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A problem of steady-state heat conduction which presents singularities is solved in
this paper by using the conformal mapping method. The principle of this method is
based on the Schwarz-Christoffel transformation. The considered problem is a
semi-infinite medium with two different isothermal surfaces separated by an adia-
batic annular disc. We show that the thermal resistance can be determined without
solving the governing equations. We determine a simple and exact expression that
provides the thermal resistance as a function of the ratio of annular disc radii.
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Introduction

Steady-state heat conduction in solids is governed by Laplace's equation. Most config-
urations are solved in the literature by using analytical or numerical models [1-8]. The most used
analytical methods are based on the integral transforms (Fourier, Hankel ...). The solutions can
be easily obtained when the boundary conditions on the same face are homogeneous. The mixed
boundary conditions, as for example Dirichlet and Neumann on the same face, induce singulari-
ties that are often very difficult to solve by using the usual techniques. These problems are en-
countered in various scientists' fields as heat transfer, electromagnetism, electrostatic, etc. Many
authors have investigated these problems since 1950. Smythe [9] has performed an ingenious
analysis based on the superposition technique to determine the capacitance of a circular annulus.
Cooke [10] has developed an analytical study from integral method. The author has solved the
obtained integral solution by numerical way and has shown that his results are in excellent
agreement with those computed by Smythe [9]. Collins [11] has studied the potential problem
for a circular annulus. He performed analytical developments for the axisymmetric case using a
superposition technique. The solutions are given under imbricated's Fredholm integral equa-
tions, which require iterative numerical solving. Some authors are interested on the problem of
Dirichlet condition on an annular disc which involves the Bessel's functions. The solutions show
three integral equations which correspond to the three parts of the surface (i. e. the inner surface,
the annular surface, and the outer surface). Some authors call this problem: the triple integral
equations. Cooke [12] has proposed different solutions for the triple integral equations. These
solutions involve imbricated's Fedholm integral equations as Collins [11]. Fabrikant [13] con-
sidered the Dirichlet problem taking into account the non-axisymmetry. The obtained solution is
also under Fredholm's integral equation form. The kernel of this integral equations beginning
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no-singular, it can be solved by an iterative method. No general solutions to these problems have
been attempted yet. Recently, Laraqi [14] has interested in two different Dirichlet problems: (1)
an annular disc subjected to a Dirichlet condition, with a uniform temperature, when the remain-
der is insulated, and (2) an isothermal annular disc, with zero temperature, when the inner sur-
face is subjected to a uniform heat flux and the outer surface is insulated. The authors proposed a
method to determine the resistance through the annulus. The principal of this method consists on
the determination of the asymptotic behaviours under their most compact form and the use of a
correlation technique to connect the asymptotic behaviours. The obtained solutions are a com-
pact and the results are in excellent agreement with available data of Smyth [9] and Cook [10].

For some problems with singularities, it is more interesting to use the conformal map-
ping method which is based in the Schawrz-Christoffel transformation. The principle of this
transformation is presented in some books [15, 16].

In this paper, the problem of a semi-infinite medium with two different isothermal sur-
faces separated by an adiabatic annular disc is considered. The conformal mapping method is
used to find the thermal contact resistance. We show that the thermal resistance can be deter-
mined without solving the governing equations and we obtain a simple and exact solution that
gives the thermal resistance as a function of the ratio of annular disc radii.

Governing equations

Let us consider a semi-infinite medium (fig. 1) with
sy Insulated an axial symmetry. The surface z =0 is subjected to a
r three mixed boundary conditions: (1) the disc » < a is
isothermal at 7= T, (2) the annulus a <r <5 is adia-
batic, and (3) the remained of the surface »> b is isother-
mal at 7= 0. The reference temperature is zero and the
thermal regime is stationary.
The thermal behaviour of the considered problem is
governed by the heat conduction equation (Laplace's
equation) as:

v

0T 0T  0*T
+ + =0
ox* 0y* 0z
with the boundary conditions:

T(x,y,2)=T,, \x*+y*<a, z=0 )

(M

Figure 1. The studied problem T(x,y,z)=0, [x2 + yz >b, z=0 (3)
wzo, a<Ax2+1y2<b, z=0 (4)

z
T(x, 3,2) =0, {x? + y> oo, z > )

Analytical solution
Conformal mappings and Schwarz-Christoffel transformation

It is considered that all lengths are dimensionless with respect to the radius a, and the
Schwarz-Christoffer transformation was used, which is a conformal mapping.
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We use the Schwarz-Christoffel transformation which is
a conformal mapping. It entails transforming a complex nenAmeansioniecs
plan (w = x + iz) in another complex plan (z = y + iv) that ?

maps the real axis into the boundary of a polygon and the Pl T,k o B S LA L i
half plane of the complex plan into the interior of this poly- dimensionless
gon (fig. 2). :

The Schwarz-Chritoffel transformation is defined by: i y ”ap —

oy and u=jﬁ; (6)

dw  m=t(w—x,)F m=1(w—x )P

The points x,, over the real axis are mapped into u,, (fig.
2) with angles equal to 7t/2. This leads to 8 = (n/2)/m = 1/2. In % M
the present study, we have the consecutive points: x; =-b, v
X, =-a,x3=a, x4 = b, which correspond to the dimensionless  Figure 2. Rectangular and
values: —1/k, -1, 1, 1/k, respectively (with k = a/b). curvilinear maps
Replacing these particular values in eq. (6), we have:

. —
01— w1 —k2w?)

dw 7

Equation (7) is the incomplete elliptic integral of first kind, u = F(w, k).

Inversely, we have: w = sn(u) ®)
where sn is the Jacobi function.

Replacing w and u by x + iz and u + iv, respectively, we obtain the relationship be-
tween rectangular and curvilinear co-ordinates as (see details in Appendix):

B sn(u)dn(v)
A

cosy

yzwsiny/, with A =1-sn?(v)dn? (1) (€))

u en(u)dn(p)sn(v)en(v)
A

where cn, dn, sn are the Jacobi functions.
The elementary length which is written in Cartesian co-ordinates as:

dl=Jdx? +dy? +dz2 (10)

can be written in curvilinear co-ordinates as:

di=Je2dv? + e2du? +e2dy (11)
with 2 2 2
612 ﬁ + Q +(2
ov ov ov
2 2 2
ﬁ + ﬂ + E (12)
ou ou ou
2 2 2
632 — ﬁ + Q + E
oy oy oy

Q

2
2
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That gives: )
¢2 = e2 = [dn?(v) - k2sn? (w)][1 - sn? () dn*(v)]

& ) (13)
e = aA—zsn2 (w)dn?(v)

According to the conformal map, we have (fig. 3):

N N L i (1) The curvilinear abscissa v = 0 corresponds to the
T . isotherm 7'=T,, (z=0,0<r<a),
b= alk (2) The curvilinear abscissa v = K’ corresponds to the

isotherm 7=0, (z=0, r > b),

=0 (3) The curvilinear abscissa p = 0 corresponds to the axis
of symmetry (z > 0, » = 0), and
(4) The curvilinear abscissa 4 = K corresponds to the
Figure 3. Boundary conditions in adiabatic annulus (z =0, a <r <b).
curvilinear co-ordinates where K and K’ are the complete elliptic integrals, with
= K(k").
Thermal resistance

The thermal resistance R, is bounded by the isotherms v =0 and v = K, and the adia-
batic surfaces u = 0 and u = K (fig. 2).
We can write R, as:

Rc :TV:O _TV:K’ (14)
¢
where ¢ is the flux through the heat flux tube such as:
¢ =[pds 15)
s
with
pog 0T, OTdv__dT 1 16
Oz ov dz dv ¢
Replacing eq. (16) into eq. (15), we obtain:
dr 1
¢= j gy e ety (17)
Taking into account the symmetry condition we have e, = e,. Then, the thermal resis-
tance can be written as: 1
R, = (18)
2r K d,lel//
AT e
v —dy
v=0 63

Replacing the expression of e; given by (13) into eq. (18) and noting that the integra-
tion with respect to y is equal to 27, we obtain:

R, = — m (19)
2nA
' aﬂjo Tl —dn? (s> (v) 4
o sn(u)dn(v)
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R = ! (20)

C K d/l
2nha | B3 YT
0 dv- () £'sn2(v) dv
sn(u) odn(v) sn(u) o dn(v)
After the integration on ve [0, K'], we get:

R, = ! 1)

2nlalj du
o 1 (m) d?*@w( n =
sn(u)\ 2k sn(u) \2k'2k  2k'?
with k = a/b; k'= (1 — )12,

Equation (21) can be written as:

Ro=——— (22)
4kda | du
0o 1 _dnz(,u)(l—kj
sn(u)  sn(u) \ k'?

Using the relationship between Jacobi functions as: dn*(u) = 1 — k*:sn*(u), and replac-
ing into eq. (22), the thermal resistance can be expressed in the form:

R® =R Aa ! (23)

40+ k) | S
u=0 ksn? (1) +1
We decompose the integral in the denominator in two parts:

i h
P ARG

sndu 1K sn(ode 1| K sn(u)du ff sn(u)du 24
u=0 ksn? (u) +1 kuzo n2 (1) + — U 2ik | =0 sn(u) - [
The integrals (24) are explicit, and we obtain the final expression of the dimensionless
thermal resistance under a simple form:

v =RAla=————, with k—— (25)
{1 + k}
From eq. (25) we have:
lim R} =—— :l—O b—a (26)
k—l- 2 oo

lim R} =lim =1lim =

1
k-0 k—)O 1+\/‘ k> 02 ln(1+\/%)_ln(l—\/%) 1’
NV Vi Vi

The value given by eq. (27) is in agreement with the known result for an isothermal
disc [15]: R, = 1/(4Aq).

b 27)
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0.95 Figure 4 shows the changes in R;=RAa as a
R;)» B function of & = a/b. The thermal resistance de-

0.2 ~—~! | creases almost linearly from k£ = 0 and it sud-

denly goes down to zero when £ is near 1.
0.15
Conclusions

et 5 The present study shows that the problem of

0.05 heat conduction with singularities can be solved
by using the conformal mappings. The thermal
b = " — == : resistance is determined without solving the

Figure 4. Changes in the thermal resistance as a

funct

k= ab governing equations. This procedure provides a

compact and simple expression. The proposed

method can be extended to other type of bound-

jon of k = a/b ary conditions and also to other physical prob-
lems governed by Laplace's equation.

Nomenclature
a — inner radius of the annulus, [m] s — elementar surface, [m?]
b — outer radius of the annulus, [m] T — temperature, [K]
cn, dn, sn — Jacobi functions, [—] T, — temperature at the centre, [K]
F — incomplete elliptic integral of first u,w — curvilinear and Cartesian plane,
kind, [-] — respectively
K — complete elliptic integral of the first kind X, y,z — Cartesian co-ordinates
[= K01, [-]
K’ — complete elliptic integral of the first kind Greek symbols
(= K(k"), A — thermal conductivity, [Wm 'K ']
k — ratio of radii (= a/b), [-] u,v,y — curvilinear co-ordinates
k' — parameter [= (1 — k"], [-] 1} — heat flux density, [Wm™]
R, — thermal resistance, [KW™'] [ — heat flux, [W]
S — surface of the tube cross-section, [m’]
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Appendix

Relation between rectangular and curvilinear co-ordinates

From eq. (8) we have:

sn(u)en(iv)dn(iv) + sn(iv)en(u)dn(p) (A1)

w=sn(u +iv) = 1—k2sn? (u)sn? (iv)

with:
. .sn(v) LN 1 LN dn(v)
sn(iv) =i nv)’ cn(iv) —cn(v) , dn(iv) —cn(v) (A2)
Replacing (A2) into (A1), we obtain:
1 dn(v) N sn(v) d
e cn(v) cn(v) lcn(v) en(p)dn(u) (A3)
1+ k2sm2 () o)
So: cn?(v)
e sn(u)dn(v) + isn(v)dn(v)en(u)dn(ut) (Ad)
cen? (V) + kZsn? (u)sn?(v)
Using the following relations between Jacobi functions:
cen?(v)=1-sn2(v) (A5)

dn?(u)=1-k2sn?(u)

- sn(u)dn(v) + isn(v)dn(v)en(p)dn(u) (A6)
1—sn2(v)dn?(u)
Separating the real and imaginary parts as w = x + iz, we obtain:

eq. (A4) becomes:

_ sn(u)dn(v)
1—sn?(v)dn?(u) (A7)
—u sn(v)dn(v)en(u)dn(u)

1—sn?(v)dn? (u)
Tacking into account the rotation y with respect to z — axis, we have:
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v a2 oy

y=a%‘ln(v)siny/, with A =1-sn2(v)dn? (1) (A8)

4 en(p)dn(w)sn(v)en(v)
A

Paper submitted: August 26, 2012
Paper revised: May 20, 2013
Paper accepted: May 26, 2013



