn means the action of ¢,

(w e W) is twisted by sgn(w). Then we have

Ext;zﬁ) (X*,1(Y)*) = Homp (Resyy X @ A"V, sgn @ResyY)
>~ Homyy (Resyy X @ sgn ® A" ~* V, ResyyY)
>~ Homyy (Resy X @ AV, ResyyY)

= Extg(H) (X,Y),

where the third isomorphism uses the fact that sgn ® A* V =2 A"~V as W-representations.

6.8 Hermitian duals
As promised in Section 6.2, we will discuss the situation of the Hermitian anti-involutions
usually encountered in the literature. Those anti-involutions are more natural because of

their close relation to the unitary representations of p-adic groups [BC2]. An important



57

assumption we have to make in this section is k, € R for all & € A . This is necessary for
those anti-involutions to be well-defined.

Since V = C ®g Vp, there is a natural complex conjugation on H. Denote by h the
complex conjugation of h € H. Define { : H — H to be an Hermitian anit-involution

determined by

vl =ty 0(V)twt  forveV, tl =t1 forweW.

w w

Define o : H — H to be another Hermitian anti-involution determined by

W=7 forveV, =t forweW.

w w

It follows from similar calculations in Section 6.2 that both t and o are well-defined. The

analogue of Definition 6.2.50 is the following:

Definition 6.8.70. Let X be an H-module. A map f: X — C is said to be a Hermitian
functional if f(Axq + 22) = A\f(21) + f(x2) for any x1,22 € X and A € C. The t-dual of X,

denoted by XT, is the space of Hermitian functionals of X with the action of H determined
(h.f)(z) = f(h.x) for any x € X. (8.9)
We similarly define o-dual of X, denoted by X°, by replacing k! with h° in equation (8.9).
In fact, we can define a conjugation involution € as follows:
€v)=1 forveV , €(ty) =ty forweW.

Then At = e(h)* = e(h*) and h° = €(h)® = €(h®) for any h € H. The map ¢ induced a
bijection, still denoted ¢, from H-modules to H-modules.

Then using argument similar to Proposition 6.5.62, we have
Exctis gy (X, V) 2 Extyy gy ((X), €(Y))
for any H-modules X and Y. Then combining with Theorem 6.6.63, we have:

Theorem 6.8.71. Let H be a graded affine Hecke algebra associated to a based root datum
I = (X,R,Y,RY,A) and a real parameter function k : A — R (Definition 3.3.25). Let
V=C®z X and let n = dim V. Then for any finite-dimensional H-modules X and Y,

there exists a natural nondegenerate pairing

Exctis gy (X, V) % Ext%&) (XT,(Y)°) = C.



CHAPTER 7

EXTENSIONS AND THE LANGLANDS
CLASSIFICATION

To study the extensions of graded affine Hecke algebra modules, one may want to look for
some natural construction of the extensions. A natural one is from the parabolic induction.
In this chapter, we study a few classes of parabolically induced modules with the goal
to understand some extensions. The most important class is the induced modules in the
Langlands classification, from which we compare central characters to obtain information
about Ext-groups. We also construct induced modules for discrete series and tempered
modules and use them to study extensions. One may also compare the methods in [Hu2,
Chapter 6] for the study of extensions in the BGG category O. As an application of the
study, we compute the Ext-groups among discrete series in the next chapter.

In this and next chapters, we make the following assumption: R spans V. In other
words, C ®7 R = C ® X. This assumption will make the discussion more convenient and

it is not hard to formulate corresponding results without the assumption.

7.1 Langlands classification
In this section, we review the Langlands classification for graded affine Hecke algebras in
[Ev] (also see [KR]). We shall not reproduce a proof here, but we point out that the proof
for the Langlands classification is algebraic (see [Ev], [KR]) and does not rely on results of
affine Hecke algebras or p-adic groups.

We first need a notation of parabolic subalgebra of H.

Notation 7.1.72. For any subset J of A, define V; to be the complex subspace of V' spanned
by vectors in J and define V}/ to be the dual space of V; lying in VV. Let Ry = V;N R and
let RY = V)Y NRY. Let Wy be the subgroup of W generated by the elements s, for a € J.
Define

VJV’L:{UGV: (v,u’)y=0 forallueVy },



59

and

Vf:{vvevv:<u,vv>:0 foralluGVJ}.

For J C A, let W; be the subgroup of W generated by all s, with o € J. Let wg j be
the longest element in W;. Let W be the set of minimal representatives in the cosets in
W/W.

Let J € A. Define Hj to be the subalgebra of H generated by all v € V and ¢,
(w € Wy). We also define H; to be the subalgebra of H generated by all v € V; and t,,
(w € Wy). Note that H; decomposes as

H, =H,S(V)").

Note Hj is the graded affine Hecke algebra associated to the root datum (X, Ry, Y, Ry, J)
and H is the graded affine Hecke algebra associated to the root data (Qy, R, 73}, RY,J),

where Q is the root lattice of R; and P} is the corresponding coweight lattice.

We first describe the notion of parabolically induced modules. Denote by = the set of
pairs of (J,U) with J C A and irreducible H;-modules U. For (J,U) € Z, I(J,U) the
induced module Ind% U from the H ;-module U. Denote by Resy, the right adjoint functor
of Ind%J. We also denote by Resg  the restricton functor from H-modules to H j-modules.

Let v € Vit C V) and let C, be the corresponding one-dimensional S (VJv ’L)-module.
For any o € A, denote by w;, € V) the fundamental coweight corresponding to « i.e., for
peA,

(B,wa) = wa(B) = { (1) iiff:j;g,

We define similarly for w, € Vj for a € A.

Definition 7.1.73. An H-module X is said to be tempered if any weight v of X is of the

form:

Rey = Z ana’, aq <O0.
a€A

Equivalently, an H-module X is tempered if and only if (ws,7) < 0 for all « € A and for
all weight v of X. An H-module X is said to be a discrete series if any weight v of X is of

the form:

Rey = Z an’, aq <0.
aEA

Equivalently, X is a discrete series if and only if (w,,Rey) < 0 for all & € A and for all

weight v of X. In particular, an H-discrete series is tempered.
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For any v € V'V, we can uniquely write Rey as the form (see [Knl, Ch VIII Lemma
8.56]):

Rey = Zaaav + Z b/gw%/ with aq <0, b5 >0 .
acJ BeA\J

Denote

=Y bpwlely.
BeA\J

Definition 7.1.74. We say a pair (J,U) € = is a Langlands classification parameter if
U=U®C,asH;=2H;® S(V}/’l)—modules for some H j-tempered module U and v € VJL
with (Rea, v) > 0 for all &« € A\ J. Recall that w, is the fundamental weight associated to
a. Set A(J,U) = v. Denote by Z, the set of all Langlands classification parameters. Hence,
if (J,U) € Zp, any weight v of U has the form
Rey = Z aga’ + Z bﬁwg,
acJ BEA\J

with aq < 0 and bg > 0. Note that A\(J,U) = 7o, where A(J,U) is independent of the choice
of the weights v of U.

We need a similar but stronger notation later. We say a pair (J,U) is a strong Langlands
classification parameter if U = URC, as H; = H; ®S(V}’L)-modules for some H ;-discrete
series U and v € Vi with (o, Rev) > 0 for all « € A\ J. Denote by = 45 the set of all

strong Langlands classification parameters.

Theorem 7.1.75. (Langlands classification) [Ev]

(1) For any irreducible H-module X, there ezists (J,U) € E, such that X is isomorphic
to the unique irreducible quotient of I(J,U).

(2) Let (J,U),(J1,U1) € ZEr. If the unique simple quotients of I1(J,U) and I(Jy,U;) are

isomorphic, then J = J; and U = Uy as H j-modules.

From Theorem 7.1.75, each irreducible H-module can be associated to a pair in Z;. We

have the following terminology:

Definition 7.1.76. Let X be an irreducible H-module. Let (J,U) € Z1, be such that X is
the unique quotient of I(J,U). We call (J,U) is the Langlands classification parameter for
X.

There is an useful information about the weights in the Langlands classification. We

need the following notation for comparing weights:
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Definition 7.1.77. Let 7,7 € VY. We write v < 7/ if (wa,7) < (wa,7’) for all « € A. We
write v <+ if 7 <4/ and (wq,v) < (Wa,7’) for some a € A.

The following lemma related the dual and the Langlands classification parameter will

be useful later.

Lemma 7.1.78. Let X be an irreducible H-module. Let (J,U) € Zp be the Langlands
parameter for X and let (J.,Uy) € Ep be the Langlands classification parameter of X*.
Then N J.,Uy) = 0(AN(J,U)).

Proof. Following from the construction in the Langlands classification (see [KR, (2.12)],
also see Proposition 7.1.81 below), A(J,U) (resp. A(Jx, U,)) is the maximal element in the
set

{70 : v is a weight of X}  (resp. {70 : 7y is a weight of X*}).
On the other hand, by Lemma 6.2.52, v is a weight of X if and only if 6(v) is a weight of
X*. Hence, 0(A(J«,Uyx)) = A(J,U).

O

Proposition 7.1.81 below is in the proof of the Langlands classification [KR]. We

reproduce the proof since the statement is crucial for our argument later.

Lemma 7.1.79. (Lemma of Langlands) [Knl, Ch VIII Lemma 8.59] Let v,~" € Vy/. If

v <4/, then v < 7.

Lemma 7.1.80. Let J C A and let w € WY, Then w(w)) < w for all « € A and

[e%
w(wy) <w for some a & J.
Proof. Let w = S, ... Sq, be a reduced expression of w. Let 3 = sq, ... 8q, , (). Then

l

wlwy) = wy = D (o, wi) B <wl.
i=1

The last equality follows from (ay,wY) = 0,1 and —3) < 0. Since w ¢ W7, ay, ¢ J and so

(o, wy,) = 1. Hence, w(wy, ) < wy, as desired.

O

Proposition 7.1.81. Let (J,U) € Er. Let M be a composition factor of I(J,U). Let
(J1,U1) € 2L, be the Langlands classification parameter for M. Suppose M is not isomorphic
to the unique simple quotient of I(J,U) (i.e., (J,U) # (J1,U1)). Then X(J1,U1) < A(J,U).
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Proof. Any weight of M is of the form w(y) for some w € W7 \ {1} and some weight p of
U ([BM2, Theorem 6.4]). Write Rey in the form

Rep = Z aea” + AN(J,U)  with a, < 0.
acd
Then
Re(w(p)) = Y aaw(a”) + w(A(J,U)).

Since w(a¥) > 0 for all ¥, we have Re(w(u)) < w(A(J,U)). For w # 1, by Lemma 7.1.80,
we also have w(wy) < wq for all @ ¢ J and w(w,) < wg for some a ¢ J. Hence, we also
have Re(w(p)) < w(A(U)) < A(J,U) and so Re(w(u))o < A(J,U). Thus, for any weight ~y
of M, vo < A(J,U) by Lemma 7.1.79.

On another hand, there is a surjective map from I(J;,U;) to M by definition. Then
by the Frobenius reciprocity, Homgp g ) (U1, Resy, M) # 0. Hence, A(J1,U1) = 7o for some
weight v of M. With the discussion in the previous paragraph, we have \(Ji, Uy) < A(U).

g

Example 7.1.82. Let R be of type G2 and let kK = 1. Let «, 8 be the simple roots of R
with (o, 8Y) = —1 and (8, a") = —3. We consider modules of the central character " + 3

and the possible weights are
+(aV +BY), (oY +28Y),£6Y.

Note that o + BY = —%Bv + %(204\/ +38Y). Let J = {8} and let St be the Steinberg
module of H; and let v = $(2a" + 33Y). The H;-module St ® C, has the weight o + 8Y
and (J,St®C,) is a Langlands classification parameter. Let I = Ind} ,(5t,Cy). It is known
that Y has three composition factors. Denote by Y for the simple quotient of I, denote by
DS for the composition factor of I being a discrete series and denote by Z for the remaining

composition factor of I. We have
(1) The weight of Y is ! := oV + 3Y.
(2) The weights of DS are 2 := —a" — 23" with multiplicity 2 and 4% = —a" — 3V.
(3) The weights of Z are v* := 8Y and 7° := —3".

Then 7§ = 1(2aY +38Y), % =0, 7% =0, 74 = 3(a¥ +28Y) and 7§ = 0.
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7.2 Inner product on Vj

Since Vj is a real representation of W, there exists a W-isomorphism, denoted 1 from
Vo to VY. Define a W-invariant bilinear form on Vp by (v1,v2) = n(v2)(v1). Since Vp' is
irreducible, there exists a unique, up to a scalar, W-invariant bilinear form on V. Hence,
(.,.) is also symmetric. By the uniqueness, we also have the W-invariant bilinear form (.,.)
to be positive-definite. For v € Vp, denote by ||v|| := \/W the length of ~.

Furthermore, for each a € A, Ra and Ra" are the (—1)-eigenspaces of s, on Vj and
Vy/, respectively. Hence, n(a") € Ra for each a € A. For a, 8 € A with 8 # «, we also

have
(n(wa), B) = (B, n(wa)) = (B,wgs) = 0.

Hence, n(wy) € Rw,. Thus, the setting of Langlands classification in Section 7.1 can be
naturally reformulated by the notations for Vp (e.g., a,wq) if we identify Vy with V' via
the isomorphism 7.

We also extend (.,.) linearly to a symmetric bilinear form on V. We remark that in the
Langlands classification, we mainly consider the real part of weights of a module. It will be
important for (.,.) to be an inner product on Vj for comparing the length of weights later

(see Definition 7.3.83 below).

7.3 Induced module for discrete series
We continue to assume R spans V. Let n = dimV = |A]. We keep using the notation
in Section 7.2 (e.g., the bilinear form (.,.) on V). Our goal is to construct a maximal
parabolically induced module containing certain discrete series. We introduce the following

notations to keep track useful information.

Definition 7.3.83. Let X be an irreducible H-discrete series. Let A,,_1 be the set contain-
ing all the subset of A of cardinality n — 1. Let W(X) be the set of weights of X. Define a
function ® : A,,_1 x W(X) — C by

(Rey,ws) _ [(Rey, wg)|

<I>(Ja’7):_ = 3
[lwsl| [|wsl]

where £ is the unique element in A\ J. Denote by (Jx,vx) € Ap—1 x W(X) to be the pair

such that ¥(Jx,yx) attains the minimum value among all pairs in W(X). Denote by [x
the unique element in A\ Jx. Denote
Lis(X) = (Jx, 7x),
w
Ais(X) = Lgg(X)—2x

llwsy [’
where ds stands for discrete series.
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Example 7.3.84. We keep using the notation in Example 7.1.82. By fixing a choice of

(.,.), we have the following equations:

(,a)=2, (a,8)=-3, (B,8)=6.

We have w, = 2a + 8 and wg = 3a + 28. The ||w,||* = 2 and ||wg||? = 6. We consider the
discrete series DS which has weights 72, v3.

({a}.1?) = jg B({B}.?) = ¢1§
d({a},7*) = jé ({8} %) = ¢1§
Thus, Jps = {a}. Lg(DS) = % and A\gs(DS) = %wg. We also see n(A\gs(DS)) =

5(3aY +68Y).

Before constructing an induced module for a discrete series, we mention useful results
about duals (Proposition 7.3.85 and Lemma 7.3.87). Recall that * and e are defined in
Section 6.2.

Proposition 7.3.85. [BM3, Corollary 1.4] For (J,U) € Z, I(J,U)* is isomorphic to

I(J,U*7), where * is the corresponding x-operation for Hj-modules.

Proof. The proof is essentially the same as the one in [BM3, Corollary 1.4]. For any h € H,

h can be uniquely written as the form
> twha,
weWw/

where h,, € Hj;. Define the map o : HH — Hjy by o(h) = he (e is the identity element in
W7). Then we define a bilinear form (,)* : I(J,U) x I(J,U*M) — C as

(h@u, ke f)* = flo(k*h)u).

The hardest part is to check (.,.) is well-defined. By a slight consideration, we see it suffices
to show o(h)*™ = o(h*). We divide into two cases. For the first case, we consider t,p for

w € Wy and p e S(V).
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o((twp)”) = o(P*ty-1)

—0 ((—p +3° kaw(iptsa> twl)
a>0

S J—
D S i e

«
aeW i ;,a>0
= (twp)™’
= o (twp)™’.
We now consider t,,p for w ¢ W; and p € S(V).
o((twp)*) = o(p*ty")
= U(twoe(P)tfu&twfl)
=0 | twtwguw-1 Z kots.Pa where p,, € S(V)

a>0,wow 1 (a)<0

=0 Z katy-1s,Pa

a>0,wow =1 (a)<0

We now claim that w='s, ¢ W for any wow™!(a) < 0. In fact, since wow™!(a) < 0, we
have w=(a) > 0. If s, € Wy, wlsy € Wy by w ¢ Wy. If a ¢ Wy, then wls,(a) < 0
and so w™ls, ¢ W by the fact that any element in W sends positive roots not in W to
positive roots. This proves the claim. Now the claim implies o((t,,p)*) = 0. On the other
hand, we also have o(t,,p) = 0.

Then by linearity of o, we proved o(h*) = e(h)*7, as desired.

O

Example 7.3.86. Let J C A be a singleton. Let I = Ind%J (St ® C,) for the Steinberg
H j-module St and v € Vf. Then I* = Ind%J (St ® C_,). We now specify the example to
type Ay with the notation in Example 6.7.66. Take J = {a1} and v = —3ay — ay. Then
the composition factors of I are X (—v) and X (ay, —a)’) while the composition factors of

I* are X(—v) and X (o, —ay).

Lemma 7.3.87. Let X be an irreducible H-discrete series. Then X*, 0(X) and X* are

also discrete series.

Proof. By definitions, 7 is a weight of X if and only if 8(v) is a weight of 6(X). Since

0(wa) = wo(a), we have §(X) is also a discrete series. For X*®, X and X* have the same
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weights and so X*® is also a discrete series. By Lemma 6.2.52, X* = 6(X*) is also a discrete

series.

0

We now construct an induced module with respect to a discrete series. We also relate
those induced modules to the Langlands classification parameter and so the composition

factors of the induced module can also be better understood.

Proposition 7.3.88. Let X be an irreducible H-discrete series. Recall that Jx is defined
in Definition 7.3.83. Then there exists a pair (Jx,U') € Z with the following properties:

(1) X is a (not necessarily unique) irreducible quotient of I(Jx,U’), and
(2) I(Jx,U") =I1(Jx,U)* for some (Jx,U) € E 45 with A(Jx,U) = Ags(X).

Proof. Let (Jx,vx) be as in Definition 7.3.83. We shall construct an H;,-module with
some desired properties. We consider the H;, -modules Resy JXX , which can be written
as the direct sum of H;, -modules with distinct characters. Let ¥ be an indecomposable
H, submodule of X with the central character W;vyx. We want to show the composition
factors of the H,-module ResﬁJXY are discrete series. Let 7/ be a weight of Y. Since Y

has the W j-central character W;vyx,

Rey = Z ao — Lgs(X HWBXH Z aq — Ags(X),  for some a, € R. (3.1)
Wex
Proving (1) is equivalent to proving that all a, < 0. Let o/ € Jx. By using (7, wy) =
Ao — Lgs(X) (ﬁ’fwx ’wH/), we have
Aoy (Wy s War)
(AN {a'},7) = = + Las(X) 7 (3:2)
) el 5O e

< - + Las(X). (3.3)

I aH

Here, the second line also uses the fact that (wg«,wq) > 0 ([Knl, Lemma 8.57]) and (.,.)
is an inner product on V. By our choice of (Jx,vx), aa < 0 for all a € Jx. We now
let Y’ be an irreducible H;,-submodule of Y and then we have Y’ = Ux ® C_,(x) as
Hy, = H Jx @8 (VJ\/X’J')—module7 where Uy is an irreducible H Jx-discrete series. Then by
construction and Frobenius reciprocity, one of the quotients of the parabolically induced
module I(Jx,Ux) is X. This shows (1).

For (2), by Proposition 7.3.85 and Lemma 7.3.87, I(Jx,Ux)* = I(Jx, U X). Note that
UX]X = U®C,,,(x) for some H-discrete series U (by Lemma 7.3.87). Hence, (Jx,U JX) €
Er.ds With A(Jx, U*JX) = Ags(X) as desired.
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O

Example 7.3.89. We continue to use the notations in Example 7.1.82 and Example 7.3.84.
We consider the discrete series DS. From Example 7.3.84, we see that 73 = —%av —
n(Ags(DS)). Then there is a surjection from I({a},St ® C_y, (pg)) to DS (by Frobenius
reciprocity), where St is the Steinberg module of H,. This constructs the parabolically

induced module for DS as the one in Proposition 7.3.88.

Recall that the Iwahori-Matsumoto involution ¢ is defined in Section 6.5. We have the
following result describing the structure of parabolically induced modules which is proven

by considering central characters and using Corollary 4.2.34.

Proposition 7.3.90. Let X be an irreducible H-discrete series. Let (J,U) € Zp with
J # A. We have the following properties:

(1) Extyy g (I(J,U)*,0(X)) =0 for all i.

(2) Suppose 0 # A(J,U) < Ags(X) or 0 # O(NJ,U)) < A\gs(X) (see Definition 7.1.74 for
MNJ,U)). Then for all i
Exctiy g (1(J,U), (X)) = 0.

Proof. We consider (1). By Proposition 7.3.85, I(J,U)* = I(J,U*’) (where %; is the
corresponding #-operation for H ;) and the real part of the weights of U*/ are of the form
Y acy o — A(J,U*7) for some a, < 0. Suppose ExtfR(H)(I(J, U)*, (X)) # 0 for some i.

Then by Frobenius reciprocity, we have
Extg ) (U™, Res, 1(X)) = Exty g (1(J,U)*, 1(X)) # 0

for some i. Then some composition factors of +(X) and U*/ have the same H j-central char-
acters by Corollary 4.2.35. That implies ¢(X) has a weight v such that Rey =3 . ; an,a —
A(J,U) for some a, € R. Then for g ¢ J, (Rey,wg) = —(A(J,U),wp) < 0. However, this
contradicts to the definition of « and X being a discrete series.

(2) is a special case of Lemma 7.3.91 below (whose proof does not depend on this

proposition). (In more detail, in the notation of Lemma 7.3.91, we choose X; = Xy = X.)
O

We need an improved version of (2) of the above proposition for a better control in

comparing the Ext-groups of two discrete series.



Lemma 7.3.91. Let X; and X3 be irreducible H-discrete series. Assume Lgs(X7)
Lgs(X2). Let (J,U) € E with J # A. Suppose A\(J,U) < Ags(X1). (resp. 6(A(J,U))
Ads(X1)) Then at least one of the following holds:

IN

IN

(1) For all i
Extgy ) (1(J, U), 1(X2)) = 0.

(2) NMJ,U) = Xas(X1) and J = Jx, (resp. O(A(J,U)) = A\gs(X1) and 0(J) = Jx, ). For
any indecomposable H j-submodule Z of Resy, o(X2), if Extg%(HJ)(U, Z) # 0 for some

i, then all the composition factors of (Resg , Z) are Hj-discrete series.
Proof. Suppose (1) is false to obtain (2). Then by the Frobenius reciprocity,
Extgy g,y (U, Resg, 1(Xa)) # 0,

for some i. This implies ¢+(X2) contains a weight whose real part is of the form ) . ; aqo +
A(J,U) for some a, € R. Then by the definition of ¢, X5 contains a weight v such that
Rey = =) cjaaa — A(J,U). Then for any o ¢ J,

(—Rev,wa) = (A(J,U),wa) (3.4)
< (Aas(X1),wa)  (by A(Jx;, Ur) < Aas(X1)) (3.5)
< LdS(Xl)W (by Definition 7.3.83) (3.6)
< Las(X1)||wal| (3.7)
< Lgs(Xo2)|lwall- (3.8)

By the definition of the function Lg4s, all the inequalities become equalities. Then by the
fourth line of the above computation, w, = wg, and so A\ J = {fx, }. Hence, J = Jx,.
By the second equality, we then have A(J,U) = LdS(Xl)Hz%il\ = Ags(X1). This proves the
first assertion of (2).

For the second assertion of (2), let Z be an indecomposable H j-submodule of Resy, ¢(X2)
with Ext;(HJ)(U, Z) # 0 for some ¢. Then U and Z have the same H j-central character.

With the definition of ¢, for any weight 7/ of «(Z), v satisfies

Rey' = aha — MJ,U) = alo — Aas(X1),
acJ acJ
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for some a/, € R. To show that any composition factors of L(ResﬁJ Z) are discrete series, it

suffices to show al, < 0. To this end, let a € J and we consider,

(—Rev,wa) = —al, + (\as(X), wa)
(Wﬁxlvwa)
llwsx, |l

< —al, + Lgs(X1)||lwa||  (because w, # Way )-

= —d, + Las(X1) (by Definition 7.3.83)

On the other hand, note that 4 is a weight of Xy (since ¢ commutes with Resy,). By the
definition of Lgs in Definition 7.3.83,

Las(X2)[|wal| < —(Re'yl,wa).

Combining the equations and using Lgs(X1) < Lgs(X2), we have a, < 0 as desired. This
proves (2).

We now comment on the #-case. Again suppose (2) is false. Th equation (3.5) above
will become (A(J,U),wq) < (0(Ags(X1)),wa). Hence, we will obtain J = 6(Jx,). Then the

similar line of argument in the non-0 case gives the remaining assertion.

7.4 Tempered modules
It is known that tempered modules can be parabolically induced from a discrete series

twisted by an unitary character. We study those induced modules in this section.

Lemma 7.4.92. Let X be an H-tempered module, but not a discrete series. Then there

exists (J,U) € Z with the following properties:

(1) [BC2, Lemma 5.1.1] X is an irreducible (not necessarily unique) subquotient of I(J,U)
and U = U @ C, for an Hj-discrete series U and v € VJJ- with Rev = 0, and

(2) J#A, and
(3) any composition factor of I1(J,U) is tempered, and
(4) for any discrete series X',

Extgy ) (1(J,U), (X)) = 0.
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Proof. For each weight v of X, let J() be a subset of A such that

Rey = Z a0, Wwith aq <0 .

Set vx to be the weight of X such that J(vx) has the minimal cardinality. Set J = J(vx).
Since X is not a discrete series, J # A. Let Y be an indecomposable H j-module of Resp , X
with the H j-central character W;+'. We claim that any composition factor of Resﬁ]Y isa

discrete series. Let 7/ be a weight of Y and write

Rey' = Z a,a  for some a, € R.
acJ

Since Y has a central character W/, al, = 0 for all a ¢ J. It remains to show that a, < 0
for all & € J. However, by the definition of a tempered module, a/, = (Revy/,w,) < 0 for
all a € J. If al, = 0 for some « € J, this will contradict our choice of 4/. This concludes
that a), < 0 for all @« € J. Then we choose an irreducible H j-submodule U of Y and
then U = U @ C, for an H-discrete series U and v € Vi with Re(r) = 0. By Frobenius
reciprocity, X is an irreducible quotient of I(J,U) as desired. This proves (1) and (2).

We now prove (3). Any weight of I(J,U) can be written of the form w(vy) for w € W7
and a weight vy of U. Then

Re(w(vy)) = Z aquw(c) for aqy <0 .
acJ

Since w(a) > 0 for any a € J, (Re(w(y)),wa) < 0 for all & € A. This proves (3).

We now prove (4) and continue to use the notations for (1). Let X’ be a discrete series.

Suppose the assertion is false to obtain a contradiction. Then by Frobenius reciprocity,
Extgy ) (U, Resg, (X)) # 0.

Then by considering the H j-central character of U and Corollary 4.2.35, «(X’) has a weight
~vx+ such that

Revxr = Z Aq, X7 L.
acJ

Since we assume X is not a discrete series, J # A. Then for a ¢ J , (Reyx/,wa) = 0, which

contradicts X’ being a discrete series.



CHAPTER 8

EXTENSIONS OF DISCRETE SERIES

In this section, we compute the Ext-groups of discrete series. More precisely, we show
that all the higher Ext-groups among discrete series vanish. The result for affine Hecke
algebra is proven by Opdam-Solleveld in [OS1, Theorem 3.5] using the Schwartz algebra
completion of an affine Hecke algebra. With the belief of the result from affine Hecke
algebras, we take an algebraic approach for computing Ext-groups of discrete series for
graded affine Hecke algebras. The results also cover complex parameter cases and non-
crystallographic cases. We also hope some techniques can be extended for computing Ext-
groups of more modules in the future (see an example in Section 8.2).

We briefly outline the strategy of our proof (also see the paragraph before Lemma
8.1.96). Instead of computing Ext-groups of discrete series directly, we first compute
the Ext-groups for a tempered module and the Iwahori-Matsumoto dual of a discrete
series, which has the advantage that the Ext&(H)—group vanishes. The next step is to
construct parabolically induced modules for tempered modules (from Chapter 7). Then the
parabolic induction allows us to make use of the knowledge from lower ranks (via Frobenius
reciprocity and induction hypothesis), but in return, we have to deal with the Ext-groups
for the composition factors in the related parabolically induced modules. Fortunately, those
composition factors are well controlled by the Langlands classification and are manageable
from the study in Chapter 7. Then the standard modules associated to those composition
factors and the parabolic induction again gives some new information via the Frobenius
reciprocity. This eventually leads to the computation of the Ext-groups of a tempered
module and the Iwahori-Matsumoto dual of a discrete series. We finally apply the duality
result (Theorem 6.6.63) to recover the Ext-groups between a tempered module and a discrete
series.

We also want to point out that some argument can be simpler if we use some known
results such as discrete series being unitary or self x-dual. However, the known proofs for

those results rely on the setting in affine Hecke algebras or p-adic groups and we try to
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avoid using them.

8.1 Extensions of discrete series
In this section, we use the notation in Section 7.2 (i.e., identify V'V with V and use the

bilinear form (.,.)). We also continue to assume R spans V.

Theorem 8.1.93. Let H be the graded affine Hecke algebra associated to a based root system
(X,R,Y,RY,A) and an arbitrary parameter function (Definition 3.3.25). Assume R spans
V. Let X1 be an irreducible tempered module and let X9 be an irreducible H-discrete series.
Then
Exctyy g (X1, X2) = { (g v ih)e(iw(j:ed e

Recall that each graded affine Hecke algebra is associated to a root system R. We shall
call the rank of H to be the rank of R (i.e., the cardinality of A). We shall use induction on
the rank of H to prove Theorem 8.1.93. The proof will be given at the end of this section.

We first give few important lemmas.

Lemma 8.1.94. Let (J,U) € Z. Let U =U®C, (as Hy = H; ® S(V}/’L)—modules) for
some Hy-module U and some v € Vf‘. For an irreducible finite-dimensional H j-module Y,
Y =Y ®@ CV for some irreducible Hj-module Y and for some ' € Vf. Then

i o k 1 —_—
Extiy (U,Y) = €D Extg g1y (Cos Cor) @ Extyy g ) (U, Y).
k+1=i

Proof. Let Y be an irreducible finite dimensional H-module. Since S (V}/’l) is in the center
of Hy and Y is finite-dimensional and irreducible, elements in S (V}/’L) act by a scalar on Y’
(by Schur’s Lemma). This implies that Resy YV is irreducible. Hence, Y = Resy Y ®C, for
some v € Vj‘. This proves the first claim. The second assertion follows from the Kiinneth

formula for complexes (see for example [We, Theorem 3.6.3]).
O

Lemma 8.1.95. Let H be a graded affine Hecke algebra of rank m. Suppose Theorem
8.1.93 is true for all the graded affine Hecke algebra with rank n — 1. Let X1 and X2 be
irreducible H-discrete series. Assume Lgs(X1) < Lgs(X2). Let (J,U) € Zf, with J # A. If
AMILU) < Ags(X1) or ONJ,U)) < Ngs(X1), then

Extiy gy (1(J, U), 1(X2)) = 0

for alli <n—2.
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Proof. By Frobenius reciprocity, it reduces to show
Extgy g, (U, Resp, (X)) = Extiy gy (1(J,U), (X)) = 0

for all < n — 2. By Lemma 4.2.33, it suffices to show that Extga(HJ)(U, Y) = 0 for each
i <n — 2 and each composition factor ¥ of Resy,¢(X).

By Lemma 7.3.91, we only have to consider the composition factors Y of Resy,¢(X) for
which the composition factors of L(ResﬁJY) are discrete series. Let Y be such a composition
factor of Resy,¢(X). By the irreducibility, we can then write «(Y) =Y ® C,» (as Hy =
Hy®S (V)/’J‘)—modules) for an irreducible H j-discrete series Y and some v/ € V.

Similarly, we also write U = U ® C,, for an H j-discrete series U and v € VJL. Then by
Lemma 7.3.87, Theorem 6.6.63 and Theorem 8.1.93 for rank less than n, we have

(U,Y)=Ext" 2 (U, uY")) =0

7
EXtER R(H)

(H,)

for i <n —2. (Here, *; and e; are the corresponding * and e for H, respectively.) With

Lemma 8.1.94, this completes the proof.
a

The following lemma is the main technicality for Theorem 8.1.93. As mentioned in the
beginning of this chapter, we have to deal with the composition factor in some parabolically
induced modules. The assumptions in (2) of the following lemma pick out those composition
factors. The assumption Lgs(X1) < Lgs(X2) in (2) gives a much better control of what kind
of composition factors are picked out.

The main idea of the proof of Lemma 8.1.96 is to use parabolically induced modules to
construct short exact sequences. From those short exact sequences, we obtain associated
long exact sequences by applying appropriate Hom-functors. Then Proposition 7.3.90 (1),
Lemma 7.4.92 (4) and Lemma 8.1.95 makes the technique of dimension shifting work.

Lemma 8.1.96. Let H be a graded affine Hecke algebra of rank n. Suppose Theorem 8.1.93
is true for all the graded affine Hecke algebra with rank less than or equal to n — 1. Then

we have the following:
(1) Let X1 be an H-tempered module and let Xo be an H-discrete series. Then for all

1<n-—1
Exctfy gy (X1, (X2)) = 0.
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(2) Let X1 and Xo be H-discrete series. Assume Lgs(X1) < Lgs(X2). Let (J,U) € Ef,
with A(J,U) < Ags(X1) or OA(J,U)) < Mgs(X1). Let Y be the irreducible H-module
with the Langlands classification parameter I(J,U). Suppose Y is not tempered (i.e.,
J #A). Then for all i <n —2,

Extgy ) (Y, 1(X2)) = 0,
Extgy ) (Y*, 1(X2)) = 0.

((1) and (2) can be combined into one statement, but the separation into two statements

will reflect how we prove in separate cases.)

Proof. (We shall use induction on 4, which indexes Extl;, but we do not fix any of X; or X».)
When i = 0, any weight v of +(X2) satisfy (Revy,wq) > 0 for all fundamental weights wg,.
Then by the definition of tempered modules, Ext%(H) (X1,1(X2)) = Homg) (X1, 1(X2)) =
0. This proves (1) for i = 0.

For (2), we may assume n > 2 (otherwise there is nothing to prove). We consider the
following exact sequence:

0—-N—=IJU) —-Y =0,

where N is a proper (possibly zero) submodule of I(J,U). Then we have the associated

long exact sequence
0 = Extgy g (Y, (X2)) = Extgyery (1(J,U), 1(Xa)) — ...

Then by Lemma 8.1.95, we have Ext&(H)(Y, 1(X2)) =0.

We now assume 1 < i <n — 1. Suppose X5 is a discrete series. We first consider X is
a discrete series. By using Extg{(H)(Xl, Xo) = Extgﬁ(H) (X2*, X7) (Proposition 6.4.58) and
X1*, X5 being discrete series (Lemma 7.3.87), we can just consider Lgs(X1) < Lgs(X2).

Then by Proposition 7.3.88, we have the following short exact sequence:
0—N—I(Jx,,U1)" = X1 —0,

for (Jx,,U1) € 2 with AM(Jx,,U1) = A\gs(X71) (and Jx, # A). Then by applying the
Homgy ) (-, ¢(X2)) functor to obtain a long exact sequence and using Proposition 7.3.90(1),

EXtSiR(H) (X1, u(X2)) = EX‘E;&H) (N, 1(X3)).

Then it remains to show Extfn_alﬂ) (N, X2) # 0. By Lemma 4.2.33, it suffices to show that

Extgg(]lm)(Y, X9) = 0 for any composition factor Y of N. Let (J,U) € Zp be the Langlands
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parameter of Y. We first consider J # A. Note that Y™* is a composition factor of I(Jx,,U;)
and so with Lemma 7.1.78 and Proposition 7.1.81, O(A(J,U)) < AJx,,U1) = Aas(X1)
satisfies the assumption in (2). By the induction hypothesis, Extga_alm (Y, (X2)) = 0. It
remains to consider J = A. Then we have Y is tempered and so by the induction hypothesis
for (1), we also have Extgﬂ(H) (Y,u(X2)) = 0. This proves Exth(H)(Xl, 1(X3)) = 0 for the
case that X7 is a discrete series.

We now consider X7 is tempered but not a discrete series. By Lemma 7.4.92, there exists
(J,U) € E such that X, is an irreducible quotient of I(J, U) with the properties in Lemma
7.4.92. By Lemma 7.4.92(4), using the long exact sequence associated to Homgp) (., ¢(X2)),
we again obtain Extg%(H) (X1,1(X29)) = Extfﬁ_(]lﬂ) (N, (X3)) for some irreducible submodule
N of I(J,U). Since any composition factor of I(.J,U) is tempered (Proposition 7.4.92(3)),
the induction hypothesis with Lemma 4.2.33 again yields Extfﬂ_(ﬁ)(ﬁ ,t(X2) = 0. Then
Ext; ) (X1,1(X3)) =0 as desired.

We now prove (2) and assume 1 < ¢ < n — 2. Let X; and X5 be irreducible discrete
series with Lgs(X1) < Lgs(X2). Let (J',U’) € 2 with N(J,U’) < A\gs(X1) and J" # A.
Let Y’ be the irreducible H-module with the Langlands classification parameter (J',U").

We consider the short exact sequence
0= N —=I1(J,U)—=Y =0,

where N’ is some submodule of I(J',U’). Then apply the functor Homg (-, t(X2)) to
obtain a long exact sequence

o= Extig g (1, U7), 1(X2)) = Exctyg g (N, 1(X2))

— Exctiy g (Y, 1(X2)) = Extiy g (1(J,U7),0(Xa)) — ...
By Lemma 8.1.95,

Extiy iy (V' 1(X2)) 22 Exctyy e (Y, 1(X2)). (1.1)

Then again consider the composition factors of N’ and using a similar argument as the
proof for (1) in the previous paragraph. Let M be a composition factor of N’ and let
(JM UM) be the Langlands classification parameter of M. Then A\(JM, UM) < \(J',U’) <
Ads(X1) by Proposition 7.1.81. Then by the induction hypothesis of (1) and (2), we obtain
Extgi_(llm)(M,L(Xg)) = 0. Then by Lemma 4.2.33, we have Extg;(ﬁ)(N',L(Xg)) = 0. Then
Extgy g (Y, ¢(X2)) = 0 by (1.1).

We continue to prove the remaining assertion in (2). We now consider the dual Y'* of Y.

Let (Ji,U,) € 21 be the Langlands classification parameter of Y'*. Then by Lemma 7.1.78,
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M T, Us) = O(N(J',U")) and s0 O(A(Jx, Us)) < Ags(X1). For any composition factor M, with
the Langlands classification parameter (J M. UM*) € =1, we also have a similar inequality
ON(JM UM)) < O(N(Js, Uy)) < Ags(X1) by Proposition 7.1.81. Thus, the induction step

applies with a similar argument.
O

Proof of Theorem 8.1.93. For the case of |[A| =1, it is easy to verify. In fact, in that case,
when the parameter function k # 0, there is only one discrete series. When the parameter
function & = 0, there is no discrete series. Assume |A| > 2. Let X; be an irreducible
tempered module and X5 be an irreducible discrete series. By the induction hypothesis,

Lemma 8.1.96, Lemma 7.3.87 and Theorem 6.6.63,

dim Extyygp) (X1, Xa) = dim Extyg ) (X7, 0(X2)*) = 0

for all i > 1. The case for i = 0 follows from Homy = Ext{j and the Schur’s lemma. This

completes the proof.

8.2 Beyond discrete series: an example

In this section, we continue Example 7.1.82 and use the notation in the example. We
go back to use V'V for weights (to be consistent with the notation in Example 7.1.82). In
particular, we use the notation Y, Z, DS to denote the irreducible modules as in Example
7.1.82. There are two more irreducible modules with the central character W (a" + 8Y) not
in the list. One is a discrete series, denoted by DS’. Another one is the spherical module,
denoted S.

Let I' = Ind%{a} (Sta ® C%(aVJr,BV))’ where Sty,y is the Steinberg module of Hy,y (c.f.
Proposition 7.3.88 and Example 7.3.89). Then by considering the weights, we have the

following short exact sequence:
0—-DS®DS —-1I' - Z—0. (2.2)

(We use Theorem 8.1.93 for the maximal submodule of I’ to be a direct sum of DS and
DS’.) Then taking the Homgpy (-, X) (X = DS, DS’) and computing Extfx(H) (I,DS), we
have for X = DS, DS’,

; C ifi=1
EXtm(H)(Z’X) - { 0 otherwise.
By taking e-operation, we have
i C ifi=1
Extos ) (X, 2) = { 0 otherwise.



By Theorem 6.6.63 and taking Homgy g (-, Z) functor on (2.2), we have

. C  ifi=0,2

otherwise.

For X’ =Y, S, Theorem 6.6.63 implies

Extiy g (X', Z) = Extiy g (2, X') = { C ifi =1

For X = DS, DS’ and X’ = S,Y, we also have
C if 1 =2 and
Extis g (X', X) = Extiy gy (X, X') =

0 otherwise.

0 otherwise.

either (X = DS and X' = S)
or (X=DS and X =Y)

44

The Ext-groups among Y and S are similar to the Ext-groups of DS and DS’. We skip the

detail.



CHAPTER 9

EULER-POINCARE PAIRING

Euler-Poincaré pairing is defined as the alternating sum of the dimension of the Exté%(H)—
groups and is usually easier to be understood than the Extg‘(H)—groups. For instance, the
pairing only depends on the composition factors of modules. An important aspect is that the
pairing defines an inner product on an appropriate subspace of the virtual representations
of a graded affine Hecke algebra, and is an analogue of the elliptic pairing for the p-adic
groups [SS]. The representation theory related to the Euler-Poincaré pairing has been
studied in the literature (e.g., [Ch2, CH, Re, OS1, OS3, SS|) and is closely related to the
spin representations of Weyl groups and Dirac cohomology (e.g., [Chl, Ci2, CT, COT]).

In this chapter, we will show that the Euler Poincaré pairing only depends on the Weyl
group structure of graded affine Hecke algebra modules by using the projective resolution
constructed in Chapter 5. The statement is first proven by Reeder [Re] (for equal param-
eters) and also independently proven by Opdam-Solleveld [OS1] (for arbitrary parameters)
with different proofs. We also prove a similar statement for a twisted Euler-Poincaré pairing
in connection with the twisted elliptic pairing of Weyl groups studied by Ciubotaru-He [CH].
Applications are given at the end of the chapter.

9.1 Euler-Poincaré pairing
We keep using the notation of a graded affine Hecke algebra in Definition 3.3.25. (In this
chapter, R does not necessarily span V.) Define the Euler-Poincaré pairing for H-modules
X and Y as:
EPy(X,Y) =) (—1)" dim Extdy g (X,Y).

i
This pairing can be realized as an inner product on a certain elliptic space for H-modules

analogous to the one in p-adic reductive groups in the sense of Schneider-Stuhler [SS].

The elliptic pairing (, )%Bip’v for W-representations U and U’ is defined as

elli 1 0
(U, U'}V%}p’v = Wi Z try (w)tryy (w)dety (1 — w).
weW
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Proposition 9.1.97. For any finite-dimensional H-modules X and Y,
EPy(X,Y) = (Resy (X), Resyy (V)52

In particular, the Euler-Poincare pairing depends only on the W-module structure of X and

Y.
Proof.

EPy(X,Y)
= ) (—1)" dim Exth ) (X, V)
= Z(—l)i(ker d; —imd;_;) (by Proposition 5.4.46)

= Z(—l)i dim Homgpyy (Resw (X) ® AV, Resw (Y)) (by Euler-Poincaré principle)

7
= Z trResyy X(w)trResW Y(w)tr/\iV(w)
wew

= (Resw(X), Resy (Y)) ™"

Here, ATV = @iez(—l)i A"V as a virtual representation. The last equality follows from

trpiy (w) = det(1 — w) and definitions.

9.2 Twisted Euler-Poincaré pairing
Recall that € is defined in Section 6.1. For any H x (#)-module X, denote Resy X to be
the restriction of X to a C[W]-algebra module (Definition 3.3.25 (1)). The notion Resyy ()
is similarly defined.
Let X and Y be H x (¢)-modules. Recall that the map d* from Homgcy(Resy X ®
AV, Resy Y) to Homepy|(Resw X @ A"V, Resyy V) is defined in Section 5.4.
Define 6* to be the linear automorphism on Homgyy)(Resy X @ AV, Resy Y) given by

() (z@uviA...Avy) = Bop(0(xz)RO(v1)A...ANO(v;)). (2.1)

Here, f-actions on Resyy X and Resyy Y are the natural actions from the #-actions on X
and Y (as H x (#)-modules), and furthermore the 6-action on v; comes from the action of

OonV.

Lemma 9.2.98. 60*od* = d* o 0*
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Proof.

(0" o d*) (W) (z @ vy A ... Avg)
0 od* () (0(z) @ 0(v1) A ... A0(vg))
0 0 h(d(0(z) @ O0(v1) A ... AO(v)))
= Z(— Y0 0p(0(x) @ O(v1) A ... AOT) A ... AO(vg))

—Z )i 0 p(0(v,).0(x) ® O(v1) A .. ABT) A ... ABO(w))
. Z(—)UT.H*(qb)(ﬂz@vl/\.../\@-/\.../\vk)
Z—Z(—l)iﬁ*(w)(vr.x@)vl/\.../\@-/\.../\vk)
_ (d*o@i*)(w)(x®v1A...Avk).
O

By Lemma 9.2.98, 6* induces an action, still denoted 6* on Ext&(H) (X, X). We can then

define the #-twisted Euler-Poincaré pairing EP]%I as follows:

Definition 9.2.99. For H x (f)-modules X and Y, define

EP§(X,Y) =) (—1)'trace(6" : Exth g (X,Y) = Extgy g (X, Y)).

i

Here, we also regard X and Y to be H-modules equipped with the f-action.

We remark that this definition also makes sense for 6 to be any automorphism of H.

However, when we prove Theorem 9.3.104 later, we use 6 to arise from wy in (1.1).

9.3 Relation between two twisted
elliptic pairings
In this section, we relate the twisted Euler-Poincaré pairing to the twisted elliptic pairing
of Weyl groups defined in [CH]. We first recall the definition of the twisted elliptic pairing
of Weyl groups.

Definition 9.3.100. [CH] For any W x (f)-representation U and U’, the 6-twisted elliptic
pairing on U and U’ is defined as:

—elll 1 trrr (wh):
Uyl Y _ = 7 | > try (wh)try (wh)dety (1 — w).
ew
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Since wpf = —Idy on V, it is equivalent that

_elli 1
w, U/>€Ve1hp,V — W Z try+ _p— (wwo ) try _gr— (wwp)dety (1 + wwy),
weW

where U™ and U~ (resp. U'" and U’'™) are the +1 and —1-eigenspaces of wof of U (resp.

U"),and Ut — U~ and Ut — U~ are regarded as virtual representations of W.

For some basic properties of (., .>€;euip, one may refer to [CH, Section 5] (also see [Ch2,

Section 4]).

Definition 9.3.101. Let X be an H x (f)-module. Define X* to be the +1 eigenspaces of
the action of 6t,,, on X, respectively. It is easy to see X + are invariant under the action
of t,, for w € W (see Lemma 9.3.102 below). We shall regard X* as WW-representations or

W x (6)-representations. Moreover, since 6t,,, is diagonalizable, we also have X = X T X ™.

Lemma 9.3.102. Let X be an H x (0)-module. Then
(1) X* and X~ are W x (0)-invariant.

2) Let X be an H x (8)-module. For anyv eV, 7. X+ c XF.
( y

Proof. (1) follows from Ot ty, = tytw,0. (2) follows from wf(v) = —v and Lemma 5.3.44.

O
Lemma 9.3.103. For H x (0)-modules X and Y, define
Hom;” = Homcpy (X ®@ AV, Y1) @ Homep (X~ @ A'V,Y7)
and
Hom; = Homgy (XTRAV,Y )@ Homgpp (X~ ® AV, Y ).
The map d; sends HomgIE — Hom[, ;. Moreover, 6* acts identically as (—=1)* on Hom} and

acts identically as —(—1)" on Hom; .

Proof. The first assertion follows from Lemma 9.3.102 and Proposition 5.3.45. For the
second assertion, we pick ¢ € Homf. Suppose x € X and vy,...,v; € V. Then
() (x@vi A...ANv;)
=0.0(0(x) @ 0(v1) A ... \NO(v;))
=t 0.0 ((tw0.2) @ wob(v1) A ... A wob(v;))
=(—1) "ty 0.(x @V A ... Avg)

:(_1)i7/1($ QUi A .. AY).
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The forth equality follows from wof(v) = —v, ty,0.2 = x, and the last equality follows from

imy € Y. Other cases are similar.

O
With HomfE defined in Lemma 9.3.103, we also define that
Fxti(X, V)" = lfer(df : HomiF — Homj:)v
im(d; : Hom; — Hom")
and similarly,
Fxti(X, V)~ = 1'{61‘(61; : Homjj — Homzr).
im(d; : Hom; — Hom,")
Note that by the projective resolution in (2.1),
Extly(X,Y) = Ext'(X,Y)" @ Ext(X,Y)". (3.2)

Theorem 9.3.104. For any finite-dimensional H x (0)-modules X and Y with 0 defined
as in (1.1),
EPY(X,Y) = (Resy () X, Resy Y5 o>V

In particular, the O-twisted elliptic pairing EPI%I depends on the W-module structures of X
and Y only.

Proof. Set di'" = d}|y, .+ and d'” = df

’Homi ‘Hom; .

EP%(X,Y)
= Z(—l)itrace(e* : Extgg(H) (X,Y) — ExtfR(H) (X,Y))
= > (=1)'[(-1)" dim Ext'(X,Y)" — (~1)’ dim Ext'(X,Y)"]  (by Lemma 9.3.103)
= ) (dimExt/(X,Y)" — dim Ext/(X,Y)")
= > [(dimkerd;"* — dimimd;"7) — (dimker d}"~ — dimim d;" )]
= > (dimkerd;" + dimimd;)) — (dimkerd;"” + dimimd}’7)
= Z(dim Hom;" —dimHom; ) (definition of Hom* in Lemma 9.3.103)
1 -
= Il Z try+_x-(w)try+_y- (w)dety (1 +w) (as virtual representations)
weW

= |V:t/| Z trx (wwol)try (wwef)dety (1 — wwod)
weWw

= (Resyy ) (X), Resyr ) (V) o 0V
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The third last equality follows from the fact that ), tryiy (w) = dety (1 + w) and wof =
—1dy-.

g

Remark 9.3.105. We give an example to show that Theorem 9.3.104 is not true in general
if # is replaced by an outer automorphism on W. Let R be of type A; x A;. Let 6’ be
the Dynkin diagram automorphism interchanging two factors of A;. Let H be the graded
Hecke algebra of type A; x A;. Note that <,)(€,;,_elhp’v = 0 as tr(wf') = 0 for all w € W.
Here, W = S5 x Sy and V = C @ C. However, we may choose an H-module X (e.g., the
exterior tensor product of Steinberg modules) such that EP% (X, X) # 0.

We give an interpretation of #-twisted Euler-Poincaré pairing with the Euler-Poincaré
pairing of H x (#)-modules. Define
BP0y (X, Y) = D (—1)" dim Excty g9 (X, Y).

%

Corollary 9.3.106. For any finite-dimensional H x (0)-modules X and Y,
L. i 1 * i i
:5 dlm EXtiR(H) (X, Y) =+ 51}1‘&(36(9 : EthR(H) (X, Y) — EXtER(H) (X, Y)),

and

1 1
EPg.(0) (X,Y) = SEPR(X,Y) + riEP]%I(X, Y).

Proof. Note that

; -~ Hom;r if 4 is even
Homgwy. () (Resw (o) X @ AV, Resyap)Y) = { Hom; if i is odd
Then by using a Koszul type resolution as in (2.1), one could see that

Ex‘ci+ if 7 is even

EXtﬁ-}Ix(G) (X’Y) - { EXti_ if 7 is odd

By Lemma 9.3.103, the latter expression above is equal to
1 ~ 1 . ‘
3 dim Exty(X,Y) + itrace(ﬁ* cExty(X,Y) = Exty(X,Y)).
It follows from the proof of Proposition 9.1.97 that
Extr, gy (X, Y)

1 _— 1 —_—
37 w%:v try (w)try (w)dety (1 — w) + 7] w;V try (wh)try (wh)dety (1 — wh)

1 . 1 L
=3 (Resw (X)), Resw (Y))iy™" + 5 (Reswa(g) (X)), Resw o) (V)Y

Now the statement follows from Theorem 9.3.104 and Proposition 9.1.97.
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9.4 Applications

We give two applications of the Euler-Poincaré pairing in this section.

An element w € W is said to be elliptic if dety (1 —w) # 0. A conjugacy class of W is
said to be elliptic if any element in the conjugacy class is elliptic. The first application is
to give an upper bound of the number irreducible discrete series. The statement for affine
Hecke algebra is proven by Opdam-Solleveld in [OS1, Proposition 3.9] and is applied to

classify discrete series of affine Hecke algebras for arbitrary parameters.

Corollary 9.4.107. Let H be the graded affine Hecke algebra associated to a root datum
and an arbitrary parameter function. The number of irreducible H-discrete series are less
than or equal to the number of elliptic conjugacy classes of W. In particular, there are only

a finite number of nonisomorphic irreducible H-discrete series.

Proof. Let R(W) be the virtual representation ring of W. Let R(W) = R(W)/rad(, )f,gip.
Then by the definition of rad(,)i%}ip, the dimension of R(W) is the number of elliptic
conjugacy classes (see [Re, Section 2] for the detail). Let R(H) be the Grothendieck group
of the category of finite-dimensional H-modules.

On the other hand, the restriction map Resy defines an isometry from R(H) to R(W)
with respect to the paring EPy and (., .)%}ip, respectively. By Theorem 8.1.93, discrete

series form an orthonormal set for the pairing EPy. Hence, the number of discrete series is

less or equal to the number of elliptic conjugacy classes.

g

Example 9.4.108. For R of type A,, there is only one elliptic conjugacy classes for W =

Sn+1- Hence, the Steinberg module is the only irreducible discrete series for H of type A,,.

The second application concerns the duals of discrete series. For real parameter func-
tions, it is even known that those discrete series are even x-unitary (by some analytic results

in affine Hecke algebras, see [So, Theorem 7.2]).

Corollary 9.4.109. Let H be the graded affine Hecke algebra associated to a root datum

and an arbitrary parameter function. Let X be an H-discrete series. Then
(1) X, X®, X* and 0(X) are isomorphic,

(2) Let W~ be the central character of X. Then WO(v) = W.
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Proof. Since X and X* have the same W-module structure, by Proposition 9.1.97 we have
EPy(X, X™) = EPg(X,X) =C.

The second equality follows from Theorem 8.1.93. Since X ™ is also a discrete series (Lemma
6.4.58), Theorem 8.1.93 forces X* = X. The assertion for X*® and #(X) in (1) can be proven
similarly. For (2), the central character of (X)) is W6(~y). Then (2) follows from X = 0(X)
in (1).
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