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A problem of steady-state heat conduction which presents singularities is solved in
this paper by using the conformal mapping method. The principle of this method is
based on the Schwarz-Christoffel transformation. The considered problem is a
semi-infinite medium with two different isothermal surfaces separated by an adia-
batic annular disc. We show that the thermal resistance can be determined without
solving the governing equations. We determine a simple and exact expression that
provides the thermal resistance as a function of the ratio of annular disc radii.
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Introduction

Steady-state heat conduction in solids is governed by Laplace's equation. Most config-

urations are solved in the literature by using analytical or numerical models [1-8]. The most used

analytical methods are based on the integral transforms (Fourier, Hankel …). The solutions can

be easily obtained when the boundary conditions on the same face are homogeneous. The mixed

boundary conditions, as for example Dirichlet and Neumann on the same face, induce singulari-

ties that are often very difficult to solve by using the usual techniques. These problems are en-

countered in various scientists' fields as heat transfer, electromagnetism, electrostatic, etc. Many

authors have investigated these problems since 1950. Smythe [9] has performed an ingenious

analysis based on the superposition technique to determine the capacitance of a circular annulus.

Cooke [10] has developed an analytical study from integral method. The author has solved the

obtained integral solution by numerical way and has shown that his results are in excellent

agreement with those computed by Smythe [9]. Collins [11] has studied the potential problem

for a circular annulus. He performed analytical developments for the axisymmetric case using a

superposition technique. The solutions are given under imbricated's Fredholm integral equa-

tions, which require iterative numerical solving. Some authors are interested on the problem of

Dirichlet condition on an annular disc which involves the Bessel's functions. The solutions show

three integral equations which correspond to the three parts of the surface (i. e. the inner surface,

the annular surface, and the outer surface). Some authors call this problem: the triple integral

equations. Cooke [12] has proposed different solutions for the triple integral equations. These

solutions involve imbricated's Fedholm integral equations as Collins [11]. Fabrikant [13] con-

sidered the Dirichlet problem taking into account the non-axisymmetry. The obtained solution is

also under Fredholm's integral equation form. The kernel of this integral equations beginning

Laraqi, N., Monier-Vinard, E.: New Analytical Solution for Solving Steady-State ...
THERMAL SCIENCE: Year 2013, Vol. 17, No. 3, pp. 665-672 665

* Corresponding author; e-mail: nlaraqi@u-paris10.fr or nlaraqi@gmail.com

brought to you by COREView metadata, citation and similar papers at core.ac.uk

provided by Directory of Open Access Journals

https://core.ac.uk/display/27231009?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1


no-singular, it can be solved by an iterative method. No general solutions to these problems have

been attempted yet. Recently, Laraqi [14] has interested in two different Dirichlet problems: (1)

an annular disc subjected to a Dirichlet condition, with a uniform temperature, when the remain-

der is insulated, and (2) an isothermal annular disc, with zero temperature, when the inner sur-

face is subjected to a uniform heat flux and the outer surface is insulated. The authors proposed a

method to determine the resistance through the annulus. The principal of this method consists on

the determination of the asymptotic behaviours under their most compact form and the use of a

correlation technique to connect the asymptotic behaviours. The obtained solutions are a com-

pact and the results are in excellent agreement with available data of Smyth [9] and Cook [10].

For some problems with singularities, it is more interesting to use the conformal map-

ping method which is based in the Schawrz-Christoffel transformation. The principle of this

transformation is presented in some books [15, 16].

In this paper, the problem of a semi-infinite medium with two different isothermal sur-

faces separated by an adiabatic annular disc is considered. The conformal mapping method is

used to find the thermal contact resistance. We show that the thermal resistance can be deter-

mined without solving the governing equations and we obtain a simple and exact solution that

gives the thermal resistance as a function of the ratio of annular disc radii.

Governing equations

Let us consider a semi-infinite medium (fig. 1) with

an axial symmetry. The surface z = 0 is subjected to a

three mixed boundary conditions: (1) the disc r < a is

isothermal at T = Tc, (2) the annulus a < r < b is adia-

batic, and (3) the remained of the surface r > b is isother-

mal at T = 0. The reference temperature is zero and the

thermal regime is stationary.

The thermal behaviour of the considered problem is

governed by the heat conduction equation (Laplace's

equation) as:
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Analytical solution

Conformal mappings and Schwarz-Christoffel transformation

It is considered that all lengths are dimensionless with respect to the radius a, and the

Schwarz-Christoffer transformation was used, which is a conformal mapping.
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Figure 1. The studied problem



We use the Schwarz-Christoffel transformation which is

a conformal mapping. It entails transforming a complex

plan (w = x + iz) in another complex plan (u = m + iv) that

maps the real axis into the boundary of a polygon and the

half plane of the complex plan into the interior of this poly-

gon (fig. 2).

The Schwarz-Chritoffel transformation is defined by:
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The points xm over the real axis are mapped into um (fig.

2) with angles equal to p/2. This leads to b = (p/2)/p = 1/2. In

the present study, we have the consecutive points: x1 = –b,

x2 = –a, x3 = a, x4 = b, which correspond to the dimensionless

values: –1/k, –1, 1, 1/k, respectively (with k = a/b).

Replacing these particular values in eq. (6), we have:
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Equation (7) is the incomplete elliptic integral of first kind, u = F(w, k).

Inversely, we have: w = sn(u) (8)

where sn is the Jacobi function.

Replacing w and u by x + iz and m + iv, respectively, we obtain the relationship be-

tween rectangular and curvilinear co-ordinates as (see details in Appendix):
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where cn, dn, sn are the Jacobi functions.

The elementary length which is written in Cartesian co-ordinates as:

d d d + dl x y z� �2 2 2 (10)

can be written in curvilinear co-ordinates as:
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Figure 2. Rectangular and
curvilinear maps



That gives:
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According to the conformal map, we have (fig. 3):

(1) The curvilinear abscissa n = 0 corresponds to the

isotherm T = Tc, (z = 0, 0 < r < a),

(2) The curvilinear abscissa n = K' corresponds to the

isotherm T = 0, (z = 0, r > b),

(3) The curvilinear abscissa m = 0 corresponds to the axis

of symmetry (z > 0, r = 0), and

(4) The curvilinear abscissa m = K corresponds to the

adiabatic annulus (z = 0, a < r < b).

where K and K' are the complete elliptic integrals, with

K' = K(k').

Thermal resistance

The thermal resistance Rc is bounded by the isotherms n = 0 and n = K', and the adia-

batic surfaces m = 0 and m = K (fig. 2).

We can write Rc as:
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where f is the flux through the heat flux tube such as:
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Replacing eq. (16) into eq. (15), we obtain:
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Taking into account the symmetry condition we have e1 = e2. Then, the thermal resis-

tance can be written as:
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Replacing the expression of e3 given by (13) into eq. (18) and noting that the integra-

tion with respect to y is equal to 2p, we obtain:
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Figure 3. Boundary conditions in
curvilinear co-ordinates
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After the integration on n�[0, K'], we get:
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with k = a/b; k' = (1 – k2)1/2.

Equation (21) can be written as:
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Using the relationship between Jacobi functions as: dn2(m) = 1 – k2sn2(m), and replac-

ing into eq. (22), the thermal resistance can be expressed in the form:
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We decompose the integral in the denominator in two parts:
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The integrals (24) are explicit, and we obtain the final expression of the dimensionless

thermal resistance under a simple form:
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From eq. (25) we have:
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The value given by eq. (27) is in agreement with the known result for an isothermal

disc [15]: Rc = 1/(4la).
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Figure 4 shows the changes in Rc
*=Rcla as a

function of k = a/b. The thermal resistance de-

creases almost linearly from k = 0 and it sud-

denly goes down to zero when k is near 1.

Conclusions

The present study shows that the problem of

heat conduction with singularities can be solved

by using the conformal mappings. The thermal

resistance is determined without solving the

governing equations. This procedure provides a

compact and simple expression. The proposed

method can be extended to other type of bound-

ary conditions and also to other physical prob-

lems governed by Laplace's equation.

References

[1] Laraqi, N., Thermal Impedance and Transient Temperature Due to a Spot of Heat on a Half-Space, Inter-
national Journal of Thermal Sciences, 49 (2010), 3, pp. 529-533

[2] El Ganaoui, M., et al., Analytical and Innovative Solutions for Heat Transfer Problems Involving Phase
Change and Interfaces, Comptes Rendus Mécanique, 340 (2012), 7, pp. 463-465

[3] Rashidi, M. M., et al., A Novel Analytical Solution of Mixed Convection about an Inclined Flat Plate Em-
bedded in a Porous Medium Using the DTM-Pade, International Journal of Thermal Sciences, 49 (2010),
12, pp. 2405-2412

[4] Bardon, J. P., Heat Transfer at Solid-Solid Interface: Basic Phenomenon, Recent Works, Proceedings,
Eurotherm, Nancy, France, No. 4, pp. 39-63, 1988

[5] Bairi, A., et al., Three-Dimensional Stationary Thermal Behavior of a Bearing Ball, International Journal
of Thermal Sciences, 43 (2004), 6, pp. 561-568

[6] Hristov, J., El Ganaoui, M., Thermal Impedance Estimations by Semi-Derivatives and Semi-Integrals:
1-D Semi-Infinite Cases, Thermal Science, 17 (2012), 2, pp. 581-589

[7] Laraqi, N., Bairi, N., Theory of Thermal Resistance between Solids with Randomly Sized and Located
Contacts, Internatioal Journal of Heat and Mass Transfer, 45 (2002), 20, pp. 4175-4180

[8] Laraqi, N., et al., Temperature and Division of Heat in a Pin-On-Disc Frictional Device – Exact Analytical
Solution, Wear, 266 (2009), 7-8, pp. 765-770

[9] Smythe, W. R., The Capacitance of a Circular Annulus, J. Applied Physics, 22 (1951), 12, pp. 1499-1501
[10] Cooke, J. C., Triple Integral Equations, Quart. J. Mech. and Appl. Math, 16 (1962), 2, pp. 193-203

Laraqi, N., Monier-Vinard, E.: New Analytical Solution for Solving Steady-State ...
670 THERMAL SCIENCE: Year 2013, Vol. 17, No. 3, pp. 665-672

Figure 4. Changes in the thermal resistance as a
function of k = a/b

Nomenclature

a – inner radius of the annulus, [m]
b – outer radius of the annulus, [m]
cn, dn, sn – Jacobi functions, [–]
F – incomplete elliptic integral of first

– kind, [–]
K – complete elliptic integral of the first kind

– [= K(k)], [–]
K' – complete elliptic integral of the first kind

– (= K(k')),
k – ratio of radii (= a/b), [–]
k' – parameter [= (1 – k2)1/2], [–]
Rc – thermal resistance, [KW–1]
S – surface of the tube cross-section, [m2]

s – elementar surface, [m2]
T – temperature, [K]
Tc – temperature at the centre, [K]
u, w – curvilinear and Cartesian plane,

– respectively
x, y, z – Cartesian co-ordinates

Greek symbols

l – thermal conductivity, [Wm–1K–1]
m,n,y – curvilinear co-ordinates
j – heat flux density, [Wm–2]
f – heat flux, [W]



[11] Collins, D., On the Solution of some Axisymmetric Boundary Value Problems by Means of Integral Equa-
tions, VIII, Potential Problems for a Circular Annulus, Proc. Edinbourgh Math. Soc., 13 (1963), 3, pp.
235-246

[12] Cooke, J. C., Some Further Triple Integral Equation Solutions, Proc. Edinbourgh Math. Soc., 13 (1963), 4,
pp. 303-316

[13] Fabrikant, V. I., Dirichlet Problem for an Annular Disc, Z. Angew Math. Phys., 44 (1993), 2, pp. 333-347
[14] Laraqi, N., Scale Analysis and Accurate Correlations for Some Dirichlet Problems Involving Annular

Disc, International Journal of Thermal Sciences, 50 (2011), 10, pp. 1832-1837
[15] Carslaw, H. S., Jaeger, J. C., Conduction of Heat in Solid, 2nd ed., Oxford University Press, Oxford, UK,

1959
[16] Oziisk, M. N., Heat Conduction, 2nd ed., John Wiley & Sons, Inc., New York, USA, 1993

Appendix

Relation between rectangular and curvilinear co-ordinates

From eq. (8) we have:
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Replacing (A2) into (A1), we obtain:
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Using the following relations between Jacobi functions:
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eq. (A4) becomes:
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Separating the real and imaginary parts as w = x + iz, we obtain:
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Tacking into account the rotation y with respect to z – axis, we have:
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