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Abstract The geometry of MOsck  spaces was introduced by R. Miron and Gh. Atanasiu in 
[6] and [7]. The theory of these spaces was developed by R. Miron and his cooperators from 
Romania, Japan and other countries in several books and many papers. Only some of them 
are mentioned in references. Here we recall the construction 
of adapted bases in M)T(Osck  and M)(OscT k* , which are comprehensive with the J  
structure. The theory of two complementary family of subspaces is presented as it was done 
in [2] and [4]. 

The operators J , J , θ , θ , p , *p are introduced in the ambient space and subspaces. 
Some new relations between them are established. The action of these operators on Liouville 
vector fields are examined. 

Math. Subject Classification 2000: 53B40, 53C60 
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1. TANGENT AND COTANGENT BUNDLES ON MOsck   

Let MOscE k=  be a )n, (kC 1+∞ dimensional space. Some point Eu∈  in some 
local chart has coordinates: 

 
( ) ( )Aakaaa yyyyu == ,.....,, 10 , kA ,0= ,  na ,0= . 

 
The set of allowable coordinate transformations are given by 
 

                         ( )aaa yyy 000 ′′ =   or   ( )aaa xxx ′′ =               (1.1) 
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Theorem 1.1. The transformations of type (1.1) form a pseudo-group. 
 
The natural basis *B  of )(* ET  is 

 },...,,{ 10* kaaa dydydyB = . 

As elements of this basis are not transforming as tensors, we introduce the special 
adapted basis 

 },...,,{ 10* kaaa yyyB δδδ=  

where 
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 (1.2) 

or shorter 

 [ ] ( )
( )[ ][ ]cb
c

b dyMy =δ . (1.3) 

Theorem 1.2. The necessary and sufficient conditions that Aayδ  are transformed as 
d -tensors, i.e. 

 Aa
a

a
Aa y

x
xy δ
∂
∂

=δ
'

' , ,k A 0=  (1.4) 

are the following equations: 
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The natural basis B  of )(ET  is 

 },...,,{ 10 kaaaB ∂∂∂= . 

The elements of this basis are not tensors, so we introduce the special adapted basis 

 },...,,{ 10 kaaaB δδδ= , 

where 

 [ ] [ ][ ])(
)(1010 ,...,,,...,, b

akaaakaaa N∂∂∂=δδδ , (1.6) 
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or shorter 

 ]][[][ )(
)(

b
aba N∂=δ . (1.8) 

Theorem 1.3. The necessary and sufficient conditions that Aayδ , ,k A 0=  are 
transformed as d -tensors, i.e. 

 Aaa

a

Aa x
x

δ
∂
∂

=δ ''   ))(( 0
'0 Aa

a
a y δ∂=  (1.9) 

are the following equations: 
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 kB ≤≤1 . 

Theorems 1.2 and 1.3 first time was proved in [6] and [7] for the special adapted 
bases B  and *B which are comprehensive with the structure J . In [6] and [7] one 
solution of (1.5) and (1.10) using only the metric tensor in )( axM was given. They are 

formally different from these theorems because in [5]-[12] instead of  Aay from (1.1) it 

appears
!A

y Aa

, ,k A 1= . 

Theorem 1.4. If the bases *B  and B  are dual to each other, then *B and B  will be 
dual if INM =  i.e. the matrices N and M are inverse to each other. 

 
Proof. By assumption is [ ][ ] Idy c

bb
c δ=∂ . From (1.3) and (1.8) we have 

 [ ] INMNIMNdyMy d
a

b
a

d
b

b
a

c
b

d
b

b
ab

cd
ca

d δ==δ=∂=δδ ]][[][][]][][][[][ )(
)(

)(
)(

)(
)(

)(
)(

)(
)(

)(
)(  (1.11) 

In this form, Theorem 1.4 was proved in [2], [3], but in the explicit form it was given 
already in [6], [7]. 

2. THE PROJECTION OPERATORS 

The projection operators are well known in linear algebra. Here they are presented in 
the tensor form in the special adapted bases of MOsck . 

Let us denote by **
2

*
1

* ,...,,, kVVVH  the subspaces of (E)T *  generated 

by { }{ } { }kaaa yyy δδδ ,...,, 10  respectively. The following decomposition is true: 

 **
2

*
1

* ... k
* VVVH(E)T ⊕⊕⊕⊕= . 

Let us denote by kVVVH ,...,,, 21 the subspaces of T(E)  generated by 
{ } { } { } { }kaaaa δδδδ ...,,, 210 respectively. Then 

 kVVVHT(E) ⊕⊕⊕⊕= ...21 . 

If )(ETX ∈ , then we can write 

 Aa
Aa

ka
ka

a
a

a
a

a
a XXXXXX δ=δ++δ+δ+δ= ...2

2
1

1
0

0  (2.1) 

Let us define kpppp ,...,,, 21 , the projector operators of T(E)  on kVVVH ,...,,, 21  
respectively, where: 
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We have: 

 Ipppp k =++++ ...210 . 

Theorem 2.1. For the vector field X  given by (2.1) and the projector operators 
defined by (2.2) the following decomposition is valid 

 XppppXpXpXpXpX kk )...(... 210210 ++++=++++= , 

where 

 b
bXXp 0

0
0 δ= , kb

kb
kb

b XXpXXp δ=δ= ,...,1
1

1 . 

The one form field )(* ET∈ω  can be written: 

 ka
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a
a

a
a yyy δω++δω+δω=ω ...1

1
0

0 . (2.3) 

Let us define **
1

*
0 ,...,, kppp  the projector operators of (E)T *  on **

2
*

1
* ,...,,, kVVVH  

respectively, with 

 b
byp 0

0*
0 δ⊗δ=  (2.4) 

 b
byp 1

1*
1 δ⊗δ= ,…, 

 kb
kb

k yp δ⊗δ=* . 

If we write **
1

*
0 ,...,, kppp  in the matrix form, it is easy to see that 

 kk pppppp === *
1

*
10

*
0 ,...,,  (2.5) 

where " ⎯ " means: transposed of. 
We have  
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 Ippp k =+++ **
1

*
0 ...  (2.6) 

Theorem 2.2. For the one-form field w  given by (2.3) and the projector operators 
**

1
*
0 ,...,, kppp   defined by (2.4) the following relation is valid: 

 kk wpwpwpwpwpwpw +++=+++= ...... 10
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3. THE J  AND θ  STRUCTURES 

The structure J  is a tensor field on space (E)TT(E) *⊗  defined by  
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From Definition 3.1, we get 
Remark 3.1. We have 

 0...,32, ,)1(,32,2110 =δδ=δδ=δδ=δδ=δ − kbkbbkbbbbbb JkJJJJ  (3.2) 

From the above it follows 

 0...: 121 →→→→→→ − kk VVVVHJ . 

From (3.1) it follows 
 
Remark 3.2. 

 00 =δ Jy b , bb yJy 01 δ=δ , bb yJy 12 2δ=δ ,…, bkkb ykJy )1( −δ=δ  (3.3) 

i.e. 

 JVVVVH kk :...0 **
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* ←←←←←← − . 
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Definition 3.2. The structure θ  is a tensor field on space (E)TT(E) *⊗  defined by 
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Remark 3.3. The structure θ  satisfies the following relations: 

 bb yy 10 δ=θδ , bb yy 21
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Remark 3.4. The following relations are valid 
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Definition 3.3. The transpose of the structure J  denoted by J  is a tensor field on 
T(E)(E)T * ⊗  defined by 
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Definition 3.4. The transpose of the structure θ  denoted by θ  is a tensor field on 

T(E)(E)T * ⊗  defined by 
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Remark 3.5. For the structure J  the following relations are valid: 

 00 =δ byJ , bb yyJ 01 δ=δ , bb yyJ 12 2δ=δ ,…, bkkb ykyJ )1( −δ=δ , (3.9) 
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Remark 3.6. For the structure θ  the following relations are valid: 
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. 
Theorem 3.1.The structures J , J , θ , θ , the projectors **
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010 ,...,,,,...,, kk pppppp  

are connected by 

 0pIJ −=θ , *
kpIJ −=θ  (3.13) 

 kpIJ −=θ , *
0pIJ −=θ . (3.14) 

 
Proof. It is easy to see that 

 ka
ka

a
a

a
aJ δ⊗δ++δ⊗δ+δ⊗δ=θ ...2

2
1

1 ,  

 ak
ak

a
a

a
aJ )1(

)1(
1

1
0

0 ... −
− δ⊗δ++δ⊗δ+δ⊗δ=θ , 

 ak
ak

a
a

a
a yyyJ )1(

)1(
1

1
0

0 ... −
− δ⊗δ++δ⊗δ+δ⊗δ=θ , 

 ka
ka

a
a

a
a yyyJ δ⊗δ++δ⊗δ+δ⊗δ=θ ...2

2
1

1 . 

 
Proposition 3.1. From the above it follows that 

 θJ is the identity operator on kVVV ⊕⊕⊕ ...21 , 

 θJ is the identity operator on *
1

*
1

* ... −⊕⊕⊕ kVVH , 

 θJ is the identity operator on 11 ... −⊕⊕⊕ kVVH , 

 θJ is the identity operator on **
2

*
1 ... kVVV ⊕⊕⊕ , 

 
Theorem 3.2. The structures J , J , θ , θ are k -tangent structures, namely: 

 01 =+kJ ,  0
1
=

+k
J , 01 =θ +k ,  0

1
=θ

+k
 

Proof. The proof is obtained by direct calculation. 
 
Remark 3.7. In MOsc1  IppIpppppp kk =+=+== *

1
*
010

*
1

*
1 ,,, , and from (3.13) 

we obtain IJJIJJ =θ+θ=θ+θ , . 

The first relation can be found in [5]. 

One kind of the Liouville vector fields in the natural basis of M)T(Osck  [1], have the 
form 

 ( ) ka
ay

k
∂⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=Γ 1

1 0
, (3.15) 
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 ( ) ak
a

ka
a y

k
y

k
)1(

12
2 0

1
1 −∂⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ −
+∂⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=Γ , 

 ( ) ak
a

ak
a

ka
a y

k
y

k
y

k
)2(

1
)1(

23
3 0

2
1

1
3 −− ∂⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ −
+∂⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ −
+∂⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=Γ ,…, 

 ( ) a
a

a
a

ak
ak

ka
ka

k yyy
k
k

y
k

k
1

1
2

2
)1(

)1(

0
1

1
2

...
2
1

1
∂⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+∂⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
++∂⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−
−

+∂⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

=Γ −
− . 

 
It can be proved that ( )( ) ( )iik Γ−− !1  given above are exactly the Liouville vector 

fields ( )iΓ given by R. Miron and Gh. Atanasiu in [6], [7]. 
The action of J  structure on Liouville vector fields was determined in [6], [7] and in 

some modified version in [1]-[3]. 
It is known that the k -structure J  transform the Liouville vector fields in the 

following way [1]: 

 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) 0,,1,...,3,2 11223211 =ΓΓ=ΓΓ−=ΓΓ=ΓΓ=Γ −−− JkJkJJJ kkk  (3.16) 

The connection between Liouville vector fields and the structure θ  are given by 
 
Theorem 3.3. The action of the structure θ  on the vector fields Γ  are given by 

 ( ) ( ) ka
ay

k
k ∂⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+Γθ=Γ 2

12 1
, (3.17) 

 ( ) ( ) ( ) ka
ay

k
k ∂⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+Γθ−=Γ 3

23 2
1 , 

 ( ) ( ) ( ) ka
ay

k
k ∂⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+Γθ−=Γ 4

34 3
2 , 

 ( ) ( ) ka
ka

kk y
k

k
∂⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−

+Γθ=Γ − 1
2 1 . 

Proof. As ka
ka

a
a

a
a dydydyJ ⊗∂++⊗∂+⊗∂=θ ...2

2
1

1 , the action of structure J  on 

( ) ( ) ( )kΓΓΓ ,...,, 32  gives ( )0=∂ kaJ  

 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )kkJkjkjkj Γ=ΓΓ−=ΓΓ−=ΓΓ=Γ 2,...,2,1, 342312 . 

The above equations are (3.16). 
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4. THE SUBSPACES OF MOsck
 

The theory of subspaces of MOsck  in the form used here, is given in [4]. For the 
understanding the action of operators J , θ  and p  on subspaces, we recall the notations, 
definitions and theorems, which give relations between different adapted bases. 

Here some special case of the general transformation (1.1) of M will be considered, 
namely, when 

 ),(),...,,,...,( 0000)1(000100
∧

υ=υυ= + aaanmmaa uyuuyy , (4.1) 

 ncba ,...,2,1,...,, = , m,...,2,1,...,,, =δγβα , nm ,...,1,...,,, +=δγβα
∧∧∧∧

 

and the new coordinates of the point u  in the base manifold M with respect to another 
chart ( )',' ϕU  are ( )'0)'1(0'0'01 ,...,,,..., nmmuu υυ + , where 

 ( )maa uuuu 001'0'0 ,...,= ,  ( )nmaa 0)1(0'0'0 ,...,υυυ=υ +
∧∧

, 

 ( ) ( )'0'0'0'0)'1(0'0'01'0'0 ,,...,,,..., aaanmmaa uyuuyy υ=υυ= + .  

We shall use the notations  

 ααα ∂
∂

=∂=∂ 00 u
, ∧∧∧

ααα υ∂

∂
=∂=∂

00
. 

 '0
0

' α
α

α
α ∂= uB , '0

0

'
∧

∧

∧

∧
α

α

α

α
υ∂=B , 

 aa xyB α
α

αα ∂=∂= 0
0 , aaa xyB ∧∧∧

ααα
∂=∂= 0

0
. 

If the transformation (4.1) is regular, then there exists an inverse transformation: 

 ( )ayuu 000 αα = , ( )ay 000
∧∧
αα υ=υ . 

Let us denote 

 aaa x
u

x
uB 0

0

∂
∂

=
∂
∂

=
ββ

β , aaa yx
B 0

0

∂
υ∂

=
∂
υ∂

=

∧

∧ β
∧
β

β  

then the following equations are valid: 

 β
αα

β δ=a
a BB ,  0=α

β
∧

a
a BB , 0=∧

α

β a
a BB , 

∧

∧∧

∧
β

αα

β δ=a
a BB , a

bb
aa

b
a BBBB δ=+

∧

∧
α

α
α  (4.2) 

We shall use the notations: 

 k

ak
ka

a
a

dt
ydy

dt
dyy

00
1 ,..., == , 
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 k

k
k

dt
udu

dt
duu

α
α

α
α ==

00
1 ,..., , 

 k

k
k

dt
d

dt
d

∧

∧

∧

∧ α
α

α
α υ

=υ
υ

=υ
00

1 ,...,  

In the base manifold we can construct two families of subspaces 1M  and 2M  given 
by equations 

 ⎟
⎠
⎞

⎜
⎝
⎛=

∧
α0000

1 ,: CuyyM aaa , ⎟
⎠
⎞

⎜
⎝
⎛ υ=

∧
αα 0000

2 ,: CyyM aa , 

where we suppose, that the functions appeared in (4.1) are ∞C . The subspaces 1M and 

2M  of M induces subspaces 11 MOscE k=  and 22 MOscE k=  in MOsck . Some point 

1Eu∈ has coordinates ),...,,( 10 ααα kuuu and some point 2E∈υ  has coordinates 

),...,,( 10
∧∧∧
ααα υυυ k . We have  

 ( ) ( )mkMOsck 1dim 1 += , ( ) ( )( )mnkMOsck −+= 1dim 2  

We can construct the special adapted bases 1B  and *
1B of )( 1ET  and )( 1

* ET , further  

2B  and *
2B  of )( 2ET  and )( 2

* ET  respectively. 

 { }ααα δδδ= kB ,...,, 101 , { }∧∧∧
ααα

δδδ=
k

B ,...,,
10

2 , 

 { }ααα δδδ= kuuuB ,...,, 10*
1 , 

⎭
⎬
⎫

⎩
⎨
⎧ δυδυδυ=

∧∧∧
ααα kB ,...,, 10*

2 . 

Definition 3.4. The special adapted bases  1B , *
1B , 2B  , *

2B  are defined by  

 ( )[ ] ( )[ ] ( )
( )[ ]β
αβα ∂=δ N , 

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
∂=

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
δ

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
β

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
α⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
β⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
α

∧

∧∧∧ N , 

 ( )[ ] ( )
( )[ ] ( )[ ]βα
β

α =δ duMu , 
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡
=

⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡
δ

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
β⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
α

∧∧

⎟
⎟

⎠

⎞
⎜
⎜

⎝

⎛ ∧
β

⎟
⎟

⎠

⎞
⎜
⎜

⎝

⎛ ∧
α

dvMv ,  

where [ ]αβN  and 
⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡ ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
α
∧

⎟
⎟

⎠

⎞
⎜
⎜

⎝

⎛ ∧
β

N are matrices obtained from (1.7) by substitution ( ) ( )βα→ ,,ba  

and ( ) ⎟
⎠
⎞

⎜
⎝
⎛ βα→

β∧
,,ba  respectively.   The matrices   [ ]αβM  and 

⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡ ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
α
∧

⎟
⎟

⎠

⎞
⎜
⎜

⎝

⎛ ∧
β

M   are obtained from  
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(1.2) by substitution  ( ) ( )βα→ ,,ba  and ( ) ⎟
⎠
⎞

⎜
⎝
⎛ βα→

β∧

,,ba  respectively. 

Theorem 4.1. The necessary and sufficient condition that )(
∧
αα δδ Aa vu  are 

transformed as d -tensors, i.e. 

 kAvBvuBu AaAA ,0,'''' =⎥⎦
⎤

⎢⎣
⎡ δ=δδ=δ

∧∧

∧
αα

α

ααα
α

α  (4.3) 

are given by (1.5) if y)c,b,(a,  is substituted by u),,,( γβα  y)c,b,[(a,  is substituted by 

]v,,,(
∧∧∧∧

γβα . 
 
Theorem 4.2. The necessary and sufficient condition that ][ ∧

α
α δδ

A
A  are transformed 

as d -tensors, i.e. 

 kABuB
AA

AA ,0
''

''' =⎥⎦
⎤

⎢⎣
⎡ δ=δδ=δ ∧

∧

∧∧
α

α

αα
α

α
αα  (4.4) 

are given by (1.10) if y)c,b,(a,  is substituted by u),,,( γβα  y)c,b,[(a,  is substituted by 

]v),,,(
∧∧∧∧

γβα . 
 
Theorem 4.3. The necessary and sufficient conditions that *

1B  be dual 1B , *
2B  be 

dual to 2B  are the following equations 
 

 ( )
( )[ ] ( )

( )[ ] mmINM ×
β
α

γ
α

β
γ δ=  

 ( ) ( )mnmnINM −×−
β

α

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
γ

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
α

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
β

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
γ

∧

∧

∧

∧

∧

∧ δ=
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
. 

Now we want to obtain the relations between the adapted bases B  and 'B , where 

 { }kaaaB δδδ= ,...,, 10 , 

 { }∧∧∧
α

α
α

α
α

α δδδδδδ=∪=
k

kBBB ,,...,,,,'
1

1
0

021 , 

further between *B  and '*B , where 

 { }kaaa yyyB δδδ= ,...,, 10* , 

 
⎭
⎬
⎫

⎩
⎨
⎧ δδδδδδ=∪=

∧∧∧
αααααα kk vuvuvuBBB ,,...,,,,' 1100*

2
*
1

* . 
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The adapted basis B , 'B , *B , '*B  are functions of 

 ( )
( )[ ] ( )

( )[ ] ( )
( )[ ] ( )

( )[ ]
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡ ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
α

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
β

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
α

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
β

α
β

α
β

∧

∧

∧

∧ NMNMNM a
b

a
b ,,,,, , 

which have to satisfy the conditions given in previous text. It is clear, that the adapted 
bases are not uniquely determined. 

For the easier calculations we want to obtain such adapted bases, for which the 
following relations are valid. 

 α
α

α
α δ+δ=δ

∧

AaAaAa BB , kA ,...,1,0=  (4.5) 

 
∧
α

∧ δυ+δ=δ
α

α
α

AaAaAa BuBy , kA ,...,1,0=  (4.6) 

The adapted bases $B$, $B^{*}$, $B'$ and $B'^{*}$ satisfy (4.5) and (4.6) 

Theorem 4.4. The adapted bases B , *B , 'B , '*B satisfy (4.5) and (4.6) if different 
M and N  are connected by 

 ⎥
⎦

⎤
⎢
⎣

⎡
β
α

⎥
⎦

⎤
⎢
⎣

⎡
α

=⎥
⎦

⎤
⎢
⎣

⎡
β⎥

⎦

⎤
⎢
⎣

⎡
)(
)(

)(
)(

)(
)(

)(
)(

M
a

B
b

B
b
a

M , 
⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡

β

α

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

α
=

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

β
⎥
⎦

⎤
⎢
⎣

⎡
∧

∧

∧∧

)(

)(
)(

)(

)(

)(
)(
)(

M
a

B
b

B
b
a

M  (4.7) 

and 

 ⎥
⎦

⎤
⎢
⎣

⎡ α
⎥
⎦

⎤
⎢
⎣

⎡
α
β

=⎥
⎦

⎤
⎢
⎣

⎡
⎥
⎦

⎤
⎢
⎣

⎡ β
)(
)(

)(
)(

)(
)(

)(
)(

a
BN

a
b

N
b

B , 
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡ α
⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡

α

β=⎥
⎦

⎤
⎢
⎣

⎡

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡ β
∧

∧

∧∧

)(
)(

)(

)(
)(
)(

)(
)(

a
BN

a
b

N
b

B . (4.8) 

The proof of Theorems 4.1-4.4 are given in [4]. 

5. THE STRUCTURES p , J  AND θ  ON THE SUBSPACES  

Let us denote by kVVVH ',...,',',' 21  the subspaces of )( 1ET  generated by 
{ } { } { }ααα δδδ k,...,, 10  respectively and by kVVVH ",...,","," 21  the subspaces of )( 2ET  
generated by { }{ } { }∧∧∧

ααα
δδδ

k
,...,,

10
 respectively. 

Now we have 

 kVVHET '...'')( 11 ⊕⊕⊕= , 

 kVVHET "..."")( 12 ⊕⊕⊕=  
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Let us denote by kVVH ',...,',' *
1

**  the subspaces of )( 1
* ET  generated by 

{ }{ } { }ααα δδδ kuuu ,...,, 10  respectively and by kVVH ",...,"," *
1

**  the subspaces of  )( 2
* ET  

generated by
⎭
⎬
⎫

⎩
⎨
⎧δ

⎭
⎬
⎫

⎩
⎨
⎧δ

⎭
⎬
⎫

⎩
⎨
⎧δ

∧∧∧
ααα kvvv ,...,, 10 . 

The following relation is valid 

 '...'')( **
11 kVVHET ⊕⊕⊕= ∗∗ , 

 "..."")( **
12 kVVHET ⊕⊕⊕= ∗∗ . 

The basis vectors of B , *B , 1B , 2B , *
1B  and *

2B  are connected by (4.5) and (4.6) 
i.e. 

 ∧

∧

α

α
α

α δ+δ=δ
A

aAaAa BB , 
∧

∧
α

α

α
α δ+δ=δ AaAaAa vBuBy , ,k A 0=  (5.1) 

Let us examine the operators p , J  and θ  on the subspaces. 

Proposition 5.1. The projector operators kppp ,...,, 10  given by (2.2) can be 
decomposed in the following way: 

 000 "' ppp +=  (5.2) 

 111 "' ppp += ,…, 

 kkk ppp "' +=  

where 

 α
α δ⊗δ= A

AA up ' , 
∧

∧
α

α
δ⊗δ= A

A
A vp " , ,k A 0= , 

(no summation over A ). 
Proof.  From (2.2) and (5.1) we get 

 
∧

∧∧

∧∧

∧∧

∧

∧

∧∧

∧

β

αβ

αβ
α

β

αβ

α
β

αβ
αβ

α

β

β

β
β

α

α
α

α

δ⊗δ+δ⊗δ+δ⊗δ+δ⊗δ

=⎟
⎠
⎞

⎜
⎝
⎛ δ+δ⊗⎟

⎠
⎞

⎜
⎝
⎛ δ+δ=δ⊗δ=

A

A

a
a

A
A

a
a

A

A

a
a

A
A

a
a

AaAa

A
aAa

Aa
AaA

vuBBvBBuBBuBB

vBuBBByp
 

From (4.2) it follows 

 
∧

∧∧

∧

∧

∧
α

ββ

α

β

α
β

α
ββ

α δ===δ= a
a

a
a

a
a

aa
a BBBBBBBB ,0,0, . 

Now we get 

 A"' ppvup A
A

A

A
AA +=δ⊗δ+δ⊗δ=

∧

∧
α

α

α
α , ,k A 0= . 
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Arbitrary vector field )(ETX ∈  given by (2.1) can be expressed in basis 

21' BBB ∪=  in the following way 

 
,∧

∧

∧

∧

α

α
α

α

α

α
α

α

Χ+δΧ=

=⎟
⎠
⎞

⎜
⎝
⎛ δ+δΧ=δΧ=Χ

A

A
A

A

A
aAa

Aa
Aa

Aa

B

BB
 (5.3) 

where 

 Aa
a

A B Χ=Χ αα , aa
a

A B Χ=Χ
∧∧
αα  

Proposition 5.2.  The vector field X  can be expressed in the form 

 "' XXX += , 

where 

 ( )XX 'p...'p'p' k10 +++= , 

 ( )XX "p..."p"p" k10 +++=  

Proof.  Using (5.2) and (5.3) we get 

( )
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

δ++δ+δ

+δ++δ+δ
δ⊗δ++δ⊗δ+δ⊗δ=

∧

∧

∧

∧

∧

∧

α

α

α

α

α

α

α
α

α
α

α
α

β
β

β
β

β
β

k

k

k
k

k
k

XXX

XXX
uuuX

...

...
...'

1

1

0

0

1
1

0
0

1
1

0
0  

when *
1B  is dual to 1B , *

2B  is dual to 2B , i.e. the conditions of Theorem 4.3 are satisfied, 
i.e. 

 ( ) α
ββ

α δ=δδ A
Au , , 

∧

∧∧

∧
α

ββ

α δ=⎟
⎠
⎞

⎜
⎝
⎛ δδ

A

Av , , 

 0, =⎟
⎠
⎞

⎜
⎝
⎛ δδ ∧

β

α

A

Au , 0, =⎟
⎠
⎞

⎜
⎝
⎛ δδ β

α
∧

A
Av , ,k A 0=  

we get 

 α
α

α
α

α
α

α
α δ=δ++δ+δ= A

A
k

k XXXXX ...' 1
1

0
0 . 

Similar for 'X' . 
Proposition 5.3. The projection operator 

 mmk Ippp ×=+++ '...'' 10  on )( 1ET  

 )()(20 "..."" mnmnk Ippp −×−=+++  on )( 2ET  
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i.e. 0'p is the projection operator of )(ET  on )1(',' ,k A PH A =  are the projections 
of T(E)  on 'AV . Similarly for the second part of theorem. 

Proposition 5.4. The one-form field ( )ETw ∗∈  given by (2.3) can be written in the 

basis *
2

*
1

* ' BBB ∪=  in the form 

 "' www += , 

where 

 α
α

α
α

α
α δ++δ+δ= k

k uwuwuww ...' 1
1

0
0  

 
∧

∧

∧

∧

∧

∧
α

α

α

α

α

α
δ++δ+δ= k

k
uwuwuww ..." 1

1

0

0
. 

Proposition 5.5. The projection operators **
1

*
0 ,...,, kppp  defined by (2.4) can be 

decomposed in the form 

 "*
0

*
0

*
0 ppp += , (5.4) 

 "',...,"' *
1

*
11

∗∗∗∗ +=+= kkk pppppp  

where 

 α
α∗ δ⊗δ= A

A
A up '  

 ∧

∧

α

α∗ δ⊗δ=
A

A
A vp " , A fixed, ,k A 0= . 

Proposition 5.6. For the 1 -form field w given by (2.3) and the projector operators 
'∗

Ap  and "∗Ap the following relation is valid 

 ')'...''(' *
10 wpppw k

∗∗ +++=  

 ")"...""(" *
10 wpppw k

∗∗ +++=  

where 

 
( )

.,

''*

fixedAuwuw

wuwp
A

A
B
A

A
B

B
BA

A
A

α
α

β
α

α
β

β
βα

α

δ=δδδ

=δδ⊗δ=
 

From the above it is obvious that 

 mmk Ippp ×=+++ ''' **
1

*
0 L  on )( 1

* ET  

 )()(
**

1
*
0 '''''' mnmnk Ippp −×−=+++ L  on )( 2

* ET  
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and '*
0p is the projection of )( 1

* ET on '*H ,  '*
Ap is the projection of )( 1

* ET on '*
AV ; 

''*
0p is the projection of )( 2

* ET on ''*H ; ''*
Ap is the projection of )( 2

* ET on ''*
AV , 

kA ,1= . 

Proposition 5.7. The structure J which in B  and *B  can be expressed by (3.1) in 
the bases 21' BBB ∪=  and *

2
*
1

*' BBB ∪=  can be written in the form 

 JJJ ′′+′= , (5.5) 

where  

 
α−

α
α

α
α

α δ⊗δ++δ⊗δ+δ⊗δ= )1(1
2

0
1 2' k

k ukuuJ L , (5.6) 

 
α−

α
α

α
α

α δ⊗δ++δ⊗δ+δ⊗δ= ˆ)1(
ˆ

ˆ1
ˆ2

ˆ0
1 2'' k

k vkvvJ L .  

Proof. The proof is similar to the proof of Proposition 5.1, where the relations (4.2) 
are used.  

Remark 5.1. The structure J  defined by (3.7) in the basis 'B  and *'B  can be 
expressed by 

 ''' JJJ += , (5.7) 

where 
 ( )

α
α

α
α

α
α δδδδδδ k

kukuuJ ⊗++⊗+⊗=′ −1
2

1
1

0 .........2                              (5.8) 

                   ( )
α

α
α

α
α

α δδδδδδ )
)

)
)

)
)

k
kukuuJ ⊗++⊗+⊗=′′ −1

2
1

1
0 .........2 . 

Proposition 5.8. The structure θ  defined by (3.4) in the bases 'B  and *'B  can be 
expressed by 

 θθθ ′′+′= , (5.9) 

where 

 α
α−

α
α

α
α δ⊗δ++δ⊗δ+δ⊗δ=θ k

k u
k

uu )1(
2

1
1

0
1

2
1' L , (5.10) 

 α
α−

α
α

α
α δ⊗δ++δ⊗δ+δ⊗δ=θ ˆ

ˆ)1(
ˆ2

ˆ1
ˆ1

ˆ0
1

2
1'' k

k v
k

vv L .  

Remark 5.2. The structure θ  defined by (3.8) in the bases 'B  and 'B  can be 
expressed by 

 θθθ ′′+′= , (5.11) 

where 

 ( )α
α

α
α

α
α δδδδδδθ 11

2
0

1 1.........
2
1

−⊗++⊗+⊗=′ k
ku

k
uu              (5.12) 
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              ( )α
α

α
α

α
α δδδδδδθ )

)
)

)
)

)

11
2

0
1 1.........

2
1

−⊗++⊗+⊗=′′ k
ku

k
uu   

 
Theorem 5.1. The structure J , J , θ , θ , p , *p  on the subspaces are connected by: 

 0pIJ mm ′−=′′ ×θ   kmm pIJ *′−=′′ ×θ  

 ( ) ( ) 0pIJ mnmn ′′−=′′′′ −×−θ   ( ) ( ) kmnmn pIJ *′′−=′′′′ −×−θ  (5.13) 

     Proof. From (5.4)-(5.12) it follows 

 α
α

α
α

α
α

α
α δ⊗δ=δ⊗δ++δ⊗δ+δ⊗δ=θ 0

00
2

2
1

1 ','' upuuuJ k
kL  (5.14) 

 α
α

α−
α−

α
α

α
α δ⊗δ=δ⊗δ++δ⊗δ+δ⊗δ=θ k

k
kk

k upuuuJ ','' *
)1(

)1(
1

1
0

0 L   

 α
α

α
α

α
α

α
α δ⊗δ=δ⊗δ++δ⊗δ+δ⊗δ=θ ˆ0

ˆ00
ˆ

ˆ
ˆ2

ˆ2
ˆ1

ˆ1 '','''' upvvvJ k
kL   

 α
α

α−
α−

α
α

α
α δ⊗δ=δ⊗δ++δ⊗δ+δ⊗δ=θ ˆ

ˆ
ˆ)1(

ˆ)1(
ˆ1

ˆ1
ˆ0

ˆ0 '','''' k
k

kk
k upvvvJ L .  

 
Proposition 5.9. The following relations are valid: 

 θ'J  is the identity operator on ''' 21 kVVV ⊕⊕⊕ L   

 ''θJ  is the identity operator on ''' *
1

*
1

*
0 −⊕⊕⊕ kVVV L ,  

 '''' θJ  is the identity operator on '''''' 21 kVVV ⊕⊕⊕ L   

 '''' θJ  is the identity operator on '''''' **
2

*
1 kVVV ⊕⊕⊕ L .  

Theorem 5.2. The following relations are valid: 

 ''' kmm pIJ −=θ ×                      ''' *
0pIJ mm −=θ ×  (5.15)  

 '''''' )()( kmnmn pIJ −=θ −×−                      '''''' *
0)()( pIJ mnmn −=θ −×− .   

 
Proof. It is easy to see that 

 α
α

α−
α−

α
α

α
α δ⊗δ=δ⊗δ++δ⊗δ+δ⊗δ=θ k

kk
k

k upuuuJ ','' )1(
)1(

1
1

0
0 L  (5.16) 

 α
α

α
α

α
α

α
α δ⊗δ=δ⊗δ++δ⊗δ+δ⊗δ=θ 0

0*
02

2
1

1 ','' upuuuJ k
kL   

 α
α

α−
α−

α
α

α
α δ⊗δ=δ⊗δ++δ⊗δ+δ⊗δ=θ ˆ

ˆ
ˆ)1(

ˆ)1(
ˆ1

ˆ1
ˆ0

ˆ0 '','''' k
kk

k
k vpvvvJ L   

 α
α

α
α

α
α

α
α δ⊗δ=δ⊗δ++δ⊗δ+δ⊗δ=θ ˆ0

ˆ0
0ˆ

ˆ
ˆ2

ˆ2
ˆ1

ˆ1 '','''' vpvvvJ k
kL .  

Proposition 5.10. The following relations are valid: 
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 '' Jθ  is the identity operator on ''' 11
*

−⊕⊕⊕ kVVH L   

 '' Jθ  is the identity operator on ''' **
2

*
1 kVVV ⊕⊕⊕ L ,  

 '''' Jθ  is the identity operator on '''''' 11 −⊕⊕⊕ kVVH L   

 '''' Jθ  is the identity operator on '''''' **
2

*
1 kVVV ⊕⊕⊕ L .  

From the above we have 
Theorem 5.3. For the subspaces in MOsck  the following relations are valid: 

 kmm ppIJJ ''2'''' 0−−=θ+θ ×  (5.17) 

 kmnmn ppIJJ ''''2'''''''' 0)()( −−=θ+θ −×−   

 kmm ppIJJ ''2'''' *
0

* −−=θ+θ ×   

 kmnmn ppIJJ ''''2'''''''' *
0

*
)()( −−=θ+θ −×− .  

Proposition 5.11. For the subspaces in MOsc1  we have ,1,1 '''''' pppp kk ==  

1
**

,1
** '''''' pppp kk ==  and  

 ,'' 10 mmIpp ×=+ )()(10 '''' mnmnIpp −×−=+   

 ,'' 1
*

0
*

mmIpp ×=+ )()(1
*

0
* '''' mnmnIpp −×−=+ .  

From (5.16) and Proposition 5.11 we have 
Theorem 5.4. For the subspaces in MOsc1  the following relations are valid: 

 mmIJJ ×=θ+θ ''''  (5.18) 

 )()('''''''' mnmnIJJ −×−=θ+θ   

 mmIJJ ×=θ+θ ''''   

 )()('''''''' mnmnIJJ −×−=θ+θ .  

As mkE )1(dim 1 += , ))(1(dim 2 mnkE −+=  the notion mmI ×  is not precise, it 
means )1( +k  blocks on diagonal, each of which is of form mm× . 

The exact form of (5.16) and (5.17) can be obtained from (5.13) and (5.15). 
Theorem 5.5. The structures 'J , ''J , 'J , ''J , 'θ , ''θ , 'θ , ''θ , are k-tangent structures, 

namely 

                ( ) 0=′ kJ ,  ( ) 0=′′ kJ ,  ( ) 0=′
k

J ,  ( ) 0=′′
k

J  

  ( ) 0=′ kθ ,  ( ) 0=′′ kθ ,  ( ) 0=′
k

θ ,  ( ) 0=′′
k

θ  
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RAZNE STRUKTURE U PROSTORIMA MOsck   

Irena Čomić and Radu Miron  

Geometrija prostora MOsck  je uveo R. Miron i Gh. Atanasiu u [6] i [7]. Teorija ovih 
prostora je razvijena od strane R. Mirona i njegovih saradnika iz Rumunije, Japana i drugih 
zemalja i prikazana je u mnogim člancima i knjigama. Samo neki od njih su spomenuti u literaturi. 
Ovde predstavljamo konstrukciju takvih adaptiranih baza u prostorima )( MOscT k  i 

)(* MOscT k ,  koje su saglasne sa J  strukturom. Teorija dva komplementarna podprostora je 

ovde data kao u [2] i [4]. Operatori J , J , θ , θ , p , *p su uvedeni u okolnom prostoru, kao i u 
potprostorima. Među njima su uspostavljene neke nove relacije. Ispitana je akcija ovih operatora 
na Liouville-ova vektorska polja. 

 
Ključne reči i fraze: operacija projekcije, J  struktura, θ struktura, potprostori u 

MOsck . 
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