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Abstract. The paper reviews the recent progress on wave turof the waves and the large separation of linear and nonlin-
bulence for magnetized plasmas (MHD, Hall MHD and elec- ear time scalesBenney and Saffmanl966 Benney and
tron MHD) in the incompressible and compressible casesNewell, 1967, 1969. In the meantimeZakharov and Filo-
The emphasis is made on homogeneous and anisotropic tunenko(1966) showed that the wave kinetic equations derived
bulence which usually provides the best theoretical frame-from the wave turbulence analysis (with a Gaussian Ansatz
work to investigate space and laboratory plasmas. The solaapplied to the four-point correlations of the wave amplitude)
wind and the coronal heating problems are presented as twbave exact equilibrium solutions which are the thermody-
examples of application of anisotropic wave turbulence. Thenamic zero flux solutions but also — and more importantly —
most important results of wave turbulence are reported andinite flux solutions which describe the transfer of conserved
discussed in the context of natural and simulated magnetizequantities between sources and sinks. The solutions, first
plasmas. Important issues and possible spurious interpretagublished for isotropic turbulenc&gkharov and Filonenko
tions are also discussed. 1966 Zakharoy 1967 were then extended to anisotropic tur-
bulence Kuznetsoy 1972.

Wave turbulence is a very common natural phenomenon
1 Introduction with applications, for example, in capillary wavekof-
makov et al. 2004 Abdurakhimov et al. 2008, gravity

“The statistical evolution of interacting dispersive wavesWaves falcon et al.2007), superfluid helium and processes

presents a solvable problem and is free of the closure diffi-Of BOSe-Einstein condensatiokidimakov et al, 1995 Lvov

culties associated with the theory of turbulefice Benney €t @, 2003, nonlinear opticsRyachenko et a/.1992, in-
and Newell(1967. ertial waves Galtier, 2003 Morize et al, 2009 or Alfvén

waves (Galtier et al, 200Q Kuznetsoy 2001, Chandran
2005. The most important difference between plasmas and
incompressible neutral fluids is the plethora of linear waves
Osfupported by the former. The direct consequence is that in
weakly nonlinear plasmas the fundamental entities are waves
rather than the eddies of strong turbulen&®lnogoroy,

941 Krommes 2002. Anisotropic turbulence is particu-
arly well adapted to describe natural magnetized plasmas

Wave turbulence is the study of the long-time statistical
behavior of a sea of weakly nonlinear dispersive waves (
kharov et al, 1992 Newell et al, 2001). The energy trans-
fer between waves occurs mostly among resonant sets
waves and the resulting energy distribution, far from a ther-
modynamic equilibrium, is characterized by a wide power
law spectrum and a high Reynolds number. This range o
wavenumbers — the inertial range — is generally localized be-" P
tween large scales at which energy is injected in the systen?'nce a magne_'uc f|eld IS ofter_l present on the Ia_rgest scale
(sources) and small scales at which waves break or dissipat f the system, like in the inner interplanetary medium where

(sinks). Pioneering works on wave turbulence date back tdhe magnetic field lines form an Archimedean spiral near the

the sixties when it was established that the stochastic ini_equatorlal planeoldstein and Robertd999, at the solar

tial value problem for weakly coupled wave systems has surface where coronal loops and open magnetic flux tubes are

natural asymptotic closure induced by the dispersive natur?éxﬁg:je(gzzrkze;g gfr?gzh?;gnurgr;tza(% g]agnetospheres

) In the present paper, a review is made on wave turbulence
Correspondence tdS. Galtier for magnetized plasmas which are described by the magneto-
BY (sebastien.galtier@ias.fr) hydrodynamics (MHD) approximation in the incompressible
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84 S. Galtier: Wave turbulence in magnetized plasmas

and compressible case. The role played by the Hall termvector of the (polar) solar wind has a varying direction but
is discussed through the Hall MHD description as well aswith only a weak variation in magnitudd-¢rsyth et al.
its small-scale limit of electron MHD. Physical motivations 1996. Typical values give a normalized variance of the
for developing wave turbulence theories are given in S&ct. field magnitude smaller than 10% whereas for the compo-
where we first describe multiscale solar wind turbulence, anchents it can be as large as 50%. In these respects, the in-
then present the coronal heating problem. In Sécthe ner interplanetary magnetic field may be seen as a vector ly-
wave turbulence formalism is exposed with the basic ideasng approximately around an Archimedean spiral direction
to derive the wave kinetic equations. Sectioeals withthe  with only weak magnitude variation8érnes 1981). So-
results obtained under different approximations (MHD, Hall lar wind anisotropy with more power perpendicular to the
MHD and electron MHD) in the incompressible and com- mean magnetic field than that parallel to it, is pointed out
pressible case. Finally we conclude with a discussion in theby data analysisKlein et al, 1993 that provides a ratio
last Section. of power up to 30. From single-point spacecraft measure-
ments it is however not possible to specify the exact three-
dimensional form of the spectral tensor of the magnetic or
2 Waves and turbulence in magnetized plasmas velocity fluctuations. In the absence of such data, a quasi
two-dimensional model was proposdBigber et al. 1996
Waves and turbulence are ubiquitous in astrophysical plasin which wave vectors are nearly perpendicular to the large-
mas. Their signatures are found in the Earth’s magnetospherscale magnetic field. It is found that about 85% of solar wind
(Sahraoui et a].2006), the solar coronaGhae et a].1998, turbulence possesses a dominant 2-D component. Addition-
the solar wind Bruno and Carbon&009 or the interstellar  ally, solar wind anisotropies is detected through radio wave
medium Elmegreen and Scal@004 Scalo and Elmegreen  scintillations which reveal that density spectra close to the
2004. These regions are characterized by extremely largeSun are highly anisotropic with irregularities stretched out
(magnetic) Reynolds numbers, up to'30with a range of  mainly along the radial directiolAfmstrong et al.1990).

available scales from #8m to a few meters. For frequencies larger than 1 Hz, a steepening of the mag-
netic fluctuation power law spectra is observed over more
2.1 Multiscale solar wind than two decadesJoroniti et al, 1982 Denskat et a).1983

Leamon et al.1998 Bale et al, 2005 Smith et al, 2006

Extensive investigations are made, in particular, in the inter-with a spectral index close te3. This new inertial range
planetary medium (and in the Earth’s magnetosphere whiclseems to be characterized by a bias of the polarization sug-
is not the subject discussed here) where many in situ spaceyesting that these fluctuations are likely to be right-hand po-
crafts measurements are available. The solar wind plasma iigrized, outward propagating waveSdldstein et a].1994).
found to be in a highly turbulent state with magnetic and ve-Various indirect lines of evidence indicate that these waves
locity fluctuations detected from T8 Hz up to several hun-  propagate at large angles to the background magnetic field
dred Hz Coleman 1968 Roberts et a).1987 Leamon et  and that the power in fluctuations parallel to the background
al, 1998 Smith et al, 2009. The turbulent state of the so- magnetic field is still less than the perpendicular c@erp-
lar wind was first suggested in 1968d¢leman 1968 when  niti et al, 1982 Leamon et al.1998. For these reasons, it
a power law behavior was reported for energy spectra withis thought Gtawicki et al, 200]) that Alfvén — left circularly
spectral indices lying betweenl and —2 (with the use polarized - fluctuations are suppressed by proton cyclotron
of the Taylor “frozen-in flow” hypothesis). More precise damping and that the high frequency power law spectra are
measurements revealed that the spectral index at low frelikely to consist of whistler waves. This scenario is supported
guency 1Hz) is often about-1.7 which is closer to the by multi-dimensional direct numerical simulations of com-
Kolmogorov prediction ikolmogoroy, 1941) for neutral flu- pressible Hall MHD turbulence in the presence of an am-
ids (—5/3) rather than the Iroshnikov-Kraichnan prediction bient field Ghosh et al. 1996 where a steepening of the
(Iroshnikov, 1964 Kraichnan 1965 for magnetized fluids  spectra was found on a narrow range of wavenumbers, and
(—3/2). Alfvén waves are also well observed since 1971associated with the appearance of right circularly polarized
(Belcher and Davis1971) with a strong domination of an- fluctuations. This result has been recently confirmed numer-
tisunward propagative waves at short heliocentric distancescally with a turbulent cascade model (shell model) based
(less than 1 AU). Since pure (plane) Aéiw waves are exact on 3D Hall MHD in which a well extended steeper power
solutions of the ideal incompressible MHD equations (seelaw spectrum was found at scale smaller than the ion skin
e.g.,Pouquet 1993, nonlinear interactions should be sup- depth Galtier and Buchlin2007). (Note that in this cascade
pressed if only one type of waves is present. Therefore sunmodel no mean magnetic field is assumed.) However, the
ward Alfvén waves, although subdominant, play an impor-exact origin of the change of statistical behavior is still un-
tant role in the internal solar wind dynamics. der debateNlarkovskii et al, 2008: for example, an origin

The variance analysis of the magnetic field components§rom compressible effects is possible in the context of Hall
and of its magnitude shows clearly that the magnetic fieldMHD (Alexandrova et a).2008; a kinetic description was
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also proposedHowes et al.2008. shorter than the exposure time of the order of few seconds.
The solar wind plasma is currently the subject of a newThese velocity measurements are very often interpreted as
extensive research around the origin of the spectral break ola signature of MHD turbulence where small scales are pro-
served in the magnetic fluctuations. We will see that waveduced naturally via a nonlinear cascade of energy. In the
turbulence may have a central role in the sense that it is a usdight of the most recent observations, it seems fundamen-
ful point of departure for understanding the detailed physicstal to study, both theoretically and numerically, the impact
of solar wind turbulence. In particular, it gives strong results of small-scale phenomena on the coronal heating. Note that
in regards to the possible multiscale behavior of magnetizedhe most recent Hinode pictures seem to show a magnetic
plasmas as well as the intensity of the anisotropic transfefield controlled by plasma turbulence at all scales in which

between modes. Alfv én waves are omnipresent (see edgpschek et aJ2007,
Nishizuka et al.2008. Thus, the turbulent activity of the

2.2 Heating of the solar corona corona is one of the key issues to understand the heating pro-
cesses.

Although it is not easy to measure directly the coronal mag- In the framework of turbulence, the energy supplied by
netic field, it is now commonly accepted that the structurethe photospheric motions and transported by &tfwaves

of the low solar corona is mainly due to the magnetic field through the corona is transferred towards smaller and smaller
(Aschwanden et gl2001). The high level of coronal ac- scales by nonlinear coupling between modes (the so-called
tivity appears through a perpetual impulsive reorganizationenergy cascade) until dissipative scales are reached from
of magnetic structures over a large range of scales, fronwhich the energy is converted into heating. The main coro-
about 18 km until the limit of resolution, about one arcsec nal structures considered in such a scenario are the magnetic
(<726 km). The origin of the coronal reorganization is cur- loops which cover the solar surface. Each loop is basically
rently widely studied in solar physics. Information about the an anisotropic bipolar structure anchored in the photosphere.
solar corona comes from spacecraft missions like SOHO oit forms a tube of magnetic fields in which the dense and
TRACE launched in the 1990s, or from the new spacecrafthot matter is confined. Because a strong guiding magnetic
STEREO and Hinode. The most recent observations revedield (Bo) is present, the nonlinear cascade that occurs is
that coronal loops are not yet resolved transversely and havstrongly anisotropic with small scales mainly developed in
to be seen as tubes made of a set of strands which radiatte B, transverse planes. Most of the models published deals
alternatively. In fact, it is very likely that structures at much with isotropic MHD turbulence (see e.ddendrix and Van
smaller scales exist but have not yet been detected (see e.¢dpven 1996 and it is only very recently that anisotropy has

Warren 2006. beenincluded in turbulent heating modeé3siChlin and Vellj
Observations in UV and X-ray show a solar corona ex-2007.
tremely hot with temperatures exceedindg® KO— close to The latest observations show that waves and turbulence

hundred times the solar surface temperature. These coronare among the main ingredients of the solar coronal activity.
temperatures are highly inhomogeneous: in the quiet coron&veak MHD turbulence is now invoked has a possible regime
much of the plasma lies near 1x20°K and 1-8<10°K for some coronal loops since a very small ratio is found be-
in active regions. Then, one of the major questions in so-tween the fluctuating magnetic field and the axial component
lar physics concerns the origin of such high values of coro-(Rappazzo et 312007, 2008. Inspired by the observations
nal temperature. The energy available in the photosphere and by recent direct numerical simulations of 3-D MHD tur-
characterized by granules — is clearly sufficient to supply thebulence Bigot et al, 2008h, an analytical model of coronal
total coronal lossesPfiest 1982 which is estimated to be structures has been propos@&igot et al, 20089 where the
108 m2s™1 for active regions and about one or two orders heating is seen as the end product of a wave turbulent cas-
of magnitude smaller for the quiet corona and coronal holescade. Surprisingly, the heating rate found is non negligible
where open magnetic field lines emerge. The main issue iand may explain the observational predictions.

thus to understand how the available photospheric energy is The coronal heating problem also concerns the regions
transferred and accumulated in the solar corona, and by whathere the fast solar wind is produced, i.e. the coronal holes
processes it is dissipated. (Hollweg and Isenber2002 Cranmer et a).2007). Obser-

In active region loops, analyses made by spectrometergations seem to show that the heating affects preferentially
show that the plasma velocity can reach values up to 50 km/¢he ions in the direction perpendicular to the mean magnetic
(Brekke et al.1997. The highly dynamical nature of some field. The electrons are much cooler than the ions, with
coronal loops is also pointed out by non-thermal velocitiestemperatures generally less than or close ®KlL(see e.g.,
reaching sometimes 50 km/s as it was revealed for exampl®avid et al, 1998. Additionally, the heavy ions become
by SOHO Chae et a].1999. These observations give also hotter than the protons within a solar radius of the coronal
evidences that the line broadening is due to motions whictbase. lon cyclotron waves could be the agent which heats
are still not resolved neither in space, with scales smaller thathe coronal ions and accelerates the fast wind. Naturally the
the diameter of coronal loops, nor in time, with timescalesquestion of the origin of these high frequency waves arises.
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Among different scenarios, turbulence appears to be a naturabtation or stratification) is present. Additionally, we need
and efficient mechanism to produce ion cyclotron waves. Into consider the long time limit for which a stationary state
this case, the Alfén waves launched at low altitude with fre- is reached with a finite” and we take the infinite Reynolds
guencies in the MHD range, would develop a turbulent cas-number limit (i.e. the viscosity—0) for which the mean
cade to finally degenerate and produce ion cyclotron wavegnergy dissipation rate per unit mass tends to a finite posi-
at much higher frequencies. In that context, the wave turive limit. Therefore, the exact prediction is valid in a wide
bulence regime was considered in the weakly compressiblénertial range. This prediction is well supported by the ex-
MHD case at lowg plasmas (wherg is the ratio between perimental data (see e.risch 1995.

the thermal and magnetic pressure) in order to analyze the The four-fifth's law is a fundamental result used to develop
nonlinear three-wave interaction transfer to high frequencyheuristic spectral scaling laws like the famous — but not ex-
waves Chandran2009. The wave turbulence calculation act — 5/3-Kolmogorov energy spectrum. This point makes
shows — in absence of slow magnetosonic waves — that MHD fundamental difference with wave turbulence where the
turbulence is a promising explanation for the anisotropic ionpower law spectra found are exact solutions of the asymp-
heating. totically exact wave turbulence equations. Nevertheless, the
term “Kolmogorov theory” is often associated to thé&/3
spectrum since there exists a theory behind in the physical

3 Fully developed — wave and strong — turbulence space.

This review paper is devoted to wave turbulence. There-3_2
fore, it is important to stress the difference with the so-called
strong turbulence. In this section, we will also see how thez 2 1 strong turbulence

theoretical questions addressed at the end of the 20th century

have led to the emergence of a large number of papers of the MHD case, wave turbulence is possible. The main
wave turbulence in magnetized plasmas and to many effortgeason is that Alfén waves are linear solutions when a sta-
to characterize the fundamental role of anisotropy. tionary homogeneous background magnetic figgdis ap-
plied. These statements seem to be obvious for incompress-
ible MHD but we will see that the problem is more subtle

Navier-Stokes turbulence is basically a strong turbulent rob-arld the existence of a wave turbulence theory was the object
lem in which it is impossible to erf)é)rm @ ngon trivial a[r)ld) of many discussions basically because those waves are only
. . npo P : . ./ _pseudo-dispersive (i.e., the frequengis proportional tok).

a consistent linearization of the equations against a station- . : .
The question of the existence of an exact relation between

ary homogeneous bac_kground. We rem|r_1d that_ wave turbua two-point measurement, separated by a distanaad the
lence demands the existence of linear (dispersive) propagas. . . )
. . . distance itself is naturally addressed for strong (witH8g)t
tive waves as well as a large separation of linear and non;

linear (eddy-turnover) time scales (see eRenney and turbulence. A positive answer was given by Politano & Pou-
Newell, 1969. In his third 1941 turbulence papeKol- quet only in 1998 (see als@handrasekharl95] for in-

mogorov(1941] found that an exact and nontrivial relation compressible MHD turbulence. The presence of the mag-

. . : . netic field and its coupling with the velocity field renders the
may be derived from Navier-Stokes equations for the third- o . ! . .
order longitudinal structure functiorkélmogoroy, 1941). problem more difficult and, in practice, we are dealing with

Because of the rarity of such results, the Kolmogorov’s four—%%?lspilse_ of equations. In this case, the possible formulation
fifth's law is considered as one of the most important results '

Incompressible MHD turbulence

3.1 Navier-Stokes turbulence

in turbulence Frisch 1995. Basically, the four-fifth’s theo- 4 . - I 42

rem makes the following link in the physical space between ~ 3° '~ (@ =z )Z(Zi —a ) @

a two-point measurement, separated by a distanaad the ’

distance itself (in 3-D): where the parallel directiofnis still the one along the vector
4 separatiorr, zt=v+b is the Elésser fields (witth normal-

— —e"r = ((v] — 3, 1) ized to a velocity field) and* is the mean energy dissipation

S rate per unit mass associated to theaB&er energies. To ob-
where() denotes an ensemble average, the parallel directiomain these exact results, the assumptions of homogeneity and
|l is the one along the vector separatigrv is the velocity  isotropy are still made, and we also consider the long time
ande? is the mean (kinetic) energy injection, transfer and limit for which a stationary state is reached with a finite
dissipation rate per unit mass. To obtain this exact result, thend we take the infinite kinetic and magnetic Reynolds num-
assumptions of homogeneity and isotropy are m&ae¢che-  ber limit (v—0 and the magnetic diffusivity— 0) for which
lor, 1953. The former assumption is satisfied as long as wethe mean energy dissipation rates per unit mass have a finite
are at the heart of the fluid (far from the boundaries) and thepositive limits. Therefore, the exact prediction is again valid,
latter is also satisfied if no external agent (like, for example,at first order, in a wide inertial range. This prediction is still
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widely used in the literature to analyze space plasma data
(see e.g.Sorriso-Valvo et al.2007 MacBride et al.2008.

3.2.2 Iroshnikov-Kraichnan spectrum

The isotropy assumption used to derive the 4/3's law, whichFig: 1. Schematic Alfién wave packets propagating along a mag-
mainly appears in the development of the kinematB=t¢h- netic field line.
elor, 1953, is stronger for magnetized than neutral fluids

since most of the situations encountered in astrophysics argstrated later on by direct numerical simulations in two and
far from isotropy where &0 magnetic field is often present yree space dimensionStiebalin et a).1983.

(see Sec). Although this law is a fundamental result which  Thg effects of a strong uniform magnetic field may be han-
may be used to develop a heuristic spectral scaling law, th@jieq through an analysis of resonant triadic interactiGhe¢

role of Bo has to be clarified. Indeed, we have now two time- pajin et al, 1983 between the wavevectork,(, q) which
scales: the eddy-turnover time and the &lfitime. The for-  g4isfy the relation

mer is similar to the eddy-turnover time in Navier-Stokes tur-

bulence and may be associated to the distortion of wave packk = p +q., 3)

ets, whereas the latter may be seen as the duration of inter- . . .

action between two counter-propagating linear plane &ifv whereas the associated wave frequencies satisty

waves (see Fidl). wk) = ) + (). (4)
During a collision, there is a deformation of the wave

packets in such a way that energy is transferred mainly afor incompressible MHD, the Alen frequency is

smaller scales. The multiplicity of collisions leads to the (k) = £k - Bg = k| Bo. )

formation of a well extended power law energy spectrum

whose index lies betweer5/3 (Kolmogorov prediction)  where| defines the direction alonBg (L will be the per-

and —3/2 (Iroshnikov-Kraichnan prediction) according to pendicular direction t@g taken in velocity unit). The so-

the phenomenology used, i.e. with or without the A&lfv  |ution of these three-wave resonant conditions gives for ex-

wave effect. Note that in the Iroshnikov approach the pres-ample,g;=0, which implies a spectral transfer only in the

ence of a strong magnetic field is explicitly assumed whereaperpendicular direction. For a strength®f well above the

itis notin the Kraichnan’s one. In the latter case, itis claimedr.m.s. level of the kinetic and magnetic fluctuations, the non-

that the small-scale fluctuations see the large-scales — in thinear interactions of Alfén waves may dominate the dy-

sub-inertial range — as a spatially uniform magnetic field. Itisnamics of the MHD flow leading to the regime of wave tur-

important to note that the exact isotropic prediction in phys-bulence (see Sec#) where the energy transfer, stemming

ical space, Eq.9), corresponds dimensionally to-&6/3 en-  from three-wave resonant interactions, can only increase the

ergy spectrum. It is therefore less justified to use the termperpendicular component of the wavevectors, while the non-

"theory” for the Iroshnikov-Kraichnan spectrum than for the linear transfers is completely inhibited aloRg. The end

Kolmogorov one in Navier-Stokes flows. result is a strongly anisotropic flow.

3.2.3 Breakdown of isotropy 3.2.4 Emergence of anisotropic laws

) i Another important issue discussed in the literature is the
The weakness of the lroshnikov-Kraichnan phenomenologye|ationship between perpendicular and parallel scales in

is the apparent contradiction between the (in)direct pres'anisotropic MHD turbulence (see e.gligdon 1984 Gol-

ence of a strong uniform magnetic field and the assumpyyeich and Sridharl995 Boldyrey, 2008. In order to take
tion of isotropy. One of thg most .|mp_ortant.d|fferer.1c_e. bg— into account anisotropyGoldreich and Sridhaf1995 pro-
tween neutral and magnetized fluids is the impossibility in hoseq 5 heuristic model based on a critical balance between

the latter case to remove a large-scale (magnetic) field by,o alfven time and the eddy-turnover time scale, respec-
a galilean transform. The role of a uniform magnetic field tively

has been widely discussed in the literature and, in partic-

ular, during the last decades (see eMantgomery and 14 ~ £/Bg (6)
Turner, 1981, Shebalin et al.1983 Matthaeus et al.1996

Ng and Bhattacharjel 996 Verma 2004. At strongB,  &"d

intensity, one of the most clearly established results is the,
bi-dimensionalization of MHD turbulent flows with a strong
reduction of nonlinear transfers aloBg. The consequence wheref; and¢, are typical length scales parallel and per-
is an energy concentration near the plary=0, a result il- pendicular tdBg, and withts =teqqyat all inertial scales. The

eddy ~ £1/ue, (7)

www.nonlin-processes-geophys.net/16/83/2009/ Nonlin. Processes Geophys. 985 2889
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latter relation leads trivially ta,~Bof /. Following the  achieved if one could develop the equivalent of an exact four-

Kolmogorov arguments, one ends up with a fifth’s law for anisotropic MHD turbulence. Then, a dimen-
53 sional derivation from this law could lead to an anisotropic
E(ky, ky) ~ k| / (8) spectral prediction and in some sense, for the first time, the

) possibility of having a theoretical link between strong and
energy spectrum (wheke= (k ., k) andk  =[k L [), and with  \yave turbulence. To date, it is still an open issue.
the anisotropic scaling law (wiml? /Teddy=constant)
23 3.2.5 Towards a wave turbulence theory
kyp ~ ki (9)
. - - : . In view of the importance of anisotropy in natural magne-
This heuristic prediction means that anisotropy is stronger afized plasma (see Se@, Sridhar and Goldreict1994 sug-

smaller scales. . L ) gested that a plasma evolving in a medium permeated by
In the same spirit, a generalization of this result has beer}j strong uniform magnetic field and in the regime of wave

proposed in an attempt t(_) model MHDrovys in both th_e_ Weakturbulence is characterized by four-wave nonlinear interac-
and strong turbulent regimes, as well as in the transition begjo s The essence of wave turbulence is the statistical study
tween them((‘:_altler etal, 20,05' In this heuristic model, the of large ensembles of weakly interacting waves via a system-
time-scale ratior=14/7eddyis supposed to be constantatall 4 asymptotic expansion in powers of small nonlinearity.
inertial scales but not necessarily equal to unity. The reIaxThiS technique leads finally to the exact derivation of wave
ation of this constraint enables to still recover the anisotropicy;tic equations for the invariants of the system like the en-
scaling law Eq.) which now includesBo, ergy spectrum (see Sed. In MHD, it is the presence of a
strong uniform magnetic fiel@g that allows to introduce a
small parameter in the system, namely the ratio between the
fluctuating fields andg. The results found by Sridhar and
Goldreich in 1994 imply that the asymptotic development
has no solution at the first order and that we need to go to the
E(ky, ky) ~ kI“k[ﬂ , With: 3a +28 =7. (11) set_:ond order to describe wave turbulence in MHD. Se_veral
articles, at the level of the phenomenology, were published
According to direct numerical simulations (see e@ho to contest this conclusion and sustain the non trivial char-
and Vishniac200Q Maron and Goldreici2001, Shaikh and  acter of the three-wave interactions (see evtpntgomery
Zank 2007, Bigot et al, 2008, the anisotropic scaling law and Matthaeys1995 Ng and Bhattacharjed 996 Verma
between parallel and perpendicular scales Bsg¢ems to be  2004). In response, a detailed theory was finally given in
a robust result and an approximately constant rgtigener- 2000 Galtier et al, 200Q Nazarenko et al2001; Galtier et
ally smaller than one, is found between the Alfvand the al., 2002 and first signatures that may be attributed to wave
eddy-turnover times. This sub-critical value gfimplies  turbulence were found biyerez and Boldyre(2008 in nu-
therefore a dynamics mainly driven by Aéfia waves inter- merical simulations of a reduced form of the MHD equa-
actions. Note that the presence B in relation Eq. (0) tions (Galtier and Chandrar2006§. The detection of the

ky ~ k5°/Bo, (10)

and to find a universal prediction for the total energy spec-
trum

shows the convergence towards wave turbuledge{+oo, wave turbulence regime from direct numerical simulations
with respect to the fluctuations) for which the parallel trans- of the original MHD equations is still a difficult task but re-
fer is totally frozen. cent progress has been made in which temporal, structural

The question of the spectral indices is still a challeng-and spectral signatures are reportBif6t et al, 2008ab).
ing problem in anisotropic turbulenc84gaut and Cambon  Note that current efforts are also made to analyze the effects
2008. The main conclusion d@igot et al.(20081 is thatthe  of other inviscid invariants, like the cross helicity, on the scal-
difficulty to make their measurements is generally underesti-ing laws of wave turbulencd.ithwick and Goldreich2003
mated in a sense that the scaling predictiohjinmay change  Chandran2008.
significantly whenE (k. , k) is plotted at a givert) instead
of E(ky): indeed, the 2-D stat&(k,, ky=0) may play a 3.3 Wave turbulence in compressible MHD
singular role in the dynamics with a scalingén very dif-
ferent from the one given by the 3-D modgsk | , k>0). Most of the investigations devoted to wave turbulence refer to
This comment holds primary for direct numerical simula- isotropic media where the well known conformal transform
tions where technically it is currently possible to make this proposed by akharov and Filonenk{1966 may be applied
distinction, observations being still far from this possibility. to find the so-called Kolmogorov spectra (see Sdch).
This point will be further discussed in the last Section. Note (It is interesting to note that a similar transform was used
finally that all these spectral predictions suffer from rigorous by Kraichnan to investigate the problem of 2-D turbulence
justifications and the word “theory” that we find very often in (Kraichnan 196%7).) The effect of anisotropy in a plasma was
the literature is not justified at all. A breakthrough could be studied to a smaller extent. The first example is given by
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magnetized ion-sound waveKuznetsoy 1972. The com-  important role in setting up an anisotropic turbulent cascade.
pressible MHD case was analyzed lateiduznetsoy(2007) The whistler wave turbulence regime was then investigated
for a situation where the plasma (thermal) pressure is smaltheoretically byGaltier and Bhattacharje@003 2005 in
compared with the magnetic pressure (sngdimit). In this the limit Bo—+o0 (with respect to the fluctuations). It was
case, the main nonlinear interaction of MHD waves is theshown that similarly to the MHD case, anisotropy is a cen-
scattering of a fast magneto-acoustic and Atfwvaves on tral feature of such a turbulence. Attempts to find anisotropic
slow magneto-acoustic waves. In these processes, the faktw for electron MHD was made b@ho and Vishnia¢2004)
and Alfven waves act as high-frequency waves with respec{see also(altier et al, 2005 and a scaling law itk Nki/?’
to the slow waves. To simplify the analysis, other three-wavewas found both heuristically and numerically.
interaction processes that do not involve slow waves are ne- Hall MHD is an extension of the standard MHD where
glected. the ion inertia is retained in Ohm’s law. It provides a multi-
A variant of this wave turbulence analysis in compress-scale description of magnetized plasmas from which both the
ible MHD was proposed byChandran(2009 for small 8 standard and the electron MHD approximation may be recov-
in which, to simplify the analysis, the slow waves are ne-ered. Hall MHD is often used to understand, for example,
glected and a constant density is imposed. The other (maththe magnetic field evolution in neutron star crusgoldre-
ematical) difference is that in the former analysis the hamil-jch and Reisenegget992, the turbulent dynamaMininni
tonian formalism was used whereas an eulerian descriptiogt al, 2003, the formation of filaments_@veder, Passot and
was employed in the latter case. The compressible case isulem 2002, the multiscale solar wind turbulenc&lfosh
much more difficult to analyze than the incompressible oneet al, 1996 Krishan and Mahajar2004 Galtier, 2006ab),
and some simplifications are necessary. To date, no generak the dynamics of the magnetoshed®lelfnont and Rezeau
theory — without simplification — has been reached for com-2001). Anisotropy in Hall MHD is clearly less understood

pressible MHD wave turbulence. than in MHD or electron MHD mainly because the numer-
_ ical treatment is more limited since a wide range of scales
3.4 Wave turbulence in Hall and electron MHD are necessary to detect any multiscale effects. From a the-

. ] oretical point of view, it is only recently that a wave turbu-
Modeling the physics of a plasma beyond the MHD approx-jence theory has been achieved for the incompressible case
imation, namely on spatial scales shorter than the ion iner{Galtier, 2006h Sahraoui et al.2007. For such a turbu-
tial lengthd; (but larger than the electron inertial lengtl)  |ence, a global tendency towards anisotropy was found (with,
and time scales shorter than the ion cyclotron perigd.l  however, a weaker effect at intermediate scales) with nonlin-
is a highly studied topic. Note also the existence of the gy-ear transfers preferentially in the direction perpendicular to
rokinetic approach for weakly collisional plasmas (see €.9.the external magnetic fieB. The energy spectrum is char-
Schekochihin et al200§ in which time scales are supposed acterized by two inertial ranges, which are exact solutions of
to be much larger than/i;. A simple model is the elec-  he wave kinetic equations, separated by a knee. The position
tron MHD approximationKingsep etal.1990 inwhichone  of the knee corresponds to the scale where the Hall term be-
assumes that ions do not have time to follow electrons an¢;omes sub/dominant. To date, the compressible case is still
provide a static homogeneous background on which elecan gpen problem in Hall MHD wave turbulence. Note, how-
trons move. The electron MHD approximation is particu- eyer, the first step made ISahraoui, Belmont and Rezeau
larly relevant in the context of collisionless magnetic recon- (2003 to formulate the problem of weakly nonlinear com-

nection where the diffusion region develops multiscale Struc'pressible Hall MHD equations in terms of Hamiltonian sys-
tures corresponding to ion and electron characteristic lengthgs .

(Biskamp 1997 Bhattacharjeg2004 Yamada2007).

An important issue in electron MHD turbulence is about
the role of whistler waves in the dynamicBiskamp et al.
(1999 argued that although whistler wave propagation ef-
fects are non negligible in electron MHD turbulence, the lo-
cal spectral energy transfer process is independent of the lin-’

ear(;/yave(zjdt;spersmln relation and the energy T(pectrum may b/ave turbulence is the study of the long time statistical be-
predicted by a Kolmogorov type argumestigkamp et al.  pyior of a sea of weakly nonlinear dispersive waves: this

1996 Ng et al, 20.03; this numerical analysis was made for regime is described by the wave kinetic equations. In this
an isotropic medium&o=0). Dastgeer et a2000 inves-  sqntinn we present the wave turbulence formalism which

tigated the turbulence regime in the presence of a moderat%ads to these nonlinear equations. We will use the inviscid
background magnetic fiel@o, and provide convincing nu- model equation

merical evidence that turbulence may be anisotropic. They
argue that although whistler waves may appear to play a neggyx, r)
ligible effect in determining the spectral index, they play an 9

4  Wave turbulence formalism

Wave amplitude equation

=LU) +eN(U,u), (12)
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whereu is a stationary random vectat, is a linear operator 4.2 Statistics and asymptotics

which insures that waves are solutions of the linear problem,

andA is a quadratic nonlinear operator (like for MHD-type We turn now to a statistical description, introduce the ensem-
flows). The factore is a small parameter @ <«1) which ble averagg...) and define the density tensor for homoge-
insures that the nonlinearities are weak. For all the applicaneous turbulence

tions considered here, the smallness of the nonlinearities is

(K N — . (k!
the result of the presence of a strong uniform magnetic field?/J (kD3 + k) = (a; (k) (kD) - (21)
Bo; the operatolL is thus proportional tao. We also assume that on averagex, 1))=0 which leads to
We introduce the 3-D direct and inverse Fourier transformsihe relatior¢%°® =0. From the nonlinear Eq1{), we find
jmn ’
ulx, r) = / Ak, 1) exp(ik - X)dk , (13) 9048k + K’ 9a.:(k 3 (K
R3 MZ(Qﬂ(k’) a]( )>+<(1J(k) al( )>=(22)
1 at at ot
Ak, 1) = ?/ u(x, 1) exp(—ik - X)dx. (14) y _
e Jre | e [ HER (0 (Pa @ay (Kl %5y g dpd
Therefore, a Fourier transform of EdLZ) gives for the;- R
component +
K’ . ,
<% + iw(k)) Ajk.) = (15) ¢ f H (@ (P)an(@)a; ()€ 11" 8y g dpdq.
kpg A hierarchy of equations will clearly appear which gives for
€ /RG H i Am (P 1) An (0, 1)8(k — p — q)dpdq, the third order moment equation

wherew (k)=wy is given by the appropriate dispersion rela- d(a;(k)a; (k")a (k"))
tion (with in generak (—k)=—w(k)) andH is a symmetric 9t
function in its vector arguments which basically depends on

the quadratic nonlinear operatdf. Note the use of the Ein- 5‘/ Hk.fn‘il (am(p)a,,(q)aj/(k’)a,w(k”)>ei9k,qu5k’pqdpdq
stein’s notation. We introduce ro '

= (23)

Ak, 1) = a(k, rye ikt | (16) +
K’ i
and obtain in the interaction representation € /RG ijs,(l (am(P)an(@aj(K)aj(k"))e 2 '8 padpdd
da;(k) ;
Z}t =¢ /I;{ﬁ Hlj(sfluam (Pax(Q)e Qk’pql(sk,,nqdpdq , (@7 +

where the Dirac delta functiorsy ,,=5(k—p—q) and ¢ /RG HS o (@ (P)an @a; (Ko (K))e' % v’ 8 gdpdd.
Qi pg=wr—wp—wy; Note that the time dependence in fields,
a, is omitted for simplicity. Eqg.17) is a fundamental equa-
tion: it is the wave amplitude equation whose dependence i
¢ means that weak nonlinearities will modify only slowly in
time the wave amplitude. By nature, all the problems con-
sidered here (MHD, electron and Hall MHD) involve mainly

At this stage, we may write the fourth order moment in
ferms of a sum of the fourth order cumulant plus products
of second order ones, but a natural closure arises for times
asymptotically large Benney and Saffmarl966 Benney

and Newell 1967, 1969 Newell et al, 2007). In this case,

three-wave interaction processes as it is expected by the forr‘?‘leveral terms do not contribute at_large times like, in partic-
ular, the fourth order cumulant which is not a resonant term.

of the wave amplitude equation. The exponentially oscillat- . i .
P g P y In other words, the nonlinear regeneration of third order mo-

ing term is essential for the asymptotic closure: indeed, we ts d q tiall ducts of d ord
are interested by the long time statistical behavior, i.e. a non!MeNts depends essentially on products ot second order mo-
ents. The time scale separation imposes a condition of ap-

linear transfer time much greater than the wave period. As an

consequence, most of the nonlinear terms will be destroye?IIcabIIIty of wave turbulence Wh.'Ch has _to b_e c_heckeﬁne
by random phase mixing and only a few of them — called the see e.gNazarenkp2007). After integration in time, we are

resonance terms — will survive. Note the necessity of havin eft with
dispersive waves. Before going to th_e statistic_al formalism,mj(k)aj,(k/)aj,,(k//)> — (24)
we note the following general properties that will be used
K —K—p—0x kpg (kY o (K
HPY = (1P, (18) £ fR Mo (an (P)an (@) (aj (Kajr (k"))
kpg i~
Hjmn is symmetricinp, q) and(m, n) , (29) +(am(p)aj/(k/)>(an(q)aj"(k”»
0 /
Hn = 0 (20) +am®)ajr (K")) {an (@ (K)) A pg)8k. pgdpda
where, *, stands for the complex conjugate. +
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: /R HP (an (Pran (@) K)o (K)

+{am (P)a; (K))(an (@ajr (K"))
+am(P)ajr (K")){an(@a; (K AR pg)dk. pgdPdd
+

: /R HEE (e (Phan (@)t )y ()

+{am(P)a; (K)){an (@)a; (K))
+am (p)aj’(k/» (an (q)aj (k)))A(Qk”,pq)sk”,pqdpdq >
where

eiQk,pql -1

t>1l/o ,
A(Q pg) = / ¢Sl gt = (25)
0

iQk,pq

After integration in wave vectons andqg and simplification,
we get

(aj(Kaj (kaj(K")) =
eA(S2uk) Sk ik
(Hk_k/_k”qmj’(k/)qnj”(k//) + Hk—k“_k/qmj”(k//)qnj,(k/)

Jjmn jmn

(26)

A HE KK G (O (K A+ HE K K g0 (K7 (K)

Jj'mn j'mn

FHE KK 4 (0 (K 4+ HE K K g (KD g (K)) .

j"'mn Jj"mn

The symmetries1(9) lead to

(ajaj (Khaj(K") = (27)

26 A Q) S (HS K=K g (KD g (K

jmn

HHS ™ G (0 (K + HY, K G (K0 (K

The latter expression may be introduced into E2).( We
take the long time limit for which

A(x) = wd(x) +iPA/x), (28)

with P the principal value of the integral. Note that this limit,
at this level, introduces irreversibility in time. We finally find

the asymptotically exact wave kinetic equations

g (K)

o7 (29)

2 kpq
=A47¢ /RG sk,pqS(Qk,pq)Hjmn

[Hor ™ 4 (g5 (K) + HEP G (0)q 75 (K)

+HH PG (D) gon () 1A
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4.3 Wave kinetic equations

Equation R9) is the wave kinetic equation for the spectral
tensor components. We see that the mechanism of nonlinear
transfer is based on resonance since we need to satisfy the
relations

(30)
(31)

a)k:a)p+a)q,

The solutions define the resonant manifolds which may have
different forms according to the flow. For example in the
limit of weakly compressible MHD, when the sound speed
is much greater than the AlBn speed, it is possible to
find (for the shape of the resonant manifolds in the 3-D k-
space) spheres or tilted planes for Fast-Fast&ifand Fast-
Fast-Slow wave interactions, and rays (a degenerescence of
the resonant manifolds) for Fast-Fast-Fast wave interactions
(Galtier et al,2007). We also find planes perpendicular to the
uniform magnetic fieldBg for Slow-Slow-Slow, Slow-Slow-
Alfv én, Slow-Alfven-Alfvén or Alfvén-Alfven-Alfvén wave
interactions; it is a similar situation to incompressible MHD
turbulence (since, at first order, slow waves have the same
frequency as Alfén waves) for which the resonant manifolds
foliate the Fourier space.

The representation of the resonant manifolds is always in-
teresting since it gives an idea of how the spectral densi-
ties can redistribute along the mean magnetic field direction
whose main effect is the nonlinear transfer reduction along
its direction Matthaeus et al.1996. The previous finding
was confirmed by a detailed analysis of wave compressible
MHD turbulence Kuznetsoy 2001, Chandran2005 in the
small 8 limit where the wave kinetic equations were derived
as well as their exact power law solutions. The situation for
electron and Hall MHD is more subtle and there is no simple
picture for the resonant manifolds as the one found for MHD.
In this case, it is nevertheless important to check the exis-
tence of a solution to the resonance condition to justify the
domination of three-wave interaction processes over higher
order (four-wave) processes.

The form of the wave kinetic Eq20) is the most general
for a dispersive problem as in electron MHD where we find
whistler waves. The incompressible MHD system constitutes
a unique case of pseudo-dispersive waves for which wave tur-
bulence applies. In this particular case, some symmetries are
lost and the principal value terms, which cancel each other
in general, remain present. For that reason, incompressible
MHD may be seen as a singular limit of incompressible Hall
MHD (Galtier, 2006H).

These general 3-D wave kinetic equations are valid in princi-
ple for any situation where three-wave interaction processed.4 Finite flux solutions

are dominant; only the form &f will be different. Equation

for the total energy is found with the trace of the tensor den-The most spectacular characteristic of the wave kinetic equa-
sity, ¢;; (k), whereas other inviscid invariants are obtained pytions is their ability to provide exact finite flux solutions.

including non diagonal terms.
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These solutions are found after applying to the wave kinetic
equations a conformal transform proposed firszZlakharov
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and Filonenkq1966 for four-wave interaction processes in same observation was also made for the inverse cascade in
isotropic turbulence (see alsdakharoy 1967. These so- the nonlinear Schrodinger equatidrataze et a).2001) and
lutions are the so-called Kolmogorov spectra. Anisotropya detailed analysis was given Bonnaughton et a(2003.

is almost always found in magnetized plasmas and a bidn this paper, the anomalous spectrum in the wake was in-
homogeneous conformal transform is then more appropriat&estigated in the limit of strongly local interactions where
(Kuznetsoy 1972. To simplify the analytical treatment, itis the usual wave kinetic equations can be approximated by a
necessary to assume an axially symmetric medium; then th®DE. Some answers have been given but their generalization

wave kinetic Eq. 29) write to wave turbulence is still an open problem.
kL k) _ g2 / 8. pg (R pg) H PO (32) o
ot R6 Jm 5 Results and predictions from wave turbulence theo-
[Hord G, qqjrsky, ki) ries
+ﬁg}'_spquin(pj_a PGk, ky) 5.1 Incompressible MHD
PG (P PDdsn (gL, a)dpLrdpydq.dgy . We start to summarize the results of wave turbulence in

a the incompressible MHD case for which the wave kinetic

where g, (k1. kj)=q,;(k)/(2rky) and’H is a geometric  equations are singular in the sense that the principal value
operator. Note that we have performed an integration oveterms remain except for the Elsser energie€®. As it

the polar angle. Except for incompressible MHD for which was explained, the origin of this particularity is the pseudo-
the wave kinetic equations simplify because of the total ab-dispersive nature of Alféen waves which are a unique case
sence of nonlinear transfer along the parallel direction (thewhere wave turbulence theory applies. In the limit of
direction alongBo), in general we have to deal with the per- strongly anisotropic turbulence for whigh >k, finite flux
pendicular and parallel directions. In this case, a further assolutions were found for the stationary energy spectra of

sumption may be made if we recall that magnetized plasmag. (32) with the following wavenumber dependen@a(tier

are strongly anisotropic under the influence of a strong exteret al, 2000

nal magnetic fieldBg. In this case, we may write the wave

kinetic equations in the limit, k. The system of integro-  E™ (kL. ky) ~ f(kpk'* (34)

differential equations obtained is then sufficiently reduced to .

provide the exact power law solutions. We apply the con—Wlth

formal transformation_to thg gquations for inviscid invariants ny 4+n_=—4. (35)

(total energy, magnetic helicity...)
12 f+ are arbitrary functions of; and the power law indices

pL—>ki/pL, satisfy the condition of locality

qL —~> kiq1/p1,
(33) —3<ny <-1. (36)

pi = kt/py,

This solution are fundamentally linked to the resonance con-
a = kiai/py dition which implies the total absence of nonlinear transfer
and we search for stationary solutions in the power law formalong theBg direction. The solution&* have to be under-
kI"k[’". Basically two types of solutions are found: the flux- stood as the energy spectra associated to thesg#s fields.
less solution, also called the thermodynamic equilibrium so-In other words, the general case of unbalanced turbulence is
lution, which corresponds to the equipartition state for which considered here.
the flux is zero, and the finite flux solution which is the most  The locality of interactions is an important issue in plasma
interesting one. During the last decades many papers haveirbulence. According to some recent works in isotropic tur-
been devoted to the finding of these finite flux solutions forbulence, nonlinear interactions seem to be more non local
isotropic as well as anisotropic wave turbulengZakharov  in MHD than in a pure hydrodynamics in the sense that the
et al, 1992. Recently, and thanks to the high numerical transfer of energy from the velocity field to the magnetic field
resolution now available, a new challenge has appeared imay be a highly non local process in Fourier spakkex-
wave turbulence. Indeed, the study of incompressible MHDakis et al, 2005. The situation is different when we deal
wave turbulenceGaltier et al, 2000 suggested that the de- with anisotropic turbulence: in this case interactions (be-
velopment of the finite flux solution of the wave kinetic equa- tween perpendicular wavevectors) are mainly lodslex-
tions may be preceded by a front characterized by a specakis et al, 2007). In wave turbulence, the condition EQ6)
trum with a significantly steeper scaling law. This finding is has to be satisfied to validate the exact power law solutions
in contradiction with the theory proposed Bglkovich and  and avoid any divergence due to nonlocal contributions. In
Shafarenkq1991) on the nonlinear front propagation. The practice, numerical simulations of the wave kinetic equations
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have clearly shown that the solutions corresponding to localvave kinetic equations were found by using a complex he-

interactions are attractiv&g@ltier et al, 2000. licity decomposition. The strong anisotropic, (k) finite
Recently, it was realized that the wave kinetic equa-flux solutions correspond to

e o L ey b U™ B, ) ~ 1, e

1>k if initially we retain L

the shear-Alfén waves only Galtier and Chandrar2006. for the 2-D magnetic energy spectrum, and

Therefore, the finite flux solution may be extended to the —7/2,-1/2

entire wavenumber space which renders its detection easief! (kL. ki) ~ &k "7ky (38)

This idea was tested recently against numerical simulationgor the 2-D magnetic helicity spectrum. As for the other

(Perez and Boldyre\2008 and a spectral signature of wave cases presented above, a direct cascade was found for the

turbulence was apparently found. energy. In particular, it was shown that contrary to MHD the
_ wave kinetic equations, which involve three-wave interaction
5.2 Compressible MHD processes, are characterized by a nonlinear transfer that de-

_ ) _ creases linearly witlt); for k=0, the transfer is found to
We turn now to the compressible case for which two limits pe exactly null. Thus the 2-D modes (also called sometimes
have been analyzed. The first case (case I) is the one fogjow modes) decouple from the three-dimensional whistler
which the plasma (thermal) pressure is assumed to be smafl;aves. Such decoupling is found in a variety of problems

as compared to the magnetic pressure (sfdimit) and 55 in rotating turbulencealtier, 2003 Sagaut and Cambon
where three-wave interaction processes that do not involvenog,

slow waves are neglectedijznetsoy 2001). In the sec-
ond case (case Il) for which we still hagex1, slow waves 5.4 Hall MHD
are neglected and a constant density is impoS#tfdran
2005. In both situations the general finite flux solutions are The last example exposed in this paper is the Hall MHD case
not obvious to express. which incorporates both the standard MHD and the electron
In case |, when only interactions between Afvand slow ~ MHD approximations. This system is much heavier to ana-
-5/2 . lyze in the regime of wave turbulence and it is only recently

waves are kept, a wave energy spectrurnwihlzkl| is X
found which corresponds to a (finite) constant energy fluxthat @ theory has been proposeghitier, 20060. The gen-

solution. It is claimed that the addition of the interactions €ral theory emphasizes the fact that the large scale limit of
with the fast waves will lead to the same solution since theStandard MHD becomes singular with the apparition of new
dynamics tends to produce strongly anisotropic distributionsyP€ Of terms, the principal value terms. Of course, the large
of the waves concentrated in k-space within a narrow-angle’c@le and small scale limits tend to the appropriate theories
cone in theBy direction &, «k;). Under this conditions, the developed previously, but in addition it is possible to describe
fast waves coincide with the Alan waves. the connection between them at intermediate scales (scales
In case II, the general wave kinetic equations do not al-Of the order of the ion skin depth). For example, moderate
low us to find exact power law solutions. However, when anisotropy is predicted at this intermediate scales whereas it
only Fast-Fast-Fast interactions are kept it is possible to find> much stronger for qthgr ;cales. Itis also Interesting to note
a finite flux solution for the fast wave 1-D energy spectrum that the small scale limit gives a syste_m of equations richer
which scales as- f(0)k~3/2, where f£(6) is an arbitrary than the pure electron MHD syste@4ltier and Bhattachar-
function of the angl® between the wave vectdr and the €& 2_003 with the pos_S|b|I|ty o describe the subtdomlnant
uniform magnetic fieldBo. Numerical simulations of the ~KIN€tic energy dynamics. Exact power law solution for the

general wave kinetic equations are made to find a behaviokIn€tiC nergy spectrum is also found for ion cyclotron wave
according, for example, to the angle A solution close to turbulence which scales as

k% is found for the Alfien wave 2-D energy spectrum (for E(k_ , k) ~ 1{5/21{[1/2_ (39)
different fixedk;) whenk>k;. The k—spectra plotted at
6=45 reveal a fast wave 1-D energy spectrum-it—3/2
and an steeper Alen wave spectrum, while for a small angle
(9=7.1°) both spectra follow the same scaling law steeper
thank—%/2 (Chandran2005.

To date, the wave kinetic equations of Hall MHD have not
been simulated numerically even in its simplified form (when
helicity terms are discarded). It is an essential step to under-
stand much better the dynamics at intermediate scales.

5.3 Electron MHD 6 Conclusions

The electron MHD equations under the influence of a strongs. 1 Summary

uniform magnetic fieldBg exhibit dispersive whistler waves.

The wave turbulence regime was analyzed in the incompress®aves and turbulence are two fundamental ingredients of
ible case Galtier and Bhattacharje003 2005 and the  many magnetized plasmas. The most spectacular illustration
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of such characteristics is probably given by the latest obser- For direct numerical simulation, the challenge is slightly
vations of the Sun’s atmosphere with the orbital solar obserdifferent: indeed, in this case the main goal is the measure of
vatory Hinode launched at the end of 2006. For the first time the transition between strong and wave turbulence, and thus
detection of Alf\en waves is made through the small oscilla- between isotropic and anisotropic turbulence. The former
tions of many thin structures called threads. In the meantimegegime has been extensively studied since more than three
the highly dynamical nature of coronal loops is revealed bydecades whereas the latter is still a young topics. The main
non-thermal velocities detected with spectrometers. Thesgéopic of such a simulation is also to find general properties
findings are considered as a remarkable step in our undethat could help us to understand the single point measure-
standing of the solar coronal heating; for that reason, newments made in natural plasmas. We arrive here at the heart
models including waves and turbulence may be a promisingf current issues in wave turbulence. One of the most im-
way to heat the solar corona in addition to other models basegortant points emphasized by recent direct numerical simu-
on physical processes like magnetic reconnectRegfier et  lations in incompressible MHD is the coexistence of wave
al., 2008. and strong turbulencd{got et al, 2008h. This characteris-

The interplanetary medium is another example of mag-tic should not be a surprise since basically wave turbulence is
netized plasma where waves and turbulence are detected.Perturbative theory which must satisfy condition of appli-
In this framework, the origin of the so-called "dissipative Cability. In this case, the 2-D state0) evolves differently
range”, i.e. the extension of the turbulent inertial range be-from the 3-D modesk(;>0) since the former case is charac-
yond a fraction of hertz, is currently one of the main issueterized by strong turbulence and the latter mainly by wave
discussed in the community. Although a final answer is notturbulence. This comment, although simple, is fundamental
given yet, wave turbulence is a promising regime to under-2nd not really taken into account by the community. Indeed,
stand the inner solar wind dynamics in the sense that it giveyvave turbulence will not be revealed in natural as well as
exact results in regards to the possible multiscale behavior o$imulated plasmas as long as strong and wave turbulence are

magnetized plasmas as well as the intensity of the anisotropif©t Separated. A recent workigot et al, 2008t shows that
transfer between modes. the true nature of wave turbulence in incompressible MHD

}s revealed when the 2-D state is filtered out. For example,

The main feature of magnetized plasmas in the regime o h st ; found for 3-D mod
wave turbulence is the omnipresence of anisotropy and thénych Steeper energy spec_rza are found for 5-L) modes com-
pared to the 2-D state. Thg “ scaling is still a challenging

possibility to have different spectral scaling laws according lution for direct ical simulati ) it )
to the space direction. To achieve a proper comparison pez0'Ution for direct numerical simulations Since it requires a
ide inertial range to satisfy the conditian >k, but the

tween observational data and theoretical predictions, not onl test results are bromising since th re already verv cl
in situ measurements are necessary, but multipoints data hayg co' resulis are promising since th€y are aiready very close
it. Note that these spectra are only visible at a fikgd

also to be accessible. It is at this price that the true nature ot o IS )
magnetized plasmas will be revealed. The magnetosphere &d it is hidden in &, ™" if it is plotted after summation
the first medium where it is possible to perform such a com-Over thek;. The same simulations also show (as expected)

parison thanks to ClusteBahraoui et a)2008. an equipartition between kinetic and magnetic energies for 3-
D modes whereas the 2-D state exhibits a state dominated by

the magnetic energy (Al&n ratio smaller than one, i.e. ara-
tio between kinetic and magnetic energies smaller than one).
Information about structures and the filamentation of current
Numerical simulation is currently the main tool to improve gnd vorticity sheets are also reported.

our knowledge on wave turbulence in magnetized plasmas |n the light of such simulations, in particular the direct
since we are still limited by the observational (single point) one, new questions arise for natural plasmas. For the solar
data. Two types of simulations are available: the Simula-wind’ does the_5/3 Spectrum Correspond to a bias since sin-
tion of the wave kinetic equations and the so-called direCtg|e point measurements automatica”y mean a 1l-D Spectrum?
numerical simulation of the original MHD-type equations. |s the small Alfién ratio, around 0.5 at one AWB(uno and

In the former case, it is a way to find for instance the SPeCtraICarboneZOOS, due essentially to the 2-D state? Is intermit-
scaling laws when the wave kinetic equations are too com+ency mainly due to the 2D state or interactions between the
plicated to get the exact solutions after application of thep.p state and the 3-D modes? Only multispacecraft mission
usual conformal transform. An example is given by com- _ jike Cluster — can answer such questions. The apparent
pressible MHD: in this case, the numerics revealed a changgondensation into filaments discussed above reminds ones of
of power law in the energy spectrum with the angle betweenthe coronal loops observed on the Sun. Could the coronal
the wave vector and the mean magnetic fiéid(Chandran  strands be the end result of a nonlinear process occurring in
2009. These numerical simulations may also be useful tognjsotropic MHD turbulence? Current and future missions

investigate wave turbulence when an external forcing is apwill certainly help us to answer these questions.
plied like in incompressible MHDGaltier and Nazarenko

2009.

6.2 Coexistence of wave and strong turbulence
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6.3 Theoretical issues in anisotropic turbulence tohydrodynamic turbulence, Phys. Rev. E., 76, 056313,
doi:10.1103/PhysRevE.76.056313, 2007.

Anisotropic turbulence is characterized by the possibility to Alexakis, A., Mininni, P. D., and Pouquet, A.: Shell-to-shell en-

have different spectral scaling laws according to the space €rgy transfer in magnetohydrodynamics. |. Steady state turbu-

direction. Progress has been made during the last decade to'€nce. Phys. Rev. E., 72, 046301, 2005. _

quantify heuristically such anisotropy. It is mainly based onAAlexandrova, O., Carbone, V., Veltri, P., and Sorriso-Valvo, L.:

the assumption of a (critical) balance between the wave time Small-scale energy cascade of the solar wind turbulence, Astro-
P phys. J., 674, 1153-1157, 2008.

and the eddy-turnoyer time. Principal gpplications are, I\/lHDArmstrong, J. W, Coles, W. A, Rickett, B. J., and Kojima, M.: Ob-
and electron MHD, 'nztge |ncompr1e335|bIe case, in which we  seryations of field-aligned density fluctuations in the inner solar
find respectivelyk‘pkL/ andk”~kl/ (see e.g.Goldreich wind, Astrophys. J., 358, 685-692, 1990.
and Sridhar1995. Although these scaling laws are reported Aschwanden, M.J., Poland, A.l., and Rabin, D.M.: The new solar
by several direct numerical simulations, the associated en- corona, Annu. Rev. Astron. Astrophys., 39, 175-210, 2001.
ergy spectrum is still a subject of discussion in regards to theBale, S. D., Kellogg, P. J., Mozer, F. S., Horbury, T. S,
1-D versus 2-D scaling (as explained above). This subject of and Reme, H.: Measurement of the electric field fluctuation
research is probably one of the most important for the future. SPectrum of MHD turbulence, Phys. Rev. Lett., 94, 215002,
It is fundamental to remind at this point that the scalings doi:10.1103/PhysRevLett.94.215002, 2005.

. Barnes, A.: Interplanetary Alenic fluctuations: a stochastic
proposed between.pgrallel and perpendmu!ar wavenumbers model, J. Geophys. Res., 86, 7498-7506, 1981.
are by nature heuristic and we should not invoke the wordgatchelor, G. K.: The theory of homogeneous turbulence, Cam-
"theory” as often reported (and reserve it, for example, to  pridge University Press, 1953.
wave turbulence). Contrary to hydrodynamics where theBelcher, J. W. and Davis, L.: Large-Amplitude Aéa waves in the
—5/3-spectrum is supported indirectly by a theory — the so interplanetary medium, J. Geophys. Res., 76, 3534-3563, 1971.
called four-fifth’s law — and where the world "theory” is in Belmont, G. and Rezeau, L.: Magnetopause reconnection induced
this sense more justified, to date in anisotropic MHD there by magnetosheath Hall-MHD fluctuations, J. Geophys. Res.,

is no equivalent, nor in anisotropic electron/Hall MHD, in _ 106, 10751-10760, 2001.

the incompressible as well as the compressible case. Not&€nney. J., and Saffman, P. G.. Nonlinear interactions of random
waves in a dispersive medium, Proc. Roy. Soc. A., 289, 301-320,

however, the recent progress in incompressible electron and
Hall MHD where the equivalent of the four-fifth’s law | 1966.
a where the equivalent ot the four-Tiitn' S law IS now Benney, J. and Newell, A. C.: Sequential time closures for interact-

derived (Saltier, 2008ab) and put thgrefore the7/3 energy ing random wavers, J. Maths. Phys., 46, 363—393, 1967.
spectrum law of strong turbulencBigkamp et al.1996 on Benney, J. and Newell, A. C.: Random wave closures, Studies in
a more solid foundation (since it is compatible dimension-  Applied Math., 48, 29-53, 1966.

ally). The generalization of the isotropic four-third’s law Bhattacharjee, A.: Impulsive magnetic reconnection in the earth’s

to anisotropy MHD turbulence may be the next fundamen- magnetotail and the solar corona, Ann. Rev. Astron. Astrophys.,

tal step to reach in order to give, for the first time, a theory of 42, 365-384, 2004.

strong anisotropic turbulence. Bieber, J. W., Wanner, W., and Matthaeus, W. H.: Dominant two-
dimensional solar wind turbulence with implications for cosmic
ray transport, J. Geophys. Res., 101, 2511-2522, 1996.

Bigot, B., Galtier, S., and Politano, H.: Energy decay laws in
strongly anisotropic MHD turbulence, Phys. Rev. Lett., 100,
074502, doi:10.1103/PhysRevLett.100.074502, 2008a.

Bigot, B., Galtier, S., and Politano, H.: Development of Anisotropy
in Incompressible Magnetohydrodynamic Turbulence, Phys.
Rev. E., 78, 066301, doi:10.1103/PhysReVvE.78.066301, 2008b.
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